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Summary

The goal of this project is to develop an extended look-ahead controller for longitudinal and lateral
vehicle tracking, which improves tracking performance during cornering maneuvers. This control-
ler should maintain the path length between the vehicles independent of whether the platoon is
driving straight or cornering. With the developed controller the length of the path between the
vehicles equals the inter-vehicle distance as prescribed by the constant time-gap spacing policy for
both driving straight and cornering.

The effectiveness of the developed controller is demonstrated by both simulations and experiments
with the Renault Twizy. Simulations show that the developed controller successfully compensates
for corner-cutting behaviour, while it maintains the length of the path between the vehicles during
cornering. Experiments with two modified Renault Twizys are performed for the already existing
extended look-ahead controller and the developed controller. Both controllers are implemented on
the Renault Twizys and experimental results show that both controllers perform equally well on
these vehicles. However, the simulation results prove that the developed extended look-ahead con-
troller improves tracking performance during cornering maneuvers, since corner-cutting behaviour
is compensated and the length of the path between the vehicles is maintained.
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Chapter 1

Introduction

1.1 Background

Vehicle platooning is a technique that is developed to improve traffic safety and highway capacity
[1]. This is a term for cooperating vehicles driving in the form of a string, which are following
each other at a short distance. In 88% of the traffic accidents with casualties the human driver
caused the accident [2]. Traffic accidents caused by human errors, which include fatigue, tailgating
and reaction time could be reduced by using vehicle automation [3]. Besides the safety aspect of
driving the fuel efficiency is an important aspect where improvements are possible. In [4] it is
shown that for trucks driving at a distance of 3 meters, the fuel consumption is reduced with 5%
for the leading truck and that a reduction up to 15% is possible for the follower truck.

A solution for these problems is vehicle platooning. In vehicle platooning the longitudinal motion
and optionally the lateral motion of a vehicle are automated. A vehicle platoon is able to increase
the road capacity, since the vehicles are following each other at a short distance. A vehicle platoon
consists of a lead vehicle, which is typically human driven, and automated follower vehicles [1]. For
the automation of the longitudinal motion of the vehicle the techniques used in Adaptive Cruise
Control (ACC) could be utilized. Here a radar, camera or lidar is used to determine the distance
to the preceding vehicle and automatically accelerate or brake the vehicle to keep the prescribed
distance. An enhanced version of ACC is Cooperative Adaptive Cruise Control (CACC), where
vehicle-to-vehicle communication is used to obtain information such as speed and acceleration of
the preceding vehicle. For the automation in the longitudinal direction of the vehicle different
inter-vehicle distances could be used, here the reference is obtained from spacing policies.

For the automation of the lateral motion of the vehicle various strategies are described in literat-
ure. In this report two different approaches are considered, which are path following and direct
vehicle following. With the path following method the vehicle follows a predefined path, while the
direct vehicle method tracks and follows a preceding vehicle as can be seen in Figure 1.1. The
path following method is implemented in [5], [6] and [7] and the vehicles successfully follow the
predefined paths by using magnetic markers in the lanes of the roads, an RTK-GPS (Real Time
Kinematic Global Positioning System) or a camera based vision system.

Another possibility is to follow a vehicle directly instead of following a predefined path. With this
approach path information is not needed, but the drawback of this approach is that the vehicles in
the platoon may cut corners [1]. To compensate for this corner cutting behaviour several strategies
are developed which use a virtual tracking objective linked with the rear of the preceding vehicle,
this point is the reference for the follower vehicle. When the follower vehicle follows this reference
point, the corner cutting behaviour is compensated [1], [8]. In [1] an extended look-ahead control-
ler is designed to compensate for the corner-cutting behaviour.

Vehicle following control for cornering maneuvers with vehicle platoons 1
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Figure 1.1: The vehicle following approach (top) and the path following approach (bottom) [1].
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1.2 Problem statement and research objectives

In [5], [6] and [7] it is shown that the path following approach for longitudinal and lateral control of
a vehicle platoon can be successfully implemented. The drawback of this technique is that it does
not work when road markings are not visible for the camera vision system or information about the
path is not available. Therefore, the direct vehicle method can be used for longitudinal and lateral
control of the vehicle platoon, but this method has some drawbacks during cornering maneuvers,
which includes the corner-cutting behaviour [1]. To prevent corner-cutting an extended-look ahead
controller can be used, but with this controller the length of the path between the vehicles in the
platoon decreases during cornering maneuvers compared to driving on a straight trajectory. This
problem worsens for a decreasing turning radius and an increasing time-gap between the vehicles
in the platoon, which results in undesired accelerations in longitudinal direction. Therefore, a
solution for this problem during cornering maneuvers needs to be developed to further improve
the performance and driving behaviour of vehicle platoons.

The main objective of this thesis is to develop a combined longitudinal and lateral control ap-
proach based on the direct vehicle method with an extended look-ahead controller. In the current
approaches the length of the path between the vehicles decreases during cornering maneuvers com-
pared to driving on a straight trajectory. The extended look-ahead controller should maintain the
inter-vehicle distance independent of whether the vehicle is driving straight or cornering. For this
problem during cornering maneuvers a solution needs to be developed and the developed controller
needs to be analysed on performance and stability. Vehicle-to-vehicle communication is used to
decrease the inter-vehicle distance and increasing the capacity of the roads. A measure for track-
ing performance needs to be defined to be able to verify the developed controller and to compare
the control approach with already existing control approaches. The developed controller needs to
be tested through simulations and experiments with the developed controller and the extended
look-ahead controller from [1] are performed. This results in the following research objective:

Design an extended look-ahead controller for longitudinal and lateral vehicle tracking which im-
proves tracking performance during cornering maneuvers

This research objective is divided in the following sub-objectives:

• Define a metric that analyses how well the follower vehicle tracks the leader vehicle of the
platoon

• Develop a stable longitudinal and lateral controller for cornering maneuvers

• Perform simulations with the developed controller and the already existing controller

• Implement the developed controller in the Renault Twizy to perform experiments with the
controller

• Compare tracking performance of the developed controller with the already existing control-
ler

The question that has to be answered is if tracking performance of the developed controller is
improved compared to the already existing controller.

1.3 The i-Cave program

This thesis assignment is part of the i-Cave program [9], [10], in this program the focus is on
combining cooperative and autonomous driving in a vehicle platform. The vehicle platoon consists
of two Renault Twizys, which are modified to be able to perform autonomous and cooperative

Vehicle following control for cornering maneuvers with vehicle platoons 3
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driving maneuvers. The modified vehicle can be seen in Figure 1.2. The Renault Twizys are
modified to be able to drive both automatically and manually. Inter-vehicle communication is
included to be able to improve the collective driving behaviour of the platoon instead of improving
single vehicle automated driving.
The i-Cave program consists of seven project groups, which include cooperative vehicle control,
communication, human factors and vision. This thesis assignment is part of the cooperative vehicle
control project.

Figure 1.2: The modified Renault Twizy that is used in the i-Cave program [9].

1.4 Outline report

This report is organized as follows. Chapter 2 starts with a literature review on longitudinal and
lateral vehicle following, which includes the path following method and the direct vehicle following
method. In Chapter 3 the extended look-ahead controller approach is discussed and the effective
inter-vehicle distance is introduced. A controller is designed to overcome the problem with corner-
cutting and the effective inter-vehicle distance. Simulations with the controllers are performed to
verify the performance of the controllers. The performance of the controllers is analysed with the
developed tracking performance measure. In Chapter 4 the practical set-up with the test vehicles
and the implementation of the controllers is discussed. Experiments with the Renault Twizys are
performed to further validate the controllers. In Chapter 5 the conclusions and recommendations
of this research are given.

4 Vehicle following control for cornering maneuvers with vehicle platoons



Chapter 2

Literature review

2.1 Background

The needs for transportation increases and the effect can be seen in the worldwide vehicle pro-
duction statistics. Over 39 million cars are manufactured in 1999, this number has increased to
67 million produced passenger cars within 20 years. This is an increase of 28 million produced
passenger cars and it is expected that this number grows steadily in the future [11]. This growth in
the automobile industry increases the ability of people to access education, employment and other
personal needs. However, this development also has some drawbacks, which are traffic congestion,
emissions, energy consumption and traffic safety problems.

The traffic congestion problem can be solved by building new infrastructure or by scaling up ex-
isting infrastructure. However, due to both financial and environmental reasons this is not always
possible. Using the already existing infrastructure could be a solution to increase the road capa-
city. This can be achieved with some kind of vehicle automation that safely increases the traffic
flow [12].
Besides the traffic congestion problem, the traffic emissions are a serious problem where improve-
ments are necessary. The European Commission claims that 50% of the fuel consumption in traffic
is caused by congested traffic situations and non-optimal driving behaviour [13]. This suggests that
traffic emissions and energy consumption can be decreased when a vehicle automation method,
that ensures optimal driving behaviour and an increased traffic flow, is implemented.
Furthermore, 88% of the road accidents with injuries are caused by a human driver [2]. Even when
a driver has full focus on the driving task, the human driver will not find the optimal maneuver
with respect to safety and fuel efficiency in all cases. The human driver’s reaction is based on all
accessible information, but in some cases the perception of this information can be limited. This
can lead to non-optimal driving maneuvers, which may have great impact on the traffic flow.
A solution for the listed problems is vehicle platooning, this technique is explained in the next
section.

2.2 Longitudinal vehicle automation

Vehicle platooning is a technique that can increase the capacity of the already existing roads and
highways, while ensuring the traffic safety and decreasing the fuel consumption of a vehicle. The
leading vehicle in the platoon is typically driven manually, while for the follower vehicles a part of
the driving task is automated. The objective of this system is to maintain a desired inter-vehicle
distance dr,i(t) to the preceding vehicle by controlling the propulsive force. The inter-vehicle
distance is described as [14]:

di(t) = xi−1(t)− xi(t)− Li (2.1)

Vehicle following control for cornering maneuvers with vehicle platoons 5



Literature review

Here xi is the position of vehicle i, Li is the length of vehicle i and i is the indexing of the vehicles.
The spacing error is formulated as [14]:

ei(t) = di(t)− dr,i(t) (2.2)

In Figure 2.1 the desired inter-vehicle distance, the actual inter-vehicle distance and the spacing
error in longitudinal vehicle platooning are depicted. In longitudinal vehicle platooning it is
important to minimize the spacing error, where the reference for the inter-vehicle distance is
obtained from spacing policies, which are discussed in the next subsection.

Figure 2.1: The desired inter-vehicle distance dr,i, the actual inter-vehicle distance di and the
spacing error ei in longitudinal vehicle platooning [1].

2.2.1 Spacing policies

In longitudinal vehicle platooning the controller tries to maintain the desired inter-vehicle distance
dr,i(t) by minimizing the spacing error ei(t). For the automation of the longitudinal motion of
the vehicle different inter-vehicle distances can be used, these distances are obtained from spacing
policies. In literature the following spacing policies are discussed: the constant distance policy
[15], [16], [17], the constant time-gap policy [14], [18] and the varying time-gap policy [19], [20].

The simplest spacing policy is the constant distance policy. In this policy the inter-vehicle distance
is constant and independent of the vehicle speed. This means that the inter-vehicle distance at a
highway is the same as the distance at low speeds.

In the constant time-gap policy the inter-vehicle distance linearly depends on the follower vehicle’s
velocity. This means that the inter-vehicle distance is smaller at low speeds than at high speeds,
this is defined as:

dr,i(t) = ri + hivi(t) (2.3)

Here ri is the standstill distance, hi is the desired time-gap and vi(t) is the velocity of vehicle i.
The constant time-gap spacing policy is safer compared to the constant distance spacing policy,
since the inter-vehicle distance increases for increasing speeds.

Another option is the varying time-gap policy, in this spacing policy the time-gap depends on the
relative velocity between the follower vehicle and the preceding vehicle. The varying time-gap
policy is defined as:

dr,i(t) = ri + hi(t)vi(t) (2.4)

Here the time-gap hi(t) depends on the relative velocity between the follower vehicle and the
preceding vehicle, which can be written as:

hi(t) = h0,i − civr,i(t) (2.5)

Where h0,i and ci are constants and vr,i(t) = vi−1(t)− vi(t). With this policy the follower vehicle
reduces the time-gap when the preceding vehicle is moving faster than the follower vehicle to
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decrease the inter-vehicle distance and increase the traffic throughput.

The different spacing policies have impact on the string stability of the vehicle platoon. In the
following subsection longitudinal string stability is explained.

2.2.2 Longitudinal string stability

The term string stability is introduced during the development of vehicle platooning. String sta-
bility is the capability of a vehicle platoon in attenuating disturbances or errors introduced by
any vehicle in the platoon [14]. These disturbances or errors can be speed variations or positions
errors between vehicles. A platoon is considered string stable if any disturbance or error in the
vehicle platoon with respect to the desired signal attenuates towards the tail of the platoon.
An example can be seen in Figure 2.2. Here a platoon consisting of 4 vehicles is depicted and xi
denotes the position error of vehicle i at time t. It can be seen that in the case where the platoon
is string unstable (Figure 2.2(b)) the position errors are amplified along the vehicle string, while
in the case where the platoon is string stable 2.2(c)) the position errors are attenuated along the
string.

Figure 2.2: String stability of a vehicle platoon [21].

