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Attosecond x-ray transient absorption spectroscopy in graphene
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Real-time observations of the coherent electron dynamics induced by ultrashort light pulses in condensed-
matter systems have remained elusive due to limitations in existing attosecond devices. Here we show that
attosecond transient absorption resulting from an IR-pump/x-ray probe numerical experiment performed in
graphene unambiguously encodes the information of the coherent electron dynamics induced by the pump pulse.
First, we demonstrate the possibility of tracking in real time the electron injection through the Dirac points.
Second, we derive and demonstrate a simple semiclassical theory that correlates the energy structure and the
action Berry phase with strong changes in the absorption spectrum around Van Hove singularities. Our work
opens the way to the development of novel imaging techniques in condensed matter systems at the attosecond
timescale.
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I. INTRODUCTION

Very recently, petahertz laser fields have enabled the pos-
sibility to drive fast currents in dielectric, semiconductor, and
modern materials, opening the door to a new timescale for
control in solid-state systems [1–5]. In particular, the ma-
nipulation of electron dynamics at the attosecond timescale
(10−18 s), i.e., well before the lattice starts to respond to
the external field, allows one to exploit electron coherence
to develop applications beyond classical electronics [6–9].
In this context, real-time imaging of coherent electron dy-
namics is the first necessary step. Significant progress in
this direction has been achieved in the last few years using
high-order harmonic generation (HHG) and attosecond pump-
probe schemes.

HHG has been shown to be sensitive both to Berry phase
[10–13] and valley pseudospin [14] effects, and useful to
perform tomography of energy bands [15,16]. In HHG, the
same laser field is used to induce and probe the electron
dynamics occurring over approximately a laser cycle, but
dynamics occurring at longer term are better investigated
by using pump-probe setups. Among the latter, streaking
and RABBIT (reconstruction of attosecond beatings by in-
terference of two-photon transitions) have been used to
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investigate the transport of electrons [17–19] and photoion-
ization time delays [20,21]. However, due to the special
characteristics of the pulses used in these scenarios (intense
IR fields in the former case, trains of attosecond pulses in
the latter), as well as the fact that only photoelectrons are
detected, unambiguous observations of the coherent motion
of electrons within these materials in real time remain to be
achieved.

An alternative pump-probe scenario for solid materials
(also for gas-phase studies) currently under development in
several laboratories consists of using an ultrashort IR pump
pulse to excite the system and a single attosecond pulse to
probe the pump-induced dynamics with a controlled time
delay, see Fig. 1(a). In this scheme the IR-induced dynamics
produces changes in the absorption of the attosecond pulse
as a function of the pump-probe delay (attosecond transient
absorption spectroscopy, ATAS). The power of ATAS is that
it combines attosecond temporal resolution with high energy
resolution, much higher than that provided by photoelectron
spectroscopy. Thus, in recent years there have been signif-
icant efforts to apply ATAS to condensed-matter systems,
with remarkable achievements as the tracking in real time of
carrier injection and electron-hole dynamics driven by peta-
hertz laser fields in semiconductor, semimetal, and dielectric
materials [3,22–28]. However, there still remains the problem
of extracting detailed information on the quantum properties
of the light-induced electron wave packet, likely because most
of these works made use of XUV probe pulses, which generate
in turn electron dynamics from the (usually) very dispersive
inner-valence bands of the system, thus blurring the origi-
nal dynamics. To avoid the additional features introduced by
XUV pulses in ATAS, current experimental efforts aim at
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FIG. 1. Attosecond transient absorption spectroscopy. (a) Scheme of the pump-probe scheme. (b) Energy bands considered in our model.
(c) X-ray attosecond transient absorption spectrum at the K edge. For time delay 0 fs, the x-ray attosecond absorption spectrum is shown with
and without the IR laser pulse. The IR polarization is along the �-M direction. For negative time delays the x-ray pulse arrives before the IR
laser pulse. The 0 energy is referred to the Fermi level.

using high-energy XUV and x-ray probe pulses [26,28],
which preferentially remove electrons from localized atomic
cores, hence flat bands (i.e., no additional features that may
mask the pump-induced dynamics), providing in addition ele-
ment selectivity [29]. Furthermore, state-of-the-art technology
will enable the production of attosecond x-ray pulses not only
at laser-based sources [30–32], but also at accelerator-based
sources [33,34].

