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Abstract

We discuss two models for the growth of cells with supply centres in two dimensions. These supply
centres produce material which is distributed to the cell wall. Once the material reaches the wall,
the wall expands and the cell grows larger. This type of cell growth is analysed by investigating how
the cell wall expands over time. This expansion depends on how material is distributed throughout
the cell. The first model we consider assumes that supply material travels in straight lines from the
centre to the cell wall. The second model we consider assumes that supply material travels on a
random path from the centre to the cell wall. The models are based on research for fungal hyphae,
which suppose a unbounded domain. We apply these models in a bounded setting. To describe the
evolution of a bounded domain, we analyse how the boundary changes over time. In particular, we
derive an evolution equation for a parametrisation function of the boundary. We see that the first
model yields a fully nonlinear parabolic differential equation. However the second model does not yield
a differential equation, but the resulting equation can be considered fully nonlinear parabolic similar
to the first model. We show that both models have a unique short-time solution, applying theory for
fully nonlinear problems. Additionally, we show that circular solutions to these models are linearly
stable over time. Finally, we show that solutions to the first model satisfy an avoidance principle. This
principle states that if one domain is contained in another, then this is preserved over time.
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1 Introduction

The analysis of cell growth has proven to have many real-world applications, most notably in the field
of health sciences and biology. These applications include plant architecture [Fourcaud et al., 2008],
disease research [Lai and Zou, 2015], and tissue engineering [Croll et al., 2005]. Usually cell growth
is mentioned in the same sentence as cell division; as cell grows larger, they can split into multi-
ple [Hanczyc and Szostak, 2004]. After dividing, the individual cells can grow once again and the process
repeats. Different type of cells can experience varying types of growth: fungal hyphae grow primar-
ily near the tip [Riquelme and Sanchez-Ledn, 2014], while shells grow accretively, i.e. along the entire
boundary [Goriely, 2017, Chapter 1.1.2]. This distinction is illustrated in Figure 1.

Figure 1: Ezamples of accretive growth (left) in shells and tip growth (right) in a hair [Goriely, 2017,
Figures 1.2 D, 1.3]. Note that the arrows on the left depict the growth direction.

However, one aspect of cell growth is consistent: growth can only occur if there is an influx of material.
This influx can originate from sources inside or outside of a cell. Examples of these sources include
ambient nutrients absorbed by bacterial cells [Shuler et al., 1979] and vesicle supply centres (VSC) inside
fungal hyphae [Tindemans et al., 2006]. Bacterial cells transform nutrients outside the cell into cellular
material which causes the cell to grow. A VSC produces material inside the hypha near the tip, where
the cell growth is most visible. While the supple centre supplies vesicles, it moves in the growth direction,
which causes the tipped shape. However, if the supply centre does not initially move, tip growth is be
preceded by accretive growth, as illustrated in Figure 2.

Most mathematical models of fungal hyphae focus on tip growth. These models study different dis-
tribution methods of vesicles [Nolet, 2020, Tindemans et al., 2006] or the cell structure [de Jong, 2019,
Campas and Mahadevan, 2009]. The simplest cell distribution method is that vesicles travel in straight
lines, while it may be more realistic that they do not travel in predefined paths from the centre to
the edge. In contrast, the simplest cell structure model is that vesicles at the wall directly expand the
boundary, while it may be more realistic that there is a thin viscous membrane which grows and slowly
hardens over time. Although these models extensively analyse tip growth, most models do not anal-
yse accretive growth. One example that does incorporate accretive growth, also assumes the domain is
spherical [Bartnicki-Garcia et al., 1989]. This paper uses the spherical domain as an initial domain from
which tip growth is investigated. A spherical domain is an ideal situation, since natural domains are often
not perfectly spherical. However, general domains could be approximated by a sphere. When modelling
growth in general domains, the error from the approximation might persist or become larger over time.
Therefore, this project will investigate the accretive growth for VSC type models. The tip growth models
will first be explained in more detail, and will function as a basis for the accretive model.
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Figure 2: [Bartnicki-Garcia et al., 1989, Figure 2|Simulation of accretive growth followed by tip growth.
The VSC is initially (a-g) in the middle, after which it moves to the top and tip growth occurs (h-o).

a

1.1 Previous tip growth models

The models of interest are the Ballistic Ageing Thin viscous Sheet (BATS) model by De Jong [de Jong, 2019]
and the ballistic and diffusive VSC model by Nolet [Nolet, 2020]. These models both investigate tip

growth in fungal hyphae, but are based on older models, such as found in [Bartnicki-Garcia et al., 1989,

Eggen et al., 2011, Campas and Mahadevan, 2009, Tindemans et al., 2006, Koch, 1982]. An overview of

these models may be found in [Keijzer et al., 2010]. One geometrical assumption for tip growth is that

the domain is cylindrically symmetric and extends infinitely behind the tip, as illustrated in Figure 3.
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Figure 3: Mathematical model interpretation of a hypha cell [de Jong, 2019], where the domain extends
infinitely in one direction.

The BATS model as stated by De Jong more accurately describes the biological process of tip growth at
the boundary of the cell. It assumes that the cell consists of two parts: the cell and a thin viscous sheet
at the boundary. The cell grows through ballistic dispersion of material from the supply centre near the



tip. Once the material reaches the boundary, it is absorbed into the wall. This wall slowly hardens over
time according to some prescribed viscosity function. While the cell grows, it shows steady tip growth,
which is modelled as a travelling wave profile. This profile describes that the cell grows approximately at
constant speed and preserves shape.

The model is used for both analytical and numerical results for tip growth. A numerical method is used
to compute steady growth solutions. Using a “topological shooting” method, existence of solutions to
a simplified model is shown. This result is then extended to the original statement, which produces
conditions on the existence of steady tip growth solutions. These conditions are verified using a rig-
orous numerical method, and shows that solutions may be approximated by the topological shooting
method.[de Jong, 2019

The VSC models described by Nolet allows analysis for more types of distribution throughout the cell.
Similar to the BATS model, the cell is assumed to have a travelling wave profile. In contrast to the BATS
model, the thin viscous sheet is modelled as a flat surface. This simplification eliminates one difficulty
so that others may be investigated in more detail. The distribution models focuses on the growth of
the boundary, which is described by a flux. The flux can be chosen according to the type of dispersion
method, such as ballistic or diffusive. In particular, the ballistic model assumes that vesicles travel in
straight lines, while the diffusive model assumes that they travel through diffusive motion, as illustrated
in Figure 4.

Figure 4: Visualisation of ballistic (left) and diffusive (right) motion of vesicles from a supply centre (red
dot) through a cell.

Using this model, Nolet proves existence, uniqueness and linear stability of hyphoid solutions to the
ballistic model, in addition to asymptotic results in the cylinder and the tip. The diffusive model is shown
to have a solution that follows the travelling wave profile. and again asymptotic results away from the
tip. Additionally, the diffusive model is analysed through numerical simulations which show the origin of
a tip shaped cell, when starting from a spherical domain.

1.2 The accretive VSC models

This project will adapt the models described by Nolet [Nolet, 2020]; the boundary is modelled as a flat
surface. However, instead of a domain that extends infinitely in one direction, the domain is assumed to



be bounded and star-shaped with respect to the origin. This assumption differentiates the model from
the tip growth models as it changes the geometry of the problem. Additionally, the problem is considered
in two dimensions. This assumption can be interpreted as a cell between two large slates, similar to a
microscope slide or inside a petri dish. Furthermore, vesicle production is assumed to be constant with
rate P > 0. The setup for both VSC models will be analogous to the models by Nolet.

1.2.1 Mathematical model assumptions

Let © ¢ R? be a star-shaped domain. Additionally, let 1(6) be such that 1(6)(cos(6), sin(6)) is a parametri-
sation of 0€2, where 0 is the angle. Then we can write Q = (2,, where

0y = {0} U{(r,0) | 6 €5",re(0,4(0) (1.1)

and S = R\(27Z). Since Q,, will change over time, we write €, = ,(t). This time dependency also holds
for 1), so that 1 = ¢(t, ). Using the boundary 0€2,(t) we can analyse the evolution of the domain.

Assume that I'(t) C 0€,(t) is a closed curve in the boundary with length L(t). Additionally, we assume
that there exists a flux ® at the boundary which is constant over time. This flux can be used to calculate
the change of L(t) over time:

dL
— = d - ndsS, 1.2
dt /1“(7&) " (1.2)

where n is the outward unit normal vector. In general, the flux is not defined orthogonal to the boundary,
which is why we have to take the inner product with the normal.

Contrastingly, if we assume that I'(t) flows according to some velocity field v(¢), we can use the formula for
first variation of area [Andrews et al., 2020, Lemma 5.27]. This concept relates the change of the length
of I'(t) to its velocity and curvature by

dL

== [ HV,dS, 1.3

where H is the curvature of I'(¢) and V,, the normal velocity of I'(¢). Combining (1.3) and (1.2) yields

HV,, - ®-ndS = 0. (1.4)
I()

Since this equation holds for any arbitrary I'(¢), we know that the integrand must vanish:
d.-n=V,H. (1.5)

We can rewrite this equation by isolating the only time-dependent term V,, to

®.n
As noted by Nolet, this equation can also describe several popular geometric flows. For example, mean
curvature flow V,, = H can be obtained by choosing the flux as ® = H n. Similarly, inverse curvature flow

Vo,.=H _1, such as described in [Huisken and Ilmanen, 2001], can be obtained by ® = n.



For the ballistic and diffusive model, the quantities V,,, H,n and ® can be expressed in terms of ¥. The
expressions for n, H and V,, are given for both models by

(o) = (1gsin @ + 1) cos B, —1pg cos 6 + 1) sin 6) (L.7)

Vg +°
2 2
_ YT+ 2 = Py
(* + 43’
_v
VO + 17
The derivations of these quantities are found in Appendix A. The only quantity that remains is the flux,

which changes with the choice of the dispersion method; there is a difference between the ballistic flux
and the diffusive flux.

H(1)) ; (1.8)

Vo)) = oy (1.9)

Ballistic flux

The ballistic VSC model assumes that vesicles are distributed in straight lines from the centre. Conse-
quently, the flux ®p is given by
P x

Pp(x) = ﬂ@’

for x € R%.

Since we need ®p evaluated at 01, we can substitute x = 1) cosf,y = ¥ sinf. This substitution yields

P (cos@,sin6)

Bul) = g (1.10)

Diffusive flux

The diffusive model assumes that the vesicles move in random paths from the centre to the boundary.
This new model solves the unrealistic nature of the ballistic model, as vesicles usually do not travel in
straight lines to their destination [Koch, 1994]. The randomness of the individual paths can be eliminated
by regarding the concentration or density u of vesicles instead. The density should adhere to a diffusion
equation. We assume that P is the total amount of surface area produced by the VSC per unit of time.
Additionally, we assume that the diffusion time of vesicle is fast compared to the motion of the cell wall,
such that the density is in equilibrium. Finally we assume that vesicles are fully absorbed into the cell
wall. The concentration u therefore satisfies the Poisson equation with homogeneous boundary condition:

{Au =-P§ in (y, (L11)

u=0 on 0y, ’

where ¢ the Dirac delta distribution at zero. The normal component of the corresponding diffusive flux
®p is equal to the negative of the normal derivative of u since the concentration at the boundary is
smaller than the concentration close to the centre. Thus we obtain ®p - n = —g—:‘l.

1.3 Overview

This project will discuss the ballistic and diffusive VSC models for accretive growth on bounded domains.
In Chapter 2 we will discuss the ballistic model. First we will analyse the simple case of a growing circle.
After this analysis, we derive the evolution equation for generic perturbations 1. This evolution equation



will be used to show short time existence and uniqueness. Additionally, we will show that circular domains
are stable over time using linear stability. Finally we will use maximum principles to show that solutions
to the ballistic model satisfy an avoidance principle.

In Chapter 3 we will discuss the diffusive model. We first redefine the needed components for the evolution
equations. As explained before, we use the concentration u of vesicles and (1.11) to define the flux ®. We
will use a diffeomorphism to transform the corresponding differential equation on {2, to one on €. The
new expression will yield an implicit expression for ® in terms of ¥. Using similar methods to Chapter 2 we
can achieve short time and existence and uniqueness of solutions to the corresponding evolution equation.
Moreover, we will show linear stability of circular solutions for the diffusive model. However, since the
evolution equation is non-local, we cannot use maximum principles to show an avoidance principles.



2 Ballistic VSC problem

The first model we analyse is the ballistic VSC model. We begin in Section 2.1 by deriving the evolution
equation for general perturbations . Then we will analyse the behaviour on circular domains in Sec-
tion 2.2. In Section 2.3 we continue to analyse the general setting. We will first show short-time existence
and uniqueness of solutions to the derived evolution equation. Then we will show long-time linear sta-
bility of circular solutions in Section 2.4. Finally we will show that solutions satisfy an avoidance principle.

First we introduce some model assumptions. In particular, we assume that 2, is non-empty, bounded
and strictly convex. These assumptions correspond to the following conditions on ):

e There exists a v such that ¢, H(¢y) > v.
e ¢ is twice differentiable on S L

Note that boundedness of ¢ follows from continuity since S ! is bounded.

2.1 The evolution equation

To derive the evolution equation for ¢ from (1.6), we can substitute the expressions for ®,n, H,V,, to
obtain

v U2 ey | (67 + 205 — dibes)

V() H () =
B A L v
P (cosf,sin6) (1 cosb + 1hgsin @, =)y cos O + 1 sin §)
() - ) = — .
(W) nle) = o2 —

_P1 ¢cos29+¢9sin00089—wgcosesin9+¢sin20

Pl v P 1

These expressions yield the following evolution equation for 1):

A
2T () + 2072 — hibgg)

Observe that F' is not a linear operator in . Since there are multiple types of nonlinearity, we will briefly
elaborate on this subject. Nonlinear partial differential equations are usually divided into semilinear,
quasilinear and fully nonlinear. The types can be found in [Evans, 2010, Page 2]. We see that F is fully
nonlinear in 1, since it depends nonlinearly on the highest derivative 1y9. Thus we will have to apply
techniques for fully nonlinear problems to analyse the evolution equation.

(2.1)

Yy = F() :

The complete problem statement requires an initial condition for 1. Adding the condition (0, 6) = 1;,,(0)
1 .
for # € S°, we obtain the complete statement

1

{M(t, 0) = F((t,0)), (t,0) € (0,00)x S 22)

$(0,0) = Yin(0), €S

Before we analyse the general case, we will first apply the model to circles.