In [14] a definition for longitudinal string stability of vehicle platoons is proposed. Here the
following interconnected system is considered:

S
{
ẋi = fi (xi, xi−1, . . . , x2, x1, u1)
yi = h (xi) , i = 1, 2, . . . ,m, with m ∈ N (2.6)

The input-output behaviour in the Laplace-domain of the system S is defined as:

yi(s) = Pi(s)u1(s), i = 1, . . . ,m, with m ∈ N (2.7)

With the string stability complementary sensitivity:

Γi(s) = Pi(s)P
−1
i−1(s), i ≥ 2 (2.8)

Vehicle following control for cornering maneuvers with vehicle platoons 7
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L2 string stability means that the energy of the output error is smaller than the energy of the
input error, but this does not mean that the spacing error attenuates along the vehicle string.
The system S is strictly L2 string stable in the longitudinal direction of the vehicle if the following
conditions hold: [14]

1) ‖P1(jω)‖H∞ exists
2) ‖Γi(jω)‖H∞ ≤ 1,∀i ∈ N\{1}

L∞ string stability means that maximum magnitude of the output error is smaller than the input
error, this means that spacing errors attenuates along the vehicle string. The system S is strictly
L∞ string stable in the longitudinal direction of the vehicle if the following conditions hold: [14]

1) ‖p1(t)‖L1
exists

2) ‖γi(t)‖L1
≤ 1, ∀i ∈ N\{1}

Here p1(t) and γi(t) are the impulse responses corresponding to P1(s) and Γi(s) respectively, it is
assumed that P−1i exists for all i.

Besides automation in the longitudinal direction of the vehicle, automation in the lateral direction
of the vehicle is an option in vehicle platooning. The concept of lateral vehicle automation is
discussed in the next section.

2.3 Lateral vehicle automation

Lateral vehicle automation is a technique that is used to increase ride comfort and safety. Lateral
vehicle automation, which is also known as automatic steering, is a form of automation that keeps
the vehicle in the lane center or that follows a preceding vehicle in lateral sense. Compared to
longitudinal vehicle automation, the lateral control objective can be defined in many ways such
as: [22]

• At the vehicle’s center of mass

• At a look-ahead distance

• At the center of the rear bumper of the preceding vehicle

These different lateral control objectives are depicted in Figure 2.3. Various examples of lateral
vehicle automation with the described control objectives can be found in literature and these are
discussed in this section.

In [23], [24], [25] and [26] the look-down sensing approach is used, where magnetic markers are
embedded in the center of the lane and the vehicles are equipped with a magnetometer. These
magnetic markers are used for the lateral controller to let the vehicle’s center of mass track the
center of the lane. This technique is further explained in Section 2.4, where longitudinal and
lateral vehicle automation are combined.

In [27] the lateral control problem for lane-keeping in a highway environment is discussed. In this
research the look-ahead approach is used, since with this approach the already existing infrastruc-
ture can be used. The vehicle’s lateral dynamics are described by the single track vehicle model,
this simple model provides a sufficient accurate description of the lateral vehicle dynamics under
certain conditions. These conditions are for example that the vehicle has to drive on a flat road
with large radii corners at a relative constant velocity, which is the case in a highway environment.
In this research a vision-system is installed on a Fiat Brava. The vision-system consists of a video-
camera that is positioned at the wind shield of the vehicle and an image processing algorithm that
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Figure 2.3: The different lateral control objectives [22].

provides the relevant information about the position of the vehicle on the road. The vision-system
provides the value of the parameters m and q, which can be seen in Figure 2.4. Here m is the
angle between linear approximation of the center-line of the lane and the longitudinal axis of the
vehicle, while q is the distance along the y-axis between the linear approximation of the center-line
of the lane and the center of gravity of the vehicle. The look-ahead distance L of the vehicle has a
value between 3 and 20 meters. With these quantities the feedback output approximation yfb can
be calculated, which is the distance measured at the look-ahead point between the longitudinal
axis of the vehicle and the linear approximation of the center-line of the lane. Two controllers are
designed, where one controller is designed to obtain better lane-keeping, while the other controller
is designed to optimize ride comfort. These two controllers are designed in order to make a trade-
off between lane-keeping and ride comfort. Experiments with both controllers are performed at
a highway with a turning radius of 1000 m with a constant velocity of 100 km/h. Results show
that the position error with respect to the center-line of the lane is kept below the specified 20
cm. The controller that is optimized for ride comfort leads to a more comfortable ride according
to the test-drivers, which also is confirmed by the experimental data.

Figure 2.4: The approximation of the center of the lane provided by the vision-system [27].

Subsequently, the controller developed in [27] is used in [28] to combine automatic lane-keeping
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and the ability for a drivers’ steering intervention in order to avoid obstacles or to change lanes.
A control scheme is developed where the vehicle center of gravity tracks the center-line of the lane
when there is no steering intervention from the driver. When there is steering action from the
driver, the vehicle lateral dynamics are fully controlled by the driver. Simulations and experiments
on highways with a Fiat Brava show that the controller keeps the vehicle at the center-line of the
lane when there is no steering input from the driver. When the driver applies a torque on the
steer, the lane-keeping task is released by the controller and from that moment the driver has full
control to perform a lane change. At the end of the maneuver the controller resumes smoothly
with the lane-keeping task.

In recent years this technique is further developed, where camera and post-processing is used to
yield third or fifth order polynomials to obtain the lane center-line polynomial. In [29] a robust
multi-rate lane-keeping control scheme is developed. In this research a controller is developed and
implemented in a Hyundai Tucson equipped with a vision system, a yaw-rate sensor and a wheel
speed sensor. A linear quadratic state feedback controller is developed that uses the lateral offset
at the look-ahead distance. The system is called a multi-rate system, since the camera from the
vision system has a slower update-rate than the other sensors. To address this problem a multi-
rate Kalman filter is developed, this filter estimates the vehicle state by using the measured data
from the camera at a fast rate. These estimated states are used by the developed linear quadratic
state feedback controller to improve lane-keeping performance. A third order polynomial from the
left and the right lane is defined by using the data obtained from the camera. The average of these
polynomials is taken to obtain the desired lane polynomial. This predicted virtual lane can be
used when the camera has a temporary failure, thus the developed controller can normally oper-
ate when lane information is temporarily unavailable. Experiments are performed at a circuit and
results show that lateral vehicle automation is successfully implemented. The developed controller
operates normally with the predicted virtual lane when lane information is temporarily unavailable.

In the previous sections longitudinal and lateral vehicle automation are discussed separately. These
techniques can be combined to obtain combined longitudinal and lateral vehicle automation and
this is discussed in the following section.

2.4 Combined longitudinal and lateral vehicle automation

For combined longitudinal and lateral vehicle automation the concepts of separate longitudinal and
lateral automation can be utilized. For this form of automation two methods are considered, which
are path following and direct vehicle following. The path following method follows a predefined
path, while the direct vehicle method tracks and follows a preceding vehicle, these concepts are
elaborated in the next subsections.

2.4.1 Path following

In the path following method the vehicle follows a predefined path and to be able to do this the
positions and curvature of this path at any point are needed. This path can be created from road
marking or from the path of a preceding vehicle. The path following method is used in literature
repeatedly, below a number of implementations are discussed.

In [5] it is shown that a platoon consisting of eight vehicles is able to drive at a short inter-vehicle
distance. The longitudinal and the lateral controller are developed separately and thus longit-
udinal spacing control and lateral lane changing can be executed separately. The center-lines of
the highway are equipped with magnetic markers in this research, these magnetic markers are
for the lateral controller. Experiments with the controller with velocities up to 130 km/h show
that the vehicles in the platoon are able to travel with an inter-vehicle distance of 6.5 m with
a maximum spacing error of 0.2 m and lateral lane changing is possible with an accuracy of 0.1
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m. The following maneuvers are possible with the developed controller: starting from standstill,
accelerating to the desired velocity and subsequently maintaining this desired velocity, automatic
steering for lane-keeping and lane-changing, allowing new vehicles to enter the platoon and stop-
ping the platoon at the end of the road. The drawback of this system is that all roads need to be
embedded with magnetic markers.

In [6] an RTK-GPS (Real Time Kinematic Global Positioning System) is used to measure the
position of the vehicles in the platoon. With this system the position of the vehicles can be
determined within 1 cm accuracy. Vehicle-to-vehicle communication via Wi-Fi is used to share
the absolute position measurements with the other vehicles. Longitudinal and lateral control are
fully decoupled by using nonlinear techniques. The constant distance spacing policy is used for the
longitudinal controller, while the path following technique is used for the lateral controller. For
the experiments a platoon consisting of two vehicles is used, where the lateral error is maintained
with an accuracy of 2 cm. For longitudinal control the inter-vehicle distance is maintained with
a standard deviation of 4.7 cm and the mean error is 1 cm. The drawback of this system is that
the RTK-GPS is very expensive and as a result commercial vehicles are not equipped with this
system.

2.4.2 Direct vehicle following

The goal of vehicle platooning is to let the vehicles in the platoon drive at a short inter-vehicle
distance to increase the road capacity. But when the vehicles in the platoon are driving close to
each other the camera cannot track the road markings and thus the path following approach does
not work. A solution for this problem is the direct vehicle following method, since this technique
does fully operate in cases where road markings or lane information are not available. For this
technique path information is not needed, since this approach tracks the location and heading
angle of the preceding vehicle. The preceding vehicle’s current relative position can be measured
by the radar, while velocity and acceleration can by communicated through vehicle-to-vehicle com-
munication.

The direct vehicle approach utilizes the already available information from CACC, therefore this
method is more cost-effective than the path following method. However, when using this approach
the follower vehicle may cut corners [1]. A problem arises when the controller senses a difference
in the orientation between the follower vehicle and the preceding vehicle. In this case the con-
troller may command the preceding vehicle to turn too early and this results in corner-cutting
behaviour. This corner-cutting behaviour can be compensated and several strategies are proposed
in literature. These methods are using a virtual reference point linked with the rear of the pre-
ceding vehicle and this virtual reference point acts as the reference point for the follower vehicle.
When the follower vehicle follows the virtual reference point, the corner cutting is compensated [1].

In [8] the follower vehicle follows the leader vehicle without using information about the road
infrastructure or vehicle-to-vehicle communication. The follower vehicle only uses information
from on-board sensors such as the current relative position and orientation with respect to the
preceding vehicle. In this research it is assumed that the preceding vehicle’s velocity and angular
velocity are not known by the follower vehicle, but are constant parameters and that the curvature
of the path of the preceding vehicle is also not known. A controller is designed for the follower
vehicle which tracks the path taken by the preceding vehicle, at steady-state, with a prescribed
inter-vehicle distance. The follower vehicle tracks a virtual reference point, this point is located
at a known and desired distance behind the preceding vehicle instead of tracking the rear of this
vehicle to compensate for corner-cutting behaviour. The virtual reference point can be seen in
Figure 2.5. Here R1r is the virtual reference point associated with the lead vehicle and R2f is
the virtual reference point of the following vehicle. Simulations with a two degrees of freedom
bicycle model are performed. In these simulations the platoon consists of two vehicles and the
preceding vehicle’s path consists of three consecutive maneuvers performed at constant velocities:
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turning to the left, turning to the right and then a straight line motion. Results show that with
this approach the problem of corner-cutting is solved, since the follower vehicle successfully tracks
the path taken by the preceding vehicle.

Figure 2.5: The virtual reference point to avoid corner-cutting [8].

In [30] a control algorithm is developed that controls both the longitudinal and the lateral dynam-
ics of the vehicles in the platoon. This algorithm uses the information provided by the on-board
sensors and the preceding vehicle’s states, which are communicated via vehicle-to-vehicle commu-
nication. The follower vehicle tracks the preceding vehicle at a certain distance ahead its own
center of gravity and this distance is called the look-ahead distance. In this research it is assumed
that all vehicles drive with a constant velocity and that the vehicle parameters are known for all
vehicles in the platoon. A platoon that consists of 17 vehicles is simulated, where the platoon is
driving on a straight road and a lateral disturbance is applied on the second vehicle of the platoon.
This disturbance is applied to observe if this error will propagate in the platoon. Results show
that the error in the platoon attenuates and even reaches zero.

In this section the direct vehicle method is discussed, here a controller that uses a look-ahead
distance to track the preceding vehicle is introduced. In the next section the look-ahead controller
developed in [1] is explained, since this controller is used as a starting point for the controller
developed in this research.

2.5 Conventional look-ahead controllers

In literature several controllers that are based on the look-ahead approach are developed, an
example can be found in [1]. Where the objective of the controller is to follow the preceding
vehicle at a desired distance. The constant time-gap spacing policy is used to describe this desired
distance, so the desired inter-vehicle distance is dr,i = ri + hivi. However, in this research the
desired spacing distance is defined as a vector, which is seen as a look-ahead in the direction of the
heading angle θi with respect to the global x-axis of the follower vehicle. This look-ahead distance
is depicted in Figure 2.6. The spacing error ei is defined as the difference between the desired
inter-vehicle distance dr,i and the actual inter-vehicle distance di as can be seen in the figure.
A controller is designed that minimizes this spacing error and simulations and experiments with
this controller are performed. Results show that this controller performs well on a straight path,
the vehicles drive at the desired inter-vehicle distance without a lateral error. However, when the
platoon enters a circular path the controller has its shortcomings. The follower vehicles in the
platoon are cruising with a smaller turning radius than their preceding vehicle, this is known as
corner-cutting. This behaviour occurs because when the preceding starts cornering, the follower
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vehicle detects a spacing error. The controller reacts instantaneously and adjusts the position
of the follower vehicle to minimize the error, which leads to corner-cutting. Since the follower
vehicles drive in a smaller radius, the velocity of the follower vehicles is lower than the preceding
vehicle and this affects the spacing policy.

