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Abstract

Saturated flow in groundwater systems is modeled by the following diffusion equation.

ow

Q@)E =V . (P(x)Vw)+ R(x,t) in Q, (1)

where () is the specific storage, w is the piezometric head, P is the hydraulic tensor
and R is the source/sink term for the flow. Here the domain €2 is such that Q@ C R",
n=2or 3.

In practical groundwater modeling one is interested in obtaining reliable values for
P, () and R from the knowledge of the values of w inside () together with boundary
values of P and w. In this thesis we follow and explain the results obtained by the
group of Professor Tan Knowles at the University of Alabama Birmingham on the
recovery of P, () and R. We start by considering the existence and uniqueness of
solutions to the forward Dirichlet boundary value problem obtained from the model
problem (1) using a Laplace transform. Next, we state the inverse problem, give
different uniqueness results and explain the related difficulties. Then we establish the
Gateaux derivatives of the functionals used to detect the coefficients. We study in
more details the case where () = 0 and R is given and we end by implementing the

related conjugate gradient method and give some numerical results.
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Chapter 1

Introduction

One of the main objectives of groundwater modeling is to determine the properly
working earth models in order to adequately explain the hydrogeological observations.
From the mathematical point of view, such solutions can be found by optimization.
Frequently, the inverse methods are used to determine the optimal parameter values of
the groundwater models. Adjusting the estimates of the model parameters minimizes
a special objective function, as a measure of the misfit or error, characterizing the

deviation between the measured and calculated data.

1.1 Model problem

In this thesis we study the identification of hydraulic conductivities in groundwater
modeling. We follow the work by Professor Ian Knowles, see [16, 15, 14, 13]. For sim-
plicity we consider saturated flow in groundwater systems, modeled by the following
equation,

ow
ot

over z in a bounded region {2 C R", n = 2, or 3, and for ¢t > 0. Here, () is the specific

Q(x) = V- (P(x)Vw)+ R(x,t) (1.1.1)

storage, w is the piezometric head, P is the hydraulic conductivity tensor and R is

the source/sink term for the flow.



A fundamentally important part of the practical modeling process is the full recon-
struction problem, that is, the problem of obtaining reliable estimates for all of the
various coefficient functions appearing in equations (1.1.1) from field measurements of
the quantities w (and some boundary data on P). The full parameter reconstruction
problem for the groundwater model is a computationally complicated inverse prob-
lem, requiring the recovery of some 20 coefficient functions in the two-dimensional
case alone. Methods that have been previously employed on the inverse groundwater
problem typically focus only on the recovery of a scalar hydraulic conductivity, and
range over educated guesswork (referred to as ”trial and error calibration” in the hy-
drology literature) to various attempts at ”automatic calibration”. These calibration
methods solve the groundwater model problem inversely by iteratively adjusting the
unknown coefficient functions, for example, hydraulic conductivities until the solution
matches the known piezometric head values, see [3]. Another approach is to reformu-
late the problem as an optimization problem which can be done in several ways. One
can work directly to minimize the ”"equation error” as in [9]. Another optimization
route makes use of a general idea of Tikhonov regularization, see [19]. All Tikhonov
regularization methods make use of a regularization parameter whose critical value
must be known quite accurately for the method to be effective. This general class
methods is less effective because of lack of reliable methods for determining this crit-
ical value in practical situations, a problem which can even be more pronounced in
the aquifer case due to the uncertainties in available data. A further point worthy of
note is that in the current literature there are few universally applicable techniques
for recovering the specific storage and even fewer viable methods available [3] for ob-
jectively assigning values to a time dependent recharge term. Once again rainfall is
not readily measured as a local phenomenon, and the effect of supply and discharge
from underground sources is even more difficult to measure directly. There are also

essentially no viable methods for objectively obtaining the full hydraulic conductivity



tensor. It is common in much of the literature to use only steady state flow data to

compute groundwater parameters.

1.2 Organization of thesis

In chapter 2 we consider the forward Dirichlet boundary value problem (2.1.1). We
reformulate this problem in distributional sense and prove existence and uniqueness
results using Lax-Milgram and Riesz representation theorems. We also study reg-
ularity requirements of the coefficient functions and the boundary data in order to
improve the regularity of the solution. In chapter 3 we consider some of the inverse
problems for obtaining the coefficient function p(z) for given ¢(x) and f(x) depend-
ing on the nature of given data, that is, if either boundary data is given or interior
data for u(x). For boundary data, we study results due to Calderén for identifica-
tion of electrical conductivities using the so-called Dirichlet-to-Neumann map. We
report some key papers where uniqueness results for identification of conductivities
have been addressed. For interior data we study uniqueness results for three different
cases, that is, uniqueness results for identification of one of the coefficient functions
when given two of them, uniqueness results for identification of two of the coefficient
functions when given one and the unique identification of a full set of the three coef-
ficient functions. For the unique identification of the hydraulic conductivity p in two
dimension, results by G. Alessandrini play an important role. In chapter 4 we study
in more details the case ¢ = 0 and f given. We define the functional for reconstruction
of p(z) from interior data u(x) and also discuss the properties of the functional. We
establish the Gateaux derivatives of this functional and explain the related conjugate
gradient algorithm for its minimization. We include the numerical results in chapter
5 and introduce the elasticity problem in chapter 6. Finally in chapter 7 we give

concluding remarks together with future work.



Chapter 2

The Forward Problem

In this chapter we consider the elliptic model problem(1.1.1), and study the existence

and uniqueness of a solution to this problem.

2.1 Variational formulation

Assume for the moment that we have a heterogeneous isotropic flow, with the scalar
function P = P(z) representing the hydraulic conductivity. The basic idea is to
Laplace transform data from solutions of (1.1.1) to solutions values u(x,\) of the

elliptic equation
-V - (P(x)Vu) + A\Q(x)u = F(x,\), x € €. (2.1.1)

where A is the transform parameter, and F' depends on R, () and A in such a way that
R can be recovered if @ and F' are known. We will show how the triple (P, Q, F’) can
be found (under suitable conditions on the solutions u(z, A) and the form of R) as
the unique global minimum of a convex functional which will be constructed in the
forthcoming chapters.

Assume that (P,Q, F) = (p,q, f ) are given, where f is a function of z only. That is,



we assume that the source term R(z,t) in equation (1.1.1) is constant in time. Let

Q C R" be a bounded domain with a C? boundary. Consider the differential equation

Lygi=—V-(p(x)Va) + M\g(z)a = f(z), x€Q; A>0. (2.1.2)

=41

= g(z), xze€IQ (2.1.3)

where 02 denotes the boundary of the domain €2 and the coefficient functions are

real-valued and have the following regularity conditions.
fecQ), ¢eC’Q), peCQ). (2.1.4)
Suppose ¢(x) > 0; f > 0; and p satisfies
plx) >v >0, x€Q (2.1.5)

for some constant v.
Generally it is not possible to write an explicit formula for the classical solution
to the problem (2.1.2). Hence we resort to the concept of weak solutions to elliptic
problems. In the sequel we shall use the general Sobolev spaces H*(Q), where a
function ¢ € H*(Q) if ¢ € L*(Q) and D¢ € L*(Q) for |a| <k, k € R.
Let g € H2(99), then using the inverse trace theorem, there exists z € H(Q) such
that,

T(z) =gy, on OS2 (2.1.6)

where 7 denotes the trace operator.
If we make a change of variables, &4 = u + z in (2.1.2), then the following Dirichlet

problem arises,

{L“u:ﬁ in £, (2.1.7)

u =0, on Of).
where f = (f — L,,2) € H"1(Q), the dual of H(1).



For the moment let us assume that u is a smooth solution. We multiply the partial
differential equation (2.1.7) by a smooth test function v, v € C§°(Q2), and integrate
over the domain 2. We find that;

/Q—V - (p(x)Vu)v + Aq(z)uvdr = /Qf(x)vdx Yo € Cg° ().

Then using integration by parts we obtain,

/ —p(x)Vu - nvdS + / p(x)Vu - Vo + Ag(z)uvdr = / f(z)vdz,

o0 Q Q

where dS denotes a surface element on the boundary 02 and n is the unit outward
normal vector to 0f).

For all v € C§° we obtain,

/p(x)Vu - Vo + A\g(z)uvdr = / f(x)wdr  Yve Hy(Q) =V, (2.1.8)
Q Q

since C§°(92) is dense in H}(Q).

Equation (2.1.8) can be written as,

alu,v) = {f,v), Yo eV, (2.1.9)
where,

a(u,v) — /Q (@) V- Vo + Aq(x)uvdsz, (2.1.10)

(f,v) = ) f(x)vdz Vv e Hy(Q)=V. (2.1.11)

The expression (.,.) represents a duality pairing between elements in HJ () and
H(Q), the dual to H}(2). Equation (2.1.9) is called a variational problem associated
to the Dirichlet problem (2.1.7).

Definition 2.1.1. A function @ is said to be a weak or generalized solution of the
Dirichlet problem (2.1.2), (2.1.3) if it satisfies & = u+ z, where u solves the variational
problem (2.1.9) and z is defined by (2.1.6).



2.2 Existence and uniqueness

In order to investigate the existence and uniqueness of a solution to the variational

problem (2.1.9), we require the following definitions.
Definition 2.2.1. Let V be a Hilbert space and K be a scalar field.
(i) A mapping a(.,.): V x V — K is called a sesquilinear form if;
e a(.,.) is linear in the first argument. That is, for A, u € K

a(Au + po,w) = Aa(u, w) + p(v,w) Yu,v,w eV

e a(.,.) is antilinear in the second argument. That is, for A\, u € K,

a(u, v + pw) = Aa(u, w) + (v, w) Yu,v,w €V

In the rest of the definitions we assume that the scalar field K = R. Then in this
case af.,.) is linear in both the first and second arguments and is called a bilinear

form on V.

(ii) A bilinear form a(.,.) is called bounded if and only if there is a constant M > 0

such that ,
|a(u, v)] < Mlful[v[lv]lv Vu,v €V
where ||.||y denotes the norm in the space V.

(iii) A bilinear form a(.,.) is called V —elliptic(or coercive) if and only if there is a

constant a > 0 such that;

a(u,v) > allul|3 YueV

The following theorem gives the existence and uniqueness of the solution to the

variational problem: find u € H}(Q) such that equation (2.1.9) holds.



Theorem 2.2.1. Let Q C R™ be a bounded C? domain and let f € L*(?). Then

there exists a unique weak solution u € Hy(QY) fulfilling
a(u,v) = (f,v), Vv € Hy ().
This solution also satisfies the following estimate.
[ull ) < el fllz2@), (2.2.1)
where the constant ¢ does not depend on f.

Proof. The proof of Theorem 2.2.1 follows from the following Lemma.

Lemma 2.2.2. (Laz-Milgram) Assume that a(.,.) is a symmetric ,bounded, V — elliptic
bilinear form on V. Then for any f € V*, V* the dual of V', there is precisely one
u € V such that (2.1.9) holds. This solution satisfies an estimate

[ullv < el fllv, (2.2.2)

where ¢ > 0 is a constant.

