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Abstract

This Thesis explores the limits in the application of propagating quantum microwaves
for quantum communication and quantum sensing, as well as the design of new de-
vices and protocols to fight these limitations. We take advantage of Gaussian quan-
tum states for quantum teleportation and quantum illumination, and studies how
these protocols can be improved using entanglement distillation and partial purifica-
tion, respectively. The Thesis is centered around open-air entanglement distribution,
and it follows the steps of state generation inside the cryostat, impedance matching
between the cryostat and the open air with a new generation of coplanar antennae,
and open air propagation, in the limited framework of current microwave technology.
We also address the limitations produced by losses and measurement inefficiencies,
and explore the extension to satellite quantum communications. There, we analyze
the effects of diffraction and turbulence, studying how the latter affects signals in the
optical regime as well. We conclude by studying the teleportation of quantum infor-
mation in a quantum local area network. To sum up, this Thesis contributes to the
development of wireless quantum communications in the microwave regime, study-
ing its technological limitations and how to overcome them. Nevertheless, quantum
technologies working in this frequency range are still emergent and plenty of work
must be accomplished in order to make them competitive.
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Resumen

Las leyes de la mecánica cuántica, necesarias para una descripción precisa de la nat-
uraleza a nivel microscópico, fueron postuladas al comienzo del siglo pasado. En los
inicios, aun así, había controversia; de ahí el famoso trabajo de Einstein, Podolsky
y Rosen en 1935, afirmando que ninguna teoría que cumpliera el realismo local po-
dría ser completa, y necesitaría apoyarse en variables (clásicas) adicionales, lo que se
conoce como el modelo de variables locales ocultas. Este más bien filosófico escollo,
conocido como la paradoja EPR, fue solventado por John S. Bell en 1964, cuando
diseñó una serie de experimentos, los cuales indicaban que las predicciones hechas
en el marco de la mecánica cuántica eran incompatibles con un modelo de variables
ocultas subyacente satisfaciendo requerimientos de localidad. A esto se le llamó el
teorema de Bell, e impone restricciones a los resultados de las medidas hechas lo-
calmente entre dos partículas que estén correlacionadas, dadas unas variables locales
ocultas, mostrando que la mecánica cuántica predice la violación de estas restric-
ciones. Una de las desigualdades de Bell más famosas es la desigualdad CHSH, la
cual expuso la posiblidad de una realización experimental de un test de Bell. tras
algunos experimentos fallidos en los años 70 llegó la propuesta y los experimentos de
Aspect, la primera prueba de la no-separabilidad de la mecánica cuántica. A estos
les sucedieron muchos experimentos, la mayoría de los cuales utilizaron medidas con
dos resultados, en las cuales los fotones son tratados como sistemas de dos niveles,
con dos estados de polarización o de número de fotones. Estos son conocidos como
estados de qubit, la unidad de información codificada en un sistema cuántico, análogo
al bit clásico.

Un qubit está caracterizado por un vector |ψ〉 en un espacio de Hilbert bidi-
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mensional H, cuyos vectores de la base se suelen indicar por |0〉 y |1〉, generalmente
denominados vectores de la base computacional. Mientras que un estado puro clásico
puede estar en “0” o “1”, un estado cuántico puro puede estar en una superposición
de ambos,

|ψ〉 = a|0〉+ b|1〉 con {a, b} ∈ C y |a|2 + |b|2 = 1. (0.1)

Cada elemento de la base todavía corresponde al clásico bit 0 o 1 a través de la
medida, pero al medir el estado |ψ〉, estos valores se distribuirán de acuerdo con
los pesos a y b, de modo que la probabilidad de medir |ψ〉 en el estado |0〉 viene
dada por la amplitud |〈ψ|0〉|2 = |a|2. Esta propiedad de superposición se puede
extender a un escenario de N -qubits, con un espacio de Hilbert 2N -dimensional.
Otra propiedad es el entrelazamiento, la “acción espeluznante a distancia” en la
paradoja EPR, y la manifestación más común de las correlaciones cuánticas que no
se pueden explicar de forma clásica. Surge en un escenario de varios qubits, donde el
estado global del sistema no se puede describir en términos de los estados locales; se
puede cuantificar, por ejemplo, a través de la entropía del sistema reducido. Dado un
estado máximamente entrelazado, como el estado de Bell (|0, 0〉+|1, 1〉)/

√
2, tomar la

traza parcial sobre el segundo subsistema conduce al estado (|0〉〈0|+ |1〉〈1|)/2. Este
es un estado máximamente mezclado y tiene máxima entropía, lo que significa que
la información contenida en las correlaciones cuánticas se ha perdido y, por lo tanto,
no hay ninguna medida que podamos realizar para extraer la información completa
contenida en él. Los estados mixtos, en general, se describen mediante una matriz de
densidad ρ que es positiva y normalizada, tr ρ = 1. Además, las matrices de densidad
también pueden describir estados puros, que satisfacen tr ρ2 = 1, mientras que los
estados mixtos siguen tr ρ2 < 1.

En 1984, hubo una propuesta para utilizar la superposición de estados cuánticos
como recurso para transferir información de forma remota. En lo que llegó a cono-
cerse como el protocolo BB84, se afirma que dos partes pueden desarrollar una clave
cuántica segura compartiendo estados cuánticos e información clásica. El emisor
genera estados ya sea sobre una base computacional o usando una base de super-
posición, y el receptor mide con la misma elección de base; luego, usan un canal
clásico para comunicar su elección de base y mantienen los bits clásicos correspon-
dientes a eventos coincidentes. Además, pueden detectar la presencia de un intruso
anunciando públicamente parte de la cadena de bits obtenida; si coincide una canti-
dad suficiente de elementos, entonces pueden conservarlo para desarrollar una clave
segura, y si no, pueden descartarlo y comenzar de nuevo. Aunque no está directa-
mente relacionado con el teorema de Bell, la seguridad del protocolo BB84 contra
ataques individuales está relacionada con la desigualdad CHSH. Otra propuesta que
se inspiró en el teorema de Bell es el protocolo E91. A su vez, este protocolo tiene
a ambas partes compartiendo estados entrelazados y midiendo con un conjunto de
bases que no coincide completamente. De esta manera, pueden mantener los bits
clásicos que resultan de la medición en la misma base, siempre que los otros resulta-
dos de la medición pasen una prueba de realismo local para verificar si hay intrusos.
La seguridad de estos protocolos se basa en los postulados de la mecánica cuántica;
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en virtud del teorema de no clonación y el colapso del estado de un sistema cuántico
bajo medición, un espía no puede extraer información sin afectar el proceso y dejar
un rastro. Estas dos propuestas allanaron el camino para lo que hoy se conoce como
distribución de claves cuánticas. Se han llevado a cabo experimentos, desde la real-
ización de la primera criptografía cuántica, usando fibras ópticas, más adelante por
el aire, y finalmente en un satélite a larga distancia.

Poco después del BB84, se propuso un avance crucial en la comunicación cuántica:
la teleportación cuántica. Este protocolo tiene como objetivo transferir la informa-
ción de un estado cuántico desconocido en poder de una parte, a una segunda en
una ubicación remota, por medio de un recurso entrelazado previamente compartido,
y comunicación clásica. También se ha realizado experimentalmente en numerosas
ocasiones: con sistemas fotónicos en el laboratorio, a través de fibras ópticas, por el
aire, y en un enlace satelital, así como en variedad de plataformas cuánticas: con
resonancia magnética nuclear, con iones atrapados, con circuitos superconductores,
e incluso entre objetos macroscópicos. La ventaja que se puede obtener mediante
la teletransportación cuántica se basa en la existencia de un entrelazamiento previa-
mente compartido entre ambas partes, al igual que para los protocolos de distribu-
ción de claves cuánticas mediados por entrelazamiento. El acto de compartir estados
entrelazados entre las partes de la comunicación se conoce como distribución de en-
trelazamiento, y se ha logrado experimentalmente con fibras ópticas, así como por el
aire. Este también es un punto clave para la famosa iniciativa del Internet cuántico.

El entrelazamiento se puede codificar en muchos grados diferentes de libertad
de los sistemas cuánticos; los experimentos que hemos mencionado anteriormente
utilizan el número de fotones, la polarización y el entrelazamiento de intervalos de
tiempo, entre otros. Aparte de los estados cuánticos de variable discreta, el entrelaza-
miento también se puede definir usando estados bosónicos. Estos estados describen
espacios de Hilbert de dimensión infinita y sus operadores de cuadratura tienen un
espectro continuo. Los sistemas asociados a espacios de Hilbert de dimensión infinita
se conocen como sistemas de "variable continua" y tienen una descripción cuántica
particularmente complicada.

Los estados cuánticos Gaussianos son una familia de estados de variable con-
tinua que admiten una descripción simple; pueden describirse mediante distribu-
ciones Gaussianas en su representación en el espacio de fases. Por lo general, son
fáciles de producir experimentalmente y se pueden usar para describir el estado de
los sistemas cuánticos entrelazados. Por lo tanto, sus capacidades de procesamiento
de información cuántica han sido ampliamente estudiadas. Además, cualquier evolu-
ción cuántica que involucre estados Gaussianos, operaciones Gaussianas y medidas
Gaussianas, admite una representación compacta conocida como formalismo simpléc-
tico. Esto permite reemplazar vectores de estado de dimensión infinita y matrices de
operadores de un sistema de N modos por un vector 2N -dimensional y una matriz
2N × 2N , el vector de desplazamiento y la matriz de covarianza, respectivamente,
que pueden caracterizar completamente una evolución cuántica Gaussiana. Con la
matriz de covarianza, también podemos calcular las características de estos estados,
como la pureza y el entrelazamiento.
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A pesar de las múltiples ventajas, el campo de la información cuántica Gaussiana
presenta algunas limitaciones; por ejemplo, la imposibilidad de destilar el entrelaza-
miento o de realizar corrección de errores cuántica con operaciones Gaussianas y
medidas Gaussianas. Sin embargo, muchos protocolos de destilación de entrelaza-
miento con operaciones no Gaussianas se han estudiado en variable continua. De
manera similar, la corrección de errores cuántica con variable continua se ve obligada
a abandonar el ámbito de los estados Gaussianos. Ejemplos de estados cuánticos
Gaussianos incluyen estados coherentes, estados térmicos y estados squeezed, entre
otros. El caso paradigmático de estados cuánticos Gaussianos entrelazados bipar-
titos son los estados squeezed de dos modos, que también se pueden usar para la
teleportación cuántica con variable continua.

El formalismo de variable continua se usa frecuentemente para la comunicación
cuántica, y especialmente para la teleportación cuántica; de hecho, solo un año de-
spués de que apareciera el primer artículo sobre teleportación cuántica, le siguió una
versión en variable continua. Luego fue reemplazado por una propuesta más realista,
el famoso protocolo de teleportación cuántica de Braunstein-Kimble, seguido de la
primera realización experimental. Naturalmente, surgieron otros trabajos a partir de
entonces que discutían mejoras en el protocolo y el experimento. También ha habido
avances en la distribución de entrelazamiento en variable continua, con experimentos,
así como en la distribución de claves cuánticas en este formalismo.

La mayoría de los experimentos de comunicación cuántica utilizan fotones en el
rango óptico, principalmente debido a los leves efectos de difracción y al tenue ruido
térmico. Sin embargo, en este rango hay muchas fuentes de error e ineficiencia:
grandes pérdidas por absorción en el aire libre y el elevado consumo de energía,
por nombrar algunos. Al mismo tiempo, las plataformas cuánticas actuales más
prometedoras, los circuitos superconductores, los centros de vacantes de nitrógeno
o los iones atrapados, funcionan en el régimen de microondas o utilizan señales de
microondas. Por lo tanto, para establecer un canal de comunicación cuántica entre
unidades de procesamiento basadas en estas tecnologías, se requiere convertir fotones
de microondas a óptico o usar señales cuánticas de microondas directamente. El
primer enfoque todavía sufre de enormes ineficiencias cuánticas de conversión del
orden de 10−5. En esta Tesis, consideramos el enfoque de comunicación cuántica
puramente de microondas, sus ventajas y limitaciones.

Las limitaciones en la capacidad de transporte de información cuántica y la uni-
versalidad de los estados cuánticos Gaussianos se derivan de su descripción simple
y su fácil generación experimental, y esto limita naturalmente el rendimiento de los
protocolos de comunicación cuántica. Otro factor limitante es la imposibilidad de
generar estados a temperatura ambiente con microondas cuánticas. Los dispositivos
de microondas que funcionan en frecuencias de 1–100 GHz están contaminados con
fotones térmicos a temperatura ambiente; este número es de 1250 fotones medios
para 5 GHz a temperatura ambiente (T = 300 K). Esta es una de las principales
limitaciones y crea la necesidad de enfriamiento criogénico en los circuitos supercon-
ductores, para protegerlos del ruido térmico.

Los dispositivos superconductores de microondas de última generación incluyen
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el amplificador paramétrico de Josephson, el transistor de electrones de alta movili-
dad, el conversor paramétrico de Josephson y el circulador, entre otros. Sin embargo,
uno de los dispositivos superconductores de microondas más relevantes, y del cual
se derivan los amplificadores y los convertidores paramétricos de Josephson, es la
unión de Josephson. Este elemento no lineal tiene aplicaciones esenciales en com-
putación cuántica y en el procesamiento de información cuántica, y su desarrollo
ha dado lugar a diferentes experimentos de transferencia de estados cuánticos y de
preparación remota de entrelazamiento entre varios dispositivos superconductores
basados en uniones de Josephson, así como a análisis de ruido. Otra aplicación in-
teresante de este dispositivo es el amplificador paramétrico de Josephson, que puede
generar estados squeezed; estos pueden usarse para producir estados entrelazados
para la comunicación cuántica de microondas. En criogenia, ha habido varias realiza-
ciones de distribución de entrelazamiento de microondas y de teleportación cuántica.
Una propuesta de teleportación cuántica con microondas cuánticas propagantes fue
seguida por un experimento reciente, realizado dentro de un criostato. En esta Tesis,
intentamos construir un modelo realista para la distribución de entrelazamiento por
el aire libre y la teleportación cuántica con microondas para estudiar formalmente los
límites de este protocolo. Este modelo debe tener en cuenta los desafíos asociados con
las tecnologías cuánticas de microondas, así como los que enfrentan la comunicación
cuántica y los estados cuánticos Gaussianos.

Experimentos recientes en el aire han fallado en la preservación eficiente del en-
trelazamiento al usar antenas comerciales, en parte porque la amplificación “clásica”
de las señales cuánticas únicamente puede perjudicar a las correlaciones cuánticas.
Sin embargo, el aspecto de “matching” de impedancias de las antenas clásicas debe
imitarse para reducir las reflexiones en las señales que viajan desde el criostato al
aire libre. A partir de ahí, el mecanismo de pérdida en el entorno consiste en la
absorción de fotones de señal, la termalización de la señal y su difracción, y esto
puede superarse mediante técnicas de destilación de entrelazamiento, alejándose del
entorno Gaussiano. Protocolos como el de intercambio de entrelazamiento también
pueden ser beneficiosos para este tipo de procesos, aunque los avances actuales en
este tema carecen de eficiencia y presentan ciertas barreras tecnológicas.

En el camino hacia una red de comunicación cuántica global, la distribución
de entrelazamiento y la teleportación cuántica entre satélites representa un alivio
de la atenuación atmosférica y el ruido térmico, donde las comunicaciones a través
de enlaces tierra-satélite descendentes o ascendentes pueden presentar el mayor de-
safío. Mientras tanto, la mayoría de los avances en este ámbito se inclinan hacia las
aplicaciones en distribución de claves cuánticas. Dejando a un lado la sobrecarga
tecnológica, las mejoras pasarán por la comprensión de los diferentes mecanismos de
pérdida en el espacio libre, a saber, la difracción, la atenuación atmosférica e incluso
los efectos de las turbulencias. Derivadas de pequeñas variaciones de temperatura
y presión en el interior de la atmósfera, las turbulencias afectan a las señales en el
rango óptico, mientras que las microondas, debido a sus grandes longitudes de onda,
son insensibles a ellas. Estos efectos han sido bien estudiados para señales clásicas
en el régimen óptico. En el mismo rango de frecuencias, algunos trabajos recientes
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han estudiado las turbulencias en los canales de transmisión atmosféricos cuánticos,
estableciendo es posible preservar la no-clasicalidad de las señales. También se pub-
licaron artículos perspicaces sobre los efectos de la propagación de señales cuánticas
en el espacio libre. Mientras tanto, otros se centraron en los límites para la gen-
eración de claves y la distribución de entrelazamiento entre estaciones terrestres y
entre estaciones terrestres y satélites.

A diferencia de las redes de comunicación global, las redes de área local normal-
mente requieren una conexión inalámbrica entre diferentes unidades. Los avances en
la conexión de estos procesadores con la información cuántica no solo son relevantes
para las comunicaciones cuánticas, sino que también pueden encontrar aplicaciones
en la computación cuántica. Dadas las limitaciones que presentan los procesadores
cuánticos actuales, que caracterizan la era NISQ (siglas en inglés para elementos
cuánticos ruidosos de escala intermedia), el enfoque de la computación cuántica dis-
tribuida podría reducir el ruido y permitir cálculos más eficientes. Por lo tanto, es
interesante explorar protocolos de teleportación cuántica para comunicar múltiples
estados de qubit entre diferentes procesadores.

Aunque la tecnología cuántica de microondas está un par de décadas por detrás de
la óptica, tiene un futuro brillante por delante. Sería natural predecir un período de
coexistencia entre los dos regímenes; si bien la transducción de señales de microondas
al rango óptico aún no es eficiente, las comunicaciones ópticas han demostrado ser
la opción correcta para largas distancias. Por otro lado, un protocolo de microondas
puede funcionar en una red de área local cuántica; una implementación de distribu-
ción de claves cuánticas en un entorno de este tipo utilizando enlaces criogénicos
representaría un hito importante para la comunicación cuántica de microondas. Si
bien los avances recientes en el conteo de fotones probablemente conducirán a nuevos
experimentos de iluminación cuántica en criogenia con microondas, las aplicaciones
al radar cuántico de microondas están aún fuera de nuestro alcance.

A corto plazo, el enfoque principal debe estar en los experimentos dentro de un
criostato, porque las realizaciones al aire libre de la comunicación cuántica y la ilu-
minación cuántica con microondas aún están fuera de nuestro alcance. Una de las
principales razones es la falta de colimadores para reducir la difracción, pero esto
también se puede mitigar con repetidores cuánticos. El diseño de una antena recep-
tora es otro paso importante a dar, junto con la implementación de antenas tanto
emisoras como receptoras. Por último, pero no menos importante, es crucial mejo-
rar la generación de enredos implementando mayores ganancias en los amplificadores
paramétricos, mientras se reduce el ruido. Sin embargo, a medida que los circuitos
superconductores continúen consolidándose y expandiéndose, la comunicación y de-
tección cuántica de microondas seguirá creciendo; las redes inalámbricas clásicas de
microondas estarán ahí esperando.

El camino hacia una red de comunicación cuántica universal pasa por compren-
der las limitaciones de una extensión de los paradigmas de comunicación clásicos al
ámbito cuántico. Mientras que las conexiones por cable se suelen realizar con señales
en rango óptico, las microondas se utilizan para enlaces en el aire libre. Por lo tanto,
estudiamos la distribución de microondas cuánticas a través del aire libre; estudi-
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amos los estados cuánticos Gaussianos, cómo se generan, cómo se lanzan al aire y
cómo se degradan en este ambiente. A diferencia de las señales clásicas, donde el
principal recurso es la potencia, nos centramos en cómo se comporta el entrelaza-
miento, su relación con otras características del estado, como la pureza, y en cómo se
puede incrementar para mitigar los efectos del ruido y del entorno. Esta Tesis está
estructurada en seis capítulos, además de esta introducción y un capítulo final, y está
dedicada al estudio de las diferentes piezas que deben unirse para la comunicación
cuántica y la detección cuántica por el aire libre.

Comenzamos explorando las propiedades de los estados Gaussianos, una familia
de estados cuánticos en variable continua que se utilizan habitualmente en la comuni-
cación cuántica, ya que son fáciles de producir experimentalmente. Revisamos difer-
entes características de estos estados que son relevantes desde la perspectiva de la in-
formación cuántica, y caracterizamos los elementos de una evolución completamente
Gaussiana: los canales cuánticos Gaussianos y las medidas cuánticas Gaussianas.
Después, revisamos el protocolo de teleportación cuántica de Braunstein-Kimble, un
hito de la comunicación cuántica Gaussiana, y exploramos las técnicas de destilación
de entrelazamiento y de intercambio de entrelazamiento para estados Gaussianos bi-
partitos generales, que pueden mejorar la fidelidad de este protocolo. Continuamos
estudiando la purificación de estados Gaussianos usando operaciones Gaussianas y
encontramos la imposibilidad de purificación completa de un solo modo de un estado
Gaussiano entrelazado de dos modos sin una degradación completa del entrelaza-
miento. Por lo tanto, nos enfocamos en aumentar la pureza, mientras reducimos el
entrelazamiento, y usamos los estados resultantes para un protocolo de iluminación
cuántica. Los estados resultantes de las técnicas de purificación parcial de una sola
copia y de dos copias muestran una mayor información cuántica de Fisher que los
originales, y tienen un número promedio de fotones más bajo, lo que se traduce en
una mayor precisión para la iluminación cuántica.

Más adelante, revisamos algunos de los avances recientes en dispositivos cuánticos
superconductores, contextualizando sus implicaciones en la comunicación cuántica de
microondas. Estudiamos los amplificadores paramétricos de Josephson y el papel que
juegan en la generación de estados cuánticos entrelazados, esbozando un modelo de
ruido para estados Gaussianos. Luego presentamos el diseño de una antena cuán-
tica para señales entrelazadas de microondas que se propagan desde un criostato,
donde se generan estados cuánticos para reducir los efectos térmicos, al aire libre.
Este dispositivo tiene como objetivo reducir las reflexiones implementando el “match-
ing” de impedancias entre los diferentes medios y maximizando la preservación del
entrelazamiento.

Después de analizar la generación de estados y la propagación eficiente fuera del
criostato, presentamos un mecanismo de pérdidas en el aire libre compuesto por pér-
didas por absorción y termalización, y estudiamos los límites de la distribución del
entrelazamiento por el aire libre, calculando el alcance del mismo. Luego presenta-
mos protocolos de intercambio de entrelazamiento y de destilación de entrelazamiento
para luchar contra la degradación ambiental, empleando los estados resultantes como
recursos para la teleportación cuántica. Como están involucrados en los protocolos
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discutidos en este capítulo, aquí hablamos también del conteo de fotones y de la de-
tección “homodyne” con microondas, y estudiamos el efecto de errores e ineficiencias
en estas operaciones.

Luego damos el salto a estudiar los límites de la comunicación cuántica de mi-
croondas entre satélites en el espacio, reemplazando la absorción por la difracción
como el principal mecanismo de pérdidas. Establecemos las condiciones para la
preservación del entrelazamiento relacionando la distancia y el tamaño de las ante-
nas, similar a la categorización del espacio libre. Más adelante, nos centramos en el
rango óptico, en el que se han realizado la mayoría de los avances y experimentos.
Allí, exploramos los efectos de la difracción, la absorción atmosférica, las ineficien-
cias del detector y las turbulencias en diferentes escenarios de comunicación cuántica:
tierra a tierra, tierra a satélite (enlace ascendente), satélite a tierra (enlace descen-
dente) y satélite a satélite. Se proporciona también una comparación entre ambos
regímenes de frecuencias.

Para concluir, investigamos la transmisión de información en forma de estados
de qubit entre diferentes procesadores cuánticos, utilizando recursos entrelazados de
variable continua, en un entorno de computación cuántica distribuida. Investigamos
la ubicación de los estados cuánticos puros en la esfera de Bloch y calculamos las
fidelidades, promediando sobre qubits uniformemente distribuidos. Comparamos la
teleportación cuántica de Braunstein-Kimble, usando un estado de variable continua
con un enfoque híbrido, usando el mismo estado, pero aplicando el protocolo de tele-
portación característico del formalismo de variable discreta. Estudiamos las pérdidas
en el recurso entrelazado para estos dos casos, así como para un estado de Bell con
teleportación de variable discreta. Para concluir, investigamos la teleportación de un
estado de dos qubits arbitrario, utilizando una pareja de estados entrelazados de dos
modos.
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1 Introduction

T he laws of quantum mechanics that are necessary for an accurate microscopic de-
scription of nature were postulated at the beginning of the last century. Initially,

however, there was still some controversy; hence, the famous statement by Einstein,
Podolsky and Rosen [1] in 1935, that no theory satisfying local realism could ever be
complete, and would need to be supported by additional (classical) variables, know
as the local hidden variable model. This rather philosophical roadblock, known as
the EPR paradox, was cleared by John S. Bell [2] in 1964, when he designed a series
of tests, which indicated that the predictions made in the framework of quantum
mechanics are incompatible with an underlying hidden-variable model satisfying a
natural requirement of locality. This came to be known as Bell’s theorem, and it
imposes constraints on the outcomes of measurements performed locally on particles
that are correlated, given local hidden variables, showing that quantum mechanics
predicts a violation of these constraints. One of the most famous Bell-type inequal-
ities is the CHSH inequality [3], which exposed the possibility of an experimental
realization of a Bell test. After a few failed experiments in the 1970s, came Aspect’s
proposal [4] and experiments [5, 6], the first proof of the non-separability of quantum
mechanics. Many experiments followed [7, 8, 9, 10], most of them using two-outcome
measurements, in which photons are treated as two level systems, with either two
polarization or two photon-number states.
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1. INTRODUCTION

These are known as qubit states, the unit of information encoded in a quantum
system, analogous to the classical bit.

A qubit is characterized by a vector |ψ〉 in a 2-dimensional Hilbert space H, with
basis vectors generally denoted by |0〉 and |1〉, usually referred to as the computational
basis vectors. While a classical pure state can be in either “0” or “1”, a pure quantum
state can be in a superposition of both,

|ψ〉 = a|0〉+ b|1〉 with {a, b} ∈ C and |a|2 + |b|2 = 1. (1.1)

Each element of the basis still corresponds to the classical bit 0 or 1 through measure-
ment, but when measuring the state |ψ〉, these values will be distributed according
to the weights a and b, so that the probability of measuring |ψ〉 in state |0〉 is given
by the amplitude |〈ψ|0〉|2 = |a|2. This superposition property can be extended to a
N -qubit scenario, with a 2N -dimensional Hilbert space. Another property is entan-
glement, the spooky action at distance in the EPR paradox, and the most common
manifestation of quantum correlations that cannot be explained classically. It arises
in a multi-qubit scenario, where the global state of the system cannot be described
in terms of the local states; it can be quantified, for example, through the entropy
of the reduced system. Given a maximally entangled state, such as the Bell state
(|0, 0〉 + |1, 1〉)/

√
2, taking the partial trace over the second subsystem leads to the

state (|0〉〈0| + |1〉〈1|)/2. This is a maximally-mixed state, and it has maximum en-
tropy, meaning that information contained in the quantum correlations has been lost,
and therefore, there is no measurement we can perform to extract the full information
contained in the state. Mixed states, in general, are described by a density matrix
ρ which is positive and normalized, tr ρ = 1. Moreover, density matrices can also
describe pure states, which satisfy tr ρ2 = 1, while mixed states follow tr ρ2 < 1.

In 1984, there was a proposal to use the superposition of quantum states as a
resource to transfer information remotely. In what came to be known as the BB84
protocol [11], it is claimed that two parties can develop a secure quantum key by
sharing quantum states and classical information. The sender generates states either
on the computational basis or using a superposition basis, and the receiver measures
with the same choice of basis; then, they use a classical channel to communicate
their choice of basis, and keep the classical bits corresponding to coinciding events.
Furthermore, they can detect the presence of an eavesdropper by publicly announcing
part of the obtained bit string; if a sufficient amount of elements coincide, then they
can keep it to develop a secure key, and if not, they can discard it and start again.
Although not directly related to Bell’s theorem, the security of the BB84 protocol
against individual attacks is related to the CHSH inequality [12].

Another proposal that was inspired by Bell’s theorem is the E91 protocol [13]. In
turn, this protocol has both parties sharing entangled states and measuring with a
basis set that does not coincide completely. This way they can keep the classical bits
that result from measuring in the same basis, provided that the other measurement
results pass a local realism test to check for eavesdroppers.

The security of these protocols relies on the postulates of quantum mechanics; by
virtue of the no-cloning theorem and the collapse of the state of a quantum system
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under measurement, an eavesdropper cannot extract information without affecting
the process and leaving a trace. These two proposals paved the way for what is know
today as quantum key distribution. Experiments have been performed, since the
first quantum cryptography realization [14], using optical fibres [15, 16], then in free
space [17, 18], and finally in a large scale satellite link [19, 20].

Not long after the BB84, a crucial breakthrough in quantum communication was
proposed: quantum teleportation [21]. This protocol aims at transferring information
of an unknown quantum state held by one party, to a second one at a remote location,
by means of a previously-shared entangled resource and classical communication. It
has also been realized experimentally in numerous occasions: with photonic systems
in the laboratory [22, 23, 24, 25, 26], through optical fibers [27, 28, 29], in free
space [30, 31, 32], and in a satellite link [33], as well as in a variety of quantum
platforms: with nuclear magnetic resonance [34], with trapped ions [35, 36, 37], with
superconducting circuits [38, 39], and even between macroscopic objects [40].