In this work we develop a semiclassical theory that allows
us to correlate x-ray ATAS features with the electron dynam-
ics. We show that ATAS changes around Van Hove points, i.e.,
points in the Brillouin zone (BZ) in which the density of states
presents singularities, are directly associated with a coherent
phase that electrons acquire during the dynamics driven by a
petahertz laser field, and this phase contains the information of
the semiclassical action. We derive the semiclassical action for
a general system that could be described by a two-band model
at the Fermi level. Interestingly, the semiclassical action is
connected both to the local energy dispersion and the Berry
connections of the conduction band. This is just possible
due to the special characteristics of attosecond x-ray pulses,
which couple flat bands (core electrons) with the conduction
and valence bands. By using graphene as a benchmark, we
show that ATAS resulting from an attosecond IR-pump/x-
ray probe numerical experiment is in perfect agreement with

our semiclassical theory. The present work establishes a
theoretical framework for ATAS and suggests that attosec-
ond electron dynamics imprinted in ATAS could be used
to develop unprecedented imaging techniques for modern
materials.

II. THEORY FOR ELECTRON TIME DYNAMICS

Time-dependent calculations in the x-ray regime, i.e., in-
cluding core-hole states, are numerically costly even at the
level of density functional theory [35]. In order to reduce
the computational cost, we developed a specific method
based on the density matrix propagation, the core-state-
resolved Bloch model (cBE) [36], that efficiently simulates
the electron dynamics. In this paper we actually present nu-
merical calculations for ATAS in graphene at the carbon K
edge.

The time dynamics is computed by evolving the density
matrix ρi j = 〈â†

i â j〉:

i ρ̇i j (k, t ) = [ε j (k) − εi(k) − i�i j] ρi j (k, t )

+
∑
λ′

ε(t ) · ξ jλ′ (k) ρiλ′ (k, t )
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−
∑
λ′

ε(t ) · ξ∗
iλ′ (k) ρλ′ j (k, t )

+ iε(t ) · ∂

∂k
ρi j (k, t ), (1)

where the electric field is the sum of both the x-ray and the
IR pulse. The relaxation terms �i j are only different than
zero for the core-hole populations and coherences. In order
to evolve the density matrix we perform the rotating-wave
approximation (RWA) on the x-ray interactions as it is detailed
in Ref. [36]. Also, we use a basis transformation that allow us
to avoid the problem of the Berry connection singularity at the
Dirac points, similarly as we did in Refs. [37,38].

The attosecond absorption is obtained by the expression
[36,39]

σ (ω) = 8παω

|εx(ω)|2 Im[μ(ω) · ε∗
x (ω)], (2)

where ε∗
x (ω) is the Fourier transform of the time-dependent

electric field of the attosecond pulse, and μ(ω) is Fourier
transform of the dipole response of the system calculated as

μ(t ) = q
∑

k

∑
i,b

[ξib(k) ρib(k, t ) + c.c.], (3)

where q is the charge of the electron, ρib(k, t ) is the
coherence term between core holes and electrons in the
conduction/valence band of the density matrix, and ξib(k) is
the Berry connection associated with the x-ray coupling. After
the x-ray excitation, the evolution of the coherence term also
depends on the dynamics driven by the IR field and, therefore,
on the energy dispersion and intraband Berry connection of
the conduction band.

