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1 Summary 

Cellular solids, also called foams, are a special class of materials. They can 
be divided into two classes: uatural cellular solids and man made cellular 
solids. Natural cellular solids are bone and wood. Man made cellular solids 
can be made from all kinds of materials, ranging from ceramics to poly­
mers. The excellent specific strength, light weight and energy absorption are 
11nique. These properties are <lirectly corrclated to the micro-structure and 
base material of the foam. 

In order to investigate the important foam properties X-rny computed to­
rnography is used, as a non-destructive method , to obtain 3D images of the 
foarn. An image analysis is carricd out to extract statistics about the foa111 's 
morphology. Inclnding strut length clistribution , strut thickness , cdl shapc 
and orientation. 

These stat istica! foarn propcrtic::; an: llS<,cl as an input to crcate a pcriodic 
3D foa111 model. Using a perioclic Vorouoi tesscllatiou as a template for the 
fomn model. A rcgnlar isotropic Kdvin cell is nsecl as starting point for 
increasingly less regular foarn structures. 

Fiuite element simulations arn performecl on the foam moclels and the rnc­
chanical response is companxl with a reference experiment and simulations. 
T he macroscopie mechanica! response is explainecl by the investigating the 
micro-strnctme of the foam models. Also the volumetrie response of the 
foam moclels are investigatecl in compression and tension. 



Cellular solids CONTENTS page 2 

Contents 

1 Summary 1 

2 lntroduction 4 

2.1 Foam properties . 5 

2.2 Previous studies . 6 

2.3 Problem statement and outline 7 

3 Foam morphology 9 

3.1 X-ray Computed Tomography 9 

3.2 Skeletonization .. 10 

3.3 Vertices and struts 12 

3.4 Strut thickness . . 13 

3.5 Cell segmentation 16 

3.6 Cell morphology . 18 

3.7 Discussion . . . . 23 

4 Periodic foam model 24 

4.1 Periodic Voronoi tessellation 24 

4.2 Kelvin cell ... . ... . 26 

4.3 Perturbated Kelvin cells 27 

4.4 Anisot ropic Kelvin cells 28 

4.5 Mesh generation . . . . . 28 

4.6 Periodic boundary conditions 31 

4.7 Material model 32 

4.8 Discussion 33 

5 Results 35 

5. 1 Reference experiment and simulations . 35 

5.2 Kelvin cell .. . . 36 

5.3 Plateau border 37 



Cellular solids CONTEN't'S 

5.4 Perturbed Kelvin Cells 

Kelvin cell: anisotropy 5.5 

5.6 

5.7 

5.8 

Anisotropic perturbed Kelvin cells . 

Volumetrie response of open-cell foams 

Discussion 

6 Conclusion 

7 Recommendations 

Bibliography 

page 3 

39 

41 

43 

45 

46 

48 

49 

51 



Cellular solids lntroduction page 4 

2 Introduction 

Everybody encounters cellular solids on a daily basis, while doing the dishes 
using a sponge or eating bread, see figure l(a). Also bones, in human and 
animal bodies, and many packaging materials used for protection are cellular 
solids. These cellular solids consist of an interconnected network of solid 
struts or plates which form the micro-structure of the material. 3D cellular 
solids are called foams, and when the micro-structure consists of by struts 
and the faces of the cell are open, they are called open-cell foams, as depicted 
in figure 1 (b). Here the individual struts, which build up a cell, are clearly 
visible. On the other hand, when the faces of the cells of the foam are solid, it 
is referred to as a closed-cell foam, see figure 1 ( c). There are also 2D cellular 
solids like honeycombs. These are often used in sandwich panels to reinforce 
the panels without adding much weight, as shown in figure l(d). 

(a) (b) 

(c) (d) 

Figure 1: The micro-structure of four cellular solids: micro-structure of bread 
Z. Liu and M.G. Scanlon [l] (a), an open-cell polyurethane sponge (b), an 
aluminium closed-cell foam (from en.wikipedia.org) (c) and a 2D honeycomb 
used in a sandwich panel (from www.nauticexpo.com) (d). 
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2.1 Foam properties 

Because foams are light weight , have an excellent specific strength and good 
energy absorption properties, they are used in many applications such as 
insulation, packaging and structural use. The high energy absorption is one 
of the remarkable properties of foam and is one of the reasons why foams are 
used as packaging materials. The marmer in which a foam absorbs energy is 
best explained consiclering the stress-strain response of a foam. 

When a compressive load is applierl toa foam , see figure 2(a), the response 
will first be cl as tic ( 1) , fo llowed by a platean stress ( 2) and finally clensifi­
cation (3). For an open-cell foam , the dastic region is controllecl by elastic 
bencling of t he st.ru ts until the strn ts start to buckle. Whe11 this happens, 
the plateau stress is reached and the stress remains the sarne until the ce lls 
collapse and contact between t he strut.s occurs. Then the clensification region 
starts and the stress increases rapiclly. 

The energy that is stored and alisorbccl by the foarn is equnJ to the area 
nnder the\ stress-strain curve, as clepicted gray in figme 2(b) . The large 
energy absorbtion and plateau st re:ss makes foam goocl packaging materials. 
A product is safely protectecl by foam during impact when t he plateau stress 
of the foam is lower then the maximnm allowable stress and t he foam can 
absorb enough energy bdorc dcnsificat ion occurs. 

( 1) (2) 
max. stress -- ---- - --- ~-

t) t) 13 
(J') (J') 1 Ol 
(J') (J') 1 ?< 
Q) Q) 

absorbed 1 $!?. .... .... 
1 ê. +-' _. 

0~ (J') (J') energy 1 ::, § 
i:á' 

strain t strain t 

(a) (b) 

Figure 2: T he stress-strai11 response of a foam (a) , where (1) is the elast ic 
region, (2) the plateau stress and (3) the densification. The energy that is 
storecl and absorbecl by the foam is shown by the grey area iu (b). 

T he mechanica! properties of a foam originate from a combination of the 
micro-structure and the foam base material. An important structural char­
acteristic is the relative clensity of the foam c/; which is clescribed by: 

p* 
1 = - (1) 

Ps 
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where p* is the density of the foam and Ps is the density of the base material. 
Foams have relative densities which are less than about 0.3, with most foams 
having a relative density which is even smaller, as low as 0.003. The relative 
density can be used as a sealing parameter to predict the Young's modulus 
of a foam E*, which is described for open-cell foams according to Gibson and 
Ashby [2] by: 

(2) 

where Es is the Young's modulus of the base material. 

2.2 Previous studies 

Numerous studies are performed on the subject of foams. An elaborate 
overview of many aspects of cellular solids is presented by Gibson and Ashby 
[2]. In this work, for different types of foam, aspects ranging from the micro­
structure to the fabrication of foams are discussed. 

Dillard et al. [3] presented an experimental study on the compressive and 
tensile behavior of open-cell nickel foams. The nickel foam was fabricated via 
cathodic magnetron nickel sputtering of a polyurethane foam template. 3D 
images of the nickel foam were made using X-ray computed tomography (X­
ray CT). These images were analyzed in order to obtain the foam morphology. 
After compression and tensile tests the morphology of the nickel foam were 
again analyzed in order to see the influence of compression and tension on 
the micro-structure of the nickel foam. The geometrical anisotropy of the 
micro-structure was shown to be related to the anisotropic elastic response 
of the nickel foams. 

An analytica! study of the elastic response of Kelvin cells was made by Zhu 
et al. [4]. The Kelvin cell was proposed by Lord Kelvin [10] and almost 
minimizes surface area, which indicates that it is a good representative cell 
for open-cell foams. The elastic properties were calculated by considering 
the bending, twisting and extension of the struts and showed that all of 
these deformation mechanisms are important in order to determine the elastic 
moduli . The foam bulk modulus was predicted to vary linearly with the 
relative density of the considered foam, which means that the Poisson's ratio 
approaches 0.5 for low density foams. By calculating the anisotropy factor of 
the Kelvin cell it was shown that a Kelvin cell is elastically almost isotropic. 