Before we provide a proof for Lemma 2.2.2, we need the following Lemma which

will be important for the construction of the proof.
Lemma 2.2.3. (Riesz) If f € V* there exists a unique element uy € V' such that we
have,

(f,vy = (v,uy)y YveV. (2.2.3)

with || f|

ve = lugllv,
where (.,.)y represents an inner product on the space V.

Proof. This theorem follows in two parts,



(a) Uniqueness of uy.

If (f,v) = (v,up)v = (v,u})y Vv € V, we have,

(v,u}—uz)v =0 Vv eV,

which implies that,

(b) Existence of uy.
If f =0 then u; = 0 satisfies (2.2.3).
Assume f # 0 and let N = Kerf = {v;v € V,(f,v) = 0} (the kernel of f)
N is a closed subspace of V. If N+ is the orthogonal subspace of N in V, then
dim N+ = 1.
Let ug € N+ and put

<f7 U()) 1
Up = U ur € N
T Yol ™ g

Then we have the following,
(1) if v € N, then (v,us)y =0 = (f,v),

(2) if v € N+, then v = Mg (since dim N+ = 1)
This implies that (v, ur)y = A(f,uo) = (f, \uo) = (f,v), A€ R

(3) ifveV=N®NL v=uvy+uvy. and we have again (1) - (2) above. Then we

have the result,
<f,1)> = (Ua uf)V

In addition,

/]

ve = sup [(f,0)] = sup [(v,up)v] < |lugllv.

llvlly=1 [lv]lv=1
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Also,
uyr Uy
[fllve = s =) = (= up)v] = |luslv.
Jurllv Jugllv
Therefore
[fllve = Tlugllv.

]

Having established the Riesz representation Lemma, we now proceed to provide

a proof for the Lax-Milgram theorem.

Proof. Lax-Milgram.

We reformulate (2.1.9) as an operator equation in V. For any fixed v, the mapping
u — a(u,v) is a bounded linear functional on V', hence by Riesz representation
theorem, there is a unique w € V such that a(u,v) = (u,w) Vu eV,

We introduce the operator Ay : V — V defined by,
Avu=w

Note that Ay is bounded and this follows directly from the boundedness of af(.,.).
On the other hand, again form the Riesz representation theorem, there exists b € V

such
(f,v) = (v,b)y Vv e V.
Setting for u € V,
Tu=u— p(Ayu—0),
the problem reduces to finding the fixed points of T.
We have,
[Tus = Twr [l = (w2 — 1) — p(Avus — Avun) |7,
= e —wlli = 2palus — wr, us — wr) + p*|| Av (ug — w)|f},

< (1 —=2pa+ p*M)||lug — ui|f3-.
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Hence T is a strict contraction in V' for 0 < 2a/pM, and as a result admits a unique
fixed point u. The variational problem (2.1.9) therefore has a unique weak solution.

For this solution, using coercivity of the bilinear form a(.,.), we have

Then by using Cauchy Schwartz inequality we have,

1
2
<= .
lully < =llullviifllv

Hence,

1
[ully < —||f]
«

Ve

]

Next we consider af., .) defined by equation (2.1.10) to check whether the assump-

tions of Lax-Milgram Lemma are satisfied on the space V = Hj(Q).

(i) Symmetry of a(.,.).

2

(
= /p(x VoVu 4+ A\g(x)vudx
Q

a(u,v) = /p z)VuVv + Ag(z)uvdx
)
(v,u).

|
2

Hence a(.,.) is symmetric
(ii) a(.,.) is bilinear. Let a,, B € R, and u,v,w € V. Then,
alau + fv,w) = /Qp(a:)V(au + pu)Vw + Aq(z)(au + pv)wdz
= a/ﬂp(a:)Vqu—i—)\q(x)uwdx

+ﬁ/ﬂp(:p)Vva + Aq(x)vwdx

= aa(u,v) + fa(v,w).
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For v, u € R we have,

a(u,yv + pw) = /Qp(a:)Vu(fyv + pw) + Aq(z)u(yv + pw)dx
= W/Qp(x)VuVU + A\q(x)uvdx

+,u/p(x)Vqu + A\q(z)vwdz
Q

= va(u,v) + pa(v,w).
The above two results justify the claim that a(.,.) is a bilinear form on V.
(iii) Boundedness of a(.,.)
la(u,v)| = | /Qp(I)Vqu + Aq(z)uvdz]|
Using the triangle inequality we obtain,
w0 < [ p@ITulVol+ Mool oldz
Then using Cauchy Schwartz inequality gives,
a(w,o)| < suplpla)] |Vl ooy [Volloey + N sup o(e)] fullzzgo ol

< (SUP [p(z)| + [Alsup IQ(SE)I> [ullv[lvllv
e €

= Mllullv[lv]lv-
Hence the bilinear form a(.,.) is bounded.
(iv) a(.,.) is V—elliptic.
a(u,u) = /p(x)VuVu + Aq(z)uu
Q
Since A > 0 and ¢ > 0, we have
ofwn) = [ pla)Vuf
Q
1 2, 1 2
= & [p@iwp+ 5 [ @l
Q

Q
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Using Poincaré inequality we obtain,
a(u,u) > ! inf p(x) /]Vu]2+0/u2
- 2 € Q Q
> alully,

where a = £ inf,cq p(z) x min{1, C}.
)

Hence af(.,.) is a symmetric, bounded and V —elliptic bilinear form on V =

H}Q).

(v) The function F' defined by F(v) = (f,v) is linear and bounded.
Let a, 8 € R and v,w € V. Then,

Flav+pw) = [ f@)lav-+pu),
/f v+6/f
F(v) + BF(w)

which shows that F' is linear.

PO = 1 [ fap
= [ 1@kl

= <[]
Hence F' is bounded.

By Lax-Milgram Lemma, the variational problem (2.1.9) has a unique weak or gen-

eralized solution u € H}(Q). The estimate (2.2.1) follows from (2.2.2). O

2.3 Regularity

We note that we can control the regularity of solutions u to (2.1.7) depending on the
regularity of the coefficient functions p, ¢, f and the boundary 0€2. This regularity
theory can be found in [18].
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Theorem 2.3.1. Let 2 C R™ be a bounded domain with C*> boundary 0S). Let
m € R and k € N satisfy m > %n+ k. Then

H™(Q) — C*(Q)

Theorem (2.3.1) tells us that the Sobolev space H™(£2) is continuously embedded
in C*(Q)), where,

CH(Q) = {v: D*v € C(Q),Va, with |a| < k}.

For (z1,29,...,2,) € R", a = (a1, 09,...,0y), D* = 031002 ... 09",

For the proof of Theorem 2.3.1, see [8].

In two dimension, if the right hand side function f, is such that f € H'*$(Q), then
from standard theory of elliptic partial differential equations, the solution u is such
that u € H?>*$(Q) for s > 0. Using theorem (2.3.1), u € C%(Q) and f € C°(Q). If
the solution is such that u € C?(€2), then it satisfies the elliptic problem (2.1.2) in a

classical sense. In order to see this we consider equation (2.1.8) and proceed with an

integration by parts as follows.

/Qp(x)Vu Vv~ M(z)uvdr = /Qf(:c)vda: Vv € Hy(Q)
/aQ p(x)Vu - nudx + /Q =V - (p(z)Vu)v + M(z)uv = /Qf(a:)vdm

This implies that,
/Q(—V “(p(x)Vu) + Mg(z)u — f(z))vdr = 0 Yo € Hy(Q)  (2.3.1)

If we make the substitution ¢ = —V - (p(2)Vu)+ A¢(x)u— f(z), then we can see from
equation (2.3.1) that ¢ is orthogonal to all elements v € H}(Q), that is, ¢ € H&(Q)L.
Since H} () is dense in L*(Q), then H&(Q)L — L*(Q)". Therefore ¢ € L2(Q)" which

implies that ¢ = 0 in L*(Q) and hence u satisfies,

=V - (p(x)Vu) + M(x)u = f(x) a.e x €, (2.3.2)
u = 0 x € oS
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Since ¢(x),p(z), f(z) are all continuous, the equality in equation (2.3.2) holds every-
where in the domain 2. Hence u satisfies the Dirichlet problem (2.1.7) in a classical
sense.

The solution of the variational problem (2.1.9) is also the solution of the optimization

problem, find u € V satisfying,

J(u) = inf J(v) (2.3.3)

veV

where J : V' — R is the quadratic function defined by,

1
J(U) = 5@(’0, U) - <fa U> (234)
Indeed, the gradient J'(u) at u,

J(W] = Tim [ J(u+ev) — J(w)

e—0 5

= lim - F (u+ev,u+ev) — (f,u+5v>—%a(u,u)+<f,u>

e=0¢g |2
2
= lli% . {az e(f, vy + ga(v,v)

The optimality condition J'(u) = 0 for the solution of problem (2.3.3) is thus,
a(u,v) = (f,v) Yo eV, (2.3.5)

which is nothing but the problem (2.1.9).
The functional (2.3.4) represents the potential energy of the system described by
(2.1.2). This motivates the functional that we will use in section (4.1) for the inverse

problem.



Chapter 3

The inverse problem

In this section we consider the recovery of the coefficient functions f,p, ¢ in equation
(2.1.2) for given values of A and either few or many boundary data g(x) or the values

of few solutions u(x) in the interior of the region of interest.

3.1 Recovery from boundary measurements.

The task is to reconstruct the coefficient function p(z) from boundary measurements
using the so-called Dirichlet to Neumann map which we will describe later. We
consider the steady-state aquifer with zero recharge term, that is , ¢(z) = 0 and

f(z) = 0. Then the problem (2.1.2) reduces to,

{ V- (p(z)Vu(e)) =0, z € (3.1.1)

u(z) = g(x), x € OfL.
The inverse problem for the model (3.1.1) was first addressed by A.P Calderén in
1980. The problem he proposed is whether it is possible to determine the conduc-
tivity of a body by making current and voltage measurements at the boundary, that
is, the Dirichlet to Neumann map. This problem arises for instance in geophysical
prospection. More recently this non-invasive inverse method, also refered to as Elec-

trical Impedance Tomography, has been proposed as a possible diagnostic tool in

16
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medical imaging, see [27, 11]. One concrete clinical application, which seems to be
very promising, is in the monitoring of pulmonary edema, see [12]. We now describe
more precisely the mathematical problem and Calderén’s approach to determine the

coefficient function p(z).

Let 2 C R be a bounded domain with smooth boundary. The conductivity of €2
is represented by p(z) such that p(z) > v > 0, x € Q, that is , p(z) is strictly
positive.

Given g(x) € H'/?(09) on the boundary, the induced u € H'(Q) solves the Dirich-
let problem (3.1.1). We associate to u the trace of its derivative % € H~/2(9Q),
where n denotes the unit outer normal to 0€2. The Dirichlet to Neumann map
A, - HY2(0Q) — H~Y2(99) is given by;

Ayf(e) = plr) 20 reon,

The inverse problem is to determine p(z) from the knowledge of A,. It is difficult
to find a systematic way of prescribing measurements of g(z) at the boundary to be
able to find the conductivity p(x). Calderén instead took a different route.

