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Different exclusive processes have been proposed to access the generalized transverse momentum 
dependent distributions (GTMDs) with no proof of factorization, which allows to rigorously define the 
GTMDs. Using Soft Collinear Effective Theory we derive for the first time the factorization of the 
differential cross section for the exclusive double Drell-Yan process π N → N ′γ ∗γ ∗ → N ′(�+�−)(�+�−), 
for small transverse momenta of the photons in terms of a perturbatively calculable hard factor, GTMDs 
and light-cone wave functions (LCWFs). We find that the hard factor of the process can be obtained from 
single inclusive Drell-Yan production so that one can resum logarithms at high orders in QCD. We also 
discuss the evolution of the GTMDs and the LCWFs.

© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons .org /licenses /by /4 .0/). Funded by SCOAP3.
1. Introduction

The structure of hadrons is parameterized in terms of several 
multi-dimensional distributions, which encode different correla-
tions between the momenta and spin of the considered partons 
and their parent hadron. Examples of these are the well-known 
parton distribution functions (PDFs), generalized parton distribu-
tion functions (GPDs), or transverse momentum dependent parton 
distribution functions (TMDs). In this work we study the factoriza-
tion of a process that involves the generalized transverse momen-
tum dependent distributions (GTMDs), that were introduced some 
time ago [1–4].

In the literature, several properties of these distributions have 
been discussed. A tree-level analysis shows that GTMDs reduce to 
TMDs and GPDs [2] after some integration is performed. It has 
been noted that the Fourier transform of the GTMDs is analo-
gous to the classical phase-space distributions, i.e. Wigner distribu-
tions [5–7]. Similarly to the case of TMDs, one can consider both 
quark GTMDs [1–4] and gluon GTMDs [8,9] (which can be inter-
esting for instance for processes with a Higgs particle in the final 
state [10,11]).

While we have many studies concerning the proof of factoriza-
tion of cross sections in terms of GPDs (see e.g. [7,12–25]) or TMDs 
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(see e.g. [26–29]), we still miss an equivalent proof for the case of 
GTMDs, even though several proposals have been presented in the 
last years [30–36]. The factorization of a cross-section allows us 
to identify universal hadronic structures that can be observed in 
different processes, reduce the model dependence, be able to re-
late results using the evolution of these distributions, and separate 
the leading power interesting part of the cross sections from sup-
pressed effects.

In this work, we show the factorization of an exclusive process 
proposed for the measurement of GTMDs in [34], namely π N →
N ′γ ∗γ ∗ → N ′(�+�−)(�+�−), where N, N ′ are protons or neutrons 
(f.i. π+ p → nγ ∗γ ∗ , π−n → pγ ∗γ ∗ , . . . ). The process is shown 
schematically in Fig. 1. The interest in this process resides in the 
fact that it is simple enough to illustrate the basic features of fac-
torization in terms of GTMDs, so that it can work as reference.

The factorization holds in a specific kinematic limit, say

|qi⊥|√
q2

i

� 1 , (1)

where qi with i = 1, 2 are the photons’ momenta. This ratio al-
lows to establish a power counting in the cross-section, that is 
consistently taken into account in effective field theories like soft-
collinear effective theory SCET [37–39]. Using this power counting, 
eq. (1), we have only two separated hard interactions, as shown 
in Fig. 1. The contribution due to two photons attached solely to 
one quark line is power suppressed. This is because at leading 
le under the CC BY license (http://creativecommons .org /licenses /by /4 .0/). Funded by 
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Fig. 1. Exclusive double Drell-Yan at leading power.

power a hard photon vertex can be coupled only to a collinear 
and an anti-collinear quark. We factorize the cross section at lead-
ing power in terms of a hard factor, GTMDs and light cone wave 
functions (LCWFs), and we show that it is consistent with the evo-
lution of these elements. The hard factor is purely perturbative, it 
can be extracted from the analogue hard factor in single inclusive 
Drell-Yan and it is currently known up to four loops [40,41]. This 
feature, although somehow expected, was never shown explicitly 
up to now, to our knowledge. The evolution of the LCWFs has al-
ready been calculated in the literature in [42] and we discuss it 
later in the text. An important topic of the discussion below is rep-
resented by the evolution of GTMDs, calculated in ref. [43,44] (see 
also [45–47] for a general discussion of twist-2 operator anoma-
lous dimensions). Both GTMDs and LCWFs have a rapidity scale 
and an untraviolet scale evolution. The rapidity evolution (also 
known as the Collins-Soper kernel) can be deduced too from sin-
gle inclusive Drell-Yan and it is known at 4 loops in perturbation 
theory. [48–52]. Using the factorization formulas of this work and 
the known results from Drell-Yan one can achieve a resummation 
of large logarithms at a high accuracy.