Figure 2.6: Look-ahead of the follower vehicle with spacing error ei and the actual distance di
between vehicle i and i− 1 [1].

To prove that the look-ahead controller from [1] cuts corners, this controller is implemented in
Matlab and simulations are performed. For the simulations a platoon consisting of 3 vehicles is
chosen. In Figure 2.7 the trajectories of the vehicles in the platoon can be seen. From this figure
it becomes clear that the follower vehicles are driving with a smaller turning radius than their
preceding vehicle, thus corner-cutting behaviour is observed.
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Figure 2.7: The trajectory of the vehicles in the platoon.
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2.6 Conclusions

In this chapter the relevant literature and developments in vehicle platooning are discussed. First,
the background of vehicle platooning is discussed. This shows the problems of the growth in
the automobile industry, the proposed solution for these problems is vehicle platooning. The
concept of longitudinal vehicle automation is explained with the corresponding spacing policies.
The different spacing policies have impact on string stability, so subsequently longitudinal string
stability is discussed. After that lateral vehicle automation is elaborated, where it is seen that the
lateral control objective can be defined in many ways. Next, combined longitudinal and lateral
vehicle automation is introduced. For this higher level of automation two methods are discussed:
path following and direct vehicle following. For the path following method the infrastructure
needs to be adapted or all vehicles need to be equipped with the expensive RTK-GPS. The
direct vehicle follower method utilizes the already available information from CACC and does
not need lane information or lane markings. In literature several controllers that are based on
the direct vehicle method are discussed. However, simulations and experiments with the look-
ahead controller show that this controller tends to cut corners. A solution for the corner-cutting
behaviour with look-ahead controllers is discussed in the next chapter.
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Chapter 3

Extended look-ahead controller

From the previous chapter we know that with conventional look-ahead controllers corner-cutting
behaviour is observed. An extended look-ahead controller is developed in [1], which compensates
for the corner-cutting behaviour, while maintaining a safe inter-vehicle distance. However, a
variation in the inter-vehicle distance is seen with this controller as becomes clear later in this
chapter. First, the extended look-ahead controller is discussed in this section to fully understand
the cause of this variation in inter-vehicle distance. After that, the variation in inter-vehicle dis-
tance is shown with simulations and then a controller that solves this problem is developed. For
validation, simulations with the extended look-ahead controller and the developed controller are
performed. In the last section the conclusions of this chapter are summarized.

3.1 Extended look-ahead controller design

For the extended look-ahead approach from [1] the vehicles in the platoon are modelled as unicycles
on a Cartesian coordinate system, this vehicle model is described by the following equations:

ẋi(t) = vi(t) cos θi(t) (3.1)

ẏi(t) = vi(t) sin θi(t) (3.2)

v̇i(t) = ai(t) (3.3)

θ̇i(t) = ωi(t) (3.4)

Here xi and yi are the unicycle’s Cartesian coordinates, θi is the heading angle of the unicycle with
respect to the global x-axis, vi is the longitudinal velocity of the unicycle, ai is the longitudinal
acceleration input and ωi is the angular velocity input. The unicycle on the Cartesian coordinate
system is depicted in Figure 3.1. The indexing of the unicycles is described with i, which is in-
creasing in the upstream direction of the platoon. From this point the time argument t is omitted
in this report for readability.

The objective of this system is to maintain a desired inter-vehicle distance dr,i to the preceding
vehicle by controlling the acceleration of the vehicles in the platoon. For this controller design the
constant time-gap policy is chosen, this spacing policy is defined as:

dr,i =

[
drx,i
dry,i

]
= (ri + hivi)

[
cos θi
sin θi

]
(3.5)

Here ri is the standstill distance and hi is the desired constant time-gap. The spacing distance
is formulated as a vector with angle θi with respect to the global x-axis, which can be seen as a
look-ahead distance in the direction of the orientation of the vehicle, this is shown in Figure 2.6.
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Figure 3.1: Unicycle on a Cartesian coordinate system.

With a conventional look-ahead controller the follower vehicle’s lateral error is only zero when the
platoon is driving on a straight line [1]. When the preceding vehicle starts cornering, the follower
vehicle senses a position error due to the look-ahead strategy. To correct errors the follower vehicle
starts cornering sooner instead of waiting until it arrives at the actual point of the corner, this
problem is known as corner-cutting.

This problem can be solved by extending the look-ahead point of vehicle i, which creates a “vir-
tual” vehicle that acts as a reference for the follower vehicle i. Thus the look-ahead point of
vehicle i is extended and with the extended look-ahead vector, vehicle i follows the virtual vehicle
attached to vehicle i − 1 to let vehicle i turn at the actual point of the corner and to correct for
the unintended lateral error.

The extended look-ahead point of which the coordinates are defined as si−1 = [sx,i−1, sy,i−1]T ,
extends perpendicular from the heading direction of vehicle i − 1 and can be used as a reference
tracking point for vehicle i, this can be seen in Figure 3.2. The spacing error of the extended
look-ahead design is formulated as:

ei = (pi−1 + si−1)− (pi + ri + hivi) (3.6)

Here pi = [xi, yi]
T is the position of vehicle i. The look-ahead point si−1 can be written in

Cartesian coordinates as:

sx,i−1 = s̄i−1 sin θi−1 (3.7)

sy,i−1 = −s̄i−1 cos θi−1 (3.8)

Here s̄i−1 is the magnitude of si−1. The magnitude of the extension vector needs to be determined
such that all vehicles in the platoon turn with the same turning radius. Because this extension
vector always extends perpendicular to the heading direction of vehicle i − 1, only the extension
vector’s magnitude has to be calculated.

In [1] an expression for the magnitude of the extension vector s̄i−1 is derived by analyzing the
behaviour of the platoon when this platoon is driving steady-state in a circular movement. The
assumption is made that the heading angle difference between the vehicles is not bigger than π/2
in order to make sure that the extension vector can always be defined. In Figure 3.3 it can be
seen that vehicle i−1 turns towards the positive y-axis. In steady-state vehicle i−1 has a turning
radius Ri−1 and the tracking point of vehicle i is extended to point S. By using the Pythagorean
theorem it follows that:
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Figure 3.2: The extended look-ahead approach with the virtual vehicle and spacing error ei [1].

(Ri−1 + s̄i−1)
2

= R2
i−1 + (ri + hivi)

2
(3.9)

The path curvature κi−1 can be calculated with the following equation:

κi−1 =
1

Ri−1
=
ωi−1
vi−1

(3.10)

This means that κi−1 is zero when vehicle i− 1 is not cornering, thus in that case the magnitude
of the extension vector should be zero. By rearranging (3.9) and taking into account that the
magnitude of the extension vector should be zero when the leader vehicle is not cornering, the
magnitude of the extension vector can be formulated as:

s̄i−1 =

{
0 for κi−1 = 0
−1+
√

1+κ2
i−1(ri+hivi)

2

κi−1
for κi−1 6= 0

(3.11)

Figure 3.3: Magnitude of the extension vector s̄i−1 [1].
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The state components are derived for the extended look-ahead approach. The position errors in
x- and y-direction are used as state components z1,i and z2,i, while z3,i and z4,i are the velocity
errors of the vehicle in x- and y-direction respectively:

z1,i = xi−1 + sx,i−1 − xi − (ri + hivi) cos θi (3.12)

z2,i = yi−1 + sy,i−1 − yi − (ri + hivi) sin θi (3.13)

z3,i = vi−1 cos θi−1 − vi cos (θi + αi) (3.14)

z4,i = vi−1 sin θi−1 − vi sin (θi + αi) (3.15)

Here αi is the angle of arc between vehicle i and vehicle i − 1. This angle of arc is included to
z3,i and z4,i to guarantee that z3,i and z4,i converge to zero independent of whether the vehicle
is driving on a straight trajectory or on a curved trajectory. The angle of arc αi can be derived
from Figure 3.3 and can be written as:

αi = arctan [κi−1 (ri + hivi)] , −π
2
< αi <

π

2
(3.16)

A controller input [ai, ωi]
T is designed in [1] which asymptotically stabilizes this system at zero,

this controller input is defined as:[
ai
ωi

]
= Γ−112,i

([
k1z1,i
k2z2,i

]
+

1

cosαi

[
z3,i
z4,i

]
+ β1,i

)
(3.17)

Where

Γ−112,i =
1

µi

[
(ri + hivi) cos θi (ri + hivi) sin θi

−hi sin θi − sa,i cos θi−1 hi cos θi − sa,i sin θi−1

]
(3.18)

µi = hi (ri + hivi) (1− sinαi sin (θi−1 − θi)) (3.19)

β1,i =

[
− sin θi
cos θi

]
vi tanαi +R (θi−1)

[
s̄i−1ωi−1
−sκ,iκ̇i−1

]
+

(
1− 1

cosαi

)[
cos θi−1
sin θi−1

]
vi−1

(3.20)

R (θi−1) =

[
cos θi−1 − sin θi−1
sin θi−1 cos θi−1

]
(3.21)

sa,i := hi sinαi (3.22)

sκ,i :=
1

κ2i−1
(1− cosαi) (3.23)

3.2 Effective inter-vehicle distance

The extended look-ahead controller from [1] as described in the previous section successfully com-
pensates for corner-cutting behaviour as becomes clear later in this chapter. However, with this
extended look-ahead controller another problem arises. When the platoon is driving on a straight
line the desired inter-vehicle distance, dr,i = ri+hivi, equals the actual length of the path between
vehicle i and vehicle i − 1. On the other hand, during cornering the actual length of the path
between vehicle i and vehicle i−1 does not equal the desired inter-vehicle distance, dr,i = ri+hivi.
In this section it is shown that the actual length of the path between the vehicles is shorter for
cornering maneuvers compared to driving on a straight line. This results in undesired accelerations
in longitudinal direction when the platoon enters a circular movement after driving straight.
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This is caused by the method by which the extended look-ahead point is defined. When the pla-
toon starts cornering, the look-ahead point of vehicle i is extended. This creates a virtual vehicle
that acts as a new tracking objective for vehicle i. With equation (3.11) the magnitude of the
extension vector s̄i−1 can be determined such that the corner-cutting behaviour of the vehicles
in the platoon is prevented. This extended look-ahead point S, as can be seen in Figure 3.3, is
considered as the new tracking point objective of vehicle i. In other words, when vehicle i − 1
starts cornering the tracking point objective of vehicle i shifts from the base of vehicle i− 1 to the
extended look-ahead point S.
The problem is that the controller maintains the distance from the base of vehicle i to the extended
look-ahead point S equal to ri + hivi. However, the controller should maintain the actual length
of the path between vehicle i and vehicle i − 1 equal to ri + hivi, while still compensating for
the corner-cutting behaviour. The actual length of the path between vehicle i and vehicle i − 1
is called the effective inter-vehicle distance from here. From Figure 3.3 it can be seen that the
effective inter-vehicle distance does not equal the desired inter-vehicle distance dr,i = ri + hivi.

Figure 3.4 shows the effective inter-vehicle distance, which is calculated as the path length between
vehicle i and vehicle i − 1. Here the path length is calculated as the product of the angle of arc
αi and the turning radius Ri−1. From the figure it can be seen that the effective inter-vehicle
distance decreases for a decreasing turning radius of vehicle i− 1 for different time-gaps with the
extended look-ahead controller from [1]. Here the standstill distance ri = 1 m and the velocity
vi = 5 m/s are arbitrarily chosen. The solid lines represent the effective inter-vehicle distances
with the extended look-ahead controller from [1] and the dotted lines represent the desired spacing
distance dr,i = ri + hivi according to the constant time-gap spacing policy.
From the figure it becomes clear that the effective inter-vehicle distance does not equal the desired
inter-vehicle distance as prescribed by the chosen spacing policy when the extended look-ahead
controller from [1] is applied. The dotted lines represent the desired inter-vehicle distances and
these distances are independent of the turning radius Ri−1. It can be seen that the effective
inter-vehicle distance decreases for a decreasing turning radius and this problem worsens for big-
ger time-gaps. With a time-gap of hi = 2 s the inter-vehicle distance is affected the most, the
desired inter-vehicle distance is 11 m, while the effective inter-vehicle decreases to 4.3 m for the
minimum turning radius, which is a decrease of 60.6%. For a time-gap of hi = 1 s the desired
inter-vehicle distance equals 6 m, while the effective inter-vehicle decreases with 40.2% to 3.6 m for
the minimum turning radius. For the time-gaps hi = 0.5 s and hi = 0.25 s the desired inter-vehicle
distances are 3.5 m and 2.25 respectively, while the effective inter-vehicle distances decrease with
22.3% and 11.6% to 2.72 m and 1.99 m respectively.

So, when the platoon is driving on a straight trajectory the effective inter-vehicle distance is equal
to the desired inter-vehicle distance. But when then the platoon is cornering the effective inter-
vehicle distance is not equal to the desired inter-vehicle distance and this problem worsens for a
decreasing turning radius and an increasing time-gap. Deceasing the effective inter-vehicle distance
during cornering can be seen as undesired behaviour, since this leads to undesired accelerations
in longitudinal direction. The extended look-ahead controller should maintain the effective inter-
vehicle distance at ri + hivi independent of whether the vehicle is driving straight or cornering.
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Figure 3.4: The effective inter-vehicle distance as a function of the turning radius Ri−1 for variable
time-gaps with ri = 1 [m] and vi = 5 [m/s].