III. ATTOSECOND TRANSIENT ABSORPTION IN
GRAPHENE

We compute the x-ray ATAS for graphene at photon en-
ergies around the carbon K edge. In this scheme, the IR
pulse produces the main dynamics at the bands close to the
Fermi level, while the x-ray pulse couples the 1s orbitals
with the valence and conduction orbitals. The cBE method
is used to compute the electron time dynamics [36]. We use
a tight-binding model to describe graphene, as in previous
Refs. [37,38], but now we also include the core orbitals of
the carbon atoms, see Appendix A. We have then four energy
bands in this model; two core bands, which arise from the two
1s orbitals of the two carbon atoms in the unit cell, and the
valence and conduction band, which arise from the π orbitals
orthogonal to the monolayer, see Fig. 1(b). Note that the two
core bands are degenerate and have constant energy over the k
space. The core-hole lifetime is 6.1 fs (width �ch = 0.108 eV).
The x-ray pulse has a full-width half-maximum (FWHM) of
80 as and an intensity of 109 W/cm2, which is low enough
to consider its interaction with graphene in the weak regime.
The x-ray photon energy is tuned at the Fermi level, around
280 eV. We consider Fourier-transform-limited pulses, and
the bandwidth covers both valence and conduction band. The
polarization is perpendicular to the graphene monolayer. The
IR pulse has a wavelength of 3 μm (photon energy 0.41 eV),
and a FWHM of ∼7.2 fs, that is a three-cycle pulse with

a sinc2 envelope. The IR intensity is 1011 W/cm2, strong
enough to produce significant intraband dynamics in graphene
and avoid material damage [37]. The IR polarization is in the
plane of the monolayer and along the direction of the �-M
points unless stated differently.

The x-ray ATAS around the Fermi level is shown in
Fig. 1(c). Initially, the valence band is occupied and core
electrons can only be promoted into the conduction band
[top panel Fig. 1(c)]. When the IR is not present, the ab-
sorption spectrum is proportional to the density of states in
the conduction band, this is what is expected at first-order
perturbation theory for low-intensity x-ray pulses. We observe
three important regions in the ATAS spectrum: (i) around
the K/K ′ point located at 0 eV, where the static (laser-off)
spectrum starts to rise, (ii) around the M point, where the static
spectrum presents a strong peak at ∼3 eV, and (iii) around
the � point, where the static spectrum drops at ∼9 eV. To
analyze the IR induced dynamics in these three regions, we
show the absorption spectrum for a time delay 0 fs [the IR and
x-ray pulses maximally overlap, middle panel Fig. 1(c)]. The
changes around the K/K ′ point are produced by the promotion
of electrons from the valence to the conduction band by the
IR pulse. When a hole is created in the valence band, core
electrons are allowed to fill the created hole, and this ends
in an absorption increase for energies below 0 eV. In our
calculations, the injected charge corresponds around 1% of
the valence charge. Similarly, when the valence electron is
promoted into the conduction band, this occupies a state in the
k space and blocks core electrons to be excited to such state.
This then ends in an absorption decrease. Interestingly, the
absorption also presents some interference patterns at negative
and small positive delays [lower panel in Fig. 1(c)], most
likely due to the complex dynamics of carriers traversing the
Dirac points, which play a crucial role in the first step of HHG
in graphene [37]. Now, the energies corresponding to the M
and � points are quite far from the Fermi level, and the direct
excitation between valence and conduction band requires sev-
eral photons to promote a significant population. Even though
these points show important changes in the absorption spec-
trum. These features vanish at 5 fs time delay, when the vector
potential starts to decrease after the creation of the core hole, a
quite different behavior from that observed at the Dirac points.

Previous experimental and theoretical studies in
condensed-matter systems [24,27,36,40] have shown that
IR laser fields, as the one used in the present work, induce
a significant intraband dynamics, so we expect that this
dynamics also reflects in the ATAS. Indeed, when core
electrons are promoted to the conduction band by the x-ray
pulse, electrons are further driven by the IR field along the
energy band. This coherent dynamics results in a dynamical
Stark shift effect that changes the attosecond absorption line
shape profile [36], similarly to the effects found in atomic
systems [41,42]. The features observed around the M and
� points exhibit recurrences as a function of time delay
and have a geometrical origin as in atomic and molecular
systems [39,42,43]. However, we will show that these
recurrences encode richer information in condensed-matter
systems. Indeed, note that while the recurrent peaks are quite
symmetric with respect to the energy of the gamma point,
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FIG. 2. IR polarization dependence at Van Hove singularities.
(a) Relative difference between the absorption at a particular angle
� and the absorption at � = 0, where the angle � is the direction
of the IR polarization with respect to the �-M direction. The two
pulses are overlapping at 0 fs time delay. (b) The same as (a), but
the calculations do not consider the effects arising from the Berry
connections, see main text.

those peaks are antisymmetric with respect to the energy of
the M point.

