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Abstract

The main conclusion in this report is that there are possibilities of random walks on a ladder graph
which are transient to the left, but for which both layers of the random walk are transient to the

right. In this report we will start giving a short introduction and some theorems. After that we will
go into random walks in random environments (RWRE) in one dimension. We will explain the
random environment, give some applications of RWRE’s and give and prove the criteria for
recurrence and transience of an RWRE in one dimension. In the end we will explain random walks

on a ladder graph and show an example of a random walk on a ladder graph which is transient to
the left, but for which both layers are transient to the right. Although the behaviour of recurrence

and transience of random walks on a ladder graph is more complicated than the behaviour of
recurrence and transience of RWRE’s in one dimension, we will see that the criteria for recurrence

and transience of RWRE’s in one dimension are useful in understanding the behaviour of
recurrence and transience in our given example of a random walk on a ladder graph.
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1 Introduction to Random Walks

1.1 Stochastic Processes

Most sciences are not completely black and white at all. In these sciences there has to be space for
some randomness instead. Examples of these sciences are economics, psychology, physics, chemistry
and biology. In order to bring this randomness stochastic processes have been introduced. Stochastic
processes can be defined as followed [4].

Definition 1.1.1 (Stochastic Processes). A stochastic process X is a family of random variables { Xy, t € T},
indexed by a set T, for which in a discrete-time process T = {0,1,2, ...}.

The random variables of which a stochastic process contains evolve in a random, but prescribed,
manner and are, therefore, useful for these studies. In this report one category of stochastic processes
will be discussed in detail: random walks. Random walks describe a certain path in space, consisting
of random steps. The idea of a random walk is that for a starting point x, there is a chance w of going
to the right (from x to x + 1) and a chance 1 — w of going to the left (from x to x — 1). A random walk
(Xn)n is called recurrent if the following holds:

limsup X, = +00, Py,-a.s. andliminf X,, = —oo, P-a.s.
n—»00 n—oo
In these equations X, gives the position of the random walk after n steps.
A recurrent random walk reaches its starting position infinitely many times with probability 1.
A random walk is called transient if, given enough time, every finite set of the state space will be left
forever. In one dimension the only possibility for this is that the random walk goes to the left or to
the right. A random walk is transient to the right if

lim X,, = +o0, P,-a.s.
n—oo

and a random walk is transient to the left if

lim X,, = —o0, P,-a.s.
n—oo

Note that this is about the convergence of random variables, so the limits are almost sure (a.s.) lim-
its. As random walks are also part of Markov processes, which form a subcategory of stochastic
processes, we will look at these Markov processes in the next paragraph.

1.2 Markov Processes

A Markov process is a stochastic process with the property that it only depends on the state attained
in the previous time step. This property of a Markov process is called the Markov property. It refers
to the memorylessness of a Markov process. A Markov process can be defined as the following [4].

Definition 1.2.1 (Markov Process). A stochastic process X is a Markov process if it satisfies the Markov
property, defined as:

P(Xy = s|Xo = x0, X1 = x1,.., X1 = Xy—1) = P(Xy, = 5[ X;—1 = 1)

forall s, xq, ..., xy—1 € Q for O a countable set such that P (Xo = xo, ..., Xy—1 = xy—1) > 0. The set Q) is
called the state space of the random walk.

In the next paragraph we will give some theorems which will be used in this report.



1.3 Important Theorems

In this paragraph some general theorems will be mentioned. These theorems will return later on in
this report [4].

Theorem 1.3.1 (Law of Total Probability). Let By, By, ..., By, be a partition of the sample space Q) such that
P(B;) > 0 for all i. Then

M-

I
—_

P(A) = ) P(A[B;) - P(B;).

1

Theorem 1.3.2 (Continuity of Probability Measure). Let A1, Ay, ... be an increasing sequence of events,
such that A1 C Ay C Az C ... Then

For A= |JA;:P(A) = lim P(A)).

. i—00
i=1

Similarly, let B, By, ... be a decreasing sequence of events, so that By O By D B3 D ... Then

For B= (] B; : P(B) = lim IP(B;).

; i—00
i=1

Theorem 1.3.3 (Law of Large Numbers). Let X1, X, ... be a sequence of independent identically distributed
(i.i.d.) random variables with finite means E[X;] = u. Then

1 n
— Z X; —— u, Py-as.
n i—1 n—oo

Theorem 1.3.4 (Central Limit Theorem). Let X, X, ... be a sequence of i.i.d. random variables with finite
n
means y and finite non-zero variance o> and define Sy, such that S, = Y. X;. Then
i=1

Sn M D, £r(0,1).

no2 n—oe

Theorem 1.3.5 (Law of the Iterated Logarithm [5]). Let X1, X», ... be a sequence of i.i.d. random variables
n
with E[X;] = 0and V(X;) = 1. Let S, = Y X;. Then
i=1
Sn

lim sup S =1, P,-a.s. and liminf = —1,P,-as.
n—oo  +/2nlog (log (n)) n—eo . /2nlog (log (n))

In the next paragraph we will explain simple random walks.

1.4 Simple Random Walks

A simple random walk (X}, ), has a chance of going to the right of w and a chance of going to the left

of 1 — w. In a simple random walk the value of this w does not differ per point, so w is the same for

each node on the random walk. For w = 1 a simple random walk is recurrent and

limsup X, = +00, Py-a.s. and liminf X,; = —oo, P-a.s.
n—00 n—oo

A simple random walk with w = 1 is called symmetric.



For w > % a simple random walk is transient to the right and

lim X, = +o0, P,-a.s.
n—oo

and for w < % is transient to the left and

lim X;,, = —o0, P,,-a.s.

n—o00
Simple random walks are too restrictive for the subjects of this report, so we will not go deeper into
this topic. In the next chapter we will explain random walks in random environments (RWRE’s) in
one dimension. This seems to be the solution for problems for which simple random walks are too
restrictive. We will explain a random environment, give some applications of RWRE’s and give the
criteria for recurrence and transience of an RWRE in one dimension.

Later in this report we will use these criteria in order to fulfill the main goal of this report, namely
understanding the behaviour of recurrence and transience of a random walk on a ladder graph. This
will be explained in chapter 4.