Consider problem (3.1.1), multiply both sides by u(z) and integrate over €. This

gives,

/QV “(p(x)Vu)u de = 0,

which we write after integration by parts as,

/ p(x)Vu - nu dS—/p(x)\Vu\z dx = 0. (3.1.2)
o0 Q
From (3.1.2) Calder6n considers the quadratic form defined by,

Qo) = [ plVu dr= [ Ao)g as (3.1.3)

o0
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where dS denotes the surface measure and u is the solution of (3.1.1). @Q,(g) is the
quadratic form associated to the linear map A,. That is, to know A,(g) or @Q,(g)
for all g € H'?(09) is equivalent. If one looks at ()p, the problem is changed to
find enough solutions u € H'(2) of the equation (3.1.1) in order to find p(z) in the
interior.

Next, we give Calderén’s procedure for the linearization of the map
p—Qp

and the approximation formula to reconstruct a conductivity p(z) which is apriori
close to a constant conductivity. Calderén proved in [6] that the map @ is analytic

and the Fréchet derivative of ) at p = py in the direction A is given by,

dQ|p=p,(h)(g,w) = /QhVu -Vu dx (3.1.4)

where u,v € H({) solve

{ V- (poVu) =V - (poVv) = 0, in Q; (3.15)

u=g€ HY?(0R), v=wec HY?), on oN.
Calderén proved that the linearized map is injective in the case py = constant, which
is assumed for simplicity to be a constant function 1. The original idea of Calderén
is to reduce this problem to the denseness in L*(Q) of the products of gradients of

harmonic functions. To explain this, consider the following harmonic functions
u=e"’ v=e " (3.1.6)

where p € C" with
p-p=0. (3.1.7)

We remark that the condition (3.1.7) is equivalent to the following,

ik
= n—;Z , n, ke R"

Inl = [kl, n-k=0. (3.1.8)
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Substituting the solutions (3.1.6) into equation (3.1.4) for d@|,,=1(h) = 0, we obtain
/ hVe™P - Ve P dx = 0
Q
/ —hpe®? - pe”*Pdx = 0
Q
Q

Using (3.1.8), we obtain,

k> .
/—hue”“dx = 0,
Q 2

which can also be written as,
k2 (xoh) (k) = 0 Vk € R, (3.1.9)

where yqo denotes the characteristic function of  and f” denotes the Fourier trans-
form of f. Then by the injectivity of the Fourier transform we conclude that h = 0.
However one can not apply the implicit function theorem to conclude that the map
p — @), is invertible near a constant since conditions on the range of () that would
allow the use of the implicit function theorem are either false or not known.
Calderon observed that using the solutions (3.1.6) one can find an approximation for
the conductivity p near a constant.

Suppose p = 1 + h, with A small enough in L* norm. We are given;

Gp = Qp(ex.plaQa e_x.ﬁ|(9Q)7

where p € C". Writing the quadratic form(3.1.3) as a bilinear form, we have

G) = /(1+h)Vu-VU+/(1+h)(V(5u-VU+VU-V§v)+/(1+h)V5u~V5v, (3.1.10)
0 Q Q

where u, v solve equation (3.1.5) and

V-(pV(u+déu) = V-(@V(v+dv))=0 in Q (3.1.11)

5u|aQ = 6U|8Q:0



20

We note after integration by parts that

/(V5u -Vuo+Vu-Viv) = / (Vv - néu+ Vu - név)dS
Q o0
—/((MAU + dvAu)dx
Q

= 0,

where dS denotes the surface element and n is the unit outer normal vector to the

boundary of the domain 2. Equation(3.1.10) then becomes,

Gp = /(1—|—h)Vu-Vv+/h(Véu-VU—i—Vu-Vév)—i—/(l—i—h)v&u-v&). (3.1.12)
Q Q Q

We also note that for the solution u, equation(3.1.11) can be written as

{ V- (pVéu) =V - (hVu), in O (3.1.13)

ou =0, on 0f).

The right-hand side of the first equation in (3.1.13) is such that: V- (pVu) € H~1(Q).

Thus from standard elliptic estimates we have
IVoul|z2() < Cl|R(Vu)l|r2(9)

for C' > 0. Taking the smallest ball or radius r around 2 and integrating over this

ball for solutions u of the form (3.1.6) we have
(V) oy =< Clllleekle M.
Thus we have the following estimates for du and dv.
IVoull2i0), Vovllz2i@) < Cllh| po ey Kle! /2. (3.1.14)
Substituting for u,v into (3.1.10) and using equation(3.1.9) we obtain

ﬂﬂ@z—%%+ﬂ@=F®+R%%
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where F' is determined by G, and is therefore known. Using estimate (3.1.14), we
have

[R(K)| < Ol =@ye™.

In other words we know xop(k) up to a term that is small for k small enough. More

precisely, let 1 < a < 2. Then for |k| < 2_70‘ log m =: a, we have
|R(K)| < cl|h[| 7o -

We take 7 a C* cut-off so that 7(0) = 1, supp f(k) C {k € R", |k| < 1} and
Na(X) = 0"n(ox). Then we obtain

—2G,p .

xap(k)ii(k/o) = TE i(k/o) + R(k)i(k/o).

Using this result, we get the following estimate

1
1 (3.1.15)
2] oo (02)

()| < C|A]| L (@[log
where p(z) = (xap*n,)(z) — (F*n,)(z). Inequality (3.1.15) gives an approximation to
the smoothed out conductivity, yop*7, for h sufficiently small and uses the harmonic
exponentials for low frequencies.

Does the knowledge of A, uniquely determine p? This issue has been addressed by
many authors producing hundreds of papers on the subject. We mention just few
key papers. After the fundamental work by Calderén, Kohn and Vogelius in [17]
answered this uniqueness question in the case where p is piecewise analytic. Their
idea is to use highly oscillating solutions near the boundary to prove uniqueness of
all the derivatives of the coefficient p. Then they use the analyticity of p to conclude
the uniqueness inside.

Sylevester and Uhlmann in [27, 26] constructed complex geometrical optics solutions

for the Schrodinger equation associated to a bounded potential. These solutions

behave like Calderén’s complex exponential solutions for large complex frequencies.
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For dimension n > 3, Sylevester and Uhlmann used geometrical optics solutions to
prove global uniqueness result in [26]. In the dimension n > 3, the uniqueness is
still open in the large space L*>(2). In two dimension A. Nachman proved in [20]
that one can uniquely determine conductivities in W24(Q), for some ¢ > 1, from A,,.
Recently, Brown and Uhlmann in [5] have improved uniqueness for a less regularity
requirement than A. Nachman. Finally, more recently Astala and Paivarinta solved
completely this uniqueness question in L>(2), see [4]. Hence the Calderén problem

is completely solved in the two dimensional case.

3.2 Recovery from interior measurements.

In groundwater modeling, one is usually given the piezometric head data u(z) in the
interior of the region of interest together with boundary values of the conductivity p.
This data is measured practically using piezometric head methods which are available
to geologists. In such cases one is interested in constructing functionals that can be
used to recover the coefficient functions f, p, ¢ for given values of A using the available
interior information on wu(z).

In the remaining part of this thesis, we consider the inverse problem with the assump-

tion that we know the solution u(z) in the interior of the region of interest.

3.3 Uniqueness for the inverse problem

In this section we answer the question of whether the knowledge of the interior values
of the solution u = w4 ¢ to the elliptic problem (2.1.2) guarantees the unique deter-

mination of any one of these coefficient functions.
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It is worth noting that under conditions (2.1.4) and (2.1.5), and assuming the con-
dition that the Dirichlet data g(z) > 0, the solutions u,, f are positive everywhere
in €). This result follows from the strong maximum principle for elliptic equations.
Three cases are considered for the discussion on uniqueness, that is, one-coefficient

case, two-coefficient case and three-coeflicient case.

1. The one-coefficient case.
Let P, @, F be the coefficient functions for which the inverse problem is consid-
ered.
If any two of these functions are known , then the remaining coefficient can be
determined from the knowledge of the solution upg p for a given value of A.

Three cases arise in this situation.

a. Given P and Q.
Assume that the functions W = upg px and w = upg y\ satisfy;
—V - (P(x)VW) 4+ AQ(z)W = F(x), z€
V- (P(x)Vw)+ \Q(x)w = f(x), xe€

and that W = w on €. Then trivially, we have;
f(z) = F(z) x € €.

This ensures the unique determination of the function F' from the knowl-

edge of the solution to the elliptic problem (2.1.2).
b. Given values of P and F.
Suppose that W = upg px and w = upg p . satisty;
=V - (P(x)VW) 4+ AQ(z)W = F(x), z€
—V - (P(x)Vw) + M\(x)w = F(x), z€
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and that W = w on 2. Subtracting the two equations above we have,

AMQ(z) — q(z))W = 0. (3.3.1)

The unique determination of Q)(x) is possible under conditions that A > 0
and that the solution W > 0 on 2. With the assumption that the Dirichlet
data g(z) > 0, and the conditions (2.1.4) and (2.1.5), the maximum prin-
ciple then ensures that the solution W(z) > 0 on Q. Thus the coefficient

function Q(x) can be uniquely determined from equation (3.3.1).

. Given () and F.

Suppose that W = upg pa and w = u, g g satisfy;
—V - (P(x)VW) 4+ XQ(z)W = F(x), z€

V- (p(x)Vw) + \Q(x)w = F(x), x€;

and that W = w on 2. This case is more involved than the two situations
which we have already considered. The question to be answered here is
”Under what conditions on W is it true that P = p?”.

Subtracting the two equations above gives;
V- (P =p)x)VW) = 0,
which implies that
V(P —p)(z) - VW(x)+ (P —p)(z)AW(z) = 0. (3.3.2)

Equation (3.3.2) is a first order differential equation in (P — p)(z), the
solution to which depends on the coefficients VIV (z) and AW ().

Theorem 3.3.1. If

inf [max{ AW («)], [VWV () }] > 0. (3.3.3)
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then P = p in Q. If n = 2, the condition (3.3.3) may be weakened to the
requirement that at points x = (§,n) € Q for which VW (x) = 0, not all of
Wee(z), Wey (), Wy () vanish.

The proof of Theorem 3.3.3 can be obtained from [13].

Remark. In two dimension, the zeros of VIW(z) also called the critical points

of W can be controlled on the domain €. In [1], G. Alessandrini states the

following important results in a two dimensional domain 2 for f(x) = 0.

(i)

(i)

If the set of points of relative maximum of the function g(x) on the bound-
ary 0f) is made of N connected components, then the interior critical
points of W (x) are finite in number, and denoting by my, ma, ..., my the

respective multiplicities, the following estimate holds:

k
> mi<N-1 (3.3.4)

i=1
Here the number N is used to refer to the number of maxima(minima) of

g(x) on 0N.