The advantage that can be obtained by quantum teleportation relies on the exis-
tence of previously-shared entanglement between both parties, same as for entanglement-
mediated quantum key distribution protocols. The act of sharing entangled states
between communication parties is known as entanglement distribution [41, 42], and
it has been attained experimentally with optical fibres [43, 44, 45], as well as in free
space [46, 31, 47, 48]. This is also a key point for the famous quantum internet
initiative [49, 50, 51].

Entanglement can be codified in many different degrees of freedom of quantum
systems; the experiments that we have mentioned above use photon number, polar-
ization, and time-bin entanglement, among others. Other than discrete-variable (DV)
quantum states, entanglement can also be defined using bosonic states [52, 53, 54, 55].
These states describe infinite-dimensional Hilbert spaces, and their quadrature op-
erators have a continuum spectrum. Systems associated with infinite-dimensional
Hilbert spaces are referred to as “continuous-variable” (CV) systems, and have a
particularly complicated quantum description [56, 57, 58, 59, 60, 61].

Gaussian quantum states [62, 63] are a family of CV states which admit a simple
description; they can be described by Gaussian distributions in their phase-space
representation. These are generally easy to produce experimentally, and can be
used to describe the state of entangled quantum systems [64, 65]. Therefore, their
quantum-information-processing capabilities have been widely studied [66]. Further-
more, any quantum evolution involving Gaussian states, Gaussian operations and
Gaussian measurements, admits a compact representation known as symplectic for-
malism. This allows one to replace infinite-dimensional state vectors and operator
matrices of an N -mode system by a 2N -dimensional vector and a 2N × 2N ma-
trix, the displacement vector and the covariance matrix, respectively, which can fully
characterize a Gaussian quantum evolution. Using the covariance matrix, we can
also compute characteristics of these states, such as the purity and the entangle-
ment [67, 68, 69, 70, 64].

Despite the multiple advantages, the field of Gaussian quantum information
presents some limitations; for example, the impossibility to distill entanglement [71]
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or to perform quantum error correction [72, 73] with Gaussian operations and Gaus-
sian measurements. Nevertheless, many entanglement distillation protocols with
non-Gaussian operations have been studied in CVs [74, 75, 76, 77, 78]. Similarly,
CV quantum error correction [79, 80, 81] is forced to abandon the realm of Gaussian
states.

Examples of Gaussian quantum states include coherent states, thermal states,
and squeezed states, among others. The paradigmatic case of bipartite entangled
Gaussian quantum states are two-mode squeezed states [64], which can also be used
for quantum teleportation with CV [82, 83].

The CV formalism is frequently used for quantum communication, and especially
for quantum teleportation; in fact, only a year after the first quantum teleporta-
tion paper appeared, a CV version followed [84]. It was then replaced by a more
realistic proposal [85], the famous Braunstein-Kimble quantum teleportation pro-
tocol, followed by the first experimental realization [86]. Naturally, other works
came thereafter that discussed improvements in the protocol [87, 88, 89, 90] and
the experiment [91, 92, 93]. There have also been advances in CV entanglement
distribution [94, 95, 96], with experiments [97, 98], as well as in CV quantum key
distribution [99, 100, 101].

Most quantum communication experiments use photons in the optical regime,
mainly because of the mild diffraction effects and faint thermal background. Nev-
ertheless, in this range there are many sources of error and inefficiency [102]: large
absorption losses in open air and significant power consumption requirements, to
name a few. At the same time, the current most promising quantum computing
platforms, namely superconducting circuits, nitrogen-vacancy centers, or trapped
ions, either work in the microwave regime or use microwave signals. Therefore, in
order to establish a quantum communication channel between processing units based
on these technologies, one requires either converting microwave photons to the op-
tical domain [103, 104] or using microwave quantum signals directly. The former
approach still suffers from huge conversion quantum inefficiencies of the order of
10−5. In this Thesis, we consider the purely microwave quantum communication
approach, its advantages, and limitations.

Limitations to the quantum information bearing capabilities and operational uni-
versality of Gaussian quantum states stems from their simple description and genera-
tion, and this naturally limits the performance of quantum communication protocols.
Another limiting factor is the impossibility for room temperature state generation
with quantum microwaves. Microwave devices working at 1–100 GHz frequencies are
polluted with thermal photons at room temperature; this number is 1250 for 5 GHz
at room temperature (T = 300 K). This is one of the main limitations, and creates
the need for cryogenic cooling in superconducting circuits, in order to shield them
from thermal noise.

Current state of the art microwave superconducting devices include the Joseph-
son parametric amplifier (JPA) [105, 106], the high electron mobility transistor
(HEMT) [107], the Josephson parametric converter (JPC) [108, 109, 110], and the
circulator [111, 112], among others. However, one of the most relevant microwave
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superconducting devices, and from which Josephson parametric amplifiers and con-
verters stem, is the Josephson junction [113]. This nonlinear element has essential
applications in quantum computation [114, 115, 116], and quantum information pro-
cessing [117, 118], and its development has led to different experiments in quan-
tum state transfer and remote entanglement preparation between various Josephson
junction-based superconducting devices [119, 120, 121, 122, 123, 124, 125, 126], as
well as to sensitive noise analysis [127, 128]. Another interesting application of this
device is the JPA, which can generate squeezed states [129]; these can be used to
produce entangled states [130, 131, 132, 133] for microwave quantum communication.

In cryogenic environments, there have been various realizations of microwave en-
tanglement distribution [121, 126] and quantum teleportation [38, 39]. A proposal
for quantum teleportation with propagating quantum microwaves [134] was followed
by a recent experiment [135], performed inside a cryostat. In this Thesis, we at-
tempt to build a realistic model for open-air entanglement distribution and quantum
teleportation with microwaves to formally study the limits of this protocol. This
model should take into account the challenges associated with microwave quantum
technologies, as well as those encountered by quantum communication and Gaussian
quantum states.

In open air, recent experiments have failed on efficient entanglement preservation
while using commercial antennae [136, 137, 138], partly because “classical” amplifi-
cation of quantum signals is nothing but detrimental to quantum correlations. Nev-
ertheless, the impedance-matching aspect of classical antennae needs to be mimicked
in order to reduce reflections on signals traveling from the cryostat into the open air.
Thereon, the loss mechanism entails absorption of signal photons, thermalization,
and diffraction, and this can be overcome by entanglement distillation techniques,
striving away from the Gaussian realm. Protocols like entanglement swapping [139]
can also be beneficial for this type of process, although the current advances in this
topic lack efficiency and present certain technological barriers.

On the road to a global quantum communication network, entanglement distri-
bution and quantum teleportation between satellites represents a relief from atmo-
spheric attenuation and thermal noise, where downlink or uplink communications
may present the biggest challenge. Meanwhile, most advances in this are are lean-
ing towards QKD applications [140, 141]. Setting aside the technological overhead,
improvements will go through understanding the different loss mechanisms in free
space, namely diffraction, atmospheric attenuation, and even the effects of turbu-
lence. Stemming from small variations of temperature and pressure inside the at-
mosphere, turbulence affects optical signals, whereas microwaves, due to their large
wavelengths, are insensitive to it. These effects have been well studied for classical
signals in the optical regime [142, 143]. In the same frequency range, some recent
works have studied turbulence in quantum atmospheric transmission channels [144],
establishing that non-classicality of signals can be preserved [145]. Insightful pa-
pers into the effects of free space propagation of quantum signals were published in
Refs. [146, 147]. Meanwhile, others focused on the limits for key generation and en-
tanglement distribution between ground stations [148] and between ground stations
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and satellites [149].
As opposed to global communication networks, local area networks normally re-

quire wireless connection between different units. Advances in the connection of
these processors with quantum information is not only relevant for quantum com-
munications, but it also might find applications in quantum computation. Given
the limitations presented by current quantum processors, which characterize the
NISQ (Noisy intermediate-scale quantum) era [150], a distributed quantum com-
puting [151, 152, 153, 154] approach could reduce noise and allow for more efficient
calculations [155]. Therefore, it is interesting to explore quantum teleportation pro-
tocols for communicating multiple qubit states between different processors.

Even though microwave quantum technology is a couple of decades behind quan-
tum optics, it has a bright future ahead. It would be natural to predict a period of
coexistence between the two regimes [156]; while microwave-to-optical transduction is
still not efficient, optical communications have proven to be the correct choice for long
distances. On the other hand, an all-microwave protocol can work in a quantum local
area network; an implementation of QKD on such a setting using cryolinks would
represent an important milestone for microwave quantum communication. While
recent advances in photon counting will probably lead to new quantum illumination
experiments in cryogenia with microwaves, an application to the microwave quantum
radar is still out of reach.

In the near term, the main focus should be on experiments inside a cryostat,
because open-air realizations of microwave quantum communication and quantum
illumination are still out of reach. One of the main reasons is the lack of collimators
to reduce diffraction, but this can also be mitigated by quantum repeaters. The
design of a receiver antenna is another important step to be taken, together with the
implementation of both emitting and receiving antennae. Last but not least, improv-
ing entanglement generation by implementing larger gains in parametric amplifiers,
while reducing the noise. Nevertheless, as superconducting circuits continue to con-
solidate and expand, microwave quantum communication and sensing will carry on
growing; the classical microwave wireless networks will just be there waiting.

1.1 What you will find in this Thesis

The path towards a universal quantum communication network goes through under-
standing the limitations of an extension of the classical communication paradigms to
the quantum realm. While cable connections are usually performed with signals in
the optical regime, microwaves are used for free-space links. Therefore, we study the
distribution of quantum microwaves through free space; we study Gaussian quantum
states, how they are generated, how they are launched into open air, and how they
degrade under the environment. As opposed to classical signals, where the main re-
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source is power, we focus on how entanglement behaves, its relation to other features
of the state, such as the purity, and how it can be increased to mitigate the effects
of noise and the environment. This Thesis is structured in six chapters, plus this
introduction and a concluding chapter, and it is devoted to the study of the different
pieces that need to come together for quantum communication and sensing in open
air.

In chapter 2, we explore the properties of Gaussian states, a family of quantum
states in continuous variables that are routinely used in quantum communication,
as they are easy to produce experimentally. We review different features of such
states that are relevant from a quantum information perspective, and characterize
the elements of an all-Gaussian evolution: Gaussian quantum channels and gaussian
quantum measurements. Then, we review the Braunstein-Kimble quantum telepor-
tation protocol, a milestone of Gaussian quantum communication, and explore en-
tanglement distillation and entanglement swapping techniques for general bipartite
Gaussian states, which can improve the fidelity of this protocol.

In chapter 3, we explore the purification of Gaussian states using Gaussian op-
erations and encounter the impossibility of complete purification of a single mode of
a two-mode entangled Gaussian state without complete entanglement degradation.
Therefore, we focus on increasing the purity, while reducing entanglement, and use
the resulting states for quantum illumination. States resulting from single-copy and
two-copy partial purification techniques show higher quantum Fisher information
that the original ones, and have lower average number of photons, which translates
in higher precision for quantum illumination.

In chapter 4, we review some of the recent advances in superconducting quantum
devices, contextualizing their implications in microwave quantum communication.
We study Josephson parametric amplifiers and the role they play on the generation
of entangled quantum states, sketching a noise model for Gaussian states. We then
present the design of a quantum antenna for microwave entangled signals propagating
from a cryostat, where quantum states are generated to reduce thermal effects, into
open air. This device aims at reducing the reflections by implementing impedance
matching between the different media, and maximizing entanglement preservation.

In chapter 5, we study entanglement distribution of microwave entangled signals
propagating in open air. After discussing state generation and efficient propagation
out of the cryostat, we present a loss mechanism in open air composed of absorption
losses and thermalization, and study the limits of entanglement distribution by com-
puting the reach of entanglement. We then introduce entanglement distillation and
entanglement swapping protocols to fight environmental degradation, employing the
resulting states as resources for quantum teleportation. As they are involved in the
protocols discussed in this chapter, here we discuss photocounting and homodyne
detection with microwaves, and study the effect of errors and inefficiencies in these
operations.

In chapter 6, we study the limits of microwave quantum communication between
satellites in space, replacing absorption with diffraction as the main loss mechanism.
We establish the conditions for entanglement preservation by relating the distance
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and the size of the antennae, similar to the categorization of free space. First, we
focus on the optical regime, in which most advances and experiments have been
performed. There, we explore the effects of diffraction, atmospheric absorption, de-
tector inefficiencies, and turbulence, on different quantum communication scenarios:
ground-to-ground, ground-to-satellite (uplink), satellite-to-ground (downlink), and
satellite-to-satellite. A comparison between both frequency regimes is provided.

In chapter 7, we investigate the transmission of information in the form of qubit
states between different quantum processors, using continuous-variable entangled
resources, in a distributed quantum computing environment. We investigate the
placement of pure quantum states in the Bloch sphere, and compute the average
fidelities for a uniformly-distributed qubits. We compare the Braunstein-Kimble
quantum teleportation, using a CV state with and without photon subtraction, with
a hybrid approach, using the same state, but applying the DV protocol. We study
losses in the distribution of the entangled resource for these two cases, as well as
for a Bell state with DV quantum teleportation. We conclude by investigating the
teleportation of an average two-qubit state using a pair of two-mode entangled states.
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2
Gaussian States in
Quantum Communication

A “continuous variable” (CV) refers to a degree of freedom of a quantum system
that is described by a continuous-spectrum operator.

Bosonic CV states are those whose quadratures (or, equivalently, their creation
and annihilation operators) have a continuous spectrum and, therefore, the complete
description of the Hilbert space requires an infinite-dimensional basis (typically, the
Fock basis). Gaussian states are CV states associated with Hamiltonians that are,
at most, quadratic in the field operators. As such, their full description does not
require the infinite-dimensional density matrix, and can be compressed into a vector
and a matrix, called the displacement vector and the covariance matrix, respectively.
These are related to the first and second moments of a Gaussian distribution; hence
their name “Gaussian states”. For a system with density matrix ρ describing N
distinguishable modes, or particles, the displacement vector ~d is a 2N vector and the
covariance matrix Σ is a 2N × 2N square matrix:

~d = tr [ρr] (2.1)

Σ = tr
[
ρ{(r− ~d), (r− ~d)ᵀ}

]
. (2.2)

Here r = (x̂1, p̂1, x̂2, p̂2, . . . , x̂N , p̂N ) defines the so-called “real basis”, for which
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2. GAUSSIAN STATES IN QUANTUM COMMUNICATION

canonical commutation relations read [r, rᵀ] = iΩ, where Ω =
⊕N

j=1 Ω1 is the
quadratic (or symplectic) form, and

Ω1 =
(

0 1
−1 0

)
, (2.3)

where we have chosen natural units, ~ = 1. Note that the canonical position and
momentum operators are defined by the choice κ = 2−1/2 in âj = κ(x̂j + ip̂j).

The normal mode decomposition theorem [157], which follows from Williamson’s
seminal work [158, 159, 160], can be stated as every positive-definite Hermitian matrix
Σ of dimension 2N × 2N can be diagonalized with a symplectic matrix SD: D =
SDΣSᵀ

D, with D = diag (ν1, ν1, . . . , νN , νN ), where the νa, for a ∈ {1, ..., N}, are the
symplectic eigenvalues of Σ, defined as the positive eigenvalues of matrix iΩΣ. A
Gaussian state satisfies νa ≥ 1, with equality for all a strictly for the pure state case
(which meets det Σ = 1). This is a consequence of the uncertainty principle, which
is enforced by Σ + iΩ ≥ 0. For a two-mode Gaussian states with covariance matrix

Σ =
(

ΣA εAB
εᵀAB ΣB

)
, (2.4)

this can be expressed as det Σ−∆ + 1 ≥ 0, where ∆ = det ΣA + det ΣB + 2 det εAB
is the symplectic invariant. The latter can also be used to compute the symplectic
eigenvalues,

ν± =

√
∆±

√
∆2 − 4 det Σ

2 . (2.5)

Williamson’s theorem also guarantees the block diagonalization of the covariance
matrix, and therefore predicts the existence of a symplectic transformation that takes
a two-mode covariance matrix into

ΣNF =


a 0 c1 0
0 a 0 c2
c1 0 b 0
0 c2 0 b

 , (2.6)

which is often referred to as Simon normal form [61]. Here, we describe a possible
symplectic transformation that can be used to obtain this normal form. Assume we
start with a covariance matrix

Σ =


a11 a12 c11 c12
a12 a22 c21 c22
c11 c21 b11 b12
c12 c22 b12 b22

 , (2.7)

where we have already enforced that diagonal blocks are symmetric. We propose the
following symplectic transformation

S =
(
S

(1)
C 0
0 S

(2)
C

)(
SA 0
0 SB

)
, (2.8)
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such that SΣSᵀ = ΣNF. Here, we have

SA =
√

a

a11 + 2a12 + a22

(
a12+a22

a −a12+a11
a

1 1

)
,

SB =
√

b

b11 + 2b12 + b22

(
b12+b22

b − b12+b11
b

1 1

)
, (2.9)

identifying a =
√
a11a22 − a2

12 and b =
√
b11b22 − b212. Furthermore, we have

S
(1)
C =

(√
1− v2 −v
v

√
1− v2

)
,

S
(2)
C =

(√
1− w2 −w
w

√
1− w2

)
, (2.10)

where we have identified

z2 = (l211 + l212 + l221 + l222)2 − 4(l11l22 − l12l21)2,

v2 = 1
2

(
1 + l211 + l212 − l221 − l222

z

)
, (2.11)

w2 = 1
2

(
1 + l211 − l212 + l221 − l222

z

)
.

This last transformation acts after the off-diagonal blocks have been transformed by
SA and SB , so we require the following redefinitions

l11 = [c11(a12 + a22)− c21(a11 + a12)](b12 + b22)√
ab(a11 + 2a12 + a22)(b11 + 2b12 + b22)

+ [c22(a11 + a12)− c12(a12 + a22)](b11 + b12)√
ab(a11 + 2a12 + a22)(b11 + 2b12 + b22)

,

l12 =
√
b

a

(a12 + a22)(c11 + c12)− (a11 + a12)(c21 + c22)√
(a11 + 2a12 + a22)(b11 + 2b12 + b22)

, (2.12)

l21 =
√
a

b

(b12 + b22)(c11 + c21)− (b11 + b12)(c12 + c22)√
(a11 + 2a12 + a22)(b11 + 2b12 + b22)

,

l22 =
√
ab

c11 + c12 + c21 + c22√
(a11 + 2a12 + a22)(b11 + 2b12 + b22)

.

Eventually, we will obtain

c1 = 1
2

(
c11 + c22 +

√
(c11 − c22)2 + 4c12c21

)
,

c2 = 1
2

(
c11 + c22 −

√
(c11 − c22)2 + 4c12c21

)
. (2.13)
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Furthermore, the symplectic-diagonal form of ΣNF is

D =


ν+ 0 0 0
0 ν+ 0 0
0 0 ν− 0
0 0 0 ν−

 , (2.14)

where the symplectic eigenvalues are

ν± =

√
a2 + b2 + 2c1c2 ±

√
(a2 − b2)2 + 4(ac1 + bc2)(ac2 + bc1)

2 . (2.15)

We present here one example of a matrix that achieves symplectic diagonalization,
starting from ΣNF. We can write

SD =


u1 0 v1 0
0 u2 0 v2
w1 0 z1 0
0 w2 0 z2

 , (2.16)

where we have defined

u1 =
√
ν+

ν−

√
bν−

ab− c21
− w2

1,

u2 =
√
ν+

ν−

√
bν−

ab− c22
− w2

2,

v1 = −1
b

√
ν+

ν−

(
w1

√
ab− c21 + c1

√
bν−

ab− c21
− w2

1

)
, (2.17)

v2 = −1
b

√
ν+

ν−

(
w2

√
ab− c22 + c2

√
bν−

ab− c22
− w2

2

)
,

z1 = 1
b

(
−c1w1 +

√
ab− c21

√
bν−

ab− c21
− w2

1

)
,

z2 = 1
b

(
−c2w2 +

√
ab− c22

√
bν−

ab− c22
− w2

2

)
,

where w1 and w2 are free parameters. For example, if we set w1 = w2 = 0, we can
get a simpler expression,

SD =



√
bν+
ab−c2

1
0 −

√
ν+
b

c1√
ab−c2

1
0

0
√

bν+
ab−c2

2
0 −

√
ν+
b

c2√
ab−c2

2

0 0
√

ν−
b 0

0 0 0
√

ν−
b


. (2.18)
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For a general, systematic way to obtain the symplectic diagonalization of a covariance
matrix, see for example Ref. [161].

As a measure of bipartite, mixed state entanglement, the negativity is the most
commonly used entanglement monotone, and is defined as 2N (ρ) = ‖ρ̃‖1 − 1, where
‖ρ̃‖1 = tr

√
ρ̃†ρ̃ is the trace norm of the partially transposed density operator. In

general, N (ρ) =
∣∣∣∑j λj

∣∣∣ with the λj the negative eigenvalues of ρ̃. For a bipartite
Gaussian state with covariance matrix Σ, one defines the two partially transposed
symplectic eigenvalues [64] as

ν̃± =

√
∆̃±

√
∆̃2 − 4 det Σ

2 , (2.19)

where the partially transposed symplectic invariant is ∆̃ = det ΣA+det ΣB−2 det εAB ,
and det Σ̃ = det Σ. The negativity can then be obtained as

N (ρ) = max
{

0, 1− ν̃−
2ν̃−

}
. (2.20)

Hence, a bipartite Gaussian state is separable [162, 163] when the smaller partially
transposed symplectic eigenvalue meets the condition ν̃− ≥ 1, which can also be
expressed as

det Σ− ∆̃ + 1 ≥ 0. (2.21)
Notice that this inequality cannot be violated if det εAB ≥ 0 [61]. This is because
∆̃ ≤ ∆, which implies that det Σ − ∆̃ + 1 ≥ det Σ −∆ + 1, and the latter must be
positive due to the uncertainty principle. On the other hand, det εAB < 0 is not
sufficient for entanglement; only the violation of the above inequality can indicate it.
Alternatively, the state is entangled when ν̃− < 1 is met. The former is only valid
for bipartite Gaussian states; a more general separability condition for covariance
matrices is [164, 165]

Σ ≥ σA ⊕ σB . (2.22)
This means that, if there exists two covariance matrices σA, σB , such that the above
condition is satisfied, then Σ is a covariance matrix describing a separable state.

The most famous case of Gaussian entangled states are two-mode squeezed vac-
uum (TMSV) states, described by the covariance matrix

ΣTMSV =
(

cosh 2r12 sin 2rσz
sinh 2rσz cosh 2r12

)
, (2.23)

with 12 = diag(1, 1), σz = diag(1,−1), and where r is the squeezing parameter.
In this Thesis, we will consider a more realistic kind of entangled Gaussian states,
which consider a thermal contribution in each mode of the state. These are two-mode
squeezed thermal (TMST) states, and their covariance matrix is

ΣTMST = (1 + 2n)
(

cosh 2r12 sin 2rσz
sinh 2rσz cosh 2r12

)
, (2.24)
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where n is not the total number of photons, but the number of thermal photons in
each mode.

A paradigmatic case of Gaussian states are coherent states, yet they cannot be
entangled by Gaussian operations [67]. Nevertheless, their description presents a sim-
ple introduction to the phase-space formalism. Coherent states [166] {|α〉}α∈C are
defined as the eigenstates of the annihilation operator â with eigenvalue

√
2α = x+ip,

where x, p ∈ R are the eigenvalues of the canonical position and momentum oper-
ators, respectively. They play an important role in quantum CVs, as they allow
for a straightforward phase space description of Gaussian states. The displacement
operator D̂(~α) = exp[i~αᵀΩᵀ

1r] ≡ D̂(α) = exp
[
αâ† − ᾱâ

]
acts on the vacuum as

D̂(α)|0〉 = |α〉, and satisfies D̂(α)† = D̂(−α). In this context, it is common to use,
for a coherent state ~αᵀ = (x, p) =

√
2(Reα, Imα). Coherent states are not orthogo-

nal, and their overlap can be computed as 〈β|α〉 = exp
[
− 1

2 (αβ̄ − ᾱβ − |α− β|2)
]
.

This does not prevent the set of all coherent states from forming a basis, which,
though overcomplete, allows one to find the coherent states resolution of the identity
1 = π−1 ∫ d2 α |α〉 〈α|, where 2 d2 α = 2 d Reα d Imα = dxd p, enabling the com-
putation of traces of operators in an integral fashion: tr Ô = π−1 ∫ d2 α 〈α| Ô |α〉.
More generally, an N -mode displacement operator may be defined via D̂(~α) =⊗N

j=1 D̂(αj) = D̂
(⊕N

j=0~αj

)
, where ~αᵀ

j = (xj , pj), and Ω =
⊕N

j=1 Ω1.
A complete representation of states that is closely related to coherent states is

given by the (Wigner) characteristic function, normally referred to simply as the
characteristic function (CF), and for an N -mode state ρ (not necessarily Gaussian),
is given by

χ(~α) = tr
[
ρD̂(~α)

]
, (2.25)

with normalization condition given by χ(~0) = 1. Alternatively, we will write

χ(α1, . . . , αN ) = tr
[
ρD̂(α1)⊗ . . .⊗ D̂(αN )

]
, (2.26)

which therefore sets

ρ = 1
(2π)N

∫
d2N αχ(α1, . . . , αN )D̂(−α1)⊗ . . .⊗ D̂(−αN ). (2.27)

A Gaussian state of first and second moments (~d,Σ) has a CF given by

χ(r) = e−
1
4~r

ᵀΩᵀΣΩ~re−i~r
ᵀΩ~d, (2.28)

where ~r = (x1, p1, . . . , xN , pN ) ∈ R2N .
Another feature that can characterize quantum states is the purity. The purity

of a Gaussian state with covariance matrix Σ is given by µ = 1/
√

det Σ [68]. Fur-
thermore, the number of elements in the kernel of Σ + iΩ indicates the number of
“noise-free” modes of the state characterized by Σ, or alternatively, the difference
between the dimension of Σ + iΩ and its rank. A state can be considered pure if
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all of the modes it describes are noise-free, and in that case µ = 1. The uncertainty
principle is imposed by the condition Σ + iΩ ≥ 0, and we know that pure states
saturate this inequality. This means that Σ + iΩ has one null eigenvalue for each
pure mode, which implies that its kernel has one element for each pure (noise-free)
mode.

2.1 Gaussian Quantum Channels

A quantum channel φ(·) is a completely positive trace-preserving map acting on
quantum states. These are described by density matrices ρ acting on a Hilbert space
H, such that φ(ρ) is also a quantum state. This map can be described as the local
manifestation of a unitary evolution occurring on an enlarged Hilbert space, in which
our system interacts with an environment, and is represented as

φ(ρ) = trE
[
Û(ρ⊗ ρE)Û†

]
. (2.29)

A quantum channel is a Gaussian channel [167, 168, 169] when, in this represen-
tation, ρE is a Gaussian state, and Û is a Gaussian unitary operator. The latter
is generated by a quadratic Hamiltonian H, such that U = e

i
2

∑
k,l

rkHk,lrl , where
r = (x̂1, p̂1, ..., x̂N , p̂N ) represents the canonical coordinates in a system with N de-
grees of freedom. Unitary matrices of this kind constitute a representation of the
real symplectic group Sp(2N,R), and satisfy SΩSᵀ = Ω. This means that they gen-
erate a transformation that preserves canonical commutation relations, which can be
expressed by

[rᵀ, r] = iΩ (2.30)

where Ω is the symplectic matrix. The relation between this generator and a unitary
matrix in a Hilbert space is S = eHΩ.

The action of a Gaussian channel in the Schrödinger picture can be observed
directly on the covariance matrix

Σ′ = φ(Σ) = trE [S(Σ⊕ ΣE)Sᵀ] , (2.31)

where ΣE is the covariance matrix which characterizes the state of the environment,
and S is a symplectic operator. In general, we can write this as

S =


XA VA 0 0
WA ZA 0 0
0 0 XB VB
0 0 WB ZB

 , (2.32)
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and given this form of the symplectic operator, Σ⊕ ΣE needs to be expressed as

Σ⊕ ΣE =


ΣA 0 εAB 0
0 EA 0 EAB
εᵀAB 0 ΣB 0

0 EAB 0 EB

 . (2.33)

Here, EAB does not need to be zero, although the state of the environments coupled
to the subsystems A and B, represented by the covariance matrix ΣE, needs to be
separable, which can be enforced by detEAB ≥ 0. This expression can also be written
as

Σ′ = φ(Σ) = XΣXᵀ + Y, (2.34)
and this notation implies that X = XA ⊕ XB and Y = WAEAW

ᵀ
A ⊕ WBEBW

ᵀ
B .

Here, X describes amplification, attenuation, or rotation in phase space, while Y
represents a noise contribution, and they need to satisfy the positivity condition
Y + iΩ− iXΩXᵀ ≥ 0.

