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1. Abstract. 

Density variations in the ionosphere cause the refractive index to vary and thus elec

tromagnetic waves to be affected while traveling through the ionosphere. These density 

variations can be caused by ionospheric waves. For one of these. the gravito-acoustic wave 

. which causes radio astronomical observations to be distorted. two approximate dispersion 

relations have been derived. The first one is the limiting case for an unmagnetized flat 

ionosphere. The second one is valid for a magnetized ionosphere where for the f-Iayer the 

Alfven velocity is far greater than the speed of sound and the phase velocity of the wave. 

The first dispersion relation has been derived before by E.A.P. Habraken [7], who used 

slightly different assumptions and started from a fiat geometry. In this report the disper

sion relation is obtained as the lowest order approximation in a power series expansion in 

the inverse of the radius of the earth. The method used here allows for higher order 

effects. i.e. that of the curvature of the earth. to be computed. 

In the second part of the report ray path calculations are performed and correction 

terms for the ionospheric range error. i.e. the difference between optical phase path length 

and Euclidean distance are obtained. This difference is caused by an ionospheric refractive 

index that is slightly below 1. causing the optical phase path length. which is obtained in 

range measurements, to be somewhat less than the 'normal' distance. At first these calcu

lations are done for an unmagnetized - and therefore isotropic" ionosphere and for the 

special case of east-west propagation in a magnetized ionosphere. Finally. the ray path cal

culations are performed for waves under oblique incidence upon a magnetized ionosphere. 

where Booker's quartic method has been used. 
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2. Preface. 

Radio astronomical observations and earth-satellite links are affected by the iono-

sphere. The ionosphere is an inhomogeneous, anisotropic and time varying part of the 

atmosphere and extends from about 40 to several hundreds of kilometers. In the GHz 

range the effects produced by inhomogeneities are of major importance. One of the effects 

has been observed at the Westerbork Synthesis Radio Telescope (WSRT). It is the apparant 

occasional 'instability' in the position of an extra-terrestrial radio source on the celestial 

sphere. (See fig. 1 and 2 ) 

II 
~------------------~ 

.60" 

Ionospheric irregularities observed on a baseline of 2.7 kilometer. The top figure 
shows the interferometer amplitude and the lower the phase as a function of time. 
During the first 1 l/Z hours, slow wave phenomena distort the measurements and after 
2 liz hours of quiet conditions the last part is distorted by fast irregularities. 

The position of the object seems to fluctuate periodically around a 'steady' position. 

with a period time of 5 to 30 minutes. A probable explanation for this phenomenon is 

refraction due to periodic changes in the electron density in the ionosphere, leading to 

periodic variations of the refractive index. This density va,riation has to be caused by 

ionospheric waves with appropriate period time. making gravito-acoustic waves the most 

likely candidate. They can exist because of the stratified character of the ionosphere, which 

is caused by the presence of the earth's gravitational field. In chapter 4 gravito-acoustic 



- 3 -

waves in a magnetized ionosphere is discussed in a spherical coordinate system. 

Map of the field of radio source 3C147 from fig. 1. The spokes are the result of irre
gularities. The more horizontal ones are caused by the slow ionospheric waves and 
the relatively vertical ones by fast irregularities. The source itself. shown in the 
lower left corner. has been subtracted from the measurement to improve the clarity 
of the intensity picture shown. The perturbations have intensities of about 0.3% of 
the intensity of the source itself. The circular structure in the figure is a result of 
observational and computational methods and is irrelevant here. 

Another effect produced in the ionosphere is the phase delay. Since the ionospheric 

medium is optically less dense in comparison with free space. it will take less time for a 

wave to traverse. This time period is the one measured on earth-satellite links. For dis-

tance measurements this is to be multiplied by the velocity of light. resulting in the opti .. 

cal phase path length. The distance thus found . however. is smaller than the Euclidean 

distance. The difference is the so-called ionospheric range error. that limits the accuracy of 

distance measurements. In chapter 5 the phase path for a wave will be derived and from 

that the optical phase path length and correction terms for this path are found. All this is 
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done for an unmagnetized ionosphere. 

In the next chapter a special case in the presence of a magnetic field is discussed. For pro

pagation in east-west direction the refractive index tensor reduces to a diagonal tensor 

with the refractive index as element. allowing us to use the method derived for the 

unmagnetized case. 

Chapter 7 deals with the propagation properties of waves obliquely incident to the 

geomagnetic field. It is based on the method derived by H.G. Booker. 

I thank Prof. Dr. M.P.H. Weenink who coached me during my work and whose con

tinuous interest, knowledge and insight have been a great help and stimulation. 

Han van Bussel 

Eindhoven. October 1986. 
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3. The ionosphere. 

3.1. Introduction. 

The earth is surrounded by a weakly ionized gaseous layer: the atmosphere The ioni-

zation is caused mainly by the sun's radiation. The earth's strong gravitational field keeps 

the ionosphere 'in place' and causes it to be almost horizontally stratified. The ionosphere 

is inftuenced by numerous factors, such as gravity. solar heating, photoionization. chemical 

reactions. meteors. vu1canic eruptions etc .. making it a very complex but interesting subject 

of study. 

3.2. Structure and nomenclature of the atmosphere. 

As stated before the horizontal stratification is one of the most striking features. In 

the atmosphere the gravitational force and the pressure gradient balance. They are related 

via the hydrostatic equation: 

dp = -pgdz 

If we assume the atmosphere to be an ideal gas. we have: 

p = nkT 

and thUS; in case of a constant temperature, 

-z 

p = poe n 

where 

H:= kT 
mg 

is the vertical scale height. 

3.1 

3.2 

3.3 

More than one way exists to classify the atmosphere as a function of altitude. 

depending on the parameter involved. There are classifications based on thermal structure. 

electron density. composition etc. The ionosphere definition according to the IEEE standard 

( 1969) is: 

".that part of a planetary atmosphere where ions and electrons are present in quantities 
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sufficient to effect the propagation of radio waves." 

Usually it is divided into three regions. The lower one, extending from 40km to 90 km is 

the D-layer. The middle one is the E-layer between 90 km and 160 km and the upper 

layer, which is most strongly ionized. is the F-layer. It extends several hundreds of kilom-

eters. 

Historically, Heaviside and Kennely postulated the existence of a "conducting layer" 

in 1902 to explain the reflection of radio waves. The first experimental prove of the exis-

tance of the ionosphere is by Appleton and Barnett in 1925. This result was verified the 

next year by Breit and Tuve. 

3.3. The standard atmosphere. 

The standard atmosphere is shown below by a graphical representation of its major 

parameters as a function of altitude. For further information the interested reader is 

referred to the many textbooks on this subjest. 
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The standard atmosphere. 
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The standard atmosphere. 
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4. Equations. 

4.1. Introduction. 

In this chapter. some of the equations used in subsequent chapters will be derived. 

The derivations will be brief. since these can be found in most books on plasma physics 

and ionospheric waves. 