2 Random Walks in Random Environments in One Dimension

2.1 A Random Environment

From now on in this report when we talk about random walks, we will mean random walks in
random environments (RWRE’s), unless stated otherwise. For a function f : X — R we know for
x € X, x random, that f(x) is a random variable as well. At first we will define an environment [8].

Definition 2.1.1 (Environment). An environment is an element w = {wx }rez, for which it is possible to
construct a Markov chain (X,,),>o for n a natural number. The state space Q) of w will be equal to

Q= 1[0,1)%.

For w € Q) (fixed) we define the probability distribution P}, of a random walk (X}, ), in the environ-
ment w by:

wy forz=y+1,
Py(Xo=x)=1land P, (Xy41 =z|Xn=y) = {1 -wy forz=y-1,
0 otherwise.

Now define also a probability distribution P on ). Then the environment w € () becomes random
as well. From now on there is a random environment and the random walk (X, ), has become a
random walk in a random environment. Next we will show a transition model of a random walk in
a random environment and afterwards an example [8].

A4 o 0 o 1 o n1 Ou n o N+l Op T
1-04 1—mo 1-, 1—@n1 1-, 1=

Figure 1: Transition model of a random walk in a random environment.

Example 2.1.1. For wy i.i.d., a random walk (X, ), with probability distribution P with

P(wx = Z) :pandP(wx = ;’) =1—pforsomep e (0,1).

has a random environment. Here the value of wy is not the same in every node on the random walk.

So in a random walk in a random environment the value of w depends on the position x in the ran-
dom walk. Because random walks in this report often start at x = 0, from now on we will use the
notation of P, for PY.

For any fixed event G for the random walk P} (G) is a [0, 1]—valued random variable, since w is
random. The distribution P, for a fixed environment is called the quenched law of the RWRE [8].
Thus, we can define another probability measure P* on (X}, ), by P*(-) = Ep[PX(+)]. The distribution
IP is called the averaged/annealed law for the RWRE.

In the next paragraph we will have a look at applications of RWRE’s and after that we will give
a theorem that describes the criteria for recurrence and transience of RWRE’s in one dimension.
Before giving this theorem we have to make the following two assumptions in order to avoid degen-
eracy complications and to make the proof easier [8]:

(a) The distribution P is such that {wy } is an i.i.d. sequence and

(b) There has to exista ¢ > 0 such that P(wy € [c,1—¢]) = 1.



2.2 Applications of Random Walks in Random Environments

In this paragraph we will elaborate on applications for which random walks in random environ-
ments can be useful or even necessary.

An important application for random walks in random environments nowadays is in modeling the
stock indices of different nations and/or companies [2]. But, because stock indices are never below
0, the exponential of an RWRE is used in order to model stock indices. In the picture below the stock
market of the USA (NASDAQ) is given from 1970 until 2012.
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Figure 2: Stock market of the USA (NASDAQ) from 1970 until 20121,

Random walks in random environments have been proposed as a model for DNA replication around
the seventies [10].

Random walks in random environments have an application in understanding and modeling how
the diffusion behaviour of a biomolecule is affected by other moving macromolecules, organelles,
and so on, inside a living cell [3].

Random walks in random environments are used as a method to model the movement of electrons
in physics [7].

1"Nasdaq Composite.png" by Jashuah is licensed under the Creative Commons Attribution-Share Alike 3.0 Unported li-
cense.



2.3 Recurrence and Transience

Now that we have explained random walks in random environments, in this paragraph we will give
criteria for recurrence and transience of an RWRE. As said in the introduction (paragraph 1.1), there
are three possibilities with respect to recurrence and transience of an RWRE (X}, ):

(a) Transience to the right. In this case:

lim X, = +o0, Py,-a.s., for P almost all w.
n—oo

(b) Transience to the left. In this case:

lim X, = —oo, Py-a.s., for P almost all w.
n—oo
(c) Recurrence. In this case:
limsup X, = +00, P,-a.s. and hnl>1nf X, = —o0, Py-a.s., for P almost all w.
n [oe]

n—oo

In Solomon’s seminal paper on RWRE [9], Solomon gave an explicit criterion for recurrence or tran-
sience. Examples which are not part of (a), (b) or (c) do not occur in this theorem, due to the two
assumptions discussed in the end of paragraph 2.1. An example of a random walk which is neither
recurrent nor transient is the following.

Example 2.3.1 (Random walk in random environment neither recurrent nor transient). Define a ran-
dom walk (X, ), consisting of the following three types of nodes:

(i) Type A with P (wy = 1) = 15,
(i) Type B with P (wy = 0) = 5,
(iii) Type C with P (wx = %) =35,

This random walk (X, ), is neither recurrent nor transient. It is not transient to the left, because nodes of Type
A will act as boundaries for going to the left, and it is not transient to the right, because nodes of Type B will
act as boundaries for going to the right.

Nevertheless, 11m sup Xy and hm 1nf Xy, will be finite, because of the same fact that nodes of Type A will act

as boundaries for gomg to the left and nodes of Type B will act as boundaries for going to the right. The random
walk will neither reach nodes left of the first node of Type A it finds in the left of its starting position nor nodes
right of the first node of Type B it finds in the right of its starting position, so the random walk is also not
recurrent. The random walk might look like the following:

.. A C C C C B

——e—0—9 *—o0-0—

Figure 3: Example which is neither recurrent nor transient.

The random walk in example 2.3.1 does not meet assumption (b) in paragraph 2.1 that there has to
exist a ¢ > 0 such that P(wy € [c,1 — c]) = 1. We made these assumptions so that we do not have to
take examples such as this, which are neither recurrent nor transient, into account in the criteria for
recurrence and transience we will give in this paragraph.

In his paper Solomon states that the recurrence or transience of random walks in random environ-
1—wy

ments is determined by the quantity of Ep[log(px)], with px = ~5**, for x € Z.
The theorem is the following [9]. “




Theorem 2.3.1. Make sure that the assumptions from the paragraph 2.1 hold true. Then for a random walk
(Xn)n, for px = 1“:*, x € Z the following holds:

w

(a) Ep[log(pyx)] < 0= nlgr;o X, = 400, Py-a.s., for P almost all w, so the random walk is transient to

the right,
(b) Ep[log(px)] >0 = lgn Xp = —00, Py-a.s., for P almost all w, so the random walk is transient to
n o0
the left and
(c) Ep[log(px)] = 0 = limsup X,, = +o0, Py,-a.s. and lirgiann = —o0, P,-a.s., for P almost all w,
n o]

n—oo
so the random walk is recurrent.