Notice that we can convert this into
Σ′ + iΩ = X(Σ + iΩ)Xᵀ + Y + iΩ− iXΩXᵀ, (2.35)

which can also be expressed as
Σ′ + iΩ = X(Σ + iΩ)Xᵀ +W (ΣE + iΩ)W ᵀ. (2.36)

A typical example of a Gaussian quantum channel is the attenuation channel. As-
sume we have a Gaussian state characterized by a single-mode covariance matrix Σ.
Now, consider this state gets mixed with Gaussian environmental noise, described by
covariance matrix ΣE, in a beam splitter with transmittivity cos2 θ = τ . The unitary
operator describing the action of the beam splitter can be written as

Û = eθ(â
†âE−ââ†E) = eiθ(x̂p̂E−p̂x̂E). (2.37)

If we compare this expression with the general expression for a Gaussian unitary,
Û = e

i
2 rᵀHr, we can identify

H = θ

(
0 Ω
−Ω 0

)
, (2.38)

with Ω the symplectic matrix. With this, we compute the symplectic operator S =
eHΩ,

S =
(

cos θ12 − sin θ12
sin θ12 cos θ12

)
=
( √

τ12 −
√

1− τ12√
1− τ12

√
τ12

)
. (2.39)

With it, we compute the covariance matrix of the outcoming state,
Σ′ = trE [S(Σ⊕ ΣE)Sᵀ] = τΣ + (1− τ)ΣE, (2.40)

from which we can identify the matrices X =
√
τ12 and Y = (1− τ)ΣE.

Generally, the interaction with an environment implies a loss of information.
A way to repurpose that information, while maintaining the Gaussian nature of
the state, is by projecting a mode into a Gaussian state, i.e. through Gaussian
measurement.
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2.2 Gaussian Quantum Measurements

Imagine that we apply a quantum measurement on mode B of a bipartite quantum
state with density matrix ρAB . We describe the measurement as the projection
of our quantum state into a positive operator valued measure (POVM) Π with a
certain outcome i. A POVM is a set of positive operators Πi ≥ 0, each associated
with a measurement outcome i ∈ {1, . . . , n}, for which probability distribution is
set by the Born rule, tr[ρΠi] = P (i|ρ), such that

∑n
i=1 Πi = 1. We can express

the reduced density matrix after the measurement as ρA = P−1
i trB

[
ρABΠi

B

]
, with

Pi = tr
[
ρABΠi

B

]
.

We assume that ρAB describes a Gaussian state, with displacement vector ~dᵀ =(
~dᵀA

~dᵀB

)
and covariance matrix

Σ =
(

ΣA εAB
εᵀAB ΣB

)
. (2.41)

We now take a Gaussian POVM, such that Πi is associated with a Gaussian projec-
tion, characterized by a displacement vector ~υiB and a covariance matrix Υi

B , such
that

(
Υi
B

)
k,l

= 1
2 tr [Πi {rk, rl})]. Then, we can write the characteristic functions of

the state and the POVM element as

χAB(α, β) = exp
[
− 1

4

(
~αᵀΩᵀΣAΩ~α+ ~αᵀΩᵀεABΩ~β + ~βᵀΩᵀεᵀABΩ~α

+ ~βᵀΩᵀΣBΩ~β
)

+ i~αᵀΩᵀ~dA + i~βᵀΩᵀ ~dB

]
,

χiB(γ) = exp
[
−1

4~γ
ᵀΩᵀΥi

BΩ~γ + i~γᵀΩᵀ~υiB

]
, (2.42)

respectively. Then, we compute

trB
[
ρABΠi

B

]
= 1

π3

∫
d2 α d2 β d2 γ χAB(α, β)χiB(γ)×

D̂A(−α) trB
[
D̂B(−β)D̂B(−γ)

]
, (2.43)

knowing that tr
[
D̂(−β)D̂(−γ)

]
= πδ(2)(β + γ). Then, we are left with

trB
[
ρABΠi

B

]
= 1
π2

∫
d2αD̂(−α)

∫
d2βχAB(α, β)χiB(−β). (2.44)
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The characteristic functions can combine to

χAB(α, β)χiB(−β) = exp
[
− 1

4~α
ᵀΩᵀΣAΩ~α− 1

4
~βᵀΩᵀ

(
ΣB + Υi

B

)
Ω~β

+ i~αᵀΩᵀ~dA + i~βᵀΩᵀ

(
i

2ε
ᵀ
ABΩ~α+ ~dB − ~υiB

)]
. (2.45)

After computing the integral, we can identify the displacement vector and the co-
variance matrix,

~̃dA = ~dA − εAB
(
ΣB + Υi

B

)−1 (~dB − ~υiB) ,
Σ̃A = ΣA − εAB

(
ΣB + Υi

B

)−1
εᵀAB (2.46)

of the resulting state. Notice also that

Pi = 2√
det
(
ΣB + Υi

B

) exp
[
−
(
~dB − ~υiB

)ᵀ (
ΣB + Υi

B

)−1 (~dB − ~υiB)] . (2.47)

A general (ideal) Gaussian measurement is described as a projection onto the most
general Gaussian pure state, a displaced squeezed single-mode vacuum state, with
covariance matrix

Υ =
(

cosh 2ξ − sinh 2ξ cosϕ − sinh 2ξ sinϕ
− sinh 2ξ sinϕ cosh 2ξ + sinh 2ξ cosϕ

)
. (2.48)

With this, we can obtain the covariance matrix associated to homodyne measure-
ments of the x-quadrature

Υ = lim
ξ→∞

(
e−2ξ 0

0 e2ξ

)
, (2.49)

by setting ϕ = 0, or alternatively, of the p-quadrature with ϕ = π,

Υ = lim
ξ→∞

(
e2ξ 0
0 e−2ξ

)
. (2.50)

These measurements correspond to projecting onto an eigenstate of either quadra-
ture, described by an infinitely-squeezed state in the corresponding direction of phase
space. If we are measuring two modes simultaneously, projecting onto orthogonal
quadratures in different modes (let’s say, x in one mode and p in the other) cor-
responds to double-homodyne measurements. In this fashion, heterodyne measure-
ments are constructed by measuring one mode with an auxiliary system in a coherent
state. The covariance matrix associated to heterodyne measurements can be obtained
for ξ = 0, Υ = 12. Equivalently, it corresponds to projecting onto a given coherent
state.
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<latexit sha1_base64="MBhPFCIzYi7sxBwkbHXHsvXzhfg=">AAACJ3icbZC7TsMwFIadcivlVmBkiahATFWCkGCsYGEsEr1ITaiOndPUqnOR7SBVUd+AF2FlhXdgQzCy8hS4JQO0nOn3//2WzvlpKrjSjvNhlZaWV1bXyuuVjc2t7Z3q7l5bJZlk2GKJSGSXgkLBY2xprgV2U4kQUYEdOrqa8s49SsWT+FaPU/QjCGM+4Ay0sfrVY09AHAr0hqBzNrnLvQDCEOWkMDw5w/1qzak7s7EXhVuIGimm2a9+eUHCsghjzQQo1XOdVPs5SM2ZwEnFyxSmwEYQYs/IGCJUfj67Z2IfDRJp6yHas/fvbA6RUuOImkwEeqjm2dT8l1GaiMAQb4oozec20IMLP+dxmmmMmYkZNsiErRN7WpodcIlMi7ERwCQ3N9hsCBKYNtVWTDnufBWLon1ad526e3NWa1wWNZXJATkkJ8Ql56RBrkmTtAgjD+SJPJMX69F6td6s959oySr+7JM/Y31+Ayq9p5k=</latexit><latexit sha1_base64="MBhPFCIzYi7sxBwkbHXHsvXzhfg=">AAACJ3icbZC7TsMwFIadcivlVmBkiahATFWCkGCsYGEsEr1ITaiOndPUqnOR7SBVUd+AF2FlhXdgQzCy8hS4JQO0nOn3//2WzvlpKrjSjvNhlZaWV1bXyuuVjc2t7Z3q7l5bJZlk2GKJSGSXgkLBY2xprgV2U4kQUYEdOrqa8s49SsWT+FaPU/QjCGM+4Ay0sfrVY09AHAr0hqBzNrnLvQDCEOWkMDw5w/1qzak7s7EXhVuIGimm2a9+eUHCsghjzQQo1XOdVPs5SM2ZwEnFyxSmwEYQYs/IGCJUfj67Z2IfDRJp6yHas/fvbA6RUuOImkwEeqjm2dT8l1GaiMAQb4oozec20IMLP+dxmmmMmYkZNsiErRN7WpodcIlMi7ERwCQ3N9hsCBKYNtVWTDnufBWLon1ad526e3NWa1wWNZXJATkkJ8Ql56RBrkmTtAgjD+SJPJMX69F6td6s959oySr+7JM/Y31+Ayq9p5k=</latexit><latexit sha1_base64="MBhPFCIzYi7sxBwkbHXHsvXzhfg=">AAACJ3icbZC7TsMwFIadcivlVmBkiahATFWCkGCsYGEsEr1ITaiOndPUqnOR7SBVUd+AF2FlhXdgQzCy8hS4JQO0nOn3//2WzvlpKrjSjvNhlZaWV1bXyuuVjc2t7Z3q7l5bJZlk2GKJSGSXgkLBY2xprgV2U4kQUYEdOrqa8s49SsWT+FaPU/QjCGM+4Ay0sfrVY09AHAr0hqBzNrnLvQDCEOWkMDw5w/1qzak7s7EXhVuIGimm2a9+eUHCsghjzQQo1XOdVPs5SM2ZwEnFyxSmwEYQYs/IGCJUfj67Z2IfDRJp6yHas/fvbA6RUuOImkwEeqjm2dT8l1GaiMAQb4oozec20IMLP+dxmmmMmYkZNsiErRN7WpodcIlMi7ERwCQ3N9hsCBKYNtVWTDnufBWLon1ad526e3NWa1wWNZXJATkkJ8Ql56RBrkmTtAgjD+SJPJMX69F6td6s959oySr+7JM/Y31+Ayq9p5k=</latexit><latexit sha1_base64="MBhPFCIzYi7sxBwkbHXHsvXzhfg=">AAACJ3icbZC7TsMwFIadcivlVmBkiahATFWCkGCsYGEsEr1ITaiOndPUqnOR7SBVUd+AF2FlhXdgQzCy8hS4JQO0nOn3//2WzvlpKrjSjvNhlZaWV1bXyuuVjc2t7Z3q7l5bJZlk2GKJSGSXgkLBY2xprgV2U4kQUYEdOrqa8s49SsWT+FaPU/QjCGM+4Ay0sfrVY09AHAr0hqBzNrnLvQDCEOWkMDw5w/1qzak7s7EXhVuIGimm2a9+eUHCsghjzQQo1XOdVPs5SM2ZwEnFyxSmwEYQYs/IGCJUfj67Z2IfDRJp6yHas/fvbA6RUuOImkwEeqjm2dT8l1GaiMAQb4oozec20IMLP+dxmmmMmYkZNsiErRN7WpodcIlMi7ERwCQ3N9hsCBKYNtVWTDnufBWLon1ad526e3NWa1wWNZXJATkkJ8Ql56RBrkmTtAgjD+SJPJMX69F6td6s959oySr+7JM/Y31+Ayq9p5k=</latexit>

b̂↵
<latexit sha1_base64="y EvbSQs57oi+MKad5/EWef7NaeU=">AAACEXicbZC9TsMwFIWd8lfKX4CRJaJCYqoShARjBQtjkeiP1ETRtes2Vp04sp1KVZSnYGWFd2BDrDwBr8BT4JQM0HKm4/sdS/cenHKmtOt+WrW19Y3Nrfp2Y2d3b//APjzqKZFJQrtEcCEHGBTlLKFdzTSng1RSiDGnfTy9LXl/RqViInnQ85QGMUwSNmYEtBmFtu1HoHNchLkPPI2gCO2m23IXclaNV5kmqtQJ7S9/JEgW00QTDkoNPTfVQQ5SM8Jp0fAzRVMgU5jQobEJxFQF+WLzwjkbC+noiDqL9+9sDrFS8xibTAw6UsusHP7LMBZ8ZIhfIozzpQ30+DrIWZJmmibExAwbZ9zRwinrcUZMUqL53BggkpkbHBKBBKJNiQ1TjrdcxarpXbQ8t+XdXzbbN1VNdXSCTtE58tAVaqM71EFdRNAMPaFn9GI9Wq/Wm/X+E61Z1Z9j9EfWxzeRQZ3B</latexit><latexit sha1_base64="y EvbSQs57oi+MKad5/EWef7NaeU=">AAACEXicbZC9TsMwFIWd8lfKX4CRJaJCYqoShARjBQtjkeiP1ETRtes2Vp04sp1KVZSnYGWFd2BDrDwBr8BT4JQM0HKm4/sdS/cenHKmtOt+WrW19Y3Nrfp2Y2d3b//APjzqKZFJQrtEcCEHGBTlLKFdzTSng1RSiDGnfTy9LXl/RqViInnQ85QGMUwSNmYEtBmFtu1HoHNchLkPPI2gCO2m23IXclaNV5kmqtQJ7S9/JEgW00QTDkoNPTfVQQ5SM8Jp0fAzRVMgU5jQobEJxFQF+WLzwjkbC+noiDqL9+9sDrFS8xibTAw6UsusHP7LMBZ8ZIhfIozzpQ30+DrIWZJmmibExAwbZ9zRwinrcUZMUqL53BggkpkbHBKBBKJNiQ1TjrdcxarpXbQ8t+XdXzbbN1VNdXSCTtE58tAVaqM71EFdRNAMPaFn9GI9Wq/Wm/X+E61Z1Z9j9EfWxzeRQZ3B</latexit><latexit sha1_base64="y EvbSQs57oi+MKad5/EWef7NaeU=">AAACEXicbZC9TsMwFIWd8lfKX4CRJaJCYqoShARjBQtjkeiP1ETRtes2Vp04sp1KVZSnYGWFd2BDrDwBr8BT4JQM0HKm4/sdS/cenHKmtOt+WrW19Y3Nrfp2Y2d3b//APjzqKZFJQrtEcCEHGBTlLKFdzTSng1RSiDGnfTy9LXl/RqViInnQ85QGMUwSNmYEtBmFtu1HoHNchLkPPI2gCO2m23IXclaNV5kmqtQJ7S9/JEgW00QTDkoNPTfVQQ5SM8Jp0fAzRVMgU5jQobEJxFQF+WLzwjkbC+noiDqL9+9sDrFS8xibTAw6UsusHP7LMBZ8ZIhfIozzpQ30+DrIWZJmmibExAwbZ9zRwinrcUZMUqL53BggkpkbHBKBBKJNiQ1TjrdcxarpXbQ8t+XdXzbbN1VNdXSCTtE58tAVaqM71EFdRNAMPaFn9GI9Wq/Wm/X+E61Z1Z9j9EfWxzeRQZ3B</latexit><latexit sha1_base64="y EvbSQs57oi+MKad5/EWef7NaeU=">AAACEXicbZC9TsMwFIWd8lfKX4CRJaJCYqoShARjBQtjkeiP1ETRtes2Vp04sp1KVZSnYGWFd2BDrDwBr8BT4JQM0HKm4/sdS/cenHKmtOt+WrW19Y3Nrfp2Y2d3b//APjzqKZFJQrtEcCEHGBTlLKFdzTSng1RSiDGnfTy9LXl/RqViInnQ85QGMUwSNmYEtBmFtu1HoHNchLkPPI2gCO2m23IXclaNV5kmqtQJ7S9/JEgW00QTDkoNPTfVQQ5SM8Jp0fAzRVMgU5jQobEJxFQF+WLzwjkbC+noiDqL9+9sDrFS8xibTAw6UsusHP7LMBZ8ZIhfIozzpQ30+DrIWZJmmibExAwbZ9zRwinrcUZMUqL53BggkpkbHBKBBKJNiQ1TjrdcxarpXbQ8t+XdXzbbN1VNdXSCTtE58tAVaqM71EFdRNAMPaFn9GI9Wq/Wm/X+E61Z1Z9j9EfWxzeRQZ3B</latexit>

I
<latexit sha1_base64="aFmkqsB2FxCxrrBgvtxVyDOsCs0=">AAACAHicbZC9TsMwFIVvyl8pfwVGlogKialKEBKMFSywtRItldqost2b1qoTR7aDVEVdWFnhHdgQK2/CK/AUOCUDtJzp+H7H0r2HJoJr43mfTmlldW19o7xZ2dre2d2r7h90tEwVwzaTQqouJRoFj7FtuBHYTRSSiAq8p5PrnN8/oNJcxndmmmAQkVHMQ86IsaPW7aBa8+reXO6y8QtTg0LNQfWrP5QsjTA2TBCte76XmCAjynAmcFbppxoTwiZkhD1rYxKhDrL5ojP3JJTKNWN05+/f2YxEWk8jajMRMWO9yPLhv4xSKYaW9HNEabawgQkvg4zHSWowZjZmWZgK10g3b8MdcoXMiKk1hClub3DZmCjCjO2sYsvxF6tYNp2zuu/V/dZ5rXFV1FSGIziGU/DhAhpwA01oAwOEJ3iGF+fReXXenPefaMkp/hzCHzkf33FSlpc=</latexit><latexit sha1_base64="aFmkqsB2FxCxrrBgvtxVyDOsCs0=">AAACAHicbZC9TsMwFIVvyl8pfwVGlogKialKEBKMFSywtRItldqost2b1qoTR7aDVEVdWFnhHdgQK2/CK/AUOCUDtJzp+H7H0r2HJoJr43mfTmlldW19o7xZ2dre2d2r7h90tEwVwzaTQqouJRoFj7FtuBHYTRSSiAq8p5PrnN8/oNJcxndmmmAQkVHMQ86IsaPW7aBa8+reXO6y8QtTg0LNQfWrP5QsjTA2TBCte76XmCAjynAmcFbppxoTwiZkhD1rYxKhDrL5ojP3JJTKNWN05+/f2YxEWk8jajMRMWO9yPLhv4xSKYaW9HNEabawgQkvg4zHSWowZjZmWZgK10g3b8MdcoXMiKk1hClub3DZmCjCjO2sYsvxF6tYNp2zuu/V/dZ5rXFV1FSGIziGU/DhAhpwA01oAwOEJ3iGF+fReXXenPefaMkp/hzCHzkf33FSlpc=</latexit><latexit sha1_base64="aFmkqsB2FxCxrrBgvtxVyDOsCs0=">AAACAHicbZC9TsMwFIVvyl8pfwVGlogKialKEBKMFSywtRItldqost2b1qoTR7aDVEVdWFnhHdgQK2/CK/AUOCUDtJzp+H7H0r2HJoJr43mfTmlldW19o7xZ2dre2d2r7h90tEwVwzaTQqouJRoFj7FtuBHYTRSSiAq8p5PrnN8/oNJcxndmmmAQkVHMQ86IsaPW7aBa8+reXO6y8QtTg0LNQfWrP5QsjTA2TBCte76XmCAjynAmcFbppxoTwiZkhD1rYxKhDrL5ojP3JJTKNWN05+/f2YxEWk8jajMRMWO9yPLhv4xSKYaW9HNEabawgQkvg4zHSWowZjZmWZgK10g3b8MdcoXMiKk1hClub3DZmCjCjO2sYsvxF6tYNp2zuu/V/dZ5rXFV1FSGIziGU/DhAhpwA01oAwOEJ3iGF+fReXXenPefaMkp/hzCHzkf33FSlpc=</latexit><latexit sha1_base64="aFmkqsB2FxCxrrBgvtxVyDOsCs0=">AAACAHicbZC9TsMwFIVvyl8pfwVGlogKialKEBKMFSywtRItldqost2b1qoTR7aDVEVdWFnhHdgQK2/CK/AUOCUDtJzp+H7H0r2HJoJr43mfTmlldW19o7xZ2dre2d2r7h90tEwVwzaTQqouJRoFj7FtuBHYTRSSiAq8p5PrnN8/oNJcxndmmmAQkVHMQ86IsaPW7aBa8+reXO6y8QtTg0LNQfWrP5QsjTA2TBCte76XmCAjynAmcFbppxoTwiZkhD1rYxKhDrL5ojP3JJTKNWN05+/f2YxEWk8jajMRMWO9yPLhv4xSKYaW9HNEabawgQkvg4zHSWowZjZmWZgK10g3b8MdcoXMiKk1hClub3DZmCjCjO2sYsvxF6tYNp2zuu/V/dZ5rXFV1FSGIziGU/DhAhpwA01oAwOEJ3iGF+fReXXenPefaMkp/hzCHzkf33FSlpc=</latexit>

ĉ
<latexit sha1_base64="QxP5NUMG9h3ccxYotyU3G3DxSMA=">AAACBnicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFoGbSwjmAtklzAzmU2GzF6YOSuEJb2trb6Dndj6Gr6CT+Fs3EKjf/XP+f6Bc36WKmnQdT+cysrq2vpGdbO2tb2zu1ffP+iaJNNcdHiiEt1n1AglY9FBiUr0Uy1oxJTosel1wXv3QhuZxHc4S0UQ0XEsQ8kp2lHPn1DM+XxYb7hNdyHy13ilaUCp9rD+6Y8SnkUiRq6oMQPPTTHIqUbJlZjX/MyIlPIpHYuBtTGNhAnyxbpzchImmuBEkMX7ZzankTGziNlMRHFillkx/JcxlqiRJX6BGMuXNsDwMshlnGYoYm5jloWZIpiQohMyklpwVDNrKNfS3kD4hGrK0TZXs+V4y1X8Nd2zpuc2vdvzRuuqrKkKR3AMp+DBBbTgBtrQAQ5TeIQneHYenBfn1Xn7jlac8s8h/JLz/gWjQJl+</latexit><latexit sha1_base64="QxP5NUMG9h3ccxYotyU3G3DxSMA=">AAACBnicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFoGbSwjmAtklzAzmU2GzF6YOSuEJb2trb6Dndj6Gr6CT+Fs3EKjf/XP+f6Bc36WKmnQdT+cysrq2vpGdbO2tb2zu1ffP+iaJNNcdHiiEt1n1AglY9FBiUr0Uy1oxJTosel1wXv3QhuZxHc4S0UQ0XEsQ8kp2lHPn1DM+XxYb7hNdyHy13ilaUCp9rD+6Y8SnkUiRq6oMQPPTTHIqUbJlZjX/MyIlPIpHYuBtTGNhAnyxbpzchImmuBEkMX7ZzankTGziNlMRHFillkx/JcxlqiRJX6BGMuXNsDwMshlnGYoYm5jloWZIpiQohMyklpwVDNrKNfS3kD4hGrK0TZXs+V4y1X8Nd2zpuc2vdvzRuuqrKkKR3AMp+DBBbTgBtrQAQ5TeIQneHYenBfn1Xn7jlac8s8h/JLz/gWjQJl+</latexit><latexit sha1_base64="QxP5NUMG9h3ccxYotyU3G3DxSMA=">AAACBnicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFoGbSwjmAtklzAzmU2GzF6YOSuEJb2trb6Dndj6Gr6CT+Fs3EKjf/XP+f6Bc36WKmnQdT+cysrq2vpGdbO2tb2zu1ffP+iaJNNcdHiiEt1n1AglY9FBiUr0Uy1oxJTosel1wXv3QhuZxHc4S0UQ0XEsQ8kp2lHPn1DM+XxYb7hNdyHy13ilaUCp9rD+6Y8SnkUiRq6oMQPPTTHIqUbJlZjX/MyIlPIpHYuBtTGNhAnyxbpzchImmuBEkMX7ZzankTGziNlMRHFillkx/JcxlqiRJX6BGMuXNsDwMshlnGYoYm5jloWZIpiQohMyklpwVDNrKNfS3kD4hGrK0TZXs+V4y1X8Nd2zpuc2vdvzRuuqrKkKR3AMp+DBBbTgBtrQAQ5TeIQneHYenBfn1Xn7jlac8s8h/JLz/gWjQJl+</latexit><latexit sha1_base64="QxP5NUMG9h3ccxYotyU3G3DxSMA=">AAACBnicbZC7SgNBFIbPxluMt6ilzWAQrMKuCFoGbSwjmAtklzAzmU2GzF6YOSuEJb2trb6Dndj6Gr6CT+Fs3EKjf/XP+f6Bc36WKmnQdT+cysrq2vpGdbO2tb2zu1ffP+iaJNNcdHiiEt1n1AglY9FBiUr0Uy1oxJTosel1wXv3QhuZxHc4S0UQ0XEsQ8kp2lHPn1DM+XxYb7hNdyHy13ilaUCp9rD+6Y8SnkUiRq6oMQPPTTHIqUbJlZjX/MyIlPIpHYuBtTGNhAnyxbpzchImmuBEkMX7ZzankTGziNlMRHFillkx/JcxlqiRJX6BGMuXNsDwMshlnGYoYm5jloWZIpiQohMyklpwVDNrKNfS3kD4hGrK0TZXs+V4y1X8Nd2zpuc2vdvzRuuqrKkKR3AMp+DBBbTgBtrQAQ5TeIQneHYenBfn1Xn7jlac8s8h/JLz/gWjQJl+</latexit>

d̂
<latexit sha1_base64="6RDqe01Ifyu7he+FYJNZix2psuU=">AAACBnicbZC9TsMwFIVvyl8pfwVGFosKialKEBKMFSyMRaI/UhNVtuM0Vp04sh2kKurOygrvwIZYeQ1egafAKRmgcKbj+x1L9x6SCa6N6344tZXVtfWN+mZja3tnd6+5f9DXMleU9agUUg0J1kzwlPUMN4INM8VwQgQbkOl1yQf3TGku0zszy1iQ4EnKI06xsaOBH2NThPNxs+W23YXQX+NVpgWVuuPmpx9KmicsNVRgrUeem5mgwMpwKti84eeaZZhO8YSNrE1xwnRQLNado5NIKmRihhbvn9kCJ1rPEmIzCTaxXmbl8F9GiBShJX6JCCmWNjDRZVDwNMsNS6mNWRblAhmJyk5QyBWjRsyswVRxewOiMVaYGttcw5bjLVfx1/TP2p7b9m7PW52rqqY6HMExnIIHF9CBG+hCDyhM4RGe4Nl5cF6cV+ftO1pzqj+H8EvO+xek3Zl/</latexit><latexit sha1_base64="6RDqe01Ifyu7he+FYJNZix2psuU=">AAACBnicbZC9TsMwFIVvyl8pfwVGFosKialKEBKMFSyMRaI/UhNVtuM0Vp04sh2kKurOygrvwIZYeQ1egafAKRmgcKbj+x1L9x6SCa6N6344tZXVtfWN+mZja3tnd6+5f9DXMleU9agUUg0J1kzwlPUMN4INM8VwQgQbkOl1yQf3TGku0zszy1iQ4EnKI06xsaOBH2NThPNxs+W23YXQX+NVpgWVuuPmpx9KmicsNVRgrUeem5mgwMpwKti84eeaZZhO8YSNrE1xwnRQLNado5NIKmRihhbvn9kCJ1rPEmIzCTaxXmbl8F9GiBShJX6JCCmWNjDRZVDwNMsNS6mNWRblAhmJyk5QyBWjRsyswVRxewOiMVaYGttcw5bjLVfx1/TP2p7b9m7PW52rqqY6HMExnIIHF9CBG+hCDyhM4RGe4Nl5cF6cV+ftO1pzqj+H8EvO+xek3Zl/</latexit><latexit sha1_base64="6RDqe01Ifyu7he+FYJNZix2psuU=">AAACBnicbZC9TsMwFIVvyl8pfwVGFosKialKEBKMFSyMRaI/UhNVtuM0Vp04sh2kKurOygrvwIZYeQ1egafAKRmgcKbj+x1L9x6SCa6N6344tZXVtfWN+mZja3tnd6+5f9DXMleU9agUUg0J1kzwlPUMN4INM8VwQgQbkOl1yQf3TGku0zszy1iQ4EnKI06xsaOBH2NThPNxs+W23YXQX+NVpgWVuuPmpx9KmicsNVRgrUeem5mgwMpwKti84eeaZZhO8YSNrE1xwnRQLNado5NIKmRihhbvn9kCJ1rPEmIzCTaxXmbl8F9GiBShJX6JCCmWNjDRZVDwNMsNS6mNWRblAhmJyk5QyBWjRsyswVRxewOiMVaYGttcw5bjLVfx1/TP2p7b9m7PW52rqqY6HMExnIIHF9CBG+hCDyhM4RGe4Nl5cF6cV+ftO1pzqj+H8EvO+xek3Zl/</latexit><latexit sha1_base64="6RDqe01Ifyu7he+FYJNZix2psuU=">AAACBnicbZC9TsMwFIVvyl8pfwVGFosKialKEBKMFSyMRaI/UhNVtuM0Vp04sh2kKurOygrvwIZYeQ1egafAKRmgcKbj+x1L9x6SCa6N6344tZXVtfWN+mZja3tnd6+5f9DXMleU9agUUg0J1kzwlPUMN4INM8VwQgQbkOl1yQf3TGku0zszy1iQ4EnKI06xsaOBH2NThPNxs+W23YXQX+NVpgWVuuPmpx9KmicsNVRgrUeem5mgwMpwKti84eeaZZhO8YSNrE1xwnRQLNado5NIKmRihhbvn9kCJ1rPEmIzCTaxXmbl8F9GiBShJX6JCCmWNjDRZVDwNMsNS6mNWRblAhmJyk5QyBWjRsyswVRxewOiMVaYGttcw5bjLVfx1/TP2p7b9m7PW52rqqY6HMExnIIHF9CBG+hCDyhM4RGe4Nl5cF6cV+ftO1pzqj+H8EvO+xek3Zl/</latexit>