2.2 Simple example: circles

For circular domains, we have that the corresponding 1. as defined in 1.2 does not depend on #. The
independence of # means that we can simplify (2.1) to

Py P

F(y.) = %W = on (2.3)
This simple expression means that the evolution equation for v, becomes
de _ P
dt 27’
which implies that (2.2) is solved by
belt) = by + ot (2.4)

where we assume that 1.(0) = 1;,(0) = 1. This solution shows that circular domains stay circular and
grow linearly over time.
2.3 General case: local existence and uniqueness

In this section, we will show local existence and uniqueness of solutions to (2.2). We note that the
evolution equation is a fully nonlinear parabolic partial differential equation. For fully nonlinear problems,
(local) existence and uniqueness of solutions is relatively difficult to show, when compared to other types
of problems. For example, Theorem 2.1 gives conditions for which local existence and uniqueness of
solutions holds.

Theorem 2.1. [Lunardi, 1995, Theorem 8.1.1] Let D be a Banach space, with norm ||+ ||p, continuously
embedded in X, and O C D be an open set. Let F : [0,T]x O » X a sufficiently smooth function,
non-linear function, with T € (0,00). Consider the initial value problems

1

w(t) = F(t, u(t)), t > 0,u(0) = ug, (2.5)

for some ug € O.

Assuming that the following conditions are satisfied

(i) (t,u) » F(t,u) is continuous with respect to (t,u), and it is Fréchet differentiable with respect to u,
with derivative DF(t, u).

(ii) For everyt € [0,T] and v € O, the Fréchet derivative DF(t,v) is sectorial in X, and its graph norm
is equivalent to the norm of D.

(11i) There exists a € (0,1) such that for all w € O there are R = R(u), L = L(u), K = K(u) > 0 verifying

[|DF(t,v) = DF(t,w)||rp,x) < L|lv=wl||p
[|F(t,u) = F(s,u)l|x + [|DF(t,u) - DF(s,u)||(p,x) < K|t — 5],

for all t,s € [0, T],u,v,w € B(u,R) C D.
Fiz 1 €[0,T],u € O such that F(t,u) € D. Then there are § = §(t,w) > 0,7 = r(,w) > 0 such that

(i) For every to €[t—r,t+7r]n[0,T] and z¢ € O such that Flty,z0) € D and ||xg = Tl|p < 7, there is a
strict solution u € C([tg,to +0]; D) N Cl([to, to+0]; X) to Equation (2.5) in [tg,to + d].



(ii) w belongs to Cq((to,to + 1; D), u' belongs to By((to, to + 0]; (X, D)a.co), and in addition
il_];Ié Ea[u]ca([t0+5,t0+26];D) = 0
Moreover, the solution u is unique and belongs to

U 5k, to + 03 D) n C([to, to + 01 D).
0<B<1

This theorem shows local existence and uniqueness of solutions for more general evolution equations than
parabolic partial differential equations. We will apply this theorem to (2.2) for appropriate choices of
D,0O and X.

For D and X, we need a Banach space D that is continuously embedded in X. Additionally, we will
require that D is dense in X and both are Banach algebras. Density will ensure that the condition
F(t,u) € D in the theorem is automatically satisfied. The Banach algebra will ensure that our definition
of F' makes sense and prove useful when calculating Fréchet derivatives, as we will see later.

A practical requirement on D is that it involves twice differentiable functions. Examples of these spaces
are the Holder space C277(S%), Sobolev space WP(S') and little Holder space h*™7(S'). We choose
D =h*7(S") and X = h7(S"), for some fixed ~ € (0,1). This space satisfies the additional constraints we
set on D. In particular, we know that h**7(S") lies dense in h”(S") where C**7(S") does not lie dense in
c(S 1). Furthermore, the Holder spaces are Banach algebras, while Sobolev spaces with p < oo are not.
We note that C2(S") and C(S") for D and X are also usable in the ballistic model, however not for the
diffusive model. To keep the analysis in the diffusive model similar to the ballistic model, we will choose
D and X as the little Holder spaces.

For O c D we will use the modelling assumptions as stated earlier, in addition to assuming that every
) € O is uniformly bounded in the 2 + v norm by some fixed R* > 0. Note that these choices for D, O
and X satisfy the previously mentioned constraints. In summary, we have

D =n**(sh),
O = eh™(S") | v <t |[¥llory < R", H(®)) > v} (2.6)
X =h"(s"
with ~ € (0,1). The spaces h”, h**" are endowed with norms || - [, | - [l2+ defined by
111y = 1¥lleo + [¥],
[ ll244 = [191loo + [1100lloo + [|¢00ll00 + [¥a0]y,

- 9D - )

,7;7y€5’17x¢y( d51 ($7 y)’y

We note that the distance dg1(x,y) on S ! is different to the distance on R. The main difference is that
we choose the shortest distance on S 1, instead of the distance on R. Thus for any z,y € S ! we have that
the distance dg1(z,y) is given by

dsi(z,9) = inf [[x] + 2% = [y]]. 2.7

where [2],[y] € [0, 27) denote the representatives of x, y.

As stated by the theorem, we will use the concept of Fréchet differentiability and sectoriality. We first
discuss some preliminaries about these concepts before we continue.



2.3.1 Preliminaries Theorem 2.1

We will first discuss what Fréchet differentiability entails. The definition of a Fréchet derivative is given
in Definition 2.2.

Definition 2.2. [Cheney, 2001, Page 115] Let f be a mapping from an open set D in a normed linear
space X into a normed linear space Y. Let x € D. If there exists a bounded linear operator A: X - Y

such that
| f(z +h) = f(z) - Ah|ly
IRl x 0 17| x

then f is said to be Fréchet differentiable at . We write the Fréchet derivative of f at x in direction h
as Df(z)[h].

=0, (2.8)

The Fréchet derivative has several properties as described in Lemma 2.3.
Lemma 2.3. The following statements are true.

(i) (Linearity) [Cartan, 1971, Proposition 2.3.1]: Let X,Y be normed vector spaces and D an open
subset in X. Let f,g: D = Y be Fréchet differentiable with derivatives Df, Dg. Then f + g is
Fréchet differentiable at x € D with derivative

D(f + g)(z)[h] = D f(z)[h] + Dg(z)[R],
for he X.

(ii) (Product rule) [Cartan, 1971, Page 34]: Let X be a normed vector space and Y a Banach algebra
and D an open subset in X. Let f,g : D = Y be Fréchet differentiable with derivatves Df, Dg.
Then fg is Fréchet differentiable at x € D with derivative

D(f - g)@)[h] = D f(x)[h]g(x) + f(x)Dg(x)[R],
for he X.

(iii) (Chain rule) [Cartan, 1971, Theorem 2.2.1]: Let X,Y, Z be normed vector spaces and Dy C X, D, C
Y open subsets. Let f: Dy - Dy, g: Dy = Z be Fréchet differentiable with derivatives Df, Dg.
Then go f: Dy — Z is Fréchet differentiable at x € Dy with derivative

D(g o f)(x)[h] = Dg(f())LD f(z)R]],
for he X.

(iv) (Derivative of inverses) [Cartan, 1971, Theorem 2.4.4]: Let X,Y be two Banach spaces. Let f :
Isom(X,Y)C L(X,Y) > L(Y,X): 2 2 . Then f is Fréchet differentiable at any x € Isom(X,Y)
with derivative Df € L(L(X,Y), L(Y, X)) given by

Df(z)[h]=-2"ohoz ",
for he L(X,Y).

Note that the third and fourth property can be combined to achieve Fréchet differentiability of reciprocals
of functions that stay away from 0. Some examples of commonly used functions and their derivatives can
be found in Corollary 2.4.

10



Corollary 2.4. Consider fi3: 0 = h'(S") defined by

fily) = y",
f2(¢) = \/Ev
fa(w) = 85,

where n € N and 85 denotes k-th partial derivative of ¢ for k =1,2. Then fy 23 are Fréchet differentiable
at Yo € O with derivatives

D fy(¢o)[h] = nby b,
D o] = 50, 1.
D fa(wo)[h] = 9 h.

The proof to this corollary can be found in Appendix B.1. Next we will give the definition of a sectorial
operator.

Definition 2.5. [Lunardi, 1995, Definition 2.0.1] Let X be a complex Banach space and A : D(A) c X -
X a linear operator. Then A is sectorial if there exist constants w € R, 6 € (7/2, ), M > 0 such that

(1) p(A)D> Sp, ={AeC:\#w,|arg(X - w)| <6},

M
1 RN A <
(i) RO Az s 5=

(2.9)

Ve SGM'

Now we will continue to proving that F' satisfies the assumptions for Theorem 2.1. The first property we
will show is Fréchet differentiability.

2.3.2 Fréchet differentiability

In Lemma 2.6 we show that F' is Fréchet differentiable.

Lemma 2.6. The function F(¢) as given in (2.1) is Fréchet differentiable with respect to v, with Fréchet
derivative DF(vyg)[h] at g in direction h given by

DF(yo)[h] = ao(so)h + a1(vo)he + as(tho)hes- (2.10)
where
a(ﬁ))__%§(w§4—¢€ﬂ)”2wo—-PKwOX3¢%-+2¢%ﬁ-—2wowmew
o B+ 20002, — U000 ’
) < 2208 50 P00 = AP W) oty 1)
o UGB+ 2000, aoss
Ja 2

a(iby) = (v0)1

Ui + 29095 5 = V50,00
Proof. Let ¢yyg € O and h € D be fixed. Using the properties in Lemma 2.3, we can establish Fréchet
differentiability of F'. We will accomplish this by first showing that both the denominator and numerator
are Fréchet differentiable, after which we will use a quotient rule to achieve differentiability of F.
First we establish differentiability of the denominator dp: @ - h”(S 1). The denominator is given by

3 2 2
dr(y) =" + 2¢bg — YV 1gy.
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By Corollary 2.4 we know that powers and partial derivatives of 1 are differentiable. With the sum and
product rule, we know that dg is Fréchet differentiable, with derivative

D(dp)(to)[k] = 300 h + 205 gh + 44 gtbohg — 20080 goh — Vi has
= (3¢5 + 27#)3,9 — 2494b0,09)h + 4400 gtbohe — Wi has

For the numerator ng : O = h"(S"), we have

nil) = gm0 + U3 = (7 U0+ 02,

We know that ¢2 + wg is Fréchet differentiable. Therefore, we can use the chain rule and product rule to
find that ng is Fréchet differentiable at 1y with derivative

Dlne)o)lk] = 2203+ v2 ) (200 oho + 200h)
= 3202 4 2 ) ol + v aho).

Next we want to combine these results to achieve differentiability of F'. We note that there exists some
v > 0 such that dp(v) = v* > 0 since 1p € O. Therefore, we can apply the third and fourth property of
Lemma 2.3 to obtain that d}l is differentiable at 1y with derivative

Ddy (o)[h] = =i (1) Ddp(vo)hldr(to) ™ = =dr(t) > Ddp(vo)[h].

Finally, we can use the product rule to find that F'is Fréchet differentiable with derivative

DF(po)lh] = D(np/dr)(so)lh]
= D(np)(wo)[h)dr(to) ™ = D(dr)o)lh ]”FWO)dF(@ZJo)_2
= D(np)(wo)[h)dr(to) ™ = D(dp)(r)[R]F (%)dF(?!)o)
= (D(np)(wo)lh] = D(dp)(wo)[h]F (o))dp (1)~

1
U+ 20002 5 — YRvoen
_ F(io) (i
WS+ 2%@08,9 — 310,00
%WJS + ?/)3,9)1/2% — F(to)(3y5 + 2%0(2),9 - 2¢0¢0,99)h
Vo + 2%11)3 o — Votbo,00
(7!)0 Yo 9)1/21/10 o — 4 (Yoo, 97%)0
Vo + 2%% o~ Votbo.00
F(o)
" 200t - 2von
= ag(o)h + a1(vo)he + az(vbo)hes.

Note that DF(i) is a bounded linear operator, since a;(¢o) € h7(S") from Lemma B.2, Lemma B.3 and
definition of O. ]

(%w& +959)' P (Woh + 1/;079;19))

395 + 205 9 — 20,00)h + 4o 9bohe — o heo)

he

Lemma 2.6 shows that the first condition for Theorem 2.1 is met. Before we continue to the other
conditions, we will show some properties of ag ;2 in Lemma 2.7 which we will need later.

12



Lemma 2.7. The following statements about ag, a1, ay are true.
(i) There exists a &> 0 such that as(1g) = € > 0 for all ¥y € O;

(ii) The functions ag(vy), a1(vo), as(bg) are locally Lipschitz continuous with respect to 1y;

Proof. Positivity of as

We can rewrite ay so that

T 20002, ~ Rogs ()

Since 9 is bounded in h**7(S') by R*, we know that the curvature H(¢)) must be bounded in h7(S") by
some A > 0 independent of 1. This bound implies that

Wi+ 05"
wETTNE

Flo)id (45 + 5 6)" |

> ¢8’ A7
Additionally, since 1y = v, we obtain ay = A2 > 0.

Local Lipschitz continuity of ag,aq,as with respect to 1,

Let uw € O and g, in a ball B(u, R) with R = R(u) such that B(u, R) ¢ O. We want to show that there
exists a constant L; such that

|lai(vo) = ai(¥1)lly < Lillvo = ¥1ll2+y-
Since 1o 1, H(1po,1) > v and [[1);]|244 < R*, we know by Lemma B.2 that there exists a Cpx . such that
na, (o) na,(¢1)
oH (o) 1 H(¥)]|,
< Crepallng (¥o) = na, (1)l

where n,, denote the numerators of a;. Using the properties of Fréchet differentiation, we obtain that
each numerator n,, is differentiable at 1), € O with derivatives

[lai(to) = ai(v1)lly =

Ding, (0] = Soal0d + 02 ) P2+ 2 gho)) + S (2 + 2 )2

— (ao(@e)h + a1 (s )hg + as(vu)hag) (3¢5 + 203§ = 20stbs g9)
= F(1)«)(60xh + 41y ghg — 20bx ggh — 2105 higg)
=2 ago(1x)h + a1 (V«)he + aga(1<)hos,
Dingy )01 = S tbu gl + 02 o 20k + 200 g + o (2 + 02 ) g
— A1)y gV (ao(Vu)h + a1 (s )hg + az(tx)hog)
- 4F(¢*)(¢*he + ¢*,9h)7
a10(1)h + ar1(a)he + a12(hx)hoo
20 F ()l + Y3 (ao(tu)h + a1 (g + az(s)hp)
2 ago(1hs)h + ag1 (Vi) he + aga(1hs)hs.