3.3 Vehicle following controller with extended look-ahead

In the previous section the importance of maintaining the effective inter-vehicle distance while
driving on a straight line and while cornering is shown. Therefore, an extended look-ahead con-
troller that compensates for corner-cutting behaviour and that maintains the effective inter-vehicle
distance at ri+hivi independent of whether the vehicle is driving straight or cornering is developed
in this section. The extended look-ahead controller from [1] is used as a base for the controller,
since this extended look-ahead controller successfully compensates for corner-cutting behaviour of
vehicles in the platoon.

The vehicles in the platoon are modelled as unicycles on a Cartesian coordinate system as can be
seen in equations (3.1-3.4). The objective of the controller is to maintain the effective inter-vehicle
distance dr,i to the preceding vehicle by controlling the acceleration of the vehicles in the platoon,
independent of whether the vehicle is driving straight or cornering. The constant time-gap spacing
policy from [14], as can be seen in equation (3.5), is chosen for this controller.

The other objective of the controller is to compensate for the corner-cutting behaviour that is seen
with conventional look-ahead controllers. To compensate for this corner-cutting behaviour a “vir-
tual” vehicle is introduced and this virtual vehicle is used as the tracking objective for the follower
vehicle during cornering. The components of the look-ahead point si−1 in Cartesian coordinates
can be seen in equations (3.7) and (3.8). As mentioned before the magnitude of this extension
vector needs to be determined such that vehicle i is cornering with the same turning radius as
vehicle i−1, while it still maintains the effective inter-vehicle distance at ri+hivi. The magnitude
s̄i−1 is determined by analyzing the steady-state behaviour of the platoon during cornering, where
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it is assumed that the errors ex,i and ey,i are zero. In Figure 3.5 it can be seen that vehicle i− 1
is turning towards the positive y-axis with a turning radius of Ri−1. The tracking objective for
vehicle i is extended to point S.

The other problem that needs to be solved is that the vehicles in the platoon maintain the effective
inter-vehicle distance. To guarantee a constant effective inter-vehicle distance between the vehicles
the look-ahead distance la has to be redefined. When the vehicles are driving on a straight line
the look-ahead distance is, according to the constant time-gap policy, equal to ri + hivi. Since
the vehicles are driving on a straight line this look-ahead distance is equal to actual length of the
path between the vehicles, so the effective inter-vehicle distance is maintained. To keep a constant
effective inter-vehicle distance while cornering, the length of the path between the vehicles should
be equal to ri + hivi as can be seen in Figure 3.5. Note that the figure is similar to Figure 3.3,
however modifications are made to the distance along the path and the projection of point S. This
means that the look-ahead distance to point S needs to be redefined.

xi
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x

αi
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i− 1
Ri−1

Ri−1

S

S̄i−1

la

|ri + hivi|

di

Figure 3.5: The magnitude of extension vector s̄i−1.

With this approach we force the length of the path between the vehicles to be always equal to
ri + hivi, so we can guarantee that the effective inter-vehicle distance is maintained while driving
on a straight line and while cornering. From Figure 3.5 it is obvious that the look-ahead vector
changes during cornering when the length of the path between the vehicles has to be equal to
ri + hivi. This leads to the following look-ahead distance:

la =

{
ri + hivi for κi−1 = 0
tanαiRi−1 for κi−1 6= 0

(3.24)

The angle of arc between vehicle i and i − 1 is defined as αi and can be determined with the
turning radius Ri−1 and the length of the path between vehicle i and i − 1. Due to the spacing
policy this length is equal to ri + hivi, this leads to the following equation:

αi =
ri + hivi
Ri−1

= (ri + hivi)κi−1, −π
2
< αi <

π

2
(3.25)
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With the angle of arc αi, an expression for the magnitude of the extension vector s̄i−1 can be
defined:

s̄i−1 =
Ri−1
cosαi

−Ri−1 (3.26)

When the vehicle is driving on a straight line, αi = 0, and thus the extension vector s̄i−1 is equal
to zero. When the vehicle is cornering s̄i−1 6= 0 and thus the extension vector is applied to avoid
corner-cutting behaviour.
With these expressions for the look-ahead distance and the magnitude of the extension vector the
spacing error can be defined. The spacing error ei for this extended look-ahead design is:

ei = (pi−1 + si−1)− (pi + la) (3.27)

This position error can be decomposed in global Cartesian coordinates, the position error in x-
and y-direction are used as the first and second state-component respectively. The third and the
fourth state-component are the velocity error in x- and y-direction respectively. Following the
approach of [1], the state-components are defined as:

z1,i = xi−1 + sx,i−1 − xi − la cos θi (3.28)

z2,i = yi−1 + sy,i−1 − yi − la sin θi (3.29)

z3,i = vi−1 cos θi−1 − vi cos (θi + αi) (3.30)

z4,i = vi−1 sin θi−1 − vi sin (θi + αi) (3.31)

Now the state-components of the controller are defined the controller inputs can be determined
such that the desired behaviour is obtained. First the derivatives of αi and s̄i−1 are derived:

α̇i = pκ,iκ̇i−1 + pa,iai (3.32)

˙̄si−1 = sκ,iκ̇i−1 + sα,iα̇i (3.33)

where

pκ,i = ri + hivi (3.34)

pa,i = hiκi−1 (3.35)

sκ,i = − secαi − 1

κ2i−1
(3.36)

sα,i =
tanαi

cosαiκi−1
(3.37)

The inter-vehicle dynamics can be obtained by differentiating the state-components with respect
to time, which results in:

[
ż1
ż2

]
= vi−1

[
cos θi−1
sin θi−1

]
− vi

[
cos θi
sin θi

]
+ β1,i

[
sin θi−1
cos θi−1

]
− Γ12,i

[
ai
ωi

]
− Λ12,i (3.38)

[
ż3,i
ż4,i

]
= Hi−1

[
ai−1
ωi−1

]
− Γ34,i

[
ai
ωi

]
+ β2,i (3.39)

with

β1,i =

[
sα,ipκ,iκ̇i−1 + sκ,iκ̇i−1 s̄i−1ωi−1

s̄i−1ωi−1 −sα,ipκ,iκ̇i−1 − sκ,iκ̇i−1

]
(3.40)
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β2,i = vi (ri + hivi)

[
sin (θi + αi)
− cos (θi + αi)

]
κ̇i−1 (3.41)

Γ12,i =

[
cos θihi −(ri + hivi) sin θi
sin θihi (ri + hivi) cos θi

]
for κi−1 = 0 (3.42)

Γ12,i =

[
−sα,i sin θi−1pa,i + sec2 αi cos θiRi−1pa,i − tanαiRi−1 sin θi
sα,i cos θi−1pa,i + sec2 αi sin θiRi−1pa,i tanαiRi−1 cos θi

]
for κi−1 6= 0 (3.43)

Γ34.i =

[
cos (θi + αi)− ηi sin (θi + αi) −vi sin (θi + αi)
sin (θi + αi) + ηi cos (θi + αi) vi cos (θi + αi)

]
(3.44)

Λ12,i =

[
tanαi cos θiṘi−1 + cos θi sec2 αiRi−1pκ,iκ̇i−1
tanαi sin θiṘi−1 + sin θi sec2 αiRi−1pκ,iκ̇i−1

]
(3.45)

ηi = vihiκi−1 cos2 αi (3.46)

Hi−1 :=

[
cos θi−1 −vi−1 sin θi−1
sin θi−1 vi−1 cos θi−1

]
(3.47)

The objective of the controller is to asymptotically stabilize the state-components [z1,i, z2,i, z3,i, z4,i]
T

at zero. This is established when we take the feedback as:[
ai
ωi

]
= Γ−112,i(

[
k1z1,i
k2z2,i

]
+ vi−1

[
cos θi−1
sin θi−1

]
− vi

[
cos θi
sin θi

]
+ β1,i

[
sin θi−1
cos θi−1

]
− Λ12,i) (3.48)

This leads to the following closed-loop system:[
ż1,i
ż2,i

]
= −

[
k1z1,i
k2z2,i

]
(3.49)[

ż3,i
ż4,i

]
= Hi−1

[
ai−1
ωi−1

]
+ β2,i − Γ34,iΓ

−1
12,i

[
k1z1,i
k2z2,i

]
−Γ34,iΓ

−1
12,i(vi−1

[
cos θi−1
sin θi−1

]
− vi

[
cos θi
sin θi

]
+ β1,i

[
sin θi−1
cos θi−1

]
− Λ12,i)

(3.50)

3.3.1 Stability analysis

It can be seen that by using the controller as in (3.48) a linear system (3.49) is obtained. By
selecting k1, k2 > 0 the linear system (3.49) is exponentially stable, since in this case the system
has eigenvalues which are strictly negative.

When the platoon is driving on a straight trajectory the subsystem (3.50) can be rewritten such
that it is exactly the same as in [1]. Therefore it can be concluded from [1] that limt→∞ ||z34,i(t)|| =
0 and thus the straight line case is stable. The proof can be found in Appendix A.

For the case where the platoon is driving with a constant velocity on a circular trajectory with
a constant curvature it can be concluded that if κi−1 is bounded with (3.51), we have that
limt→∞ ||z34,i(t)|| = 0.

|κi−1| <
cos2 αi

hi|
√

2
(
vmax
i−1 + vmin

i−1 − ε
)

(1 + 1
sinαi

− cos3 αi)− 2vmin
i−1 |

(3.51)

The proof can be found in Appendix A.
Thus, it can be concluded that stability of the overall system for the case where the platoon is
driving on a straight trajectory and for the case where the platoon is driving with a constant
velocity on a circular trajectory with a constant curvature is established.
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3.4 Controller comparison

In this section simulations with the extended look-ahead controller from [1] and the developed
extended look-ahead controller from the previous section, that maintains the effective inter-vehicle
distance at ri + hivi, are performed. First, a tracking performance measure is defined to be able
to analyse and compare both controllers. Then the scenarios that are used for the simulations
are described and after that simulations are performed. The extended look-ahead controller from
[1] and the developed controller are simulated and the tracking performance of both controllers is
compared.

3.4.1 Tracking performance measure

To verify the developed control approach and to be able to compare this approach with already
existing control approaches a measure for tracking performance has to be defined. This tracking
performance measure should analyse how well the follower vehicle tracks the leader vehicle of the
platoon and it is important that this tracking performance is measurable. Since this tracking
performance measure gives an indication of the quality of the developed controller it is important
that this measure is well considered and accurate.

During this research a controller that maintains the actual length of the path between the vehicles
equal to ri + hivi, according to the constant time-gap spacing policy, is developed. The main
objective of the controller is to maintain the effective inter-vehicle distance at ri + hivi.

The discussed controllers in this research are developed in a global coordinate system, however it
is much more intuitive to analyse the results in a local coordinate system. This means that the
error in the local x-direction corresponds to the longitudinal error of the follower vehicle and that
the local error in y-direction corresponds to the lateral error of the follower vehicle. To objectively
evaluate the tracking performance of the follower vehicle, a local coordinate frame attached to this
vehicle is used. The local x-axis points in the longitudinal direction of the follower vehicle and
the local y-axis points in the lateral direction of the follower vehicle. In Figure 3.6 the local frame
attached to vehicle i can be seen. With the moving frame we can express the relative position of
vehicle i − 1 with respect to vehicle i. This relative position does give some useful information,
however without information about the trajectory no conclusions can be drawn. To express how
well the follower vehicle tracks the preceding vehicle another method is proposed. Ideally, the
positions of both vehicles are exactly the same when we compare the position of vehicle i with the
position of vehicle i− 1 when this vehicle has driven (ri + hivi) meters less than vehicle i. This is
because the controller should maintain an effective inter-vehicle distance of (ri+hivi) at all times.
Since the positions of both vehicles are known at all times, we can compare the position of vehicle
i with the position of vehicle i − 1 that corresponds to the driven distance of this vehicle minus
(ri +hivi). In other words, the position of vehicle i− 1 is transformed backwards with the desired
distance ri + hivi and compared with the position of vehicle i as can be seen in Figure 3.6.

With the backtransformed vehicle i−1 the difference in both position and heading between vehicle
i and the backtransformed vehicle i− 1 can be calculated, this leads to the longitudinal error ex,
the lateral error ey and the heading error eθ as indicated in the figure.

The performance of the controllers is expressed in three values now, but to compare different
controllers it is convenient to express the performance of the controllers in one value, this leads to
the following equation:

e(t) =
√
e2x(t) + e2y(t) (3.52)

This expression is used to analyse the tracking performance of the different controllers in this
report. The tracking performance measure takes the effective inter-vehicle distance into account
and consists of the local x- and y-error, so at every time-step it can be seen how much the
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Figure 3.6: The tracking performance measure with a local coordinate system and the backtrans-
formed vehicle i− 1.

longitudinal and lateral error contributes to the total tracking performance measure and from
that conclusions can be drawn. The heading angle error is neglected in the equation, since it is
more intuitive to have a performance measure that consists of only position errors instead of a
combination of position errors and a heading angle error.