4.2. Plasma equations. 

We start the derivation of the plasma equations from the Vlasov equation. known 

also as the collisionless Boltzmann equation. This approximate equation - collisional 

effects are neglected - plays a major role in in a discussion in plasmas. It is: 

at I Oi + if ex' \17 I a + a a' \1 v I a = 0 

where 

I Oi = I Crt .i1 .t ) 

is the generally anisotropic one particle density function for particle kind O! and 

aa = g + !: (E + i1aXB) 

4.1 

4.2 

4.3 

The influence of the gravitational field is taken into account. because of its importance in 

the discussion of gravito-acoustic waves. 

Next we introduce some macroscopic variables: 

the particle density 

nOi = JI (){dV 

the mass density 

the charge density 

Pq", = q OiJI OIdif = q OInOi 
the center of mass fluid flow velocity 

4.4 

4.5 

4.6 

4.7 
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the current density 

- -+ -+- .... .... f; J 0/ - q 0/ V f O/dv - q OIn 01 v 0/ 4.8 

and finally. the pressure tensor 

4.9 

We now try to derive some relations between these variables by the method of moments. 

giving a more simple model for the plasma: the equations of magneto hydrodynamics. 

Define the n-th moment as: 

Mit [ ... 1.:11 = m; Jv ft 
[ ••• ]OIdv 

n. 
4.10 

With n = 0 the mass conservation equation results: 

4.11. 

For n = 1. we have the momentum equation 

...... = ....... .............-+ 
Pm DtvO/+'\l'P-Pm g -Pq E-JxB = 0 

a a a 
4.12 

Higher order moments could be derived. i.e. n ... 2 yields the equation of conservation of 

energy. but these are not used in subsequent chapters. 

The effect of collisions on the momentum of the particles can be included through the 

addition of a collision term in equation 1.12. We obtain: 

4.13 

where 11 is the collision frequency. 

In equation 1.12 the convective derivative has been used. It must be used if a time 

derivative is taken for any quantity corresponding to a particle moving in phase space. 

This particle in general has both a velocity and an acceleration and the change of position 

this causes in phase space gives rise to a time variation on top of the explicit time varia-

tion. Therefore the convective derivative is: 

4.14 

In cases where this derivative is used in this report. the quantities are independent of velo-

city. so the divergence vector in phase space is zero and equation 1.14 reduces to: 
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4.15 

The pressure tensor Po< can also be written as: 

4.16 

where POi is the scalar pressure and 'Y) is the viscosity. 

4.3. Gas equations. 

The Earth's atmosphere here is considered to be a perfect or ideal gas, Therefore. 

from thermodynamics we have: 

pV = NRT 

and 

U = l..NRT 
2 

4.17 

4.18 

where N is the number of moles of gas, R is the gas constant, U is the total internal energy 

of the system and f is the number of degrees of freedom. For the atmosphere f is taken to 

be 5. 

Furthermore we have the first law of thermodynamics: 

dU = dQ - pdV 4.19 

the heat capacity at constant volume: 

Cv = ~ (orQ]v = ; 4.20 

the heat capacity at constant volume: 

4.21 

Cp 2 
')'=-=1+-

Cv f 
4.22 

and finally 

dS = dQ = dU + l!!!Y.. = LNRdT + NR dV 
T T T 2 T V 

4.23 

where S is the total entropy in the system. 

With the law of a perfect gas dS can be written as: 
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4.24 

If the change of state for the ideal gas is assumed adiabatic, Le. the gas doesn't exchange 

heat with its surroundings, we have DrQ = 0 and DtS = 0 and we have the adiabatic 

law: 

4.25 

The volume of the gas is: 

M NmNa 
V= -= 4.26 

P P 
where M is the total mass. m the average particle mass and Na is Avogadro's number. 

Inserting this. we find the law for a perfect gas and the adiabatic law 

1!..= RT = kT 
p mNa m 

Dt [p p -y 1 = 0 

4.4. Ray path equation. 

4.27 

4.28 

One of the ways to describe the propagation of electromagnetic waves in an inhomo-

geneous but isotropic plasma is by the method of geometrical optics. It can be used if the 

scale on which the inhomogeneities vary. is large compared with the wavelength of the 

waves traveling through. This approximation is valid for electromagnetic wave propaga-

tion in the GHz range. that will be studied in subsequent chapters. 

Consider an isotropic. inhomogeneous and source free medium. For monochromatic 

time variation. i.e. e jwl 
• Maxwell's equations after Fourier transformation with respect to 

. time are: 

\l XE = - jlJ)p.il 

"V xil = j lJ) EJ.LE 

"V-(EE) = 0 

"V {p.H) = 0 

4.29 

4.30 

4.31 

4.32 

where E = ECr,lJ)) , the permittivity and J.L = J.L (r ,lJ)) , the permeability contain the inho-

mogeneous properties of the medium. 
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In the homogeneous medium. the plane wave solutions of the above set are: 

jj = &-/k.7 

where 

k=w~s 

s is a unit vector in the direction of propagation and i and h are constant vectors. 

4.33 

4.34 

4.35 

If the medium is weakly inhomogeneous. Le. the scale of the inhomogeneinity 1 ( 

\1 E ..... l .\1 J.L ..... Z ) is large compared to the wavelength X. we write the solution to 

Maxwell's equations as: 

E = e(;:.w )e-H(y,U) 

jj = h(F.w)e-H(Y,IU) 

4.36 

4.37 

where 1/I(F.w) is a phase function varying on scale X. i(F.w) and h CF.w) are amplitude 

functions varying on a scale 1. From equations 1.29.1.30 and 1.36 we have: 

\1 x(\1 xi) - j \1 xC\11/1xi) - j \11/1x(\1 xi) - \11/1x(\11/1xi) - k~ = 0 4.38 

\11nE-i + \1·i + i-\11/1 = 0 4.39 

where k 2 = W 2£J.L, The respective factors vary on a scale: 

\1x(\1xi) : 12 

\1 x(\11/1xi) : Xl 

\11/1x (\1 xi) : Xl 

\11/1x(\11/1xi) : X2 

k~ : X2 

\11nE-i : 1 

\1-i : 1 

\11/1'e : X 

Collecting factors varying in scale X 2. we obtain: 

\11/1x(\11/1xi) + k~ = 0 

i-\11/1 = 0 

and therefore: 

4.40 

4.41 

4.42 

4.43 

",CF .w) is the so-called eikonal and equation 1.42 is the eikonal equation. It is a funda-
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mental equation in geometrical optics. 

Let 1 be the unit vector normal to planes of constant phase and r (1) a point on the 

ray. Then: 

__ \1'" 

s - 1\1"'1 = \1 '" k 

and with these: 

\1 '" = k1 

1-\11/1 = ks's = k 

"V (s· \1 y,) = \1 k 

"V (ds r-k1) = \1 k 

ds(kdsr) = \1k 

Introducing k = k on ' n = .JErJ.Lr . and ko = W.JEoJ.Lo we obtain the ray path equation: 

4.5. Optical phase path length. 

Fermat's principle states that it takes a minimum time: 

B 

t = fn ds 
A C 

4.44 

4.45 

4.46 

4.47 

4.48 

4.49 

4.50 

4.51 

4.52 

to travel from a point A to a point B along the actual ray. The distance a wave would 

travel in free space in this time period is called the optical phase path length: 

B 

s = ct = In ds 
A 

4.53 

In measurements the time period t and thus. this optical path length is found. For a 

medium with refractive index under one. i.e. n ~ 1. as is the ionosphere, this leads to phase 

path lengths smaller than the Euclidian distance. In subsequent chapters, correction terms 

for the corresponding 'range error' will be computed. 
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S. Gravito-acoustic waves in a spherical atmosphere. 