(a)
<latexit sha1_base64="sOjZUoNK33Nc8nqmGB8ygq4L+xA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEY0TwgWULvZDYZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TRVmDxiJW7QA1E1yyhuFGsHaiGEaBYK1gdDvzW09MaR7LRzNOmB/hQPKQUzRWeijjea9YcivuHGSVeBkpQYZ6r/jV7cc0jZg0VKDWHc9NjD9BZTgVbFroppolSEc4YB1LJUZM+5P5qVNyZpU+CWNlSxoyV39PTDDSehwFtjNCM9TL3kz8z+ukJrz2J1wmqWGSLhaFqSAmJrO/SZ8rRo0YW4JUcXsroUNUSI1Np2BD8JZfXiXNasW7qFTvL0u1myyOPJzAKZTBgyuowR3UoQEUBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AifmNTg==</latexit>

(b)
<latexit sha1_base64="7tVg+AhPeiaMnY5qvG8kDXGmdb0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPZSD816x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3UaneX5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4Ai36NTw==</latexit>

50 : 50
<latexit sha1_base64="h0t711Yx9FCSUIOx8YMVunlge2E=">AAAB5nicbZDNTgIxFIXv4B/iH+rSTSMxcUU6RqJxRXTjEhNHSGBCOuUO09D5SdsxIYRX0JVRdz6QL+DbWHAWCp7V13tOk3tukEmhDaVfTmlldW19o7xZ2dre2d2r7h886DRXHD2eylR1AqZRigQ9I4zETqaQxYHEdjC6mfntR1RapMm9GWfox2yYiFBwZuzIa9CrBu1Xa7RO5yLL4BZQg0KtfvWzN0h5HmNiuGRad12aGX/ClBFc4rTSyzVmjI/YELsWExaj9ifzZafkJEwVMRGS+ft3dsJircdxYDMxM5Fe9GbD/7xubsJLfyKSLDeYcBuxXphLYlIy60wGQiE3cmyBcSXsloRHTDFu7GUqtr67WHYZHs7qLq27d+e15nVxiDIcwTGcggsX0IRbaIEHHAQ8wxu8O5Hz5Lw4rz/RklP8OYQ/cj6+AUHQi0U=</latexit><latexit sha1_base64="h0t711Yx9FCSUIOx8YMVunlge2E=">AAAB5nicbZDNTgIxFIXv4B/iH+rSTSMxcUU6RqJxRXTjEhNHSGBCOuUO09D5SdsxIYRX0JVRdz6QL+DbWHAWCp7V13tOk3tukEmhDaVfTmlldW19o7xZ2dre2d2r7h886DRXHD2eylR1AqZRigQ9I4zETqaQxYHEdjC6mfntR1RapMm9GWfox2yYiFBwZuzIa9CrBu1Xa7RO5yLL4BZQg0KtfvWzN0h5HmNiuGRad12aGX/ClBFc4rTSyzVmjI/YELsWExaj9ifzZafkJEwVMRGS+ft3dsJircdxYDMxM5Fe9GbD/7xubsJLfyKSLDeYcBuxXphLYlIy60wGQiE3cmyBcSXsloRHTDFu7GUqtr67WHYZHs7qLq27d+e15nVxiDIcwTGcggsX0IRbaIEHHAQ8wxu8O5Hz5Lw4rz/RklP8OYQ/cj6+AUHQi0U=</latexit><latexit sha1_base64="h0t711Yx9FCSUIOx8YMVunlge2E=">AAAB5nicbZDNTgIxFIXv4B/iH+rSTSMxcUU6RqJxRXTjEhNHSGBCOuUO09D5SdsxIYRX0JVRdz6QL+DbWHAWCp7V13tOk3tukEmhDaVfTmlldW19o7xZ2dre2d2r7h886DRXHD2eylR1AqZRigQ9I4zETqaQxYHEdjC6mfntR1RapMm9GWfox2yYiFBwZuzIa9CrBu1Xa7RO5yLL4BZQg0KtfvWzN0h5HmNiuGRad12aGX/ClBFc4rTSyzVmjI/YELsWExaj9ifzZafkJEwVMRGS+ft3dsJircdxYDMxM5Fe9GbD/7xubsJLfyKSLDeYcBuxXphLYlIy60wGQiE3cmyBcSXsloRHTDFu7GUqtr67WHYZHs7qLq27d+e15nVxiDIcwTGcggsX0IRbaIEHHAQ8wxu8O5Hz5Lw4rz/RklP8OYQ/cj6+AUHQi0U=</latexit><latexit sha1_base64="h0t711Yx9FCSUIOx8YMVunlge2E=">AAAB5nicbZDNTgIxFIXv4B/iH+rSTSMxcUU6RqJxRXTjEhNHSGBCOuUO09D5SdsxIYRX0JVRdz6QL+DbWHAWCp7V13tOk3tukEmhDaVfTmlldW19o7xZ2dre2d2r7h886DRXHD2eylR1AqZRigQ9I4zETqaQxYHEdjC6mfntR1RapMm9GWfox2yYiFBwZuzIa9CrBu1Xa7RO5yLL4BZQg0KtfvWzN0h5HmNiuGRad12aGX/ClBFc4rTSyzVmjI/YELsWExaj9ifzZafkJEwVMRGS+ft3dsJircdxYDMxM5Fe9GbD/7xubsJLfyKSLDeYcBuxXphLYlIy60wGQiE3cmyBcSXsloRHTDFu7GUqtr67WHYZHs7qLq27d+e15nVxiDIcwTGcggsX0IRbaIEHHAQ8wxu8O5Hz5Lw4rz/RklP8OYQ/cj6+AUHQi0U=</latexit>

â⇢
<latexit sha1_base64="pDEk4Vm9wo2ahbNlimRBhIJP01k=">AAACDXicbZC9TsMwFIVvyl8pfwVGFosKialKEBKMFSyMRaI/UhMq23Ubq04c2Q5SFeUZWFnhHdgQK8/AK/AUOCUDtJzp+H7H0r2HJIJr47qfTmVldW19o7pZ29re2d2r7x90tUwVZR0qhVR9gjUTPGYdw41g/UQxHBHBemR6XfDeA1Oay/jOzBIWRHgS8zGn2NjRvR9ik+F8mPkqlPmw3nCb7lxo2XilaUCp9rD+5Y8kTSMWGyqw1gPPTUyQYWU4FSyv+almCaZTPGEDa2McMR1k861zdDKWCpmQofn7dzbDkdaziNhMhE2oF1kx/JcRIsXIEr9AhGQLG5jxZZDxOEkNi6mNWTZOBTISFdWgEVeMGjGzBlPF7Q2IhlhhamyBNVuOt1jFsumeNT236d2eN1pXZU1VOIJjOAUPLqAFN9CGDlBQ8ATP8OI8Oq/Om/P+E6045Z9D+CPn4xuOlpy+</latexit><latexit sha1_base64="pDEk4Vm9wo2ahbNlimRBhIJP01k=">AAACDXicbZC9TsMwFIVvyl8pfwVGFosKialKEBKMFSyMRaI/UhMq23Ubq04c2Q5SFeUZWFnhHdgQK8/AK/AUOCUDtJzp+H7H0r2HJIJr47qfTmVldW19o7pZ29re2d2r7x90tUwVZR0qhVR9gjUTPGYdw41g/UQxHBHBemR6XfDeA1Oay/jOzBIWRHgS8zGn2NjRvR9ik+F8mPkqlPmw3nCb7lxo2XilaUCp9rD+5Y8kTSMWGyqw1gPPTUyQYWU4FSyv+almCaZTPGEDa2McMR1k861zdDKWCpmQofn7dzbDkdaziNhMhE2oF1kx/JcRIsXIEr9AhGQLG5jxZZDxOEkNi6mNWTZOBTISFdWgEVeMGjGzBlPF7Q2IhlhhamyBNVuOt1jFsumeNT236d2eN1pXZU1VOIJjOAUPLqAFN9CGDlBQ8ATP8OI8Oq/Om/P+E6045Z9D+CPn4xuOlpy+</latexit><latexit sha1_base64="pDEk4Vm9wo2ahbNlimRBhIJP01k=">AAACDXicbZC9TsMwFIVvyl8pfwVGFosKialKEBKMFSyMRaI/UhMq23Ubq04c2Q5SFeUZWFnhHdgQK8/AK/AUOCUDtJzp+H7H0r2HJIJr47qfTmVldW19o7pZ29re2d2r7x90tUwVZR0qhVR9gjUTPGYdw41g/UQxHBHBemR6XfDeA1Oay/jOzBIWRHgS8zGn2NjRvR9ik+F8mPkqlPmw3nCb7lxo2XilaUCp9rD+5Y8kTSMWGyqw1gPPTUyQYWU4FSyv+almCaZTPGEDa2McMR1k861zdDKWCpmQofn7dzbDkdaziNhMhE2oF1kx/JcRIsXIEr9AhGQLG5jxZZDxOEkNi6mNWTZOBTISFdWgEVeMGjGzBlPF7Q2IhlhhamyBNVuOt1jFsumeNT236d2eN1pXZU1VOIJjOAUPLqAFN9CGDlBQ8ATP8OI8Oq/Om/P+E6045Z9D+CPn4xuOlpy+</latexit><latexit sha1_base64="pDEk4Vm9wo2ahbNlimRBhIJP01k=">AAACDXicbZC9TsMwFIVvyl8pfwVGFosKialKEBKMFSyMRaI/UhMq23Ubq04c2Q5SFeUZWFnhHdgQK8/AK/AUOCUDtJzp+H7H0r2HJIJr47qfTmVldW19o7pZ29re2d2r7x90tUwVZR0qhVR9gjUTPGYdw41g/UQxHBHBemR6XfDeA1Oay/jOzBIWRHgS8zGn2NjRvR9ik+F8mPkqlPmw3nCb7lxo2XilaUCp9rD+5Y8kTSMWGyqw1gPPTUyQYWU4FSyv+almCaZTPGEDa2McMR1k861zdDKWCpmQofn7dzbDkdaziNhMhE2oF1kx/JcRIsXIEr9AhGQLG5jxZZDxOEkNi6mNWTZOBTISFdWgEVeMGjGzBlPF7Q2IhlhhamyBNVuOt1jFsumeNT236d2eN1pXZU1VOIJjOAUPLqAFN9CGDlBQ8ATP8OI8Oq/Om/P+E6045Z9D+CPn4xuOlpy+</latexit>

50 : 50
<latexit sha1_base64="h0t711Yx9FCSUIOx8YMVunlge2E=">AAAB5nicbZDNTgIxFIXv4B/iH+rSTSMxcUU6RqJxRXTjEhNHSGBCOuUO09D5SdsxIYRX0JVRdz6QL+DbWHAWCp7V13tOk3tukEmhDaVfTmlldW19o7xZ2dre2d2r7h886DRXHD2eylR1AqZRigQ9I4zETqaQxYHEdjC6mfntR1RapMm9GWfox2yYiFBwZuzIa9CrBu1Xa7RO5yLL4BZQg0KtfvWzN0h5HmNiuGRad12aGX/ClBFc4rTSyzVmjI/YELsWExaj9ifzZafkJEwVMRGS+ft3dsJircdxYDMxM5Fe9GbD/7xubsJLfyKSLDeYcBuxXphLYlIy60wGQiE3cmyBcSXsloRHTDFu7GUqtr67WHYZHs7qLq27d+e15nVxiDIcwTGcggsX0IRbaIEHHAQ8wxu8O5Hz5Lw4rz/RklP8OYQ/cj6+AUHQi0U=</latexit><latexit sha1_base64="h0t711Yx9FCSUIOx8YMVunlge2E=">AAAB5nicbZDNTgIxFIXv4B/iH+rSTSMxcUU6RqJxRXTjEhNHSGBCOuUO09D5SdsxIYRX0JVRdz6QL+DbWHAWCp7V13tOk3tukEmhDaVfTmlldW19o7xZ2dre2d2r7h886DRXHD2eylR1AqZRigQ9I4zETqaQxYHEdjC6mfntR1RapMm9GWfox2yYiFBwZuzIa9CrBu1Xa7RO5yLL4BZQg0KtfvWzN0h5HmNiuGRad12aGX/ClBFc4rTSyzVmjI/YELsWExaj9ifzZafkJEwVMRGS+ft3dsJircdxYDMxM5Fe9GbD/7xubsJLfyKSLDeYcBuxXphLYlIy60wGQiE3cmyBcSXsloRHTDFu7GUqtr67WHYZHs7qLq27d+e15nVxiDIcwTGcggsX0IRbaIEHHAQ8wxu8O5Hz5Lw4rz/RklP8OYQ/cj6+AUHQi0U=</latexit><latexit sha1_base64="h0t711Yx9FCSUIOx8YMVunlge2E=">AAAB5nicbZDNTgIxFIXv4B/iH+rSTSMxcUU6RqJxRXTjEhNHSGBCOuUO09D5SdsxIYRX0JVRdz6QL+DbWHAWCp7V13tOk3tukEmhDaVfTmlldW19o7xZ2dre2d2r7h886DRXHD2eylR1AqZRigQ9I4zETqaQxYHEdjC6mfntR1RapMm9GWfox2yYiFBwZuzIa9CrBu1Xa7RO5yLL4BZQg0KtfvWzN0h5HmNiuGRad12aGX/ClBFc4rTSyzVmjI/YELsWExaj9ifzZafkJEwVMRGS+ft3dsJircdxYDMxM5Fe9GbD/7xubsJLfyKSLDeYcBuxXphLYlIy60wGQiE3cmyBcSXsloRHTDFu7GUqtr67WHYZHs7qLq27d+e15nVxiDIcwTGcggsX0IRbaIEHHAQ8wxu8O5Hz5Lw4rz/RklP8OYQ/cj6+AUHQi0U=</latexit><latexit sha1_base64="h0t711Yx9FCSUIOx8YMVunlge2E=">AAAB5nicbZDNTgIxFIXv4B/iH+rSTSMxcUU6RqJxRXTjEhNHSGBCOuUO09D5SdsxIYRX0JVRdz6QL+DbWHAWCp7V13tOk3tukEmhDaVfTmlldW19o7xZ2dre2d2r7h886DRXHD2eylR1AqZRigQ9I4zETqaQxYHEdjC6mfntR1RapMm9GWfox2yYiFBwZuzIa9CrBu1Xa7RO5yLL4BZQg0KtfvWzN0h5HmNiuGRad12aGX/ClBFc4rTSyzVmjI/YELsWExaj9ifzZafkJEwVMRGS+ft3dsJircdxYDMxM5Fe9GbD/7xubsJLfyKSLDeYcBuxXphLYlIy60wGQiE3cmyBcSXsloRHTDFu7GUqtr67WHYZHs7qLq27d+e15nVxiDIcwTGcggsX0IRbaIEHHAQ8wxu8O5Hz5Lw4rz/RklP8OYQ/cj6+AUHQi0U=</latexit>

50 : 50
<latexit sha1_base64="h0t711Yx9FCSUIOx8YMVunlge2E=">AAAB5nicbZDNTgIxFIXv4B/iH+rSTSMxcUU6RqJxRXTjEhNHSGBCOuUO09D5SdsxIYRX0JVRdz6QL+DbWHAWCp7V13tOk3tukEmhDaVfTmlldW19o7xZ2dre2d2r7h886DRXHD2eylR1AqZRigQ9I4zETqaQxYHEdjC6mfntR1RapMm9GWfox2yYiFBwZuzIa9CrBu1Xa7RO5yLL4BZQg0KtfvWzN0h5HmNiuGRad12aGX/ClBFc4rTSyzVmjI/YELsWExaj9ifzZafkJEwVMRGS+ft3dsJircdxYDMxM5Fe9GbD/7xubsJLfyKSLDeYcBuxXphLYlIy60wGQiE3cmyBcSXsloRHTDFu7GUqtr67WHYZHs7qLq27d+e15nVxiDIcwTGcggsX0IRbaIEHHAQ8wxu8O5Hz5Lw4rz/RklP8OYQ/cj6+AUHQi0U=</latexit><latexit sha1_base64="h0t711Yx9FCSUIOx8YMVunlge2E=">AAAB5nicbZDNTgIxFIXv4B/iH+rSTSMxcUU6RqJxRXTjEhNHSGBCOuUO09D5SdsxIYRX0JVRdz6QL+DbWHAWCp7V13tOk3tukEmhDaVfTmlldW19o7xZ2dre2d2r7h886DRXHD2eylR1AqZRigQ9I4zETqaQxYHEdjC6mfntR1RapMm9GWfox2yYiFBwZuzIa9CrBu1Xa7RO5yLL4BZQg0KtfvWzN0h5HmNiuGRad12aGX/ClBFc4rTSyzVmjI/YELsWExaj9ifzZafkJEwVMRGS+ft3dsJircdxYDMxM5Fe9GbD/7xubsJLfyKSLDeYcBuxXphLYlIy60wGQiE3cmyBcSXsloRHTDFu7GUqtr67WHYZHs7qLq27d+e15nVxiDIcwTGcggsX0IRbaIEHHAQ8wxu8O5Hz5Lw4rz/RklP8OYQ/cj6+AUHQi0U=</latexit><latexit sha1_base64="h0t711Yx9FCSUIOx8YMVunlge2E=">AAAB5nicbZDNTgIxFIXv4B/iH+rSTSMxcUU6RqJxRXTjEhNHSGBCOuUO09D5SdsxIYRX0JVRdz6QL+DbWHAWCp7V13tOk3tukEmhDaVfTmlldW19o7xZ2dre2d2r7h886DRXHD2eylR1AqZRigQ9I4zETqaQxYHEdjC6mfntR1RapMm9GWfox2yYiFBwZuzIa9CrBu1Xa7RO5yLL4BZQg0KtfvWzN0h5HmNiuGRad12aGX/ClBFc4rTSyzVmjI/YELsWExaj9ifzZafkJEwVMRGS+ft3dsJircdxYDMxM5Fe9GbD/7xubsJLfyKSLDeYcBuxXphLYlIy60wGQiE3cmyBcSXsloRHTDFu7GUqtr67WHYZHs7qLq27d+e15nVxiDIcwTGcggsX0IRbaIEHHAQ8wxu8O5Hz5Lw4rz/RklP8OYQ/cj6+AUHQi0U=</latexit><latexit sha1_base64="h0t711Yx9FCSUIOx8YMVunlge2E=">AAAB5nicbZDNTgIxFIXv4B/iH+rSTSMxcUU6RqJxRXTjEhNHSGBCOuUO09D5SdsxIYRX0JVRdz6QL+DbWHAWCp7V13tOk3tukEmhDaVfTmlldW19o7xZ2dre2d2r7h886DRXHD2eylR1AqZRigQ9I4zETqaQxYHEdjC6mfntR1RapMm9GWfox2yYiFBwZuzIa9CrBu1Xa7RO5yLL4BZQg0KtfvWzN0h5HmNiuGRad12aGX/ClBFc4rTSyzVmjI/YELsWExaj9ifzZafkJEwVMRGS+ft3dsJircdxYDMxM5Fe9GbD/7xubsJLfyKSLDeYcBuxXphLYlIy60wGQiE3cmyBcSXsloRHTDFu7GUqtr67WHYZHs7qLq27d+e15nVxiDIcwTGcggsX0IRbaIEHHAQ8wxu8O5Hz5Lw4rz/RklP8OYQ/cj6+AUHQi0U=</latexit>

âA
<latexit sha1_base64="YauK32pRmvHeyoeK6HH6hgWtJyI=">AAACE3icbZC7TsMwFIYdrqXcShlZIiokpipBSDAWWBiLRC9SE0W2e9padS6yT1CrKI/BygrvwIZYeQBegafAKR2g5Z9+n++3dM7PEik0Os6ntbK6tr6xWdoqb+/s7u1XDqptHaeKQ4vHMlZdRjVIEUELBUroJgpoyCR02Pim4J0HUFrE0T1OE/BDOozEQHCKZhRUqt6IYkbzIPMQJphd5XlQqTl1ZyZ72bhzUyNzNYPKl9ePeRpChFxSrXuuk6CfUYWCS8jLXqohoXxMh9AzNqIhaD+b7Z7bJ4NY2TgCe/b+nc1oqPU0ZCYTUhzpRVYM/2WMxbJviFcgxrKFDXBw6WciSlKEiJuYYYNU2hjbRUF2XyjgKKfGUK6EucHmI6ooR1Nj2ZTjLlaxbNpnddepu3fntcb1vKYSOSLH5JS45II0yC1pkhbhZEKeyDN5sR6tV+vNev+JrljzP4fkj6yPb3epnsw=</latexit><latexit sha1_base64="YauK32pRmvHeyoeK6HH6hgWtJyI=">AAACE3icbZC7TsMwFIYdrqXcShlZIiokpipBSDAWWBiLRC9SE0W2e9padS6yT1CrKI/BygrvwIZYeQBegafAKR2g5Z9+n++3dM7PEik0Os6ntbK6tr6xWdoqb+/s7u1XDqptHaeKQ4vHMlZdRjVIEUELBUroJgpoyCR02Pim4J0HUFrE0T1OE/BDOozEQHCKZhRUqt6IYkbzIPMQJphd5XlQqTl1ZyZ72bhzUyNzNYPKl9ePeRpChFxSrXuuk6CfUYWCS8jLXqohoXxMh9AzNqIhaD+b7Z7bJ4NY2TgCe/b+nc1oqPU0ZCYTUhzpRVYM/2WMxbJviFcgxrKFDXBw6WciSlKEiJuYYYNU2hjbRUF2XyjgKKfGUK6EucHmI6ooR1Nj2ZTjLlaxbNpnddepu3fntcb1vKYSOSLH5JS45II0yC1pkhbhZEKeyDN5sR6tV+vNev+JrljzP4fkj6yPb3epnsw=</latexit><latexit sha1_base64="YauK32pRmvHeyoeK6HH6hgWtJyI=">AAACE3icbZC7TsMwFIYdrqXcShlZIiokpipBSDAWWBiLRC9SE0W2e9padS6yT1CrKI/BygrvwIZYeQBegafAKR2g5Z9+n++3dM7PEik0Os6ntbK6tr6xWdoqb+/s7u1XDqptHaeKQ4vHMlZdRjVIEUELBUroJgpoyCR02Pim4J0HUFrE0T1OE/BDOozEQHCKZhRUqt6IYkbzIPMQJphd5XlQqTl1ZyZ72bhzUyNzNYPKl9ePeRpChFxSrXuuk6CfUYWCS8jLXqohoXxMh9AzNqIhaD+b7Z7bJ4NY2TgCe/b+nc1oqPU0ZCYTUhzpRVYM/2WMxbJviFcgxrKFDXBw6WciSlKEiJuYYYNU2hjbRUF2XyjgKKfGUK6EucHmI6ooR1Nj2ZTjLlaxbNpnddepu3fntcb1vKYSOSLH5JS45II0yC1pkhbhZEKeyDN5sR6tV+vNev+JrljzP4fkj6yPb3epnsw=</latexit><latexit sha1_base64="YauK32pRmvHeyoeK6HH6hgWtJyI=">AAACE3icbZC7TsMwFIYdrqXcShlZIiokpipBSDAWWBiLRC9SE0W2e9padS6yT1CrKI/BygrvwIZYeQBegafAKR2g5Z9+n++3dM7PEik0Os6ntbK6tr6xWdoqb+/s7u1XDqptHaeKQ4vHMlZdRjVIEUELBUroJgpoyCR02Pim4J0HUFrE0T1OE/BDOozEQHCKZhRUqt6IYkbzIPMQJphd5XlQqTl1ZyZ72bhzUyNzNYPKl9ePeRpChFxSrXuuk6CfUYWCS8jLXqohoXxMh9AzNqIhaD+b7Z7bJ4NY2TgCe/b+nc1oqPU0ZCYTUhzpRVYM/2WMxbJviFcgxrKFDXBw6WciSlKEiJuYYYNU2hjbRUF2XyjgKKfGUK6EucHmI6ooR1Nj2ZTjLlaxbNpnddepu3fntcb1vKYSOSLH5JS45II0yC1pkhbhZEKeyDN5sR6tV+vNev+JrljzP4fkj6yPb3epnsw=</latexit>

b̂↵1
<latexit sha1_base64="0lKjVYQUfFFTcDuwXQLAg1k3d+8=">AAACFXicbZC7TsMwFIYdrqXcwmVjiaiQmKoEIcFYwcJYJHqRmig6dt3GqnOR7SAVK8/BygrvwIZYmXkFngKnZICWf/p9vt/SOT/OOJPKdT+tpeWV1bX12kZ9c2t7Z9fe2+/KNBeEdkjKU9HHIClnCe0opjjtZ4JCjDnt4cl1yXv3VEiWJndqmtEghnHCRoyAMqPQPvQjUBoXofaBZxGE2iuK0G64TXcmZ9F4lWmgSu3Q/vKHKcljmijCQcqB52Yq0CAUI5wWdT+XNAMygTEdGJtATGWgZ9sXzskoFY6KqDN7/85qiKWcxthkYlCRnGfl8F+GccqHhvglwljPbaBGl4FmSZYrmhATM2yUc0elTlmRM2SCEsWnxgARzNzgkAgEEGWKrJtyvPkqFk33rOm5Te/2vNG6qmqqoSN0jE6Rhy5QC92gNuoggh7QE3pGL9aj9Wq9We8/0SWr+nOA/sj6+Aa5xp9x</latexit><latexit sha1_base64="0lKjVYQUfFFTcDuwXQLAg1k3d+8=">AAACFXicbZC7TsMwFIYdrqXcwmVjiaiQmKoEIcFYwcJYJHqRmig6dt3GqnOR7SAVK8/BygrvwIZYmXkFngKnZICWf/p9vt/SOT/OOJPKdT+tpeWV1bX12kZ9c2t7Z9fe2+/KNBeEdkjKU9HHIClnCe0opjjtZ4JCjDnt4cl1yXv3VEiWJndqmtEghnHCRoyAMqPQPvQjUBoXofaBZxGE2iuK0G64TXcmZ9F4lWmgSu3Q/vKHKcljmijCQcqB52Yq0CAUI5wWdT+XNAMygTEdGJtATGWgZ9sXzskoFY6KqDN7/85qiKWcxthkYlCRnGfl8F+GccqHhvglwljPbaBGl4FmSZYrmhATM2yUc0elTlmRM2SCEsWnxgARzNzgkAgEEGWKrJtyvPkqFk33rOm5Te/2vNG6qmqqoSN0jE6Rhy5QC92gNuoggh7QE3pGL9aj9Wq9We8/0SWr+nOA/sj6+Aa5xp9x</latexit><latexit sha1_base64="0lKjVYQUfFFTcDuwXQLAg1k3d+8=">AAACFXicbZC7TsMwFIYdrqXcwmVjiaiQmKoEIcFYwcJYJHqRmig6dt3GqnOR7SAVK8/BygrvwIZYmXkFngKnZICWf/p9vt/SOT/OOJPKdT+tpeWV1bX12kZ9c2t7Z9fe2+/KNBeEdkjKU9HHIClnCe0opjjtZ4JCjDnt4cl1yXv3VEiWJndqmtEghnHCRoyAMqPQPvQjUBoXofaBZxGE2iuK0G64TXcmZ9F4lWmgSu3Q/vKHKcljmijCQcqB52Yq0CAUI5wWdT+XNAMygTEdGJtATGWgZ9sXzskoFY6KqDN7/85qiKWcxthkYlCRnGfl8F+GccqHhvglwljPbaBGl4FmSZYrmhATM2yUc0elTlmRM2SCEsWnxgARzNzgkAgEEGWKrJtyvPkqFk33rOm5Te/2vNG6qmqqoSN0jE6Rhy5QC92gNuoggh7QE3pGL9aj9Wq9We8/0SWr+nOA/sj6+Aa5xp9x</latexit><latexit sha1_base64="0lKjVYQUfFFTcDuwXQLAg1k3d+8=">AAACFXicbZC7TsMwFIYdrqXcwmVjiaiQmKoEIcFYwcJYJHqRmig6dt3GqnOR7SAVK8/BygrvwIZYmXkFngKnZICWf/p9vt/SOT/OOJPKdT+tpeWV1bX12kZ9c2t7Z9fe2+/KNBeEdkjKU9HHIClnCe0opjjtZ4JCjDnt4cl1yXv3VEiWJndqmtEghnHCRoyAMqPQPvQjUBoXofaBZxGE2iuK0G64TXcmZ9F4lWmgSu3Q/vKHKcljmijCQcqB52Yq0CAUI5wWdT+XNAMygTEdGJtATGWgZ9sXzskoFY6KqDN7/85qiKWcxthkYlCRnGfl8F+GccqHhvglwljPbaBGl4FmSZYrmhATM2yUc0elTlmRM2SCEsWnxgARzNzgkAgEEGWKrJtyvPkqFk33rOm5Te/2vNG6qmqqoSN0jE6Rhy5QC92gNuoggh7QE3pGL9aj9Wq9We8/0SWr+nOA/sj6+Aa5xp9x</latexit>