Note that each coefficient a;; € h'(S '). Additionally, the operator norm of Dng,(1«) can be bounded
independently of v, since ||[{x||2+, < R*. Thus we see that all n,, are locally Lipschitz continu-
ous [Cartan, 1971, Theorem 3.3.2]. Consequently, we have that a; are locally Lipschitz continuous. O

Dnag (71}*)[]1]
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2.3.3 Sectoriality and equivalence of the graph norm

With Lemma 2.7 we will show that F' satisfies the second condition in Lemma 2.10. Sectoriality will be

Shown in several steps. We will use 27-periodic continuations f of functions f that take arguments from

S'. These periodic continuations are defined such that f is 2m-periodic and for all [z] € [0, 27) we have
([m]) = f(x), where [x] is the representant of x € st

First we will show in Lemma 2.8 that the h7(R) norm of continuations f are equal to the h7(S") norm of
f. We will use this continuation to translate our problem to the setting of 27-periodic functions in h”(R).
Then we will show sectoriality of the translated operator in h’(R) in Lemma 2.9. Finally we will show
sectoriality in the original space in Lemma 2.10.

Lemma 2.8. Let f be a function in C7(S") and f be the 2m-periodic continuation. Then f € C"(R) and

1l = 11l evsny. (2.12)

Proof. Let f be a function in C”(S 1) and f its 27-periodic continuation. We note that by periodicity we
obtain

flow) = sup [f(@)l = sup [f(2)] = sup | ()] = || fllegsr)-

z€R z€[0,27) yes?!

Next we will show that the Holder semi-norm are equal. We know that for all z,y € 5’1, we have that
dgi(z,y) < |[z]-[y]]- Now let z,y € R and m,n € Z such that z —2mm, y —2n7 € [0, 27) are representants
of 2,9 € S'. Note that |z —y| 2 dg1(Z,9). Then we know that

|f(z) = f(y)l _ |f(z = 2mm) = f(y = 2n7)| @) - F@)
|z =yl |z -yl - dsr(d,g)

Thus we know that [?]CW(R) < [f]CV(Sl)-

Next we let ,y € S* with representants [z],[y] € [0,2x). If [[z] - [y]| < 7, we know that dgi(z,y) =
I[z] - [y]| by the definition of the distance on S'. Thus we know that

|f(2) = f _ 1F (=] = F()
dg1(z,y)? |[=] = [yl

If |[z] - [y]| > m we know that
dgi(z,y) =[] - [y] £ 2n].
Using this result and the periodicity of f we obtain

|£) = Flo)l _ (=] % 27) - Flly))] _ [F(@) - @)
dgr(z,y)  [e]-llx2m] -3

where T = [z] + 27,y = [y] € R. Therefore, for every z,y € S,z # y there is a pair 7,7 € [-2m,47), T + 7Yy

with _ _
/(@) = fyl _ 1/ @) - f)l

dgi(z,y)? [z -yl
We can use this result to obtain
| f(z) - f(y)] /(@) - ()l /(@) - @)l
[flevgy= sup ——=—=< sup = oy S_SW T = T =[fle~ (R)-
z,yeSt aty |z — yls1 T,y€[-27,47),T#y ] T,y€R, Ty ]
Consequently, we know that [f]ovs1) < [?]CW(R). Thus we know that ||?||m(R) = |[fllcvsty, so fe
C"(R). O
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We note that this lemma also holds if we replace C” with K**7. Next we define the periodic continua-

tion DF (1) of DF (1) as DF(1o)[h] = as(vo)hee + a1(1o)he + ag(tho)h where a;(1)y) are the 27-periodic
continuations of a;(1g).

Lemma 2.9. Let DF be the Fréchet derivative of F as defined in (2.10). Then DF(iy) is sectorial in
RT(R) for all 4 € O.

Proof. Fix1pg € O. By definition of DF(1)y), and Lemma 2.8, we can apply Theorem 3.1.14 [Lunardi, 1995]
which gives sectoriality of DF(v) in h”(R). O

Lemma 2.10. The Fréchet derivative DF (1) is sectorial in h'(S") for all ¢y € O.

Proof. Fix 19 € O. First we will show that the resolvent sets of DF(1) is contained in the resolvent set

of DF(i)g). Let A be in the resolvent set p(DF (1)) and g € h**7(S'). We want to show that there exists
a u € h*"(S") such that Au— DF(1ho)[u] = g.

We know there exists a u € h°™7(R) such that Au—DF(thy)[@] = g, where g is the periodic continuation of g.

Next we will show that u is 2w-periodic so that there exists a u € h2+7(5’ 1) which has periodic continuation

u. Since g is 2m-periodic, we have g(6 + 27) = g(6). By linearity of DF(1g), we know that A\I — DF(1)g) is
a linear operator, so that

Au(f) = DF (o)[u(6)] = 9(6

)=
= (M = DF(to))[u(0)] = DF(wo)[u(f + 27)] = 0
= (A = DF(ty))[u(6) - (6 + 27)] = 0

= u(0) - (0 +27) = 0

which means that @ is 27m-periodic. Thus there exists a u € h*77(S") such that Au— DF(o)[u] = g. There-
fore we know that A € p(DF(vy)), which implies that DF(vy)) C p(DF(1)g)). Since DF(vy) is sectorial,
we know that there exists some sector Sy, C p(DF) C p(DF (1)), which means that the first condition

of sectoriality is satisfied.

Next we investigate the resolvent estimate. Let A € Sg» ,,. Then by Lemma 2.8 we obtain that

_ -1
X = DE@o) " Ml psty = A = DF(o))  lommy S ——
A—w

for some M > 0. Thus we know that DF(iy) is sectorial in h7(S"). O
Lemma 2.11. The graph norm of DF (1) and the norm of D are equivalent for all g € O.

Proof. Let ¢y € O. To show equivalence, we need to show that there exist C',Cy > 0 such that
Cillhll2+y = [IDF(o)[R]lly + (1Al = Callhll244,

for all h € D. Observe that the second inequality follows from boundedness of DF(t)g).

For the first inequality, we will first write hgg in terms of h, hy and DF(vg)[h]:
1

-
% aa(ho)

(DF(1o)[h] = a1(tho)hg = ap(vo)h) (2.13)
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Next, we will show that ||hgl|y < c(||R||, + [[DF(1))[R]|],) for some ¢ > 0. The proof will use the fact that

[Ju'l|eo < 2||u||1/2|| "||1/2 for all u € C*[Matioc, 2017, Lemma 3.13]. Additionally, we will use Young’s
inequality, so that for all € > 0

1/2 1/2

[12olloo < 2[12]loo ||h00||

1 1
< 25 [1Plleo + §€|Ih99||oo) = Zllleo + £llRo0]loo-
Combining this inequality and (2.13) yields

|176lloo < l||h||oo+6||h99||oo
< 2lPlloo + el oy |IoolIDF(%)[h]IIoo+€|Ia1 ||oo||h0||oo+5||a0¢0)||00||h||00
= (1 g||“1(¢° ool 1Bolloo < (e + 211525 — ||oo)||h|Ioo+€|| - IIWIIDF(wo)[h]IIoo

Now we choose ¢ > 0 such that 5||a1 (vo) ||oo < 1. Consequently, we know (1 5||a1 %)Hoo) > 0 so that

[1]1en < (1 = £l 2L ]|o) ™ (e + 211221 )1l loo + ell = oo | DF(50) oo
= c{[7lloo + [1DF () 1]l |eo),

for some ¢ = (e, 1) > 0.

Next we note that there exists a C., such that [hg], < C,||hgg||e, so that

All245 = [12lloo + [12g]leo + ||h99||w

= I1lleo + 1ol leo + 11ty (D ()R] = ar (Yo — aolwro ),
< N10lly + alloo + sl D F AL, + N2 gL, + (122820 i

< 1Al + elllAlloo + IDFWo)Rllo) + 1yl 1D E o)LL, + 1] gl + (12202 1A,
< cr(llblly + IDE@OIAIL) + (12280 [hg],
< cr(lltlly + IDE@OIAIL) + 1222k [1hgg]leo
< cl(nhnv + IDF()ATIL, + [Hhaollo)

< ex (11l + IDF@)AL + 1zt ool DE WAoo + 11222k e gl o + 11 2422 Lo ]
< cy(llnll, + IDFl)AIL).

where we note that the coefficient ¢; > 0 may differ in each inequality. Therefore, we know that the graph
norm of DF(1g) and D are equivalent. O

az (o)

2.3.4 Local Lipschitz continuity

Finally we will show that F' satisfies the third condition in Lemma 2.12.

Lemma 2.12. For all u € O there are R = R(u), L = L(u) > 0 such that

[IDF (1) = DF (o)l oip,x) < Lllvr = Yoll2+y

for all 1y, € B(W, R) C D.
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Proof. Fix u € O. The condition we need to show is equivalent to showing

[IDE(¢1)[h] = DF (o)Al < L1 = toll24q 1Al 24,

for all h € B(u, R). To prove this statement, we will use local Lipschitz continuity of ag, a1, as.

[|DF(¢1)[h] = DF(1o)[R]l]y = [lao(v1)h + a1(11)hg + az(thr)hes — aoltbo)h = a1(vo)he — az(to)hesl |

)
= |[(ao(t01) = ao(bo))h + (a1(101) = a1 (o)) he + (az(11) = aza(v0))hesl |
< |{ao(p1) = ao(vo)) Il + (a1 (1) = ar(vo)) el + [I(az(tp1) = az(tbo))hgelly
< l{ao(1) = ao(o)ll [Plleo + [[(@1(21) = ar(wo))ll411h6lloo + [I{az(t01) = az(bo))lly |16l oo
(

< |(ao(01) = ao(o))lly[|ll2y + [[(@1 (1) = a1 (o))l [l 2ey + [[(@2(tp1) = aa(bo))l| [ Pl] 24y
< L1 = ollasy 1Pl ]24+,

where L = max(Lg, L1, Ly). Therefore

[IDE(41)[R] = DF(¢o)lh]ll o(p,x) < Lllvb1 = toll2++,

which was the inequality we needed. O
We can combine Lemmas 2.6, 2.10, and 2.12 to obtain our main theorem for the ballistic model.

Theorem 2.13. Let g € O and F defined by (2.1). Then there exist 0 = 6(1y,), 7 = 7(¢;p) such that for
every to € [0,7] and vy, € O with ||, — Yolla4y < 7 there is a strict solution ¥ € C([0, §1: K*(SY) n
c'([0,81;h7(S")) to

U(t) = F(y(t) ¢ €[0,0],

In the next section, we will extend this result by comparing the general case to the simple, circular case.

2.4 Long time stability of circles

This section will consist of several parts. First we will introduce a new time-scale to which we will
translate the evolution equation. The advantage of the rescaling is that circular solutions are transformed
into constant solutions. We will then use the concept of linear stability to analyse the stability of these
constant solutions and translate the result back to the original setting.

2.4.1 Introduction of the new time-scale

First we note that for any 1) € O and «, such that ay € O, we have that F(ay) = F(4). With this
property in mind, we introduce the new variable ¢ = %, where . = Y, + %t is the solution to the

constant growing circle. This variable transforms circular solutions ¢ to constant solutions zﬁc = 1. Next
we will find the evolution equation for 1. Straightforward calculations show that

- w
Oh) = Op—
a0 twc

= gt -

= Ploh7 - v 5

= Pl 7 — v o
= (FU) - 507"



This non-autonomous equation can be made autonomous with the proper time scaling. We introduce
f = g(t), with ¢'(t) = ¢.'. This definition implies that g(t) = 2?” In(¢).). Substituting this transformation
yields

wq@_&_@_&@_ﬁ

° aof oot
_ W
- ot

—_ -1 7 P 7
= 07 (F(9) - =)
Thus we see that 1,2(5) has an autonomous evolution equation, namely

op - P -
- " F(¢) - or (2.14)

Finally, we will translate the variable zﬁ top= 1/; — 1 so that 0 corresponds to the trivial solutions. The
rescaled equation thus becomes

P
Oip = Flp+1) = 5=(p+1) = F(p). (2.15)
2.4.2 Stability of the rescaled problem

We want to analyse perturbations of the stationary solutions to (2.15). Observe that F(p) is once again a
non-linear parabolic partial differential operator in p. However, we can investigate asymptotic behaviour
around the equilibrium p = 0 using linearised stability. The analysis of linear stability uses spectral
analysis of the linearised equation around the equilibrium. We will apply a theorem for more general
settings to the setting of partial differential equations. In particular, we will use Theorem 2.14.

Theorem 2.14. [Lunardi, 1995, Theorem 9.1.2] Let A : D(A) > X be a linear operator satisfying
e A: D(A) > X is sectorial and its graph norm is equivalent to X ;
e sup{Re): X € o(A)} = —wy < 0.

Let O be a neighbourhood of the origin in D, and let G: O - X be a ct function with locally Lipschitz
continuous derivative, satisfying

G(0)=0,G'(0) = 0.
Fiz w € [0,wq). Then there exist r > 0, M > 0 such that for each ug € B(0,7) C D we have 7(ug) = +00 and
lu@llp + 11w (1)l < Me™[uollp, ¥t=0, (2.16)

where u satisfies
u'(t) = Au(t) + G(u(t)), t 2 0,

2.17
u(0) = ug. (217)

To apply the theorem, we will to define A, G to be
Ap = DF(0)[p], G(p) = F(p) - Ap. (2.18)

Using similar calculation as before, we know that

DF()lp] = 5-pos

which implies that Ap = %(pgg — p). Using these new operators, we will prove Theorem 2.15.
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Theorem 2.15. The operators A and G in (2.18) satisfy the assumptions of Theorem 2.14 with D(A) =
D,0O and X as defined in (2.6).

Proof. The operator A is a linear uniformly elliptic partial differential operator with definition domain
h2+7(S 1). Clearly, A is sectorial in hV(Sl) and has graph norm equivalent to the y-norm. Next we will
find the spectrum of A to check whether the second condition is met.

Spectrum of A We need to find all A € C such that the operator \I — A is not invertible. Therefore,
we will try to solve the equation \p — Ap = g for p € D and arbitrary g € X, and show that (Al — A)_l is
a bounded operator for these A\. We note that 27(S") ¢ L*(S"), so we can write p and g in term of their
Fourier coefficients. By definition for A, we have that

P P P P
Ap=Ap=Xp=5=pg + 5=p = A+ 5-)0 = 5-poo-
Assume that p, g have Fourier coefficients p,, and g,, respectively. Then we have that
P P rP P 2 . .
A+ 5-)p = 5-poo = eE: 5= = 5= (=1"))pn expl(ind) = > gnexplind).

neEZ nezZ

Next we take the inner product with exp(im#) for some m € Z on both sides to obtain

P P
(At 5=+ 510 = o = P = ———,

2m 2 A+ (1 +m?)

which only holds if \ # —%(1 +n?) for all n € Z. Next we will to show that p as defined here lies in

R2T(SY). Since (gn)nez € £, we get that (pn)uez € £° which implies that p is in L*(S"). Additionally,
for any A # \,,, we note that (—p,n°)uez € £°. Thus we know that p is in W>?(S'). However, since
W22(SY) ¢ h7(S"), we know that p € h7(S"). Additionally, since g € h7(S'), we can also obtain that

pee=2%x4p+p=2%(g+/\p)+p€hv,

which implies that p € h?™7. Therefore the equation Ap—Ap = g can be solved in h* for any A € C unequal
to A, = —%(1 +n”) for any n = 0. Finally, we will show that (\] — A)™" is a bounded operator for any

A # \,. Let (\[ = A)p = g for some g € h7(S"), p € h**7(S"). We can use Morrey’s inequality [Evans, 2010,
Paragraph 5.6.2] so that there exists some C' > 0 such that

llolly = Clipllwr2.