In the work of Takahashi et al. [5], a Kelvin cell was used to represent 
aluminium foam. The Kelvin cell was modelled with 3D finite elements, and 
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a comparison is made between a gcometry with uniform strut cross section 
and a geometry where the cross section increases in thickness along the length 
of the struts. In their work, a plastic material model was used and it was 
shown that both the plastic material model and the non-uniformity of the 
strut cross-sectional area along the strut length are important features for 
the yield and buckling behavior of the aluminium foams represented by a 
Kelvin cell. 

Jang et al. [6] also usecl X-ray CT to obtain 3D images of a foam. These 
images where used to stncly the morphology of the foam , which was usccl 
to buik\ finite clement foarn models. The most idealized model 11sed was a 
Kelvin cell and the more realis t ic moclels wcre bascd on moclels created liy 
the "Smfacl'1 Evolver" [7]. lt appeared that the most rcalistic rnoclels yidded 
the best res11l ts . Howevcr in view of t he numerical efficiency, a Kelvin cel! was 
recornmeuded as a goocl engineering tool for calculating the elastic properti< 'S 
of foams. 

In the work of Wismans [8] a st udy was pcrformec\ ou an opt1n-cdl polymerie 
foam. X-rny CT was usec\ to obtain a 3D image of the foam's micro-stru<:ture 
and a fiuitc d ement model of the foam was directly made from the 3D irn­
age of the foam. The foam model usccl in the fiuite element simulations is 
thus n very precise reprnsP-ntation of the micro-strncture of the exarninccl 
foam. In addition to a realistic micro-structure, a material model <:allee\ the 
"Eindhoven Glassy Polyrner" (EGP) model [9] was used to properly descrihe 
the intrinsic rnaterial behavior. T he EGP rnodel is a visco-plastic materi ,il 
model. It was shown that the visco-plastic behavior is important to describe 
the b11ckling of struts. One of the main conel11sions was that both the intrin­
sic rnatm-ial bchavior as well as t lte micro-strncturc of the foarn h,we a grcat 
inftuence on the response of a polymerie foam . 

2.3 Problern statement and outlinc 

As was shown by previous studies, it is important to model both the micro­
struct ure and intrinsic material behavior, when perfonning finite element 
sim11lations on foams . However , whether the" Surface Evolver" or 3D images 
of the foam's micro-structure are usecl to create a realistic foam model , it is 
numerically expensivc to calculate the response of realistic foarn strnctures. 
In this work it is investigated how much detail of the micro-structurc , when 
11sing a proper intrinsic material model , is needed to clcscribe the response 
of au open-cell polymerie foam. 

Therefore, the geometrie characteristics of a foam are obtainecl using X-
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ray computed tomography and image analysis techniques in chapter two. 
In chapter three, a periodic foam structure, based on the Kelvin cell and 
perturbations there of, is created using the foam geometrie characteristics 
obtained in chapter two. In chapter four the results of increasingly more 
realistic foam structures are presented, starting with a periodic Kelvin cell 
and finishing with an anisotropic foam structure originally based on Kelvin 
cells. Finally, there is a discussion on the results and some recommendations 
are made for future research. 
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3 Faam morphology 

In this chapter, an open-cell polyurethane (PUR) foam is examinecl in order 
to obtain statistica! information about the micro-structure. The obtainecl 
properties of the foam's morphology will be nsed to create a periodic finite 
element mesh representing the examinecl foam, as explained in chapter 4. 

3.1 X-ray Computed Tomography 

In order to obtain a 3D image of a real PUR foam , X-ray Computer! Tomog­
raphy ( CT) is userl. X-ray CT is a non clestrnct ive technique to obtain the 
rnicrostructure of the fonm. In CT, a sample is placecl on a rota tion stage aud 
rotntecl over 360°. The foarn sample is exposecl to X-rays emittecl from an 
X-ray source and angnlar projections of the sample are recorclecl by a CCD 
cktector, see figme 3. A 3D image, consist ing of voxels, is reconstrncted from 
all project icms. 

X-ray source sample 

1 
srep-~y-ste~ 
rota!lon '-+ · 

1 

z q:--

array detector 

' y 

X 

Figure 3: Schematic representation of an X-ray CT setup. 
(http://www.phocnix-xray.com) . 

The rcsolu tion, or voxel size V8 which is in t his work 5 µm, of the 3D image 
is limi ted by the spot sizc [8] of the X-ray source and is rela tecl to t he pixel 
size of the detector Ps and the magnification !VJ by: 

(3) 



Cellular solids Foam morphology page 10 

The reconstructed volume consists of gray values, which can be visualized 
by a histogram, see figure 4. In the histogram two distinct peaks are visible. 
The peak which is indicated by the two vertical boundaries represents PUR 
and the other peak represents air. In order to obtain a binary 3D image, 
where a black voxel represents PUR and a white voxel represents air, the 
gray values has to be segmented. However there is no objective boundary 
between the two peaks in the histogram in order to segment the volume 
into air and PUR. Therefore knowledge of the specific density of the original 
PUR sample is used to segment the 3D image so that the obtained binary 
3D image has the same specific density. 

X-ray lntenslty 

Figure 4: A schematic representation of a histogram of the voxel gray-values 
obtained by the X-ray CT. The vertical boundaries are used to segment the 
scan of the PUR foam. 

3.2 Skeletonization 

The binary 3D image contains all the information of the geometry of the 
microstructure of the foam. By applying a skeletonization algorithm, the 
skeleton of the microstructure is obtained. The advantages of a skeleton 
representation of the foam are that struts and vertices in the foam are more 
easily defined. The skeletonization algorithm used in this work is developed 
by Reniers [ 11]. 

The curve skeleton is shown in figure 5. The "Skeleton Sandbox", the code 
of Reniers, can handle 3D images with a maximum of 3003 voxels. Therefore 
the binary 3D image with a size of 5003 is divided in eight overlapping parts 
of 3003 voxels. Each 3D image thus has an overlap of 100 voxels with its 
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neighbors. This overlap is necessary because the curve skeleton is not well 
defined at the faces of the 3D images. In figure 5, it can be ohserved that 
in the right top corner the skeleton is not computed at all and in figure 6(a) 
the skeleton at the boundary of the clomain is computecl wrongly. Therefore, 
the skeletons are overlapped , cropped by 50 voxels at the boundary faces and 
finally combinecl , see figure 6(b ). 

F igure 5: The 3D image representing the PUR foam and the cornputed curve 
skeleto11. The skdd,on is cornputecl iucorrectly in the top right corner of the 
foarn volume. 

(a) (b) 

Figm e 6: Two neighboring skeletons a;re overlapped. The red skeleton is 
cmnputecl incorrectly ncar the bounclary(a) , both skeletons are cropped and 
combincd (b) 
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3.3 Vertices and struts 

A vertex is junction of struts. Most vertices are junctions of four struts 
meeting at a mean angle of 109° [3]. The vertices contain a significant con­
centration of material. A common vertex is depicted in figure 7(a). The four 
struts meet at angles of around 109°. The edges of the triangular struts join 
smoothly. In figure 7(b), two vertices are depicted which are connected by 
a short thick strut. When this strut would have been a bit shorter, the two 
vertices would join into a single vertex with 6 struts. A solid face is depicted 
in figure 7(c), although it is a matter of definition whether this should be 
called a solid face or a vertex with 8 struts joining ( one strut is not visible 
in the figure) . 

Now that the skeleton is computed the struts and vertices have to beiden­
tified. A path following algorithm is written which follows the skeleton until 
a vertex is found. From this vertex, the path following algorithm continues 
until all vertices and struts are identified. The positions and connectivity of 
all vertices are now known. 

(a) (b) ( C) 

Figure 7: A common vertex with four struts (a), two vertices close to each 
other connected with a short thick strut (b) and a closed face ( c). 

All struts are defined as straight _lines between vertices. The strut lengths 
are defined as the distance between the connected vertices. The distribution 
of strut lengths is examined in three volumes of the foam: two volumes of 
2.53 mm3 and one volume of 1.53 mm3 and is depicted in figure 8. 
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Strul length [mm] 
0.7 

Figme 8: Strut length distribution found in the PUR foam. 