b̂↵2
<latexit sha1_base64="mTBslt5CKIgJf7tHeoQ1XDTe9ow=">AAACFXicbZC7TsMwFIadcivlFi4bS0SFxFQlFRKMFSyMRaIXqYmiY9dprDoX2Q5SifIcrKzwDmyIlZlX4ClwSgZo+aff5/stnfPjlDOpbPvTqK2srq1v1DcbW9s7u3vm/kFfJpkgtEcSnoghBkk5i2lPMcXpMBUUIszpAE+vSz64p0KyJL5Ts5R6EUxiFjACSo9888gNQeW48HMXeBqCn7eLwjebdsuey1o2TmWaqFLXN7/ccUKyiMaKcJBy5Nip8nIQihFOi4abSZoCmcKEjrSNIaLSy+fbF9ZpkAhLhdSav39nc4iknEVYZyJQoVxk5fBfhnHCx5q4JcI4X9hABZdezuI0UzQmOqZZkHFLJVZZkTVmghLFZ9oAEUzfYJEQBBCli2zocpzFKpZNv91y7JZze97sXFU11dExOkFnyEEXqINuUBf1EEEP6Ak9oxfj0Xg13oz3n2jNqP4coj8yPr4Bu2Sfcg==</latexit><latexit sha1_base64="mTBslt5CKIgJf7tHeoQ1XDTe9ow=">AAACFXicbZC7TsMwFIadcivlFi4bS0SFxFQlFRKMFSyMRaIXqYmiY9dprDoX2Q5SifIcrKzwDmyIlZlX4ClwSgZo+aff5/stnfPjlDOpbPvTqK2srq1v1DcbW9s7u3vm/kFfJpkgtEcSnoghBkk5i2lPMcXpMBUUIszpAE+vSz64p0KyJL5Ts5R6EUxiFjACSo9888gNQeW48HMXeBqCn7eLwjebdsuey1o2TmWaqFLXN7/ccUKyiMaKcJBy5Nip8nIQihFOi4abSZoCmcKEjrSNIaLSy+fbF9ZpkAhLhdSav39nc4iknEVYZyJQoVxk5fBfhnHCx5q4JcI4X9hABZdezuI0UzQmOqZZkHFLJVZZkTVmghLFZ9oAEUzfYJEQBBCli2zocpzFKpZNv91y7JZze97sXFU11dExOkFnyEEXqINuUBf1EEEP6Ak9oxfj0Xg13oz3n2jNqP4coj8yPr4Bu2Sfcg==</latexit><latexit sha1_base64="mTBslt5CKIgJf7tHeoQ1XDTe9ow=">AAACFXicbZC7TsMwFIadcivlFi4bS0SFxFQlFRKMFSyMRaIXqYmiY9dprDoX2Q5SifIcrKzwDmyIlZlX4ClwSgZo+aff5/stnfPjlDOpbPvTqK2srq1v1DcbW9s7u3vm/kFfJpkgtEcSnoghBkk5i2lPMcXpMBUUIszpAE+vSz64p0KyJL5Ts5R6EUxiFjACSo9888gNQeW48HMXeBqCn7eLwjebdsuey1o2TmWaqFLXN7/ccUKyiMaKcJBy5Nip8nIQihFOi4abSZoCmcKEjrSNIaLSy+fbF9ZpkAhLhdSav39nc4iknEVYZyJQoVxk5fBfhnHCx5q4JcI4X9hABZdezuI0UzQmOqZZkHFLJVZZkTVmghLFZ9oAEUzfYJEQBBCli2zocpzFKpZNv91y7JZze97sXFU11dExOkFnyEEXqINuUBf1EEEP6Ak9oxfj0Xg13oz3n2jNqP4coj8yPr4Bu2Sfcg==</latexit><latexit sha1_base64="mTBslt5CKIgJf7tHeoQ1XDTe9ow=">AAACFXicbZC7TsMwFIadcivlFi4bS0SFxFQlFRKMFSyMRaIXqYmiY9dprDoX2Q5SifIcrKzwDmyIlZlX4ClwSgZo+aff5/stnfPjlDOpbPvTqK2srq1v1DcbW9s7u3vm/kFfJpkgtEcSnoghBkk5i2lPMcXpMBUUIszpAE+vSz64p0KyJL5Ts5R6EUxiFjACSo9888gNQeW48HMXeBqCn7eLwjebdsuey1o2TmWaqFLXN7/ccUKyiMaKcJBy5Nip8nIQihFOi4abSZoCmcKEjrSNIaLSy+fbF9ZpkAhLhdSav39nc4iknEVYZyJQoVxk5fBfhnHCx5q4JcI4X9hABZdezuI0UzQmOqZZkHFLJVZZkTVmghLFZ9oAEUzfYJEQBBCli2zocpzFKpZNv91y7JZze97sXFU11dExOkFnyEEXqINuUBf1EEEP6Ak9oxfj0Xg13oz3n2jNqP4coj8yPr4Bu2Sfcg==</latexit>

I1
<latexit sha1_base64="nmwDJ01+F8ov0bxptiAB2soLapo=">AAACBHicbZC9TsMwFIVvyl8pfwVGlogKialKEBKMFSywFYm0ldqost3b1qoTR7aDVEVdWVnhHdgQK+/BK/AUOCUDtJzp+H7H0r2HJoJr43mfTmlldW19o7xZ2dre2d2r7h+0tEwVw4BJIVWHEo2CxxgYbgR2EoUkogLbdHKd8/YDKs1lfG+mCYYRGcV8yBkxdhTc9jN/1q/WvLo3l7ts/MLUoFCzX/3qDSRLI4wNE0Trru8lJsyIMpwJnFV6qcaEsAkZYdfamESow2y+7Mw9GUrlmjG68/fvbEYiracRtZmImLFeZPnwX0apFANLejmiNFvYwAwvw4zHSWowZjZm2TAVrpFu3og74AqZEVNrCFPc3uCyMVGEGdtbxZbjL1axbFpndd+r+3fntcZVUVMZjuAYTsGHC2jADTQhAAYcnuAZXpxH59V5c95/oiWn+HMIf+R8fAN/w5hH</latexit><latexit sha1_base64="nmwDJ01+F8ov0bxptiAB2soLapo=">AAACBHicbZC9TsMwFIVvyl8pfwVGlogKialKEBKMFSywFYm0ldqost3b1qoTR7aDVEVdWVnhHdgQK+/BK/AUOCUDtJzp+H7H0r2HJoJr43mfTmlldW19o7xZ2dre2d2r7h+0tEwVw4BJIVWHEo2CxxgYbgR2EoUkogLbdHKd8/YDKs1lfG+mCYYRGcV8yBkxdhTc9jN/1q/WvLo3l7ts/MLUoFCzX/3qDSRLI4wNE0Trru8lJsyIMpwJnFV6qcaEsAkZYdfamESow2y+7Mw9GUrlmjG68/fvbEYiracRtZmImLFeZPnwX0apFANLejmiNFvYwAwvw4zHSWowZjZm2TAVrpFu3og74AqZEVNrCFPc3uCyMVGEGdtbxZbjL1axbFpndd+r+3fntcZVUVMZjuAYTsGHC2jADTQhAAYcnuAZXpxH59V5c95/oiWn+HMIf+R8fAN/w5hH</latexit><latexit sha1_base64="nmwDJ01+F8ov0bxptiAB2soLapo=">AAACBHicbZC9TsMwFIVvyl8pfwVGlogKialKEBKMFSywFYm0ldqost3b1qoTR7aDVEVdWVnhHdgQK+/BK/AUOCUDtJzp+H7H0r2HJoJr43mfTmlldW19o7xZ2dre2d2r7h+0tEwVw4BJIVWHEo2CxxgYbgR2EoUkogLbdHKd8/YDKs1lfG+mCYYRGcV8yBkxdhTc9jN/1q/WvLo3l7ts/MLUoFCzX/3qDSRLI4wNE0Trru8lJsyIMpwJnFV6qcaEsAkZYdfamESow2y+7Mw9GUrlmjG68/fvbEYiracRtZmImLFeZPnwX0apFANLejmiNFvYwAwvw4zHSWowZjZm2TAVrpFu3og74AqZEVNrCFPc3uCyMVGEGdtbxZbjL1axbFpndd+r+3fntcZVUVMZjuAYTsGHC2jADTQhAAYcnuAZXpxH59V5c95/oiWn+HMIf+R8fAN/w5hH</latexit><latexit sha1_base64="nmwDJ01+F8ov0bxptiAB2soLapo=">AAACBHicbZC9TsMwFIVvyl8pfwVGlogKialKEBKMFSywFYm0ldqost3b1qoTR7aDVEVdWVnhHdgQK+/BK/AUOCUDtJzp+H7H0r2HJoJr43mfTmlldW19o7xZ2dre2d2r7h+0tEwVw4BJIVWHEo2CxxgYbgR2EoUkogLbdHKd8/YDKs1lfG+mCYYRGcV8yBkxdhTc9jN/1q/WvLo3l7ts/MLUoFCzX/3qDSRLI4wNE0Trru8lJsyIMpwJnFV6qcaEsAkZYdfamESow2y+7Mw9GUrlmjG68/fvbEYiracRtZmImLFeZPnwX0apFANLejmiNFvYwAwvw4zHSWowZjZm2TAVrpFu3og74AqZEVNrCFPc3uCyMVGEGdtbxZbjL1axbFpndd+r+3fntcZVUVMZjuAYTsGHC2jADTQhAAYcnuAZXpxH59V5c95/oiWn+HMIf+R8fAN/w5hH</latexit>

I2
<latexit sha1_base64="drAk0iH8+gPc8bwZyt9+uO0AVa8=">AAACBHicbZC9TsMwFIVv+C3lr8DIElEhMVVJhQRjBQtsRSJtpTaqbPe2terEke0gVVFXVlZ4BzbEynvwCjwFTskALWc6vt+xdO+hieDaeN6ns7K6tr6xWdoqb+/s7u1XDg5bWqaKYcCkkKpDiUbBYwwMNwI7iUISUYFtOrnOefsBleYyvjfTBMOIjGI+5IwYOwpu+1l91q9UvZo3l7ts/MJUoVCzX/nqDSRLI4wNE0Trru8lJsyIMpwJnJV7qcaEsAkZYdfamESow2y+7Mw9HUrlmjG68/fvbEYiracRtZmImLFeZPnwX0apFANLejmiNFvYwAwvw4zHSWowZjZm2TAVrpFu3og74AqZEVNrCFPc3uCyMVGEGdtb2ZbjL1axbFr1mu/V/LvzauOqqKkEx3ACZ+DDBTTgBpoQAAMOT/AML86j8+q8Oe8/0RWn+HMEf+R8fAOBYJhI</latexit><latexit sha1_base64="drAk0iH8+gPc8bwZyt9+uO0AVa8=">AAACBHicbZC9TsMwFIVv+C3lr8DIElEhMVVJhQRjBQtsRSJtpTaqbPe2terEke0gVVFXVlZ4BzbEynvwCjwFTskALWc6vt+xdO+hieDaeN6ns7K6tr6xWdoqb+/s7u1XDg5bWqaKYcCkkKpDiUbBYwwMNwI7iUISUYFtOrnOefsBleYyvjfTBMOIjGI+5IwYOwpu+1l91q9UvZo3l7ts/MJUoVCzX/nqDSRLI4wNE0Trru8lJsyIMpwJnJV7qcaEsAkZYdfamESow2y+7Mw9HUrlmjG68/fvbEYiracRtZmImLFeZPnwX0apFANLejmiNFvYwAwvw4zHSWowZjZm2TAVrpFu3og74AqZEVNrCFPc3uCyMVGEGdtb2ZbjL1axbFr1mu/V/LvzauOqqKkEx3ACZ+DDBTTgBpoQAAMOT/AML86j8+q8Oe8/0RWn+HMEf+R8fAOBYJhI</latexit><latexit sha1_base64="drAk0iH8+gPc8bwZyt9+uO0AVa8=">AAACBHicbZC9TsMwFIVv+C3lr8DIElEhMVVJhQRjBQtsRSJtpTaqbPe2terEke0gVVFXVlZ4BzbEynvwCjwFTskALWc6vt+xdO+hieDaeN6ns7K6tr6xWdoqb+/s7u1XDg5bWqaKYcCkkKpDiUbBYwwMNwI7iUISUYFtOrnOefsBleYyvjfTBMOIjGI+5IwYOwpu+1l91q9UvZo3l7ts/MJUoVCzX/nqDSRLI4wNE0Trru8lJsyIMpwJnJV7qcaEsAkZYdfamESow2y+7Mw9HUrlmjG68/fvbEYiracRtZmImLFeZPnwX0apFANLejmiNFvYwAwvw4zHSWowZjZm2TAVrpFu3og74AqZEVNrCFPc3uCyMVGEGdtb2ZbjL1axbFr1mu/V/LvzauOqqKkEx3ACZ+DDBTTgBpoQAAMOT/AML86j8+q8Oe8/0RWn+HMEf+R8fAOBYJhI</latexit><latexit sha1_base64="drAk0iH8+gPc8bwZyt9+uO0AVa8=">AAACBHicbZC9TsMwFIVv+C3lr8DIElEhMVVJhQRjBQtsRSJtpTaqbPe2terEke0gVVFXVlZ4BzbEynvwCjwFTskALWc6vt+xdO+hieDaeN6ns7K6tr6xWdoqb+/s7u1XDg5bWqaKYcCkkKpDiUbBYwwMNwI7iUISUYFtOrnOefsBleYyvjfTBMOIjGI+5IwYOwpu+1l91q9UvZo3l7ts/MJUoVCzX/nqDSRLI4wNE0Trru8lJsyIMpwJnJV7qcaEsAkZYdfamESow2y+7Mw9HUrlmjG68/fvbEYiracRtZmImLFeZPnwX0apFANLejmiNFvYwAwvw4zHSWowZjZm2TAVrpFu3og74AqZEVNrCFPc3uCyMVGEGdtb2ZbjL1axbFr1mu/V/LvzauOqqKkEx3ACZ+DDBTTgBpoQAAMOT/AML86j8+q8Oe8/0RWn+HMEf+R8fAOBYJhI</latexit>

d̂1
<latexit sha1_base64="xQzWSdXIa38qBxjKyin7AhHhwDc=">AAACCnicbZC9TsMwFIVvyl8pfwVGFosKialKEBKMlVgYi0R/pDaqbMdprDpxZDtIVZQ3YGWFd2BDrLwEr8BT4JQM0HKm4/sdS/cekgqujet+OrW19Y3Nrfp2Y2d3b/+geXjU1zJTlPWoFFINCdZM8IT1DDeCDVPFcEwEG5DZTckHD0xpLpN7M0+ZH+NpwkNOsbGj0TjCJg+KSe4Vk2bLbbsLoVXjVaYFlbqT5tc4kDSLWWKowFqPPDc1fo6V4VSwojHONEsxneEpG1mb4JhpP1+sXKCzUCpkIoYW79/ZHMdaz2NiMzE2kV5m5fBfRogUgSXjEhGSL21gwms/50maGZZQG7MszAQyEpW9oIArRo2YW4Op4vYGRCOsMDW2vYYtx1uuYtX0L9qe2/buLlsdt6qpDidwCufgwRV04Ba60AMKEp7gGV6cR+fVeXPef6I1p/pzDH/kfHwDuMSbHQ==</latexit><latexit sha1_base64="xQzWSdXIa38qBxjKyin7AhHhwDc=">AAACCnicbZC9TsMwFIVvyl8pfwVGFosKialKEBKMlVgYi0R/pDaqbMdprDpxZDtIVZQ3YGWFd2BDrLwEr8BT4JQM0HKm4/sdS/cekgqujet+OrW19Y3Nrfp2Y2d3b/+geXjU1zJTlPWoFFINCdZM8IT1DDeCDVPFcEwEG5DZTckHD0xpLpN7M0+ZH+NpwkNOsbGj0TjCJg+KSe4Vk2bLbbsLoVXjVaYFlbqT5tc4kDSLWWKowFqPPDc1fo6V4VSwojHONEsxneEpG1mb4JhpP1+sXKCzUCpkIoYW79/ZHMdaz2NiMzE2kV5m5fBfRogUgSXjEhGSL21gwms/50maGZZQG7MszAQyEpW9oIArRo2YW4Op4vYGRCOsMDW2vYYtx1uuYtX0L9qe2/buLlsdt6qpDidwCufgwRV04Ba60AMKEp7gGV6cR+fVeXPef6I1p/pzDH/kfHwDuMSbHQ==</latexit><latexit sha1_base64="xQzWSdXIa38qBxjKyin7AhHhwDc=">AAACCnicbZC9TsMwFIVvyl8pfwVGFosKialKEBKMlVgYi0R/pDaqbMdprDpxZDtIVZQ3YGWFd2BDrLwEr8BT4JQM0HKm4/sdS/cekgqujet+OrW19Y3Nrfp2Y2d3b/+geXjU1zJTlPWoFFINCdZM8IT1DDeCDVPFcEwEG5DZTckHD0xpLpN7M0+ZH+NpwkNOsbGj0TjCJg+KSe4Vk2bLbbsLoVXjVaYFlbqT5tc4kDSLWWKowFqPPDc1fo6V4VSwojHONEsxneEpG1mb4JhpP1+sXKCzUCpkIoYW79/ZHMdaz2NiMzE2kV5m5fBfRogUgSXjEhGSL21gwms/50maGZZQG7MszAQyEpW9oIArRo2YW4Op4vYGRCOsMDW2vYYtx1uuYtX0L9qe2/buLlsdt6qpDidwCufgwRV04Ba60AMKEp7gGV6cR+fVeXPef6I1p/pzDH/kfHwDuMSbHQ==</latexit><latexit sha1_base64="xQzWSdXIa38qBxjKyin7AhHhwDc=">AAACCnicbZC9TsMwFIVvyl8pfwVGFosKialKEBKMlVgYi0R/pDaqbMdprDpxZDtIVZQ3YGWFd2BDrLwEr8BT4JQM0HKm4/sdS/cekgqujet+OrW19Y3Nrfp2Y2d3b/+geXjU1zJTlPWoFFINCdZM8IT1DDeCDVPFcEwEG5DZTckHD0xpLpN7M0+ZH+NpwkNOsbGj0TjCJg+KSe4Vk2bLbbsLoVXjVaYFlbqT5tc4kDSLWWKowFqPPDc1fo6V4VSwojHONEsxneEpG1mb4JhpP1+sXKCzUCpkIoYW79/ZHMdaz2NiMzE2kV5m5fBfRogUgSXjEhGSL21gwms/50maGZZQG7MszAQyEpW9oIArRo2YW4Op4vYGRCOsMDW2vYYtx1uuYtX0L9qe2/buLlsdt6qpDidwCufgwRV04Ba60AMKEp7gGV6cR+fVeXPef6I1p/pzDH/kfHwDuMSbHQ==</latexit>

d̂2
<latexit sha1_base64="ExnvTxWPb1nOHYI7DKmo+e6LaW8=">AAACCnicbZC9TsMwFIVv+C3lr8DIYlEhMVVJhQRjJRbGItEfqY0q23Eaq04c2Q5SFeUNWFnhHdgQKy/BK/AUOCUDtJzp+H7H0r2HpIJr47qfztr6xubWdm2nvru3f3DYODrua5kpynpUCqmGBGsmeMJ6hhvBhqliOCaCDcjspuSDB6Y0l8m9mafMj/E04SGn2NjRaBxhkwfFJG8Xk0bTbbkLoVXjVaYJlbqTxtc4kDSLWWKowFqPPDc1fo6V4VSwoj7ONEsxneEpG1mb4JhpP1+sXKDzUCpkIoYW79/ZHMdaz2NiMzE2kV5m5fBfRogUgSXjEhGSL21gwms/50maGZZQG7MszAQyEpW9oIArRo2YW4Op4vYGRCOsMDW2vbotx1uuYtX02y3PbXl3l82OW9VUg1M4gwvw4Ao6cAtd6AEFCU/wDC/Oo/PqvDnvP9E1p/pzAn/kfHwDumGbHg==</latexit><latexit sha1_base64="ExnvTxWPb1nOHYI7DKmo+e6LaW8=">AAACCnicbZC9TsMwFIVv+C3lr8DIYlEhMVVJhQRjJRbGItEfqY0q23Eaq04c2Q5SFeUNWFnhHdgQKy/BK/AUOCUDtJzp+H7H0r2HpIJr47qfztr6xubWdm2nvru3f3DYODrua5kpynpUCqmGBGsmeMJ6hhvBhqliOCaCDcjspuSDB6Y0l8m9mafMj/E04SGn2NjRaBxhkwfFJG8Xk0bTbbkLoVXjVaYJlbqTxtc4kDSLWWKowFqPPDc1fo6V4VSwoj7ONEsxneEpG1mb4JhpP1+sXKDzUCpkIoYW79/ZHMdaz2NiMzE2kV5m5fBfRogUgSXjEhGSL21gwms/50maGZZQG7MszAQyEpW9oIArRo2YW4Op4vYGRCOsMDW2vbotx1uuYtX02y3PbXl3l82OW9VUg1M4gwvw4Ao6cAtd6AEFCU/wDC/Oo/PqvDnvP9E1p/pzAn/kfHwDumGbHg==</latexit><latexit sha1_base64="ExnvTxWPb1nOHYI7DKmo+e6LaW8=">AAACCnicbZC9TsMwFIVv+C3lr8DIYlEhMVVJhQRjJRbGItEfqY0q23Eaq04c2Q5SFeUNWFnhHdgQKy/BK/AUOCUDtJzp+H7H0r2HpIJr47qfztr6xubWdm2nvru3f3DYODrua5kpynpUCqmGBGsmeMJ6hhvBhqliOCaCDcjspuSDB6Y0l8m9mafMj/E04SGn2NjRaBxhkwfFJG8Xk0bTbbkLoVXjVaYJlbqTxtc4kDSLWWKowFqPPDc1fo6V4VSwoj7ONEsxneEpG1mb4JhpP1+sXKDzUCpkIoYW79/ZHMdaz2NiMzE2kV5m5fBfRogUgSXjEhGSL21gwms/50maGZZQG7MszAQyEpW9oIArRo2YW4Op4vYGRCOsMDW2vbotx1uuYtX02y3PbXl3l82OW9VUg1M4gwvw4Ao6cAtd6AEFCU/wDC/Oo/PqvDnvP9E1p/pzAn/kfHwDumGbHg==</latexit><latexit sha1_base64="ExnvTxWPb1nOHYI7DKmo+e6LaW8=">AAACCnicbZC9TsMwFIVv+C3lr8DIYlEhMVVJhQRjJRbGItEfqY0q23Eaq04c2Q5SFeUNWFnhHdgQKy/BK/AUOCUDtJzp+H7H0r2HpIJr47qfztr6xubWdm2nvru3f3DYODrua5kpynpUCqmGBGsmeMJ6hhvBhqliOCaCDcjspuSDB6Y0l8m9mafMj/E04SGn2NjRaBxhkwfFJG8Xk0bTbbkLoVXjVaYJlbqTxtc4kDSLWWKowFqPPDc1fo6V4VSwoj7ONEsxneEpG1mb4JhpP1+sXKDzUCpkIoYW79/ZHMdaz2NiMzE2kV5m5fBfRogUgSXjEhGSL21gwms/50maGZZQG7MszAQyEpW9oIArRo2YW4Op4vYGRCOsMDW2vbotx1uuYtX02y3PbXl3l82OW9VUg1M4gwvw4Ao6cAtd6AEFCU/wDC/Oo/PqvDnvP9E1p/pzAn/kfHwDumGbHg==</latexit>

ĉ2
<latexit sha1_base64="4Zxig3kZUkP24mM1MKzSeHyQOXA=">AAACCnicbZC9TsMwFIUdfkv5KzCyWFRITFVSIcFYiYWxSPRHaqLKdm8aq04c2Q5SFeUNWFnhHdgQKy/BK/AUOCUDtJzp+H7H0r2HpoJr47qfztr6xubWdm2nvru3f3DYODrua5kpBj0mhVRDSjQInkDPcCNgmCogMRUwoLObkg8eQGkuk3szTyGIyTThIWfE2NHIj4jJWTHO28W40XRb7kJ41XiVaaJK3XHjy59IlsWQGCaI1iPPTU2QE2U4E1DU/UxDStiMTGFkbUJi0EG+WLnA56FU2ESAF+/f2ZzEWs9jajMxMZFeZuXwX0apFBNL/BJRmi9tYMLrIOdJmhlImI1ZFmYCG4nLXvCEK2BGzK0hTHF7A2YRUYQZ217dluMtV7Fq+u2W57a8u8tmx61qqqFTdIYukIeuUAfdoi7qIYYkekLP6MV5dF6dN+f9J7rmVH9O0B85H9+4wJsd</latexit><latexit sha1_base64="4Zxig3kZUkP24mM1MKzSeHyQOXA=">AAACCnicbZC9TsMwFIUdfkv5KzCyWFRITFVSIcFYiYWxSPRHaqLKdm8aq04c2Q5SFeUNWFnhHdgQKy/BK/AUOCUDtJzp+H7H0r2HpoJr47qfztr6xubWdm2nvru3f3DYODrua5kpBj0mhVRDSjQInkDPcCNgmCogMRUwoLObkg8eQGkuk3szTyGIyTThIWfE2NHIj4jJWTHO28W40XRb7kJ41XiVaaJK3XHjy59IlsWQGCaI1iPPTU2QE2U4E1DU/UxDStiMTGFkbUJi0EG+WLnA56FU2ESAF+/f2ZzEWs9jajMxMZFeZuXwX0apFBNL/BJRmi9tYMLrIOdJmhlImI1ZFmYCG4nLXvCEK2BGzK0hTHF7A2YRUYQZ217dluMtV7Fq+u2W57a8u8tmx61qqqFTdIYukIeuUAfdoi7qIYYkekLP6MV5dF6dN+f9J7rmVH9O0B85H9+4wJsd</latexit><latexit sha1_base64="4Zxig3kZUkP24mM1MKzSeHyQOXA=">AAACCnicbZC9TsMwFIUdfkv5KzCyWFRITFVSIcFYiYWxSPRHaqLKdm8aq04c2Q5SFeUNWFnhHdgQKy/BK/AUOCUDtJzp+H7H0r2HpoJr47qfztr6xubWdm2nvru3f3DYODrua5kpBj0mhVRDSjQInkDPcCNgmCogMRUwoLObkg8eQGkuk3szTyGIyTThIWfE2NHIj4jJWTHO28W40XRb7kJ41XiVaaJK3XHjy59IlsWQGCaI1iPPTU2QE2U4E1DU/UxDStiMTGFkbUJi0EG+WLnA56FU2ESAF+/f2ZzEWs9jajMxMZFeZuXwX0apFBNL/BJRmi9tYMLrIOdJmhlImI1ZFmYCG4nLXvCEK2BGzK0hTHF7A2YRUYQZ217dluMtV7Fq+u2W57a8u8tmx61qqqFTdIYukIeuUAfdoi7qIYYkekLP6MV5dF6dN+f9J7rmVH9O0B85H9+4wJsd</latexit><latexit sha1_base64="4Zxig3kZUkP24mM1MKzSeHyQOXA=">AAACCnicbZC9TsMwFIUdfkv5KzCyWFRITFVSIcFYiYWxSPRHaqLKdm8aq04c2Q5SFeUNWFnhHdgQKy/BK/AUOCUDtJzp+H7H0r2HpoJr47qfztr6xubWdm2nvru3f3DYODrua5kpBj0mhVRDSjQInkDPcCNgmCogMRUwoLObkg8eQGkuk3szTyGIyTThIWfE2NHIj4jJWTHO28W40XRb7kJ41XiVaaJK3XHjy59IlsWQGCaI1iPPTU2QE2U4E1DU/UxDStiMTGFkbUJi0EG+WLnA56FU2ESAF+/f2ZzEWs9jajMxMZFeZuXwX0apFBNL/BJRmi9tYMLrIOdJmhlImI1ZFmYCG4nLXvCEK2BGzK0hTHF7A2YRUYQZ217dluMtV7Fq+u2W57a8u8tmx61qqqFTdIYukIeuUAfdoi7qIYYkekLP6MV5dF6dN+f9J7rmVH9O0B85H9+4wJsd</latexit>