The paper consists of a derivation of the factorization theorem 
for the exclusive double DY process in sec. 2, followed by a dis-
cussion of the QCD evolution of the distributions in sec. 3. A final 
discussion is then done in the conclusions in sec. 4.

2. Factorization of the process

We work in the frame in which the pion and the nuclei are 
back to back, so that the hadronic momenta are aligned on the 
light-cone (collinear or anti-collinear) directions n and n̄, with 
n2 = n̄2 = 0 and n · n̄ = 2. In order to support this kinematics, 
the dilepton invariant mass M1,2 = q2

1,2 must be large compared 
to any other transverse momentum, as specified in eq. (1). In the 
limit of large q2

1,2 and using the SCET power counting the final 
hadron momentum pN ′ is collinear to pN . A generic four-vector v
is then decomposed as vμ = (v+, v−, v⊥)μ = v+ nμ

2 + v− n̄μ

2 + v⊥ . 
The momenta of the hadrons are pN and pN ′ , the momentum of 
the pion is pπ and the momenta of the virtual photons are q1,2. 
The momentum conservation of the process is given by

pπ + pN = pN ′ + q1 + q2 . (2)

Two combinations of these momenta will become relevant in the 
rest of the work, namely:

� ≡ pN ′ − pN , P ≡ pN ′ + pN

2
, (3)

where � stands for the momentum transfer and P stands for 
the average momentum of the nucleons. Alternatively one de-
fines �μ = (−2ξ P+, 2ξ P−, ��⊥), ξ ≡ (pN − pN ′ )+/(pN + pN ′ )+ . 
For definiteness we work in the reference frame with pπ =
(p+

π , p−
π , 0), pN = (p+, p−, 0) and pN ′ = (p+

′ , p−
′ , �pN ′⊥), with 
N N N N

2

p−
π 	 p+

π , p+
N,N ′ 	 |�pN ′⊥| 	 p−

N,N ′ and p−
π ∼ p+

N,N ′ . If we ne-
glect the masses, as a first approximation we have pπ � (0, p−

π , 0)

and pN � (p+
N , 0, 0). As a result of the kinematics of the process, 

|t| ≡ |�2| ∼ |P 2| � q2
1,2.

The differential cross-section for the process in the center of 
mass frame is given by

dσ

dM2
1dy1d2�q1⊥dM2

2dy2d2�q2⊥
= dσ̂

αβμν
L Wαβμν (4)

where dσ̂L collects the leptonic part and overall constants. The ra-
pidity of the dilepton couples are given by

y1,2 = 1

2
ln

q+
1,2

q−
1,2

. (5)

The hadronic tensor W , which is the main object of our study, is 
defined as

Wαβμν =
∫

d3 pN ′

2(2π)3 E N ′

∫
d4z1d4z2d4z3 e−iq1·z1−iq2·(z2−z3)

× 〈π N|T { J †
α(z1) J †

β(z2)}|N ′〉 〈N ′|T { Jμ(z3) Jν(0)}|π N〉 ,

(6)

where Jμ = ∑
q eqψ̄qγ

μψq is the electromagnetic quark current 
with eq as the quark electric charge. The extension of this formula 
for other heavy-color neutral vector bosons can be easily provided, 
but goes beyond the purposes of this paper, so we do not include 
it here.