3.4.2 Scenarios

In the previous sections the extended look-ahead controllers are elaborated and a tracking perform-
ance measure is defined. To simulate the extended look-ahead controllers two different scenarios
are used:

• Driving on a straight trajectory with a velocity of 5 m/s, after t = 5 s accelerate with an
acceleration of 2.40 m/s2 to 7.5 m/s and after t = 18 s decelerate with a deceleration of 2.40
m/s2 to 5 m/s again.

• Driving on a straight trajectory with a constant velocity of 5 m/s and after t = 6 s the
platoon enters a double lane roundabout with a radius of 12.5 m.

The first scenario is the simplest scenario, in this scenario the platoon does not corner, so there is
only longitudinal vehicle following. The platoon consists of three vehicles and the vehicles in the
platoon start without an initial spacing error and the initial heading angle is 0 rad. The initial
velocity of the vehicles is 5 m/s, at t = 5 s vehicle 1 starts accelerating until it reaches a velocity
of 7.5 m/s and at t = 18 s vehicle 1 decelerates to 5 m/s again, the velocity profile of vehicle 1
can be seen in Figure 3.7.
With this scenario it can be verified that the developed extended look-ahead controller works as
expected, since no differences with the extended look-ahead controller from [1] should be observed.
Furthermore, the performance measure that is defined in the previous section can be verified. In
this scenario the vehicles are not cornering and thus it is expected that the lateral error is always
zero. The longitudinal error should be zero initially and when the vehicles start accelerating small
errors may be observed. Eventually these small errors should converge to zero for all vehicles in
the platoon.
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Figure 3.7: The velocity profile for vehicle 1 in the platoon.

In the second scenario longitudinal and lateral vehicle following are evaluated for both controllers.
In this scenario the platoon, consisting of three vehicles, is driving on a straight trajectory with a
velocity of 5 m/s and after t = 6 s the platoon enters the inner lane of a double lane roundabout.
The dimensions of a double lane roundabout in the Netherlands according to [31] can be found
in Table 3.1. The vehicles in the platoon enter the inner lane of a roundabout with the smallest
possible dimensions, which means that the vehicles corner with a turning radius of 12.5 m. The
trajectory that is prescribed to vehicle 1 can be seen in Figure 3.8.
In this scenario differences between both controllers should be observed, since the extended look-
ahead controller from [1] cruises with a smaller effective inter-vehicle distance and thus there
is a longitudinal error for this controller. The developed extended look-ahead controller should
maintain the effective inter-vehicle distance at ri + hivi, so the longitudinal error should converge
to zero.

Table 3.1: Dimensions for two lane roundabouts in the Netherlands [31]

Design element Minimum Maximum
Outer radius 20 m 38 m
Inner radius 10 m 30 m

3.4.3 Simulation results

Straight trajectory

In the first scenario the platoon is driving on a straight trajectory and the platoon consist of three
vehicles. The spacing policy parameters are ri = 0.5 m and hi = 1 s, the control parameters k1 =
k2 = 3.5 are chosen. Various gains are tested and the results show that with low controller gains
it takes longer for the follower vehicles to converge to the path of their preceding vehicle and thus
it takes longer for the tracking errors to stabilize, especially when the vehicles start with an initial
spacing error. On the other hand, with high controller gains the follower vehicles are conver-
ging faster to the path of their preceding vehicle and therefore the tracking errors are stabilizing
faster. However, with high controller gains the controller is more sensitive for disturbances, such
as accelerations and varying yaw-rates. In practical situations measurement noise or inaccurate
measurements could lead to overreacting of the controller with high controller gains. In simula-
tions it is assumed that there is no measurement noise or inaccurate measurements, furthermore

26 Vehicle following control for cornering maneuvers with vehicle platoons



Extended look-ahead controller

-10 0 10 20 30 40 50

x [m]

-10

-5

0

5

10

15

20

25

30

35

y
 [

m
]

Vehicle 1

Figure 3.8: The trajectory of vehicle 1 for the double lane roundabout scenario.

the vehicles are positioned without an initial spacing error. Therefore, higher controller gains are
possible, but to compare both controllers the gains from [1] are adopted. With these controller
gains a fast convergence of the follower vehicles towards the path of their preceding vehicle is seen
and by selecting these controller gains we avoid the discussion that one of the controller performs
better due tuning of the controller gains. The initial positions for the vehicles are (0 m, 0 m), (-5.5
m, 0 m) and (-11 m, 0 m) for vehicles 1,2 and 3 respectively, this means that the vehicles start
without an initial spacing error according to the constant time-gap spacing policy. The vehicles
start with an initial heading angle θi = 0 rad for all vehicles. The acceleration and yaw-rate
profiles corresponding to this scenario are used as a direct input for vehicle 1, while the extended
look-ahead controller from [1] and the developed extended look-ahead controller are implemented
in the other vehicles. In the simulations it is assumed that the vehicles can communicate the
position, heading, velocity and acceleration without delays.

In Figure 3.9 the velocity of the vehicles in the platoon can be seen for both controllers. As expec-
ted both controllers show the exact same behaviour, this is because the controllers are modelled
the same way when the platoon is driving on a straight trajectory. It can be seen that the velocity
of vehicle 2 and 3 converges to 7.5 m/s after the acceleration of vehicle 1 for both controllers, the
same convergence to 5 m/s for vehicle 2 and 3 can be seen when vehicle 1 decelerates to 5 m/s again.

The RMS tracking error according to (3.52) is calculated for both controllers with the following
equation:

RMS =

√√√√ 1

K

K∑
k=1

e(t)2 (3.53)

Here K is the number of samples. In Table 3.2 the RMS tracking errors are depicted for both
controllers, from this table it becomes clear that the RMS tracking errors are almost equal to zero,
which means that both controllers perform well and as expected when the vehicles are driving on
a straight trajectory.

Double lane roundabout

In this case the platoon is driving on a straight trajectory with an initial velocity of 5 m/s. Vehicle
1 enters the inner lane of a double roundabout at time t = 6 s, which means that the turning radius
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Figure 3.9: The velocity of the vehicles in the platoon for the straight trajectory: extended look-
ahead controller from [1] (left) and the developed extended look-ahead controller (right).

Table 3.2: The RMS tracking errors for the controller from [1] and the developed controller.

RMS tracking error for the
controller from [1]

RMS tracking error for the
developed controller

Vehicle 1 0 [m] 0 [m]
Vehicle 2 9.65 · 10−4 [m] 9.65 · 10−4 [m]
Vehicle 3 9.19 · 10−4 [m] 9.19 · 10−4 [m]

of this vehicle becomes 12.5 m according to [31]. The spacing policy parameters are ri = 0.5 m
and hi = 1 s and the control parameters k1 = k2 = 3.5 are chosen using the same reasoning as for
the straight trajectory. The initial positions for the vehicles are (0 m, 0 m), (-5.5 m, 0 m) and (-11
m, 0 m) for vehicles 1,2 and 3 respectively, this means that the vehicles start without an initial
spacing error according to the constant time-gap spacing policy. The vehicles start with an initial
heading angle θi = 0 rad for all vehicles. The acceleration and yaw-rate profiles corresponding to
this scenario are used as a direct input for vehicle 1, while the extended look-ahead controller from
[1] and the developed extended look-ahead controller are applied in the other vehicles to follow
their preceding vehicle. In the simulations it is assumed that the vehicles can communicate the
position, heading, velocity and acceleration without delays.

In Figure 3.10 the trajectory of the vehicles in the platoon can be seen for both controllers. From
the figure it can be seen that both controllers perform well on the straight trajectory and as ex-
pected there is no lateral error. However, it can be seen that vehicle 2 and 3 steer slightly away
from their preceding vehicle just before they enter the roundabout. This behaviour is seen for
both controllers and it can be explained by how the extended look-ahead point S is defined. At
the moment vehicle 1 starts cornering, ω1 6= 0 rad/s, and thus the look-ahead point extends from
vehicle 1. Because vehicle 1 just started cornering and did not made significant lateral movement
yet, the extended look-ahead point S is located below the positive global x-axis. Vehicle 2 tracks
this extended look-ahead point S and steers towards the negative global y-axis as can be seen in
the figure. In Figure 3.11 the trajectory of vehicle 1 and point S extending from vehicle 1 that
acts as a reference for vehicle 2 are plotted for the developed controller. From the figure it can
be seen that point S extends below the positive x-axis and this causes the steering behaviour of
vehicle 2. The same phenomenon can be seen for vehicle 3 in the platoon. Eventually all vehicles
in the platoon drive with the same turning radius as their preceding vehicle and no corner-cutting
behaviour is observed.
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Figure 3.10: The trajectory of the vehicles in the platoon for the double lane roundabout: extended
look-ahead controller from [1] (top) and the developed extended look-ahead controller (bottom).

In Figure 3.12 the tracking error according to (3.52) is depicted for both controllers. From this
figure it can be observed that both controllers have a peak in the error starting from t = 6 s. The
difference between the controllers is that the extended look-ahead controller from [1] converges to
a tracking error of 0.32 m, while the tracking error of the developed controller converges to zero.
In Table 3.3 the RMS tracking errors are depicted for both controllers. From this table it can
be seen that the RMS tracking error is significantly larger for the extended look-ahead controller
from [1].

In Figure 3.13 the longitudinal and lateral tracking errors are depicted separately for both con-
trollers. From this figure it becomes clear that the lateral error starting from t = 6 s is roughly
the same for both controllers, but clear differences in the longitudinal error can be seen.
For the extended look-ahead controller from [1] a lateral error starting from t = 6 s can be seen,
this lateral error is caused by the fact that the tracking objective for the follower vehicles extends
to point S, even while their preceding vehicle did not make any significant lateral movement. This
makes the follower vehicle steer “away” before it enters the roundabout, this leads to a lateral
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Figure 3.11: The trajectory of vehicle 1 and the point S extending from vehicle 1 for the double
lane roundabout scenario for the developed controller.

error as can be seen in the figure. What stands out is that the longitudinal error converges to -0.32
m during cornering. From this figure it can be concluded that the performance error from Figure
3.13 is caused by both the longitudinal and lateral error initially. Eventually the lateral error con-
verges to zero and from that moment the tracking error is caused by the longitudinal error only.
So, the extended look-ahead controller from [1] successfully compensates for corner-cutting, but
this controller does not maintain the effective inter-vehicle distance at ri + hivi during cornering.
For the developed extended look-ahead controller roughly the same lateral error can be seen from
t = 6 s, which is again caused by the extended look-ahead point S. A small peak in the longitud-
inal error can be seen after which the longitudinal error converges to zero. The small peak in the
longitudinal error is also caused by steering away of the follower vehicles as explained before. From
this figure it can be seen that the tracking error from Figure 3.12 is mainly caused by the lateral
error, while there is no significant contribution of the longitudinal error. The longitudinal error
converges to zero, so it can be concluded that the developed controller successfully compensates
for corner-cutting behaviour, while it maintains the effective inter-vehicle distance at ri + hivi
during cornering.
It should be noted that the tracking error of the extended look-ahead controller from [1] is not
because of a tuning of the controller gains, but is caused by the reference that is applied to the
controller. The controller gains affect how fast the controller converges to its reference and how
sensitive the controller is for curvature changes. However, the extended look-ahead controller from
[1] always converges to a certain tracking error during cornering, while the tracking error of the
developed controller always converges to zero during cornering.

Table 3.3: The RMS tracking errors for the controller from [1] and the developed controller.

RMS tracking error for the
controller from [1]

RMS tracking error for the
developed controller

Vehicle 1 0 [m] 0 [m]
Vehicle 2 0.30 [m] 0.09 [m]
Vehicle 3 0.29 [m] 0.09 [m]
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Figure 3.12: The tracking error according to (3.52) of the vehicles in the platoon for the double lane
roundabout: extended look-ahead controller from [1] (top) and the developed extended look-ahead
controller (bottom).
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Figure 3.13: The longitudinal and lateral tracking error of the vehicles in the platoon for the double
lane roundabout: extended look-ahead controller from [1] (top) and the developed extended look-
ahead controller (bottom).
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3.5 Conclusions

In this chapter the extended look-ahead controller that is developed in [1] is discussed. Here a
method to compensate for corner-cutting behaviour of conventional look-ahead controller is in-
troduced. A virtual vehicle that extends from the base of the preceding vehicle during cornering
maneuvers acts as the tracking objective for the follower vehicle and the effectiveness of this ex-
tended look-ahead point is shown in simulations. The problem with this extended look-ahead
controller is that variations in inter-vehicle distance are seen, which leads to unintended acceler-
ations in longitudinal direction. It is shown that the effective inter-vehicle distance decreases for
a decreasing turning radius and an increasing time-gap. Therefore, a vehicle following controller
with extended look-ahead is developed. It is shown that with this controller stability of the overall
system is established for the cases where the platoon is driving on a straight trajectory and when
the platoon is driving with a constant velocity on a circular trajectory with a constant curvature.
This controller compensates for the corner-cutting behaviour, while it maintains the effective inter-
vehicle distance at ri + hivi. A tracking performance measure is proposed, this measure analyses
how well the follower vehicle tracks the preceding vehicle. Simulations show that the extended
look-ahead controller from [1] and the developed controller have the same behaviour and perform-
ance for driving on a straight trajectory. When the platoon is cornering differences between the
controllers are observed. The extended look-ahead controller from [1] cruises with a significant
longitudinal spacing error during cornering, while the longitudinal spacing error of the developed
controller converges to zero. However, both controllers show a lateral error when the platoon
starts cornering. This is caused by the extended look-ahead point, which also extends when the
vehicle did not made significant lateral movement yet. However, this lateral error converges to
zero over time.
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Chapter 4

Test vehicle and measurements

In this chapter the practical set-up with the Renault Twizys is discussed. First, the extended look-
ahead controller from [1] and the developed controller are implemented in the Renault Twizys.
Where vehicle-to-vehicle wireless communication is used to obtain the relevant states of the vehicle.
The controller outputs are the acceleration and the yaw-rate of the follower vehicle, these outputs
are converted to a gas pedal position and a steering angle. Then a control panel is developed to
allow for real-time changes in the control parameters. After that experiments with the two Twizys
are performed at a vehicle test centre facility and the results are analysed.