ĉ1
<latexit sha1_base64="sN6Ybf96tWwH3Ka925ydVjZcnVs=">AAACCnicbZC9TsMwFIWd8lfKX4GRxaJCYqoShARjJRbGItEfqYkq271prDpxZDtIVZQ3YGWFd2BDrLwEr8BT4JQM0HKm4/sdS/cemgqujet+OrW19Y3Nrfp2Y2d3b/+geXjU1zJTDHpMCqmGlGgQPIGe4UbAMFVAYipgQGc3JR88gNJcJvdmnkIQk2nCQ86IsaORHxGTs2Kce8W42XLb7kJ41XiVaaFK3XHzy59IlsWQGCaI1iPPTU2QE2U4E1A0/ExDStiMTGFkbUJi0EG+WLnAZ6FU2ESAF+/f2ZzEWs9jajMxMZFeZuXwX0apFBNL/BJRmi9tYMLrIOdJmhlImI1ZFmYCG4nLXvCEK2BGzK0hTHF7A2YRUYQZ217DluMtV7Fq+hdtz217d5etjlvVVEcn6BSdIw9doQ66RV3UQwxJ9ISe0Yvz6Lw6b877T7TmVH+O0R85H9+3I5sc</latexit><latexit sha1_base64="sN6Ybf96tWwH3Ka925ydVjZcnVs=">AAACCnicbZC9TsMwFIWd8lfKX4GRxaJCYqoShARjJRbGItEfqYkq271prDpxZDtIVZQ3YGWFd2BDrLwEr8BT4JQM0HKm4/sdS/cemgqujet+OrW19Y3Nrfp2Y2d3b/+geXjU1zJTDHpMCqmGlGgQPIGe4UbAMFVAYipgQGc3JR88gNJcJvdmnkIQk2nCQ86IsaORHxGTs2Kce8W42XLb7kJ41XiVaaFK3XHzy59IlsWQGCaI1iPPTU2QE2U4E1A0/ExDStiMTGFkbUJi0EG+WLnAZ6FU2ESAF+/f2ZzEWs9jajMxMZFeZuXwX0apFBNL/BJRmi9tYMLrIOdJmhlImI1ZFmYCG4nLXvCEK2BGzK0hTHF7A2YRUYQZ217DluMtV7Fq+hdtz217d5etjlvVVEcn6BSdIw9doQ66RV3UQwxJ9ISe0Yvz6Lw6b877T7TmVH+O0R85H9+3I5sc</latexit><latexit sha1_base64="sN6Ybf96tWwH3Ka925ydVjZcnVs=">AAACCnicbZC9TsMwFIWd8lfKX4GRxaJCYqoShARjJRbGItEfqYkq271prDpxZDtIVZQ3YGWFd2BDrLwEr8BT4JQM0HKm4/sdS/cemgqujet+OrW19Y3Nrfp2Y2d3b/+geXjU1zJTDHpMCqmGlGgQPIGe4UbAMFVAYipgQGc3JR88gNJcJvdmnkIQk2nCQ86IsaORHxGTs2Kce8W42XLb7kJ41XiVaaFK3XHzy59IlsWQGCaI1iPPTU2QE2U4E1A0/ExDStiMTGFkbUJi0EG+WLnAZ6FU2ESAF+/f2ZzEWs9jajMxMZFeZuXwX0apFBNL/BJRmi9tYMLrIOdJmhlImI1ZFmYCG4nLXvCEK2BGzK0hTHF7A2YRUYQZ217DluMtV7Fq+hdtz217d5etjlvVVEcn6BSdIw9doQ66RV3UQwxJ9ISe0Yvz6Lw6b877T7TmVH+O0R85H9+3I5sc</latexit><latexit sha1_base64="sN6Ybf96tWwH3Ka925ydVjZcnVs=">AAACCnicbZC9TsMwFIWd8lfKX4GRxaJCYqoShARjJRbGItEfqYkq271prDpxZDtIVZQ3YGWFd2BDrLwEr8BT4JQM0HKm4/sdS/cemgqujet+OrW19Y3Nrfp2Y2d3b/+geXjU1zJTDHpMCqmGlGgQPIGe4UbAMFVAYipgQGc3JR88gNJcJvdmnkIQk2nCQ86IsaORHxGTs2Kce8W42XLb7kJ41XiVaaFK3XHzy59IlsWQGCaI1iPPTU2QE2U4E1A0/ExDStiMTGFkbUJi0EG+WLnAZ6FU2ESAF+/f2ZzEWs9jajMxMZFeZuXwX0apFBNL/BJRmi9tYMLrIOdJmhlImI1ZFmYCG4nLXvCEK2BGzK0hTHF7A2YRUYQZ217DluMtV7Fq+hdtz217d5etjlvVVEcn6BSdIw9doQ66RV3UQwxJ9ISe0Yvz6Lw6b877T7TmVH+O0R85H9+3I5sc</latexit>

hĉ†
1ĉ1i

<latexit sha1_base64="ubdFMCEBtgRpsK1r4aV71V+EITc=">AAACL3icbZDLSsNAFIYn9VbrLerSTbAIrkoigi4LblxWsBdoajkzPU2HTi7MTIQS8ha+iFu3+g7iRtzqUziNWWjrWf3zf//AOT9NBFfadd+sysrq2vpGdbO2tb2zu2fvH3RUnEqGbRaLWPYoKBQ8wrbmWmAvkQghFdil06s5796jVDyObvUswUEIQcTHnIE21tBu+AKiQKA/AZ2x/C7zRxAEKPNh5uWlWUhZxIZ23W24xTjLwitFnZTTGtpf/ihmaYiRZgKU6ntuogcZSM2ZwLzmpwoTYFMIsG9kBCGqQVbclTsn41g6eoJO8f6dzSBUahZSkwlBT9Qim5v/MkpjMTLEnyNKs4UN9PhykPEoSTVGzMQMG6fC0bEzL88ZcYlMi5kRwCQ3NzhsAhKYNhXXTDneYhXLonPW8NyGd3Neb7plTVVyRI7JKfHIBWmSa9IibcLIA3kiz+TFerRerXfr4ydasco/h+TPWJ/fxGWq5w==</latexit><latexit sha1_base64="ubdFMCEBtgRpsK1r4aV71V+EITc=">AAACL3icbZDLSsNAFIYn9VbrLerSTbAIrkoigi4LblxWsBdoajkzPU2HTi7MTIQS8ha+iFu3+g7iRtzqUziNWWjrWf3zf//AOT9NBFfadd+sysrq2vpGdbO2tb2zu2fvH3RUnEqGbRaLWPYoKBQ8wrbmWmAvkQghFdil06s5796jVDyObvUswUEIQcTHnIE21tBu+AKiQKA/AZ2x/C7zRxAEKPNh5uWlWUhZxIZ23W24xTjLwitFnZTTGtpf/ihmaYiRZgKU6ntuogcZSM2ZwLzmpwoTYFMIsG9kBCGqQVbclTsn41g6eoJO8f6dzSBUahZSkwlBT9Qim5v/MkpjMTLEnyNKs4UN9PhykPEoSTVGzMQMG6fC0bEzL88ZcYlMi5kRwCQ3NzhsAhKYNhXXTDneYhXLonPW8NyGd3Neb7plTVVyRI7JKfHIBWmSa9IibcLIA3kiz+TFerRerXfr4ydasco/h+TPWJ/fxGWq5w==</latexit><latexit sha1_base64="ubdFMCEBtgRpsK1r4aV71V+EITc=">AAACL3icbZDLSsNAFIYn9VbrLerSTbAIrkoigi4LblxWsBdoajkzPU2HTi7MTIQS8ha+iFu3+g7iRtzqUziNWWjrWf3zf//AOT9NBFfadd+sysrq2vpGdbO2tb2zu2fvH3RUnEqGbRaLWPYoKBQ8wrbmWmAvkQghFdil06s5796jVDyObvUswUEIQcTHnIE21tBu+AKiQKA/AZ2x/C7zRxAEKPNh5uWlWUhZxIZ23W24xTjLwitFnZTTGtpf/ihmaYiRZgKU6ntuogcZSM2ZwLzmpwoTYFMIsG9kBCGqQVbclTsn41g6eoJO8f6dzSBUahZSkwlBT9Qim5v/MkpjMTLEnyNKs4UN9PhykPEoSTVGzMQMG6fC0bEzL88ZcYlMi5kRwCQ3NzhsAhKYNhXXTDneYhXLonPW8NyGd3Neb7plTVVyRI7JKfHIBWmSa9IibcLIA3kiz+TFerRerXfr4ydasco/h+TPWJ/fxGWq5w==</latexit><latexit sha1_base64="ubdFMCEBtgRpsK1r4aV71V+EITc=">AAACL3icbZDLSsNAFIYn9VbrLerSTbAIrkoigi4LblxWsBdoajkzPU2HTi7MTIQS8ha+iFu3+g7iRtzqUziNWWjrWf3zf//AOT9NBFfadd+sysrq2vpGdbO2tb2zu2fvH3RUnEqGbRaLWPYoKBQ8wrbmWmAvkQghFdil06s5796jVDyObvUswUEIQcTHnIE21tBu+AKiQKA/AZ2x/C7zRxAEKPNh5uWlWUhZxIZ23W24xTjLwitFnZTTGtpf/ihmaYiRZgKU6ntuogcZSM2ZwLzmpwoTYFMIsG9kBCGqQVbclTsn41g6eoJO8f6dzSBUahZSkwlBT9Qim5v/MkpjMTLEnyNKs4UN9PhykPEoSTVGzMQMG6fC0bEzL88ZcYlMi5kRwCQ3NzhsAhKYNhXXTDneYhXLonPW8NyGd3Neb7plTVVyRI7JKfHIBWmSa9IibcLIA3kiz+TFerRerXfr4ydasco/h+TPWJ/fxGWq5w==</latexit>

hĉ†
2ĉ2i

<latexit sha1_base64="wK3eTJ/of/HywZW76po6UIqqLa0=">AAACL3icbZDLSsNAFIYnXmu9RV26CRbBVUmKoMuCG5cV7AWaWs5MT9OhkwszE6GEvIUv4tatvoO4Ebf6FE5jFtp6Vv/83z9wzk8TwZV23TdrZXVtfWOzslXd3tnd27cPDjsqTiXDNotFLHsUFAoeYVtzLbCXSISQCuzS6dWcd+9RKh5Ht3qW4CCEIOJjzkAba2jXfQFRINCfgM5Yfpf5IwgClPkwa+SlWUhZxIZ2za27xTjLwitFjZTTGtpf/ihmaYiRZgKU6ntuogcZSM2ZwLzqpwoTYFMIsG9kBCGqQVbclTun41g6eoJO8f6dzSBUahZSkwlBT9Qim5v/MkpjMTLEnyNKs4UN9PhykPEoSTVGzMQMG6fC0bEzL88ZcYlMi5kRwCQ3NzhsAhKYNhVXTTneYhXLotOoe27duzmvNd2ypgo5JifkjHjkgjTJNWmRNmHkgTyRZ/JiPVqv1rv18RNdsco/R+TPWJ/fx7iq6Q==</latexit><latexit sha1_base64="wK3eTJ/of/HywZW76po6UIqqLa0=">AAACL3icbZDLSsNAFIYnXmu9RV26CRbBVUmKoMuCG5cV7AWaWs5MT9OhkwszE6GEvIUv4tatvoO4Ebf6FE5jFtp6Vv/83z9wzk8TwZV23TdrZXVtfWOzslXd3tnd27cPDjsqTiXDNotFLHsUFAoeYVtzLbCXSISQCuzS6dWcd+9RKh5Ht3qW4CCEIOJjzkAba2jXfQFRINCfgM5Yfpf5IwgClPkwa+SlWUhZxIZ2za27xTjLwitFjZTTGtpf/ihmaYiRZgKU6ntuogcZSM2ZwLzqpwoTYFMIsG9kBCGqQVbclTun41g6eoJO8f6dzSBUahZSkwlBT9Qim5v/MkpjMTLEnyNKs4UN9PhykPEoSTVGzMQMG6fC0bEzL88ZcYlMi5kRwCQ3NzhsAhKYNhVXTTneYhXLotOoe27duzmvNd2ypgo5JifkjHjkgjTJNWmRNmHkgTyRZ/JiPVqv1rv18RNdsco/R+TPWJ/fx7iq6Q==</latexit><latexit sha1_base64="wK3eTJ/of/HywZW76po6UIqqLa0=">AAACL3icbZDLSsNAFIYnXmu9RV26CRbBVUmKoMuCG5cV7AWaWs5MT9OhkwszE6GEvIUv4tatvoO4Ebf6FE5jFtp6Vv/83z9wzk8TwZV23TdrZXVtfWOzslXd3tnd27cPDjsqTiXDNotFLHsUFAoeYVtzLbCXSISQCuzS6dWcd+9RKh5Ht3qW4CCEIOJjzkAba2jXfQFRINCfgM5Yfpf5IwgClPkwa+SlWUhZxIZ2za27xTjLwitFjZTTGtpf/ihmaYiRZgKU6ntuogcZSM2ZwLzqpwoTYFMIsG9kBCGqQVbclTun41g6eoJO8f6dzSBUahZSkwlBT9Qim5v/MkpjMTLEnyNKs4UN9PhykPEoSTVGzMQMG6fC0bEzL88ZcYlMi5kRwCQ3NzhsAhKYNhVXTTneYhXLotOoe27duzmvNd2ypgo5JifkjHjkgjTJNWmRNmHkgTyRZ/JiPVqv1rv18RNdsco/R+TPWJ/fx7iq6Q==</latexit><latexit sha1_base64="wK3eTJ/of/HywZW76po6UIqqLa0=">AAACL3icbZDLSsNAFIYnXmu9RV26CRbBVUmKoMuCG5cV7AWaWs5MT9OhkwszE6GEvIUv4tatvoO4Ebf6FE5jFtp6Vv/83z9wzk8TwZV23TdrZXVtfWOzslXd3tnd27cPDjsqTiXDNotFLHsUFAoeYVtzLbCXSISQCuzS6dWcd+9RKh5Ht3qW4CCEIOJjzkAba2jXfQFRINCfgM5Yfpf5IwgClPkwa+SlWUhZxIZ2za27xTjLwitFjZTTGtpf/ihmaYiRZgKU6ntuogcZSM2ZwLzqpwoTYFMIsG9kBCGqQVbclTun41g6eoJO8f6dzSBUahZSkwlBT9Qim5v/MkpjMTLEnyNKs4UN9PhykPEoSTVGzMQMG6fC0bEzL88ZcYlMi5kRwCQ3NzhsAhKYNhVXTTneYhXLotOoe27duzmvNd2ypgo5JifkjHjkgjTJNWmRNmHkgTyRZ/JiPVqv1rv18RNdsco/R+TPWJ/fx7iq6Q==</latexit>

hd̂†
2d̂2i

<latexit sha1_base64="8iu13Kaq54p4Vnzrb2dMoeBTNHE=">AAACL3icbZDLSsNAFIYnXmu9VV26CRbBVUmKoMuCG5cV7AWaWs5MTtOhkwszE6GEvIUv4tatvoO4Ebf6FE5jFtp6Vv/83z9wzk8TwZV2nDdrZXVtfWOzslXd3tnd268dHHZVnEqGHRaLWPYpKBQ8wo7mWmA/kQghFdij06s5792jVDyObvUswWEIQcTHnIE21qjW8AREgUBvAjrz87vM8yEIUOajrJmXZiFlERvV6k7DKcZeFm4p6qSc9qj25fkxS0OMNBOg1MB1Ej3MQGrOBOZVL1WYAJtCgAMjIwhRDbPirtw+HcfS1hO0i/fvbAahUrOQmkwIeqIW2dz8l1EaC98Qb44ozRY20OPLYcajJNUYMRMzbJwKW8f2vDzb5xKZFjMjgElubrDZBCQwbSqumnLcxSqWRbfZcJ2Ge3NebzllTRVyTE7IGXHJBWmRa9ImHcLIA3kiz+TFerRerXfr4ye6YpV/jsifsT6/Acsdqus=</latexit><latexit sha1_base64="8iu13Kaq54p4Vnzrb2dMoeBTNHE=">AAACL3icbZDLSsNAFIYnXmu9VV26CRbBVUmKoMuCG5cV7AWaWs5MTtOhkwszE6GEvIUv4tatvoO4Ebf6FE5jFtp6Vv/83z9wzk8TwZV2nDdrZXVtfWOzslXd3tnd268dHHZVnEqGHRaLWPYpKBQ8wo7mWmA/kQghFdij06s5792jVDyObvUswWEIQcTHnIE21qjW8AREgUBvAjrz87vM8yEIUOajrJmXZiFlERvV6k7DKcZeFm4p6qSc9qj25fkxS0OMNBOg1MB1Ej3MQGrOBOZVL1WYAJtCgAMjIwhRDbPirtw+HcfS1hO0i/fvbAahUrOQmkwIeqIW2dz8l1EaC98Qb44ozRY20OPLYcajJNUYMRMzbJwKW8f2vDzb5xKZFjMjgElubrDZBCQwbSqumnLcxSqWRbfZcJ2Ge3NebzllTRVyTE7IGXHJBWmRa9ImHcLIA3kiz+TFerRerXfr4ye6YpV/jsifsT6/Acsdqus=</latexit><latexit sha1_base64="8iu13Kaq54p4Vnzrb2dMoeBTNHE=">AAACL3icbZDLSsNAFIYnXmu9VV26CRbBVUmKoMuCG5cV7AWaWs5MTtOhkwszE6GEvIUv4tatvoO4Ebf6FE5jFtp6Vv/83z9wzk8TwZV2nDdrZXVtfWOzslXd3tnd268dHHZVnEqGHRaLWPYpKBQ8wo7mWmA/kQghFdij06s5792jVDyObvUswWEIQcTHnIE21qjW8AREgUBvAjrz87vM8yEIUOajrJmXZiFlERvV6k7DKcZeFm4p6qSc9qj25fkxS0OMNBOg1MB1Ej3MQGrOBOZVL1WYAJtCgAMjIwhRDbPirtw+HcfS1hO0i/fvbAahUrOQmkwIeqIW2dz8l1EaC98Qb44ozRY20OPLYcajJNUYMRMzbJwKW8f2vDzb5xKZFjMjgElubrDZBCQwbSqumnLcxSqWRbfZcJ2Ge3NebzllTRVyTE7IGXHJBWmRa9ImHcLIA3kiz+TFerRerXfr4ye6YpV/jsifsT6/Acsdqus=</latexit><latexit sha1_base64="8iu13Kaq54p4Vnzrb2dMoeBTNHE=">AAACL3icbZDLSsNAFIYnXmu9VV26CRbBVUmKoMuCG5cV7AWaWs5MTtOhkwszE6GEvIUv4tatvoO4Ebf6FE5jFtp6Vv/83z9wzk8TwZV2nDdrZXVtfWOzslXd3tnd268dHHZVnEqGHRaLWPYpKBQ8wo7mWmA/kQghFdij06s5792jVDyObvUswWEIQcTHnIE21qjW8AREgUBvAjrz87vM8yEIUOajrJmXZiFlERvV6k7DKcZeFm4p6qSc9qj25fkxS0OMNBOg1MB1Ej3MQGrOBOZVL1WYAJtCgAMjIwhRDbPirtw+HcfS1hO0i/fvbAahUrOQmkwIeqIW2dz8l1EaC98Qb44ozRY20OPLYcajJNUYMRMzbJwKW8f2vDzb5xKZFjMjgElubrDZBCQwbSqumnLcxSqWRbfZcJ2Ge3NebzllTRVyTE7IGXHJBWmRa9ImHcLIA3kiz+TFerRerXfr4ye6YpV/jsifsT6/Acsdqus=</latexit>
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Figure 21: Graphical representation of the experimental setup used for measuring
quadratures of quantum states. (a) Homodyne detection: a mode with annihilation
operator âρ is combined with a laser mode b̂α in a 50:50 beam splitter. The difference
between the photocurrents of the output modes, I, is proportional to a quadrature of the
target state ρ. (b) Heterodyne detection: a mode with annihilation operator âρ is combined
with an ancillary mode âA in a 50:50 beam splitter. Homodyne detection is applied on the
two output modes, each with a different laser mode. I1 and I2 each contain the information
about one of the quadratures of ρ, so knowing the quadratures of the ancillary state we can
measure both quadratures simultaneously.

In practice, homodyne detection is implemented using a 50:50 beam splitter,
where the state ρ whose quadrature we want to measure is combined with a laser in
a coherent state |α〉, with α = |α|eiϕ. This setup can be seen in Fig. 21 (a). At each
output of the beam splitter, the photocurrents are measured, and by subtracting one
from the other, we obtain [61]

I =
√

2|α|〈x̂ρ cosϕ+ p̂ρ sinϕ〉. (2.51)

Then, by setting the phase of the laser, we can measure either of the quadratures.
For heterodyne detection, we require an ancillary state, which is combined with the
target state in a 50:50 beam splitter, as shown in Fig. 21 (b). Then, homodyne
detection is applied on each of the output modes, using two coherent states, |α1〉 and
|α2〉; the resulting differences in photocurrents are

I1 = |α1|〈(x̂ρ + x̂A) cosϕ1 + (p̂ρ + p̂A) sinϕ1〉, (2.52)
I2 = |α2|〈(x̂A − x̂ρ) cosϕ2 + (p̂A − p̂ρ) sinϕ2〉. (2.53)

By setting ϕ1 = π/2 and ϕ2 = π, we obtain

I1 = |α1|〈p̂ρ + p̂A〉 ≡ |α1|〈p̂+〉, (2.54)
I2 = |α2|〈x̂ρ − x̂A〉 ≡ |α1|〈x̂−〉, (2.55)

such that [x̂−, p̂+] = 0. This means that these two quadratures can be measured
simultaneously, and previous knowledge of the quadratures of the ancillary state, we
can infer 〈x̂ρ〉 and 〈p̂ρ〉.
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2. GAUSSIAN STATES IN QUANTUM COMMUNICATION

As we have seen, a proper measurement not only can preserve the Gaussian
nature of the evolution, but also preserve the information contained in quantum
entanglement in the remaining state. This trait has been exploited by quantum
teleportation.

2.3 Quantum Teleportation with Gaussian States

Quantum teleportation is a quantum communication protocol that, in principle, al-
lows us to achieve perfect transfer of quantum information between two parties by
means of previously shared entanglement, combined with local operations and clas-
sical communication. The protocol was first proposed in 1993 by Bennett and col-
laborators [21], as a way to take advantage of an entangled resource for the task
of sending an unknown quantum state from one place to another, using discrete-
variable quantum states. The original idea was simple, yet powerful: assuming that
a maximally entangled, bipartite Bell state was shared between two parties (Alice
and Bob) prior to the start of the protocol, Alice, in possession of some unknown state
|ψ〉 = α |0〉 + eiβ

√
1− |α|2 |1〉 couples her part of the Bell state to |ψ〉 by means of

a Bell measurement, whose 2-bit output she communicates classically to Bob. Upon
receiving the message, Bob performs a conditional unitary on his part of the shared
Bell state, recovering |ψ〉 modulo a global phase in his location.

A year later, Vaidman extended the idea to the transmission of a CV state by
means of a perfectly correlated (singular) position-momentum EPR state shared by
Alice and Bob [84]. In 1998, Braunstein and Kimble [85] made this idea more realistic
by relaxing the correlation condition to more experimentally accessible states, such
as finitely squeezed states. Their protocol, known as the Braunstein-Kimble protocol,
was first realised in 1998 by A. Furusawa et al. in the optical domain [86]. Let us
review the protocol here for convenience.

Kimble and Braunstein derived an expression for fidelity between an unknown
state of a single-mode bosonic field and a teleported copy, when imperfect quantum
entanglement is shared between the two parties. A generalization to a broadband
version, where the modes have finite bandwidths, followed quite directly [58]. In the
Braunstein-Kimble protocol, Alice and Bob share a TMSV state, which enables them
to teleport the complete state of a single mode of the electromagnetic field, where two
orthogonal field quadratures play the role of position and momentum. Shortly after,
quantum teleportation of an unknown coherent state was demonstrated, showing an
average fidelity (see Eq. (2.60) below) F = 0.58±0.02 [86], which beat the maximum
classical fidelity of F = 0.5 for Gaussian states [58, 61, 66]. Other works followed,
where the Bell measurement of two orthogonal quadratures was replaced by the
photon-number difference and phase sum, and the question of an optimal quantum
teleportation protocol depending on the entangled resource was raised [87]. Subtrac-
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tion of single photons from two-mode squeezed states has been shown to enhance
the fidelity of teleportation [88, 89]. We review here the Braunstein-Kimble protocol,
replacing the Wigner function approach with its Fourier transform, the characteristic
function. This approach has also been followed, for example, in Refs. [90, 170].
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(xT, pA)
<latexit sha1_base64="wfBxrRj++pH5Dh2kAqUjfc+uqeY=">AAACHHicbZC7SgNBFIZnvcZ4i1qmWQxCBAm7ImgZtbGMkBskIcxMTpIhsxdmzkrCsoUvYmur72AntoKv4FM4GyNo4l/953z/wJyfhVJodJwPa2l5ZXVtPbOR3dza3tnN7e3XdRApDjUeyEA1GdUghQ81FCihGSqgHpPQYKPrlDfuQGkR+FWchNDx6MAXfcEpmlU3ly+Ou3EbYYxxNUlOwp/hMkmOu7mCU3KmsheNOzMFMlOlm/ts9wIeeeAjl1TrluuE2ImpQsElJNl2pCGkfEQH0DLWpx7oTjw9IrGP+oGycQj2dP6djamn9cRjJuNRHOp5li7/ZYwFsmdIO0WMxXM/wP5FJxZ+GCH43MQM60fSxsBOm7J7QgFHOTGGciXMDTYfUkU5mj6zphx3vopFUz8tuU7JvT0rlK9mNWVInhySInHJOSmTG1IhNcLJPXkkT+TZerBerFfr7Tu6ZM3eHJA/st6/AEEUol0=</latexit><latexit sha1_base64="wfBxrRj++pH5Dh2kAqUjfc+uqeY=">AAACHHicbZC7SgNBFIZnvcZ4i1qmWQxCBAm7ImgZtbGMkBskIcxMTpIhsxdmzkrCsoUvYmur72AntoKv4FM4GyNo4l/953z/wJyfhVJodJwPa2l5ZXVtPbOR3dza3tnN7e3XdRApDjUeyEA1GdUghQ81FCihGSqgHpPQYKPrlDfuQGkR+FWchNDx6MAXfcEpmlU3ly+Ou3EbYYxxNUlOwp/hMkmOu7mCU3KmsheNOzMFMlOlm/ts9wIeeeAjl1TrluuE2ImpQsElJNl2pCGkfEQH0DLWpx7oTjw9IrGP+oGycQj2dP6djamn9cRjJuNRHOp5li7/ZYwFsmdIO0WMxXM/wP5FJxZ+GCH43MQM60fSxsBOm7J7QgFHOTGGciXMDTYfUkU5mj6zphx3vopFUz8tuU7JvT0rlK9mNWVInhySInHJOSmTG1IhNcLJPXkkT+TZerBerFfr7Tu6ZM3eHJA/st6/AEEUol0=</latexit><latexit sha1_base64="wfBxrRj++pH5Dh2kAqUjfc+uqeY=">AAACHHicbZC7SgNBFIZnvcZ4i1qmWQxCBAm7ImgZtbGMkBskIcxMTpIhsxdmzkrCsoUvYmur72AntoKv4FM4GyNo4l/953z/wJyfhVJodJwPa2l5ZXVtPbOR3dza3tnN7e3XdRApDjUeyEA1GdUghQ81FCihGSqgHpPQYKPrlDfuQGkR+FWchNDx6MAXfcEpmlU3ly+Ou3EbYYxxNUlOwp/hMkmOu7mCU3KmsheNOzMFMlOlm/ts9wIeeeAjl1TrluuE2ImpQsElJNl2pCGkfEQH0DLWpx7oTjw9IrGP+oGycQj2dP6djamn9cRjJuNRHOp5li7/ZYwFsmdIO0WMxXM/wP5FJxZ+GCH43MQM60fSxsBOm7J7QgFHOTGGciXMDTYfUkU5mj6zphx3vopFUz8tuU7JvT0rlK9mNWVInhySInHJOSmTG1IhNcLJPXkkT+TZerBerFfr7Tu6ZM3eHJA/st6/AEEUol0=</latexit><latexit sha1_base64="wfBxrRj++pH5Dh2kAqUjfc+uqeY=">AAACHHicbZC7SgNBFIZnvcZ4i1qmWQxCBAm7ImgZtbGMkBskIcxMTpIhsxdmzkrCsoUvYmur72AntoKv4FM4GyNo4l/953z/wJyfhVJodJwPa2l5ZXVtPbOR3dza3tnN7e3XdRApDjUeyEA1GdUghQ81FCihGSqgHpPQYKPrlDfuQGkR+FWchNDx6MAXfcEpmlU3ly+Ou3EbYYxxNUlOwp/hMkmOu7mCU3KmsheNOzMFMlOlm/ts9wIeeeAjl1TrluuE2ImpQsElJNl2pCGkfEQH0DLWpx7oTjw9IrGP+oGycQj2dP6djamn9cRjJuNRHOp5li7/ZYwFsmdIO0WMxXM/wP5FJxZ+GCH43MQM60fSxsBOm7J7QgFHOTGGciXMDTYfUkU5mj6zphx3vopFUz8tuU7JvT0rlK9mNWVInhySInHJOSmTG1IhNcLJPXkkT+TZerBerFfr7Tu6ZM3eHJA/st6/AEEUol0=</latexit>