By the calculations done earlier we can write p in terms of g using Fourier coefficients. Since (n2 Pn)n € 52,

we know that there exists some C) > 0 such that
llolly = Cllpllwr2 < Callgllzz < Callgll,
Additionally, recall from the proof of Lemma 2.10 that ||pg||co < ||£66lco + ||£|lco- Thus we know that

o112+ = lplleo + o6l loo + Il o060 ]l
< 2|lplly +2llpool |y

27
<2||plly + 2||?(9 +Ap) + plly

47 47
<3+ 2N elly + Sl
< Gillglly,
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for some constant C', > 0. Therefore we know that ||(A] — A)_lg||2+7 < |lgll, and thus we know that

(A — A)™" is a bounded linear operator for A # A,. This implies that A € p(A4) if A # A,. Thus A4 has
a discrete spectrum o(A) C {\,,}ms0. Since A, < —%, we also know that we can choose wy = % so that
sup{ReX : X € o(A)} < —wy.

Differentiability of G As discussed in Subsection 2.3, we know that G is differentiable with locally
Lipschitz continuous derivative. Note that the derivative G'(0) denotes the Fréchet derivative at 0. Addi-
tionally, we know that

P P P
G(0) = F(1) = 5= = DF(1)[0] =0 = 5= = 5= =0,
G'(0) = DE(0) - A = DE(0) - DF(0) =0,
which means that each condition of Theorem 2.14 is satisfied. 0

We will now use Theorem 2.15 to show linear stability of circles in the original problem statement in
Theorem 2.16.

Theorem 2.16. Let v, be a circular solution to (2.2) and 1)y, close to 1.(0) € O. Then ¢ is a solution
to (2.2) with initial condition ¥(0) = ;, for all time t >0 and € € (0, 1] there exists a M = M(e) such that

19 = tellaay < MU0) + ) 185 = (0N e

Proof. We will achieve the inequality by using linear stability of the rescaled problem from Theorem (2.15).
By this theorem we know that the evolution equation (2.15) can be solved for all time, and ||p(£)]]2+ <

Me™!| poll2+~ for all £ > 0. Note that the initial condition py can be obtained by transforming the initial
condition ;.

()

T 0

Since we want a result for 1, we need to substitute the definitions of ¢, and p backwards to obtain

||1/) - wc||2+"/ = ”'Jjwc - wc||2+'y
= ”"I} - 1||2+7¢)c
= |lpll2+y e

< Me™ ) pgllosy

= M T g 1 (0)7 (10(0) = el O)ary

= M0 5T N(0) = (0o

= M) (00) + 420 F10(0) = (0] zs

- 1.

L) we know that for all & € (0, 1], we have an M = M(e,1,(0)) > 0 such that

' om

Since w € [0

P
9 = Pellasy < M(0e(0) + 5= t) [[in = ©e(0)] |24+

Next we will prove an avoidance principle for solutions to the ballistic model.
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2.5 Avoidance principle for solutions of the ballistic model

We have shown that perturbations of circles will grow similar to circles over long time. For circles we know
that two circles will never intersect, unless they started with an equal radius. The question for this final
part is thus whether perturbations of solutions also satisfy this principle. This principle is often referred
to as an avoidance principle. The avoidance principle is a well-known concept for mean curvature flow,
which states that two different solutions will not intersect if they did not already intersect at the starting
time. The proof for the principle is based on the maximum principle. We will use a similar method to
show the principle for the non-linear parabolic partial differential equation of the ballistic VSC model in
Theorem 2.17.

Theorem 2.17. Let 11(0),12(0) be initial conditions for solutions 11(t),s(t) of the equation ¢, = F(1)),
such that ¢1(0) < 15(0). Then also 1 (t) < bo(t) for all t > 0, such that ¢y o(t) ewist.

The proof of this theorem will use a maximum principle, as given in Theorem 2.18.

Theorem 2.18. [Protter and Weinberger, 1984, Chapter 3, Theorem 2] Let E be a domain and suppose
that in Ey, ={(x,t) € E:t <t} the inequality

u  Ou  du
Lu]l=a—+b——-—2
[U:l aax2 ox ot 0
holds, that a and b are bounded functions of x and t, and that L is uniformly parabolic in E; , i.e. there
exists a A >0 such that a2 v. If u< M in Ey, and u(zy,t;) = M, then uw= M at every point (z,t) in Ey ,
which can be connected with (x1,t1) by a horizontal and a vertical line segment, both of which lie in Ey, .

Proof of Theorem 2.18. We will prove by contradiction. Assume there is a minimal time t such that there
exists a 0 with (¢, 0) = ¥9(t,0). Let w = 1)y —1),. Then

ow _ vy _ 0

ot ot ot
= F(13) = F(1)

= [ D+ (1= sk - 11

/O " DF(sts + (1 s sty — ]

dgaggw + dlagw + agw,

where a; = /& a;(s1 + (1 —s))1)ds. As ay > 0, we know that ay > 0, and thus, w satisfies a linear parabolic
equation. To apply Theorem 2.18, we will first rewrite the equation.
Let K > 0 be such that ag+ K =0 and v := —e™tw < 0. Conversely, we obtain that w = —e Ky, Therefore,
we obtain Kt

wy = O(—e ~ v)

-Kt -Kt
=—e w+Ke v

—Kt(

=e (-v;+ Kv)

The parabolic equation for w can be rewritten to

Wy = AWy + AWy + Agw

= &2899(—6_Kt’0) + &189(—6_[“

Kt~ ~ ~
=—e (GQUGG +a1vg + (LO’U) .
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Combining these two results yields
—v; + Kv = agvgg + G109 + ag.
Next we reorder the terms so that
agvgy + a1vg — vy = —(ag + K)v.
Note that v <0, ag + K = 0. Therefore, if w; = aswgy + a1we + agw then
L[v] := agvgg + a1vg — vy = 0.

From Lemma 2.7 we know that ap; = v and a;, are bounded. Therefore we obtain that the a;» must
have the same properties. Since v(6,7) = 0, we can apply Theorem 2.18 with M = 0 to obtain that v = 0.
However, then w = 0 must hold, which contradicts the assumption that £ is the first time where w = 0.
Thus, there is no time t and angle 6, such that v(t, 0) = 9(t, #), which implies that 15(0,t) > (6, t) for
all 0,t.

O
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3 Diffusive VSC problem

The second model we analyse is the diffusive VSC model. We first define a diffeomorphism between the
unit ball and the domain in Section 3.1. This diffeomorphism will be used to transform the diffusion
equation for the concentration to one on the unit ball. Using this transformation, we will show local
existence and uniqueness to solutions of the evolution equation in Section 3.2. Similar to the previous
chapter, we will show this with Theorem 2.1. Finally, we will use linear stability to prove stability of
circular solutions in Section 3.3.

For the diffusive model, we will also assume that 2, is a bounded, non-empty and strictly convex set.
Therefore, 1 should satisfy

e There exists a v > 0 such that v < 1(6), H(¢(6)) for all § € S".
e ¢ is twice continuously differentiable on S L

However, we will later see that i has an extra condition when we transform the concentration equa-
tion (1.11).

3.1 Deriving the evolution equation

In this section we will derive the evolution equation for the diffusive model. We will first introduce a
diffeomorphism between the unit ball €; and the domain §2,. This diffeomorphism allows us to rewrite
Equation (1.11) to a problem on the unit ball. The rewritten problem will then be used to derive the
evolution equation.

3.1.1 Introducing the diffeomorphism

We define the function z = z(¢) : @ - €, by splitting €y in two subdomains €, and Q4. These
subdomains are given by

Qu={(r.y) | 2 +47 < 5),

(3.1)
Q= {(rcos,rsind) | (r,60) € (3,1)x S},

Note that we choose two different coordinate systems for the subdomains. This choice will help to show
that z(vy) will be a global diffeomorphism on ;. For the definition of z(1)) we suppress the time-dependence
of ¥. Now we define 2(1)) as

2;2,y) = (2,y) for (z,y) € Qq

: 3.2
2(1; 7 cosB,rsin ) = g(r, 0)(cos 0, sin ), for (r cosf,rsin6) € Q,,. (32)

2(y) = {

where we choose x a smooth, increasing function from (i, 1) to [0,1] and g(r,8) = r(1 + x(r)(x0(7) — 1)). In
addition, we require that x(r) = 0 for r € (i, %) and x(r) =1 for r € (%, 1). Furthermore, we introduce
K > 0 such that x(r)+rx'(r) < K for all r € (i, 1). Note that this constant always exists, since y is smooth
on a bounded interval. We can find a lower bound on K using the previously mentioned assumptions for
x. We know that x(r) = 0, and there must exist a r* € (%, %) such that x'(r*) = 6 by the intermediate
value theorem. Additionally, we know that x(r) + rx'(r) will take its largest value for r € (%, %) We thus
know that K >0+ % -6 = 2. This implies that ¢ 2 % + « for some « > 0.

Since z(v)) is defined on two subdomains that overlap, we need to verify that it is well-defined on the
intersection. On 4, we know that 2(1;x,y) = (x,y) which is the identity map in cartesian coordinates.

On Q, N Q4, we note that the corresponding radius r must be between i and % However, then we see
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that x(r) = 0, so that z(y;r cos 6, rsin6) = (r cos 6, r sin #), which is the identity map in polar coordinates.
Thus we see that on the overlap Q,n€,, the two definitions for z(1)) both correspond to the identity map,
so z(v) is well-defined. Additionally, we note that z(¢; x) = 0 implies that x = 0 € Q4. A visualisation of
how z(v)) transforms ; is depicted in Figure 5.

Figure 5: Demonstration of how Qq is transformed under z(y). The subdomains Qg,$,, and their im-
ages are visualised in blue and orange respectively. Note that the variation of ¢ has been embellished to
emphasise its perturbative behaviour.

We will show that z as given in (3.2) is a global diffeomorphism from € to € in Lemma 3.1. The proof
needs an additional assumption on 1. In particular we assume that ¢ > 1 - % + a > 0, for some a > 0.

Lemma 3.1. Let v satisfy the modelling assumptions and ¥ = 1 — % +a>0. Let z(v)) be given by (3.2).
Then 2(v) is a global diffeomorphism from €y to €.

Proof. We need to show that z()) is a differentiable bijective map from §; to €, and its inverse ,'<:(¢)_1
is differentiable too. We note that the second requirement follows from the inverse function theorem if
we can show that the determinant of the Jacobian of z(v) stays away from zero. First we will show that
2(1) is differentiable and the Jacobian has a determinant that stays away from zero. This property would
imply that z(1)) is a local diffeomorphism from € to €.

We note that z(¢)) equals the identity map in €24, which is differentiable and the Jacobian has determinant
equal to 1. On Q,\Q4, we can calculate the partial derivatives of z(¢)) = (21(¢), 22(1))) with respect to r
and 0. These partial derivatives use the derivatives of g(r, ) which are equal to

20 = . 0) = 1+ x{rHW(0) = 1)+ rx(r)0) ~ 1),

20— g 0) =m0,

Therefore the partial derivatives of z(1)) are given by

1)~ ol (r0)
220 _ in(og, . 0),

825(01” = —sin(0)g(r, 0) + cos(0)gs(r, 0),
8282(91”) = cos(0)g(r, 0) + sin(0)gy(r, 0).
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The corresponding determinant of the Jacobian is given by

(=1 (9) 9z2(¥) _ 025(¢) 021 (¢)
or 00 or 09

= 008(9)297,(7“, 0)g(r, ) + cos(6) sin(6)g,.(r, 0)ge(r, 0) + sin(9)2gr(r, 0)g(r, 0) — cos(0) sin(6) g, (r, 0)gg(r, 0)
= gr(r,0)g(r, 0).

We note that g(r,6) = r min(1,(6)) =
we know that

det(J) =

1

min(1, 1 - % + @) > 0. Furthermore, since x(r) + rx'(r) € [0, K],

1
4

gr(r,0) = 1+ (x(r) + 7' (r))(x(6) = 1) = 1 + min(0, K(—% + @) = min(1, aK) > 0.

Therefore, we have that

\'%

det(.J) min(1, oK) min(1, ¥(0))

v

min(1, oK, (0), aK(6))

v

NN SN

1
min(1, oK, 1 - 174 +a,0(K -1+ akK)) > 0.

Next we will show that z(¢) is a bijective map from € to €. By construction of z(1) we already know
that it is surjective. Thus we will only have to show that it is injective. We will show this in two steps.
First we will show that z(1) is angle preserving. Then we will show that it is radially monotonically
increasing.

We know that z(v) is the identity map on €4, which is clearly radially monotonically increasing and
preserves angles. For Q,, we will prove that 6 = 0 if 2(1); 71 cos 01,71 sin 1) = z(1); r9 cos O, 79 sin 6,). Let
x1,x9 € Q, with x; = (r; cos 0;, r; sin 0;) such that z(v; z1) = 2(; x3). Then we know that

21(¥; 71, 01)22(; 12, 02) = 21(; 79, 02)20(tp; 71, 01) = 0.
Substituting the expressions for z1, z9, we obtain
9(r1,61)g(ra, 02)(cos(61) sin(62) — cos(62) sin(61)) = 0.
We know that g(r,6) > 0, so we get
0 = cos(#1) sin(fy) — cos(hs) sin(6;) = sin(fy — 61).
This implies that 65 = 01 or 85 = 6;+7. We will show that the case 09 = 01 +7 does not yield a valid solution.

Assume that 65 = 01 + 7. We know that

g(r1,01) cos(6y) = g(ra, 02) cos(0)

Since g(r,#) > 0, we see that the signs of cos(f;) and cos(f) must match. Similarly, we can obtain that
sin(f;) and sin(f) must have matching signs. However, cosf and sin 6 are never simultaneously equal to
zero, thus we have that 6; = 6. Therefore, we know that z(1)) is angle preserving on €;. Additionally,
we know that g,(r,6) > 0 for any 6 € S ! which implies that 2(%) is monotonically increasing in r. Thus
we know that z(¢) is injective. Therefore, we obtain that z(1) is a diffeomorphism from € to §,. O

Next we will use z(¢) to transform the diffusion equation on €, to one on €.
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3.1.2 Transformation of the concentration equation
Recall that the concentration equation is given by (1.11). We split v into u = —w — ¢, where
A¢p=Po in Qy,
Aw=0 in Qw, (33)
w=-¢ on .