3.4 Strut thickness 

page l3 

In order to obtain the strnt thickness, a third order polynomial is ti tted 
through the voxels of the skeleton of a single strut. Cross-sect ions of the 
strnt a re made perpenclicnlar to the fitt ed curve. All voxels which nc; pn-!sent 
PUR are cletected in these slices and the shape aud size of the cross-scct ion 
are cletermincd, see figure 9. The red dots represent the skeleton voxcls , the 
green curve is fittcd through these voxels and the slices are visualizccl , with 
the black voxels represe1tting the cross section of the strut. 

The cross sectional area of the st ruts is triangnlar with a slight curvatm e 
of the edges forming a thrcc cusp hypocycloicl know as Plateau border [12]. 
The Pla teau border is not quite visible in the center of the strnts elite to 
an insnfficiont resolution of the 3D images . Near the vertices, the Platean 
border is visibk hecause the strut increases in thickne8s. 

When dctermining the cross-section of the strnts , a problern arises near the 
vertices. The strnts are not wel! clefined near th8 vertices. As dcpicted at 
the left in fignre 10, a cross section is ol>tainecl through material that clearly 
belougs to a neighboring strnt . Decause the strnts ,-u-e not well defined a t 
the vert ices, the cross sections near the vertices are not taken into account 
later on. 

The areas of the cross sections are plotted along the norrnalizecl length of 
the stru ts in figure 11 ( a). The co lor of the lines indicates the length of the 
strut . Long struts have a smaller cross sectional area than the shorter struts 
and have a more uniform cross sPction in the middle of the strut.s, as can be 
clearly seen in fignre ll(b) where the strnts are sorted depencling on t heir 
lengths. 
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Figure 9: Cross-sections of a strut of the segmented data. 

Figure 10: Cross sections derived near or at the vertices can contain material 
that clearly belongs to a neighboring strut. 
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In figure 12, the area in the middle of the struts is plotted against the stru t 
length. A clear trend is observed, with shorter struts being thicker than 
longer struts in the middle region of the struts. The information of the cross 
section in the middle of the struts is rather reliable because the struts are 
well defined here and no extra area that belongs to the vertices or other 
struts is taken into account . A third order curve is fitted through the data 
ranging from strut length 0.1 mm to 0.4 mm. There are too few data points 
for struts longer then 0.4 mm to fit the data, so the same mid area is assumed 
for stru ts longer than 0.4 mm as for stru ts that are 0.4 mm, visualized hy 
the dot teel line. 

0.03 0.7 

0.025 0.6 

0.02 o.s 'ê' 
.§. 
c5 

0.4 1 
2 

0.3 ûi 

0.2 

0.1 

normallzed strut length 

(a) 

0.01 

0.009 

0.008 

0.007 

NE 0 .006 

~ 0.005 

~ 0.004 

0.003 

0.002 

0.001 

0 
0 

□ ---- --.1-0.2 (mm} nr struts: 195 
.2 -0.3 (mm] nr st ruts : 572 
.3-0.4 [mm) nr struis: 323 

0~:_0-~~n2J _~~truts: 164 

--~-~-- - , ___ , __ , 
0.2 0.4 0.6 0.8 1 

normallzed strut length 

(b) 

Figure 11: Cross section of the struts plottecl versus the normalized length 
of the struts. 

0 
0 0 1 0 2 0.3 0.4 0 5 0 6 0 1 

strut Lt'ngth [mm) 

Figure 12: Area in the middle of the struts plotted versus t he length of the 
struts. The black line represents a thircl order fit . 
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3.5 Cell segmentation 

In order to determine the cell sizes and shapes, separate cells are identified. 
To segment the connected air bubbles in the open-cell PUR foam, watershed 
segmentation is used [13]. A 2D example, in which a binary image of two 
overlapping circles has to be segmented is depicted in figure 13. First, a 
distance transform is applied to the binary image, where every black pixel is 
assigned a value that represents the Euclidean distance to the nearest white 
pixel. This distance transform is represented with a height-plot, in figure 
13b. A local minimum is present in between the two peaks. This minimum 
is used to segment the image into two regions, see figure 13c. 

(a) (b) (c) 

Figure 13: To segment the two overlapping circles (a), a distance transform 
is applied (b). From this distance transform, a watershed segmentation is 
calculated ( c) . 

However, watershed segmentation usually results in over-segmentation due 
to imperfections in the image, as illustrated in figure 14a. Here, more lo­
cal minima are found and thus the watershed segmentation results in more 
segmented areas, see figure 14b. 

Watershed segmentation is also applicable to 3D image data. In figure 15( a), 
a slice from voxel data containing 5003 voxels is depicted after the 3D wa­
tershed segmentation is applied. It can be clearly seen that the cells are 
over-segmented. As in the 2D example with imperfect circles, imperfections 
are responsible for the over-segmentation. However, the imperfections at the 
boundaries of the cells are related to the resolution of the image. By lowering 
the resolution, the imperfections change and thus the manner in which the 
cells are over-segmented changes as well. In figure 15b the resolution of the 
voxel shape is reduced from 5 µm to 15 µm resulting in a data set containing 
1663 voxels, which leads to a different segmentation. By overlaying several 
segmentations of different resolutions, the correct cell segmentation is ob-
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(a) (b) 

Figure 14: Two overlapping circles with irnperfoctions at the eclges of the 
circles ( a). The watershed segmcntation results in an over-segmentation (b). 

tainecl, see figure 15(c) and 15(c!). Since after this procedure there are still 
some cclls split in two, sorne rnanual acljnstrnents are made aftmwanls. 
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(a) (b) 

(c) (d) 

Figure 15: A slice of the watershed segmentation of the original voxel data 
containing 5003 voxels ( a), and a slice of the watershed segmentation of the 
voxel data containing 1663 voxels. By overlaying the two segmentations (c), a 
better segmentation is obtained (d). However, it is still necessary to manually 
adjust this final segmentation afterwards. 

3.6 Cell morphology 

From these segmentations, the separate cells are examined. An isolated cell is 
depicted in figure 16(a). In order to obtain information about the orientation 
of the cell and the roundness, an ellipsoid is fitted, using a least squares 
ellipsoid fitting ['14]. In order to obtain a point cloud through which the 
ellipsoid is fitted, the convex hull of the segmented cell is calculated, see figure 
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16(b). The points which !ie on the convex hull are used as a point cloud for 
the ellipsoid fitting, see figure 16(c). The ellipsoid has some cropped faces, 
because it is plotted in the same dornain as the original segmentecl cell. Also 
the major-axis and the two minor-axes are plottecl with a magnification of 
1.2 for better visualization. 

0.2mm 

(a) (b) (c) 

Figure 16: A segmentcd cell (a ), the convex hull of the cell is computed 
in order to obtain a point cloml depicted by the blue points (b). A least 
square ellipsoicl fitting is perforrned through t he point cloucl representing the 
isolated cell ( c). The major-axis and the two minor-axes of the ellipsoid are 
depictecl with a small elongation. 

In total, 45 rompletc cells frorn a foam vol11mc of 2.53 mm3 are exarninccl. 
Incomplete cells locatecl at the bounclary and baclly segrnented cells are ex­
duded frorn the analysis. The cells have a mean volume of 0.1 4 mm3 and the 
volume clbtribution is depict.cd in figure 17(a). Most cells have a volume of 
around 0.14 nuu3 with a few larger cclls. It m11st be stated that it is possible 
that the consickrc<l volllme rnight be a bit small in order to be representa tive. 
It might l.ie possible that the examined foam has a wicler dis tribution of cell 
sizes but that there are not enough complete larger cells in the considered 
volume of foam to be analyzecl. 

The fittecl ellipsoid is usecl to extract the general shape and orientations of 
t he cells. The ellipsoicl-ratio is definecl as the length of the major-axis cliviclcd 
by the mean lengths of the two minor-axes , which have more or less the sarne 
length for all cells. A larger cllipsoicl-ratio mcans amore elongatecl ellipsoicl. 
For exarnple, a sphere has a ratio of 1. The clistribution of ellipsoicl-ratio is 
clepictecl in figure 17(b). The mean value of the ellipsoid-ratio is 1.34. The 
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orientation of a single cell is defined as the orientation of the major-axis of 
the fitted ellipsoid. The orientations of the 45 segmented cells are depicted 
in an equal area pole figure in figure 17 ( c). Here the X-pro jection is depicted 
and a clear orientation is present in the X-direction. 