The factorization limit is achieved when one has energetic 
(hard) photons with momenta scaling as qi ∼ Mi(1, 1, λ) where 
λ is a small parameter that takes into account that the measured 
di-lepton transverse momenta are small with respect to photon en-
ergies q⊥,i � q±

i (see also eq. (1)).
The leading power factorization can be achieved by applying 

the effective theory machinery. Using the SCET power counting, it 
can be shown that the only contribution to the process is the one 
depicted in Fig. 1, and all other contributions are power suppressed 
in λ. We do not consider here more sophisticated arguments like 
in TMD operator expansion [46], where a direct expansion of the 
QCD Lagrangian is done using the background field method, giv-
ing that at leading power they achieve the same final result. In 
all these approaches the original fermion fields are projected onto 
their collinear dominant modes dressed with collinear radiation, 
and their position arguments are multipole expanded. One has to 
distinguish the case of fields acting on initial states,

ψ(z) → χn = W †
n(z+,0, z⊥)ξn(z+,0, z⊥),

ψ(z) → χ n̄ = ξ̄n̄(z−,0, z⊥)Wn̄(z−,0, z⊥),

W †
n(z) = P exp

⎡
⎣ig

0∫
−∞

ds n · An(z + sn)

⎤
⎦ ,

Wn̄(z) = P exp

⎡
⎣−ig

0∫
−∞

ds n̄ · An̄(z + sn̄)

⎤
⎦ ,

(7)

and the final state

ψ(z) → χn = ξ̄n(z−,0, z⊥)Wn(z−,0, z⊥),

Wn(z) = P exp

⎡
⎣ig

∞∫
ds n · An(z + sn)

⎤
⎦ ,

(8)
0
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Fig. 2. Diagrams contributing to the hard factor.

where the subscripts n, n̄ indicate collinear and anticollinear fields 
respectively. In this way, we match the full QCD electromagnetic 
currents to the effective current operators. For the case where the 
collinear particle emits (absorbs) a fermion (anti-fermion) and the 
anti-collinear particle absorbs (emits) an anti-fermion (fermion) 
we have:

Jμ,SC E T =
∑

q

eqC(Q 2,μ2)χ̄q,n̄ S†
n̄γμSnχq,n (9)

where C(Q 2, μ2) is the hard Wilson coefficient for Drell-Yan. This 
coefficient is well-known from single inclusive Drell-Yan at higher 
orders in QCD [40,41,53–55]. The soft Wilson lines Sn,n̄ appear-
ing in eq. (9), needed to parametrize soft radiation, are all past-
pointing in our case and they are defined as

Sn(z) = P exp

⎡
⎣ig

0∫
−∞

ds n · As(z + sn)

⎤
⎦ ,

Sn̄(z) = P exp

⎡
⎣ig

0∫
−∞

ds n̄ · As(z + sn̄)

⎤
⎦ , (10)

where the subscript s indicates a soft field. Using Fierz transforma-
tions (see Appendix A for the Fierz formula of vector currents) we 
can reshuffle the Dirac indices of the fermion fields in each prod-
uct of currents, such that the final result is a product of collinear 
and anti-collinear currents, e.g.

χ̄ ′a
n (z3)γμχ ′a

n̄ (z3) χ̄b
n̄ (0)γνχ

b
n (0)

=
∑
�,�′

C��′
μν χ̄ ′a

n (z3)�χb
n (0) χ̄b

n̄ (0)�′χ ′a
n̄ (z3),

(11)

where a, b are color indices and �, �′ = �q, ��q, �δq with �q =
γ + , ��q = γ +γ5, � j

δq = iσ j+γ5, and j = 1, 2, for unpolarized, lon-
gitudinally polarized, and transversely polarized quarks [56]. In 
this equation we also pointed out that the flavor of primed and 
unprimed fields can be different. Since this feature has a minor 
role in the factorization that we propose, we omit to differentiate 
the flavor of fermion fields in the following. Taking into account 
the scaling of the photons’ momenta and the scaling of the fields, 
one can multipole expand in the leading regions of position space 
each of the matrix elements. We obtain a factorized hadronic ten-
sor with collinear, anti-collinear and soft functions,

Wαβμν = H
∑

�1,�′
1,�2,�′

2

C
�1�′

1
αβ C

�2�′
2

μν

∑
{q}

eq1 eq2 eq3 eq4 W . (12)

The diagrams contributing to the hard factor are shown in 
Figs. 2-3. The diagrams in Fig. 2 are well known, as they are the 
3