Note that the corresponding flux can thus be split to

_Oul _ 99
Gnagw_an

ow

Op = 2
o9, On

0y

We note that ¢ is a scaled version of the fundamental equation to the Laplace equation. Therefore ¢ is

given by b
o(r) = > In(r). (3.4)

We can calculate the gradient of ¢ to be

V6 = (cos(8)6, — 3 sin(6)y, sin(0)6, + * cos(8) o)

P1 . P1
= (COS(Q)%F, sm(@)%F)
_ P (cos0,sin0)
=
Observe that we can write
tolo) P (cosf,sin6)
Dnloa, =27 T | -n(y) = 2p(Y) - n(y).

We introduce ¢ : 21 - R such that w is the push-forward of ¢. Then ¢ satisfies

Az()yc=0 in Qy,
(¥) o (3.5)
2(Y)xc==¢ on 0Ny,
Using the pull-back z(¥)" on both equations, we thus know that ¢ satisfies
L)l =0 in O,
(3.6)

¢ = () () =~ 0 2(¢) = —5~In(}) on O,

where L(1) = 2(¥)" o A o (1)), is a second order differential operator. In geometric terms, L(v)) is given
by the Laplace-Beltrami operator with respect to the pulled back canonical metric z(¢)*can. Therefore,
we can write L(1)) using the inverse of the Jacobian of z:

-1 -1
L) = T ()45 01 (2 )19k )-

The inverse Jacobian J, s given by

) 0z1(¥)  dz(w)\ 7! dzm(¥)  _dz:(¥)
- = Zor o0 L S T a0 :
Jz(w)(r, ) = &;Sp) QZ(;((;M = 0 —8357("#}) azalffm , for (rcos@,rsind) € Q,,

det(J)(r,0) = r(1 + x(r)(v(0) — 1)) (1 + (x(r) + X' () (@(0) - 1)), for (r cosf,rsin6) € Q,,

_ 1 0
Jz(}/))(xvy) = (0 1) for (xa y) € Qd‘
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First we observe that det(J) stays away from zero, as shown in Lemma 3.1. Secondly we note that L(i))

is given by the Laplacian when r € (i, %), thus we see that the operator L(v) is well-defined on €.

Furthermore, we can write the operator L(1)) as

J

1,

-1 -1 -1 -1 . -T -1 .
Where a/ij = Zk‘ Jz(d;),zk‘]z(dz),jk and b] = Z’L,k Jz(w),zkal‘]z(w),jk We note that the matrix (a’lj)lj = Z(¢)JZ(¢) 1S

symmetric and positive definite as Jz_(i/)) is invertible. Therefore there exists a A > 0 such that

a;;6&5 = Alel?

for all £ € R2; we have that L(z)) is a uniformly elliptic operator. Additionally, we can combine L(1) and
the trace operator T'r in A(¢) = (L(¢), Tr) so that (3.6) becomes

A(w)e = (0, -% In ).

For now, we derive the expression for the evolution equation. On the later chosen domains, we will be
able to prove that A(¢) is invertible. With this knowledge, we will be able to write ¢ as

-1 P
¢ = cfi) = AW) (0, 5= ).
We use this expression to obtain the evolution equation for .

3.1.3 The evolution equation

The expression for ¢ can be substituted in ;da_: at 0€)y:
ow
= =V .
5 o, = Plen, i)

V(z«c)laq, - n(¥)
Z*V(Z*C)bﬂl : n(w)

(=" 0 Vo 20 AW (0.~ )| - nlw).
S

. . . . * . .
Using similar reasoning as above, we can express z oV o z,f | gt in terms of the Jacobian of 2:

oVorflg = I (W), 1,

where V, is the concatenation of the trace operator to S' and the vector of partial derivatives (9,, Op)
with respect to coordinates v,, vy in £2;. The derivation of this equality can be found in Appendix C.1.
Thus, we obtain the following expression for the diffusive flux:

@p =~ (W, AW (0.~ In) - n{e) + @5 (1)

Substituting the diffusive flux in (1.6) we obtain

" T W)V AW) 0, -2 In ) - n(v) + Dp(v)

v S+ 2 ) H(y)
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To ease notation, we define ng = n(1) = (cos #, sin #). This allows us to rewrite the equation above to

TZ ()Y A() 0, -2 Inw) - (1) + @ (w)
bilno - n(y)) = T ,

which yields the evolution equation

TZT (W)Y A() 0, -2 Inw) - n(y) + @ (w)
H()(ng - n())) ‘

Note that we can write F(v) as

T (Ve A@) 0, -2 In ) - n(y) ® (1)
Fi)= @) - n) * H ) - o)
T W)V AW@) 0, -2 In ) - n(y)
- ) (o) +Fsly)
=: Fip(y) + Fp(v),

where Fp(1)) is the right hand side function F of the ballistic model given by (2.1). The full problem is

given by
1

Uit 0) = F(y(t,0))  (¢,0) € (0,00)x 57,
$(0.6) = Yin(0) O €S,
with F' defined as in (3.7). Similar to the ballistic model, we see that F is a fully non-linear. Additionally,

(3.8)

we note that Fp(i) = 0 if 1(f) = ¢, which implies that the evolution of circular domains in the diffusive
model is identical to the ballistic model. Contrasting to the ballistic model, the problem has become non-
local due to the diffusive flux, and can thus no longer be represented with a partial differential equation.
However, we will still be able to show that F' satisfies the conditions for Theorem 2.1.

3.2 Local existence and uniqueness of solutions

In this section, we will show that we have local existence and uniqueness of solutions to (2.2). We choose
X, D and O similar to the ballistic model, namely

X =n(s"),
D =1""(sh), (3.9)
O = {0 € W(S") [ 6> 1= + 0, H) > v, [[6llowy < B,

for some fixed v € (0, 1), a, v > 0. Note that the only difference with the ballistic model, is the additional

assumption on the lower bound of 7). Before we show that F' satisfies the needed conditions, we will first
show some auxiliary results.

We will show that ¢(1)) satisfies an a priori estimate in Lemma 3.2. We will use this lemma in Theorem 3.3
to show that for any ¢ € O, A(1)) is an isomorphism from C**7(Q7) to C7(91)x C**(S"). Note that these
results do not hold if we had chosen D = C*(S") and X = C(S"), which explains why we choose Holder
spaces for D and X. This theorem implies that A(v) is invertible, so that the expression in (3.7) makes
sense.

Lemma 3.2. Let c € C**(Q), 1 € O. Then there exists a C > 0 such that
|lello+y = CUIL(D)Elly + Hel gt 244)- (3.10)
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Proof. To prove this statement, we will split the solution ¢ into ¢,, ¢y defined by

Cq = Cca
ca =(1=C)e,

where ( is a smooth, radially decreasing function on € such that ( =1 on Q4\Q,, ¢ =0 on Q,\Q; and

(3.11)

Q,\Q, cc {¢ =1} csupp(¢) cc Q.
The behaviour of ¢ has been visualised in Figure 6. Recall that L(t) is uniformly elliptic on both €,
wof

06 —

04|

02

Figure 6: Visualisation of the behaviour of ¢ in 1. The lines at the bottom represent g and €, in red
and green respectively.

and . Additionally we obtain that its coefficients are in C”(S 1) since ¢ € O. This result follows from
the lower bound on the determinant of the Jacobian of z(1)) we had obtained earlier. Therefore, we have
elliptic regularity on Q, 4 [Gilbarg and Trudinger, 1977, Theorem 6.6]. To make the notation easier, we

introduce || - ||4,4 @s a norm on €, 4 and || - || as a norm on € or S'. Thus there exist Cyq.qa > 0 such that
llca,dlla,a,2+y < CaalllL¥)caalla,dy + llcadllade + I Ca,d|aga’d la,d,24++), (3.12)
where || - |44 denotes a norm in ©, 4. The boundary terms in (3.12) can also be expressed in terms of c:

Il calog, a2+ =0,
I CalaQa ||a,2+'y =] el ||2+7

Next we observe that we can express L(1)[cq] in terms of L()[c]:

L)¢el = Y aydy(Ce)+y bdi(ce)
i,J J
= Z aij(@jcg‘ + 2@(8]0 + 8@(6) + Z bj(ajcc + 8jCC)+
Y] J
= C(Z az-jﬁijc + Z b]@jc) + Z aij(28iC8jc + GijCc) +c Z bjajc
i, J i, J
J

]

1,J
Thus we can write

L(¢)ea] = CLl + ) bagdje + eac, (3.13)

L()ead = (1= QLA+ Y bugdic + eac (3.14)
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where b, 4; and e, 4 contain derivatives of ¢, and lie in C7(Q;) Thus, we can estimate [lcaalladeo us-
ing [Gilbarg and Trudinger, 1977, Theorem 3.7] by

”ca,dlla,d,oo = sup |Ca,d| < sup |Ca7d| + C~'a,ai sup |L(¢)Ca,d|7 (315)
Qa,d agaﬁd Qa,d

for some éa,d > (0. We will use Lemma C.2 which is an interpolation property of Holder spaces. Thus for
any €1 > 0 we know that

llcalla.2ry < Cal(1 + CllL(W)calllay + 211 calog, lla2+r)
< CalllSL)elllay + 1bai0icllay + lleaclla +0)
< Ca(llLW)elly + Ndicllay + Mlellay)

Lemma C.2
< CalllL@)ellly + exlliicllay + Ce,llella00)

< Ca(llL@)ellly + ellellaey + Cy llelloo)

(3.15)
< CalllL(®)ellly + etllellory + Cey([] el gt [loo + [[L{10)el|oo))
< O, (L@l + 1] elst [la+y) + Caerllell24s),
for some C7 = Cq(e1) > 0 and a different Cy > 0 from in (3.12). Furthermore, we note that ¢ satisfies (3.15)

on 9, as L(v) is elliptic on €. For ¢, we can similarly obtain a Cy(e3), C, > 0 for any fixed g9 > 0 such
that

llcalla,zey < Colll L)l + 1] clsr [l244) + Cagallel|244)

Combining the inequalities for ¢, and ¢4, we obtain

[lell2+y = [I(L = C)e + Cell24y
= |lcq + Cd||02+7(91)

< llealla,z+y + llealld, 2+
< (C1 + Gl + 1] elsr ll244) + (Cagr + Caga)lle]l244)-

We choose €12 = ﬁ > 0 respectively, so that

1
llell2ey < (Cr+ C)(ILLNENlly + ] el st ll244) + Fllel 24y
Now we set C' = 2(C; + C5) to obtain

llelloy = CUIL) ]y + 11 el [244)-
L]
Theorem 3.3. Let 1) € O. Then the function A(b) : C**7(€) » C7(Q,) x C*T(SY) is an isomorphism.

Proof. We can use Lemma 3.2 in combination with [Amann, 1995, Proposition 1.1.1] on A where we
note that A depends continuously on ¢, so that A € C(O, £(C*7(Q1),C7(Q4) x C**7(S"))). From the
proposition, we know that A(:) is an isomorphism for all 1) € O if there exists a )™ € O such that A(y™)
is an isomorphism. We choose ©* = 1 € O. For this ¢*, we note that A(*) = (A, Tr) which is an
isomorphism on the correct space. Therefore, we know that A(1)) must be an isomorphism as well for any
v e Q. 0

With the preliminary proofs in place, we will now verify that F' satisfies the conditions for Theorem 2.1.
Similar to the ballistic model, we will first show Fréchet differentiability.

30



3.2.1 Fréchet differentiability
We will prove that F' is Fréchet differentiable at any ¥g € O in Lemma 3.4.

Lemma 3.4. Let ¢y € O. Then F as defined in (3.7) is Fréchet differentiable at 1y, and DF (i) can be
written as A+ B where A, B are defined by

A[h] = a(vo)hgs,
Y Delwpo)lh]" I (wo)nlapo)
Bl = H{()o)ng - nlvpo)
~ Vac(tho)" 2 (o) D (o) [P (o) (tho)
H (10)no - n(to)
Vac(vo) T2 (o) Fp(tho)
H{bong - nlw) ~ mo-nlug)) Vol

+ ai1hg + agh,

(3.16)

where

Fp(to) - (5 + ¢§,9)_3/21/10
H ()

altho) =

+ ay

and ag, a1, as are given by (2.11).

Proof. To prove Fréchet differentiability, we first note that we only need to show that Fp is Fréchet
differentiable, since F'g is by Lemma 2.6. We will obtain differentiability of F)p by showing differentiability
of the individual terms in its definition. First we note that H and n are differentiable by the properties
discussed in the previous chapter. Their derivatives are given by

DH()[A] = ~3(65 + 205~ dotioan)isd + 0 o) ™" (200h + 20,h0)

+ (g + ¢(2),9)_3/2(2¢0h +4apg ghg — habo go — 1oheg) (3.17)
=t Hoh + H1hg + Hohgy,

1 - . .
Dnfupo)[h] = =5 (.9 +10)"(200 0ho + 200h) o, 5in 0 + g c0s 0, = g cos 0 + 1y sin )
+ (1/}879 + wﬁ)‘l/Q(hg sin @ + h cos 6, —hgy cos 6 + hsin 6) (3.18)
=: (Nooh + No1hg, Nigh + N11hy),

where we note that each component H;, N;; are in (S 1). Next we note that the Jacobian J, has differen-
tiable components, since each partial derivative of z is linear in ¢ and 1y. Therefore, it is (componentwise)
differentiable with derivative

_ COS(@)h - s1n(9)h + COS(Q)h@) _ (J()O()h + JIOOhH JO()lh + Jl()lhg

DJZ(qu)[h] - sm(ﬁ)h COS(H)h + sin(@)ha Joioh + J110he  Jorih + Ji11he)’ (319)

where we see that also J;j;, € R(S 1). We note that also J !is Fréchet differentiable, since the determinant
of J, stays away from zero. Thus we can apply the inverse rule from Lemma 2.3 so that

DI (wo)[h] = =J (o) DJ(vo)[R1T (o).