S.l. Introduction. 

Gravito-acoustic waves are wave phenomena traveling in the atmosphere. They can 

exist because the atmosphere is stratified. which is caused by the presence of the gravita-

tional field. One of the effects of gravito-acoustic waves is the refraction of electro-

magnetic waves. since they periodically change atmospheric properties such as density and 

pressure and thus the refractive index. This can be observed in radio astronomy. where 

radio stars appear to fiuctuate with respect to their 'steady' position. 

In his report E.A.P. Habraken described gravito-acoustic waves in an atmosphere with 

fiat geometry. This chapter is concerned with the propagation of gravito-acoustic waves. 

perpendicular to the earth's magnetic field. in a spherical atmosphere. 

S.2. Gravito-acoustic waves in a spherical atmosphere. 

The following set of equations is valid: 

p r;; + 2W earth Xv = - \1'P + pg + JxB 

t + \1' {pv) = 0 

L [pp- y I + v'\7lpp-Y 1 = 0 at 
- :lB \1 X E = - JJ.::::.. at 

\1 xii = /1-;; + EQ/.L{} aE 
at 

J = (J' (E + v XB) + Pe V 

+ PeE 5.1 

5.2 

5.3 

5.4 

5.5 

5.6 

They are the momentum eqn. for a collisionless plasma. the mass eqn., adiabatic law, the 

Maxwell eqns and Ohm's law. 

Some assumptions are introduced: 

* (dearth = 0 (d IW"th < < W gravilo -acoustic • 
1 

1 See table 1 at the end of this chapter. 
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* 7} = 0 no viscosity. so the pressure tensor reduces to a diagonal tensor with the scalar 

pressure as element. 

* Stratifications exclusively along the radial coordinate. 

* Isothermic equilibrium and ideal gas. 

~= kTo 
Po m 

* Vo = 0 

* Bo = B~e 

. no wind. 

* g = - ger ,g assumed constant. 

* gE 0 .. .. at = , quasl-statlc approxImation. 

* Pe = 0 quasi-neutral ionosphere. 

* Wave propagation perpendicular to the direction of the geomagnetic field. 

* (j = 00; if a finite conductivity is assumed, it leads to attenuation terms in the disper-

sion relation and therefore to attenuation in time of the gravito acoustic wave. In reality 

this attenuation is often counteracted by a source term. Since the excitation mechanism is 

not included in the eqns. above. the assumption (J" = 00 is made to eliminate attenuation 

terms from the dispersion relation. 

Next the set of eqns 1.1-6 is linearized. i.e. assume that each variable consists of an 

undisturbed part (index 0) and a small perturbation (index 1). 

P = Po + Pl 

B = B 0 + B 1 etc. 

The undisturbed part is: 

o = - \l po-poger 

oPo = 0 
at 

oPo --= at 
Po aPo 

Yp;Tt 
10 = 0 

This leads to the undisturbed pressure and density: if we assume that g is a constant 

5.7 

5.8 

5.9 

5.10 
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r 

Po = pooe -11 

kT 
where H := __ 0 is the vertical scale height. 

mg 

The first order set is: 

dv _ --
po(r }-it = -" P + pg + IxBo 

?;: = -"'(PoV) 
.2£. + (v o

" )po = y!..2..l~ + v,,,po] at Po at 
- AS " x E = _.ll.:::. at 

'VxB=p.~ 

E + vXBo = 0 

in which all indices 1 have been left out for convenience. 

5.11 

5.12 

5.13 

5.14 

5.15 

5.16 

5.17 

5.1S 

Since all coefficients are independent of time. Fourier analysis with respect to time can 

be applied Le. at -+ -i w 

After the introduction of spherical coordinates (r .6.4» the set of eqns becomes: 

-iwPovr = -lcpBo- p(r)g - arP 

. 1 .n -£wPova = - -ueP r 

-iwpovcp = 'rBo - rs~(6) acpP 

-iwp = - r\ar [r2poCr)Vr]- rSi~«(})acp[po(r)vcpl 

r Si~(6) ae (Sin( () )po(r )ve j 

-iw [p - Cs
2pJ = Cs

2vrarPo- vrarPo 

p.olr = rSi~«(}) [09 [sin(6)Bcp]- aq,Be I 
p.ola = ; Sin~6)aq,Br - Or (rBq,) 

p.ol cp = ; (or (rBe]- aeBr 1 

iwB,. = rSi~(ln (ae(Sin«(})Eq,j- aq,Eel 

i wB, = ~ I Sin~e) a;,E, - 0, IrE.] 

5.19 

5.20 

5.21 

5.22 

5.23 

5.24 

5.25 

5.26 

5.27 

5.28 



iwBcp = ! (dr IrEaj- deEr) 

r\dr (r2Br) + rSi~(9)de{Besin(9)) 
E,.-vcpBo=O 

Ee = 0 

E<j)+vrBo=O 

18 -

+ 1 dB =0 rsin (9) <j) <j) 

where Cs 2 = Y P o 
is the squared velocity of sound. 

Po 

Introduction of a new variable 

r = R + z 

where R is the earths radius. allows for a series expansion in ~ if ~« 1 : 

1 1 1 I Z z2 -; = ~ = R 1 - R + R2 -

Rl1+ Ii) 

P = pO + ~pl + ;2 P2 + 

5.29 

5.30 

5.31 

5.32 

5.33 

5.34 

5.35 

5.36 

Note that the superscripts refer to the expansion in i. whereas the subscripts refer to the 

expansion in powers of the amplitude of the perturbation. Further. expressions for Po and 

Po Le. eqns 1.11. 1.12 are inserted. 

The derivation with respect to <p may be Fourier transformed i.e. d<j) -+ im because of 

the <p independency of all coefficients. m is an indication for the number of waves that 

'fit' around the earth 

5.37 

in which 0</>>.. is the angle that intersects the G.A.W. at two points with equal phase. From 

fig.1 we see that 

ro<p>.. = A 5.38 
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so we can introduce a wavenumber k cf> by : 

27Tr (1 z m = -A,- = kq, R + z = k¢R 1 + R + 5.39 

If we restrict our attention to waves with A, «R . we see that m appears to be of magni-

tude order R. With this. and the introduction of 

V := po(r)V 5.40 

the set of equations. up to first order in the ~ expansion becomes: 

-iw V,'+ ~V,'1 =- J:+ ;JJIBo - pO+ ;p! g -0, pO+ ~p! 5.41 

-iw vC + ;V/I = - ~ 11- ~ OU
o+ ~p!1 5.42 

. Iv 0 1 VI = 0 1 11 ik ¢ z I z I 0 1 1 5 3 
- £ W ¢ ,+ Ii cf> Jr + R Jr B 0 - sine 9) 1 - R 1 + R P + Ii P .4 