Fig. 3. Diagrams that provide power suppressed contributions to the hard factor.

same as in single Drell-Yan. We have performed an explicit cal-
culation of the diagrams in Fig. 3, checking that they are zero 
at leading power. This check has been done performing the in-
tegration in coordinate space, following the techniques of [46] and 
considering the incoming and outgoing partons as free particles 
(which is enough for a leading power computation). As a result, 
we have explicitly checked by a one loop calculation that the fac-
tor H satisfies

H = |C(Q 2
1 ,μ2)|2|C(Q 2

2 ,μ2)|2 , (13)

where the C(Q 2, μ2) are the quark current coefficients extracted 
from Fig. 2. In DY these coefficients are known up to 4-loops [40,
41]. Our results are compatible with the findings of [57] for double 
parton scattering, where the same graphs contribute to the hard 
factor. The calculation that we have performed in coordinate space 
is however original.

All hadronic matrix elements in eq. (12) are contained in the 
hadronic factor W .

Since the soft, collinear and anti-collinear regions do not inter-
act with each other, each matrix element is a color singlet, which 
means that it is necessary to take the average over color of the 
collinear and anti-collinear matrix elements. Thus we have a con-
traction of the color indices of the soft Wilson lines,

W = 1

N4
c

∫
d3 pN ′

2(2π)3 E N ′

∫
d4z1d4z2d4z3e−iq1·z1−iq2·z2+iq2·z3

× 〈π |T{χ̄n̄(z+
2 ,0−, �z2,⊥)�′

1χn̄(z+
1 ,0−, �z1,⊥)}|0〉

× 〈0|T{χ̄n̄(0)�′
2χn̄(z+

3 ,0−, �z3,⊥)}|π〉
× 〈0|T{[S†

n Sn̄](�z1⊥)[S†
n̄ Sn](�z2,⊥)}|0〉

× 〈0|T{[S†
n Sn̄](�z3⊥)[S†

n̄ Sn](0)}|0〉
× 〈N|T{χ̄n(0+, z−

1 , �z1,⊥)�1χn(0+, z−
2 , �z2,⊥)}|N ′〉

× 〈N ′|T{χ̄n(0+, z−
3 , �z3,⊥)�2χn(0)}|N〉 . (14)

Some algebraic passages then follow, as expressing the matrix el-
ements in symmetric positions using the momentum operator, 
Jμ(z) = ei P (z/2) Jμ( z

2 )e−i P (z/2) and e−i P ·(z−/2)|N〉 = e−ip+
N (z−/2)/2

|N〉), and making the change of variables z1 − z2 → z1, z3 → −z2. 
With this we obtain

W = π

N4
c E N ′

δ(q0
1 + q0

2 + E N ′ − E N − Eπ )

∫
d4z1d4z2

× e−i(q+
1 +�+/2)z−

1 /2e−i(q−
1 −p−

π /2)z+
1 /2e+i(�q1⊥+ ��⊥/2)·�z1⊥

× e−i(q+
2 +�+/2)z−

2 /2e−i(q−
2 −p−

π /2)z+
2 /2ei(�q2⊥+ ��⊥/2)·�z2⊥

× 〈π |T{χ̄n̄(− z+
1
2 ,0−,−�z1,⊥

2 )�′
1χn̄(

z+
1
2 ,0−,

�z1,⊥
2 )}|0〉

× 〈0|T{χ̄n̄(
z+

2
2 ,0−,

�z2,⊥
2 )�′

2χn̄(− z+
2
2 ,0−,−�z2,⊥

2 )}|π〉 (15)

× 〈0|T{[S†
n Sn̄]( �z1⊥ )[S† Sn](−�z1,⊥ )}|0〉
2 n̄ 2
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× 〈0|T{[S†
n Sn̄](−�z2⊥

2 )[S†
n̄ Sn]( �z2⊥

2 )}|0〉
× 〈N|T{χ̄n(0+,

z−
1
2 ,

�z1,⊥
2 )�1χn(0+,− z−

1
2 ,−�z1,⊥

2 )}|N ′〉
× 〈N ′|T{χ̄n(0+,− z−

2
2 ,−�z2,⊥

2 )�2χn(0+,
z−

2
2 ,

�z2,⊥
2 )}|N〉.