Note that this expression contains only h and hy with h”(S l) coefficients.
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Next we will show Fréchet differentiability of c(¢) = A() (0, —% Inv). We will not be able to find an
explicit expression in terms of the derivatives of h, yet we are able to show that it is not contained in the
definition A. First we investigate differentiability of A(¢) = (L(¢), Tr). Clearly, Tr is differentiable with
zero derivative. For L, we know that it is differentiable, since J ! is differentiable. Thus we can write

DL(vo)[h] = D(J2 ;{40 J- 1;(4)8k)) (o) [ 1]
Do) LRI 15 (1)) + T2 (0):( DI 1 )40 )1 18k)

= D(JZ,
= T2 (000) DT i (0 ) W 10: (2 1 ()0k) = T35 (000) (T gy (100) D T ) o) [ P10k
= — T3 (00) DT i (o) R1O: (T g (9)0k) = T2 i5(40)0u( T 1 (0) DT ) (th0) [ 110

Using the expression for D.J, ;i(1)[h] we obtain

DL(yo)[h] = =735 (40)(Tijo(wo)h + Jij1 (10)ha)i( T ks (10)0k) = T2 i5(000)0u T2 25 (800)(Tkjo (o) + Tiji (10)hg) )

Observe that DL(1g)[h] can be written as

DL(g)[h] = hLo(tpo) + hoL1(10),

where L 1(1) are two second order differential operators. Additionally, both have coefficients in h”'(S h
since J ;;(vo), Zl](z/JO) Jijk(tho) are in K7(S'). Therefore we know that A(1) is Fréchet differentiable.
Additionally we note that also In is Fréchet differentiable, with derivative D(Inv)(vo)[h] = kg

We will use an additional property of Fréchet derivatives as noted in [Cartan, 1971, Proposition 2.5.2].
This proposition states that if w(x) = f(u(z),v(z)), and f a continuous bilinear map, and u,v are differ-
entiable at a point, then w is differentiable at that point with derivative Dw(a)[h] = f(Dula][h],v(a)) +
f(u(a), Dv(a)[h]). We apply this proposition to A() (0, —% In 1)) to obtain

D(AW) (0.~ {1n ) (sl = DIAW) )0, 5 (1 ) + Alo) (0. Dl (1)) o))

= —A(un) DAWOIALO) ™ (0.~ 5= v0) + Alo)” (0.5
~Afbo)™ D), Tr{wn)lblelvo) + Alwo) (0.~ )
- A(v) (DL{wo)[Aelo),0) + Alv)”(0,~3=7)
= —A(uo) (DL{wn)[belvo), 37
0
In summary, we have that
P h
De{un)[b] = ~Alo) (DL{wo)[kelvi). 57-) (3:20)

is the Fréchet derivative of ¢ at 1y. Next we investigate whether V,Dc(g)[h] contains second order
derivatives of h.

We know that D L(t)[h] contains second order differential operators and ¢(1hy) € C*7(Q1), so DL(bo)[h]c €
C"(€;). By the properties of A, we consequently see that Dc(io)[h] lies in C*7(€;). Thus De(bo)[h] is
twice differentiable, which implies that V,Dc(1g)[h] cannot have a hgy term, since h is only twice differ-
entiable in 6. Therefore, we know that V,Dc(1)y)[h] is contained in the definition of B[h].
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Finally, we note that H(i) and ng - n(v¢)) stay away from zero for any 1 € O. Therefore, we can use the
properties of the Fréchet derivative to show that Fp is differentiable with derivative at vy given by

DFp(vo)[h] = D((Vac)" JZ 'n(ub)( H()ng - n(w))” )so)[2]
D(Vae)" (o)W1, ltb0) + (Vac(tho)) DI (o) [BIn(tho) + (Vacltho)) " Ty D)) (th0) (]
H(1g)ng - n(tb)

(Vaclvo)' J wo n(1)
) (H (wo)non(%)) D(H (¥)ng - n(4)) (o) 2 ]-

B (VaDe(o) D) T2y (th0) = (Vaclo)) T DI (t0) [P i) + (Vaclbo)) Ty Do) (1]
) Wo)no -n(to)
H (po)[h]ng - nltpo) + H(tpo)no - Dnlypo)[]
H(to)no - nftho) '
We see that the individual Fréchet derivatives all have components in h”(S 1) and have a combination of

h,hg and hgy terms. The functions n(vyy), H(vg), Vac(tb), ‘]z_(ibo) are also in h7(S") as established earlier.
Now we write a(ig) as

- FDW’O)D

etvo) = (~Folin) T + o).
so that DF(1) becomes
DF(¢g) = A+ B,
where A, B are given by (3.16). O

Next we will show that DF(v) is sectorial and its graph norm is equivalent to the norm of D.

3.2.2 Sectoriality and equivalence of the graph norm

To show that F' satisfies the second condition for Theorem 2.1, we take a different approach than in the
ballistic model. Instead of translating the problem to h”(R), we will show that A is a sectorial in X and
B a perturbation of A in X. Consequently, A + B = DF(1) is sectorial in X. We will prove sectoriality
of A in Lemma 3.5, and the perturbation property of B in Lemma 3.6. Finally we will show that DF(1)q)
is sectorial in X and its graph norm is equivalent to the norm of D in Lemma 3.7.

Lemma 3.5. The operator (A, D(A)) where A[h] is given by (3.16) and D(A) = R*T(SY) is sectorial in
X.

Proof. First we verify that there exists a u > 0 such that a = u. Even though the sign might not be
explicitly computable from the current expression, we can determine the sign from the original problem
statement. Recall that Fp(i)) was given by

Fp(y) = —8nwlaﬂw
H(Y)ng - nftp)’
and w satisfies
Aw =0 n Q¢,
w = —¢ on Oy.

Naturally, we know that 9,w(x) 2 0 for all 2y € 9§, as A is an elliptic operator. Therefore we have
that ®p(1g) - n(vg) = 0. Since H(vy) > v and n(tg) - ng = 0 we thus obtain that Fp(t¢y) = 0. Since
Yo + g 2 0,90 2 0 we see that Hy (o) = —(1§ + ¢§ )%y < 0. Finally, since H(ibo) > 0, we know that

a(tbo) = (=F (1/)0)

+CLQ)_CLQ>§>0

(1/)0)
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where £ was the coefficient determined by Lemma 2.7. Thus we choose p = ¢ > 0 to obtain a 2 u > 0.

Since a is strictly positive, we obtain that A is a uniformly elliptic operator. Thus we can use [Lunardi, 1995,
Theorem 3.1.14] and similar reasoning as 2.10 to obtain that A is sectorial. O

Lemma 3.6. The operator B = DF(i) — A with domain D(B) = hlﬂ(Sl) has the following property.
For all € >0 and h € D(A) there exists a C. > 0 such that

[IBLR]Ily < ellALR]ly + CclAll5-

Proof. To show this property, let € > 0 be fixed and h € D(A). Using the definition of B, we see that B
can be written as a sum

Bl[h] = Bi[h] + By[h],

where
Bi[h] = bo(tho)h + b1(1ho)hy,

Bs[h] = ba(vpo)VaDc(tho)[ 2],

for some appropriate b; € h?(S'). For B; we note that there exists some C; > 0 such that [|1Bi[A]l], <
C1llh|l14+~. Note that Cy can be chosen independently of v, since we can estimate the norm of vy by
R*. By the interpolation property in Lemma C.2, we see that [|1Bi[A]lly, = Ci(d1llRll2+y + Cs, [|h]]o) for
all 9; > 0.

For B, we introduce ' € (0,7) fixed. Then there exists a Cy > 0 such that
B2l = [162(400)Va De(oo)lA1lly < Col|Va De(oo) Al 14

Recall that V, is the concatenation of the trace to S and the vector of partial derivatives on §2;. Since

De(ty) is a bounded operator on h277(S), it is also a bounded operator A2™7 (S'). We can combine these
results to obtain a C5 > 0 such that

[IVa Do) A]ll14y < CllAll24y-

Secondly we apply the interpolation property from Lemma C.2 with v; = 2+7', 75 = 2+ . Thus we fix
93 > 0 so that there exists a Cj, > 0 with

[17l24 < O2|lhll244 + Cs, A co-

Therefore we obtain that
[|Bao[A]lly = CoC303][h]|24y + Cs, |17 ]co-

In summary, we have that
B[Rl = (C161 + CoCl382)l Al 24y + Ciy 6,11 |oo-

Next we use the definition of ||h||o+, and apply the inequality ||hg|leo < d3||hg0llc0 + Cs,||hllco for 03 =1
so that there exists a C4 > 0 such that

|12ll245 = [1holly + [[2lleo + I[2o]]eo
< |1haolly + 1lloo + 1Ro0lleo + Cl|Al]oo
< 2|[1/aA[R]|ly + (1 + Cy)l|Pl]oo
< Coull ALy + (1 + Cy)llR] oo,

where C, ,, comes from Lemma B.2. Thus we can write

B[Rl = (C161 + C2C362)Ca | ALy + Cs, 5, |12l | oo
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for some Cj, 5, > 0. We choose d; = 09 =

that

so that for all € > 0 there exists a C, > 0 such

g 13
2C1Ca .’ 2C, ,C>Cs5

IBIR]Il, < el LAy + Cel[R]]oo-
O

Lemma 3.7. The operator DF (1) is sectorial in X for any v € O and its graph norm is equivalent to
the norm of D.

Proof. Fix 1y € O. Sectoriality of DF(1) is a direct result of the perturbation property of B with respect
to the sectorial operator A from [Engel and Nagel, 2006, Theorem II1.2.10]. The proof that the graph
norm of DF (1)) is equivalent the norm of D will be similar to the proof for the ballistic model. To show
equivalence, we need to show that there exists a C'1, Cy > 0 such that

CillRll2+y = [|Rllx + [IDF(ho)lR]lly = Collh]|24y

for all h € O.

The second inequality can be shown using Lemma 3.6. Let £ > 0 be fixed. Then we know that

7l + [IDF ()R]l = IPlleo + [R]x + [|A[R] + BlR]|l,
< [|Alleo + Cllholloo + [|AR||, + || BA]|,
< Cel|hlloo + Cllhoglloo + (1 + )| ALR]],
< Cel|hlloo + Cllhglloo + Caellhooll
= Cz||h||2+m

for some C5 > 0. To obtain the first inequality we first show that B is bounded with respect to the graph
norm. Let 0 < € < 1 be fixed. Then we know by the perturbation property of B that there exists a C. > 0

such that
[1B[2]Il < ell LRIy + CellRl]oo

< el|DF(¢o)lh] = BIR]lly + Cellhlloo
< el|[DF(go)lA]lly + el BRIl + Cellhlloo
& (1=e)l[B[R]lly < ellDF(¢o)lh]lly + Cellhl|oo
<= [|B[A]ll, = C(IIDF (o)Al + [IAl],)-
Using this inequality, we introduce § > 0 such that ||hgl|o < ]|Pggllco + Cs||h||eo. Thus we know that

1211245 = 1lAlleo + [1holleo + [1haoll
< c1[Rloo + (6 + 1)l[ Rl |
< cl(llhlloo+ |[2gol1+)

c1(l[2fleo + Ca,ullARIl,)

e
< c1(||Alloo + 1D E (o)Ll + | BRI,)
< cr(|[nlly + IIDE ()R]l + C(IIDF (o)Ll + [1R1]5))
< cr([|hlly + CelIDF (o) A]l15)
< cr([|Rlly + IDE(dho)LAll5),

for some ¢; = ¢q(a, pu,e,0) > 0. By letting C; = cIl > 0, we also obtain the first inequality. O
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3.2.3 Local Lipschitz continuity

The final condition we need to verify is that DF' is locally Lipschitz continuous with respect to ¥gy. We
will show this condition by showing that F'is twice Fréchet differentiable at 1y € O.

Lemma 3.8. The function F' is twice Fréchet differentiable at any ¢y € O.

Proof. We will not give an explicit expression of what the second derivative looks like, since we do not
need this to show locally Lipschitz continuity, as can be seen in Corollary 3.9. Let ¢y € O, and re-
call the definition of DF(¢g) from (3.16). We will show that DF is differentiable at 1)g with derivative
D2F(w0)[h1, hs] for hy, ho € D. Similar to the first derivative, we will show differentiability of DF using
properties of the Fréchet derivative.

First we note that DH, DJ,, Dn and Dc are differentiable by similar arguments for the first derivative.
In particular, we have that D2Jz7ij(1/)0)[h1, he] = 0 since DJ, ;;(1)) does not depend on . Additionally,
the second derivatives of H and n can be written as

D*H (o)1, ho] = DHo(to)[halhy + DH, (o) ha]h1,9 + DHy(1o)[h2]h1 g6
D*N(o)lh1, hal = DNo(4ho)[halh1 + DNy (o)l halhy 6,

where the components H;, N; = (N;p, N;1) are given by (3.17) and (3.18). Similar to before, we obtain
that the derivatives of these components can be written as

DH;(vpo)lha] = Hio(po)ho + Hi(1ho)hag + Hia(tho)ha, 0,
DN;(tho)[h2] = N; o(to)ha + Nj 1(¢00) 2.6,

and H;;(vo), Nij k(1) € K7(S'). The second derivative of ¢ is equal to

D*efapo)lhn, ha] = =D(AC) ) wo)lhal(DL(o)l I Jeltho), %%))
~ A(to)™ (D" L{o)lhn, halelto) + DL(to)l i 1De{o)he] -gh;—’;>
= (o)™ DA@o)[h2JA(Wo) ™ (DL{to)lh Jelto). 5%))
— A(to)™ (D L{to)lhr, halel(tho) + DL(to)l I 1De{o)ho] —%h;—’;).

Using the definition of Dc¢(1g)[h1], we obtain

DPe(4po)[ha, hal = —A(to) " DA@o) h21De(tbo) ]

)

= Alwo) (D’ L), holelwo) + DLGo)h IDeluio)lha], 5= h;’?)
0
= —A(oo) " (DL{o)[ h2) Do) [ 1], 0)
~ Alwo) (D> L), holelwo) + DLGo)h IDeluo)lha], 5 h;?)
0
= —A(vp0) (D L(vo)[h2]1De(bo) b1 ]+ D L{wpo)[ b1, hale(tbo) + DL(vo) hi 1D (o) hal, _% h;ZQ
0

Analogously to DL(1o)[h], we have that D?L(1bo)[h1, ko] Will be a second order differential operator, that
can be written as

D?L(to)[ha, hole = hyhg Loo(tho)[c] + hy,ghaLio(1o)lc] + hiha g Loi(vo)[c] + ha gha gL11(tbo)lc]-
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Thus we have that D*L(1o)[h1, halc(tho) € C7(Q1). Therefore, we have that

(DL(to)[ ha1De(wo) h1 1+ D* L(wo)[ b1, hale{tho) + DL(wo) A1 1De(o) o], —§ h;}];Q) € O7(Q) x C*7(SY),
0

which lies in the domain of A(wo)_l, and the definition of the second derivative of ¢ makes sense.