If 0 and g(x) are sufficiently smooth, we obtain a lower bound on |VW (z)|.
Namely, for every ' CC () there exists a positive constant C' depending

only on , €' | g(x) and the coefficients {p(z), q(z)} such that for every

x eV,
k
VW (z)| > C [ |z — ™ (3.3.5)
i=1
where x1, 2, ..., x) are the interior critical points of W (z) and
mi, Mo, ..., my are the respective multiplicities.

From the above two results we are then sure that at all non critical points

where AW = 0, the gradient |VI¥| is bounded below away from zero using
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(3.3.5). Inequality (3.3.4) shows that if the boundary function g(z) has, say one
maximum point, then we are sure that the solution W (x) has no critical points

in the interior of the domain. Thus VW # 0 everywhere in the domain 2.

. The two-coefficient case.

In this section it is assumed that one of the coefficient functions P,Q, F' is
known. The other two coefficients are to be determined from the knowledge of
the solution upg ) for two values of A with additional conditions as will be
explained later.

Three different cases are discussed below.

a. First consider the case where P is known and one has two solutions,
upq r and upg gy, where Ay # Ao.
Let W = upgrx, W =1upgsxr and V = upgrr,, U = Upgfr,, Where
W =w and V = v on 2. Substitution into equation (2.1.2) yields the four

equations below.

V- (P@)VW) + Q@)W = F,  z€Q
V- (P(@)Vw) + Mg()w = f,  zeQ
V- (P@)VV)+MQ@)V = F,  z€Q
V- (P(2)V0) + hg(z)v = f,  z€Q

Subtraction then yields the homogeneous system;
M(Q@) —qle)W —(F = f) = 0
X(Qx) —q(2)V = (F = f) = 0.
A trivial solution to the above system occurs if and only if
MW # AV

or AluP’QJ:")\l 7é AQUP’Q’F)\Z (336)
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Condition (3.3.6) provides for the unique determination of @) and F.

. Next assume that the function @ is known and that one is given the func-
tions W= upgra, w = upgsy and V. = upgry, v = Ui

satisfying,

V- (P@)VW) + MQ@)W = F,  z€Q
=V (p@)Vw)+ MQ@)w = f,  z€Q
V- (P@)VV)+XQ@@)V = F,  2€Q
V- (p(@)V) + XQ@)v = f,  z€Q

If W =w and V = v on ),then after subtraction we obtain,

~V-(P-p)(x)VW) = F—[, (3.3.7)
V- ((P=p)@)VV) = F—Ff
(3.3.8)

Hence
V- (P=p)(x)VW-V))=0 (3.3.9)
Then one seeks conditions on W,V to ensure that P = p and F' = f. One

answer is given by the following theorem.

Theorem 3.3.2. If W —V satisfies the conditions satisfied by W in The-
orem 3.3.1,then P =p and F' = f on Q.

Proof. The equality P = p follows from Theorem 3.3.1 and the equality
F = f follows from equation (3.3.7). O

. Finally assume that F' is known and one seeks uniqueness for P and Q).

Given functions W = upg rr,, W = Upgpy, and V = upgry,, v =
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Up.g.Fr; fOr AL # Ag, then,

V- (P(2)VW) + MQx)W = F, z€Q
V- (p@)Vu) + Mglx)w = F,  z€Q
V- (P@)VV)+MQ@)V = F,  z€Q
V- (p(2)V) + Aeq(zy = F,  z€Q

with W =w and V = v on Q.
Subtraction then yields,

—V - ((P=p)(@)VW) 4+ (Q — q)(z)W = 0, (3.3.10)
~V - ((P=p)(@)VV)+X(Q—q)(x)V = 0 (3.3.11)

Multiplying equation (3.3.10) by A2V (x), equation (3.3.11) by AW (z) and

subtracting the results, we obtain,
MW(2)V - (P = p)(@)VV(2)) = XV (2)V - (P = p)(x) VIV (2)) = 0,
which we rewrite as:
V(P =p)(x) - M(z)+ (P —p)(@)N(x) = 0.

where,

M(z) = MW (2)VV (z) — AV (2)VW(x) and

N(z) = MW (2)AV (z) — AV (x) AW (x)

The following theorem gives conditions which guarantee uniqueness for the

values of P and Q.

Theorem 3.3.3. If the flow generated by the vector field M(x) on § has
the property that every point exits at the boundary of Q0 (i.e, lies on a flow
line starting at the boundary), then P =p and Q = q in Q.
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For the proof of this theorem, see [13].

. The three-coefficient case.
In this section, assume that \;, A\ and A3 are given, together with functions
U=upqrr, U=1Upgsr:V =UPQFr; V= Upgrr, add W =upqry;, w=

Up.qg. .25 Satisfying;

(P()VU) +MQ(z)U = F, x €N

-V
-V - (p(x)Vu) + Mg(x)u = f, r €
V- (P@)VV)+20Q(@)V = F,  zeQ

(
V- (p(x)Vv) + Ag(x)v = f, reN (3.3.12)
—V - (P(x)VIWV) + X\3Q(x)W = F, x €}
=V - (p(x)Vw) + A3q(x)w = f, r e

and U =u, V =v and W = w on (). The following theorem provides for the

unique determination of the three coefficient functions P, Q, F'.

Theorem 3.3.4. If the flow generated by the vector field

N(z) = (AV(z) = A\W(x))VU(x) + (AW (z) — MU (x))VV(x)
+(MU(z) — NV (x)) VW (2) (3.3.13)

on ) has the property that every point exits at the boundary of €2, that is, lies

on a flow line starting at the boundary and at least one of

AQV(:L‘) - /\3W(l’), )\3W(l’) - /\1U(l’), /\1U(l’) - /\2V<CC)

in not zero at every x € (), then P=p, Q =q and F = [ in €.
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Proof. From the set of equations (3.3.12), one obtains;
—V - ((P=p)(@)VU)+M(Q —q)(x)U = F—f,
=V ((P=p)(@)VV)+ X(Q —q)(x)V = F—, (3.3.14)
=V ((P=p)(@)VW) +X3(Q — q)(x)W = F—f,

it follows by subtraction that,

V- ((P=p)@)VU =V))+ (MU = 2V)(Q —¢)(x) =0, (3.3.15)
—V.((P =p)()VU =W)) + (MU = AW)(Q — ¢)(x) = 0.

Elimination of the terms ) — ¢ then gives,

V(P —p)(x) N(z) + (P —p)()T(x) =0

N(z) = [(MNV(z) =AW (x))VU(x)+ AW (x) — MU (2))VV ()
+(MU(z) — XV (2)) VIV (2)]

T(x) = [(AV(x) = AW (2)AU(z) + (AW (z) — MU (x))AV (2)
+(MU(x) — XV (2)) AW (z)]

From the given property on the vector field N(x), the above equation will have
the unique solution P — p = 0 and that Q) = ¢, F' = f follows from equations
(3.3.15) and (3.3.14) respectively. O



Chapter 4

Methods for recovering parameters
from interior data

In this section we consider the functional for the reconstruction of the hydraulic
conductivity P from interior data of the solutions u(z) to the problem (2.1.2). This
functional gives twice the difference between the energy of the systems whose solutions
are u = upg r and u,, s and it is motivated by the equivalence of the minimization
problem (2.3.3) to the variational problem (2.1.9). We give the properties of this
functional in form of a theorem and some stability and convergence results for the

conjugate gradient algorithm which we use for minimization.

4.1 Reconstruction functional

Suppose the solution u := upg r to equation (2.1.2) is given for which P, Q, F' are
the coefficients representing the parameters p, g, f of the problem.

Define

Do ={(p,q, f,\) : p,q, [ satisfy (2.1.4),(2.1.5),A >0 and p|oQ = P|0Q},

It is natural to consider a functional that gives the energy of the system described by

31
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the elliptic equation (2.1.2). For (p,q, f,\) in D¢, define

Gp.a, fA) = Jo p@)(Vul® = [Vupgpal’) + M(@)(w® — vy, ) (4.1.1)

— 2f(x)(u — upg )

The following theorem summarizes some of the properties of the functional G(p, q, f, A).

In the theorem it will be convenient to set ¢ = (p, q, f, A).

Theorem 4.1.1. (a) For any c in Dg,
Gle) = /QP(JT)W(U —ue)|* + Aq(@) (u — ue)*dw = (Lyg(u — ue), (v — uc))
(b) G(c) >0 for all ¢ in Dg, and G(c) =0 if and only if u = u,.
(c) For c; = (p1,q1, f1, A) and ca = (pa, G2, f2, A) in Dg, we have

G(Cl) - G(CZ) = /Q(pl - pQ)(|VU‘2 - Vucrvucz) + A(Ql - QQ)(U'Q - u01'u02)

ucl _'_ U‘CQ )

—2(f1 —fz)(U— 9

(d) The first Gateaux differential for G is given by
G'(¢)[h1, ha, hs] = /(]Vu|2 — | Vue|*)hy + Ag(z)(u® — u?)hy — 2f (2)(u — ue)hs
Q

for hi,hy € L®(Q); hz € L2(Q) and G'(c) = 0 if and only if u = u,.
(e) The second Gateaux differential for G is given by
G"(c)[h, k] = 2(L,4(e(h)), e(k)),

where h = (hy, ha, hy), k = (k1, ko, k3) and the functions hy, ha, ki, ky € L>®(Q),
hs, ks € L2(Q), with hilsq = kilsa = 0 and e(h) = =V - (hiVu,) + hou, — hs.
(.,.) denotes the usual inner product in L?(£2).



33

Proof. 1f u is the generalized solution of the Dirichlet problem (2.1.2) with boundary

conditions (2.1.3) ,we have.

(Lpagtt, @) = /Q p(2)Vu - Vo+ M(z)u ¢ Yo € HY(Q), (41.2)

since
/QSV /p(x)Vu -Vo, (4.1.3)
Q

for any function ¢ € HJ(Q2). The latter formula is integration by parts and will be
used more often in the rest of this proof.

Note that for arbitrary values a and b

a®>—b = (a—0b)?+2ab— 2b* (4.1.4)
(a® 4+ b?)

d b <
an ab = 9

(4.1.5)
(a) Using equation (4.1.4) we obtain,
Gle) = /Qp\Vu — Vue* + 2pVu - Vu, — 2p|Vue|* + Aq(u® — u?) — 2f (u — u,)
— /Qp|V(u —u.)|? 4+ 2pVu - V(u — u.) + Ag(u? — u?) — 2f (u — ue).