-iw pO + 1:...pl = -1 1- 2z I~ [R2 + 2 R) VO + v/ R R2 R Uz Z r R 

-i~ta)11- ~11+ ~lIv:+ V; 
- RSi~(6) 1- ~ la. sin(6)IV3 + i VIII 5.44 

-''''llpo+ iP!I-c.'lpo+ ip! 1=- V,'+ ~! (,.;; 1) =:i;; 5.45 

10+ 1 /11- 1 1 z JLo r Ii r - Rsin(9) - R 

. a. sin(6) B: + iBJ 1- ik.R 1+ ~ B3 + ~BI II 5.46 

1'+3 + !JJ = ~ 11 - ~ I 

I ik¢R I Z 0 1 1 I Z I 0 1 11 . sine 9) 1 + Ii Br + R Br - oz R 1 + R B q. + R B cf> 

1'0 J: + ! J J I = i 1 - ~ II a, I R + z I B 3 + ! B I i-a. B,' + i B,' II 
iw IB,O + !B/ = RS~(O) 11 - Ria. Sin(O+: + ;EJ I 

-ik~11 + ~ I [E3 + !EJI 

F.47 

5.48 

5.49 
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= ~ 1- ~I 
[:(~)R 1 + ~ E,o + ~£,.1 - a. + + ~ E3 + ;EJ 

= -..!.. 1 -.!... !\11 EO + ..!..£11 + R R \1<1 r R I' 

~ 11- ~ ja.[R 1 + ~ E8 + ~E; 
R211 + 2z IB O + ..!..Bl R l' R r 

+ Rs~(6) 11 - ~ la. sin(6) IB 3 + ~BJ I 
+ Rs~(6) 1- ~ lik~ 1 + ~ I B$ + ~BJI = 0 

Po(z) E/ + ~ £,.11- v $ + ~ v JIB 0 - 0 

Ei + ..!..EI = 0 
R 

Po(z) [E3 + ~EJ + o 1 VI B -VI' + RI'O - 0 

The zeroth order set in ! represents the case of a flat earth. It is: 

-iwV/ = -I3B o - pOg - Ozpo 

-iwVt? = 0 

o 0 ikcf> 0 
-i w V cf> = II' B 0 - p 

sin(9) 

• 0 ° ikcf> ° 
-.wp = -Oz Vr - sinCe) V cf> 

-iw [po_ c/pO] = - (1' -1]gVrO 

-ik</J 
p.ol/ = sinCe) Bi 

O ikcf> ° ° p.ole = sin(9) Br - OzBcf> 

p.ol$ = ozBi 
iwB/ = 0 

o ikcf> ° ° 
iwBe = sin(9)Er - OzEcf> 

iwB$ = 0 

~.50 

5.51 

5.52 

5.53 

5.54 

5.55 

5.56 

5.57 

5.58 

5.59 

5.60 

5.61 

5.62 

5.63 

5.64 

5.65 

5.66 



poE/ - V$B o = 0 

E~ = 0 

poE$ + VroBo = 0 
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From this. it follows that v 1)0 = O. E ~ = 0, Br ° = O. B $ 

-z 

= 0 and J~ =0 

5.67 

5.68 

5.69 

Since Po = pooe H a Fourier transformation with respect to z is not allowed. To 

solve the above set of eqns . it is reduced to one second order differential equation in V/. 

The result is 

sin2(9) (c/ + vl]sin2(9) - v> [C/ + vir a~~vro + 

sin2(9) [c/+2v1 ]sin2(8)- v> [c/+vir a~vro+ 

[vi + V/kpi2jsin4(9) + H2g2(y ~/)sin2(9) + 

I Hvr -2H'ktsin'(9) Ic.' hi I + I H:;t - ~! Ic,' hi]' I v,o = 0 5.70 

where 

B2 vi:= __ 0_ 

J.l.oPo 

C 2.= "t Po 
s . 

Po 

w2 

v/:=-2 
k.p 

and 

~:= ~ 
where V.4 is the Alfven velocity. 

5.71 

5.72 

5.73 

5.74 

The differential equation 1.70 has been derived for a fiat earth geometry. Therefore 

we will use the more appropriate parameters kx and Vjx. with: 

k = k.p 
x sin9 

and 

5.75 

5.76 
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Inserting L 75 and 1.76 into equation L 70, we obtain: 

[[e,' + vll- :; Ie,' + vII' o"v/ + 

le/ + 2vi]- v> Ie} + vir <"tVrO + 

Iv 2 + v 2k 2H2) + H2g2(y - 1) + 
A t x 2 

Vi 

[Hv)' - 2H'k,' I Ie,' +vII + [H;;" 5.77 

If the magnetic field is taken zero in the above equation. thus setting B 0 = 0 , we 

have the dispersion relation for the gravito-acoustic wave for a fiat earth in absence of the 

earth's magnetic field: 

.,' - "'ygH[k" + k,' - j~ I + (y - llg'kx' = 0 5.78 

This is in agreement with the results derived by E.A.P. Habraken {7] and by Yeh and Liu 

[14]. who started from a fiat earth geometry for the case without a magnetic field. Nor-

malizing eqn 1.77 on the Brunt-VaisiHi frequency: 

5.79 

we obtain 

5.80 

In a low frequency approximation. it reduces to: 

Ik'H' - jk,Hi [::. r ~ k,'H' 5.81 

For greater altitudes the Alfven velocity is the dominant factor, due to its e+t depen-

dency i.e. 

e/«vi and 

v/«v1. 2 

~ See tables 1 and 2 at the end of this chapter. 



Let 

c/ 
e:= «1 

and 

v,.o:= V,.O + eVr 1 + 
then eqn 1.70 becomes 
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::., [1 + • 1- !. [1+ 2E - E'l]att [V,o +EV" I + 

I ::., [2+ • I - ~. [ 1 + 2. - ,'1] ad v, ° + .V" I + 

I 2..:e2 + 2!...e3k}HZ + oe3 
(')' - 1) + 

e2 E3 E')'2 

1
£ - 22..:e2H 2k 2 (1 + e) + !.eH2k 2 - ~ 11 + 2E + Ezl] 
')' 2 eZ x eX')' 

l V,. 0 + eV,. 1) = 0 

5.82 

5.83 

5.84 

5.85 

Since!. = VI: terms of this kind can be considered as being of order 0 in e. 3 First order 
e cs 

terms in e give 

- : att V,o - ! alV,o + I! H'kl-~ v,o = 0 

All coefficients are independent of ~ so 

or- jkt = jkzH 

o~c-+-kf = -k/H2 

and the dispersion relation is obtained 

5.86 

5.87 

5.88 

5.89 

The dispersion relation for a gravito acoustic wave in general is a quartic. However. the 

assumption that C/«va2 causes the acoustic branch to disappear and therefore the equa-

tion to become a quadratic. This dispersion relation. normalized on W b is: 

3 See tables 1 and 2 at the end of this Chapter. 
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5.90 

This differs from the low frequency approximation dispersion relation in absence of the 

Earth's magnetic field. i.e. eqn 1.81. by a factor ~ in the right hand side of the disper-
. ,),-1 

sion relation. 

Second order terms in E 

- !o,dv"j- :a,[v"j + !H 2k.'! - ~ EV" = 

52 5 5
2 1 

- E ez - 2e as'VrO + 2ez atVro + 

I ~ + ...L - 2~H2k 2 + !.2H2k 2 - 1-lv I 
e2 ')'2 e2 x eX')' rO 5.91 

The right hand side of this equation is known from eqns 1.85 and 1.86. It is the solution 

of the first order E part and can be considered as a 'source' for the second order equation. 