At first we will show that this theorem also holds for simple random walks. For simple random

walks wy = w and py = 1’7“’

(a) A simple random walk with w > % is transient to the right. This is in line with the theorem,

because for w > %:

px = 1—Tw < 1 and therefore Ep[log(px)] < 0.

(b) A simple random walk with w < % is transient to the left. This is in line with the theorem,

because for w < %:

0y = 1_7“] > 1 and therefore Ep[log(px)] > 0.

(c) A simple random walk with w = % is recurrent. This is in line with the theorem, because for

— 1.
w = 5:

Px = 17760 = 1 and therefore Ep[log(px)] = 0.

So, despite the fact that the recurrence and transience of simple random walks is easier than the
recurrence and transience of RWRE’s, it is also possible to find the recurrence and transience of
simple random walks with theorem 2.3.1.

Next the proof of the theorem will be given. In this proof we will use the lecture notes on random
walks in random environments of Jonathan Peterson [8].

Proof. We will start this proof by defining some new concepts.

For a fixed environment w, we define the potential V' of the environment as followed:

k-1
log(p;)  fork>1,

1

V(k) = fork =0,
-1
— Y. log(p;) fork < —1.
i=k

L]

Since the environment is i.i.d. due to the assumptions made in paragraph 2.1 the law of large numbers
(Theorem 1.3.3) tells us that
V(i) ~ Ep[log(px)] -iasi — +oo.



The hitting time T} of the point x is the first moment in time at which the random walk hits the point
x. For x € Z define the hitting time T} as followed:

Ty =inf{n > 0: X, = x}.
Choose a and b such that 0 < a < b and choose the function g such that
g(x) = PX(Tu < Ty).
The goal is to find an explicit function / for which
h(x) = g(x) forall x € Z.

Next we are going to show that for

5 eVl
h(x) _ - i=x+1 -
Z eV(i) + Z eV(i)
i=a+1 i=x+1

we have found this explicit function /. We will show that this is the only possibility of / using the
maximum principle.

For the function g(x) the following two points should hold:

(i) (1) g(a) = 1. This is because in g(a) the random walk starts in the point 4, so the hitting time
of the point a is 0 and is always less than the hitting time of the point b, because a # b.

(2) g(b) = 0. This is because in g(b) the random walk starts in the point b, so the hitting time
of the point b is 0 and is always less than the hitting time of the point a4, because a # b.

(ii) Because of the law of total probability (Theorem 1.3.1):
wy-gx+1)+ (1 —wy) - glx—1) = g(x).

Now we will check if these points also hold for the function :

G (1) h(a) = 1:

5 oV
i=a+1 2 : b .
ha) = ———— =1, because ) ¢’ = 0and Py e’ £ 0and
Yy eV () + Y eV () i=a+1 i=a+1
i=a+1 i=a+1
(2) h(b) =0:
5 Vi) b b
h(b) = p =btl - = 0, because Z ¢V —0and Z A40) £ 0.
y eV 4y eV() i=b+1 i=at+1

i=a+1 i=b+1



() wy-h(x+1)+ (1 —wy) -h(x—1) = h(x):

wy -h(x+1)+(1—wy) -h(x—1)

T e §° oV G §° eV
—wyx - — i=x12 - +(1-we) — i=x - :wx.%Jr(l_wx).l:bxi
Z ev(i)—|- Z ev(i) Z ev(i)—|— Z eV (i) Z ev(i) Z ev(i)
i=a+1 i=x+2 i=a+1 i=x i=a+1 i=a+1
b . b . b . x+1 . b .
e ¥ VD f(1—w) YV we ¥ eV(l)—i—(l—wx)-(ZeV(l)—l— 5 evm)
. i=x+2 i=x o i=x+2 i=x i=x+42
o b o b
Y eV > Vi) 4 Y V)
i=a+1 i=a+1 i=x+1
x+1
Y D4 (1—wy) ¥ el
:z:x+2 i=x
Y eV(i) + ¥ eV(z)
i=a+1 i=x+1

From now on the denominator will be the same, so we will just discuss the calculations in the
numerator. Because

i—1
V(i) =) _log(p;) fori >1

j=0
we know that

b ) x+1 )

Z ev(l) + (1 — wx) . Z ev(l)
i=x+2 i=x

i—1

b x+1 Y log(p;) b x+1i=11 _ ¢y

Yo eV 4 (1—wy) ) e "= Yo eV 4 (1—wy) 11 /
i=x+2 i=x i=x+2 i=x j=0 wj

1-w;
i S '
o, i the definition of pj, so

b (W
Yy V) +ﬁ1 w;
. . wj
i=x+2 j=0 ]
b x b Llogly) b b
_ Z ev(z)‘i‘HPj: Z €V(1)+€/=0 — Z V(z)+eV(x+1) _ Z eV(z)
i=x+2 j=0 i=x+2 i=x+2 i=x+1



When adding the denominator again the following happens:

b . x+1 .
By 2evw +(1—wy)- ¥ eVl
1=x+ 1=x

SV 4y eV
i=a+1 i=x+1
& eVl
_ i=x+1 :h(x)

X b
Z eV(i) + Z eV(i)
i=at1 i=x+1

So h and g satisfy:

(i) g(a) =h(a) =1and g(b) = h(b) = 0and

() wy-h(x+1)+ (1 —wy) -h(x—1) =h(x) and wy - g(x +1) + (1 —wy) - g(x — 1) = g(x).
We claim that this means that g = h.

In order to prove this we will look at the function d, defined as the difference between / and g.

d(a) =h(a) —g(a)=1—1=0and d(b) = h(b) —g(b) =0-0=0
and also
wy-dx+1)+ (1 —wy) -dx—1)
=wy-(h(x+1)—glx+1))+ (1 —wy) - (h(x—1) —g(x—1))
=(wyx-gx+1)+(1—wy) -gx—1)) + (wx-h(x+1)+ (1 —wy) -h(x—1))
=h(x) —g(x) = d(x)
From the last we conclude that

min{d(x —1),d(x+1)} <d(x) <max{d(x—1),d(x+1)}

and therefore also that d(x) is between d(x — 1) and d(x + 1). But because d(a) = d(b) = 0, this
means that d(x) = 0 forall x € Z.