Homodyne
<latexit sha1_base64="OQAYhXTaXsPPV44qMwS4oeCfs70=">AAACEHicbZC9TsMwFIWd8lfKTwOMLBEVElOVICQYK1g6Fon+SG1U2e5ta9WJI/sGUUV9CVZWeAc2xMob8Ao8BW7JAC1nOr7fsXTvYYkUBn3/0ymsrW9sbhW3Szu7e/tl9+CwZVSqOTS5kkp3GDUgRQxNFCihk2igEZPQZpObOW/fgzZCxXc4TSCM6CgWQ8Ep2lHfLfcQHjCrq0gNpjHM+m7Fr/oLeasmyE2F5Gr03a/eQPE0ghi5pMZ0Az/BMKMaBZcwK/VSAwnlEzqCrrUxjcCE2WLxmXc6VNrDMXiL9+9sRiNjphGzmYji2Cyz+fBfxpiSA0t6c8RYtrQBDq/CTMRJihBzG7NsmEoPlTdvxxsIDRzl1BrKtbA3eHxMNeVoOyzZcoLlKlZN67wa+NXg9qJSu85rKpJjckLOSEAuSY3USYM0CScpeSLP5MV5dF6dN+f9J1pw8j9H5I+cj2/lnp1n</latexit><latexit sha1_base64="OQAYhXTaXsPPV44qMwS4oeCfs70=">AAACEHicbZC9TsMwFIWd8lfKTwOMLBEVElOVICQYK1g6Fon+SG1U2e5ta9WJI/sGUUV9CVZWeAc2xMob8Ao8BW7JAC1nOr7fsXTvYYkUBn3/0ymsrW9sbhW3Szu7e/tl9+CwZVSqOTS5kkp3GDUgRQxNFCihk2igEZPQZpObOW/fgzZCxXc4TSCM6CgWQ8Ep2lHfLfcQHjCrq0gNpjHM+m7Fr/oLeasmyE2F5Gr03a/eQPE0ghi5pMZ0Az/BMKMaBZcwK/VSAwnlEzqCrrUxjcCE2WLxmXc6VNrDMXiL9+9sRiNjphGzmYji2Cyz+fBfxpiSA0t6c8RYtrQBDq/CTMRJihBzG7NsmEoPlTdvxxsIDRzl1BrKtbA3eHxMNeVoOyzZcoLlKlZN67wa+NXg9qJSu85rKpJjckLOSEAuSY3USYM0CScpeSLP5MV5dF6dN+f9J1pw8j9H5I+cj2/lnp1n</latexit><latexit sha1_base64="OQAYhXTaXsPPV44qMwS4oeCfs70=">AAACEHicbZC9TsMwFIWd8lfKTwOMLBEVElOVICQYK1g6Fon+SG1U2e5ta9WJI/sGUUV9CVZWeAc2xMob8Ao8BW7JAC1nOr7fsXTvYYkUBn3/0ymsrW9sbhW3Szu7e/tl9+CwZVSqOTS5kkp3GDUgRQxNFCihk2igEZPQZpObOW/fgzZCxXc4TSCM6CgWQ8Ep2lHfLfcQHjCrq0gNpjHM+m7Fr/oLeasmyE2F5Gr03a/eQPE0ghi5pMZ0Az/BMKMaBZcwK/VSAwnlEzqCrrUxjcCE2WLxmXc6VNrDMXiL9+9sRiNjphGzmYji2Cyz+fBfxpiSA0t6c8RYtrQBDq/CTMRJihBzG7NsmEoPlTdvxxsIDRzl1BrKtbA3eHxMNeVoOyzZcoLlKlZN67wa+NXg9qJSu85rKpJjckLOSEAuSY3USYM0CScpeSLP5MV5dF6dN+f9J1pw8j9H5I+cj2/lnp1n</latexit><latexit sha1_base64="OQAYhXTaXsPPV44qMwS4oeCfs70=">AAACEHicbZC9TsMwFIWd8lfKTwOMLBEVElOVICQYK1g6Fon+SG1U2e5ta9WJI/sGUUV9CVZWeAc2xMob8Ao8BW7JAC1nOr7fsXTvYYkUBn3/0ymsrW9sbhW3Szu7e/tl9+CwZVSqOTS5kkp3GDUgRQxNFCihk2igEZPQZpObOW/fgzZCxXc4TSCM6CgWQ8Ep2lHfLfcQHjCrq0gNpjHM+m7Fr/oLeasmyE2F5Gr03a/eQPE0ghi5pMZ0Az/BMKMaBZcwK/VSAwnlEzqCrrUxjcCE2WLxmXc6VNrDMXiL9+9sRiNjphGzmYji2Cyz+fBfxpiSA0t6c8RYtrQBDq/CTMRJihBzG7NsmEoPlTdvxxsIDRzl1BrKtbA3eHxMNeVoOyzZcoLlKlZN67wa+NXg9qJSu85rKpJjckLOSEAuSY3USYM0CScpeSLP5MV5dF6dN+f9J1pw8j9H5I+cj2/lnp1n</latexit>

| iniT
<latexit sha1_base64="NmVg8jFzHIz28QpNSWvk5Haxq5k=">AAACBnicbVDNSsNAGNzUv1r/qh69BIvgqSQi6LHoxWOF/kFTymb7pV262YTdL2KJuevL6EnUmw/gC/g2bmsEbZ3T7MwsfDN+LLhGx/m0CkvLK6trxfXSxubW9k55d6+lo0QxaLJIRKrjUw2CS2giRwGdWAENfQFtf3w59ds3oDSPZAMnMfRCOpQ84Iyikfrlyp0Xa95PPYRbTLnMMk9RORTwIzWyzKScqjODvUjcnFRIjnq//OENIpaEIJEJqnXXdWLspVQhZwKykpdoiCkb0yF0DZU0BN1LZ2Uy+yiIlI0jsGfv39mUhlpPQt9kQoojPe9Nxf+8boLBec+UixMEyUzEeEEibIzs6Sb2gCtgKCaGUKa4udJmI6ooQ7NcydR358suktZJ1XWq7vVppXaRD1EkB+SQHBOXnJEauSJ10iSMPJAn8krerHvr0Xq2Xr6jBSv/s0/+wHr/AvNvmqI=</latexit><latexit sha1_base64="NmVg8jFzHIz28QpNSWvk5Haxq5k=">AAACBnicbVDNSsNAGNzUv1r/qh69BIvgqSQi6LHoxWOF/kFTymb7pV262YTdL2KJuevL6EnUmw/gC/g2bmsEbZ3T7MwsfDN+LLhGx/m0CkvLK6trxfXSxubW9k55d6+lo0QxaLJIRKrjUw2CS2giRwGdWAENfQFtf3w59ds3oDSPZAMnMfRCOpQ84Iyikfrlyp0Xa95PPYRbTLnMMk9RORTwIzWyzKScqjODvUjcnFRIjnq//OENIpaEIJEJqnXXdWLspVQhZwKykpdoiCkb0yF0DZU0BN1LZ2Uy+yiIlI0jsGfv39mUhlpPQt9kQoojPe9Nxf+8boLBec+UixMEyUzEeEEibIzs6Sb2gCtgKCaGUKa4udJmI6ooQ7NcydR358suktZJ1XWq7vVppXaRD1EkB+SQHBOXnJEauSJ10iSMPJAn8krerHvr0Xq2Xr6jBSv/s0/+wHr/AvNvmqI=</latexit><latexit sha1_base64="NmVg8jFzHIz28QpNSWvk5Haxq5k=">AAACBnicbVDNSsNAGNzUv1r/qh69BIvgqSQi6LHoxWOF/kFTymb7pV262YTdL2KJuevL6EnUmw/gC/g2bmsEbZ3T7MwsfDN+LLhGx/m0CkvLK6trxfXSxubW9k55d6+lo0QxaLJIRKrjUw2CS2giRwGdWAENfQFtf3w59ds3oDSPZAMnMfRCOpQ84Iyikfrlyp0Xa95PPYRbTLnMMk9RORTwIzWyzKScqjODvUjcnFRIjnq//OENIpaEIJEJqnXXdWLspVQhZwKykpdoiCkb0yF0DZU0BN1LZ2Uy+yiIlI0jsGfv39mUhlpPQt9kQoojPe9Nxf+8boLBec+UixMEyUzEeEEibIzs6Sb2gCtgKCaGUKa4udJmI6ooQ7NcydR358suktZJ1XWq7vVppXaRD1EkB+SQHBOXnJEauSJ10iSMPJAn8krerHvr0Xq2Xr6jBSv/s0/+wHr/AvNvmqI=</latexit><latexit sha1_base64="NmVg8jFzHIz28QpNSWvk5Haxq5k=">AAACBnicbVDNSsNAGNzUv1r/qh69BIvgqSQi6LHoxWOF/kFTymb7pV262YTdL2KJuevL6EnUmw/gC/g2bmsEbZ3T7MwsfDN+LLhGx/m0CkvLK6trxfXSxubW9k55d6+lo0QxaLJIRKrjUw2CS2giRwGdWAENfQFtf3w59ds3oDSPZAMnMfRCOpQ84Iyikfrlyp0Xa95PPYRbTLnMMk9RORTwIzWyzKScqjODvUjcnFRIjnq//OENIpaEIJEJqnXXdWLspVQhZwKykpdoiCkb0yF0DZU0BN1LZ2Uy+yiIlI0jsGfv39mUhlpPQt9kQoojPe9Nxf+8boLBec+UixMEyUzEeEEibIzs6Sb2gCtgKCaGUKa4udJmI6ooQ7NcydR358suktZJ1XWq7vVppXaRD1EkB+SQHBOXnJEauSJ10iSMPJAn8krerHvr0Xq2Xr6jBSv/s0/+wHr/AvNvmqI=</latexit>

⇠ =
xT + ipAp

2
<latexit sha1_base64="vw5Ao5/uJwKk3VTfLI7p7OnyjvM=">AAACMHicbZDLSgMxFIYzXmu9VV26GSyCINQZEXQjeNm4rGBVcEpJ0jM2mLmYnJGWkMfwRdy61XfQlbj1KUxrBa3+q/+c7w/k/CyXQmMQvHpj4xOTU9OlmfLs3PzCYmVp+VxnheLQ4JnM1CWjGqRIoYECJVzmCmjCJFywm+M+v7gDpUWWnmEvh2ZCr1MRC07RrVqVragr9qNYUW66LRMhdNGcWbsp8u/p0FprIn2r0Gxb26pUg1owkP/XhENTJUPVW5WPqJ3xIoEUuaRaX4VBjk1DFQouwZajQkNO+Q29hitnU5qAbprBYdZfjzPlYwf8wfwza2iidS9hLpNQ7OhR1l/+yxjLZNuRqI8YMyM/wHivaUSaFwgpdzHH4kL6mPn99vy2UMBR9pyhXAl3g8871LWHruOyKyccreKvOd+uhUEtPN2pHhwNayqRVbJGNkhIdskBOSF10iCc3JNH8kSevQfvxXvz3r+iY97wzQr5Je/jE3/0q+4=</latexit><latexit sha1_base64="vw5Ao5/uJwKk3VTfLI7p7OnyjvM=">AAACMHicbZDLSgMxFIYzXmu9VV26GSyCINQZEXQjeNm4rGBVcEpJ0jM2mLmYnJGWkMfwRdy61XfQlbj1KUxrBa3+q/+c7w/k/CyXQmMQvHpj4xOTU9OlmfLs3PzCYmVp+VxnheLQ4JnM1CWjGqRIoYECJVzmCmjCJFywm+M+v7gDpUWWnmEvh2ZCr1MRC07RrVqVragr9qNYUW66LRMhdNGcWbsp8u/p0FprIn2r0Gxb26pUg1owkP/XhENTJUPVW5WPqJ3xIoEUuaRaX4VBjk1DFQouwZajQkNO+Q29hitnU5qAbprBYdZfjzPlYwf8wfwza2iidS9hLpNQ7OhR1l/+yxjLZNuRqI8YMyM/wHivaUSaFwgpdzHH4kL6mPn99vy2UMBR9pyhXAl3g8871LWHruOyKyccreKvOd+uhUEtPN2pHhwNayqRVbJGNkhIdskBOSF10iCc3JNH8kSevQfvxXvz3r+iY97wzQr5Je/jE3/0q+4=</latexit><latexit sha1_base64="vw5Ao5/uJwKk3VTfLI7p7OnyjvM=">AAACMHicbZDLSgMxFIYzXmu9VV26GSyCINQZEXQjeNm4rGBVcEpJ0jM2mLmYnJGWkMfwRdy61XfQlbj1KUxrBa3+q/+c7w/k/CyXQmMQvHpj4xOTU9OlmfLs3PzCYmVp+VxnheLQ4JnM1CWjGqRIoYECJVzmCmjCJFywm+M+v7gDpUWWnmEvh2ZCr1MRC07RrVqVragr9qNYUW66LRMhdNGcWbsp8u/p0FprIn2r0Gxb26pUg1owkP/XhENTJUPVW5WPqJ3xIoEUuaRaX4VBjk1DFQouwZajQkNO+Q29hitnU5qAbprBYdZfjzPlYwf8wfwza2iidS9hLpNQ7OhR1l/+yxjLZNuRqI8YMyM/wHivaUSaFwgpdzHH4kL6mPn99vy2UMBR9pyhXAl3g8871LWHruOyKyccreKvOd+uhUEtPN2pHhwNayqRVbJGNkhIdskBOSF10iCc3JNH8kSevQfvxXvz3r+iY97wzQr5Je/jE3/0q+4=</latexit><latexit sha1_base64="vw5Ao5/uJwKk3VTfLI7p7OnyjvM=">AAACMHicbZDLSgMxFIYzXmu9VV26GSyCINQZEXQjeNm4rGBVcEpJ0jM2mLmYnJGWkMfwRdy61XfQlbj1KUxrBa3+q/+c7w/k/CyXQmMQvHpj4xOTU9OlmfLs3PzCYmVp+VxnheLQ4JnM1CWjGqRIoYECJVzmCmjCJFywm+M+v7gDpUWWnmEvh2ZCr1MRC07RrVqVragr9qNYUW66LRMhdNGcWbsp8u/p0FprIn2r0Gxb26pUg1owkP/XhENTJUPVW5WPqJ3xIoEUuaRaX4VBjk1DFQouwZajQkNO+Q29hitnU5qAbprBYdZfjzPlYwf8wfwza2iidS9hLpNQ7OhR1l/+yxjLZNuRqI8YMyM/wHivaUSaFwgpdzHH4kL6mPn99vy2UMBR9pyhXAl3g8871LWHruOyKyccreKvOd+uhUEtPN2pHhwNayqRVbJGNkhIdskBOSF10iCc3JNH8kSevQfvxXvz3r+iY97wzQr5Je/jE3/0q+4=</latexit>

⇢out
B

<latexit sha1_base64="ORSnS8MT8GbPdooKpbFzZYLIVWA=">AAACHXicbZC9TsMwFIWd8l/+AowwRFRITFWCkGCsysIIEoVKTals97a16sSRfYOooiy8CCsrvAMbYkW8Ak+BWzJAy5k+33Ms3XtYIoVB3/90SnPzC4tLyyvl1bX1jU13a/vaqFRzaHAllW4yakCKGBooUEIz0UAjJuGGDc/G/s0daCNUfIWjBNoR7ceiJzhFO+q4e6EeqE4WItxjVs/z2wJVinnecSt+1Z/Im4WggAopdNFxv8Ku4mkEMXJJjWkFfoLtjGoUXEJeDlMDCeVD2oeWxZhGYNrZ5IrcO+gp7eEAvMn7dzajkTGjiNlMRHFgpr3x8F+PMSW71gnHFmPZ1AbYO21nIk5ShJjbmPV6qfRQeeOqvK7QwFGOLFCuhb3B4wOqKUdbaNmWE0xXMQvXR9XArwaXx5VavahpmeySfXJIAnJCauScXJAG4eSBPJFn8uI8Oq/Om/P+Ey05xZ8d8kfOxzeCY6Or</latexit><latexit sha1_base64="ORSnS8MT8GbPdooKpbFzZYLIVWA=">AAACHXicbZC9TsMwFIWd8l/+AowwRFRITFWCkGCsysIIEoVKTals97a16sSRfYOooiy8CCsrvAMbYkW8Ak+BWzJAy5k+33Ms3XtYIoVB3/90SnPzC4tLyyvl1bX1jU13a/vaqFRzaHAllW4yakCKGBooUEIz0UAjJuGGDc/G/s0daCNUfIWjBNoR7ceiJzhFO+q4e6EeqE4WItxjVs/z2wJVinnecSt+1Z/Im4WggAopdNFxv8Ku4mkEMXJJjWkFfoLtjGoUXEJeDlMDCeVD2oeWxZhGYNrZ5IrcO+gp7eEAvMn7dzajkTGjiNlMRHFgpr3x8F+PMSW71gnHFmPZ1AbYO21nIk5ShJjbmPV6qfRQeeOqvK7QwFGOLFCuhb3B4wOqKUdbaNmWE0xXMQvXR9XArwaXx5VavahpmeySfXJIAnJCauScXJAG4eSBPJFn8uI8Oq/Om/P+Ey05xZ8d8kfOxzeCY6Or</latexit><latexit sha1_base64="ORSnS8MT8GbPdooKpbFzZYLIVWA=">AAACHXicbZC9TsMwFIWd8l/+AowwRFRITFWCkGCsysIIEoVKTals97a16sSRfYOooiy8CCsrvAMbYkW8Ak+BWzJAy5k+33Ms3XtYIoVB3/90SnPzC4tLyyvl1bX1jU13a/vaqFRzaHAllW4yakCKGBooUEIz0UAjJuGGDc/G/s0daCNUfIWjBNoR7ceiJzhFO+q4e6EeqE4WItxjVs/z2wJVinnecSt+1Z/Im4WggAopdNFxv8Ku4mkEMXJJjWkFfoLtjGoUXEJeDlMDCeVD2oeWxZhGYNrZ5IrcO+gp7eEAvMn7dzajkTGjiNlMRHFgpr3x8F+PMSW71gnHFmPZ1AbYO21nIk5ShJjbmPV6qfRQeeOqvK7QwFGOLFCuhb3B4wOqKUdbaNmWE0xXMQvXR9XArwaXx5VavahpmeySfXJIAnJCauScXJAG4eSBPJFn8uI8Oq/Om/P+Ey05xZ8d8kfOxzeCY6Or</latexit><latexit sha1_base64="ORSnS8MT8GbPdooKpbFzZYLIVWA=">AAACHXicbZC9TsMwFIWd8l/+AowwRFRITFWCkGCsysIIEoVKTals97a16sSRfYOooiy8CCsrvAMbYkW8Ak+BWzJAy5k+33Ms3XtYIoVB3/90SnPzC4tLyyvl1bX1jU13a/vaqFRzaHAllW4yakCKGBooUEIz0UAjJuGGDc/G/s0daCNUfIWjBNoR7ceiJzhFO+q4e6EeqE4WItxjVs/z2wJVinnecSt+1Z/Im4WggAopdNFxv8Ku4mkEMXJJjWkFfoLtjGoUXEJeDlMDCeVD2oeWxZhGYNrZ5IrcO+gp7eEAvMn7dzajkTGjiNlMRHFgpr3x8F+PMSW71gnHFmPZ1AbYO21nIk5ShJjbmPV6qfRQeeOqvK7QwFGOLFCuhb3B4wOqKUdbaNmWE0xXMQvXR9XArwaXx5VavahpmeySfXJIAnJCauScXJAG4eSBPJFn8uI8Oq/Om/P+Ey05xZ8d8kfOxzeCY6Or</latexit>

JPA
<latexit sha1_base64="wW1OjWvDpp0W2uZ8WGiZ05lBYLk=">AAAB63icbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjgQUxFYn+iDaqHPemtWo7kX2DqKI+BUwI2HgbXoC3wS0ZoOVMn+85lu65YSK4Qc/7cgpLyyura8X10sbm1vZOeXevaeJUM2iwWMS6HVIDgitoIEcB7UQDlaGAVji6mvqtB9CGx+oOxwkEkg4UjzijaEf3XYRHzG7qF5NeueJVvZncRfBzqJBc9V75s9uPWSpBIRPUmI7vJRhkVCNnAialbmogoWxEB9CxqKgEE2SzjSfuURRrF4fgzt6/sxmVxoxlaDOS4tDMe9Phf14nxeg8yLhKUgTFbMR6USpcjN1pcbfPNTAUYwuUaW63dNmQasrQnqdk6/vzZReheVL1vap/e1qpXeaHKJIDckiOiU/OSI1ckzppEEYUeSZv5N2RzpPz4rz+RAtO/mef/JHz8Q1tHo5n</latexit><latexit sha1_base64="wW1OjWvDpp0W2uZ8WGiZ05lBYLk=">AAAB63icbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjgQUxFYn+iDaqHPemtWo7kX2DqKI+BUwI2HgbXoC3wS0ZoOVMn+85lu65YSK4Qc/7cgpLyyura8X10sbm1vZOeXevaeJUM2iwWMS6HVIDgitoIEcB7UQDlaGAVji6mvqtB9CGx+oOxwkEkg4UjzijaEf3XYRHzG7qF5NeueJVvZncRfBzqJBc9V75s9uPWSpBIRPUmI7vJRhkVCNnAialbmogoWxEB9CxqKgEE2SzjSfuURRrF4fgzt6/sxmVxoxlaDOS4tDMe9Phf14nxeg8yLhKUgTFbMR6USpcjN1pcbfPNTAUYwuUaW63dNmQasrQnqdk6/vzZReheVL1vap/e1qpXeaHKJIDckiOiU/OSI1ckzppEEYUeSZv5N2RzpPz4rz+RAtO/mef/JHz8Q1tHo5n</latexit><latexit sha1_base64="wW1OjWvDpp0W2uZ8WGiZ05lBYLk=">AAAB63icbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjgQUxFYn+iDaqHPemtWo7kX2DqKI+BUwI2HgbXoC3wS0ZoOVMn+85lu65YSK4Qc/7cgpLyyura8X10sbm1vZOeXevaeJUM2iwWMS6HVIDgitoIEcB7UQDlaGAVji6mvqtB9CGx+oOxwkEkg4UjzijaEf3XYRHzG7qF5NeueJVvZncRfBzqJBc9V75s9uPWSpBIRPUmI7vJRhkVCNnAialbmogoWxEB9CxqKgEE2SzjSfuURRrF4fgzt6/sxmVxoxlaDOS4tDMe9Phf14nxeg8yLhKUgTFbMR6USpcjN1pcbfPNTAUYwuUaW63dNmQasrQnqdk6/vzZReheVL1vap/e1qpXeaHKJIDckiOiU/OSI1ckzppEEYUeSZv5N2RzpPz4rz+RAtO/mef/JHz8Q1tHo5n</latexit><latexit sha1_base64="wW1OjWvDpp0W2uZ8WGiZ05lBYLk=">AAAB63icbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjgQUxFYn+iDaqHPemtWo7kX2DqKI+BUwI2HgbXoC3wS0ZoOVMn+85lu65YSK4Qc/7cgpLyyura8X10sbm1vZOeXevaeJUM2iwWMS6HVIDgitoIEcB7UQDlaGAVji6mvqtB9CGx+oOxwkEkg4UjzijaEf3XYRHzG7qF5NeueJVvZncRfBzqJBc9V75s9uPWSpBIRPUmI7vJRhkVCNnAialbmogoWxEB9CxqKgEE2SzjSfuURRrF4fgzt6/sxmVxoxlaDOS4tDMe9Phf14nxeg8yLhKUgTFbMR6USpcjN1pcbfPNTAUYwuUaW63dNmQasrQnqdk6/vzZReheVL1vap/e1qpXeaHKJIDckiOiU/OSI1ckzppEEYUeSZv5N2RzpPz4rz+RAtO/mef/JHz8Q1tHo5n</latexit>

JPA
<latexit sha1_base64="wW1OjWvDpp0W2uZ8WGiZ05lBYLk=">AAAB63icbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjgQUxFYn+iDaqHPemtWo7kX2DqKI+BUwI2HgbXoC3wS0ZoOVMn+85lu65YSK4Qc/7cgpLyyura8X10sbm1vZOeXevaeJUM2iwWMS6HVIDgitoIEcB7UQDlaGAVji6mvqtB9CGx+oOxwkEkg4UjzijaEf3XYRHzG7qF5NeueJVvZncRfBzqJBc9V75s9uPWSpBIRPUmI7vJRhkVCNnAialbmogoWxEB9CxqKgEE2SzjSfuURRrF4fgzt6/sxmVxoxlaDOS4tDMe9Phf14nxeg8yLhKUgTFbMR6USpcjN1pcbfPNTAUYwuUaW63dNmQasrQnqdk6/vzZReheVL1vap/e1qpXeaHKJIDckiOiU/OSI1ckzppEEYUeSZv5N2RzpPz4rz+RAtO/mef/JHz8Q1tHo5n</latexit><latexit sha1_base64="wW1OjWvDpp0W2uZ8WGiZ05lBYLk=">AAAB63icbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjgQUxFYn+iDaqHPemtWo7kX2DqKI+BUwI2HgbXoC3wS0ZoOVMn+85lu65YSK4Qc/7cgpLyyura8X10sbm1vZOeXevaeJUM2iwWMS6HVIDgitoIEcB7UQDlaGAVji6mvqtB9CGx+oOxwkEkg4UjzijaEf3XYRHzG7qF5NeueJVvZncRfBzqJBc9V75s9uPWSpBIRPUmI7vJRhkVCNnAialbmogoWxEB9CxqKgEE2SzjSfuURRrF4fgzt6/sxmVxoxlaDOS4tDMe9Phf14nxeg8yLhKUgTFbMR6USpcjN1pcbfPNTAUYwuUaW63dNmQasrQnqdk6/vzZReheVL1vap/e1qpXeaHKJIDckiOiU/OSI1ckzppEEYUeSZv5N2RzpPz4rz+RAtO/mef/JHz8Q1tHo5n</latexit><latexit sha1_base64="wW1OjWvDpp0W2uZ8WGiZ05lBYLk=">AAAB63icbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjgQUxFYn+iDaqHPemtWo7kX2DqKI+BUwI2HgbXoC3wS0ZoOVMn+85lu65YSK4Qc/7cgpLyyura8X10sbm1vZOeXevaeJUM2iwWMS6HVIDgitoIEcB7UQDlaGAVji6mvqtB9CGx+oOxwkEkg4UjzijaEf3XYRHzG7qF5NeueJVvZncRfBzqJBc9V75s9uPWSpBIRPUmI7vJRhkVCNnAialbmogoWxEB9CxqKgEE2SzjSfuURRrF4fgzt6/sxmVxoxlaDOS4tDMe9Phf14nxeg8yLhKUgTFbMR6USpcjN1pcbfPNTAUYwuUaW63dNmQasrQnqdk6/vzZReheVL1vap/e1qpXeaHKJIDckiOiU/OSI1ckzppEEYUeSZv5N2RzpPz4rz+RAtO/mef/JHz8Q1tHo5n</latexit><latexit sha1_base64="wW1OjWvDpp0W2uZ8WGiZ05lBYLk=">AAAB63icbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjgQUxFYn+iDaqHPemtWo7kX2DqKI+BUwI2HgbXoC3wS0ZoOVMn+85lu65YSK4Qc/7cgpLyyura8X10sbm1vZOeXevaeJUM2iwWMS6HVIDgitoIEcB7UQDlaGAVji6mvqtB9CGx+oOxwkEkg4UjzijaEf3XYRHzG7qF5NeueJVvZncRfBzqJBc9V75s9uPWSpBIRPUmI7vJRhkVCNnAialbmogoWxEB9CxqKgEE2SzjSfuURRrF4fgzt6/sxmVxoxlaDOS4tDMe9Phf14nxeg8yLhKUgTFbMR6USpcjN1pcbfPNTAUYwuUaW63dNmQasrQnqdk6/vzZReheVL1vap/e1qpXeaHKJIDckiOiU/OSI1ckzppEEYUeSZv5N2RzpPz4rz+RAtO/mef/JHz8Q1tHo5n</latexit>