25 
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Figure 17: The properties of 45 complete cells. The cell volumes, with a 
mean volume of 0.14mm3, are plotted in a histogram (a), the ratio between 
the major-axis and the minor-axes of the ellipsoids (b) and the orientation 
of the major-axis of the ellipsoids are depicted in an equal area pole figure 
( c). 

Other morphological properties of the cells are the number of faces per cell 
and the number of struts per face. In order to investigate these properties, 
the PUR material surrounding the cells is isolated, see figure 18(a). More 
precise, the vertices surrounding a single cell are isolated. This is clone by 
calculating the 3D euclidian distance transform of an isolated cell. Using 
the distance transform of the segmented cell, all vertices surrounding the cell 
which lay within a preset distance perpendicular to the surface of the cell can 
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be ident ified, see figure 18(6 ). Here the black volume is the preset distance 
perpendicular to the surface of the cell . All vert ices which lie within this 
volume form a cell together. 

(a) (h) (c) 

F igm e 18: An isolatecl ('c[l with t he surro11n<linp; foam structun~ (a), the black 
volume which should cont.ain all ver tices which form the isolatecl ccll (b) aucl 
t he ident ihecl ver t ice,; in black and strnts in reel which buik! up the isola ted 
cd l (c). 

Now tha t the corresµoncl ing vertices of the isola ted cell are identifi.ecl , as 
clepictecl by black dots in figure 18( c), t he faces of the cell are recoustructed. 
T he convex hul! clefinecl by the vert ices is cornputecl , which is a l'f!presentation 
of t he genera! shapP of t he cell in trianglcs depictecl with t he black lines. T he 
outwarcl facing face-uon nals of these triaugles are computecl. T he triangles 
which have simila r oricntatccl face-normab are defined as oue face. T he 
correspouding ve rtices nf a single face are conuectecl by stru ts s11t-ro1111ding 
t he perimeter of the face. T he cl istr ibut ion of faces per cel l is clepictccl iu 
figure 1!:J(a) and the dis t rib11 tion of st rn ts per face is clcpicted i11 figurc 19(b) . 
T he 111ean nurnber of faces per cel! is found to be 12.9 and the mean nmnber of 
stru ts per face is found to be 5.25. These results are in goocl corresponclence 
to the work of Dillarcl et al. [3] where a nickcl foam was analyzecl . T he 
analyzed nickel foarn was createcl 11sing a PUR foam template. T he mean 
nurnber of faces per cell which Dillard et al. found was 13.02 and the rnean 
number of struts per face was 5.07. 

One face is buik! up by 8 stru ts . However after examining this face, it can 
he concluclecl that an error occurred cl uring the reconst ruction of this face. 
T he cousidered cell , to which the face belongs, is near the border of the 
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Figure 19: The number of faces found per cell (a) and the number of struts 
found per face (b). 

analyzed foam volume. It happens to be that one vertex of this cell lays 
outside the analyzed volume, see figure 20(a). Due to the limitations of the 
skeletonization algorithm at the boundaries of the volume, too many vertices 
are identified and the connectivity of the faces is reconstructed incorrectly, 
see figure 20(b). This also influences the surrounding faces. The correct 
reconstruction of faces is depicted in figure 20( c), which is dorre manually. 

(a) (b) (c) 

Figure 20: One vertex is outside the analyzed volume (a). The vertices are 
identified incorrect leading in an incorrect reconstruction of the faces. The 
number of struts per face is written on the faces (b ). Manual reconstruction 
of the faces(c). 
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3. 7 Discussion 

In order to extract important foam properties , a 3D image of a piece of PUR 
foam was made using X-ray CT . The skeleton of the foam structure was 
computed . Using the computecl skeleton , the strut length distribution and 
cross-sectional areas of the struts were obtainecl . A watershed segmentation 
of the air-bubbles, called cells, was computed. By examining the segmented 
cells, the cdl morphology was analyzed resulting in properties like the cell 
volume, orientation and anisotropy. Also the number of faces per cell and 
the~ number of strn ts per face of t he individnal cells werc ohtaincd. T hese 
obtainecl foam properties will be usccl as inpnt for a periodic finite clement 
foarn mo clcl, which wilt be discussecl in the fo llowing chapter. 
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4 Periodic foam model 

In order to model foams, it is convenient to create a periodic foam geome­
try. By using a periodic geometry it is possible to simulate a small domain. 
By doing this the numerical costs are kept low. The periodic foam model 
is created from a periodic skeleton, obtained from a 3D periodic Voronoi 
tessellation, where a 3D mesh is built around the struts of the skeleton. 

4.1 Periodic Voronoi tessellation 

Voronoi tessellation is used to create a 3D skeleton. This skeleton is used 
as a template to create a 3D finite element model of an open-cell foam. A 
Voronoi tessellation is a partition of space around a set of seeds. In 2D every 
partition of space is the area that is closest to a single seed and in 3D it is the 
volume of space closest to a single seed. In figure 21, a Voronoi tessellation 
of four seeds is depicted. 

Figure 21: Voronoi tessellation of 4 random seeds. 

A Voronoi tessellation can be made periodic by duplicating the original seeds 
to all adjacent regions. After applying the Voronoi tessellation, the center re­
gion, in which the original seeds are positioned, is now a periodic tessellation, 
as shown in figure 22 for the seeds of figure 21. 

In figure 22(b) a rectangle is taken as the periodic region. By just taking a 
rectangular region it is possible that a vertex will lay on or near the bound­
ary. By taking a rectangular region also the struts are cut at random angles. 
These features of a rectangular periodic region results in difficulties when 
placing a periodic mesh around the skeletons as described later on in section 
4.5. Therefore the struts, which run through the faces of the rectangular 
periodic region are cut perpendicular at the center of these struts, as de­
picted in figure 22( c). Resulting in a periodic tessellation without straight 
boundaries, see figure 22(d). 



Cellula r solicls Perio<lic foa rn model page 25 
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Figure 22: The four seecls, from figure 21 , duplicatecl to the adjacent regious 
(a), and the resulting pcriodic tcsiciellation (b). It is also possible to extract 
other perioclic rcgions from the tessellation ( c ). Here the perioclic boundaries 
run through t he center of the struts (cl). 
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A periodic foam model has the advantage that the finite element simulations 
can be conducted with periodic boundary conditions (PBC), which will be 
explained in section 4.6. PBC are useful in order to keep the finite element 
model small and thus keep computational casts low. 

4.2 Kelvin cell 

Lord Kelvin [10] proposed a tetrakaidecahedral cell to model the structure of 
three-dimensional open-cell foams, commonly called a Kelvin cell, see figure 
23(a) . The Kelvin cell almost minimizes surface area, which indicates that 
it is a good representative cell for open-cell foams. Each cell consist of six 
square and eight hexagonal faces and every edge has the same length. The 
edges meet at tetrahedral vertices and the cell centers are arranged according 
to a body centered cubic (BCC) lattice. 

Zhu et al. [4] analytically showed that a Kelvin cell is almost isotropic. When 
the cross sectional area of the struts are triangular an elastic anisotropy 
factor of 0.964 was determined. This means that the Young's modulus E[m] 

is related to E[100J by: 

(4) 

Kelvin cells are obtained from the Voronoi tessellation of seeds placed on a 
BCC lattice. A representative volume element (RVE) describing the Kelvin 
cell is made by cutting the struts which run through the faces of the RVE in 
halve, see figure 23(b). 

(a) (b) 

Figure 23: A single Kelvin cell (a) and the periodic RVE describing a Kelvin 
cell. 
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4.3 Perturbated Kelvin cells 

In order to create less regular foams the seeds of the Kelvin cells are per­
turbatecl before tessellation. The locations of seecls S~ placecl on the BCC 
laticce are perturbatecl with a perturbation vector p by: 

(5) 

where 7Ï;; has an approximately random direction and a uniform clistrihnted 
amplituclcè rnnging between prcset valucs. 

By applying a Voronoi tessellation to the set of perturbed seeds S a more 
random cellular structure is obtainecl which, clepencling on the arnplit11dc 
of µ;, varies hetweeu I(clviu cdls and a random Vorouoi structm 0,. vVhcn 
more random Voronoi struct ure:-; are consiclercd , the morphology of the cdls 
changes as depicted in figure 24. Cells with 5 struts per face are p rc::;eut in 
the foam st ructmes perturbed with an amplitude of 0.2 mm, see the pink 
cell in figm e 24( c). 