Having W so factorized is still an intermediate step. In fact the 
matrix elements that compose it have overlapping contributions 
that should be eliminated with a zero-bin subtraction, similarly to 
the TMD case. Presently we have two soft functions, which makes 
this case different from the TMD factorization. The zero-bin sub-
traction is regularization dependent and in our discussion we will 
refer to the modified δ-regulator [58] for practical examples.

2.1. Kinematic variables and unsubtracted distributions

It is useful to introduce a set of variables that distinguish the 
mean value of momenta and their deviation from average variables 
and also to point out approximate values for them. Similar defini-
tions exist also in [34] so we limit to list them here,

q+
1 + q+

2 = −�+ + p+
π � −�+ ≡ 2ξ P+

q+
1 − q+

2 = 2xP P+

q−
1 + q−

2 = −�− + p−
π � p−

π

q+
1 + �+

2
� xP P+

q+
2 + �+

2
� −xP P+

q−
2 ≡ xπ p−

π

q−
1 � (1 − xπ )p−

π . (16)

In these equations the symbol “�” is used when hadronic masses 
are neglected, which we always assume in the present derivation. 
For the kinematic of the process we have a quark with collinear 
momentum P+(xP +ξ) ≥ 0 and an anti-quark with P+(xP −ξ) ≤ 0, 
that is

−ξ ≤ xP ≤ ξ. (17)

This interval is the so-called ERBL region [59,60].
The kinematic variables just introduced together with integra-

tion over the longitudinal positions allow us to write the hadronic 
factor W in eq. (15) as

W = π

4N4
c E N ′

δ(q0
1 + q0

2 + E N ′ − E N − Eπ )

×
∫

d2z2⊥ e−i 1
2 ��q⊥·�z2⊥

× φ[�′
2](xπ , z2⊥) S(z2⊥) w[�2](xP , z2⊥; ξ, ��⊥)

×
∫

d2z1⊥ ei 1
2 ��q⊥·�z1⊥

× φ∗[�′
1](xπ , z1⊥) S(z1⊥) w∗[�1](xP , z1⊥; ξ, ��⊥) , (18)

where �⊥ = −(q1⊥ + q2⊥) and �q⊥ ≡ q1⊥ − q2⊥ . The hadronic 
distributions that appear above, i.e. the unsubtracted GTMDs and 
LCWFs, and the soft functions, are defined as

w[�2](xP , z2⊥; ξ, ��⊥) =
∫

dz−
2

4π
ei 1

2 xP P+z−
2

× 〈N ′|T{χ̄n(0+,− z−
2
2 ,−�z2⊥

2 )�2χn(0+,
z−

2
2 ,

�z2⊥
2 )}|N〉 ,

φ
[�′

2]
π (xπ , �z2⊥) =

∫
dz+

2 e−i 1
2 (xπ − 1

2 )p−
π z+

2

4π

4

× 〈0|T{χ̄n̄(
z+

2
2 ,0−,

�z2⊥
2 )�′

2χn̄(− z+
2
2 ,0−,−�z2⊥

2 )}|π〉 ,

S(�z⊥) = 〈0|T{[S†
n Sn̄](0+,0−,−�z⊥

2 )[S†
n̄ Sn](0+,0−,

�z⊥
2 )}|0〉 . (19)

2.2. Definition of GTMDs and LCWFs

In the definitions of all these functions, we have omitted the 
regulators necessary for their computation. In practice, they all 
contain rapidity divergences that need to be treated. The presence 
of the rapidity regulators in the collinear and anti-collinear func-
tions can be removed considering the zero-bin that accounts for 
the overlap of (anti-)collinear and soft modes. Notice that the in-
teractions between collinear and anti-collinear modes are power 
suppressed so that the zero-bin subtraction works very similarly 
to the single inclusive Drell-Yan case. For instance, using the δ-
regulator the zero-bin and the soft function coincide, and these are 
formally the same as in single inclusive Drell-Yan. Like in the case 
of TMDs, as a final result, one obtains a dependence of GTMDs 
and LCWFs on the rapidity evolution scale ζ and the renormal-
ization scale μ, associated with the regularization of ultraviolet 
divergences.