So
h(x) =g(x) forallx € Z

and therefore

Z gv(l)
PY(Ta < Ty) = — = forall x € Z.
5oV 4 v Vi)
i=a+1 i=x+1

Now we will discuss the three possibilities of recurrence and transience.

10



2.3.1 Transience to the right

In this part we will prove that for Ep[log(px)] < 0 the random walk (Xj), is transient to the right
and

ILI’II X, = +o0, Py-a.s., for P almost all w.
n o]

In order to prove this we have to show that for E, [log(pox)] < 0

limsup X, = +o0, Py-a.s. and liminf X,; = 400, P,-a.s., for P almost all w.
n—soo h—co

When these statements are proven, we know that the random walk is transient to the right.

limsup X,, = +o0, P,-a.s.:
n—oo

In this part we want to prove that the probability of all points b > 0 of being hit eventually is equal
to 1, Py-a.s., for P almost all w. The probability of a point b > 0 of being hit eventually is equal to
P, (T, < 00), so the probability of all points b > 0 of being hit eventually is, due to the continuity of
probability measure (Theorem 1.3.2), equal to

Py (ﬂ {T, < oo}> = ;}L%Pw(Th < ).

b>0

This probability is equal to the probability that there exists a point a < 0 such that this point b will
be hit before a, so

lim P, (T, < o0) = lim P, | |J{Tp < Tu} | .
b—oo b—oo 20
Due to the continuity of probability measure (Theorem 1.3.2):
T
Jim P, (U {T, < Ta}>
a<0

=lim1-P, (ﬂ{Tﬂ < Tb}> = lim ( lim 1— Py (T, < Tb))
b—oo b—oc0

a<0 a—r—0o
b 0 .
y eV (i) y eV (i)
=1lim | lim |1-— 5 i=1 2 = lim l_i>m 5 izard - =1, P,-a.s., because
00 ——00 . . 00 a——oo . .
b—yeo | @ v V) 4y eV b= v V) 4y eVl
i=a+1 i=1 i=a+1 i=1

0 . b .
Yy V() — 3 400, Py-a.s.and Y V() is finite for all b, b a fixed integer.
i=a+1 A== i=1

0 .
Y eVl) — 5 400, Py-a.s., because of the following:
i=a+1 a—r—0oo

-1

Fori < —1: V(i) = — }_ log(p;), and for i = 0: V(i) = 0.
j=t

The law of large numbers (Theorem 1.3.3) tells us that:

~1
%V(—i) = _ii Zlog(p]-) —— —Epllog(px)] > 9, P,-a.s. for some d > 0.
— — i——00

=i

11



So there is an M < 0 such that fori < M: V(i) > —id > 0. So

0 . M . 0 . M . 0 .
) V) = Y eV 4 Y eV > Yoo e+ Y ") — 5 4oo,P,-as.,
i=a+1 i=a+1 i=M+1 i=at1 i=M+1 A=
0 . M .
because Y V() is finite for all M < 0, M fixed, and lim Y, e 0 = too,Py-as., forall M < 0,
i=M+1 a——c0; 11 q
M o M )
M fixed, because Y. e = Y (e °)!isa geometric sum with e > 1 foré < 0.
i=a+1 i=a+1

So

limsup X, = +o0, Py-a.s., for P almost all w.
n—,oo

liminf X,, = 400, P,-a.s.:
n—o0
This part of the proof works by contradiction. Assume

limsup X;, = +00, Py-a.s., but liminf X, # 400, P,-a.s., for P almost all w.
n—sco h—co

Then with positive probability there is an x which is hit infinitely often, P,,-a.s. When hitting this
x there is a positive probability of going one step to the left, so to the point x — 1. In other words
1 —wy > 0. So the point x — 1 is hit infinitely often as well, P,-a.s. In the same way the points
x —2,...,x — n are a.s. hit infinitely often.

So if
limsup X, = 400, P,-a.s., but liminf X;, # 400, P;-a.s., for P almost all w,
n—co n—oo

then all points are hit infinitely often and P, (T, < c0) > 0, no matter how far a is chosen under 0.

But the probability of a point 2 < 0 of being hit eventually is equal to P, (T, < o), so the prob-
ability of all points a < 0 of being hit eventually is, due to the continuity of probability measure
(Theorem 1.3.2), equal to

P, (ﬂ{Tﬂ < oo}) = lim Py(T, < o).
a<0 a——0o0

This probability is equal to the probability that there exists a point b > 0 such that this point a will
be hit before b, so

Jim Py (T, <o) = lim Py (bUO{Ta < Tb}> :
>

12



Due to the continuity of probability measure (Theorem 1.3.2):

lim P, (U{Ta < Tb}>

e b>0
i V()
o . o . i=1
71121?00 (bh—I)]go Po(Ta < Tb)) o agrzloo bh—>no}o 0 . b )
Z eV(z) + Z eV(l)
i=a+1 i=1
5 V()
= 11111 5 i=1 - =0, P,-a.s., because
“ V) 1y V()
)y )y
i=a+1 i=1
0
x 1 eV() — 7 and Zl eV is finite for Ep[log(px)] < 0.
i=a+ - i=

The fact that Z eV — 1> has been proven in the part limsup X, = 4o, P,-a.s. in this
i=a+1 a—== n—co

paragraph.

We can show that Z eV is finite for Ep[log(py)] < 0 with the law of large numbers (Theorem 1.3.3).
i=1

i—1
Fori>1:V(i) = ¥ log(p;). The law of large numbers tells us that
j=0

i-1
E.V(i) = 1 Y log(p;j) — Epl[log(px)] < 6, Py-a.s. for some § < 0.
1 1 j=0 i—00

So there is an M > 0, such that for i > M: V(i) < ié < 0. So

Z Z e’V Y e ) < Z eV 4 Z ¢%is finite,
i=1 i=M+1 i=M+1
because Z eV is finite for all M > 0, M fixed, and Z e = Yy (%) is finite as well for all
i=1 i=M+1 i=M+1

M > 0, M fixed, because it is a geometric sum with e® < 1foré <0.

The fact that .
y eV()
lim Py (T, < 0) = lim i=1 — =0, Py-a.s.

a——oo a——oo 5 V(D) s V(D)
i=a+1 i=1

is a contradiction to the fact that for all 4 we showed that P, (T, < o) > 0, no matter how far a is
chosen under 0.