By using integration by parts, that is, formula (4.1.3) with ¢ = (u—u.) € H(Q),

we have

Glo) = [ B9 = w20~ w0V - (pc) + Aqlu = ) = 2 )

From equation (2.1.2), we then have

Glo) = [ pI9(0= w20~ u) e = 1)+ Aqlu? = ) = 2w = )
= PV )~ 2l = ) + Mo = )

_ / DIV — ) ? + Mg — u)?
= (Ll — ), (1 — u)).
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(b) Since ¢(z) >0, p(x) > v >0and A >0 Vo € Q, it follows from (a) above
that G(c) > 0.
Suppose u = u.. Then G(c) = 0.
On the other hand, if G(c¢) =0, then from (a) we have,

/QpIV(u —u)| + Ag(u — u.)* =0 (4.1.6)

This implies that V(u — u.) = 0, showing that u — u. = constant on 2. Since
u — u. = 0 on the boundary of Q, then u = u. everywhere. Hence G(c) = 0 if

and only if u = u,.

(c¢) From the definition of the functional G(c), we have;

Gler) - Glea) = / PVl — [V, ) = pa([Vul? — [V, ) + Ag (u? — u2,)

A (0 = 02) — 21 (0= t,) + 2ol — uey)

- / PVl = [V [2) = pr(|Vul? = [V, )
01Vl = [Vue, ) = pa( |Vl = [V, )
g (u® —ul) = Ay (u? = ul) + Aqa (u? — ul)
“Aga(u® — ) = 2f1(u— ue) + 2fo(u — ug,)

- / (Ve — [Vt [2) + Ags (a2, — 2,
+(p1 — p2)(|Vul? — [Vug,|?)
g1 — @) (W —ud) — 2f1(u — ue,) + 2f2(u — ue,)

= /Qplv(UcQ + ey ).V (Uey — Ue) + Aqa(ul, —ul)
+(p1 — p2)(|Vul? = [Vue, |*) + M1 — g2) (u® — u2)

_2f1(u - uCl) + 2f2(u - UC2)'

Using integration by parts, that is, formula (4.1.3) with ¢ = (u., —u.,) € Ha(Q),
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we have

G(cr) — G(cea)
= [ e = 1)V 01V 0) + V- (1) A, )
+(p1 — p2)(|Vul]? = [Vue, ) + Mgt — g2) (u® — uf,)
=2f1(u —ue,) + 2fo(u — ue,)
= [ e =T 01T 0) + 5+ (20 + V- (1 = p2) V)
FAq (ul, — ul)) + (p1 — p2)(IVul® — [V, )
Mg — g2) (U = ud,) = 2f1(u — ue,) + 2 fo(u — u,)
= [~ ) Oty + Mty — fi £
—(p1 = p2) Ve, - V(ue, — ue,)
+(p1 — p2)(IVul? = [Vue, |*) + Ags (ul, — u?)

M@ — @) (W = ug,) = 2f1(u = ue,) + 2fa(u — ue, ).

After an arrangement, we then obtain
G(Cl) - G(CQ) = /(pl - p?)(|vu|2 - Vucrvucz) + )‘(ql - QQ)(U,Q - ucl‘uCQ)
Q

)

Ue, + Ue,

—2(fi = fa)lw— 2

The proof of (d) and (e) requires the following important results.

(i) Poincare inequality. Let 2 be a bounded Lipschitz domain. There exists a

constant ¢, > 0 such that;

%
vl z2(0) < ¢ (/ |Vv|2dx) V v e HY(Q) (4.1.7)
Q
(ii) For any fixed ¢ = (p, q, f, A) and h = (hq, ha, h3) we have,

lin% Uegeh = Ue in  H'(Q) (4.1.8)
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This result follows from subtracting the following two equations.
-V - (pVu.) + A\qu. = f, (4.1.9)
—V - ((p+ €h1)Vucien) + ANq + €ho)tucren, = [+ €hs
to obtain,
Ly (tesen — ue) = (V- (M Vteyen) — Arotieyen + h3) (4.1.10)
Multiplying equation (4.1.10) by ucycn — u. and integrating, we obtain,

(Lp,q(uc+sh - uC>7 (uc+€h - uc))

_ / (teran — 4)2(V - (y Vo) — Mrotieson + hs)
Q

B 8/ hlvuc+sh . V(Uc+€h B uC) - /\h2u6+sh<uc+sh - uc)
Q
+h3 (uc+5h - uc)
N 8/ _(h1|v(uc+ah - UC)|2 + hlvuc ’ V(“c-‘:—ah - uc))
Q

_/\h2<uc<uc+€h - uC) + (uc—i-eh - u8)2) + h3(uc+5h - uc)-

After repeated use of inequality (4.1.5), we obtain

(Lp7q(UC+ah - uc)7 (uc+ah - uc))
h
< 5/0 IV (teren — ue) + |51|(|Vuc|2 + [V (teren — ue)?)

h
FANG2 + (tteren = 1)) 4 Aol (esen — )’
1

5 (hsl* + (ueren = ue)?). (4.1.11)
The left hand side of the above inequality is given by,
/p|v(uc+6h - uc)|2 + )‘Q(UC—I—Eh - uc)2

Q

> / DIV (tteren — o)
Q

1 1
= 5 / p|v<uc+sh - uc)|2 + 5 / plv(uc+€h - uc)|2
Q Q
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Using Poincaré inequality (4.1.7), with v = uey e — u. € H3(Q) for the second

integral on the right hand side, we have

/p|v(uc+eh - u6)|2 + )‘Q(uc-i—eh - uc)2
Q

1
g (/ |V(uc+ah - uc)|2 + _(uc+€h - uc)2>
Q C

P
> Clteten — el ()

v

where C' = min (2 3).

)
27 ¢p

When the terms in e, — u. from the right hand side of equation (4.1.11) are
transferred to the left hand side, the resulting expression is bounded below by
Co||teqen — Uel 1 (o) Which is less than C||ucqen — Uel| g1 (o). We note that in this
case, € should be taken small enough in order to have a positive term on the

left hand side after the difference. The resulting equation then becomes,
Co|[theqen — Uc”Hl(Q) < Ofe)
which implies that,
l_i_r% Uereh = U mn Hl(Q)
For any function n € L*>°(2), we have
IV.(0Vueren)llm-10) < K (4.1.12)

where the constant K is independent of €. In order to obtain this result, we

consider a functional F' defined by
F(¢) = / NV Ueyen-V on H}(f)
Q

= / -V (nvuc+ah)¢
Q

This functional is linear and bounded, that is, it satisfies, |F'(¢)| < K/||¢[ g1 (q)-
Consequently, F' € (H}(2))*, the dual of H}(2). Thus V.(nVueien) € H1(Q)
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and HFHH—I(Q) = V- (ﬂvuc+sh)|lH—l(Q)
The estimate (4.1.12) then follows from the boundedness of F'.

(d) The first Gateaux derivative of the functional G is given by,

()] = lim G(c+¢eh) — G(c)

e—0 g
If we use property (c) of the theorem we obtain,

G(c+eh) — G(c)
£

= ¢! /(p + ehy —p)(|VU|2 — Veyep - VUC)
Q
+A(qg +¢ehy —q) (u2 — Uetenle)
CTE€ —|_ C

—2(f +¢ehs — f)(u — %)

= / hi(|Vu|?> = Vteren - Vue) + Mg (U? — tepentic)
Q

)

Uc+eh + U,

Using equation (4.1.8), we obtain

G/ (0) [, ha, ] = /(|Vu|2 V)B4 A — 12)hs — 2(u — u)hyda.
Q

(e) The second Gateaux differential of the functional G(c) is given by,

G//(c> [h, ]{3] -— lim GI(C + €h)[/€] _ GI(C) [k]

lim - (4.1.13)

Using part (d) of theorem (4.1.1) and some algebra, the right hand side of
(4.1.13) is given by,

= ¢! /(\VUCF — | Vtopen|*) oy + Al = ulip)ks — 2(ue — teren) ks
Q

= 5_1 / /{:1V(uc - uc—i—sh) : v(uc + uc—i—sh) + A(“z - ungsh)k? - 2(“0 - uc+eh)k3‘
Q
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Using integration by parts we obtain,

G"(c)[h, k] = 7! / (Ueren — Ue)
Q
X{V : (klv(uc + uc—l—ah)) - /\(uc + Uc+6h>k2 + 2k3}
Then applying equation (4.1.10) we have,
G"(c)[h, k]
X{—V . (k’1V(uc + chrsh)) + )\(UC + uc+€h)k2 — 2k'3}
= 2/ L_l(—V : (h1VuC) + )\hguc — hg){—v : (lﬁVuc) + )\Uckfg — 2]{?3}
Q

P
+ /Q L;é(—v (M V (Uegen — te) + MNog(Ueren — Ue))
X{=V - (k1V (¢ + teten)) + Mue + Uepen) ko — 2ks}
+ /Q Ly o(=V - (m Ve + Mhyue — hg)

X{—V : (1{31V(Uc+gh - Uc)) + )\(uc+5h — U/C>k2}
(4.1.14)

It remains to show that the second and third integrals in equation (4.1.14) tend
to zero as € — 0.

As the operator L, ; is self-adjoint, if we set
we = =V - (k1V(ue + Ueren)) + M + teyen) k2 — ks,
the second integral may be rewritten as;
/Q(—V (M V (Ueten = te) + Mg(Ueten — Ue)) Ly
= /thv(chrah — ue) - V(L qwe) + Mo (tesen — te) Ly g,

Now, from (4.1.12), w. is uniformly bounded in H~'(Q) and as L, may be

extended uniquely as a bounded linear operator from L*(Q) to H™'(Q2), L, jw-.
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is bounded independently of € in H'(2). From the boundedness of V on H'({2)
to L*(Q) x L*(Q) it follows that |V (L, lw.)| is bounded independently of ¢ in
L3(9).

Using (4.1.8) it now follows that the second integral in (4.1.14) tends to zero
with €. Finally, note that L7} (=V - (hVu,) + Ahau, — hg) lies in H'(Q). After
an integration by parts and applying (4.1.8), the third integral of (4.1.14) also

vanishes as ¢ — 0. This completes the proof of theorem (4.1.1).
U

In the remaining part of this thesis, we consider the elliptic problem (2.1.2) for

the case ¢(z) = 0. Then property (b) in theorem (4.1.1) becomes,
G (p)h = / h(Val? = [V, 2) (4.1.15)
Q

Remark

From equation (4.1.15) it follows that G'(p) is in the dual space of L>(2). Then this

equation can be written as a duality pairing between elements of L>(£2) and L*>(2)

where ()* denotes the dual space. Then we have,

(G'(p), hypoor 1o = (|Vul> = |Vup|*, h) pocs o
= <|VU|2 - |vup|2a h>L1**,L°°

Since L'(12) is isometrically embedded in L'(Q)"", we can make the identification,
G'(p) = VG = |Vul* — |[Vu,/?,

since |Vul? — |Vu,|* € LY(Q).
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4.2 A conjugate gradient algorithm

In this section we discuss an algorithm for minimization of the functional G(c) based
upon the use of certain conjugate gradient descent directions. In the remaining part
of this thesis we consider an elliptic problem for the case g(z) = 0. Equation(2.1.2)

then becomes,

-V (p(x)Vu) = f, x €N (4.2.1)
u(z) = g(z), x € 0f)

In this case we note that the functional G(p) is strictly convex, see Theorem(4.1.1),
since G"(p) > 0. Thus the minimization should be computationally effective since
from the properties of G(p) discussed in theorem (4.1.1), P is not only the unique
global minimum for G, but also the unique zero for the gradient VG. Thus provided
that the descent is stable, it cannot get "stuck” at a function other than P. We also
note that in general one cannot use the L!-gradient VG, because there are numerical
problems associated with this gradient in the descent procedure, stemming from the
fact that the L'-gradient need not be zero on the boundary of the domain €. In this
case the updated P need not preserve the given boundary data. Instead we shall use

the Neuberger gradient, VG, chosen so that
G'(p)h = (VNG(p), h)1, h € Hy(Q) N L>(N) (4.2.2)

where (.,.); denotes the usual inner product in H*(£2).