If the intraband dynamics is the underlying mechanism
of the M and � features, the transient absorption shown in
Fig. 1(c) should be sensitive to the IR polarization direction,
as the energy landscape traveled by the core electron in the
conduction band depends on the direction of the electronic
motion. In Fig. 2(a) we show the absorption spectrum for
different IR polarization directions and for a fixed 0 fs time
delay. The angle � corresponds to the direction of the IR po-
larization, where � = 0 is the direction along the �-M points
in the Brillouin zone. In order to visualize the changes due
to the IR polarization, the difference between the absorption
at a particular angle and the absorption at � = 0 is taken.
We observe that the changes are well localized around the
M and � points, i.e., in Van Hove singularities in which the
energy gradient with respect to the quasimomentum is zero,
see Fig. 1(b).

If the energy dispersion plays the dominant role in the
features observed in Fig. 2(a), we should expect that those
preserve the symmetry of the crystal, but it is not the case.
We repeat the calculations of Fig. 2(a), but now considering
constant Berry connections in the eigenstate basis, so the
time evolution of the coherence is modified only by the k
dependency of the energy band, see Fig. 2(b). In this case
the absorption features clearly preserve the symmetry of the
crystal. Now the � point does not show any changes, as around
that point the energy structure is the same for any direction.
At the Dirac points, as the Berry connection is constant, also

the excitation between valence and conduction band does not
depend on the IR polarization direction. These calculations
really indicate the importance of the Berry connection effects
in the electron dynamics and, consequently, in the absorption
spectrum.

IV. SEMICLASSICAL MODEL FOR ATAS

In order to gain further insight to the nature of the recur-
rent peaks and the angle-dependence effects, we develop a
semiclassical theory that allow us to correlate the IR-induced
electron dynamics to the observed ATAS features. This the-
ory is general for any material that can be described with
two energy bands around the Fermi level. Interestingly, the
theory clearly reflects the contribution in ATAS of not only
the energy dispersion, but also of the Berry connections. We
consider a general two-band Hamiltonian written as H (k) =
B0(k)1 + Bx(k)σx + By(k)σy + Bz(k)σz, where 1 is the iden-
tity matrix and σi are the Pauli matrices. In this approach, the
time-dependent dipole of the system is calculated by the sum
of semiclassical electron trajectories driven by the IR vector
potential. The approach assumes that an electron starts in a
particular k point of the conduction band, i.e., the excitation
by the attosecond pulse is sudden, and the quasimomentum
evolves as K = k − A(t ). Along this trajectory, the electron
acquires a phase given by


ϕ±(t, t0, K) = i
∫ t

t0

dt ′({εc[K + A(t ′)] − εc(K)})

+ i
∫ t

t0

dt ′{�S±[K + A(t ′), t ′]}, (4)

where the action Berry phase �S± is defined as �S±(k, t ) =
1
2εIR(t ) · ∂kφ(k)[cos θ (k) ± 1], where εc(k) is the en-
ergy of the conduction band, tan φ(k) = By(k)/Bx(k), and

cos θ (k) = Bz(k)/
√

B2
x (k) + B2

y (k) + B2
z (k), see more details

in Appendix B. The two different signs in the action phase
is because the electron could be excited from two different
core orbitals into the conduction band. Note that the coherent
phase mainly depends on the conduction band and not at
all on the core-hole band. This is due to the fact that the
core orbitals are well localized and, therefore, the electronic
structure is not k dependent. The action Berry phase �S arises
from the interband Berry connection from the flat band to the
conduction band and the intraband Berry connection in the
conduction band, and it is gauge invariant [13].