So
liminf X;,, = +o0, P,;-a.s., for P almost all w.
n—00

13



So, because for Ep[log(px)] < 0

limsup X, = +o0, P,-a.s. and linLinf X, = +o0, Py-a.s., for P almost all w,
n—sco n—oo

also
nlgn X, = +o0, Py-a.s., for P almost all w

and therefore the random walk (X}, ), is transient to the right.

2.3.2 Transience to the left

In this part we will prove that for Ep[log(px)] > 0 the random walk (X}, ), is transient to the left and

nlgn X, = —oo, P,-a.s., for P almost all w.

In order to prove this we have to show that for Ep[log(px)] > 0

li%ginf X, = —00, Py-a.s. and limsup X, = —oo, P,-a.s., for P almost all w.
*® n—00

When these statements are proven, we know that the random walk is transient to the left. Because
some steps of this proof are similar to the steps of the proof of transience to the right in para-
graph 2.3.1, these steps will be left out.

liminf X, = —oo, P,-a.s.:
n—-o00

In this part we want to prove that the probability of all points 2 < 0 of being hit eventually is

equal to 1, Py-a.s., for P almost all w. The probability of a point 2 < 0 of being hit eventually is

equal to P, (T, < c0). In a similar way as in the part lirg inf X, = +00, P,,-a.s. in paragraph 2.3.1, the
n—oo

probability of all points a < 0 of being hit eventually is, due to the continuity of probability measure
(Theorem 1.3.2), equal to

lim P, (T, < )
a— —0oo

= lim <lim Py (T, < Tb)> = lim | lim i=1
a——00 \ hb—oo a——o0 | p—ooo % eV(i) n b eV(i)
i=1

i=a+1 i=
=1, P,-a.s., because

b ) 0 .
Y eV —— 400, Py-as.and Y. eV is finite for all 4, a a fixed integer.
i=1 b—yeo i=a+1

b . 0 .
The proof of ) V(i) b—> +00, P,,-a.s. is the similar to the proof that ) eVl) — 5 4o, Py-as.
i=1 —o0 i=a+1 a——0o0

i—1 .

in paragraph 2.3.1, but in here V(i) = ¥ "), because i > 1.
=0

So

lirginf X, = —oo, P,-a.s., for P almost all w.
n o]

14



limsup X,, = —o0, P,-a.s.:
n—oo

This part of the proof works by contradiction. Assume

liminf X, = —o0, P,,-a.s., but limsup X, # —oo, P,-a.s., for P almost all w.
n—oo n—00
Then with positive probability there is an x which is hit infinitely often, P,,-a.s. When hitting this
x there is a positive probability of going one step to the right, so to the point x + 1. In other
words wy > 0. So the point x + 1 is hit infinitely often as well, P,-a.s. In the same way the points
x +2,...,x + n are a.s. hit infinitely often.

So if
liminf X, = —o0, P,,-a.s., but limsup X, # —oo, P,-a.s., for P almost all w,
n—,oo n—o0

then all points are hit infinitely often and P,, (T, < c0) > 0, no matter how far b is chosen above 0.

But the probability of a point b > 0 of being hit eventually is equal to P, (T, < o), so, in a simi-
lar way as in the part limsup X;, = +09o, P;-a.s. in paragraph 2.3.1, the probability of all points b > 0

n—oo
of being hit eventually is, due to the continuity of probability measure (Theorem 1.3.2), equal to

lim P,y (T, < o) =
b—o0

0 .
Y eV ()
b—o0 a b—oo | a 2 eV(i) n E eV(i)
i=a+1 i=1
0 .
Y gv(l)
= lim 5 —— - =0, P,-a.s., because
POV 4y V)
j=—00 i=1
b . 0 .
y eV P +ooand Y eV is finite for Ep[log(px)] > O.
i=1 —r00 i=—o0

0 i 1) .
The proof that Y. e¥() is finite for Ep[log(py)] > 0 is similar to the proof that )y eV is finite

i=—o00 =1

b .
for Ep[log(px)] < 0 in paragraph 2.3.1 and the proof of }_ ¢"(?) o e is similar to the proof that
=1 — 0

1=

0 . i—1
Yy eV T> +o00, P,-a.s. in paragraph 2.3.1, but in here V(i) = ), because i > 1.
i=a+1 a——00 j=0

The fact that 0
Z ev(i)

blim 5 —— ; =0,P,-as.
Ty eVl) 4y V()
i=—00 i=1
is a contradiction to the fact that for all b we showed that P, (T, < o) > 0, no matter how far b is
chosen above 0.

So

limsup X, = —oo, Py-a.s., for P almost all w.
n—oo

15



So, because for Ep[log(px)] > 0

hrgmf Xy = —o00,Py-as. and limsup X, = —oo, Py-a.s., for P almost all w,
n—eo n—co
also

nlgn X, = —o0o, P,-a.s., for P almost all w

and therefore the random walk (X,,), is transient to the left.

2.3.3 Recurrence

In this part we will prove that for Ep[log(px)] = 0 the random walk (X}, ), is recurrent and

liyfginf Xy = —oo, Py-as. and limsup X, = +o0, P,-a.s., for P almost all w.
*® n—00

It is important to keep in mind that

Zlog pj) = Zlog ) fori <0

is of the form

n
n) =Y Y;withn = [iland Y = —log (p_;) .
j=1

Y;isii.d. for every j, because p; is i.i.d. for every j.

Now we are going to use the law of the iterated logarithm (Theorem 1.3.5), which is actually in
between the law of large numbers (Theorem 1.3.3) and the central limit theorem (Theorem 1.3.4).

For using the law of the iterated logarithm on a sequence of i.i.d. random variables {X;} the fol-
lowing two things should hold:

(@) E[X;] =0
(b) V(X;) =1
For Y; = —log (p—;) the point (a) has been met:

E[Y;] = Ep[log (p;)] =0

In order to make the point (b) hold, we should rescale Y; by dividing it by the square root of the
variance of Y;. After doing that both point (a) and point (b) have been met:

Y] Yj
E|——| =E[Yj] =0and V =1
v (Y)) v (¥))
Now the law of the iterated logarithm tells us that

n
LY

. 1 j=1

lim sup =1,P,-as

n—rc0 \/2nlog(log(n))' V(Y))

16



n—1
Since V(n) = Y. Y;forn > T1also
j=0

limsup ! (n)

n—00 \/211 log(log(n \/W

From this we can see that infinitely many of the values V (1), V(Z) . are positive, so in particular
V(1) V(2

=1,Py,-as.

infinitely many of the values e”'"/, e . are larger than 1. So Z eV is infinite.