With eqn 1.82 it follows that 

atE = -e 

and 

as,e = +e 
If we set 

then 

. ik' a~Vr 1 = Czkse , 

and 

at~Vrl = - klCeik~ 
By substituting this in eqn 1.90 the constant C is determined: 

5.92 

5.93 

5.94 

5.95 

5.96 

5.97 



Thus. for v,. correct until :tirst e order 

Vro + eV,.l 

Po 
= 

0k2 8'k 8 2k2 1 - ~ + -t ,+ -H ~ --
E e e y 

where Vro is an arbitrary constant. 
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5.98 

Note that inthe dispersion relations 1.89 and 1.90 the strength of the magnetic :tield 

does not show up. One has to go to :tirst order in the expansion in E to :tind its effect in the 

dispersion relation. 

5.3. Data. 

To justify some of the approximations used and to give an idea of the order of mag-

nitude of the parameters in this chapter. the tables below are presented. They give a rough 

estimate of the main parameters. 

Since gravito-acoustic waves have long wavelengths. so networks of observation sta-

tions are necessary to measure the parameters. few data is available. The material for the 

tables has been taken from a report by E.A.P. Habraken [7]. 
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I Table 1 : gravito-acoustic waves. 

parameter range unit 

T 20-40 min. 

2.5-5-10-3 1 
W -

s 

kx 2.5-6-10-5 1 -
m 

k z 1-3-10-5 1 -
m 

1-3-102 m 
Vj -

S 

Table 2 

I parameter range unit 

7.3-10-5 1 
Wearth -

S 

Rearth 6.38-106 m 

Cs 4-8-102 m -
s 

v A above 200 km_ ~104 
m -
s 
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6. Ionospheric range CQrrection. 

6.1. Introduction. 

One of the limiting factors in the accuracy of range measurements from terrestrial 

points to satellites or astronomical radio sources is the refractive effect of the ionosphere. 

In this chapter approximations are derived for the ray trajectory and for the correction 

term of the optical (phase) path length as compared to the Euclidian distance. The 

infiuence of the geomagnetic field has not been taken into account. 

6.2. Ray-path equation. 

Assuming that the wavelength of the electro-magnetic waves is small compared to 

the scale of the inhomogeneities of the ionosphere. the geometric optical approximation can 

be used to determine the ray-path of an e.m. wave. The general formula is: 

'\In 6.1 

where 

n : refractive index, 

Ph : ray path. 

s : length as measured along the path from the starting point. 

Since the refractive index in the ionosphere is approximately one, the path of an 

electro-magnetic wave of (relatively) high frequency. will resemble a straight line. We 

choose the X-axis of the carthesian coordinate-system along this line. so the starting point 

of the ray is (x.y.z) .. (0.0,0) and the end-point (x.y.z) = 0.0.0). See fig. 1. 

r :: (Coj O. 0) 
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We assume that n can be written as 

n = l+eN(x.y.z) O<e«l 

rb = xex +yey +zez 

and we expand y(x) and z(x) in power series: 

y(x) = Yo(x )+eYl(x )+e2ylx)+ .. . 

z (x) = z o(x )+ez l(X )+e2z2(X)+ .. . 

Inserting 1.2 - 1.5 with e= 0 in 1.1 gives 

Yo= O. zo= 0 

From fig.1. we have 

(ds )2 = (dx )2+(dy )2+(dz)2 = (dx)2 1+ (dy)2 + (dz )2 
(dx)2 (dx)2 

so 

ds = Jl +(y ')2+(Z ,)2dx 

and 

d 1 d 
ds Jl+(y')2+(z,)2 dx 

From 1.4. 1.5 

y '(x) = ey 'l(X )+e2y '2(X )+ 

z '(x) = ez 'leX )+e2z '2(X)+ ... 

so 

{1 +(y ')2+(Z ')2}_lh = 1-1f2(y ')2_1f2(z ')2+0 (e3) 

The refractive index n can be expanded in a Taylor-series around the X-axis: 

( ) _ ( ) an (x .y .z ) an (x .y ,z ) 
nX·Yb,zb -nx.O.O+Yb ay Iy=o+zb az Iz=o+'" 

With eqn. 1.2 this gives 

n = l+eN(x.O.O)+ey(x)i~ Iy=o+ez(x)t Iz=o+'" 

and 

''\In 

6.2 

6.3 

6.4 

6.5 

6.6 

6.7 

6.8 

6.9 

6.10 

6.11 

6.12 

6.13 

6.14 



- 29-

ev leiJ.!:L,y=o + eZYl eft; 1+ - oY oY 
:IN Z o2N 3) ez e~lz=o + € Zl 2 +O(€ 
u Z OZ 

Inserting the above in eqn 1.1 yields 

- ~I 2 ( ) a ~ 2 ( )~~I ex e aX y=O.z=o+e Yl X aX oy Iy=o+€ Zl X AX OZ z=O + 

-I ~I 2 o2N I ey € oy y = 0 + € Y 1 oy 2 + 

- ~I 2 o2N I ez e!\ z=O + e Zl 2 = 
uZ OZ 

11-lfze2(y \)2-lfze2(z '1)2) :X [ [1-lfze2(y 'l)2-lfze2(z '1)2] 

IHEN (x .O.O)+o'y ,(x) i~ 1,,0+0" ,(x) fz' 1.=0 I 
:x Ixii'· + lEY ,(x )+o'y,(x) Ie, + IEz ,(x )+o'z,(x) Ie.) = 

ex e~Nly=0.z=0+e2Yl(x)! ~NI,=o+€2z1(X)!\a ~Iz=o+ 
v X V X uY uX uZ 

-y'l(X)y"l(X) + Y'l(X)~ 1,=0- Z'l(X)Z"l(X) + Z'l(X)t 1..,=0 + 

ey eY"1(x)+€2Y"2+e2ylllN(x.0.0)+E2Y'1~ + 
ax 

ez eZ"leX) + E2Z"z + e2Z"lNex .0.0) + e2Z'l ~~ + O(e3) 

Comparison of equal E order terms yields 

* ex component: 

the first order term vanishes and a set of two differential equations is obtained: 

y ',(x) k·,(x)- i~ 1,'0 = 0 

z',(x) z",(x)-i~ 1,,01 = 0 

Solutions are 

6.15 

6.16 

6.17 

6.18 
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Z 1 (X ) = c. Y 1 ex ) = c 6.19 

or 

( ) - . (0) + fd ,xf' aN ex ".y .z) I d" YIX -Yl X J<x y=ox () () ay 6.20 

z ex) = z' (O)x + xrdx 'Xf' aN ex " ,y .z) I _ dx" 
1 1 JC ~ z-o 

o 0 uZ 
6.21 

Using boundary conditions on x = 1 i.e. y(O = z(n = 0 the constants above can be deter-

mined: 

6.22 

or 

y'l(O) = - 1l JdX.JaN(~"'Y.z) Iy=odx" 
() () Y 

6.23 

z't(O) = - 1l JdX 'JaN(~"'Y.z) I z:odx If 
o 0 Z 

6.24 

* e., component: 