4.1 Practical set-up

This research is part of the integrated Cooperative Automated VEhicles (i-Cave) program [9],
this program researches automated and cooperative driving. In this program a Cooperative Dual
Mode Automated Transport (C-DMAT) system is researched and designed, which results in dual
mode vehicles where the driver is able to choose between automated or manual driving. For this
program the C-DMAT system is implemented in Renault Twizys. The Renault Twizy is a two-
seater, compact, electric powered city vehicle. In the rear wheel driven Twizy the driver and the
passenger sit in line instead of next to each other. This makes the Twizy very compact with a
width of 1.4 m and a length of 2.3 m.
In the Automotive lab at the TU Eindhoven there are three Twizys present at this moment. One
Renault Twizy is unmodified yet and therefore this vehicle cannot be used in this research. The
other two Twizys are equipped with custom sensors and actuators, these sensors and actuators are
connected to a MATLAB based real-time control system. These two modified Renault Twizys can
be seen in Figure 4.1. The extended look-ahead controller from [1] and the developed controller
are implemented in the two modified Renault Twizys. For safety reasons and lack of permis-
sion to drive on public roads, experiments with the Renault Twizys are carried out at “Leeuw
Trainingscentrum” in Eindhoven.
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Figure 4.1: The two modified Renault Twizys [32].

4.2 Implementation of the controller

In this section the most important steps taken to implement the controllers in the Renault Twizys
are elaborated. First, communication of the relevant states between the vehicles is established.
Then the controllers are implemented and after that kinematic steering is used to convert the yaw-
rate in a steering-angle. Finally, a control panel is designed that is used during the experiments.

4.2.1 Vehicle-to-vehicle Communication

In the Automotive lab there are two Renault Twizys that are equipped with extra sensors and
actuators, therefore these vehicles can be used for direct vehicle following. Twizy 2 is the upgraded
version of Twizy 1, since more advanced equipment is installed on Twizy 2. Consequently, Twizy
1 is the leader vehicle that is driven manually and Twizy 2 is the follower vehicle in which the
extended look-ahead controllers are implemented.
Vehicle-to-vehicle communication is a technique that allows vehicles to wirelessly receive and
broadcast relevant information from and to other vehicles, such as speed, heading and position.
The following relevant states of Twizy 1 are communicated through vehicle-to-vehicle wireless
communication via Wi-Fi P (ITS-G5) to Twizy 2:

• Position (x, y) of Twizy 1

• Heading θ of Twizy 1

• Velocity vx of Twizy 1

• Yaw-rate ωz of Twizy 1

4.2.2 Controller implementation

With the implementation of the controller another problem arises, since the available sensors have
limited update rates and are affected by measurement noise. In [33] a cooperative state estimation
network is developed that provides detailed information of the relevant state-components, which
can be used as controller inputs in a longitudinal and lateral platooning framework [33]. The
state-estimator from [33] is used in order to estimate the states of Twizy 1 and Twizy 2 simultan-
eously. As part of the i-Cave program the state-estimator from [33] is developed and implemented
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in the Simulink model of the Renault Twizy. For further information about the state-estimator
the reader is referred to [33].

The extended look-ahead controller from [1] and the developed extended look-ahead controller are
both implemented in the Simulink model of the Renault Twizy. The controller outputs are the
vehicle’s acceleration and yaw-rate. The acceleration output can be directly used as an input for
the longitudinal acceleration controller that is developed as part of the i-Cave program.
The yaw-rate controller output first has to be converted into a steering angle before it can be
used as an input for the steer controller that is developed as part of the i-Cave program. The
conversion from yaw-rate into a steering angle is elaborated in the next subsection.

4.2.3 Steering angle

One of the controller outputs is the yaw-rate of Twizy 2 in order to follow Twizy 1 without a
tracking error, this yaw-rate needs to be converted into a steering angle reference for the steer
controller. For this conversion the linear single track vehicle model is used, in this model the left
and the right tyre and axle characteristics are lumped into one single tyre. These equivalent tyres
are linked by the body of the vehicle, a simplification of the single track vehicle model can be seen
in Figure 4.2. For this model the following assumptions are made [22]:

• The left and right tyre and axle characteristics are lumped in one equivalent tyre

• Body roll is neglected

• Centre point steering

• Constant forward velocity

• Aerodynamic forces are neglected

The single track vehicle model allows the investigation of the fundamental driving dynamics if the
lateral acceleration does not exceed 4 m/s2 on dry roads [34]. Since the experiments are performed
at low speeds with low lateral accelerations, the lateral acceleration does not exceed 4 m/s2, thus
this vehicle model can be used.

Figure 4.2: The single track vehicle model [34].

By considering the steady-state single track equations of motion an expression for the steering
angle can be derived [22]:

δ =
l

R
− mV 2

Rl

(
a

C2
− b

C1

)
(4.1)
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In this equation l is the wheelbase of the vehicle, R is the turning radius, m is the mass of the
vehicle, V is the velocity of the vehicle, a is the distance from the center of gravity to the front
wheel, b is the distance from the center of gravity to the rear wheel, C1 is the cornering stiffness of
the front wheel and C2 is the cornering stiffness of the rear wheel. The equation can be rewritten
by substituting (3.10):

δ =
lωz
V
− mωzV

l

(
a

C2
− b

C1

)
(4.2)

With this equation an expression for the steering angle as a function of the yaw-rate is found. The
required vehicle parameters can be seen in Table 4.1.

Table 4.1: The vehicle parameters of the Renault Twizy.

Vehicle parameter Name Value
l Wheelbase 1.68 m
m Mass of the vehicle 708 kg
a Distance from center of gravity to front wheel 0.93 m
b Distance from center of gravity to rear wheel 0.75 m
C1 Cornering stiffness front wheel 46333 N/rad
C2 Cornering stiffness rear wheel 34252 N/rad

The equations are implemented in the Simulink model, so the controller output ωz can be converted
into a steering angle. This steering angle reference goes into the steer controller of the Renault
Twizy.

4.2.4 Control panel

A control panel that is linked with Simulink Real-Time is developed. With Simulink Real-Time a
real-time application is created from the Simulink model that is described in the previous subsec-
tions and runs it on the target computer that is connected to the Renault Twizy.
This control panel allows for real-time changes in the control parameters for example, without
building the entire Simulink model again. The part of the control panel that is used for experi-
ments with the extended look-ahead controllers can be seen in Figure 4.3.
The control panel allows us to change between the extended look-ahead controller from [1] and the
developed extended-look-ahead controller. The controller gains k1 and k2 can be changed even as
the standstill distance ri and the time-gap hi. Furthermore, the control panel gives us information
about the controller outputs a and ωz and if the extended look-ahead controller is turned on.
The displayed controller outputs are used to position the vehicles at the start of the experiments.
When the vehicles are positioned without an initial spacing error, the controller outputs should
be zero or close to zero.
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Figure 4.3: The control panel.

4.3 Experiments

In this section the results of the experiments with the Renault Twizys are discussed. For these
experiments three reference trajectories are defined: a straight trajectory, a slalom and a trajectory
with a turn to the right. Twizy 1, the leader vehicle, is driven manually, while the extended look-
ahead controllers are applied on Twizy 2. Traffic cones are used in order to define the trajectory
for Twizy 1, which ensures that Twizy 1 drives roughly the same trajectory each measurement.
The controller outputs displayed in the control panel are used to position Twizy 2 without an
initial spacing error behind Twizy 1. The control parameters k1 = k2 = 1.5 are chosen. To
determine the controller gains for the experiments we start with controller gains close to zero and
increase those gains with small steps of 0.1. Results show that with higher controller gains Twizy
2 converges faster to the path of Twizy 1, but this also leads to a controller that is more sensitive
to measurement noise and this results in overcompensation. Thus for the selection of the controller
gains we look into the magnitude of the tracking errors, but more important controller gains are
selected by which we both feel safe and comfortable in the vehicle. It should be noted that we are
both sitting in the Renault Twizy with a laptop to monitor and operate the controller, while we
have to scan the environment for hazard.

4.3.1 Straight trajectory

In the first scenario Twizy 1 drives on a straight trajectory and starts from standstill. Twizy 1
accelerates with an acceleration of 0.6 m/s2 until it reaches a velocity of 3 m/s and maintains this
velocity for 5 seconds. Then the vehicle accelerates with an acceleration of 0.4 m/s2 to 5 m/s.
Twizy 1 maintains this velocity for 5 seconds again and then the vehicle is stopped. Twizy 2 is
positioned without an initial spacing error behind Twizy 1 according to the constant time-gap
spacing policy, this is done by using the displayed controller outputs on the control panel. The
spacing policy parameters are selected as ri = 6 m and hi = 0.5 s for this scenario.

In Figure 4.4 the trajectories of Twizy 1 and Twizy 2 are shown for the extended look-ahead
controller from [1] and the developed controller. Here the vehicles start from the left-hand side
and are driving towards the right. From the figure it can be seen that both vehicles are not driving
in a straight line, even though Twizy 1 is driven manually and the track is straight. It can be seen
that for both controllers the trajectories of both vehicles deviate in the beginning and around x
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= 35 m the trajectories of the vehicles start coming closer together.
The velocity of both vehicles can be seen in Figure 4.5 for both controllers. It can be seen that
Twizy 1 starts from standstill and accelerates to a velocity of 3 m/s. This velocity is maintained
for about 5 seconds and then the vehicle accelerates to 5 m/s. This velocity is maintained again
for 5 seconds and after that the vehicle is stopped. The figure shows that Twizy 2 roughly follows
this velocity profile, but clear deviations can be seen. For the extended look-ahead controller from
[1] large oscillations can be seen between 2 and 8 seconds, after that the velocity stabilizes and
Twizy 2 follows the velocity profile of Twizy 1. For the developed controller two peaks can be
seen initially, however after 4 seconds the vehicle is able to follow the velocity of Twizy 1 with
small deviations.
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Figure 4.4: Trajectory of the Twizys: extended look-ahead controller from [1] (left) and the
developed extended look-ahead controller (right).
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Figure 4.5: Velocity of the Twizys: extended look-ahead controller from [1] (left) and the developed
extended look-ahead controller (right).

In Figure 4.6 the tracking error as defined in (3.52) is depicted for both controllers. The longit-
udinal and lateral tracking error of Twizy 2 for both controllers can be seen in Figure 4.7. It
can be seen that both controllers start with an initial tracking error, despite the fact that the
vehicles are positioned without an initial spacing error. Large variations in the tracking error are
observed for both controllers. However, the tracking error does not exceed 2.9 m for the extended
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look-ahead controller from [1] and for the developed controller this tracking error does not exceed
2.3 m. What stands out is that the tracking error is small between 14 and 20 seconds for both
controllers, this corresponds to the interval where Twizy 1 is driving with a constant velocity of
5 m/s. In the figures high frequency errors can be seen, those errors are from the noisy position
measurements as can be seen in Figure 4.4. Furthermore, for the performance measure Twizy 1 is
backtransformed with the distance ri+hivi, since the sensors have a certain update rate the driven
distance of vehicle i − 1 subtracted by ri + hivi may not exist. So the position that is closest to
this driven distance is used and this may amplify the signal noise on the tracking errors. The RMS
tracking error of the extended look-ahead controller from [1] is 1.28 m, while the RMS tracking
error of the developed controller is 0.98 m. Thus, what stands out is that the RMS tracking error
is smaller for the developed controller for the straight trajectory.

An explanation for the velocity oscillations at the beginning of the experiments for the extended
look-ahead controller from [1] is that Twizy 2 only starts driving after about 2 seconds. Twizy 2
starts with a relatively small tracking error, however this tracking error increases during the first
two seconds since Twizy 2 is still standing still. To compensate for this longitudinal tracking error
Twizy 2 starts accelerating and an overshoot can be seen. The delay after which Twizy 2 starts
driving can be explained by the fact that the controller needs to be turned on manually after
which you have to enable the steering wheel and the driveline manually. This takes some time
after which Twizy 2 can start driving autonomously. During this delay the tracking error increases
and the controller compensates aggressively for this tracking error. For the initial peaks at the
beginning of the measurement for the developed controller the same explanation holds. However
the delay is shorter, but Twizy 2 starts with an initial longitudinal spacing error at the beginning
of the experiment.
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Figure 4.6: Tracking error of Twizy 2: extended look-ahead controller from [1] (left) and the
developed extended look-ahead controller (right).