The law of the iterated logarithm also tells us that

n
L Y
liminf ! = = —1,P,-as
= s Fw-a.s.
n=eo\/2nlog(log(n)) \/W(Y]-)
n n
From this we can conclude that }_ Y; is negative infinitely often and, since V(—n) = — ¥ Y; for
=1 j=1

n > 1, we can see that infinitely many of the values V(—1), V(—2) . are positive, so in particular

V(-1) oV(-2) V(—i)

infinitely many of the values e . are larger than 1. So 2 e is infinite as well.

i=1
Now we will prove that

liminf X;, = —o0, Py-a.s. and limsup X;, = +o0, Py,-a.s., for P almost all w.
n—oo n— o0

After having proven these statements, we have proven that a random walk is recurrent for E, [log(px)] =
0.

liminf X, = —oo, P,-a.s.:
n—oo

As already shown in paragraph 2.3.2:
Py (liminf X, = —co)
n—oo

= lim P, (T, < o) = lim <blim P (T, < Tb)>
—» 00

a— —o0 a——oo
b o0
y eV Z eV()
= grp lim 5 i=1 2 = Erp i= =1, P,-a.s., because
‘ MR SN ZO I SO I ¥ V) 4 z eV (i)
i=a+1 i=1 i=a+1 i=
ot .
Y. eV (1) is infinite, so for each a
i=1
¥ V()
. i=1 _ 1
2 eV(i) + Z eV(z)
i=a+1 i=1
and therefore also .
E ev(l)
lim =1 =1
a——o0 > Vi) 1 5 oV
i=a+1 i=1



So

lim inf = —o0, P,-a.s., for P almost all w.
n—oo

limsup X,, = +o0, P, -a.s.:
n—oo

As already shown in paragraph 2.3.1:

n—o00

P, (lim sup X, = —|—oo>

= Jim Py (Ty < o0) = lim ( lim 1— P, (T, < Tb))
—00

b—oc0 \A——0
0 0
y eV () y eV()
= lim EI’EI 5 izatl 2 = lim 5 e 2 =1, P,-a.s., because
beo | @ YoV 4y Vi) | VT T GV 4y V()

i=a+1 i=1 i=—o0 i=1

0 . b .
Y. V() is infinite and L eV (1) is finite for all b, b a fixed integer.

i=—00 i=1
' % V(1) is infinite, because ‘ % eVl = IOZOZO ¢V(=1), which is infinite.
i=—00 i=—oco =
So
limsup = +o0, Py-a.s., for P almost all w.
n—sc0
So for E[Y;] = Ep[log(p;)] =0
limsup = +oo, Py-a.s. and liminf = —oo, P,-a.s., for P almost all w

n—o00 n—oo

and therefore the random walk (X},), is recurrent.
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24 Application Theorem 2.3.1

To finish this chapter we are going to apply Theorem 2.3.1 to the random walk (X}, ), in Example 2.1.1.
(X1)n has been defined such that

P<wx:i) :pandP<wx:;> =1—pforsomep € (0,1).

In order to describe the behaviour of recurrence and transience of (X, ), we should calculate Ep[log (pox)]:

So the random walk (X )y:

e is transient to the right, and therefore lgn X, = +o0o, P,-a.s., for P almost all w, if
n {o¢]

Epllog (px)] = —log (3) - p +1og (2) - (1 — p) < 0, which is the case for p > 12222;

e is transient to the left, and therefore li_r>n X, = —o0, Py-a.s., for P almost all w, if
n—oo

Ep[log (px)] = —log (3) - p+log (2) - (1 — p) > 0, which is the case for p < ﬁi%

e is recurrent, and therefore lim sup X, = +o0 and lirg inf X,, = —oo, P,-a.s., for P almost all w, if
n—sco n—oeo

Ep[log (px)] = —log (3) - p +1log (2) - (1 — p) = 0, which is the case for p = %.
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3 Random Walk on a Ladder graph

Theorem 2.3.1 seems to be useful for the main purpose of this report, which is understanding the
behaviour recurrence and transience of a random walk on a ladder graph. In this chapter  have used
articles of Erwin Bolthausen and Ilya Goldscheid in the magazine Communications in Mathematical
Physics [1], in which the necessary and sufficient conditions for the behaviour of recurrence and
transience on a strip are mentioned, and of Michael S. Keane and Silke W.W. Rolles in the magazine
Acta Mathematica Hungarica [6], in which is proven that the process of recurrence and transience of
a directed-edge-reinforced random walk is equivalent to a random walk in a random environment.
Now at first we will explain the idea of a random walk on a ladder graph.

3.1 Introduction to a Random Walk on a Ladder Graph

In a random walk on a ladder graph two random walks in one dimension are linked to each other,
which makes it possible to switch between the layers of these random walks.
We define a random walk on a ladder graph (Z,), such that

Zn = (Xu, Yu) € Z x {0,1},

with X,, € Z as the horizontal position of the random walk and Y, € {0,1} as the vertical position
of the random walk. In a random walk on a ladder graph the horizontal position X, is comparable
with the X, in a random walk in one dimension and for Y;, we define that Y;, = 0 means the top layer
and Y, = 1 the bottom layer. The state space () of a random walk on a ladder graph will be defined

as:
Q= [O, 1]Z><{O,l}.

The next image might give a better idea of what a ladder graph looks like.

® > —0—0 0O

O —0 0 0 00

Figure 4: Ladder graph.
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In this report the probability distribution of a random walk on a ladder graph will be given by Pc(f’y )
with x € Z as the horizontal coordinate in the ladder graph and y € {0,1} the vertical coordinate,
for which the case y = 0 means the top layer of the ladder graph and y = 1 means the bottom layer.
In the same way from now on we will define w as w = wy,,). In a certain point (x,0) on the ladder
graph, there are three possibilities:

(i) Switching to the other layer. For both the top layer (y = 0) and the bottom layer (y = 1) we
define the probability for this by 1.