First order E terms: 

aN I _ = Y" (x) ay y-O 1 6.25 

* i z component: 

6.26 

This implies that the second pair of solutions satisfies the ray path- equation. The total 

solution is: 

6.27 

6.3. Optical path length. 

The optical (phase) path length in absence of the geomagnetic field 

between two points on a ray. as defined by 



s 

S = In (P(s '))ds' 
o 

can be expanded in a power-series: 

- 31 

6.28 

6.29 

in which So is the distance between begin and end point of the ray as measured along a 

straight line. Expressions for the first and second order correction terms will be now be 

derived. 

s 

S = In ds= 
o 
I In (x ,Yb (x ),zb (x )).J1 + y.2 + z .2dx = 
o 

fl1 + eN(x.O.O) + e2Yl~I,=o + e2z1 oN Iz=o (1 + lhe2Y'12 + 1hE2Z?]dX+ D(e3) 
o OY oz 

ill + EN(x .0.0) + E' Iy, ~~ + z, ~~ + 'ky,,' + 'hz',' I dx + O(E') = 
I I 

Jdx + eJN(x ,o,o)dx + 
o 0 

I 

e2J Y ~ + lhv' 2 + z 1J!i + 1hz' 2 dx + D(e3) 
o 1 OY • 1 1 (jz 1 

So the optical path length correct to second order can be written as: 

1 

S = S + eJN(x ,0,0)dx + 
o 

e2Jl Iy ~ + lhy' 2 + z 1J!i + 1hz' 2 dx 
o 1 OY 1 1 (jz 1 

6.30 

6.31 
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7. The effect of the earth's magnetic field for east-west propagation. 

7.1. Introduction. 

With the inclusion of the effect of the earth's magnetic field the ionosphere becomes 

an anisotropic medium. Some of the main effects introduced thus are: 

- production of ordinary and extra-ordinary waves. Le. the ionosphere is doubly-

refracting. 

- a difference between the direction of the ray-direction Le. the energy flow and the phase 

normal. 

- dependency of the refractive index on the angle of incidence of the ray with respect to 

the earth magnetic field. 

This implies the use of more complex techniques to determine the ray path. 

7.2. Propagation perpendicular to the earth's magnetic field. 

For waves traveling in the East-West direction. the refractive index remains a scalar 

quantity. Thus. the theory derived in the previous chapter remains valid. The magnetic 

field however splits an incoming arbitrarily polarized electromagnetic wave in general into 

an ordinary and an extra-ordinary wave. that have to be dealt with separately. 

* For the ordinary wave the refractive index is: 

w 2 

n 2 = 1--P-
w2 

2 2 = 1- wp0..!:!.L 
w 2 w 2 pO 

where wpo is the maximum plasma frequency in the considered profile. 

= 1 + eN 

2 wpo 
where e:= The ordinary wave is not influenced by the magnetic field. 2w 2 • 

7.1 

7.2 
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* For the extra-ordinary wave. the refractive index is: 

W;[W
2 

- W p
2

] 
n 2 = 1 - --,---'-------'--..-

w2 [W2 - w; - W e
2 l 

-2w;(r) 
= 1 + e 

1

-4W 2w 2 

+ 2 e P 
e 4 

WpO 

W ;0 w;(r) W ;0 w; + 0 (e3) 
1 + 2 2 + -2---2-

w WpO W WpO 

7.3 

W 2 

where we is the gyro frequency and -+ = 0 (1) which is reasonable for the ionosphere. 
wpo 

n = 1 + e 1_ w;~) 
wpo 

7.4 

Since the method of the previous chapter cannot handle the second order part. which 

partly represents the influence of the magnetic field. it's region of validity has to be 

enlarged. Therefore. let 

n (x .y .z ) = 1 + eN 1 (x .y .z ) + e2 N 2(X .y .z ) 

In a way similar to the one used before we have. to second order in e : 

\l n = Oxn (x.y.z }ex + Oyn (x.y.z)e'y + Ozn (x.y.z )ez = 

= [eoxN1 + e2 (YIO;yN l + zlo1zN 1 + ox N21lex + 

[eoyNl + e2[oyN2 + Ylo;yNllley + 

[eozNl + e2[ozN2 + zloz~Nl]lez 
and 

ds(ndsr) = 

[eoxN 1 + e2{-Y'IY"I- Z'IZ"1 + 

y'IOyN l + z'IOzN1 + YlO;yN l + zlo;zN l + ox N21lex + 

leY"l + e2[Y"2 + y"lN l + Y'toxNllley + 

7.5 

7.6 
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[€Z "1 + EZIZ "z + z '\N 1 + Z 'lOx N III 
Comparing equal orders of E for the three coordinates. we obtain: 

* ex First order: an identity. 

Second order: 

Y '1 [Y "I - Oy NIl = 0 

z '1 [ Z '\ - 0 z N 1] = 0 

* ey First order: 

OyNl = y''t 

Second order: 

OyN2 + Ylo;,N 1 = Y"z + Y"lNl + y'loxNl 

* ez First order: 

OzN r =Z"1 

Second order: 

1.7 

7.8 

7.9 

7.10 

7.11 

7.12 

The first order path is identical with the one derived before. The second order path fol-

lows from: 

Y"2 = - y"lN I - y'tOxNl + oyNz + Ylo;yN l 

Z"2 = - z"lN 1 - Z'loxNl + ozN 2 + zlo;zN 1 

So 

x x' 

Y2(X) = [dx'll - y"lN1 - y'lox N l + OyN2 + YIO;,N 1 1dX " + Y'2(0).X 

The constant y'z{O) is determined by Y2(0 = 0: 

y',(O) = ~1 ([dX'[[ - y"lN 1 - y'ta.N 1 + o,N, + YIO;,Nl!dX") 

7.13 

7.14 

7.15 

7.16 

7.17 

The first and second derivative of the first order path and the path itself are known from 

the previous chapter. Inserting these gives: 
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yzCx) = JdX'JI-OyN1'N 1 - JOyN1dX ... ·OxN 1+ ~JdxfOyNldX··oxNl+OyN2+ 
o 0 0 0 0 

IJdXm!oyN1dX""- ~ Jdx'JOyN1dX" O;'N1ldX
U + 

o 0 0 0 

-l1 !fdX'J - oyN1'N 1 - JOyN1dX ... ·oxN 1 + ~ JdxfOyN1dX'.oxN 1 + OyN2 + 
o 0 0 0 0 

IJdX ... !OyN1dX .... - ~JdXIJOyNldX" O;,Nl dX"j.X 7.18 
o 0 0 0 

For Z2 an analogous approach can be used. that results in: 

Z2(X) = JdX ·jl- ozN I·N 1 - JozN Idx ... ·Ox N 1 + ~ JdX fozN Idx "oxN 1 + ozN 2 + 
o 0 0 0 0 

IJdx",XjazNldX"U- ~jdX·jozNldX"loizNl dx"+ 
o 0 0 0 

~1 !fdx.x['I_ ozN1'N 1 - JaZNldX .... OXNl + ~ JdXJozN1dX1.oxN 1 + ozN2 + 
o 0 0 0 

['[dX ··7 a,N ldx .... - ; lib: '[a, N lib: "ja1.N lldX .. j.x 7.19 
The path of the extra-ordinary wave can now be determined as being: 

r = xex + yey + zez = 
Xix + E lYley + Zlez } + E2 [y~y + Z-#z 1 + O(e3

) 7.20 

in which the effect of the magnetic field is contained in the second order path. 