If we compute the function g from
~Ag+g = VG(p), (4.2.3)
gloa = 0,

it follows that, for h € H(2) N L>(£),

(g,h)1 = /Vg~Vh—|—gh.
Q
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After an integration by parts we obtain,
@0 = [ (-Bg+gh
Q

_ /ﬂ WYG().

Using equation (4.1.15) we have,

(g, 1) = / W(Vul? — [V, ?)
= G'(p)h

Thus we can set ¢ = VyG(p).

Definition 4.2.1. A vector h € R"™ is a descent direction for a functional G at a

point p if
dG h
M‘azo = VG(p)Th < 0.
da
If we choose h = —g as the descent direction, we obtain

G(p—ag) = G(p) = —aG'(p)g.
Then using equation (4.2.2) we have,
G(p — ag) — G(p) = —allg|} < 0.

Therefore —g is a descent update direction for p that preserves the values of p at the

boundary of 2. We note from equation (4.2.3) that

(—A+1)VNG(p) = VG(p)
or VNG(p) = (—A+1)"'VG(p).

Therefore the Neuberger gradient is a preconditioned version of the L'—gradient. A

detailed discussion of this approach can be found in [21].
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Since we will use the Neuberger gradient VG to update the iterates p € Dg, we
need to be sure that VyG € L>(€2). This is a consequence of an elliptic regularity
estimate of De Giorgi [10]. If u is a solution of the elliptic problem (4.2.1), with f =0,
then u € C%*(Q) for some constant a > 0 and if the concentric balls B, lie in  for
p < Ry, then for some constant ¢ and any p < R < Ry,

IVl < c(p/R)M+2 / I — ugl (4.2.4)

B, Br

where ur denotes the average value of u over the ball Bg.
We note that, if A is the homogeneous Dirichlet operator —A + I on 2 then the

solution ¢ to (4.2.3) can be written as
g=GxVG

where G is the Green’s function associated with the operator A.

Let  be such that Q cc Q. Then the Green’s function G satisfies

AG = —b(x,z2) in Q
G =0 on 99

where d(.,.) is the dirac delta function. We recall that, ®(z,z) = ‘%g% is the

fundamental solution to —A® = §(z, z) in RM, where c); is a constant depending

only on M.
If we write,
g — (I) + éa
then,
(A +DP(x,2) = —B(x,2) in Q (4.2.5)
d(z,2) = —d(x,2) on 9.
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Multiplying both sides of equation(4.2.5) by G(z,t) and integrating over Q we obtain,

[ o+ naeagenn = [ a6 .

Integration by parts then gives,

—/~ VO(t,2).nG(x,t) dS + [ VO(t,2).VG(x,t) + O(t, 2).G(x, t)dt
00 B 9

~

=0

_ / — (1, )G (x, 1) dt.
Q

Further integration by parts leads to,

0

Vﬂmwné@zms+/kﬂﬁ+ng@¢yﬁu@ﬁ :t/—¢@zm@ﬁﬂt

Q

which implies that,

/Q(S(z,t)i)(;v,z)dt = /ﬁ—i)(t,z)g(yc,zf)dt—/8~ VG (z,t).nd(t,z)dS

9)

B(z,2) = / _B(t,2)G(x, £)dt —/ VG(x, ) nd(t, 2)dS
Q a0

From the estimates on Green’s functions, [23, 24],

~ 1 1 1 1
0] <C
[@(z,2)] < {/ﬂ |z — ¢[M2 [¢ — 2[M2 + /afz |z — ¢[M1 [t — Z|M—1}

For x € 2 we have,

1 1 ) ~
/afz T dS(t) < oo, since 2 CC €, (4.2.6)

we also have,
c/|lx —2|M=4, if M > 4

1 1
/ﬁ |gj—t|M*2'|t_Z|M72dt§c clnfz — 2|, it M = 4; (4.2.7)
clv —2*M, if M < 4.
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It follows from (4.2.6) and (4.2.7) that
cflx — z|M=4 it M > 4;

D(x,2)| <cq cln|e—z|, if M =4 (4.2.8)
clr — 2| M, if M < 4.

Since ®(z, z) and ®(z, z) are smooth if  # z, then using (4.2.8), we have
D (x, 2)| < C|D(x, 2)], for every x # 2 in Q. (4.2.9)

Note that for z € 2 and M > 2 (the proof for M=2 is similar),

VnG(z) = / G(z,y)(Vul(y) — [V *(4))dy
e / & — g M (Va2 () — [V P(y)dy + S(z),  (4.2.10)

where G denotes the Green function for the homogeneous Dirichlet operator —A+1 on
), C'is a constant which depends only on M. The quantity .S is dominated by the first
integral expression by using the result in (4.2.9). Therefore we have VNG € L*(Q)
if we can prove that the first integral expression is bounded.

If B. and B, are balls centered at a fixed x and ¢ is chosen so that B, C B, C (),
we have,

/ @ =y | Vul*(y)dy = / |z =y Vul(y)dy + / o =y~ [ Vul? (y)dy

Q B. Q-B.
Since x is fixed we can write r = x — y, m = 2 — M and rewrite the first integral on

the right-hand side of the above equation in polar coordinates. This leads to,
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/|x—y|2M|Vu\2(y)dy = / /7’2M|VU(Z’—T)|2TM1de9
Be sM-1 Jg
= / /mrlM (/ |Vu]2tM1dt) drdf
SM—1
+ hm/ / mr?” M/ |Vt dtdd
=0 Jom—1
— & / / IVul* M drdo
S]W 1
= or= [ ([ vapar)
0 B,
— hmrQ_M/ \Vu|2—|—€2_M/ |Vul?
r—0 5 B.

Applying the De Giorgi estimate (4.2.4) to the above equation, we obtain that all the
terms on the right-hand side are uniformly bounded. We can estimate the remaining
part of equation (4.2.10) in the same way.

Next we describe briefly a steepest descent algorithm for the minimization of the

functional G(p).

4.2.1 Steepest descent algorithm

Step 0: Start with an initial guess po € R".

Step 1: Solve for g = =V yG(po) using equation (4.2.3). If gy = 0 stop, else set n =0
and go to step 2.

Step 2: Compute «,, > 0 such that
G(pn + angn) = min G(p, + agy,)
a>0

We note here that for the implementation of step 2, we use the Golden section

method as will be explained later.
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Step 3: Set P11 = pn + angn, set n =n + 1 and go to step 2.

The Golden section method, see [22].
In the implementation of the line search algorithm in step 2, we use the Golden section

method. In this method, we consider minimization of the function

fla) = G(p+ay)
where f is continuously differentiable. It is assumed that the derivative of the function
f at a« =0 is given by
f'(0) = VG(z)'g <0,
that is, ¢ is a descent direction at p. It is also assumed that f(«) is strictly unimodal

in the interval [0, s], where s > 0 is a scalar.

Definition 4.2.2. A strictly unimodal function f over an interval [0, s] is defined as
a function that has a unique global minimum «o* € [0, s] and if «y, s are two points
in [0, s] such that a; < ay < a* or a* < a1 < ag, then f(ay) > f(a2) > f(a*) or
fla®) < f(az) < f(aq) respectively. For example a strictly convex function over [0, s]

is unimodal.

The Golden section method minimizes f over [0,s] by determining at the k'
iteration an interval [ay, ay] containing o, the minimum of f(«). These intervals are

3—V5
2

obtained using the number 7 = which satisfies 7 = (1 — 7)? and is related to

the Fibonacci number sequence.

Golden section algorithm
Step 0: Take [ag, ag] = [0, s], set k = 0.
Step 1: Determine [oyy1, py1] so that a* € [agy1, ary1] as follows.
Calculate
by = o+ 7(ar — )

by = ap—7(0—ax) and f(bg), f(bk).
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Step 2: If f(by) < f(bx), set

Qpy1 = g, Qg =b, i flow) < f(br)

Qry1 = Qg, Qg = by if flag) > f(br)
elseif f(by) > f(bx), set

koAf f(bk) > flag)

ky1 = by, Qg =ay if f(by) < f(ax)

Il
Ql

o1 = by, Qg

else f(bx) = f(bi), set

Qg1 = b, Qg1 = by

Based on the definition of a strictly unimodal function it can be shown (see figure
(4.1)) that the intervals [ay, @] contain o* and their lengths converge to zero. In prac-
tice, the computation is terminated once (ay — o) becomes smaller than a prescribed

tolerance.

9(0)

Figure 4.1: Golden Section search



49

4.2.2 Convergence results

Next we present some convergence results for the steepest descent method. For sim-
plicity we assume throughout this section that f = 0, M = 2, 9Q is C? and the
coefficients p = p; and p = py in (4.2.1) are C*, with solutions w,, , u,, having bound-
ary data with at most N maxima and minima in 0€2. It is known in G. Alessandrini’s

paper [2] that for every d,0, d>0and 0 <6 < %, and some constant C

1
Ip1 — pall e < C{lltp, — tupy 2|22 y1/2-0/@N+1)

where Q4 = {z € Q : d(z,0Q) > d}. This says roughly, that the problem be-
comes well-posed if one can provide u data sufficient that the second derivatives of
u can be accurately approximated. When one only knows that the coefficients are
bounded, (and therefore that in general the solutions have no better smoothness than
C%*(Q),a < 1), one must expect a considerably weaker kind of convergence.

Before we give convergence results, we need the following Lemma.

Lemma 4.2.1. With p,u,v defined such that

-V -(pVu) = 0 in €
u = g on OS2
p>v > 0 p € Dg,
c2+1

a) [lu—upllar) < Z-lullar @)l P = plleo

012,—1-1
174

b) iyl — oy < G0) < Bl | P~ %

Proof. First we consider the left-hand side inequality in (b).

v
+1

14
=l = | o=l + V= w)P)

¢ p

2
P
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Using the condition p > v > 0, we have,

v 9 p 2 2
gl wline < [ Sl 19w,

which, after using Poincaré inequality, leads to,
v

cz%—l—l

lu— gl < / P(IV (1 — ) ?)
= G(p).

Secondly, using part (c) of theorem (4.1.1), we have

Glp)— G(P) — /Q(p — PY(|[Vul? = Vu, Vup).