(ii) Going to the right, which is the point (x 4+ 1,0). The probability for this is
W) - (1—=7)-
(iii) Going to the left, which is the point (x — 1,0). The probability for this is

(1 - w(x,O)) ’ (1 - r)/) :

In the next paragraph we will discuss an example of a random walk on a ladder graph, which might
give us insight in the behaviour of recurrence and transience of random walks on a ladder graph.

3.2 Example, Random Walk on a Ladder Graph

Assume a random walk on a ladder graph (Z,), with just the following two types of nodes on either
the top layer (y = 0) or the bottom layer (y = 1):

(i) Type A with
W(xy) = 1 — € with probability p.

(ii) Type B with

Wixy) = % with probability 1 — p.

In this example we will only look at values of € and p of:

O<e<iand0<p<1.

We are going to show that there are values of €, p and 1, such that both layers of the random walk
(Zn)n themselves are transient to the right, but that the random walk (Z,), is transient to the left.
The idea is that for € close to 0 nodes of Type A will act as boundaries for going to the left for both
layers of the random walk, but, because a random walk on a ladder graph has a third possibility in
switching between the layers, in the random walk on the ladder graph it will be able to “jump over”
these boundaries.

In order to show this we will look at the four scenarios on the next page which can occur for two
nodes above each other with the same horizontal coordinate x.
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A B
A B
(a) A in top and bottom layer. (b) B in top and bottom layer.
A B
B A
(c) A in top layer and B in bottom layer. (d) Bin top layer and A in bottom Layer.

Figure 5: Four scenarios for two nodes above each other with the same horizontal coordinate x.

For these scenarios we will look for a worst-case estimate, @y, for which
(i) P(E,x’()) (The first horizontal step is to the right) < @, and
(ii) P(E,x’l)(The first horizontal step is to the right) < @y.
Define H such that H is the value of n for which the horizontal coordinate changes for the first time.
=inf{n: X, # Xo}.

When going to the right at first Xy = x 4+ 1 and when going to the left at first Xy = x — 1. This
happens in the top layer for Yy = 0 and in the bottom layer for Yy = 1.

In scenario 5a with nodes of Type A in both the top layer and the bottom layer, when starting in
the top layer:

(gomg to the right) = (x 0 (X =x+1)

:p;')(x —x+1|YH 1) P (vy = 1) + 5O (X = x +1|Yy = 0) - PSY (v = 0)
—(1—e) P&V (Y = 1)+ (1 - ) PIY (Y =0)=1-¢
=P )(XH*x—O—l) 1(gomg’co‘rher1ght)

because both layers contain a node of Type A. So for a node of Type A in the top layer and a node of
Type A in the bottom layer the chance of going to the right when starting in the top layer is equal to
the chance of going to the right when starting in the bottom layer.

So for the worst-case estimate of scenario 5a we choose

wy=1—¢€.



In scenario 5b with nodes of Type B in both the top layer and the bottom layer, when starting in the
top layer:

P(S,x’o)(going to the right) = PG (Xp=x+1)
=P (Xpy = x+ 1Yy = 1) - P (Y = 1) + PSY (Xy = x + 1Yy = 0) - S (Yy = 0)
_1 2
4 4
_ pxl) _ _ pxl) . .
=P,/ (Xyg = x+1) = P,;" ' (going to the right),

1
PO (Y = 1)+ 7 PSP (Y = 0) =

because both layers contain a node of Type B. So for a node of Type B in the top layer and a node of
Type B in the bottom layer the chance of going to the right when starting in the top layer is equal to
the chance of going to the right when starting in the bottom layer, such as in scenario 5a
So for the worst-case estimate of scenario 5b we choose

.1

@x = 7.
Scenario 5¢ with a node of Type A in the top layer and a node of Type B in the bottom layer and
scenario 5d with a node of Type B in the top layer and a node of Type A in the bottom layer are more
complicated, because in these scenarios the chance of going to the right when starting in the top
layer is not equal to the chance of going to the right when starting in the bottom layer. Nevertheless,
scenario 5c is similar to scenario 5d.

In scenario 5c with a node of Type A in the top layer and a node of Type B in the bottom layer,
when starting in the top layer the chance that the random walk switches coordinates horizontally for
the first time in the top layer is:

PO (Yu = Z 7= 1 +7

and the chance that the random walk switches coordinates horizontally for the first time in the bot-
tom layer is:

,0
P(E;x )(YH _ 2 ,YZHrl

i=

1+7

So when starting in the top layer:

(gomgtotherlght) (xo)(X =x+1)
:P( )(XH—x+1|YH—O) 0 (v =0) + PSY (X = 2+ 1Yy =1) - P50 (v = 1)

_(1_6). 1 1 ¥ _1—6 01
N 1+ 4 1+9 1+9 4(1+q)

When starting in the bottom layer in scenario 5c the chance that the random walk switches coordi-
nates horizontally for the first time in the top layer is:

and the chance that the random walk switches coordinates horizontally for the first time in the bot-
tom layer is:

PEY (Y =1) = (1=7)- YorP = ——.
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So when starting in the bottom layer:

Pé,x’l)(going to the right) = Pé,x’l) (Xg=x+1)
—PSN (X = x+ 1Y = 1) - PV (Y = 1) + P (X = x + 1[Yy = 0) - P&V (Yy = 0)

1 1 v 1 (1—¢€)-v
—_ . 1—¢€)- = .
4 1+7+( ) 1+ 4(1+7) 1+7)

Interesting in scenario 5c is that

PLE,X'O) (going to the right) # P(E,x’l) (going to the right).

But we can explain that
(x,0) . . (x,1) . .
P, (going to the right) > P,; "/ (going to the right), because

in P(E,x’l)(going to the right) the first point that the random walk finds is a node of Type B, while in

Pi,x’o)(going to the right) the first point that the random walk finds is a node of Type A. The chance
of going to the right for a node of Type A is bigger than for a node of Type B.
So for the worst-case estimate @, of scenario 5¢c we choose

1—e€ 0%

o P(E)x’m(going to the right) = T4+ + 41+9)

Because scenario 5d is similar to scenario 5c, except for the fact that the layers have been turned
around, for scenario 5d we choose the worst-case estimate equal to the worst-case estimate of sce-
nario 5c. So for the worst-case estimate @, of scenario 5d we choose

Gp= €y T
T4y 41 4q)

The worst-case estimates are summarized in the following table:

Scenario 5a | Scenario 5b | Scenario 5c and 5d
Worst-case estimate @y 1—¢ }1 L;i + m
Probability of occuring p? (1—p)? 2p(1—p)

It is important to realize that we can see the random walk on a ladder graph (Z,,), with only nodes of
Type A and Type B as a random walk in one dimension with nodes corresponding to the worst-case
scenarios from the last table. The explanation for this will follow.