Schematically, to obtain an expression without rapidity diver-
gences one needs to split the product of soft factors as

S(�z1⊥;μ2, δ+δ−) S(�z2⊥;μ2, δ+δ−) =

=
√√√√S

(
�z1⊥;μ2, (δ+)2 ζ1

p+
N,q p+

N ′,q̄

)

×
√√√√S

(
�z1⊥;μ2, (δ−)2 ζ̄1

p−
π,q p−

π,q̄

)

×
√√√√S

(
�z2⊥;μ2, (δ+)2 ζ2

p+
N,q p+

N ′,q̄

)

×
√√√√S

(
�z2⊥;μ2, (δ−)2 ζ̄2

p−
π,q p−

π,q̄

)
, (20)

where we explicitly use the partonic momenta of quarks and 
anti-quarks inside hadrons, pi , consistently with their appearance 
in the perturbative calculations of the unsubtracted GTMDs and 
LCWFs. In eq. (20) we have considered the product of soft func-
tions and not them individually, as this is the quantity that enters 
in the cross-section. From the last equation we obtain that the 
product of soft factors is factorized with the condition

ζ1ζ̄1ζ2ζ̄2 = (p−
π,q p−

π,q̄ p+
N,q p+

N ′,q̄)
2 , (21)

given that the soft function is linear in the rapidity logarithms 
to all orders in perturbation theory (see e.g. [61]). The resulting 
well-defined GTMDs, free from rapidity divergences, entering the 
factorized cross-section are

W [�2]
N ′N (xP , �z2⊥; ξ, ��⊥;μ2, ζ2) =
= w[�2]

N ′N (xP , �z2⊥; ξ, ��⊥;μ2, δ+)

×
√√√√S

(
�z2⊥;μ2, (δ+)2 ζ2

p+
N,q p+

N ′,q̄

)
,

W ∗[�1]
N N ′ (xP , �z1⊥; ξ, ��⊥;μ2, ζ1) =
= w∗[�1]

′ (xP , �z1⊥; ξ, ��⊥;μ2, δ+)
N N
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×
√√√√S

(
�z1⊥;μ2, (δ+)2 ζ1

p+
N,q p+

N ′,q̄

)
. (22)

Analogously, for the LCWFs we have

�
[�′

2]
π (xπ , �z2⊥;μ2, ζ̄2) =
= φ

[�′
2]

π (xπ , �z2⊥;μ2, δ−)

×
√√√√S

(
�z2⊥;μ2, (δ−)2 ζ̄2

p−
π,q p−

π,q̄

)
,

�
∗[�′

1]
π (xπ , �z1⊥;μ2, ζ̄1) =
= φ

∗[�′
1]

π (xπ , �z1⊥;μ2, δ−)

×
√√√√S

(
�z1⊥;μ2, (δ−)2 ζ̄1

p−
π,q p−

π,q̄

)
. (23)

In the equations above the distributions w N N ′ and φπ are under-
stood to be zero-bin subtracted. Using the rapidity divergence-free 
definitions we obtain

W = π

4N4
c E N ′

δ(q0
1 + q0

2 + E N ′ − E N − Eπ )

×
∫

d2z2⊥e−i 1
2 ��q⊥·�z2⊥

× �[�′
2](xπ , �z2⊥;μ2, ζ̄2) W [�2]

N ′N (xP , �z2⊥; ξ, ��⊥;μ2, ζ2)

×
∫

d2z1⊥ei 1
2 ��q⊥·�z1⊥

× �∗[�′
1](xπ , �z1⊥;μ2, ζ̄1) W ∗[�1]

N N ′ (xP , �z1⊥; ξ, ��⊥;μ2, ζ1) ,

(24)

which shows explicitly the scale dependence of each factor.
For completeness, we also write the factorized hadronic tensor 

as a convolution in momentum space:

W = π

4N4
c E N ′

δ(q0
1 + q0

2 + E N ′ − E N − Eπ )

×
∫

d2�kn2⊥d2�kn̄2⊥δ(2)(
��q⊥

2 + �kn̄2⊥ − �kn2⊥)