7.3. Optical path length. 

The optical path length. as defined by 

s 

S = Jnds 7.21 
o 

is independent of Y 2 and z 2 if we consider only terms until second order in it's E power 

series expansion. Thus. the optical (phase) path length in this approximation is not 

influenced by the effect of the earth's magnetic field. 
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8. Oblique ray propagation,. including the earth's magnetic field. 

8.1. Introduction. 

Except for the case of East-West propagation, dealt with in the previous chapter, it 

is impossible to study oblique ray propagation in an - as a result of the presence of the 

earth's magnetic field - anisotropic ionosphere with the ray equation used before. Most 

methods for finding the ray path deal with the group path. Some of the better known are 

the graphical construction by Poeverlein. the method of Titheridge for simple refractive 

indices and the method developed by Haselgrove. that is often used as the basis for com-

puter implemented ray tracing. Since we are interested in the phase path. a method 

developed by Booker will be followed. Booker developed a quartic equation. the solution 

of which describes the phase propagation of the four magneto-ionic modes. two upgoing 

and two downgoing. in a stratified anisotropic medium. 

8.2. Derivation of Booker's quartic. 

We suppose a plane wave is obliquely incident upon the ionosphere. The ionosphere 

is assumed to be a horizontally stratified medium. We choose the coordinate system thus. 

that z is the vertical direction and that the yz plane is the plane of incidence. The wave 

enters the ionosphere . making an angle 90 with the z axis. A two dimensional description 

is sufficient for the treatment of phase propagation. since in contrast with group propaga-

tion. the phenomenon of lateral deviation • i.e. the deviation of the ray out of the plane of 

incidence. does not occur. 

1 

'" ~ I 
Z.~~------------------------------------

,~----------------------------

~ ;: ( 



- 37-

The vector wave function in a stratum can be written as 

E 
+j [wt - f.r] 

E = oe 8.1 

where the wavenumber k depends on the usual magneto-ionic parameters, familiar i.e. 

from the well-known Appleton-Hartree equation, including the angle it makes with the 

vertical. From fig 1. we see that 

k r = kon (Y sin(9) + z cos(9) 1 
Using Snel's law for a plane stratified medium. i.e. 

n (9)sin(9) = sin(9 0) 

the vector wave function is 

+j [wt - k O[YSin(90) + qz]] 
E = Eoe 

where 

q = n (9)cos(9) 

8.2 

8.3 

8.4 

8.5 

is a function. depending on the ionospheric parameters that characterizes the behavior of 

the wave in different strata. i.e. as a function of height. 

In the ionosphere the wave function has to satisfy both Maxwell's equations and the 

equation of motion simultaneously, From Maxwell's equations 

\1xE = -atB 
\1 xH = at 15 
and the constitutive relations 

B=JJ.oii 

15 = e,$ + P 
we may obtain taking the curl of equation 1.6 : 

\1 X \1 xE = - jWJJ.o\1 xii 

= - jwJJ.o [jWP + jwe,$] 

kJ - _ 
= -p + kJE 

eo 

8.6 

8.7 

8.8 

8.9 

8.10 

The left hand side can be determined from equation 1.4. resulting in a set of equations for 

the three components: 
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kJ! (Sin29 0 + q2JEx 

k 2 

= _op + kJEx Eo x 
8.11 

k 2 

kJq 2Ey - kJsin9 0qEz = _op + kJEy eo y 
8.12 

k J sin29 oEz - k J sinO o'1Ey 
k 2 

= _op + kJEz 
Eo z 

8.13 

Solving this set yields: 

'EoE", 
P", 

= cosZ9o - q2 
8.14 

EoEy 
-Pycos29o Pz sin9 o'1 = cosZ9o - q2 cosZ90 - q2 

8.15 

EoEz = 
Py sin9o'1 Pz (1 - qZ] 

cos290 _ q2 cosZ9o - q2 
8.16 

A second set of relations can be determined from the equation of motion. Since the 

ionosphere consists of light electrons and comparatively heavy particles, only the equation 

of motion for the electrons will be considered. 

mOtV = eE - m7lv - }toe[Dxv]. e < 0 8.17 

where 71 is the collision frequency and ii represents the influence of the Earth's magnetic 

field. Taking the time derivative of the polarization: 

P = NeF 

where N is the electron density, we obtain an equation for the velocity: 

.... jWP 
v =-

Ne 

that can be substituted in equation 1.17. The result is a vector equation for eaE: 

E 
;:; -_ 2 m Eo - • 2 m Eo 71 .... • 2 m Eo e}to -< .... 

\}L -W --p + JW ---P + JW ----HxP 
NeZ NeZ w Ne 2 wm 

For convenience some new variables are introduced. Let 

1 NeZ w 2 
X:= ---= -p-

w2 mEo w2 

Z 
71 - -

W 

and finally 

Hie/Lo we 
i y .- = = X ,y,z. i .- mw W 

8.18 

8.19 

8.20 

8.21 

8.22 

8.23 
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Equation 1.20 written in its components is: 

E"E,= - ~ [1 - jZ I P, + j I ~ P, - 8.24 

1 ( 1 I Yz Yx 
eoEy = - X 1 - jZ Py + j X Px - X 8.25 

1 [ l Yx Yy I eoEz = - X 1 - jZ Pz + j X Py - X Px 8.26 

Next the two sets of equations 1.14-1.16 and 1.24-1.26 are combined. Before the result is 

given. some further definitions are introduced: 

1 
p:= 

q2 - cosZ9o 

U := 1 - jZ 

U 
Po:= - X 

and 

i = x.y .z. 

Combination of the two sets gives: 

[p - pojPx - jpzPy + jpyPZ = 0 

-jpzPx - (cos290p-po]py + {Sin9 0qp + jpx JPz = 0 

jpyPx + (sin9 0qp - jpx )Py + [q2p - P + poJPz = 0 

With (q2 - Up = 1 - sin290P the determinant of this set can be written as 

- j pz Po-cos29oP sin90q p+ j Px 

jpy sin9oqp- jpx po-sin290p+l 

8.27 

8.28 

8.29 

8.30 

8.31 

8.32 

8.33 

and a solution can be found if this determinant equals zero. Expansion of this deter-

minant leads to a quartic equation in q, The so called Bookers quartic 

aq 4 + bq 3 + cq 2 + dq + e = 0 

where 

a = U(U 2 - y2) - X\u 2 - Yz
2) 

b = 2sin9oXYy Yz 

8.34 

8.35 

8.36 
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c = 2u [cos290y2 - (u - X )(cos29oU - X))- X [y} + cos29oY/ + (1 + cos2(0)Y} ]8.37 

d = -2cos290sin8oXYyYz 8.38 

and finally 

e = (u - X) I (cos290u - X)2 - Y/cos49o]- cos29o(cos28ou - X )(Yx2 + Y/) 8.39 

In general this equation yields four distinct roots q. each depending on the magneto-ionic 

parameters. These represent the upgoing and downgoing ordinary and extra-ordinary 

waves. 