Once we calculate the phase for different trajectories at
different points of the k space, then we calculate the time-
dependent dipole as

μ(t )∝
∑
K,±

[e−i[εch(K)−εc (K)−i�ch/2](t−t0 )+
ϕ±(t,t0,K) + c.c.].

(5)

The previous equation can be easily understood as the sum of
all the oscillating dipole terms in the reciprocal space, which
deviates by a phase 
ϕ± that arises from the light-induced
electron motion during the core-hole decay. We use Eq. (5)
to calculate the attosecond transient absorption spectrum and
the absorption spectrum vs the polarization angle. The results
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FIG. 3. Semiclassical model. (a) ATAS calculated with the semi-
classical model. (b) and (c) The same as Fig. 2 but using the
semiclassical model.

shown in Fig. 3 are in perfect agreement with the numerical
cBE ones reported in Figs. 1 and 2. We would like to empha-
size that even though the sum in Eq. (5) is over the whole BZ,
the changes are localized around the Van Hove singularities.
The recurrent ATAS features are dominated by the energy
term of Eq. (4). The symmetric and antisymmetric pattern in
the � and M points, respectively, results from the local energy
structure: a paraboloid energy surface around the � point and
a hyperbolic paraboloid energy surface around the M point.
Contribution of the action Berry phase �S , related to the
local Berry connections, to the polarization-angle absorption
spectrum shown in Fig. 2(a) [or Fig. 3(b)] is of the order
of 2%. Interestingly, when the laser polarization is circular,
the action Berry phase can be related to the Berry curvature.
Investigations on the possibility to use ATAS for obtaining

local information about the Berry curvature are currently in
progress.

V. CONCLUSIONS

In summary, we have computed the ATAS spectrum of
graphene for a pump-probe scheme of a few-cycle petahertz
laser field and an attosecond x-ray pulse tuned at the carbon K
edge. We observe two interesting features in the spectrum: the
injection in real time of carriers through the Dirac points and a
complex pattern around the Van Hove singularities, i.e., the M
and � points of graphene. We develop a semiclassical theory
that demonstrates that the complex pattern around the Van
Hove singularities is connected to a coherent phase that elec-
trons acquire during the dynamics driven by a petahertz laser
field, and this phase contains the information of the semiclas-
sical action. We derive the semiclassical action for a general
system that could be described by a two-band model at the
Fermi level, and it depends both on the local energy dispersion
and the local Berry connections of the conduction band. This
finding opens a new route for attosecond condensed-matter
science to directly access light-induced quantum properties in
particular regions of the BZ.
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APPENDIX A: TWO-BAND SYSTEM HAMILTONIAN AND
CORE-ORBITALS BERRY CONNECTIONS

In general, the Hamiltonian of a two-band system, in the k
representation, can always be expressed as

Hw(k) = B0(k)1 + Bx(k)σx + By(k)σy + Bz(k)σz,

where σi stands for the Pauli matrices and Bi are real functions
in the reciprocal space. The eigenvalues are given by E±(k) =
B0(k) ±

√
B2

x (k) + B2
y (k) + B2

z (k) and the eigenvectors are

|u+,k〉 =
(

e−iφ(k)/2 cos θ (k)
2

e+iφ(k)/2 sin θ (k)
2

)
,

|u−,k〉 =
(

e−iφ(k)/2 sin θ (k)
2

−e+iφ(k)/2 cos θ (k)
2

)
,

013144-5



CISTARO, PLAJA, MARTÍN, AND PICÓN PHYSICAL REVIEW RESEARCH 3, 013144 (2021)

where we have defined

tan φ(k) = By(k)

Bx(k)
,

cos θ (k) = Bz(k)√
B2

x (k) + B2
y (k) + B2

z (k)
.