× �[�′
2](xπ , �kn̄2⊥;μ2, ζ̄2) W [�2]

N ′N (xP , �kn2⊥; ξ, ��⊥;μ2, ζ2)

×
∫

d2�kn1⊥d2�kn̄1⊥δ(2)(
��q⊥

2 + �kn̄1⊥ − �kn1⊥)

× �∗[�′
1](xπ , �kn̄1⊥;μ2, ζ̄1) W ∗[�1]

N N ′ (xP , �kn1⊥; ξ, ��⊥;μ2, ζ1) ,

(25)

where we have used

W [�2]
N ′N (xP , �kn2⊥; ξ, ��⊥;μ2, ζ2) =

= 1

2

∫
dz−

2 d2�z2⊥
(2π)3

eixP P+z−
2 /2−i�kn2⊥·�z2⊥

× 〈N ′|T{χ̄n(0+,− z−
2
2 ,−�z2⊥

2 )�2χn(0+,
z−

2
2 ,

�z2⊥
2 )}|N〉 ,

�[�′
2](xπ , �kn̄2⊥;μ2, ζ̄2) =

= 1

2

∫
dz+

2 d2�z2⊥
(2π)3

e−i(xπ − 1
2 )p−

π z+
2 /2+i�kn̄2⊥·�z2⊥ (26)

× 〈0|T{χ̄n̄(
z+

2
2 ,0−,

�z2⊥
2 )�′

2χn̄(− z+
2
2 ,0−,−�z2⊥

2 )}|π〉.
The final form of the factorized hadronic tensor, and thus the 
cross-section, is provided by eqs. (24)-(25).
5

3. QCD evolution of GTMDs and LCWFs

The consistency of the factorization requires that the sum of 
the anomalous dimensions of all the factors in the cross-section 
cancels. It is important to provide this check also in our case.

The anomalous dimensions have been explicitly calculated in 
the literature. In fact, we have that the anomalous dimension of 
the hard factor H = |C(Q 2

1 , μ2)|2|C(Q 2
2 , μ2)|2 can be obtained 

from

d

d lnμ
C(Q 2,μ2) = �cusp ln

Q 2

μ2
+ γV , (27)

where �cusp and γ V are cusp and non-cusp anomalous dimensions 
known up to third [62–64] and fourth order in αs [40,41]. Then for 
the GTMDs and the LCWFs we find respectively

d

d lnμ
ln W [�]

N ′N(xP , z⊥; ξ, ��⊥;μ,ζ ) = γW (as,μ, ζ ) ,

d

d lnμ
ln�[�]

π (x, �z⊥;μ,ζ ) = γ� (as,μ, ζ ) . (28)

Furthermore, the evolution equation in the rapidity parameter of 
the GTMDs and LCWFs is given by the rapidity anomalous dimen-
sion D(�z⊥; μ) of Drell-Yan [26,27,29,65]:

d

d ln ζ
ln W [�]

N ′N(xP , �z⊥; ξ, ��⊥;μ,ζ ) = −D(�z⊥;μ) ,

d

d ln ζ
ln�[�]

π (x, �z⊥;μ,ζ ) = −D(�z⊥;μ) . (29)

The calculation of the anomalous dimension for each distribution 
can be found in [42–44] and yields

γW (as,μ, ζ ) = γ� (as,μ, ζ ) = γ�∗ (as,μ, ζ ) = γ (as,μ, ζ ) ,

(30)

with as = αs/(4π) and

γ (as,μ, ζ ) = �cusp ln
μ2

ζ
− γV . (31)

Combining these equations with the one of the hard coefficient H , 
one obtains the condition for the cancellation of the sum of all 
anomalous dimensions:

ζ1ζ̄1ζ2ζ̄2 = Q 4
1 Q 4

2 , (32)

which is consistent with p+
N,q p+

N ′,q̄ = q+
1 q+

2 , p−
π,q p−

π,q̄ = q−
1 q−

2 and 
eq. (21) and Q 2

i = q+
i q−

i (with i=1,2).1

1 The anomalous dimensions are a property of operators, so they can be deduced 
from twist-2 computations that we explicitly checked in [46,47] (see also [18,66]). 
At one loop one finds

γW (as,μ
2, ζ ) = γ (as,μ

2, ζ ) + 2as ln
(q+)2

k+
N,qk+

N ′,q̄
,

γ�(as,μ
2, ζ ) = γ (as,μ

2, ζ ) + 2as ln
(q−)2

k−
π,qk−

π,q̄

,

where k±
i are the momenta associated with quark operators and q± are high-energy 

scales that appear in the generic soft matrix element splitting

S(δ+δ−, z2⊥) = R(δ+/q+, ζ, z2⊥)R(δ−/q−, ζ, z2⊥).