8.3. Approximate solution to Bookers quartic. 

In order to solve Bookers quartic equation. we expand both the coefficients a,b,c,d and 

e and the function q into series of a parameter E. Since the effect of collisions is very 

small. it will be neglected hereafter. thus Z = 0 and therefore u = 1. For the parameters 

a-e we obtain: 

8.40 

where 

2 
E:= wpo 

w2 8.41 

and wpo is the maximum of the plasma frequency in the considered medium. It is not 

necessary to use different expansion parameters for factors containing the plasma and the 

gyro frequency. since their respective magnitudes are of the same order. Typical values are: 

Wp ::::::5.107 at daytime in the F layer. 

In the same manner it can be shown that 
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2 

b 2 · £1 WpWcy Wcz 
= € 2Sln170 4 

WpO 

The function q also is expanded in an E series: 

q = qo + Eql + e2q2 + e3q3 + ... 
Substituting these series into equation 1.34 we have: 

6 
3 Wp 

-E -6-
WpO 

lao + Eat + e2a'1.] [qO + eql + E'1.q2 + ... r + E2b '1. [qo + Eql + e?-q'1. + ... r + 

{co + ECl + €2C2] (qO + eql + e'1.q'1. + ... r + e2d '1. [qo + Eql + e2q2 + ... J + 

8.42 

8.43 

8.44 

8.45 

8.46 

[eo + Eel + E2e2 + E3e3 J = 0 8.47 

Collecting zeroth order terms in E yields: 

q ~ - 2cos26oq J + cos46o = 0 8.48 

This is a quadratic in q J and can be solved easily. The two coinciding solutions are: 

8.49 

or 

8.50 
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Collecting first order terms, we obtain: 

8.51 

or 

8.52 

However, if aO.cO.al,cl,elandqo are substituted into this equation, a zero by zero 

division results. This does not present any problem as will be shown now. We consider 

the function 

y(q ,E) = a(E)q4 + b(E)q3 + C(E)q2 + d(E)q + e(e) 

which reduces to Booker's quartic for y = O. The parameters a-e are: 

a(e)=ao+Eal+e2a2+ ... = 

a (0) + eOea Ie = 0 + lhe20iea I E=O + 

Assuming that 

etc. 

8.53 

8.54 

q = q 0 + eq 1 + e 2q 2 + 8.55 

is a solution to equation 1.53 with y = O. then. after substitution of the series expansion 

of parameters a-e into equation 1.53 with y = 0 we obtain: 

a (O)q ~ + b (O)q J + c( O)q 6 + d (O)q 0 + e (0) = 0 8.56 

Solving this equation gives two real zeros: q 0 = ::l: cose o. Collecting first order terms in e 

we find: 

alq~ +b1qJ +clq6 +dlqo+el+ql{4a~J +3b~6 +2COqo+do] = 0 8.57 

or, solving for ql: 

a lq ~ + b lq J + c lq 6 + d lq 0 + e 1 
ql= 3 b 2 

4a~o + 3 ~o + 2coqo + do 
8.58 

which is in agreement with 1.52. and as seen before. results in a zero by zero division. The 

denominator being equal to zero implies that 

Oqy Ih(e = 0) = 0 8.59 

whereas according to 1.56 also holds 

8.60 
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Since the denominator of the right hand side of equation 1.58 is the derivative of the left 

hand side of equation 1.56. i.e. q 0 is a double real root of equation 1.56. equation 1.57 can 

be written alternatively as: 

8.61 

where dq = eq 1. Therefore the surface y ( q. € ) is tangent to the y ,.. 0 surface in q = q o. 

e = O. 

Introduce 

x = q - qo = eq1 

In small surroundings 0 < Ix I ~ e of ( qo .0) we can write y (q . e ) as: 

y(q ,e) = y(qo.O) + (q - qo)agy 'h,O + eaeY 'go,O + 1fz(q-qQrJ.a~y IgO'o 

+ (q -q o)eaieY I go'o + 1fzE2afeY I h,o + 0 (E3) = 
0+ x -0 + E-O + 1fzx2a~y IgO'o + eXaifY Ih,o + 1fze2alfY 'h.O 

8.61 

8.62 

Setting y == 0 in equation 1.62 . we obtain a quadratic equation in x. that can be solved 

easily. We find: 

-eaieY ± .J~I-;i~r-:-:;1~~:a:2:; 
x = 

a~y 
Inserting the derivatives of yand recalling that x = eq 1 we find: 

_ -14a lq 6 + 2e lqo 1 
ql -

12a oqt + 2eo 

8.63 

~lq6 -;-;elq~ 2 1 12;:;t + 2e;r[a2qci+ b 2q6 + c~t + d~o + e~ 
± 2 8.64 

12aoqo + 2eo 

where equations 1.40-1.45 have been used. 

Higher order qi can be found iteratively. The wave vector thus is: 

8.65 

8.4. Ray path. 

Since the wavevector is tangent to the ray trajectory. it is possible now to find the 

ray path: 



So 

Y k 
z = J~dy 

v ky 
- 0 

1 y . 

= -. -J'Lelq/dy 
sm6 0 Yo 

In lowest order of E we have: 

z = cotan6oY 

This is the unaffected ray. as we expected. 

- 44 

8.67 

8.68 



- 45-

9. Symbols. 

Symbols are defined as they occur in the text. but those frequently used are summar-

ized here for reference. 

13 magnetic induction vector 

Eo earth magnetic field 

Cs velocity of sound 

cp heat capacity at constant pressure 

c" heat capacity at constant volume 

d t time derivative 

at partial derivative 

Dt convective derivative 

jj electric displacement vector 

-E electric field strength 

e unit vector 

f« particle distribution function 

- gravitational constant g 

H vertical scale height 

jj magnetic field vector 

i.j imaginary unit .i 2 = -1 

J current density 

k wavenumber. Boltzmann's constant 

k propagation vector 

mar particle mass 

n« particle density 

n refractive index 

NA Avogadro's number 
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Ip pressure tensor 
I 

Ip scalar pressure 
I 

gOt particle charge 

q Booker's parameter 

Q total heat 

R gas constant, earth radius 

r position vector 

s optical path length 

S total entropy 

s ray path parameter 

T absolute temperature 

U internal energy 

V volume 

- velocity v 

-V normalized velocity 

VA Alfven velocity 

VI phase velocity 
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Y ratio of specific heats 

0 expansion parameter 

€ expansion parameter 

= dielectric tensor € 

Eo permittivity of free space 

E,. relative permittivity 

"f) viscosity 

A. wavelength 

= permeability tensor fJ. 

fJ.Q permeability of free space 

fJ.,. relative permeability 

'II collision frequency 

P density 

Pm mass density 

Pq charge density 

W angular frequency 

wp angular plasma frequency 

We angular gyro frequency 

Wb Brunt-Vafs£l£ frequency 

Wearrh angular earth frequency 



indices 

0/ particle kind 

e electron 

ion 

n neutral 

o equilibrium 

I 1 perturbation 

coordinate systems 

carthesian x.y.z 

spherical r ,9 ,cp 

- 48 -
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