Since G(P) = 0 and u = up, we have

G) = [ (r=PIVu(Vu=Vu,)

Cauchy Schwartz inequality then leads to,

G(p)

IN

1P = pllocl[Vuul| 2@V (4 = wp) [ 2 (),
< Nlullmr @) 1P = pllosllu = upll @)

It follows from these results that

14
cl%—i—l

lu—wlBng < G0) < lulml P = plolu = ullme, (4211)

which implies that,

v
+1

> Ju =l < NullaollP = pllsllu — |l m @)
D
a+1

14

lu—upllm@e < Jull @) I1P = Pl

This proves part (a) of Lemma (4.2.1).
Using part (a) and inequality (4.2.11) we obtain the following result.

v
cf,—l—l

¢+ 1

lu = wlline < GO <llullm@llP —plle [ullzr@)l[1P = plloo-
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This implies that,

v 9 a+1 )
C%+1||U—upHH1(Q) < Gp) = = —llullz@)llP = plls
which justifies part (b) of Lemma (4.2.1). O

Theorem 4.2.2. Let {p, C D¢} be uniformly bounded below and such that G(p,) —
0. Then u,, — u in H'(Q) and V- ((P—pn)Vu,,) converges weakly to zero in Hg ().

Proof. Tt follows from part (b) of Lemma (4.2.1) that u,, — w in H'(Q). Also, for
he m©)

[ a0 (P =)Vl = | [ 19 (PY,)l
= |/th - (PV(up, —u))|.
Using integration by parts, we have

\/hV (P = pn)Vuy,,)| y/Pv ) - VA,

which, after using Cauchy Schwartz inequality, gives

I/QhV-((P—pn)Vupn)l < |[Plleclltp, = wllar @bl — 0.
U

Lemma 4.2.3. Let p, — p* in the space L>°(?) and let g, = VNG(p,) and also
Gn = VG(p,). Then g, tends to zero in L*(Q) and g, tends to zero in H(Q).

Proof. We begin by showing that u,, — u, in H'(Q). If L, denotes the Dirichlet
operator in L?(Q) formed from (4.2.1) with p = p*, we have,

Ly (up, —up) = =V - (p"V(up, —up))
= =V (p'Vu,,) + V- (p"Vuy),
—————

=0
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since V - (p,Vu,, ) = 0, we have
V- (p'V(up, —up)) = =V (" —pa)Vuy,).

Multiplying both sides of the above equation by wu,, — u,- and using integration by

parts leads to,
|19, = )P
Q
- /(p* = Pn) Vg, - V(up, — ty)
Q
= /Q(P* - pTZ){V(upn - up*)(v(upn - up*) + V. - V(“pn - Up*))}

:lL@%—mnwu%n—%42+vWﬁwu%n—%o}

Using inequality (4.1.5), we have

“}

/p*|v(upn — Up)
Q
| = 507 = p)I¥ s, )

. 3 1
* 2 [0 = p IV, — )+ 51V
Q

2

1 *
b < Sl [ (V0
Q
For n large enough, and the fact that px > v > 0, we obtain that
upn — up* ln Hl(Q>

From the above result we deduce that;

@ = [IVG(pn) — VGO )|«
= [[(IVul® = [V, ) = (IVul® = [V,

||§n - gp*

e

= IV

> — |V, [*llLr@) — 0.

Therefore g, — g, converges to zero in L'(2). Next we have to show that g, — g,-

converges to zero in H*(Q).

@e%wmzzﬁgww@—%mw@
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where G denotes the Green’s function for the Dirichlet operator A = —A + I which

is used in defining the Neuberger gradients. We have,

A(gn - gp*) = On — Gp
/QA(gn — Gp)(gn — gp)(w)dx = /Q(én — Gp*)(gn — gp ) (x)d

% = /Q(gn - gp*)(Qn —9p
- / (3 — (@) / G(@,9) (G — ) (y)dyde.
Q Q

Hgn — Gp* *)(l’)dl’

One can now extract the singular part of G and (within a ball of radius € > 0, for ¢
small enough), change to polar coordinates, integrate by parts and use the estimate

of De Giorgi as was done earlier to show that the resulting integrands are O(g). The

convergence to zero of ||g, — gp+||n1 (o) then follows from the convergence of g, — gp-

to zero in LY(Q).

Since g, are steepest descent gradients, and thus these directions are conjugate,
that is (gn, gni1) = 0, for all n, it follows that g, — 0in H*(€2). This idea is originally
due to H.B. Curry [7]. Therefore g,» = 0. We also have g, = 0 since,

This then implies that g, — 0 in L*(Q). O

Finally we describe some conditions under which a steepest descent implementation

would converge in this manner.

Theorem 4.2.4. Let {p,} C Dg be the sequence of steepest descent iterates obtained
via the Neuberger gradient, that is, pps1 = Pn + Qngn. Assume also that {p,} is

uniformly bounded both above and below, and

G(pn) — G(Pny1) > O‘annHLl(Q)Hgn“om (4.2.12)

where §, = VG(p,). Then G(p,) — 0 as n — 0.
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Proof. First we claim that there is a subsequence {gy,)} converging strongly to zero
in L'. To see this, assume by way of contradiction that there is a number § > 0 such
that

1Gnllzr@) = 6 (4.2.13)

for all n.

Then from (4.2.12) and (4.2.13),

G(pn) - G(pn—H) > ||§n||L1(Q)||pn+1 _anoo > 5||pn+1 _anoo

for all n. Hence for n > r,

v

G(pn) — G(pny1)

G(pn-1) —G(pn) = Ollpn — Pu-illoo

Slpns+1 — Pulloo

V

G(prJrl) - G(Pr+2) = 5”pr+2 - prJrlHoo

The triangle inequality then implies,

n
G(pri1) — G(pnt1) =0 Z [pi1 = pilloo = 0llPr11 — Prtilloo
i=r+1

Now {G(p,)} is convergent as it is monotonically decreasing and bounded below.
Hence {p,} is a Cauchy sequence in L> and must converge strongly to some function
p* in L* . So by Lemma (4.2.3) the sequence {g,} converges to zero strongly in
L' and this contradicts (4.2.13). It follows that we can find a subsequence {gp(n)}
converging to zero strongly in L'. In addition, as the sequence {p,} is bounded in
L™, it follows that G(pgm)) — 0 as n — oco. As the sequence G(p,,) is decreasing, it

must also converge to zero. O



Chapter 5

Numerical Results

In this chapter we give numerical results for some examples of p. The test data is
obtained by solving the forward problem with known values of p and then using the
conjugate gradient methods to minimize the related functional G(p). All boundary
value problems are solved using finite elements method with the help of the mat-
lab PDE tool box. Line minimization is done using the Golden Section method as
explained in chapter 4.

The algorithm is tasted on synthetic data obtained by using the following values

of the coefficient function p(x) on a square domain Q = [—1,1] x [—1,1].

pil,y) = e CF 405

(z.1) 0.5, ifx<0;
b2\, Yy) =
’ 1.0, elswhere.
1.5, if —0.25 <z <0and 0 <y <0.25
ps(z,y) = 1.0, if |x| < 0.5 and |y| < 0.5;
0.5, elsewhere.
1.0, if |z| < 0.5 and |y| < 0.5;
p4('xay> -
0.5, elswhere.
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2.0, if |[z] < 0.5 and |y| < 0.5;
p5<I,y) =

0.5, elswhere.

In all the different cases for p;,i = 1,2, ..., 5, the boundary function g(z,y) = z+y+4
is used together with the right-hand side function f(z,y) =z +y + 4.

First we consider p; which is continuous and analyze the results from the algorithm
using different initial guesses and different values of the step size a. We also compare
these results with results obtained using line minimization at each descent step.
Secondly we analyze convergence results for the discontinuous cases p;, i = 2, 3,4, 5.
We conclude this chapter by considering the results obtained when noise is added to
the solution data w.

We note that during the implementation for noisy data, we add noise according to
the following formula.

“unoise - uHLl(Q)

:67

||U||L1(Q)

where U,0;se 18 the noisy data and 0 is the percentage noise level.

5.1 Continuous case

Here we consider the case where the hydraulic conductivity is assumed to be contin-
uous. As taste data, we use the coefficient function p; which is a gaussian function.
This function is used in the forward problem to obtain synthetic data w which is then

used for the inverse problem. The following results are obtained for this case.
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True p1 Reconstructed p1

. 1 . -1 -
Y-axis t X-axis Y-axis 1 X-axis

(a) True p1(z,y) (b) Reconstructed p;, po = 0.75

Reconstructed p1 Reconstructed p1

Y-axis 1o X-axis Y-axis 1

X-axis

(¢) Reconstructed p1, po = 0.5 (d) Reconstructed pi, po = 2.0

Figure 5.1: Reconstruction of p;

Figure 5.1(a) shows the true plot of pi(x,y). Figure 5.1(b) was obtained using
the steepest descent method with an initial guess pg = 0.75 and step size a = 0.1.
For this result there is a 0.03 L; error between the true p; and the reconstructed one
after 3124 descent steps. However, when the step size a was set to 0.35, the same
reconstruction was obtained after 891 descent steps. This shows that there exists a
value of « for which the reconstruction is faster.

In order to make an improvement on the above results, we carried out a line search
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minimization in the descent direction at each step as described earlier on in section
(4.2). An implementation of the Golden section line search algorithm gives rise to
the same L; error after 446 iterations.

We also note that the initial guess plays an important role in the nature of results
obtained during the reconstruction process. Figure 5.1(c) is obtained with an initial
guess pg = 0.5. The same L; error was obtained after 372 iterations using the line
minimization algorithm.

However, the initial guess py = 2.0 gives rise to a 0.067 L, error after 800 iterations of
the steepest descent method. This shows that when one chooses an initial guess which
is further away from the true value, it takes more descent steps before the true value.
This result is represented in figure 5.1(d). It is also worthy noting that even higher
values of py were tasted and there is convergence of the algorithm. This is due to the
fact that the functional is strictly convex. From the above results, we suggest that
it is always advisable to choose an initial guess which is close to the given boundary

value of the coefficient function p.

5.2 Discontinuous case

Next we considered the case where the hydraulic conductivity p is assumed to be
discontinuous. As taste data we use the values p;,7 = 2,...,5. For all the results
obtained below, we used an initial guess pg = 0.5 with a line search at each iterate

using the Golden section method.



59

True p2 Reconstructed p2

. 1 . -1 -
Y-axis t X-axis Y-axis 1 X-axis

(a) True pa(z,y) (b) Reconstructed pa(z,y)

True p3 Reconstructed p3

—axi -1 - . —axi -1 - .
Y-axis t X-axis Y-axis 1 X-axis

(¢) True p3(z,y) (d) Reconstructed ps(z,y)

Figure 5.2: Reconstruction of p, and p3

Figure 5.2(b) shows a reconstruction of ps(x,y) (figure 5.2(a). In this case, the
Ly error between the true value of p, and the reconstructed value is equal to 0.0941
after 600 descent steps. The reconstruction of ps (figure 5.2(c) is shown in figure
5.2(d). In this case a 0.1856 L; error was obtained between the true value of ps and
the reconstructed one after 600 iterations. We note that the algorithm works better
for continuous values of p than for discontinuous values. This is evident from the L,

errors obtained for p; results and the results for ps and p3. However, the discontinuity



60

is well localized in all cases, that is, the position of the discontinuity is accurately

determined by the algorithm.