We consider now the previous Hamiltonian, a two-band system, coupled with core orbitals. As a core orbital is well localized
in one atomic site of the system, we assume that the x-ray pulse would mainly couple orbitals localized around the same site.
For graphene, we have to additionally consider that we have two energy-degenerate core orbitals. In this case we write the Berry
connections as

ξw =

⎛
⎜⎜⎜⎜⎝

0 0 ra 0

0 0 0 rb

ra 0 0 0

0 rb 0 0

⎞
⎟⎟⎟⎟⎠,

where we have defined ri as the Berry connection at site i between the core orbital and the outer orbital that forms the chemical
bond. The outer orbital could be described by an atomic orbital, as in a tight-binding model, or a Wannier orbital. In tight-binding
graphene, ri represents the Berry connection between the 1s orbital and the 2p orbital (perpendicular to the surface) at each
carbon atom. The Berry connections between outer orbitals are neglected. The Berry connections in the basis of the eigenvectors
is then given by

ξ(k) =

⎛
⎜⎜⎜⎜⎜⎝

0 0 rae−iφ(k)/2 sin θ (k)
2 rae−iφ(k)/2 cos θ (k)

2

0 0 −rbe+iφ(k)/2 cos θ (k)
2 rbe+iφ(k)/2 sin θ (k)

2

rae+iφ(k)/2 sin θ (k)
2 −rbe−iφ(k)/2 cos θ (k)

2 − 1
2∂kφ(k) cos θ (k) −i 1

2∂kθ (k) + 1
2∂kφ(k) sin θ (k)

rae+iφ(k)/2 cos θ (k)
2 rbe−iφ(k)/2 sin θ (k)

2 i 1
2∂kθ (k) + 1

2∂kφ(k) sin θ (k) 1
2∂kφ(k) cos θ (k)

⎞
⎟⎟⎟⎟⎟⎠.

For the particular case of tight-binding graphene, we
account for the 2pz atomic orbital, perpendicular to the mono-
layer, and the 1s atomic orbital of the two carbons in the
unit cell. Assuming that the 1s orbitals are well localized
and there is no overlapping among them, the eigenenergies
for the core bands are given by εch = ε1s − ε2pz , and the
Hamiltonian describing the valence and conduction bands is
given by Bx(k) = γ Re[ f (k)], By(k) = γ Im[ f (k)], Bz(k) =
0, and B0(k) = 0. The form factor is f (k) = 1 + eik·a1 +
eik·a2 , where ai are the two lattice vectors of graphene,
a1 = a

2 (
√

3, 1) and a2 = a
2 (

√
3,−1), with a = 2.46 Å the lat-

tice constant. The hopping parameter is γ = 2.97 eV. The
eigenenergies are therefore E (k) = ±γ | f (k)|. Using the
eigenstates with the previously introduced notation, we find
the Berry connection to be

ξ(k) = rx√
2

⎡
⎢⎢⎢⎢⎣

0 0 e−iφ(k)/2 e−iφ(k)/2

0 0 −eiφ(k)/2 eiφ(k)/2

eiφ(k)/2 −e−iφ(k)/2 0 0

eiφ(k)/2 e−iφ(k)/2 0 0

⎤
⎥⎥⎥⎥⎦,

where φ(k) is the argument of the form factor f (k). Note
that this matrix is equivalent to the general one when θ = π

2
and ra = rb = rx. The x-ray coupling depends on the electric
dipole element between the 1s and 2pz orbitals:

rx =
∫

d3r ϕ∗
1s(r) r ϕ2pz (r).

In our case rx is only nonzero in the direction perpendicular
to the monolayer, and it is equal to 0.041 Å.

APPENDIX B: DERIVATION OF THE SEMICLASSICAL
MODEL FOR ATAS

We present here the derivation of Eq. (5) of the main text,
which is used to get a simple physical interpretation of the
results obtained from the core-state-resolved Bloch model. We
start deriving the light-induced dipole response of the system
by using the following ansatz:

|�(t )〉 =
∑

K

[b0(K, t )|g, K〉 + b1(K, t )|1, K〉

+ b2(K, t )|2, K〉],

where |g, K〉 = a†
ch1(K)a†

ch2(K)|0〉, |1, K〉 = a†
c (K)ach1(K)

|g, K〉, and |2, K〉 = a†
c (K)ach2(K)|g, K〉, and where a†

α (k) is
the operator that creates a particle with quasimomentum k in
the α band.