( a) ( b) ( C) 

l d) ( el (f ) 

Figure 24: Kelvin cells (a), (d) , Kelvin cells perturbatecl with lr~ = 0 - 0.1 
mm (b) , (e) and Kelvin cells pertnrbated with IJJ1 = 0 - 0. 2 mm (c:) , (f). 

The strut length clistribution changes from a uniform strut length in the 
Kelvin c:ell , to a clistribu tion similar as in real foams to a distribution com­
mcm for random Voronoi tessellatiom,, as depic:t ed in figure 25. All three 
clis tributions have a mean strut length of 0.29 mm. 
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Figure 25: Strut length distribution found in a real foam and in perturbated 
Kelvin cell tessellations. 

4.4 Anisotropic Kelvin cells 

As described in section 3.6, the cells found in the examined PUR foam have 
an ellipsoidal shape, and are therefore anisotropic. The ratio between the 
major-axis and the two minor-axes is obtained. The mean ellipse-ratio is 
used as an input to affinely stretch the skeletons of the Kelvin cells and 
perturbated Kelvin cells. One direction is multiplied by the ellipse-ratio and 
the other two directions are divided by the ellipse-ratio in order to obtain 
orientated anisotropic cells, as depicted in figure 26. 

( a) (b) 

Figure 26: Affinely stretched Kelvin cells (a) (c) and affinely stretched Kelvin 
cells perturbated with lfi1 = 0 - 0.2 mm (b) (d) 

4.5 Mesh generation 

As shown in section 3.4 the ligaments of the foam are of triangular shape and 
the cross section of the ligament changes along the length of the ligament. 
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The Voronoi tessellation is a vertex-strut representation of the foam. In order 
to make a mesh, bearns with equilateral triangular cross sections are meshed 
around the struts of the tessellation. The mid section areas Ao of the struts 
are obtained from the data clepicted in figure 12 and are given by: 

A0 (0.1 mm < L < 0.4mm) 

Ao(L > 0.4mm) 

- 0.08741} + 0.ll 71L2 
- 0.0507 L + 0.00~!i) 

Ao(L = 0.4mm) 

where L is the length of the strut considerecl. The faces of the cquilateral 
triangle, placed arouncl the struts, are oricntecl by the unit face uonnals iV.;, 
with i = 1, 2, 3, such that the sum of the angles between the face normals 
aud the in-plane vcctors towards t he corresponding cel\ centra C; of tlw 
ncighboring cclls is as small as possiblt\ see figure 27(a). The vedorn t; 
dcscribe the distancc and direction of the points on the cdges of the triangular 
strut to the center of the strut. The variation in strut cross sectio11 is also 
describcd by /~ hy: 

· - ( 2 • ~) -, l( E,, ; l0 ); = - 0.0043ç - 0.ü043ç + y ~ · N; (7) 

where ç is the uorrnalizcd strut length ranging between -1 and 1, so that 
when f, = 0 the vectors t; span the a rea A0 . The vectors [; are 11secl to place 
nodes aro1111d t he skdeton struts obtained from the Vorouoi tessellation . [n 
figure 27( b) the geornetry of a single strut is visualizecl. 

The mesh generntion is explainecl here. First, al nocles are placed aro11ncl the 
skeleton st ruts obtained from the Voronoi tessellation, sec figure 28(a). Then 
all nodes which lie close to eétch other in the vertices are swept and a Delaunay 
triangulation is computecl resulting in a convex tetraheclron mesh. Therefon, , 
a sirnpk nüection metliod is written to delete large tctrahedrons resulting in 
a concave tttcsh , see !igure 28(b ). T l1e rcject ion rnethod is based on t.hc fact 
that the dimensions of the elements iu the desired mesh are known. ln t.hc 
vertices some adclitional elemcnts are automatically aclclecl Ly the Delaun a:v 
triangulation. However these 'extra' elements are not unclesirecl. The way 
these vertices are meshecl greatly resembles vertices found in a real foam 
structure, as can be seen in figure 29(a) and (b). The amount of extra 
added clements in the vertices is clepenclent on number of struts and the 
angle between these strnts. Sharp angles create more aclditional clements, 
as can be seen in figure 29 (c). Here six struts meet at a single ve rtc,x , and 
adclitional elements are placecl hetween the upper two struts which meet at 
a sharp angle, rcsulting in an un-realistic vertex. 
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cell centra 
j ,_,,,_ __ 

(a) (b) 

Figure 27: The faces of the triangular struts are placed in such a way that 
the sum of all angles between the face normals IV and the vectors pointing 
towards the cell centra ë surrounding a strut is as small as possible (a) . A 
representation of the geometry of a strut after meshing the skeleton struts 
(b). 

(a) (b) 

Figure 28: Nodes placed around the foam skeleton (a). After deleting speci­
fied tetrahedrons the concave foam mesh is obtained (b). 
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(a) (b) (c) 

Fignre 29: A vertex extracted from the PUR foarn ( a) , a realistic vertex as 
modeled in the fini te element mesh (b ) , and a un-realistic vertex as modelecl 
in the tini te clement rnesh ( c) . 

Tl]() mesh of the Kelvin cell ('Ont.ains 011t of approximately 12.000 te tra­
heclrons. Ment.at is uscd to couvert the linear tetraheclrons into q11 aclrrttic 
tetrahedrons. 

4.6 Periodic boundary conditions 

The foarn is subjected to perioclic bounclary conditions (PBC). In figure 30(a) 
a 2D view of the PBC is given. Sincc there are not always physical nodes on 
the corners of the RVE, the clun:11ny nocles D;, with i = 1, 2, 3, 4, are 11sed to 
prescribe clisplacements or loads onto the RVE. The dummy nodes are nocles 
which lie frecly at the corners of the TIVE, thus without being at tachee! to 
any liuite element [15]. lil fi gure 30, the black box reµr csents the RVE, t he 
grny struts reprcscnt the strnts at the boundary faces, the reel liues represent. 
the periodic links between the strnts and the black dots represent the dummy 
nodes. The Pl3C are written as: 

ÜR Ü1, +üm -ü01 (8) 

17,T' ÜB + ÜD3 - 110 1 (9) 
'Up 'UA + Üo4 - Üo 1 (10) 

·i1,rr 'ÛLB + Üm + 'Üoa - 2'i101 ( 11) 

Ü1w ·111,A + 'Üm + 1104 - 2·i1o , (12) 

11rp ÛBA + 11D3 + Üo4 - 21101 (13) 
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where il, are displacements and the subscript indicates the nodes which are 
prescribed: Right, Left, Top, Bottom, Front, bAck and the Dummy nodes 
1-4. 

The boundary conditions are depicted in figure 30(b), where uniaxial com­
pression in the y-direction is depicted. The displacement node D1 is fixed in 
all directions, D2 is fixed in y-direction, D 3 is fixed in y- and z-direction and 
an displacement is applied to D4 . In this manner the foam sample is free to 
contract. 

Bottom 02 

(a) (b) 

Figure 30: 2D representation of the periodic boundary conditions (a) and 
the boundary conditions describing uniaxial compression (b). 

4. 7 Material model 

The EGP model [9] is used as a constitutive model to describe the PUR 
material. The stress-strain response for a rejuvenated polymer is depicted in 
figure 31. To properly describe glassy polymers, a distinction is made between 
the contribution of secondary interactions between polymer chains, which 
cause the (visco-)elastic properties at small deformations, and the entangled 
polymer network which governs strain hardening. This decomposition is 
described as follows: 

(14) 

where o- is the Cauchy stress, u s is the driving stress and o-r the hardening 
stress. The driving stress o-s is given by: 

(15) 
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where G'reJ(i) is the his tory independent rejuvenated stress and b.ay(S) the 
history depenclent transient yield drop [16]. In this work the history parame­
ter S is set to zero, so the the history depenclent transient yield drop b.ay(S) 
is not taken into account. The harclening stress a ,- is given by: 

(16) 

where C,- is the strain harclening modulus aud ËJd the deviatoric part of the 
isochoric left Cauchy-Green cleformation tensor. 

b 
tl) 
tl) 
Cl) 
'­.... 