The extra logarithms appearing in these anomalous dimensions are canceled when 
(q+)2 = k+

N,qk+
N ′,q̄ and (q−)2 = k−

π,qk−
π,q̄ so that the final result agrees with our 

eq. (30). Notice that with this choice of high-energy scales q± , all the anoma-
lous dimensions are real and thus valid for both the ERBL and DGLAP regions. 
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Using eq. (28)-(29) one can write the GTMDs with single inclu-
sive DY evolution kernel:

W [�]
N ′N(xP , �z⊥; ξ, ��⊥;μ,ζ ) = R(�z⊥;μ,ζ,μ0, ζ0)

× W [�]
N ′N(xP , �z⊥; ξ, ��⊥;μ0, ζ0),

(33)

with

R(�z⊥;μ,ζ,μ0, ζ0) =
(

ζ

ζ0

)−D(�z⊥;μ0)

× exp

⎡
⎣ μ∫
μ0

dμ̄

μ̄
γ

(
αs(μ̄), ln

μ̄2

ζ

)⎤
⎦ ,

(34)

and likewise for the LCWFs. We end this section by emphasizing 
that the evolution of both GTMDs and LCWFs is spin independent, 
and thus the same for all leading-twist distributions. In the case of 
gluon distributions, one would need to use the analogous anoma-
lous dimension and rapidity evolution kernel for gluons (see e.g. 
[67]), and again they would be spin independent.

4. Conclusion

In this work we have obtained a factorized formula for the pro-
cess π N → N ′γ ∗γ ∗ → N ′(�+�−)(�+�−) that was proposed in [34]
to show how GTMDs could be extracted from a physical process. 
The factorization has been achieved using soft-collinear effective 
theory, and it has been derived under the kinematic conditions of 
eq. (1). This derivation is somewhat similar to the factorization of 
double parton scattering [68], since there are two hard interactions 
between the colliding hadrons. The main difference concerns the 
color structure of the final matrix elements (GTMDs and LCWFs) 
which are just color singlets in our case. This difference is impor-
tant and crucial for the achievement of the final result.

The factorization has consistently included the evolution of all 
functions. The extraction of the hard part of the process allows 
us to use evolution equations up to higher orders in perturbation 
theory, which is one of the main results of the paper.

A final comment concerns the relation between GTMDs and 
GPDs [2,3]. It is often stated that the integration over the trans-
verse variable of GTMDs allows one to recover the corresponding 
GPDs. This statement per se is not correct. In this sense, the situa-
tion is very similar to the relation among TMDs and PDFs [69–71], 
where an approximate enforcing of this statement is studied. We 
also leave for the future a more detailed study of the relation be-
tween GTMDs and TMDs (see [72]), as well as the study of other 
processes which factorize in terms of GTMDs.
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Appendix A

We provide here the Fierzing transformation necessary for the 
product of electromagnetic currents.

4(γ μ)i j(γ
ν)kl = [

1il1kj + (iγ5)il(iγ5)kj − (γ α)il(γα)kj

−(γ αγ5)il(γαγ5)kj + 1

2
(iσαβγ5)il(iσαβγ5)kj

]
gμν

+ (γ {μ)il(γ
ν})kj + (γ {μγ5)il(γ

ν}γ5)kj

− 1

2
(iσα{μγ5)il(iσν}

αγ5)kj

− iεμνλη

2
[(iσληγ5)il1kj − 1il(iσληγ5)kj]

+ (iσμνγ5)ilγ5kj + γ5il(iσμνγ5)kj

+ iεμναβ
[
(γ αγ5)il(γ

β)kj + (γ α)il(γ
βγ5)kj

]
(A.1)
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