True p4 Reconstructed p4

Y-axis -1 Xeaxis Y-axis 14 X-axis

(a) True pa(z,y) (b) Reconstructed p4(z,y)

True p5 Reconstructed p5

Y-axis 1o X-axis Y-axis o X-axis

(c) True ps(z,y) (d) Reconstructed ps(z,y)

Figure 5.3: Comparison of contrast

In figures 5.3(a),(b), (c) and (d) we compare the results obtained for different contrast
values between p, that is, the difference between the minimum and maximum values
of any given p. For the reconstruction of p; (low contrast) we obtained a 0.1636

Ly error while the reconstruction of ps (high contrast) gave rise to a 0.6703 L, error,
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both results after 600 iterations. Thus it is more difficult to reconstruct discontinuous
conductivities with high contrast than ones with low contrast.

Next we analyze the nature of results obtained by adding noise to the synthetic data

u.

Data u for p2 Noisy data u for p2

—axi -1 - . —axi -1 - .
Y-axis t X-axis Y-axis 1 X-axis

(a) Data u for pa(z,y) (b) Noisy data for pa(z,y)

True p2 Reconstructed p2

Y-axis 1o X-axis Y-axis 1o

X-axis

(c) True pa(x,y) (d) Reconstructed pa(z,y)
Figure 5.4: Noisy data

Figure 5.4(a) shows the data u(x,y) for ps(x,y) while figure 5.4(b) shows the same
data after an addition of 2% noisy of the original data. After 14 iterations of the

algorithm figure 5.4(d) was obtained as a reconstruction of the true value 5.4(c) of ps.
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The L, error between the true ps and the reconstructed one is equal to 0.414. We note
that the algorithm is sensitive to noise due to the ill posedness of differentiation of
data during calculation of the L; gradient VG(p) and although the noise percentage is
quite small, we don’t have convergence. It is also important to note that the solution
data is obtained by solving the forward problem with a known value of the coefficient
function p. During this process there are errors between the would be exact solution
and the one obtained after finite element discretization. Such errors act as noise to

the data and contribute considerably to the ill-posedness of the inverse problem.



Chapter 6

The elasticity Problem

In this section, we discuss briefly the elasticity problem. We give the fundamental
equations of linear elasticity and state the necessary boundary conditions for the
forward problem. We include some possible inverse problems that arise in elasticity
theory. Our focus is the identification of coefficient functions that appear in the

dynamic elasticity equation when we write the solution as a time-harmonic motion.

6.1 Introduction

Elasticity theory describes the reversible deformation of solid bodies subjected to exci-
tations of various physical nature, for example, mechanical, thermal, electromagnetic
etc. Such excitations applied as distributions over the body (for example, gravitation,
Lorentz forces, thermal expansion) or over the boundary (pressure, contact forces),
generate strains and stresses in the material. Elasticity is a mechanical constitutive
property of the material whereby there is a one-one relationship between instanta-
neous strains and stresses on the current deformed configuration and the material
reverts to its initial state if the excitation history is reversed. Almost all natural or
manufactured solid materials have a deformation range within which their mechan-

ical behavior can be modeled by elasticity theory. For sufficiently small strains, the
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elastic behavior is considered as linear, that is, strains and stresses are assumed to be
proportional to each other.

The theory of linearized elasticity has developed into one of the now classical areas
of mathematical physics and is also of great importance in medical section. In the
medical section doctors carry out analysis of their patients’ health owing to informa-
tion about the elasticity of tissue in the body. Information on the elastic behavior
of tissue can be obtained using magnetic resonance elastography (MRE) which is an
innovative method for visualizing strain waves in an object. For a detailed description
of MRE, see [25].

Equilibrium problems are governed by elliptic partial differential equations, similar
to those of electrostatics but more complex in that physical quantities of interest are
described by tensor fields rather than vector fields. Dynamical conditions give rise to

hyperbolic partial differential equations.

6.2 Review of governing equations

6.2.1 Fundamental equations for three dimensional elasticity

The deformation of an elastic body, occupying in its undeformed state the region 2 C
R? bounded by the surface S, is usually described in terms of a vector displacement
field u(x,t); z €  which is such that the deformation process moves a small material
element lying at x to its new position = + u(z,t). The linearized elasticity theory is
established on the assumption of small strains, namely |Vu(x,t)| < 1. In that case,
the changes in metric induced by the deformation are described by the linearized

symmetric strain tensor e(z,t), defined as a differential operator on u by,

elul(z,t) = (Vu(z,t) + Vul (z,1))/2. (6.2.1)
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This equation is often referred to as the compatibility equation for small deformations.
The material is characterized by two constitutive parameters, that is, its mass density
distribution p(z), associated with the kinetic energy T'(u) = 1 [, plu[*dV, where
u; denotes time differentiation and the fourth order tensor of elastic moduli C(x),
hereafter referred to as the elasticity tensor, associated with the elastic strain energy

E(u) =3 [,elu] : C: eluldV.

The stress tensor o describes internal forces and the traction vector 7,, is such that
To(z,t) = o(z,t).n(x), (6.2.2)

where n(x) is the unit normal vector located z € 2.

The fundamental balance equation of the dynamics of deformable bodies is given by,
divo(x,t) + f(z,t) = p(x)uw(x,t), (6.2.3)

where f(z,t) is a given distribution of body forces. The constitutive assumption of
linearized elasticity postulates that the stress tensor o(z,t) depends linearly on the

linearized strain tensor, that is,
o(z,t) = C(x) : e[u)(z,1). (6.2.4)

Combining the three field equation (6.2.1), (6.2.3) and (6.2.4) and eliminating € and
o, the displacement field is found to be governed by the partial differential equation

div(C(z) : elu](z,t)) + f(z,t) = p(x)up(zx,t). (6.2.5)

Equation (6.2.5) is the analogue for linear elasticity of the hyperbolic linear wave

equation.
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6.2.2 Direct problems

For a well-posed problem, elastodynamic equation (6.2.5) should be solved together

with initial conditions
u(x,0) = ug(x) u(z,0) = vo(z), x € (6.2.6)

and boundary conditions on the boundary S of €2, for instance, displacements £ and

traction ¢ prescribed on complementary portions S, and S, =S\ S, of S,
w(z,t) = &(x,t) reS, tel0,T], (6.2.7)
Tolul(z,t) = o(x,t) rxeS, tel0,T] (6.2.8)
The geometry (2), the physical characteristics (C, p) of the elastic body, the structure
of boundary conditions, the prescribed values (£, ¢) on the boundary, and the initial

data ug, vg are assumed to be known.

The direct elastic equilibrium problem is given by the following equation,
div(C(z) : e[u](z)) + f(z) =0, (6.2.9)
together with boundary conditions

u(z) = &(x) xr € Sy, (6.2.10)
Tlul(z) = ¢() z €Sy (6.2.11)

6.2.3 Inverse problem

The inverse problem in elasticity can be a parameter identification problem where one
obtains the elasticity moduli distribution. It can also be a problem of identification
of inclusions in an object such as cracks or buried objects.

Our concern here is an inverse problem of identification of elasticity moduli C(x).
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For the case of isotropic elasticity, C' can be expressed in terms of the Lamé
coefficients (A, p) in the form Cjjr = X6i;0k + 1(dird50 + djx0). In this case equation
(6.2.5) becomes,

VAV -0+ V- (u(VT +VT)) + fla,t) = p(x) T u(z,t), (6.2.12)

—_ . . . . . . .
where u is the vector elastic displacement in an isotropic medium.

When we consider time-harmonic motions, that is, when w(z,t) has the form
u(z,t) = Re[u(x)e™], (6.2.13)

where w is the frequency, then the complex-valued unknown field u(x) solves the

following equation
VAV - T (@) + V- (VT (2)+ VU (@) + p?ulz) + flz) =0  (6.2.14)

together with boundary conditions such as (6.2.7) and (6.2.8), where the prescribed
data £, ¢ are also complex valued and obey the time-harmonic convention (6.2.13).

We raise a question of whether it is possible to obtain information of tissue stiffness
characteristics, that is, A\, 4 from the knowledge of the time-independent displacement

u(z) using equation (6.2.14). Such a problem is still an open question.



Chapter 7

Conclusion and Future work

It is worth noting that although we have mainly followed the work by Professor ITan
Knowles, in this thesis we have spent some time in analyzing the solvability of the
forward problem and also considered the possibility of solving the inverse problem
using the so-called Dirichlet to Neumann map. Our numerical simulations have also
been done using finite elements method with the help of matlab PDE tool box instead
of finite difference methods.

We have considered the general elliptic forward problem that arises from ground-
water modeling and analyzed the existence and uniqueness of solution to the prob-
lem. We have also considered ways how to improve the regularity of the solution
using the theory of Sobolev spaces. For a more regular solution we require that
the coefficient functions as well as the boundary of the domain should satisfy some
smoothness assumptions. However in general, the boundedness of these coefficient
functions is enough to guarantee existence and uniqueness of solutions to elliptic
problems. In chapter 3 we have discussed briefly how to solve the inverse problem
by use of Calderon’s idea which uses data from boundary measurements. We also
presented uniqueness results for the inverse problem. In chapter 4 we have presented
a functional which uses the potential energy of a system described by elliptic par-

tial differential equations to reconstruct the hydraulic conductivities in groundwater

68



69

modeling from interior measurements. This functional is differentiable and convex.
This convexity property allows for a stable minimization using the conjugate gradient
method.

We have implemented the steepest descent method including a line search method
for updating the step size a.
As evident from the nature of results, that is, from the number of iterations, we can
improve these results by implementing faster algorithms such as the Polak-Ribiere
conjugate gradient method. It is also worthy to note that the nature of results
obtained from such implementations in inverse problems is strongly influenced by the
way how the gradient Vu of the solution is implemented. This is due to the fact that
differentiation is an ill posed inverse problem.
Secondly, in the numerical results we have used synthetic data obtained by solving the
forward boundary value problem for known values of p. An important step forward
is to validate the algorithm using real data obtained from piezometric head methods.
It will also be interesting if we can address the problem for the recovery of the full
hydraulic conductivity tensor P.
In chapter 6 we stated the elasticity problem where one is interested in identification
of the Lamé parameters A\ and p from the knowledge of time-independent data in the
interior of the domain of consideration. It would be useful to investigate whether we
can use functionals such as the one discussed in chapter 4 to identify tissue properties
from interior measurements and also find out if such results can be meaningful.

All in all, the field of groundwater modeling remains a rich area for scientific
research. No viable methods have been developed to fully recover the hydraulic

conductivity tensor.
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