4.3.2 Slalom trajectory

In this scenario a slalom is performed with the Twizys, traffic cones are used so the driver of
Twizy 1 knows where to corner. Twizy 1 starts from standstill and Twizy 2 is positioned without
an initial spacing error behind this vehicle. Twizy 1 accelerates with 1 m/s2 until it reaches a
velocity of 5 m/s. At t = 7 seconds Twizy 1 starts with the slalom and stops when it reaches the
end of the road. The spacing policy parameters are chosen as ri = 8 m and hi = 0.5 s for this
scenario.

In Figure 4.8 the trajectory of both vehicles can be seen for the slalom. From this figure it can
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be observed that for both controllers Twizy 2 roughly follows the slalom of Twizy 1. The slalom
shape can clearly be seen in the trajectories of Twizy 2 for both controllers. However, for both
controllers Twizy 2 starts turning to the right, while Twizy 1 is driving straight. For the extended
look-ahead controller from [1] it is observed that Twizy 2 tracks Twizy 1 well between x = 35 m
and x = 50 m, but then Twizy 2 corners too late and subsequently it corners too early. For the
developed controller it can be seen that Twizy 2 does not track Twizy 1 well initially. The vehicle
is cornering while Twizy 1 is driving straight and after that Twizy 2 corners too late. From x =
50 m it can be seen that tracking of Twizy 2 improves. Overall it can be concluded that Twizy 2
is able to follow Twizy 1 for the slalom trajectory for both controllers.
In Figure 4.9 the tracking error can be seen for the slalom trajectory with both controllers and in
Figure 4.10 the longitudinal and lateral errors can be seen for both controllers. For both controllers
variations in the tracking error can be seen, the tracking error remains below 3.2 m initially but
at the end a peak of 4.7 m is observed for the extended look-ahead controller from [1] and a
peak of 4.3 m is observed for the developed controller. It can be seen that the longitudinal error
oscillates around zero for both controllers. The RMS tracking error for the extended look-ahead
controller from [1] is 1.94 m and the RMS tracking error of the developed controller is 1.76 m. The
RMS tracking error of the developed controller is smaller than the RMS tracking of the extended
look-ahead controller from [1], however both RMS tracking errors are significant.

4.3.3 Trajectory with a right-hand turn

In this scenario Twizy 1 starts from standstill and accelerates with 1 m/s2 to 5 m/s. After 8
seconds Twizy 1 makes a right-hand turn and the vehicle is stopped when it reaches the end of
the road. For this scenario a standstill distance ri of 8 m and a time-gap hi of 1 s are chosen.
Again Twizy 2 is positioned without an initial spacing error behind Twizy 1.

In Figure 4.11 the trajectories of both vehicles can be seen for both controllers. From the figure
it can be observed that with both controllers Twizy 2 turns left and right again, while Twizy
1 is driving straight. However, with both controller tracking improves at x = 20 m and from
that moment the vehicle follows Twizy 1 well. It can be seen that with the extended look-ahead
controller from [1] Twizy 2 stops next to the trajectory of Twizy 1, while Twizy 2 stops at the
trajectory of Twizy 1 with the developed controller.
In Figure 4.12 the tracking error for controllers can be seen and in Figure 4.13 the longitudinal
and lateral error for Twizy 2 can be seen. From the figures it can be seen that there is a peak
in the tracking error at 6 seconds for both controllers, this peak is for both controllers mainly
caused by the lateral error component. This lateral error can clearly be seen in Figure 4.11, since
Twizy 2 steers to the right, while Twizy 1 is driving straight. At that moment the trajectory of
Twizy 1 is on the left-side of Twizy 2, which results in a positive lateral error. After this peak the
tracking error decreases for both controller and tracking improves. The RMS tracking errors are
1.40 m and 1.08 m for the extended look-ahead controller from [1] and the developed controller
respectively. Again it can be observed that the RMS tracking error of the developed controller is
smaller than the RMS tracking error of the extended look-ahead controller from [1].

42 Vehicle following control for cornering maneuvers with vehicle platoons



Test vehicle and measurements

0 5 10 15 20 25

Time [s]

-2

0

2

L
o
n
g
it
u
d
in

a
l 
e
rr

o
r 

[m
]

0 5 10 15 20 25

Time [s]

-2

0

2

L
a
te

ra
l 
e
rr

o
r 

[m
]

0 5 10 15 20 25

Time [s]

-2

0

2

L
o
n
g
it
u
d
in

a
l 
e
rr

o
r 

[m
]

0 5 10 15 20 25

Time [s]

-2

0

2

L
a
te

ra
l 
e
rr

o
r 

[m
]

Figure 4.7: The longitudinal and lateral tracking error of Twizy 2: extended look-ahead controller
from [1] (top) and the developed extended look-ahead controller (bottom).
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Figure 4.8: Trajectory of the Twizys: extended look-ahead controller from [1] (left) and the
developed extended look-ahead controller (right).
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Figure 4.9: Tracking error of Twizy 2: extended look-ahead controller from [1] (left) and the
developed extended look-ahead controller (right).
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Figure 4.10: The longitudinal and lateral tracking error of Twizy 2: extended look-ahead controller
from [1] (top) and the developed extended look-ahead controller (bottom).
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Figure 4.11: Trajectory of the Twizys: extended look-ahead controller from [1] (left) and the
developed extended look-ahead controller (right).
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Figure 4.12: Tracking error of Twizy 2: extended look-ahead controller from [1] (left) and the
developed extended look-ahead controller (right).
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Figure 4.13: The longitudinal and lateral tracking error of Twizy 2: extended look-ahead controller
from [1] (top) and the developed extended look-ahead controller (bottom).
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4.4 Discussion

In the previous section the results from the experiments with the Renault Twizys are discussed.
Results show that both controllers do actually work in the Renault Twizy and with these con-
trollers it is possible to follow the preceding vehicle by only using the on-board sensors and
vehicle-to-vehicle communication. Three different trajectories are tested and results show that the
RMS tracking error does not exceed 1.94 m for the extended look-ahead controller from [1] and
1.76 m for the developed controller. The goal of the experiments is to test the controllers and to
point out the differences and similarities between the simulations and the experiments. However,
no clear conclusions can be drawn from the experimental results and we cannot state that the
developed controller maintains the effective inter-vehicle distance nor that one of the controllers
successfully compensate for corner-cutting behaviour. But what stands out is that Twizy 2 is able
to follow Twizy 1 for all tested trajectories and that the tracking error remains bounded for both
controllers, so we can conclude that both controllers do actually work in the Renault Twizys.

The main cause of the tracking error are the on-board sensors. Both controllers are developed in
a global coordinate system, this means that both controllers heavily depend on accurate global
position and heading measurements of the vehicles. However, the accuracy of a commercial GPS
is about 5-15 meters [1]. The low accuracy of the GPS affects the behaviour of the controller,
since the position errors are calculated by using the global positions provided by the GPS. These
position errors are an input for the controller. An example can be seen in Figure 4.4, where the
vehicles are driving a straight trajectory. Twizy 1 is driven manually, so small deviations from
driving a straight line can be expected. However, from the GPS data it seems like Twizy 1 is
cornering, this is caused by the poor accuracy of the GPS.

Furthermore, the state-estimator from [33] is used, but the state-estimator needs time to initialize
while driving. Unfortunately, it is not possible to switch between manually driving and driving
autonomously while driving. This means that during the first seconds of each measurement the
state-estimator is still initializing, which affects the data that is used as an input for the controller.
Another problem is that the heading of the vehicles drifts when the vehicles are standing still, this
can clearly be seen in Figure 4.14. In the figure the vehicles are driving the straight trajectory
and Twizy 1 did not corner. However, during the first 5 seconds a steep increase in the heading
can be seen for both vehicles and after 5 seconds the heading stabilizes around -130 degrees. So,
it can be concluded that the state-estimator requires time to initialize. This means that during
the first seconds the data is not accurate yet and this affects the performance as can be seen in
the experimental results. In all three scenarios Twizy 1 starts driving a straight line, however
in each measurement it can be seen that Twizy 2 immediately starts cornering. In addition, the
results presented in [33] are results in steady-state. During the experiment the vehicles are driving
steady-state for only a short period of time.
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Figure 4.14: The heading of both vehicles for the straight trajectory.

4.5 Conclusions

In this section the practical set-up is discussed. The implementation of the extended look-ahead
controller from [1] and the developed controller is described. Vehicle-to-vehicle wireless communic-
ation is implemented to communicate the relevant vehicle states and kinematic steering is used to
convert the yaw-rate controller output into a steering angle. A control panel is designed to be able
to make real-time changes in the control parameters. Experiments with two Renault Twizys are
performed, where three different trajectories are tested: a straight trajectory, a slalom trajectory
and a trajectory with a turn to the right. Twizy 1 is driven manually and the extended look-ahead
controller from [1] and the developed controller are applied on Twizy 2. Results show that it is
possible to follow Twizy 1 with both controllers and that the tracking error remains bounded.
However, from the results it cannot be concluded that the developed controller maintains the
effective inter-vehicle distance during cornering or that the extended look-ahead controller from
[1] decreases the inter-vehicle distance during cornering. From the results it also cannot be seen
that one of the controllers successfully compensate for corner-cutting behaviour.
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Chapter 5

Conclusions and recommendations

The conclusions of this research are given in this final chapter as well as recommendations for
future research. The objective for this thesis is to design a controller for longitudinal and lateral
vehicle tracking, which improves tracking performance.

5.1 Conclusions

For combined longitudinal and lateral vehicle automation two approaches are considered: the path
following method and the direct vehicle following method. The purpose of vehicle platooning is to
increase the capacity of the roads and this is achieved by adopting a small inter-vehicle distance.
However, the camera-based vision system that is often used in the path following method is not
able to detect the lane markings when the vehicle is driving close to its preceding vehicle and
sometimes lane markings are not even available. Alternative approaches that are often used in
the path following method require costly modifications to vehicles and infrastructure, for example
embedding roads with magnetic markers or equip vehicles with an RTK-GPS. An alternative is the
direct vehicle method, this method does not require path information or lane markings. The direct
vehicle method utilizes the already available information from CACC and is therefore considered as
a cost-friendly approach. The direct vehicle method is used to design the controller in this research.

In the direct vehicle method the vehicle does not receive any path information and the challenge
is to directly follow the preceding vehicle by using information from on-board sensors and vehicle-
to-vehicle communication. However, corner-cutting behaviour is observed for controllers based on
the look-ahead approach. In the case of corner-cutting the follower vehicle drives in a smaller
radius than the preceding vehicle. An extended look-ahead point can be used to compensate for
this corner-cutting behaviour. During cornering maneuvers a virtual vehicle extends from the base
of the preceding vehicle and acts as tracking objective for the follower vehicle. The magnitude of
this extension vector needs to be carefully chosen in order to prevent corner-cutting behaviour.
However, with the extended look-ahead controller variations in inter-vehicle distance are observed
during cornering maneuvers, which lead to undesired accelerations in longitudinal direction.

It is demonstrated that the effective inter-vehicle distance decreases during corner maneuvers with
the extended look-ahead controller and this problem worsens for a decreasing turning radius and
an increasing time-gap between the vehicles. Therefore, an extended look-ahead controller is de-
signed that compensates for corner-cutting behaviour, while maintaining the effective inter-vehicle
distance. For the controller the vehicles are modelled as unicycles in a global coordinate system.
Modifications are made to the distance along the path between the vehicles and the projection
of the extended look-ahead point to overcome the mentioned problems. This results in a control-
ler that requires the following signals: the global positions of both vehicles, the velocity of both
vehicles, the yaw-rate of the preceding vehicle and the heading of both vehicles. The states of
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the preceding vehicle are obtained via vehicle-to-vehicle communication. Stability of the overall
system is established for the case where the platoon is driving on a straight trajectory and for the
case where the platoon is driving on a circular trajectory with a constant curvature and a constant
velocity.

Simulations are performed to analyse the performance of the controller. To analyse the behaviour
of the controller a measure for tracking performance is defined. A moving frame is attached to the
follower vehicle, which ensures that the local x-axis corresponds to the longitudinal direction of
the follower vehicle and the local y-axis corresponds to the lateral direction of the follower vehicle.
Subsequently, the position of the preceding vehicle is backtransformed with a distance of ri +hivi
and the obtained position is compared with the actual position of the follower vehicle. This results
in an accurate and measurable tracking performance measure. Simulations are performed for the
case where the platoon is driving on a straight trajectory, here the developed controller behaves
the same as the already existing extended look-ahead controller, which is as expected. For the
scenario where the platoon enters a double lane roundabout it is observed that the developed
controller successfully compensates for corner-cutting and that the effective-inter vehicle distance
is maintained. While the already existing extended look-ahead controller only compensates for
corner-cutting.

The already existing extended look-ahead controller and the developed controller are implemented
in modified Renault Twizys for experiments. The leader vehicle is driven manually, while the con-
trollers are applied on the follower vehicle. Three trajectories are defined: a straight trajectory,
a slalom trajectory and a trajectory with a right-hand turn. Results show that the controllers
are successfully implemented in the Renault Twizys, the follower vehicle is able to actually follow
the leader vehicle. The tracking error remains bounded, but from the results it cannot be stated
the effective inter-vehicle distance is maintained nor that corner-cutting behaviour is compensated.