Cl) 

Orei 

Strain E 

Figurc 31: Schernat ic stress-strain response of the EGP model for the rejuve­
natecl state and a clecomposition of the Cauchy stress in two separate stress 
contribnt ions: the rejnvenatecl strr:ss G'rej and the harclening stress a , .. The 
slope Gr is the strain harclening modulus. 

4.8 Discussion 

As shown in section :.l. G, the rnean number of faces per cell equals 12.9 and 
the number of struts per face equals 5.25 in the examined piece of PUR foam. 
Most faces in the consiclerecl PUR foam consistecl of 5 struts. The Kelvin 
cell on the other hand has no faces consisting of 5 struts and has 14 faces. 
Howcver previous studies indicatecl that the Kelvin cell is an adeq11 ate space 
filling cell structnre in order to model open-cell foams [6]. 

A more random foam structure with a wider stru t length clistribu tion and 
cell size distribution is created by perturbing Kelvin cells. The strut length 
distribution of these less regular foams shows goocl comparison with the strut 
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length distribution as found in the examined PUR foam. In these less regular 
foam structures, faces consisting of 5 struts do occur, as can be seen in figure 
24(c) and (f). Thus the influence of cell morphology can also be investigated 
using these less regular foam structures. 

In chapter 3.6, it was shown that the cells, in the examined PUR foam, have · 
an anisotropic geometry and are orientated in one direction. By affinely 
stretching the Kelvin cells and perturbed Kelvin cells, this foam feature is 
also introduced in the periodic foam models. The influence of anisotropy can 
be studied with these anisotropic foam models. 
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5 Results 

In this section the results of the simula tions are discnssed and compared 
with a reference experiment and simulations. The compression behavior 
of increasingly less regular foam structures is investigated. The volumetrie 
response of a Kelvin cell in compression and tension is also examined. 

5.1 Reference experiment and simulations 

In order to obtain a reference for the simulations, an experiment is carri f!<J 
out on the samc PUR foam sample as was used for the image analysis as 
clescriued in diapter 3. The dirnensions of the foam sample and the strnin rat(·\ 
are givcn in table 1. Compressioll is appliecl. The exp()rirnental procecl11re 
and conclitions are further describecl in the work of vVismans [8]. The stress­
strain response obtained is shown in figure 32. First , an elastic regime is 
visible, followed by a plateau stress. 

Tahlc l: Sample clirnensions 

Sample volume [rnm3] 

Experimmt 7r x 29 .252 x 32.5 = 8.7 x J04 

Sirnulation 4 x 4 x 4 = 64 

Three simula tions carriecl ou t by Wismans are also nsecl as a reference. These 
reforencc sirnulations are perfonnecl with a mesh which is clirectly made frorn 
the scanned micro structure of the P UR foam US(X i for the experiment . The 
EGP model is usecl for the polymer rnaterial, see table 2. Three referen ce 
sin111la Lions are carriecl ont , wherc uniaxial comprcssion between two platcs 
is applied in the x- , y- and z-dircetion. Syrnmctry boundary conclitions an i 

used , as describec.l in \iVismans [8 j. 

In the sirnulated mechanica! response, also an initia! clastic regime is ob­
servecl , followcd by a plateau stress. The plateau is incluced by the visco­
plastic materia l behavior crcating plastic hinges in the foam. The referen cc 
sirrmlations clearly show the anisotropic propcrties of the PUR foam , as cle­
scribed in section 3.5 and shown in figure 32. The stiffness of the foam is more 
or less the same when cornpressecl in the y- and z-clirection, but the st iffness 
of the PUR foarn is significantly higher when cornprcssed in the x-direction. 

The reference experiment and sirnulations are in goocl agreement. The clirec­
tion of compression, applied in the reference experiment , is pcrpenclicular to 
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Figure 32: Reference experiment and the reference simulations. 

the cell orientation in the foam sample. Therefore, the response of the exper­
iment is in agreement with the reference simulations in y- and z-direction. 

The plateau stress is a bit higher in the reference simulations than in the 
reference experiment. A possible explanation is that the considered volume 
of the reference simulations is too small. Another explanation is that the· 
material properties, used in the reference simulations and given in table 2, · 
are not precise enough. 

5.2 Kelvin cell 

First, a Kelvin cell is used to model the mechanica} response of the PUR 
foam. As explained in section 4.2, a Kelvin cell is a cell structure widely 
used in literature to simulate the mechanica} behavior of foams. Here, a fully 
three-dimensional mesh of a Kelvin cell with a Mooney-Rivlin material model 
is made. The material properties can be found in table 2. The variables of 
the mesh are the strut length, which automatically correlates which the cell 
volume, the mid area of the strut and thickness variation of the cross sectional 
area. The strut thickness correlates with the relative density of the foam. 
The struts of the Kelvin cell have a ti-iangular cross sectional area without a 
Plateau border. All properties are summarized in table 3. 

The Kelvin cell is subjected to uniaxial compression and the global stress- . 
strain diagram is depicted in figure 33. The Kelvin cell responds with an 
increasing stress, without a clear distinction between an initia} elastic region 
and a plateau stress. No buckling of struts is present because the geometry 
is symmetrical. The deformed mesh and the resulting von Mises stress are 
depicted in figure 34(a). The stress concentrates in the struts near the ver­
tices. As can be seen in the cross sectional slice of the struts, as depicted 
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Table 2: The bulk modulus K, shear modulus G and hardening modulus G" 
which are used in the material models. 

,.,, [MPa] G [MPa] G,. [MPa] To T/O So µ 
EGPM 30 140 2.6 0 .07 3.1010 0 0.08 

Mooney-Ri vlin 30 140 - - - - -

Table 3: The micl area of the struts A0 , strn t length L , relat ivc rl.em;ity cp 
and volume of t he Kelvin cell 

L [mm] volume [mm' ] 
Kelvin cell 0.0017 0.29 0.031 0.2759 

in ligm e ~14(a), the pcak stress is locatccl in the point of the trinngnlar cross 
section which points in the direction of compression. 

T he response of the Kelvin cell is ::t lso obtained using the EGP model. The 
material proper ties are summarizecl in table 2. T he global stress-strain dia­
grmn is depicted in figure 33. T he ini tia! response is slightly st iffer than the 

Iooney-Rivlin model followed by a slight ly ::;tiffer responsti. This is due to 
the hardening in the edges of the struts. lu this simulation , a clear clistinction 
between a n dastic regiem and a plateau stress is visible. The visco-plastic 
material behavior results in plastic regions in the struts, resulting in more 
uniform stre::;s clistribution in the strn ts, see figure 34(b ). These rcgions form 
nen,r the vertices of the foam creating plastic hinges. There is no huckling 
present in this simulation because the geornetry is symmetrical. 

From these two sirnulations, it can be conclmlecl that the cornbination of 
the rnicro-strnct11rn a nd a proper matcrial dcscript ion is c:ss,-~11tial to dc::;cribe 
the mechanica] response of foarns. In comparison to t he refen~ncc simula­
tions , whcre the rnaterial descript ion and the micro-::;tructure are considerecl 
" perfect" , it is shown that a very sirnple micro-structure with a goo cl clescrip­
tion of the material yields quantitat ively goocl results. However the initia! 
stiffness and plateau stress are too high . 

5.3 Plateau border 

In chapter 3.4, the cross section of the stru ts was examined. Here, a Plateau 
border was observed in the cross sectional area of the struts as also dcscribed 



Cellular solids 

20 ,~-~ 
18 =:::::;!:y 
11 - KCMR 

- KCl!GP 

Results 

o.os 0,1 0.15 0.2 
Stralnr.(-1 

page 38 

Figure 33: The stress-strain response of a Kelvin cell (KC) with the Mooney­
Rivlin (MR) and the EGP material model. 

'=! 
0 

(a) (b) 

Figure 34: Equivalent von Mises stress field of a Kelvin with a Mooney­
Rivlin material model (a) and the EGP model (b) compressed in the vertical 
direction. Cross sections of the triangular struts are depicted. 
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by [6]. To investigate the influence of snch a Plateau border , the Kelvin 
cell, as describecl in section 5.2 , is given a Plateau border cross section with 
the same area, see figure 35. The stress-strain diagram of the simulation is 
clepictecl in figure 36. 