Consider a random walk in one dimension (Z, ), with:

1-e€ in a node of Type C occuring with probability p?,
Oy =< % in a node of Type D occuring with probability (1 — p)?,
11% + 4(117) in a node of Type E occuring with probability 2p(1 — p).

The chance of going to the right for a point on (Z,), is always less than or equal to the chance of go-
ing to the right for the corresponding point on (Z,),, and therefore the chance of going to the left for
apoint on (Z,), is always larger than or equal to the chance of going to the left for the corresponding
point on (Zy) .

So if (Zy)y is transient to the left, P,-a.s., then for sure (Z,), is transient to the left, P,-a.s.
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Now we can use this in order to find values of €, p or  for which (Z,), is transient to the left,
but for which both layers of (Z,), are transient to the right. We will do this with theorem 2.3.1.

For py = % in order to find the behaviour of recurrence and transience of a random walk in one
dimension we should calculate Ej[log(px)]. For both layers of (Z,):

_1 —(1—¢ €
Ep[log@xn:l"g(l 4)'(1_”)“"*‘3’(1&))‘P:1°g<3>'<1‘P>+l°g<1—e>""

1

i
The layers of (Z,), are transient to the right for Ej [log(px)] < 0.
For fy = % for (Z,)n:

Ep[log(ﬁx)]
1-1 1-(1—¢) 1*(1%*4(117))
_10g< 14>(1_P)2+10g<1_€)p2+10g s 5 Zp(l—p)
1

1— (1= 4+ T
=log(3) - (1 - p)* +log <1ie> -p? +log ( l(”“Y 4(1+7))

Y
1+“€/ + 4(1+7)
(Zn)n is transient to the left if (Z,),, is transient to the left. This is the case for E,[log(fx)] > 0.

So in order to find a solution for which (Z,), is transient to the left, when both layers of (Z,),
are transient to the right, we should solve the following inequalities:

(i) For both the top layer and the bottom layer of (Z, ), itself:

_1 _(1—
Ep[log(px)] = log (1 4) (1 p)+log (11(1@) P =1ogB3)-(1=p)+log (ﬁ) P

1
4

(ii) For (Zy)n:

1—(1l=e + 0
- € 1+ 4(1+

E, log(s)] = log(3)- (1 - p)* +1og (1 ) 47 +10g | — 1 7)) 21—y >0
Ty T 3Ty

In solving these inequalities we have found that there are combinations of €, p and 7 for which they
hold. There are more solutions, but one solution for which the inequalities hold is when choosing for
€, pand v:

€ =0.01, p =02and y = 0.99.
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For these choices of €, p and 7:

@)
Ep[log(px)]
1-1 1—(1—e€) €
=log T -(1—p)+log<1_6)~p:10g(3)~(1—P)+10g(1_€>'P
4
= —0.0401341 < 0 and
(i)

Epllog(px)]
1—(+€+ v
=log(3) - (1~ p)” +log (11) +p* +log ( 1<1: 47(”7)) ) 2p(1—p)

=0.360124 > 0.

So now we have showed that there are possibilities of random walks on a ladder graph for which
both layers of the random walk are transient to the right, but the random walk on the ladder graph
is transient to the left. As we mentioned before there are more possible solutions for this problem.
For these solutions the following should hold:

e € should be small, such that nodes of Type A act as boundaries for going to the left in one
dimension, but € can not be too small, because in that case (Zn)n itself also becomes transient
to the right.

e p should be small, such that nodes of Type A do not occur too many times. In that case (Z,),
is not transient to the left. But p should also not be too small, because in that case there are not
enough nodes of Type A in order to make that the layers of (Z,), themselves are transient to
the right.

e 7 should be large enough, such that in (Z, ), it is possible to jump over the nodes of type A.
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4 Conclusion

Random walks on a ladder graph are more complicated than random walks in random environ-
ments in one dimension, which are more complicated than simple random walks. In paragraph 1.4

we have seen that simple random walks are transient to the right for w > %, transient to the left for

w < % and recurrent for w = % The behaviour of recurrence and transience of random walks in

random environments in one dimension is more difficult than in simple random walks. Criteria for
recurrence and transience of a random walk in a random environment in one dimension are given in
theorem 2.3.1. And the behaviour of recurrence and transience of random walks on a ladder graph
is more complicated than both in simple random walks and random walks in random environments
in one dimension. A possibility to find recurrence and transience, which works for some examples
of random walks on a ladder graph, is to bring it back to one dimension as we did in paragraph 3.2.

The main conclusion of this report is that there are examples for which a random walk on a ladder
graph is transient to the left, when both layers of this random walk on the ladder graph themselves
are transient to the right. The idea of the example mentioned in paragraph 3.2 is that it is possible
to “jump over” points that act as boundaries for going to the left, because in a random walk on a
ladder graph, in addition to going to the left or to the right, a third possibility occurs in switching to
the other layer.
In this example we found that, for some choices of €, p and v, one possibility of a random walk on
a ladder graph for which both layers themselves are transient to the right, but the random walk on
the ladder graph is transient to the left, is a random walk of which both layers contain of nodes of
Type A with w(, ,y = 1 — € with probability p and Type B with w, ,) = }1 with probability 1 — p.
Both layers of this random walk are transient to the right for sure, because nodes of Type A will act
as boundaries for going to the left when choosing € small enough, but for the random walk on the
ladder graph transience to the right is not a certainty for all €, p and . It is possible to bring the ran-
dom walk on the ladder graph back to a random walk in one dimension, using worst-case estimates,
and to use Theorem 2.3.1 to check the transience (or recurrence).
One combination of possible values of €, p and < for which the random walk on the ladder graph is
transient to the left is for

€ =0.01, p =02and y = 0.99.
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