Now we can apply the properties of the Fréchet derivative to achieve that DF is differentiable at .
This derivative will contain products of first derivatives D f(1g)[h1]Dg(v9)[h2] and second derivatives
D2f(¢0)[h1, hs] and is a bounded, operator in both h; and ho. However, the expression of DQF(wo)[hl, hs]
would be too cumbersome to mention. Finally we note that all components of D*F (o) depend continu-
ously on vy, which implies that D*F itself is continuous in g O

Corollary 3.9. For allu € O there are R = R(u), L = L(u) > 0 such that

IDF (1) = DF(o)llip,x) < Llltb1 = ol |24y, (3.21)
for all vy, € B(u,R) C D.
Proof. This follows from Lemma 3.8, Lemma 2.12 and [Cartan, 1971, Theorem 3.3.2] and continuity of
2. .
D7 F in . ]

We can combine Lemmas 3.4, 3.7 and Corollary 3.9 to achieve the main theorem for the diffusive model
in Theorem 3.10.

Theorem 3.10. Let 1y € O Then there exist § = §(¢;,), 7 = r(1in) such that for every to € [0,7] and
VYin € O with |[thin, = Yollo4y < 7 there is a strict solution i € C([0,d]; R*T(S5Y) n (0,61 7(SY)) to

Pult) = F(y(t)) t€[0,4],

Next, we will investigate linear stability of circular solutions, similarly to the ballistic model.

3.3 Linear stability of circular solutions

In this section we will show that circles are linearly stable under the evolution equation. The proof will
be analogous to the proof for the ballistic model. The first property we will show is that F(8) = F(1)
in Lemma 3.11. This property allows the evolution equation for the diffusive model to be transformed
analogously to Section 2.4. We will introduce the operators A, G such that the transformed evolution
equation satisfies p; = Ap+ G(p). Finally we will find the spectrum of A to find an wy and show that A, G
satisfy the assumptions of Theorem 2.14.

Lemma 3.11. Let 5,9 € O such that B € O. Then F(5vY) = F(v).

Proof. To show that F(B) = F(v¢), we first note that Fp already satisfies this property, so we only
investigate Fp. For H,n, J, ! we obtain that

H(py) = 87 H(y),
n(By) = n(y),
JZHBY) = 87T ().

For V,c we see that ¢(3v) has to satisfy the system
L(Bv)e=0 inQ,

c= —%ln(ﬁw) on S".
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By definition of L, we have that

L(BY) = T2 o B)0u( T2 ) (B1) D,
2 -1 -1

= B_ Jz,ab(w)aa(‘]z,cb)(,(b)ac
=5 L().

Additionally, since In(3v) = 1In 8 + In1, we see that the function c(5v) = c¢(v) — % In 3 solves the system:

L{BO(3) = 5 LN elw) - 5= ) =0 in Oy,
o{30) = ) - 5~ In B = ~= n(8%) on 5"

Therefore, we know that c(8v) = A(Bv) (0, —% In(B)) = A() (0, —% In) — % In 8 Thus for Fp(Sv)
we obtain
Ve B) T I (By)n(By)
FolBv) = = ) n(Be) - mo)
_ Valel®) +1n 8)" 571 I (W)n(y)
BLH (W) (n(w) - o)

Ve ) I @)nly)

= THD) g P
so F(BvY) = F(v) for all 8, € O. O

Since this function F' also has the scaling property, we will use the same transformation of Section 2.4.
Thus we have the evolution equation

pild) = Flp) = Flp+ 1)~ 5 (p+1). (3.22)

We define the operators A, G as B
Ap = DF(0)[p],
G(p) = F(p) - Ap,

such that F(p) = Ap + G(p). Next we will elaborate on DF(0)[p] = DF(1)[p].

(3.23)

3.3.1 Derivative of F' at ¢y =1

Assume that g = 1. Then we see that
2(Yo;1,0) = 2(1;7,0) = (rcos 0, rsinb),

for (r cosf,rsin ) € Q,. Furthermore, we have that ¢(1) is given by
) P i
(1) = A(1) (0, ~5- In1) = A(1) (0,0)=0.

For A(1) = (L(1),Tr), we note that L(1) is given by the Laplacian on Q;. By definition of D¢(1)[h], we
see that it has to satisfy
ADc(1)[h]=0 in Qq,

De(1)[h] = —%h on S, (3.24)
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This problem can be solved using Fourier coefficients h,, = % g " h(6) exp(=inf)dh. Since we will need the

The resulting solution Dc(1)[h](r,6) on €, is then given by

De()[h](r, 6) = -% Y "I, explin). (3.25)

neZ

Recall that V,Dc(1)[h] is given by
Vo De(1)[h] = (9, Dc(1)[R], 9 De(1)[A])] st -

We note that derivatives of Dc(1)[h] can be obtained by interchanging the sum and derivatives since h is
twice differentiable on S'. This observation allows us to write

8, De(1)[h](r, )
VoDc(1)[h] = (a(,Dc(l)[h](Tv 9)) st

P Ve |”|T|n|_1hn exp(ind)
Ynez” ", in exp(ind)

__r 2 nez [y exp(ind)
Iz ZnEZ Z|n|hn eXp(in@) ’

Additionally, we know that

H(1)=1,
n(1) (cos@ sinf) = ng
cos(f) sin6
—sin 9 cos 6
DFg(1)[h] = —2—h99
In summary, we obtain that
_ 1 P . . . cos(f) siné
DFp(1)[h] = Ty o~ 27 (XnEZ [n|hn exp(ind) 3 .oz ilnlhy, exp(m@)) (_ snf  cos 9)
= _2£ Z [n|h,, exp(ind) (cosf sin @) + 2 i|n|h, exp(ind) (—sinf cos 9)) no
g nEZ neEZ
L Z |n|h,, exp(ind).
g neZ
so that
P .
F()[A] = ~5~ (hgg + Y Inlhy, exp(me)). (3.26)
neZ

We can thus rewrite A to
P

Ap = o

2 Inlpn exp(ing) = pgo + p) .

nez

3.3.2 Linear stability results
With the operators A and G defined, we will check the assumptions of Theorem 2.14.

Lemma 3.12. The operators A and G defined in (3.23) satisfy the assumptions of Theorem 2.14 for
D(A)=D,0,X as defined in (3.9).
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Proof. The proof for the diffusive model will be analogous to the proof for the ballistic model in Theo-
rem 2.15. We obtain sectoriality of A in X, since DF (1)) is sectorial for all 1y € O, and in particular
for 99 = 1 € O and the operator M : p %p can be considered a perturbation of DF(ig), so that
A is sectorial. Similarly to the ballistic model, we thus obtain that A,G satisfy the first condition
of Theorem 2.14. Therefore, we only need to investigate the spectrum of A and find a wy such that
sup{Re A\ : X € 0(A)} = —wy < 0. Analogously to the previous chapter, we will try to solve A\p — Ap = g for
ANeC,geh’(S 1). We again translate the problem in terms of Fourier coeflicients, so that

Ap—Ap = Z Apy, exp(ind) + % Z (n2 + |n| + 1)p,, exp(ind)

neZ neZ
= % Z(n2 +|n|+1+ 2%r)\)pn exp(ind) = 2 g, exp(inb)
nEZ neZ

P o 2
= g(n +|n|+1+ FA)pn = gn
9n

pn:P )
P2 2r
5= (n” +|n|+ 1+ ))

which will only yield a solution if n” + |n| + 1+ ZZX # 0, or

y— P 2
A#EN, = 2ﬂ_(n + |n| +1).

Additionally, for any such A # \,, we obtain similarly to the ballistic model that

-1
1AL = A) " glla+y = llpll2+ = Callglly,

for some C) > 0, which implies that A # o(A). Thus we have that o(A) C {\,|n € Z}. Since A\, =
P

g(n2 +n|+1)2 %, we can define wy = % so that sup{Re\ : A € o(A)} < —wy.
Finally we use Lemma 3.4 and Corollary 3.9 to obtain that G is a C' function with locally Lipschitz

continuous derivative. Additionally, we have that

P
G(0) = F(1) -~ 5 = 0.
G'(0) = DF(1)[0] - %0 - A0 =0,
so that A, G satisfy the assumptions of Theorem 2.14. O

We will use this lemma to show linear stability of circular solutions to the original evolution equation in
the following corollary.

Corollary 3.13. Let ¢.,v be a solutions to (3.8), where 1. is a circular solution, and ¥ (0) close to 1).(0).
Then )(t) exists for all time t > 0. Additionally, for all € € (0,1] there exists a M = M(g) such that

P
19 = Yellzey < M(e(0) + 5=)7112(0) = 1e(0)] |24
Proof. The proof is analogous to the proof of Theorem 2.16. O

This concludes the analysis of the diffusive VSC model. Unfortunately, we are unable to show an avoidance
principle similar to the ballistic model. The main problem is that we cannot write the Fréchet derivative
of F' as a second order partial differential operator. Thus we cannot apply the maximum principle used
in Lemma 2.17 to show the avoidance principle. The next chapter will contain a summary and possible
future research subjects.
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4 Conclusion

4.1 Summary

In this project we have discussed the two dimensional ballistic and diffusive VSC model for the growth
of cells. In particular, we were interested in analysing how perturbations of circles would evolve under
these models. Circular domains served as a simple example, since the models were identical for circles and
showed that circles would grow linearly over time. The models changed when regarding perturbations :
the ballistic model only had explicit functions of ¥ while the diffusive model contained implicit expressions.

This difference meant that the approach for showing existence to the evolution equation differed too, yet
both yielded the same result. The proof for the ballistic model was relatively straight-forward, and the
Fréchet derivative could be expressed as a second order differential operator. Contrastingly, the diffusive
model did not yield such an expression, yet the gouverning function could be written using the solution
for the ballistic model. Additionally, we introduced a diffeomorphism that transformed the differential
equation for the concentration function from a changing domain to a fixed domain. However, this dif-
feomorphism caused the set on which the initial perturbation was defined, O, to decrease. Despite this
change, both models allowed short time and long time existence for the evolution equations.

Alongside the existence results, an asymptotics results and a comparison result were achieved. The first
result held for both models, which showed that the difference between the solution and an expanding
circle could only grow sublinear in time. The second result was exclusive to the ballistic model, which
showed that if one initial perturbation was contained in another, then this would hold for all time. This
result was achieved using the maximum principle, which cannot be used for the diffusive model. A similar
result might however be achievable using other methods.

4.2 Further research options

Next we will discuss some further research topics which can be investigated.

Improving the long time stability result

One additional topic of future research could be to exclude the smallest eigenvalue in the long-time anal-
ysis of both models. The current conclusion is that solutions are O(t°) close to growing circles for any
€ € (0,1]. This result could be improved if the smallest eigenvalue )\ is excluded from the analysis, simi-
lar to [Prokert and Vondenhoff, 2009, Chapter 4]. This omission should be achievable by eliminating the
corresponding eigenspace £, from the domain of solutions. The eigenspace E)  corresponds to the space
of constant functions on S 1, i.e. circles, which can be verified using the Fourier coefficients. The solution
could then be transformed using an L*(S')-orthogonal projection P to {v € K*7(S") | (v, E,,) = 0}. On
this new space, the operator P o A = A has spectrum o(A) = o(A)\{\o}. This operator should then give a
similar bound to the solutions, except that € can be smaller than zero. The new bound then implies that
the perturbations of circles should vanish as time passes on, and thus the solutions will be similar to circles
over time. However, note that this approach is only a sketch based on [Prokert and Vondenhoff, 2009],
and should be investigated more thoroughly.

Transforming the problem to the third dimension

Another interesting topic is to increase the dimension of the problem statement. This project has focused
on a two dimensional cell, which raises the question how the models would behave in three dimensions. For
example, the trivial solution of a growing circle, would not grow linearly over time but instead would grow
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in proportion to Vt. Additionally, the perturbation function ¥ would take arguments from the unit ball
instead of the circle. Similar changes will be needed for the other components, such as the normal vector
and the (mean) curvature. Overall, the approach for the short time existence of the three-dimensional
models should look similar to the two-dimensional models.

The approach for the long time existence would likely see more changes needed to the approach. For
instance, obtaining the eigenvalues will need to be done on the sphere instead of the circle, which means
that the approach using Fourier coefficients can no longer be used. This change can be made through
the choice of spherical harmonic coordinates, in which the equation can consequently be solved. More
importantly, the scaling property of F' might not hold for higher dimensions, which may cause the rescaled
equation to be inhomogeneous in time. The comparison result will most likely still hold for the ballistic
model.

42



References

[Amann, 1995] Amann, H. (1995). Linear and Quasilinear Parabolic Problems. Birkhduser Basel, Basel,
first edition.

[Andrews et al., 2020] Andrews, B., Chow, B., Guenther, C., and Langford, M. (2020). Extrinsic ge-
ometric flows. Number 206 in Graduate studies in mathematics. American Mathematical Society,
Providence, Rhode Island.

[Bartnicki-Garcia et al., 1989] Bartnicki-Garcia, S., Hergert, F., and Gierz, G. (1989). Computer sim-
ulation of fungal morphogenesis and the mathematical basis for hyphal (tip) growth. Protoplasma,
153(1-2):46-57.

[Campas and Mahadevan, 2009] Campas, O. and Mahadevan, L. (2009). Shape and Dynamics of Tip-
Growing Cells. Current Biology, 19(24):2102-2107.

[Cartan, 1971] Cartan, H. (1971). Differential Calculus. Houghton Mifflin.
[Cheney, 2001] Cheney, W. (2001). Analysis for Applied Mathematics. Springer New York.

[Croll et al., 2005] Croll, T. I., Gentz, S., Mueller, K., Davidson, M., O’Connor, A. J., Stevens, G. W.,
and Cooper-White, J. J. (2005). Modelling oxygen diffusion and cell growth in a porous, vascularising
scaffold for soft tissue engineering applications. Chemical Engineering Science, 60(17):4924-4934.

[de Jong, 2019] de Jong, T. (2019). Topological shooting, invariant manifold theory and rigorous numerics
applied to an ODE for hypha tip growth. PhD thesis, Mathematics and Computer Science. Proefschrift.

[Eggen et al., 2011] Eggen, E., Niels de Keijzer, M., and Mulder, B. M. (2011). Self-regulation in tip-
growth: The role of cell wall ageing. Journal of Theoretical Biology, 283(1):113-121.

[Engel and Nagel, 2006] Engel, K.-J. and Nagel, R. (2006). A short course on operator semigroups.
Springer.

[Evans, 2010] Evans, L. (2010). Partial differential equations, volume 19. American Mathematical Society,
Providence, R.I.

ourcaud et al., ourcaud, 1., ang, X., otokes, A., Lambers, H., an orner, C. . Plant

F d 1., 2008] F d, T., Zh X., Stokes, A., Lamb H d Ko C. (2008). P1
growth modelling and applications: The increasing importance of plant architecture in growth models.
Annals of Botany, 101(8):1053-1063.

[Gilbarg and Trudinger, 1977] Gilbarg, D. and Trudinger, N. S. (1977). Elliptic Partial Differential Equa-
tions of Second Order. Springer Berlin Heidelberg, Berlin, Heidelberg.