The response of the model which includes the Plateau border is stiffer and 
stronger than the model without the Plateau border cross section. After a 
strain of 0.15, the model which includes the Plateau border shows a clear 
softening. This softening behavior is because the geometry is not perfectly 
symmetrie, cluP to tl1<=1 meshing methocl of the vertices, and t he struts of the 
Kelvin cell start to b11ckle. 

The initially stiffer response can be explainecl by the fact that the second 
moment of inertia of the Pbtea11 border is larger than the second moment 
of inertia of the triaugular cross section. Keeping this in rnind, the mocleling 
of the plateau bordt! r is not incluclecl in further simulations. 

(a) (b) ( c) 

Figure 35: The cross sect ional area of the struts in the CT rneasurements of 
the foam , wherc (a) shows the cross section as fouud in t.he foam, (li) the 
cross t>ection as meshed without a Plat.eau border and (c) a cross scctinn with 
the same area as (h) b11t with a Pla teau border. 

5.4 Perturbed Kelvin Cells 

A Kelvin cell is a perfectly symmetrical representation of a foam st ructurc. 
However as described in chapter 4.2 these cells are not commonly founcl in 
real foams. Therefore, to obtain a more random foarn, perturbed Kelvin cells 
are createcl as clescribed in section 4.3. The simulations perforrned on these 
geornetries nse the EGP model as a material model because of the importance 
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Figure 36: The stress-strain curves of a Kelvin cell (KC) without and with 
a Plateau border (KC PLB). 

of using a proper constitutive description and no Plateau border is included, 
as discussed above. 

Several models, with different amplitude of perturbation p, are created in 
order to investigate the influence such a perturbation of a grid of Kelvin 
cells on the response, see table 4. The stress-strain response is depicted 
in figure 37(a). Due to the method of meshing, the geometry the relative 
density increases with larger amplitude of perturbation p. This larger relative 
density is the reason for the increasing stiffness. The elastic responses of 
the perturbed foams are scaled by the relative density </> times the Young's 
modulus of PUR Es , according to equation (2). The scaled elastic responses 
are now approximately equally stiff, see figure 37(b ). The fact that the 
perturbed foams have a wider distribution of strut lengths does not influence 
the initial scaled stiffness of the foam. lt is shown that the Kelvin cell and 
the perturbed foams have a too stiff elastic response in comparison with the 
reference stress-strain responses. 

Table 4: The details of the different simulations are given here: simulation 
name, number of cells, relative density </> and the amplitude of the perturba­
tion vector IIP11 -

No. of cells </> Perturbation IIP11 [mm] 
KC lxlxl=l 0.031 none 

8 KC p=0.l 2x2x2= 8 0.031 0.1 
16 KC p=0.1 4 X 4 X 1 = 16 0.031 0.1 
8 KC p=0.2 2x2x2=8 0.036 0.2 
16 KC p=0.2 4 X 4 X 1 = 16 0.036 0.2 
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However , the perturbations do create weak spots in the foam, which leads 
to local buckling of some struts resulting in a lower plateau stress, see figure 
37. The buckling of some struts leads to a collapse band which runs , more or 
less, horizontal through the foam, see figure 38(c) and (cl). The PBC enforce 
the horizontal localization bands, because the localization band has to be 
perioclic as well. 

10 , 
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Figure 37: The stress-strain responses of perturbed K<~lvin cells with different 
amplitude of pertnrbation and different number of cells(a) and the scalcd 
elastic responses (b) . 

5. 5 Kelvin cell: anisotropy 

A Kelvin rel! reprcsents an isotropic foam [4] . Howevcr , as discussecl in sec­
t io11 3.5 , the cells in the Pxa111inecl PUR foarn a re anisotropic and oricntated. 
T hcreforc, an aili11e stretch is appliod to the geornetry of the Kelvin cell 
to obtain an anisotropic cell. The anisotropic Kelvin cell is subsequently 
cornpressed in x- and y-d irection, see figure 39. As can be seen , a clear clif­
ference in responses between the x- and y-clirection is visible. Whereas the 
y-direction has a respom;c which is in goocl agreement with the reference 
simulation , the x-direction is much stiffcr. An explanation for these finclings 
eau be that wheu cornpressing in the x-dircc tion, the orientation of the sin­
gle anisotropic Kelvin cell is perfectly in line with the appliecl compression, 
which makes it very stiff. In a real foarn the orientations of the cells are 
not perfectly aligned , and therefore the big clifference in response in different 
dircctions is much smaller. 
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(a) IP1 = 0.1 mm (b) IP1 = 0.2 mm 

6.0 KPa 

0.0KPa 

(c) \P1 = 0.1 mm (d) IP1 = 0.2 mm 

Figure 38: The undeformed meshes (a) & (b) and deformed meshes (c) & 
( d) for different amplitudes of perturbation p. The von Mises stresses are 
depicted. 
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Figure 09: Response of the anisotropic Kelvin cell (KCA) loaded iu the y­
clirection (a) and loaclf,d iu x-direction (IJ). 

The anbotropic Kelviu cel l which is cornpressed in the x-clirection sl1ows 
an extreme softening. Agaiu this is because t he geometry is not perfcctly 
symmetrical due to th0- meshing method. A slight imperfection in the mesh 
n \s11l ts in l>uckling of the stru ts leading to this softening. 

5.6 Anisotropic perturbed Kelvin cells 

T he anisotropic Kelvin cell is also perturbed to investigate the influence of 
irregularities in the foarn structure, see table 5. The results are clepicted in 
figure 4O(a) and (b). The sarne conclusions can be made as in sect ion 5.4. 
l3y creating amore random foam , weak spots are present in the foarn which 
lead to a lower pla teau stress. A perturbation p with an amplitude of 0.2 
yiddR goo cl res11l ts when c.ornpared with the reference sirn11la tions fo r loading 
i11 the y-clirection. Howevcr, when loaded in the x-dircct ioll , the n !sponse is 
still too stiff and the plateau stress is too high. The most likcly explauation 
is tha t t he orientation of the a11isotropy iu the sirnnlated foarns is too perfect, 
leacling to perfect ly aliguecl struts in the direction of compression. Whereas 
the magnitude of anisotropy found in the real PUR foarn is accountecl for , the 
distribution of this orientation is not taken into account in these simulat ions. 
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Table 5: The details of the different simulations are given here: simulation 
name, number of cells, relative density </J and the amplitude of the perturba­
tion vector IIPII-

KCA 
9 KCA p=0.l 
9 KCA p=0.2 
27 KCA p=0.2 

10 

0.05 0.1 

Nr. cells 
l x l x l= 1 
3 x 3 x 1=9 
3 x 3 x 1=9 
3 X 3 X 3 = 27 

_... KCA alm. y 
- 9 KCAJ>"0.1 1im.y 
- 9 KCA p-0.211m.y 
_._27KCAp-0.2 11m.y 

0. 1!5 0.2 
Slrain r (-J 

(a) 

<P 
0.031 
0.031 
0.033 
0.033 

20 ,. ,. 
" 

Perturbation IIPII [mm] 

. . . 
, , 

none 
0.1 
0.2 
0.2 

- Rilf. eq,. 
-Rat. llim. y 
•• • ~f. lim. ll 
- KC 
~ KCA. alm. y 
--• KCA.aim. x 

, _._27KCA.p-c>.2Mn.y 
, •--27 KCA. pOIQ.2UTl a .. ................. ... . .. "' 

0.05 o., 0.15 
St,..,rt-J 

(b) 

0.2 

Figure 40: Response of a perturbed anisotropic Kelvin cell loaded in the 
y-direction (a) and also loaded in x-direction (b) . 
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5. 7 Volumetrie response of open-cell foams 

As was shown by the numerical simulations of Wismans [8], the volumetrie 
response J , given by: 

J = V/Vo (17) 

of open-cell foams is remarkable, as depicted in figure 41. In compression, the 
volume decreases as expected. However, in tension a small increase in volume 
is observec\ followecl by an clecrease in volume. It was shown by Wismans 
that the transverse orientated strnts in the foam start to budde, resulting in 
a decrease iu macroscopie volume of tlw foam. 