We calculate the time-dependent evolution of the ampli-
tudes by solving the time-dependent Schrödinger equation.
The Hamiltonian is written as H (t ) = H0 + VI (t ), where H0

is the free Hamiltonian and VI (t ) is the coupling between the
electric field and the system in the length gauge. Assuming a
sudden excitation at t = t0 of the x rays, εx(t ) = εx0δ(t − t0),
and the evolution of the amplitudes will be governed by the
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adiabatic solutions:

b0(K, t ) = e−i
∫ t

t0
dt ′{E0[K+A(t ′ )]+ε(t ′ )·ξ̃00[K+A(t ′ )]}b0(K, t0),

b1(K, t ) = e−i
∫ t

t0
dt ′{E1[K+A(t ′ )]−i�ch/2+ε(t ′ )·ξ̃11[K+A(t ′ )]}b1(K, t0),

b2(K, t ) = e−i
∫ t

t0
dt ′{E2[K+A(t ′ )]−i�ch/2+ε(t ′ )·ξ̃22[K+A(t ′ )]}b2(K, t0),

where �ch refers to the width of the core-excited states, ξ̃ii are the diagonal terms of the Berry connections, Ei are the
corresponding energies of the states, and ε(t ) is the external laser field. Using the correlation between time-dependent amplitudes
and the coherence terms in the semiconductor Bloch equations [36], the dipole response is written as

μ(t ) ∝ q
∑

K

2∑
i=1

ξ̃i0[K + A(t )]b∗
i (K, t )b0(K, t ) + c.c.,

where ξ̃i0 is the off-diagonal terms of the Berry connections representing the coupling of the core-excited states with the ground
state. We can rewrite the last expression as

μ(t ) ∝
∑

K,i=1,2

|ξ̃i0[K + A(t )]|
|ξ̃i0[K + A(t0)]|e−iSi0 (K,t,t0 )e− �ch (t−t0 )

2 ρ̃i0(K, t0) + c.c.,

where we have defined

ρ̃i0(K, t0) = ξ̃i0[K + A(t0)]b∗
i (K, t0)b0(K, t0),

ξ̃i0(k) = |ξ̃i0(k)|eiϕi0(k),

Si0(K, t, t0) =
∫ t

t0

dt ′
[

E0(K′) − Ei(K′) + ε(t ′) · ξ̃00(K′) − ε(t ′) · ξ̃ii(K
′) − d

dt ′ ϕi0(K′)
]
,

and K′ = K + A(t ′). The last term Si0(K, t, t0) is the semiclassical action and it can be proven to be gauge invariant, as it is
derived in Ref. [13]. Using the previous two-band Hamiltonian and the corresponding Berry connections for core orbitals, we
associate ξ̃01 = ξ1,4, ξ̃02 = ξ2,4, ξ̃00 = ξ1,1 + ξ2,2, ξ̃11 = ξ4,4 − ξ1,1, and ξ̃22 = ξ4,4 − ξ2,2.

The energies are defined by E0(k) = εch1 (k) + εch2 (k), E1(k) = εc(k) + εch2 (k), and E2(k) = εc(k) + εch1 (k), where εc, εch1 ,
and εch2 are the orbital energies for the conduction state and core-excited states, respectively. The energies of the core-excited
states are degenerate εch1 = εch2 and do not depend on k, and εc(k) = E+(k). For the two-band system the action functions take
the form

S10(K, t, t0) =
∫ t

t0

dt ′
[
εch1 (K′) − εc(K′) − 1

2
ε(t ′) · ∂kφ(K′)[cos θ (K′) − 1]

]
,

S20(K, t, t0) =
∫ t

t0

dt ′
[
εch2 (K′) − εc(K′) − 1

2
ε(t ′) · ∂kφ(K′)[cos θ (K′) + 1]

]
.

Now, assuming that the attosecond pulse bandwidth is broad enough compared to the energy band and the initial excited
population due to the attosecond x-ray pulse is similar over the whole conduction band, we can easily obtain Eq. (5).
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