[Goldman, 2005] Goldman, R. (2005). Curvature formulas for implicit curves and surfaces. Computer
Aided Geometric Design, 22(7):632-658. Geometric Modelling and Differential Geometry.

[Goriely, 2017] Goriely, A. (2017). The Mathematics and Mechanics of Biological Growth, volume 45.

[Hanczyc and Szostak, 2004] Hanczyc, M. M. and Szostak, J. W. (2004). Replicating vesicles as models
of primitive cell growth and division. Current Opinion in Chemical Biology, 8(6):660—664.

[Huisken and Ilmanen, 2001] Huisken, G. and Ilmanen, T. (2001). The Inverse Mean Curvature Flow and
the Riemannian Penrose Inequality. 59:353-437.

[Keijzer et al., 2010] Keijzer, M., Emons, A., Mulder, B., and Ketelaar, M. (2010). Modeling tip growth:
Pushing ahead. Root Hairs.

43



[Koch, 1982] Koch, A. L. (1982). The shape of the hyphal tips of fungi. Microbiology, 128(5):947-951.

[Koch, 1994] Koch, A. L. (1994). The problem of hyphal growth in streptomycetes and fungi. Journal of
Theoretical Biology, 171(2):137-150.

[Lai and Zou, 2015] Lai, X. and Zou, X. (2015). Modeling cell-to-cell spread of hiv-1 with logistic target
cell growth. Journal of Mathematical Analysis and Applications, 426(1):563-584.

[Lunardi, 1995] Lunardi, A. (1995). Analytic Semigroups and Optimal Regularity in Parabolic Problems.
Modern Birkhauser Classics. Springer Basel.

[Matioc, 2017] Matioc, B. (2017). Nichtlineare evolutionsgleichungen. page 137. Heinrich Heine Univer-
sitat Diisseldorf.

[Nolet, 2020] Nolet, R. (2020). Mathematical Modelling of Fungal Hyphae. PhD thesis, Vrije Universiteit
Amsterdam, De Boelelaan 1105.

[Prokert and Vondenhoff, 2009] Prokert, G. and Vondenhoff, E. (2009). Stability of self-similar extinction
solutions for a 3D Darcy flow suction problem. European Journal of Applied Mathematics, 20(4):343—
362.

[Protter and Weinberger, 1984] Protter, M. H. and Weinberger, H. F. (1984). Mazimum Principles in
Differential Equations. Springer New York.

[Riquelme and Sénchez-Ledn, 2014] Riquelme, M. and Sénchez-Leén, E. (2014). The Spitzenkorper: A
choreographer of fungal growth and morphogenesis. Current Opinion in Microbiology, 20:27-33.

[Shuler et al., 1979] Shuler, M. L., Leung, S., and Dick, C. C. (1979). A mathematical model for the
growth of a single bacterial cell*. Annals of the New York Academy of Sciences, 326(1):35-52.

[Tindemans et al., 2006] Tindemans, S. H., Kern, N., and Mulder, B. M. (2006). The diffusive vesicle
supply center model for tip growth in fungal hyphae. Journal of Theoretical Biology, 238(4):937-948.

44



A Derivations of the curvature, normal vector and velocity

In this appendix we will derive the expressions for v(v), n(¢)) and H(v)).

A.1 Derivation of the normal vector
For a parametrised curve v(6) = (x(0),y(6)), the vector Z—g is tangent to the curve in counterclockwise
direction [Goldman, 2005, Section 2.1] . This vector can be rotated 7/2 to the right to obtain the

outward normal vector n. The normal vector can thus be written as

n = (vo, —o) (A.1)

Vue + 333'

The (z(0), y(0)) = ¥(0)(cos 0, sin H) to obtain

Ty = 1gcosl —1sinb

Yo = Ypsinb + 1 cosb
so that
~ (1g sin O + 1) cos 6, —1pg cos O + 1) sin )
) \/1113 cos? 0 — 2Ynpg cos @ sin @ + )2 sin? 6 + d)g sin? 6 — 29npy cos @ sin O + 12 cos? O

(1g sin B + 1) cos 6, —1pg cos O + 1) sin )

Vg + 02

A.2 Derivation of the curvature

n(v)

The curvature H for a parametrised curve v(0) = (z(), y()) is given by [Goldman, 2005, Section 2.1]

_ det(y"7")
[y

Note that we need the second derivatives for the curvature. The numerator can be calculated to be

(A.2)

o Ty The
det = det
(7 7 ) (ye yee)

= ToYoo — YoTog,

so that the curvature becomes
_ ToYeo — YoToo

@2y
Next we substitute the parametrisation ~(#) = 1(0)(cos 6, sin #) to obtain
Ty = Wy cos B — 21g sin @ — 1) cos O
Yoo = Yoo Sin O + 21pg cos § — 1 sin 6.
so that the curvature equals
(1hg cos 6 — 1 sin 0)(1)gg sin O + 21pg cos O — 1) sin 0) — (g sin O + 1) cos 0)(1Pgg cos O — 21pg sin 6 — 1 cos )
(2 + )2
~ 21/)3(0082 0 + sin” 0) — Pibgg(sin® 0 + cos® 0) + ¢*(sin” 0 + cos” 0)

(2 + )

H() =

W + 2005 — gy
(W2 +yg)¥2
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A.3 Derivation of the normal velocity

For the velocity of the boundary, we note that this is simply the time derivative of the parametrisation.
Therefore the velocity of v(t,0) = (t,0)(cos@,sin6) is given by 0;y(t,#). Since we need the normal
component V,, of the velocity, we take the inner product with the normal vector:

V() = 8yb(t, 6)(cos 0, sin ) - n(1)). (A.3)
Substituting the expression for n(1)), we see that
Vi, (1) = Byeb(cos 0, sin B) - (1bp sin 8 + 1 cos 8, —bg cos 8 + o sin O)(ep* + 2) >
= dpbb(cos” 0 + sin® O) (w2 + wZ) ?

= aﬂ[,L

B Auxiliary lemmas ballistic model

This appendix contains some auxiliary lemmas with proofs that are used in the ballistic model.

B.1 Fréchet differentiability of several functions

Corollary B.1. Consider f123:0 - R(SY) defined by

fl(d}) = d}n7
fo0)) =\,
f3(¢) = wgv

where n € N. Then f1 93 are Fréchet differentiable at 1y € O with derivatives

D fi(to)[h] = nvoy ',
D folwo)h] = 505 h.
D f3(1o)[h] = he.

Proof. Let ¥g € O and h € h*™. The first function we will analyse is 1". We will show differentiability
through induction over n.

Base case Consider f(y) = ¥®. Then the product rule implies that f is differentiable at ¥, with

derivative
D f(ho)lh] = 1o - Di(1bo)[ ] + Dp(vo)[h]vbo
=w0‘h+h'w0=2w0h.

Induction step Assume that f() = ¢" is Fréchet differentiable for some & > 2. Then g(¢)) = ¥"*' =
(I wk is Fréchet differentiable at 1y with derivative
Dylto)lh] = hujg +tbo Di" () ]
= I + 4o - ki h
= hibg + kg h
= (k+ 1)ugh,
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which was the induction hypothesis. Therefore f;(¢)) = 9" is Fréchet differentiable at 1 for all n € N.

The next derivative will be found using the definition of the Fréchet derivative. Clearly we see that D f2(1/) )
is a bounded linear operator. Thus we need to show that || fo(v + h) = fa(bo) = D fa(vo)[R]l |+ ||h||2JrW
as ||h||2+y = 0. We write out the expression to obtain

foltbo + ) = faltbo) = D faltbo)[h] = o + o = vy — —2
2\

_ Yoth-v% _ _h

Vo +h+ o 2/do

_h\/%—%h\/m—%h\/%
(Vo) (Wb + T +fiho)
Vibo +h =g

= h
2\io(Vbo + h + o)

Therefore we know that

T
2o\t + h +

1
|h||2+’y Ihllg{:—m \/_
Vo =i
2y/40(Vo + Vo) ll,

=0.

\/_
)

Vo h
Yo

m
[1A]]24~ -0

Y

|1,
So we indeed find that D f5(v)[h] is the Fréchet derivative of fs.
For the third function, we note that the partial derivative (95 is a linear operator. Clearly D f3(1)g) is a
bounded linear operator, thus we find by definition of the Fréchet derivative that fs is differentiable at
o with derivative D f3(vg)[R]. O

B.2 Proof that the quotient of two h” functions is still in h’
Lemma B.2. Let u,v € X, v 2 u>0. Then there exists a C = C(||v||y, ) > 0 such that

1511y = Cllull (B.1)
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Proof. Fix u,v with v 2 ¢ > 0. Then we know that

u u u
||5||«, = ||5||oo + [5]«,
|M _ M|
~ u(x) o(z) ~ oly)
= sup |— sup BT
zest | VT x,yeSt xty |.’E - yl

u(z)o(y)—u(y)v(z) |

< il + sup s
z,yeSt zty |z =yl
1
. [vloolu(@) = w(W)l g
<p||ulleo + sup 2]
z,yesl,a#y |1: - yl

-1 |u(z)
<p lulleo + [|vllo sup 5
x,yeSt x#y |.Z' yl

-1 ~2 |u(z) — uly)]
< ullen + lolleor”® sup {
x,yeSt xty |$ yl

-1 -2
< (p = +llollyp Nully = Cllull,

B.3 Proof that \[u? +u2 € b7 if u € h*".

Lemma B.3. Let ue O. Then \/u2 + ug € X.

Proof. For any u € O we know that u > 0 and continuous, implying there exists a A > 0 such that
u 2\ >0. Thus we know that \/u? + u > ). Using the mean value theorem, we can estimate the Holder

norm [\/u? +u9]X by
u? u?(y) = Ju?(x) -
: ,7u2+u3]x e |u?(y) + g(lz;)_ x\/p (z)

x,yesSt xty
1
< sup sup | 2\ [u2(0) + 201y - |
x,yeSt xty |:‘L‘_y|’Y pesS?t 90 0
1 _
= sup  sup |——————{(u(0)ug(6) + ug(0)ugs(0))lly — z|' "

x,yeSt x+y HS?T 2(9) + ug(e)

sup  sup | +(u(®)ug(6) + ug(0)ugs(0))||y — 2]’
x,yeSt x+y HeST

IA

Since u, ug, ugg are bounded functions, we know that there is a C' > 0 such that |2u(0)ug(0) +2ug(0)uge(0)| <
C|ulloo + ||uglloo). As z,y € S* we also know that |z —y|'™” < p for some p > 0. Using these estimates,

we obtain .
[Vu? +uglx = sup <C[Julloo + [luglloo ) (B.2)
x,yeSt xty
1
= 3 Cllulloo + lluglloo) (B.3)
1
< XCullullp. (B.4)

For ||\/u® + u3||oo we know that

|u*(2) + up(@)"? < ()] + [ugl2)],
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so that

[l u? + uglloo < lulloo + lluglloo < Ilullp-

Overall, we obtain that

1
[u? +ugllx = (3 Cp+1)llullp < oo,

which means that the function is in C7(S"). For the function to be in h7(S') we see that

Vu?(y) +uply) = \Ju?(z) -

0= sup 5
x,yeSt |z—y|<d |y - l’l

By the squeeze theorem we obtain that also

< sup

z,y€St |z—y|<d

A

|lullplz -

Y

< C’%Hu”,jél_’Y - 0asd—>0.

|\ u(y) + u2(y) -

V() -

lim sup
020 1,yes? Jo-yl<s

which means that the function is in A7(S") = X.

ly — x|

C Auxiliary lemmas diffusive model

C.1 Derivation of the trace of the transformed gradient on the unit ball

Lemma C.1. Let ¢ € O and f : Qy - Qy differentiable and z = 2(¢) as defined by Equation (3.2).

* .
z oVo z*f|51 can be written as

ZoVorfla =l VoS,

where V, = Tr oVy, and Vq = (9,,0,) denotes the vector of derivatives with respect to coordinates in ;.

Proof. Assume that €, has coordinates z1, z5 and {2 has coordinates v,, v. Additionally, let V =
be the gradient with respect to coordinates in Q, and V; = (0,, 0) where 9, is the derivative with respect

to vg in ;. Then we have for every (v,,v) € ©y a pair (z1,22) € €y such that (v,,vs) = z_l(xl,a:g) =

(25 (21, o), zl:l(xl, Z3)). We can use the chain rule to obtain

o(f(z (1,20

. )

v *f(@<u whmm)
)
)

Ouf(z” (x17$2 312; Nay, @) + O (2 (w1, 22))01 25 (1, )
Doz (21, w9) + Dy f (2 (w1, w2)) Doz (1, 222)

)
Duf(z ™ (@1, 22)

Applying the pullback z* to this expression componentwise yields

z" oViozf= (
Z

(S5
H
QN

812;1(3717372) + 0 f(
0224 (21, 22) + Op f(

a (Z(vaa vb)) + abf(z_l(z(va, Up
a2y (2(vas 1)) + O f (2 (2(va, vy
(

(

,vp)) + O f(va, vp)D1 23 (2
) + O f(va, v5)B223 (2
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Note that since z is a diffeomorphism, we have that J,-1(2(v,,vp)) = J.  (v4,vp), so that

-T
2 V1 (240) (v, 00) = 2 (Vg 0p)V1 f(va, 0b)-
Note that the inverse of the Jacobian evaluated at S' is given by

Loz 1 [ cos(f) + g sin(f) 1) sin(6) — 1py cos(6)
AT 2 —1) sin(6) 1) cos(6) + g sin(6)

Thus we obtain that z* o Vz*f|sl is given by

2o Vaflg = S Tr oV flvg,vp) = J2 Vaf.

C.2 Interpolation property of Holder spaces
Lemma C.2. Let v; € (0,72). Then for all € > 0 there exists a C. > 0 such that

lully, = ellully, + Ccllullo
for allu e h™.

Proof. First we note that C"(S") is an interpolation space of class 1 /2 between C(S') and C72(S%). [Lunardi, 1995,
Proposition 1.1.3 |. Let u € R(SY) ¢ C7(SY) and € > 0 fixed. By the interpolation class property, we
know that there is a constant ¢ such that

1—
ully, < ellull357 72 ul| 212

Recall that Young’s inequality for products states that for all a,b = 0, we know
a’b? < pa + b,

where we let p=1—71/v2,q =v1/72. We choose a = c_ll/p€||u||72, b= cp/qpp/qa_p/qHUHoo Then we obtain
that » .
[[ully, = cllull5, Hulloo

= c(1/pellully, " ™" Jul|o)*

= ca’v?

cpa + cbq

IA

cfep/pellulls, + cqc B eI Ju) oo

ellully, + Cellulloo,

where C. = qc(p+Q)/qpp/q5_p/q > 0. O
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