''I 
1.05 

1 
::c 1 

0 .95 1 

•-•I 1
-Wismans l 
- KC 

o.es1 J 
-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2 

Strain t [-] 

Figure 41: The volumetrie response of a Kelvin cel! (KC) and the volume 
response of a realistic foam model [8]. 

The results of 'vVismans are compared with the volumetrie response of a 
Kelvin cel! . The quantitative volumetrie response of the Kelvin cell is similar 
to the volumetrie response observed by Wismans. T hf! deformecl statcs of 
the Kelvin cel! in compression an<l tension are depictecl in figure 42 . In 
tension , the cliagonally oricntated struts bene! in au S-shape, which resul ts 
in a clecrense of macroscopie volmne of the foam. The struts wlüch are 
orientated perfoctly perµcndicul ar to the tensilc direction do not rlefonn. 

The volumetrie response is also computed for two pertnrbecl foam strnctmes, 
an anisotropic Kelvin cell and a perturbed anisotropic foam structure, see 
figure 43. The volume response for the perturbed foam structures does not 
seem to improve comparecl with the volume response of the Kelvin cel!. The 
overall shape is quantitatively the samen , hut qualitatively the volumetrie 
response does not improve. When considering the volume response of t he 
anisotropic foam strnctures it can be concluclecl that the response in strain is 
not representative for real foams. The anisotropic foam models are too stift 
in the x-clircction, see figure 44. When stretching the anisotropic cells in the 
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Figure 42: The deformed compressed Kelvin cell (a) and the deformed 
stretched Kelvin cell (b). The von Mises stress field is plotted. 

y-direction, the contraction in x-direction is too small for a drop in global 
volume. 
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Figure 43: The volumetrie response of a Kelvin cell (KC), the volume re­
sponse of a realistic foam model [8], of two perturbed models, a anisotropic 
Kelvin cell (KCA) and perturbed anisotropic Kelvin cells. 

5.8 Discussion 

By investigating increasingly less regular foam structures, the important fea­
tures of the micro-structure are obtained. The most important foam charac­
teristics in the elastic region are the relative density </>, the cross sectional area 
of the struts, cell shape and cell orientation. These properties are important 
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6.0 KPa 

0.0 KPa 

(a) (b) 

Figure 44: T lw undeformed anisotropic Kelvin cell (a) and the stret.ched 
anisotrnpic Kei vin ccll (b). The von Mises stress is depicted here. 

when cm1sidcriug the st.iffncss of the foam. 

The êt11tpli t udc of the plateau stress is govem ecl by the weaker regions in 
the foam, the cross soctional area of the struts, cell slmpe and orientntion. 
Whcn the reg11larity of a foam structure clecreuses, the variation in strcngth 
throughout the volume of the foam increases, rcsulting in weak spots where 
bnckling of strnts ini tiates earlier. Hence, a lower plateau stress is the result . 
The cross sectional area also influences the strength of the foam. Stronger 
stru ts lead to a higher platea11 stress. 

The vol11metric response of a Kelvin cell quantitatively clescribes the vol11-
metric response of foams very well. The volume clecreases in compressinn, 
incrcases with small teusile strnins and clecreascs again when larger tcnsiln 
strains are applied. 
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6 Conclusion 

The micro-structure of a PUR foam was examined. X-ray CT was used 
to obtain 3D images and image analysis was performed in order to extract 
important foam properties from these images. The skeleton of the foam 
structure was computed. Using the computed skeleton, the strut length 
distribution and cross-sectional area of the struts was obtained. A watershed 
segmentation of the air-bubbles, called cells, was computed. By examining 
the segmented cells, the cell morphology was analyzed, resulting in properties 
like the cell volume, orientation and anisotropy. Also the number of faces per 
cell and the number of struts per face of the individual cells were obtained. 

A periodic foam geometry was created using a periodic Voronoi tessellation. 
The struts obtained from the tessellation were used as a template for a 3D 
finite element mesh consisting of quadratic tetrahedrons. The tetrahedrons, 
containing four nodes, were placed using a 3D Delaunay triangulation, and 
converted into quadratic tetrahedrons afterwards. 

To investigate the importance of the different foam characteristics, increas­
ingly less regular foam structures were created. The Kelvin cell was the most 
regular foam examined. The mean cell volume, strut thickness and change 
in cross sectional area were the input for the 3D geometry of the Kelvin 
cell. The volumetrie response and mechanica! response were computed and 
compared with a reference experiment and simulations. It was shown that 
a proper intrinsic material description was very important to properly de­
scribe open-cell PUR foams. The geometry of a Kelvin cell quantitatively 
shows similar response as the references, for both the volumetrie and the me­
chanica! response. However, qualitatively, the Kelvin cell was a too simple 
representation. The influence of a Plateau border cross sectional area was 
investigated, resulting in an overall stiffer and stronger response. 

A more random foam structure with a wider strut length distribution and 
cell size distribution was created by perturbing Kelvin cells. The strut length 
distribution of these less regular foam compared well with the strut length 
distribution as found in the examined PUR foam. Also the foam morphology 
of these structures show better agreement with real PUR foams. However, 
the elastic response remains more or less the same as for regular Kelvin cells. 
The plateau stress decrease, because there were weaker regions present in the 
foam. 

By affinely stretching regular Kelvin cells and perturbed volumes of Kelvin 
cells, the influence of cell shape and orientation was investigated. The me­
chanica! response, of these anisotropic foam structures, was in very good 
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agreement with the reference experiment and simulation when compression 
is applied perpenclicular to the cell orientation. When the compression rli­
rect ion is alignecl with the cell orientation, the mechanica! response was far 
too stiff. This too stiff response can be clue to the perfect alignment of all 
cell orientations with the clirection of applied compression. 

The most important foam characteristics in the elastic region were the rcl­
ative clensity <P, the cross sectional area of the stru ts, cell shape and cell 
orientation. These properties were important when consiclering the stiffness 
of the foam. 

However , whcn consiclering the amplit ncle of t he plateau stress, the variatiun 
of strength throughout the foam plays an important role. When the reg­
Hlarity of a foarn decreascs, weak spots arise which initiates local lmckliug 
of strut.s. Hence, a lower platean s tress is the result. Of course, the strut 
thickness, cell shapl~ and oricntation play an important role as well in the 
height of the plateau ::,trcss. Stronger strn ts and cells lead to a higher plateau 
stresH. 

The volume re::,pon::,e of tl1e Kelvin cell did quanti tat ively cleHcribed the vul­
urne change as found iu real foams. However qualitatively it clirl not describe 
the volume response sufhcient ly. The less regular foarn modds showed similar 
resul ts, were the quantitat ively volume response was goocl , but quali tatively 
not. T he anisotropic foam rnoclels did not correctly de::,cribe t he volume 
response which is typical for real foarns. 

7 Recommendations 

A Kelvin cell was used as a starting point in this work. Howevcr the mor­
phology of a. Kelvin cc,11 does not compare well with most cells fou11cl in a n ·n,l 
P UR fuarn. Another periodic cell structUff) which resemhleH the morphology 
of PUR foam rnon) is a vVeairc-Phelan structure. It coulcl be iuten ):-;ting to 
inve::,tigate this structure as well. 

In the Kelvin cell and the less rcgular foam structure::,, the struts do not meet 
at 109.8° in vertices. In the Kelvin cell only angles of 90° and 120° are preseut 
and in t he less regular foams even sharper angles are not uncornmon. An 
improvement can be made here in creating foam models . .J ang et al. [6] usccl 
a. program callerl "surface evolver", among other techniques and purposes, to 
create vertices with more realistic angles between struts. However , it could 
be possible to use other techniques to solve these problcms. 



Cellular solids Recommendations page 50 

In this work, Voronoi tessellation is used to create foam templates. It could 
be useful to use a weighted Voronoi tessellation in order to create a periodic 
foam. A weighted Voronoi tessellation takes into account cell size information 
from single seeds. Making it possible to create foam structures with a wider 
distribution of cell sizes [6]. The original cell centers, obtained from the 
CT-scan, can be used as seeds for the (weighted) Voronoi tessellation. 

Affinely stretching the isotropic foam models to create a anisotropic foam 
model results in a too stiff response in the direction of stretching. Another 
manner to introduce anisotropy should be implemented in order to properly 
model anisotropic foam models. 
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