To conclude, a control approach is developed that compensates for corner-cutting behaviour and
that maintains the effective inter-vehicle distance during cornering maneuvers. A measurable
tracking performance measure that analyses how well the follower vehicle tracks the leader vehicle
is defined and the designed controller is successfully implemented in the Renault Twizys. As a
result, an extended look-ahead controller for longitudinal and lateral vehicle tracking is designed,
which improves tracking performance during cornering maneuvers. However, several areas of this
research could serve improvements, which are explained in the following recommendation section.

5.2 Recommendations

Based on the results and the obtained insights the following recommendations are given:

The designed controller is developed in a global coordinate system. Simulations show promising
results and in simulations this controller performs well on both straight trajectories and traject-
ories which have corners. However, the developed controller heavily depends on accurate global
position measurements and measurements of the heading of the vehicles. Commercial vehicles
are not equipped with an RTK-GPS and a commercial GPS has a poor accuracy. During the
experiments it is observed that vehicle tracking is possible with the developed controller, but
improvements are possible. The simplest solution is to equip every vehicle with an RTK-GPS,
however this solution is very costly. A more sustainable solution is to adapt the developed con-
troller in a local coordinate system. When the controller is developed in a local coordinate system
the controller needs the relative position of the vehicles instead of using the global positions of the
vehicles. The relative position can be measured with a camera or lidar and the relevant vehicle
states can be communicated via vehicle-to-vehicle communication. Lidar or camera vision systems
are already available in commercial vehicles, therefore this is considered as a cost-effective solution.
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In simulations it is seen that the follower vehicle steers slightly away from the preceding vehicle
before it enters the actual corner. This is caused by the definition of the extended look-ahead
point. When the leader vehicle is driving on a straight trajectory along the positive x-axis and
starts cornering to the left, the look-ahead point is extended, but when the leader vehicle did not
made significant lateral movement this extended look-ahead point is positioned below the positive
global x-axis. This causes the follower vehicle to steer in the opposite direction of the corner, since
this extended look-ahead point acts as the new tracking objective for the follower vehicle. An
adaptation in the definition of the extended look-ahead point which solves this problem needs to
be developed. This would significantly improve tracking performance of the controller, since the
tracking error of the developed controller is mainly caused by the described lateral error.

In this research the focus is on designing a controller that improves tracking performance of a
vehicle platoon during cornering maneuvers. By using the proposed tracking performance meas-
ure it is demonstrated that the developed controller maintains the effective inter-vehicle distance
and that it compensates for corner-cutting behaviour. However, string stability of the platoon is
not analysed in this research. While string stability is an important criterion in vehicle platooning,
string stability can be used to analyse if disturbances are amplified when propagating downstream
along the vehicle string. Longitudinal and lateral string stability can be analysed separately,
however a controller for both longitudinal and lateral vehicle tracking is developed. Therefore,
it makes sense to analyse longitudinal and lateral string stability simultaneously. In [35] lon-
gitudinal and lateral string stability is analysed simultaneously by using mesh stability. Mesh
stability is an extension of string stability, where stability is analysed in only one direction. In this
method a mesh of vehicles is considered, where the desired positions of the vehicles in the mesh
are known. The spacing error of the vehicles with respect to desired positions are determined and
an error propagation relation is derived. This method can be used in vehicle platooning, however
the mesh spacing errors need to be redefined, since the platoon does not drive in a mesh formation.

During the experiments we had practical problems with the Renault Twizys. The system often has
a CPU overload, which results in lost experimental data and as a consequence the model has to be
built again. Building the model takes a lot of time and the test track was available for a limited
amount of time. Furthermore, there are problems with connecting the Simulink model with the
Renault Twizys. A solution for the listed problems needs to be found in order to smoothly perform
the experiments
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Appendix A

Appendix chapter 3

A.1 Stability analysis of the developed extended look-ahead
controller

In this section the stability of the internal dynamics is analysed. Here two cases are considered,
the first case is when the platoon maneuvers on a straight trajectory and the second case is where
the platoon maneuvers on a circular trajectory with a constant curvature and a constant velocity.

A.1.1 Case 1: straight line

In this section the case where the platoon maneuvers on a straight line is analysed. This means
that ωi−1 = 0, κi−1 = 0, κ̇i−1 = 0 and αi = 0. Let z34,i = [z3,i, z4,i]

T . For this case the dynamics
from (3.50) can be rewritten as:[

ż3,i
ż4,i

]
= −

[
hivi+ri cos

2 θi
hi(ri+hivi)

ri sin θi cos θi
hi(ri+hivi)

ri sin θi cos θi
hi(ri+hivi)

hivi+ri sin
2 θi

hi(ri+hivi)

] [
z3,i
z4,i

]
+ ξi (A.1)

Where [
ξ1,i
ξ2,i

]
:=

[
cos θi−1 −vi−1 sin θi−1
sin θi−1 vi−1 cos θi−1

] [
ai−1
ωi−1

]
−

[
hivi+ri cos

2 θi
hi(ri+hivi)

ri sin θi cos θi
hi(ri+hivi)

ri sin θi cos θi
hi(ri+hivi)

hivi+ri sin
2 θi

hi(ri+hivi)

] [
k1z1,i
k2z2,i

] (A.2)

This subsystem is exactly the same as in [1], which is as expected. When the platoon is driving
on a straight line the behaviour of the developed extended look-ahead controller is exactly the
same as the extended look-ahead controller from [1]. Therefore, it can be concluded from [1] that
limt→∞ ||z34,i(t)|| = 0 and thus the straight line case is stable.

A.1.2 Case 2: circular trajectory with a constant curvature and a con-
stant velocity

In this subsection the case where the platoon maneuvers on a circular trajectory with a constant
curvature and a constant velocity is considered. for κi−1 6= 0 the dynamics from (3.50) can be
rewritten as:[

ż3,i
ż4,i

]
= − 1

λihi

[
p11 p12
p21 p22

] [
z3,i
z4,i

]
− κi−1

(
Qi

[
z3,i
z4,i

]
− fv,i

)
+ ζi (A.3)
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Where

fv,i =

[
−vi−1 sin θi−1
vi−1 cos θi−1

]
vi−1 −

[
−vi sin (θi + αi)
vi cos (θi + αi)

]
vi (A.4)

ζi = hκ,iκ̇i−1 +

[
cos θi−1
sin θi−1

]
ai−1 − Γ34,iΓ

−1
12,i

[
k1z1,i
k2z2,i

]
(A.5)

hκ,i =vi (ri + hivi)

[
sin (θi + αi)
− cos (θi + αi)

]
+ Γ34Γ−112

(
− tanαi
κ2i−1

+
ri + hivi
κi−1 cos2 αi

)[
cos θi
sin θi

]
− Γ34Γ−112

(
1− secαi
κ2i−1

+
(ri + hivi) tanαi

κi−1 cosαi

)[
sin θi−1
− cos θi−1

] (A.6)

p11 = cos2 αi cos θi cos(θi + αi)

p12 = cos2 αi sin θi cos(θi + αi)

p21 = cos2 αi cos θi sin(θi + αi)

p22 = cos2 αi sin θi sin(θi + αi)

(A.7)

Qi =
vi
λi

[
q11 q12
q21 q22

]
(A.8)

λi = 1− sinαi sin(θi−1 − θi) (A.9)

q11 = sin(θi + αi)(− cos3 αi cos θi + cos θi−1 +
sin θi
sinαi

)

q12 = sin(θi + αi)(− cos3 αi sin θi + sin θi−1 −
cos θi
sinαi

)

q21 = cos(θi + αi)(cos3 αi cos θi − cos θi−1 −
sin θi
sinαi

)

q22 = cos(θi + αi)(cos3 αi sin θi − sin θi−1 +
cos θi
sinαi

)

(A.10)

Now we assume that 0 < ε < vmin
i−1 ≤ vi−1 ≤ vmax

i−1 and we take the set Ωc = {||z34,i|| ≤ vmin
i−1 − ε}.

Inside the set Ωc we have that:

ε2 ≤ (vmin
i−1 − ||z34,i||)2 ≤ (vi−1 − ||z34,i||)2

= v2i−1 − 2vi−1

√
z23,i + z24,i + z23,i + z24,i

(A.11)

Now we can use the Cauchy-Schwarz inequality, which is defined as:

||x+ y||2 ≤ ||x||2 + 2||x|| ||y||+ ||y||2

−2||x|| ||y|| ≤ −||x+ y||2 + ||x||2 + ||y||2

2||x|| ||y|| ≥ ||x+ y||2 − ||x||2 − ||y||2
(A.12)

Now take c = [cos θi−1, sin θi−1]T and use this in the Cauchy-Schwarz inequality. This results in:

2||z34,i|| ||c|| ≥ ||z34,i + c||2 − ||z34,i||2 − ||c||2

2
√
z23,i + z24,i ≥ 2z3,i cos θi−1 + 2z4,i sin θi−1

(A.13)
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Substituting this into (A.11) yields:

ε2 ≤ v2i−1 − 2vi−1z3,i cos θi−1 − 2vi−1z4,i sin θi−1 + z23,i + z24,i

≤ (vi−1 cos θi−1 − z3,i)2 + (vi−1 sin θi−1 − z4,i)2

≤ v2i

(A.14)

So, we can conclude that inside Ωc it holds that vi(t) ≥ ε > 0. So the goal is to prove that when
||z34,i(0)|| ≤ vmin

i−1 − ε it will stay within Ωc for every t > 0.

In this case we have that ai−1 = 0, κ̇i−1 = 0, z1 = 0 and z2 = 0, which means that the term ζi is
equal to zero. Now we need to find the Lyapunov function for the dynamics of z3 and z4.
The Lyapunov function V = z23,i + z24,i is used, the derivative of V with respect to time is:

V̇ = 2z3ż3 + 2z4ż4. Thus the derivative of V along (A.3) with respect to time is given by:

V̇ = −2 cos2 αi
λihi

(z3,i cos (θi + αi) + z4,i sin (θi + αi)) (z3,i cos θi + z4,i sin θi)

+
2κi−1vi cos3 αi

λi
(z3,i sin (θi + αi)− z4,i cos (θi + αi)) (z3,i cos θi + z4,i sin θi)

− 2κi−1vi
λi

(z3,i sin (θi + αi)− z4,i cos (θi + αi)) (z3,i cos θi−1 + z4,i sin θi−1)

− 2κi−1vi
λi sinαi

(z3,i sin (θi + αi)− z4,i cos (θi + αi)) (z3,i sin θi − z4,i cos θi)

+ 2κi−1vi−1 (vi−1 − vi) (−z3,i sin θi−1 + z4,i cos θi−1)

(A.15)

We can apply the Cauchy-Schwarz inequality to the terms in (A.15) that are dependent on z3,i
and z4,i. This results in that those terms are always less or equal to ||z34,i||. From (A.9) it
follows that λi ≤ 2 and applying the Cauchy-Schwarz inequality to (3.30) and (3.31) we find that
vi−1 − vi ≤ ||z34,i||. Applying this to (A.15) we find:

V̇ ≤ −cos2 αi
hi

||z34,i||2 + κi−1vi cos3 αi||z34,i||2 − κi−1vi||z34,i||2

− κi−1vi
sinαi

||z34,i||2 + 2κi−1vi−1||z34,i||2
(A.16)

This equation can be rewritten as:

V̇ ≤ −
(

cos2 αi
hi

+ κi−1(vi(1 +
1

sinαi
− cos3 αi)− 2vi−1)

)
||z34,i||2 (A.17)

Which is negative for

cos2 αi
hi

+ κi−1(vi(1 +
1

sinαi
− cos3 αi)− 2vi−1) > 0 (A.18)

Thus
cos2 αi
hi

− |κi−1| |(vi(1 +
1

sinαi
− cos3 αi)− 2vi−1)| > 0 (A.19)

And it is sufficient to have:

cos2 αi
hi

− |κi−1| |(vi(1 +
1

sinαi
− cos3 αi)− 2vmin

i−1)| > 0 (A.20)
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Which results in:

|κi−1| <
cos2 αi

hi|vi(1 + 1
sinαi

− cos3 αi)− 2vmin
i−1 |

(A.21)

From (3.30) and (3.31) it follows that:

v2i = (vi−1 cos θi−1 − z3,i)2 + (vi−1 sin θi−1 − z4,i)2

= v2i−1 + ‖z34,i‖2 − 2vi−1z3,i cos θi−1 − 2vi−1z4,i sin θi−1

≤ v2i−1 + ‖z34,i‖2 + z23,i + z24,i + v2i−1 cos2 θi−1 + v2i−1 sin2 θi−1

= 2v2i−1 + 2 ‖z34,i‖2 ≤ 2 (vi−1 + ‖z34,i‖)2 .

(A.22)

Which gives:

0 < ε ≤ vi ≤
√

2
(
vmax
i−1 + vmin

i−1 − ε
)

(A.23)

By combining (A.21) and (A.23) we obtain:

|κi−1| <
cos2 αi

hi|
√

2
(
vmax
i−1 + vmin

i−1 − ε
)

(1 + 1
sinαi

− cos3 αi)− 2vmin
i−1 |

≤ cos2 αi

hi|vi(1 + 1
sinαi

− cos3 αi)− 2vmin
i−1 |

(A.24)

Therefore, it can be concluded that if ||z34,i(0)|| ≤ vmin
i−1 − ε, then it holds that vi(t) > 0. Further-

more, for κi−1 bounded within (A.24) we have that limt→∞ ||z34,i(t)|| = 0 for the case where the
platoon is driving on a trajectory with a constant curvature and a constant velocity.
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