Alice
<latexit sha1_base64="w9IZ+2Duu1E1+BIdl++lyIm1owQ=">AAACC3icbZC7TgMxEEW9PEN4BShpLCIkqmgXIUEZoKEMEnlI2VVkO5PEivchexYRrfIJtLTwD3SIlo/gF/gKvGELSLjV9ZxraebyREmDrvvpLC2vrK6tlzbKm1vbO7uVvf2WiVMtoCliFesOZwaUjKCJEhV0Eg0s5ArafHyd8/Y9aCPj6A4nCQQhG0ZyIAVDO/J9hAfMLpUUMO1Vqm7NnYkuGq8wVVKo0at8+f1YpCFEKBQzpuu5CQYZ0yiFgmnZTw0kTIzZELrWRiwEE2Sznaf0eBBriiOgs/fvbMZCYyYht5mQ4cjMs3z4L+M8Vn1L/Bxxns1tgIOLIJNRkiJEwsYsG6SKYkzzYmhfahCoJtYwoaW9gYoR00ygra9sy/Hmq1g0rdOa59a827Nq/aqoqUQOyRE5IR45J3VyQxqkSQRJyBN5Ji/Oo/PqvDnvP9Elp/hzQP7I+fgGrFWbsw==</latexit><latexit sha1_base64="w9IZ+2Duu1E1+BIdl++lyIm1owQ=">AAACC3icbZC7TgMxEEW9PEN4BShpLCIkqmgXIUEZoKEMEnlI2VVkO5PEivchexYRrfIJtLTwD3SIlo/gF/gKvGELSLjV9ZxraebyREmDrvvpLC2vrK6tlzbKm1vbO7uVvf2WiVMtoCliFesOZwaUjKCJEhV0Eg0s5ArafHyd8/Y9aCPj6A4nCQQhG0ZyIAVDO/J9hAfMLpUUMO1Vqm7NnYkuGq8wVVKo0at8+f1YpCFEKBQzpuu5CQYZ0yiFgmnZTw0kTIzZELrWRiwEE2Sznaf0eBBriiOgs/fvbMZCYyYht5mQ4cjMs3z4L+M8Vn1L/Bxxns1tgIOLIJNRkiJEwsYsG6SKYkzzYmhfahCoJtYwoaW9gYoR00ygra9sy/Hmq1g0rdOa59a827Nq/aqoqUQOyRE5IR45J3VyQxqkSQRJyBN5Ji/Oo/PqvDnvP9Elp/hzQP7I+fgGrFWbsw==</latexit><latexit sha1_base64="w9IZ+2Duu1E1+BIdl++lyIm1owQ=">AAACC3icbZC7TgMxEEW9PEN4BShpLCIkqmgXIUEZoKEMEnlI2VVkO5PEivchexYRrfIJtLTwD3SIlo/gF/gKvGELSLjV9ZxraebyREmDrvvpLC2vrK6tlzbKm1vbO7uVvf2WiVMtoCliFesOZwaUjKCJEhV0Eg0s5ArafHyd8/Y9aCPj6A4nCQQhG0ZyIAVDO/J9hAfMLpUUMO1Vqm7NnYkuGq8wVVKo0at8+f1YpCFEKBQzpuu5CQYZ0yiFgmnZTw0kTIzZELrWRiwEE2Sznaf0eBBriiOgs/fvbMZCYyYht5mQ4cjMs3z4L+M8Vn1L/Bxxns1tgIOLIJNRkiJEwsYsG6SKYkzzYmhfahCoJtYwoaW9gYoR00ygra9sy/Hmq1g0rdOa59a827Nq/aqoqUQOyRE5IR45J3VyQxqkSQRJyBN5Ji/Oo/PqvDnvP9Elp/hzQP7I+fgGrFWbsw==</latexit><latexit sha1_base64="w9IZ+2Duu1E1+BIdl++lyIm1owQ=">AAACC3icbZC7TgMxEEW9PEN4BShpLCIkqmgXIUEZoKEMEnlI2VVkO5PEivchexYRrfIJtLTwD3SIlo/gF/gKvGELSLjV9ZxraebyREmDrvvpLC2vrK6tlzbKm1vbO7uVvf2WiVMtoCliFesOZwaUjKCJEhV0Eg0s5ArafHyd8/Y9aCPj6A4nCQQhG0ZyIAVDO/J9hAfMLpUUMO1Vqm7NnYkuGq8wVVKo0at8+f1YpCFEKBQzpuu5CQYZ0yiFgmnZTw0kTIzZELrWRiwEE2Sznaf0eBBriiOgs/fvbMZCYyYht5mQ4cjMs3z4L+M8Vn1L/Bxxns1tgIOLIJNRkiJEwsYsG6SKYkzzYmhfahCoJtYwoaW9gYoR00ygra9sy/Hmq1g0rdOa59a827Nq/aqoqUQOyRE5IR45J3VyQxqkSQRJyBN5Ji/Oo/PqvDnvP9Elp/hzQP7I+fgGrFWbsw==</latexit>

Bob
<latexit sha1_base64="8IHIDVuw0QrrhN/YP1ffum3tLsQ=">AAACCXicbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjVRbGItEf0UaV7d62Vp04sm8QVdQnYGWFd2BDrDwFr8BT4JQM0HKm4/sdS/ceFkth0PM+ncLK6tr6RnGztLW9s7tX3j9oGZVoDk2upNIdRg1IEUETBUroxBpoyCS02eQq4+170Eao6BanMQQhHUViKDhFO7rrITxgWlds1i9XvKo3l7ts/NxUSK5Gv/zVGyiehBAhl9SYru/FGKRUo+ASZqVeYiCmfEJH0LU2oiGYIJ1vPHNPhkq7OAZ3/v6dTWlozDRkNhNSHJtFlg3/ZYwpObCklyHG0oUNcHgZpCKKE4SI25hlw0S6qNysFncgNHCUU2so18Le4PIx1ZSjLa9ky/EXq1g2rbOq71X9m/NKrZ7XVCRH5JicEp9ckBq5Jg3SJJxE5Ik8kxfn0Xl13pz3n2jByf8ckj9yPr4BEuea1A==</latexit><latexit sha1_base64="8IHIDVuw0QrrhN/YP1ffum3tLsQ=">AAACCXicbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjVRbGItEf0UaV7d62Vp04sm8QVdQnYGWFd2BDrDwFr8BT4JQM0HKm4/sdS/ceFkth0PM+ncLK6tr6RnGztLW9s7tX3j9oGZVoDk2upNIdRg1IEUETBUroxBpoyCS02eQq4+170Eao6BanMQQhHUViKDhFO7rrITxgWlds1i9XvKo3l7ts/NxUSK5Gv/zVGyiehBAhl9SYru/FGKRUo+ASZqVeYiCmfEJH0LU2oiGYIJ1vPHNPhkq7OAZ3/v6dTWlozDRkNhNSHJtFlg3/ZYwpObCklyHG0oUNcHgZpCKKE4SI25hlw0S6qNysFncgNHCUU2so18Le4PIx1ZSjLa9ky/EXq1g2rbOq71X9m/NKrZ7XVCRH5JicEp9ckBq5Jg3SJJxE5Ik8kxfn0Xl13pz3n2jByf8ckj9yPr4BEuea1A==</latexit><latexit sha1_base64="8IHIDVuw0QrrhN/YP1ffum3tLsQ=">AAACCXicbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjVRbGItEf0UaV7d62Vp04sm8QVdQnYGWFd2BDrDwFr8BT4JQM0HKm4/sdS/ceFkth0PM+ncLK6tr6RnGztLW9s7tX3j9oGZVoDk2upNIdRg1IEUETBUroxBpoyCS02eQq4+170Eao6BanMQQhHUViKDhFO7rrITxgWlds1i9XvKo3l7ts/NxUSK5Gv/zVGyiehBAhl9SYru/FGKRUo+ASZqVeYiCmfEJH0LU2oiGYIJ1vPHNPhkq7OAZ3/v6dTWlozDRkNhNSHJtFlg3/ZYwpObCklyHG0oUNcHgZpCKKE4SI25hlw0S6qNysFncgNHCUU2so18Le4PIx1ZSjLa9ky/EXq1g2rbOq71X9m/NKrZ7XVCRH5JicEp9ckBq5Jg3SJJxE5Ik8kxfn0Xl13pz3n2jByf8ckj9yPr4BEuea1A==</latexit><latexit sha1_base64="8IHIDVuw0QrrhN/YP1ffum3tLsQ=">AAACCXicbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjVRbGItEf0UaV7d62Vp04sm8QVdQnYGWFd2BDrDwFr8BT4JQM0HKm4/sdS/ceFkth0PM+ncLK6tr6RnGztLW9s7tX3j9oGZVoDk2upNIdRg1IEUETBUroxBpoyCS02eQq4+170Eao6BanMQQhHUViKDhFO7rrITxgWlds1i9XvKo3l7ts/NxUSK5Gv/zVGyiehBAhl9SYru/FGKRUo+ASZqVeYiCmfEJH0LU2oiGYIJ1vPHNPhkq7OAZ3/v6dTWlozDRkNhNSHJtFlg3/ZYwpObCklyHG0oUNcHgZpCKKE4SI25hlw0S6qNysFncgNHCUU2so18Le4PIx1ZSjLa9ky/EXq1g2rbOq71X9m/NKrZ7XVCRH5JicEp9ckBq5Jg3SJJxE5Ik8kxfn0Xl13pz3n2jByf8ckj9yPr4BEuea1A==</latexit>

⇢th
A

<latexit sha1_base64="VJnqEoQ8jkcJ44qEtSnv7sT7DsQ=">AAACHHicbZC9TsMwFIUd/il/BcYuERUSU5UgJBj5WRiLRFskUiLbvSEWThzZN4gqysCLsLLCO7AhViRegafALRmgcKbP9xxL9x6WSWHQ8z6cqemZ2bn5hcXa0vLK6lp9faNrVK45dLiSSl8wakCKFDooUMJFpoEmTEKP3ZyM/N4taCNUeo7DDPoJvU5FJDhFOwrrjUDHKiwChDssjsryqkKMyzKsN72WN5b7F/wKmqRSO6x/BgPF8wRS5JIac+l7GfYLqlFwCWUtyA1klN/Qa7i0mNIETL8YH1G625HSLsbgjt8/swVNjBkmzGYSirGZ9EbDfz3GlBxYJxhZjBUTG2B00C9EmuUIKbcx60W5dFG5o6bcgdDAUQ4tUK6FvcHlMdWUo+2zZsvxJ6v4C93dlu+1/LO95uFxVdMCaZAtskN8sk8OySlpkw7h5J48kify7Dw4L86r8/YdnXKqP5vkl5z3L4gooyQ=</latexit><latexit sha1_base64="VJnqEoQ8jkcJ44qEtSnv7sT7DsQ=">AAACHHicbZC9TsMwFIUd/il/BcYuERUSU5UgJBj5WRiLRFskUiLbvSEWThzZN4gqysCLsLLCO7AhViRegafALRmgcKbP9xxL9x6WSWHQ8z6cqemZ2bn5hcXa0vLK6lp9faNrVK45dLiSSl8wakCKFDooUMJFpoEmTEKP3ZyM/N4taCNUeo7DDPoJvU5FJDhFOwrrjUDHKiwChDssjsryqkKMyzKsN72WN5b7F/wKmqRSO6x/BgPF8wRS5JIac+l7GfYLqlFwCWUtyA1klN/Qa7i0mNIETL8YH1G625HSLsbgjt8/swVNjBkmzGYSirGZ9EbDfz3GlBxYJxhZjBUTG2B00C9EmuUIKbcx60W5dFG5o6bcgdDAUQ4tUK6FvcHlMdWUo+2zZsvxJ6v4C93dlu+1/LO95uFxVdMCaZAtskN8sk8OySlpkw7h5J48kify7Dw4L86r8/YdnXKqP5vkl5z3L4gooyQ=</latexit><latexit sha1_base64="VJnqEoQ8jkcJ44qEtSnv7sT7DsQ=">AAACHHicbZC9TsMwFIUd/il/BcYuERUSU5UgJBj5WRiLRFskUiLbvSEWThzZN4gqysCLsLLCO7AhViRegafALRmgcKbP9xxL9x6WSWHQ8z6cqemZ2bn5hcXa0vLK6lp9faNrVK45dLiSSl8wakCKFDooUMJFpoEmTEKP3ZyM/N4taCNUeo7DDPoJvU5FJDhFOwrrjUDHKiwChDssjsryqkKMyzKsN72WN5b7F/wKmqRSO6x/BgPF8wRS5JIac+l7GfYLqlFwCWUtyA1klN/Qa7i0mNIETL8YH1G625HSLsbgjt8/swVNjBkmzGYSirGZ9EbDfz3GlBxYJxhZjBUTG2B00C9EmuUIKbcx60W5dFG5o6bcgdDAUQ4tUK6FvcHlMdWUo+2zZsvxJ6v4C93dlu+1/LO95uFxVdMCaZAtskN8sk8OySlpkw7h5J48kify7Dw4L86r8/YdnXKqP5vkl5z3L4gooyQ=</latexit><latexit sha1_base64="VJnqEoQ8jkcJ44qEtSnv7sT7DsQ=">AAACHHicbZC9TsMwFIUd/il/BcYuERUSU5UgJBj5WRiLRFskUiLbvSEWThzZN4gqysCLsLLCO7AhViRegafALRmgcKbP9xxL9x6WSWHQ8z6cqemZ2bn5hcXa0vLK6lp9faNrVK45dLiSSl8wakCKFDooUMJFpoEmTEKP3ZyM/N4taCNUeo7DDPoJvU5FJDhFOwrrjUDHKiwChDssjsryqkKMyzKsN72WN5b7F/wKmqRSO6x/BgPF8wRS5JIac+l7GfYLqlFwCWUtyA1klN/Qa7i0mNIETL8YH1G625HSLsbgjt8/swVNjBkmzGYSirGZ9EbDfz3GlBxYJxhZjBUTG2B00C9EmuUIKbcx60W5dFG5o6bcgdDAUQ4tUK6FvcHlMdWUo+2zZsvxJ6v4C93dlu+1/LO95uFxVdMCaZAtskN8sk8OySlpkw7h5J48kify7Dw4L86r8/YdnXKqP5vkl5z3L4gooyQ=</latexit>

⇢th
B
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Figure 22: Circuit representation of a CV microwave quantum teleportation pro-
tocol with Gaussian states. The entangled resource is harvested from two single-mode
squeezed thermal states, generated from identical JPAs, which are then combined on a bal-
anced beam splitter. Assuming this state is generated by Alice, one of the modes has to
be sent to Bob, represented here by the presence of antennae, in order for the two parties
to share the entangled resource. Following this, Alice combines the target state to be tele-
ported |ψin〉T with the mode of the entangled state she holds in a balanced beam splitter,
which is then subject to two homodyne detections, xT and pA. The measurement results
ξ are communicated to Bob, who applies a displacement D̂(ξ) on his part of the entangled
resource, resulting in the state ρoutB .

The protocol works as follows:

1. Alice uses a 50:50 beam splitter to couple her part of the resource state ρAB
with an incoming unknown state ρinT . The output Hilbert spaces of this beam
splitter are labeled A and T .
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2. Alice performs two homodyne detections, where each of the local oscillator
phases are set in order to measure photocurrents, whose differences are inte-
grated over some time, and proportional to quadratures x̂T = (x̂1 + x̂in)/

√
2

and p̂A = (p̂1− p̂in)/
√

2. She sends the outcomes (xT , pA) to Bob via a classical
communication channel.

3. Bob, upon reception of the signal (xT , pA), performs a displacement D̂(ξ) to
his part of ρAB , with ξ = (xT + ipA)/

√
2. The state at Bob’s location is now,

in average, closer to ρin than what it would be if no entanglement was present
in ρAB .

This protocol is depicted in Fig. 22, where we also sketch the sequence that leads
to an entangled resource shared through open air by Alice and Bob, which is then
consumed in the teleportation process. For simplicity, we define (xT , pA) = (x, p).
The conditional state that Bob has after knowing the outcomes of Alice’s homodyne
measurements is

ρB(x, p) = 1
PB(x, p) 〈Π(x, p)|ρinT ⊗ ρAB |Π(x, p)〉TA, (2.56)

with PB(x, p) = TrB〈Π(x, p)|ρin ⊗ ρAB |Π(x, p)〉TA and

|Π(x, p)〉TA = 1√
2π

∫
R

d yeipy |x+ y〉T |y〉A , (2.57)

which is an element of the maximally entangled basis corresponding to Alice’s Bell-
like measurement [170]. Now, this expectation value over the teleported (T ) and the
senders (A) modes is computed as

〈Π(x, p)|ρin ⊗ ρAB |Π(x, p)〉TA = 1
2π

∫ ∞
−∞

∫ ∞
−∞

d y d y′eip(y−y
′) ×

〈x+ y′|ρin|x+ y〉T 〈y′|ρAB |y〉A. (2.58)

Once we have computed ρB(x, p), we need to compute the outcoming state after
the receiver applies the displacements, and average over all possible measurement
outcomes

ρoutB =
∫ ∞
−∞

dx
∫ ∞
−∞

d pPB(x, p)D̂B (ξ) ρB(x, p)D̂†B (ξ) . (2.59)

As a measure of the quality of the protocol, one typically uses an overlap fidelity
F (ρin, ρout) = tr[ρinρout], which represents a simplified version of the Uhlmann fi-
delity

(
tr
[√√

ρinρout
√
ρin
])2 in the case when ρin is pure.

The figure of merit in quantum teleportation is the average fidelity, which refers
to the fact that we have averaged over all possible measurement outcomes,

F = tr
[
ρinT ρ

out
B

]
. (2.60)
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Sometimes it can be useful to have it written in terms of the CF [90]:

F = 1
π

∫
d2 βχinT (−β)χoutB (β), (2.61)

with the average over (x, p) having already been performed in ρoutB . Find the step-
by-step derivation in Appendix B.

If the resource state ρAB is a Gaussian state with the covariance matrix given in
Eq. (2.4), and the teleported state is a coherent state |α0〉〈α0|, the average fidelity
can be written as

F = 1√
det
[
12 + 1

2Γ
] , (2.62)

with Γ ≡ σzΣAσz + ΣB − σzεAB − εᵀABσz, and σz = diag(1,−1). Coherent states
are typically those chosen to be teleported due to the ease of their experimental
generation. In theory, the result of the average fidelity does not depend on the
displacement α0; therefore, it will suffice to use an unknown coherent state for a
demonstration of quantum teleportation. In experiments, however, the teleportation
fidelity may depend on α0.

It is also interesting to see the average fidelity of a process in which k teleportation
protocols are concatenated, i.e.,

F
(k) = 1√

det
[
12 +

(
k − 1

2
)

Γ)
] , (2.63)

assuming that, in each step, an entangled Gaussian resource with the covariance
matrix that characterizes Γ is used.

Consider a symmetric covariance matrix with ΣA = ΣB = α12 and εAB = γσz.
Then, we have Γ = 2(α− γ)12 and ν̃− = α− γ, which leads to

F = 1
1 + ν̃−

. (2.64)

It is easy to check the two following limits for the average teleportation fidelity of
an arbitrary coherent state: limν̃−→1 F = 1/2 and limν̃−→0 F = 1. The first limit
corresponds to using no entanglement (ν̃− ≥ 1), and is interpreted as the ‘classical
teleportation’ threshold, meaning that any approach giving an average fidelity of 0.5
or less does not demonstrate quantum teleportation. The second limit corresponds
to an idealized case of an infinite two-mode squeezing level (ν̃− = 0), i.e., an EPR
state, which realizes perfect quantum teleportation.

As we can see, the quantum teleportation fidelity is closely related with entan-
glement; therefore, the fidelity should increase with it, what is known as entangle-
ment distillation. Let us discuss different protocols for entanglement distillation with
Gaussian resources.
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2.4 Entanglement Distillation of Gaussian States

Entanglement distillation is a technique that aims at increasing entanglement in
quantum states by means of local operations and classical communication. Normally,
the goal is to convert many copies of a noisy entangled state into as many copies as
possible of a pure state with higher entanglement. This particular approach is often
referred to as entanglement purification, and in discrete-variable systems, the goal
is to obtain a certain form of a maximally-entangled state, or Bell state. In CV
systems, this is generally out of reach, since infinite entanglement requires infinite
energy for state generation.

Distillation of Gaussian entanglement is not possible with Gaussian operations [71,
171]. This implies that any Gaussian state, after entanglement distillation, will be-
come non Gaussian. This no-go theorem is partly a consequence of the fact that,
among all quantum states that share the same covariance matrix, the negativity
is minimized by Gaussian states [172]. On the other hand, it also may be a con-
sequence of the CV extension of the Gottesman-Knill theorem, which claims that
the application of Gaussian quantum operations on Gaussian quantum states, with
quadrature measurements is a process that can be simulated efficiently on a classi-
cal computer [173]. The latter has many implications; for example, it leads to the
unattainability of Gaussian quantum error correction [72].

Let us briefly review different techniques to distill entanglement. One of them is
noiseless linear amplification, a nondeterministic operation [174, 175] that requires
nonincreasing distinguishability of amplified states, as well as efficient photon count-
ing, which is where the nondeterministic part comes into play. The latter has recently
been achieved in the microwave regime [176]. At the core of noiseless linear amplifi-
cation lies a process based on the quantum scissors [177]; the gain of this procedure is
inversely proportional to the success probability, which also decreases as the number
of resources increases, making it very costly.

Another widely known protocol is Gaussian distillation, which is also nondeter-
ministic, but it requires only two initial copies of a state, as well as efficient photode-
tection. If the incoming entangled state is Gaussian then it is initially de-Gaussified
by combining two copies of said state with balanced beam splitters and keeping
the transmitted mode when any number of photons has been detected at the re-
flected modes [74]. Another possible de-Gaussification protocol applies an operation
V̂ = (1−ω)a†a+ωaa† [178] on a quantum state without requiring a copy. Gaussian
distillation begins when two copies of the resulting state are mixed by 50 : 50 beam
splitters and, if no photons are reflected, the operation is applied again [74, 75]. Pro-
vided that the initial states were entangled, this process leads to a non-Gaussian state
with higher entanglement. However, it is also costly in terms of the number of re-
sources, and it only produces a state that is Gaussian (and with higher entanglement)
in an infinite-application limit of the Gaussification channel.

We focus on another nondeterministic protocol, which does not require the stor-
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⌧
<latexit sha1_base64="5xK5EWHGxP547b3ZC9h2Aa+d8CY=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwV6gDWUyPWmGTi7MnAgl9BF0JerOF/IFfBuTmoW2/qtvzv8PnP94iZKGbPvLqqytb2xuVbdrO7t7+wf1w6OuiVMtsCNiFeu+xw0qGWGHJCnsJxp56CnsedPbwu89ojYyjh5olqAb8kkkfSk4FaMh8XRUb9hNeyG2Ck4JDSjVHtU/h+NYpCFGJBQ3ZuDYCbkZ1ySFwnltmBpMuJjyCQ5yjHiIxs0Wu87ZmR9rRgGyxft3NuOhMbPQyzMhp8Ase8XwP2+Qkn/tZjJKUsJI5JHc81PFKGZFZTaWGgWpWQ5caJlvyUTANReUH6aW13eWy65C96Lp2E3n/rLRuikPUYUTOIVzcOAKWnAHbeiAgACe4Q3erYn1ZL1Yrz/RilX+OYY/sj6+AQ8Hi90=</latexit><latexit sha1_base64="5xK5EWHGxP547b3ZC9h2Aa+d8CY=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwV6gDWUyPWmGTi7MnAgl9BF0JerOF/IFfBuTmoW2/qtvzv8PnP94iZKGbPvLqqytb2xuVbdrO7t7+wf1w6OuiVMtsCNiFeu+xw0qGWGHJCnsJxp56CnsedPbwu89ojYyjh5olqAb8kkkfSk4FaMh8XRUb9hNeyG2Ck4JDSjVHtU/h+NYpCFGJBQ3ZuDYCbkZ1ySFwnltmBpMuJjyCQ5yjHiIxs0Wu87ZmR9rRgGyxft3NuOhMbPQyzMhp8Ase8XwP2+Qkn/tZjJKUsJI5JHc81PFKGZFZTaWGgWpWQ5caJlvyUTANReUH6aW13eWy65C96Lp2E3n/rLRuikPUYUTOIVzcOAKWnAHbeiAgACe4Q3erYn1ZL1Yrz/RilX+OYY/sj6+AQ8Hi90=</latexit><latexit sha1_base64="5xK5EWHGxP547b3ZC9h2Aa+d8CY=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwV6gDWUyPWmGTi7MnAgl9BF0JerOF/IFfBuTmoW2/qtvzv8PnP94iZKGbPvLqqytb2xuVbdrO7t7+wf1w6OuiVMtsCNiFeu+xw0qGWGHJCnsJxp56CnsedPbwu89ojYyjh5olqAb8kkkfSk4FaMh8XRUb9hNeyG2Ck4JDSjVHtU/h+NYpCFGJBQ3ZuDYCbkZ1ySFwnltmBpMuJjyCQ5yjHiIxs0Wu87ZmR9rRgGyxft3NuOhMbPQyzMhp8Ase8XwP2+Qkn/tZjJKUsJI5JHc81PFKGZFZTaWGgWpWQ5caJlvyUTANReUH6aW13eWy65C96Lp2E3n/rLRuikPUYUTOIVzcOAKWnAHbeiAgACe4Q3erYn1ZL1Yrz/RilX+OYY/sj6+AQ8Hi90=</latexit><latexit sha1_base64="5xK5EWHGxP547b3ZC9h2Aa+d8CY=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwV6gDWUyPWmGTi7MnAgl9BF0JerOF/IFfBuTmoW2/qtvzv8PnP94iZKGbPvLqqytb2xuVbdrO7t7+wf1w6OuiVMtsCNiFeu+xw0qGWGHJCnsJxp56CnsedPbwu89ojYyjh5olqAb8kkkfSk4FaMh8XRUb9hNeyG2Ck4JDSjVHtU/h+NYpCFGJBQ3ZuDYCbkZ1ySFwnltmBpMuJjyCQ5yjHiIxs0Wu87ZmR9rRgGyxft3NuOhMbPQyzMhp8Ase8XwP2+Qkn/tZjJKUsJI5JHc81PFKGZFZTaWGgWpWQ5caJlvyUTANReUH6aW13eWy65C96Lp2E3n/rLRuikPUYUTOIVzcOAKWnAHbeiAgACe4Q3erYn1ZL1Yrz/RilX+OYY/sj6+AQ8Hi90=</latexit>

⌧
<latexit sha1_base64="5xK5EWHGxP547b3ZC9h2Aa+d8CY=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwV6gDWUyPWmGTi7MnAgl9BF0JerOF/IFfBuTmoW2/qtvzv8PnP94iZKGbPvLqqytb2xuVbdrO7t7+wf1w6OuiVMtsCNiFeu+xw0qGWGHJCnsJxp56CnsedPbwu89ojYyjh5olqAb8kkkfSk4FaMh8XRUb9hNeyG2Ck4JDSjVHtU/h+NYpCFGJBQ3ZuDYCbkZ1ySFwnltmBpMuJjyCQ5yjHiIxs0Wu87ZmR9rRgGyxft3NuOhMbPQyzMhp8Ase8XwP2+Qkn/tZjJKUsJI5JHc81PFKGZFZTaWGgWpWQ5caJlvyUTANReUH6aW13eWy65C96Lp2E3n/rLRuikPUYUTOIVzcOAKWnAHbeiAgACe4Q3erYn1ZL1Yrz/RilX+OYY/sj6+AQ8Hi90=</latexit><latexit sha1_base64="5xK5EWHGxP547b3ZC9h2Aa+d8CY=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwV6gDWUyPWmGTi7MnAgl9BF0JerOF/IFfBuTmoW2/qtvzv8PnP94iZKGbPvLqqytb2xuVbdrO7t7+wf1w6OuiVMtsCNiFeu+xw0qGWGHJCnsJxp56CnsedPbwu89ojYyjh5olqAb8kkkfSk4FaMh8XRUb9hNeyG2Ck4JDSjVHtU/h+NYpCFGJBQ3ZuDYCbkZ1ySFwnltmBpMuJjyCQ5yjHiIxs0Wu87ZmR9rRgGyxft3NuOhMbPQyzMhp8Ase8XwP2+Qkn/tZjJKUsJI5JHc81PFKGZFZTaWGgWpWQ5caJlvyUTANReUH6aW13eWy65C96Lp2E3n/rLRuikPUYUTOIVzcOAKWnAHbeiAgACe4Q3erYn1ZL1Yrz/RilX+OYY/sj6+AQ8Hi90=</latexit><latexit sha1_base64="5xK5EWHGxP547b3ZC9h2Aa+d8CY=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwV6gDWUyPWmGTi7MnAgl9BF0JerOF/IFfBuTmoW2/qtvzv8PnP94iZKGbPvLqqytb2xuVbdrO7t7+wf1w6OuiVMtsCNiFeu+xw0qGWGHJCnsJxp56CnsedPbwu89ojYyjh5olqAb8kkkfSk4FaMh8XRUb9hNeyG2Ck4JDSjVHtU/h+NYpCFGJBQ3ZuDYCbkZ1ySFwnltmBpMuJjyCQ5yjHiIxs0Wu87ZmR9rRgGyxft3NuOhMbPQyzMhp8Ase8XwP2+Qkn/tZjJKUsJI5JHc81PFKGZFZTaWGgWpWQ5caJlvyUTANReUH6aW13eWy65C96Lp2E3n/rLRuikPUYUTOIVzcOAKWnAHbeiAgACe4Q3erYn1ZL1Yrz/RilX+OYY/sj6+AQ8Hi90=</latexit><latexit sha1_base64="5xK5EWHGxP547b3ZC9h2Aa+d8CY=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCLosunFZwV6gDWUyPWmGTi7MnAgl9BF0JerOF/IFfBuTmoW2/qtvzv8PnP94iZKGbPvLqqytb2xuVbdrO7t7+wf1w6OuiVMtsCNiFeu+xw0qGWGHJCnsJxp56CnsedPbwu89ojYyjh5olqAb8kkkfSk4FaMh8XRUb9hNeyG2Ck4JDSjVHtU/h+NYpCFGJBQ3ZuDYCbkZ1ySFwnltmBpMuJjyCQ5yjHiIxs0Wu87ZmR9rRgGyxft3NuOhMbPQyzMhp8Ase8XwP2+Qkn/tZjJKUsJI5JHc81PFKGZFZTaWGgWpWQ5caJlvyUTANReUH6aW13eWy65C96Lp2E3n/rLRuikPUYUTOIVzcOAKWnAHbeiAgACe4Q3erYn1ZL1Yrz/RilX+OYY/sj6+AQ8Hi90=</latexit>

PS
<latexit sha1_base64="tJDY22VcVBAj6rfwLIUKeOcvEJI=">AAAB6nicbZDNTsJAFIVv/UX8Q126aSQmrkhrTHRJdOMSo/wYaMh0uMCEmbaZuTWShpfQlVF3Po4v4Ns4YBcKntU395xJ7rlhIoUhz/tylpZXVtfWCxvFza3tnd3S3n7DxKnmWOexjHUrZAaliLBOgiS2Eo1MhRKb4ehq6jcfUBsRR3c0TjBQbBCJvuCM7Oi+Q/hIWe120i2VvYo3k7sIfg5lyFXrlj47vZinCiPikhnT9r2EgoxpElzipNhJDSaMj9gA2xYjptAE2WzhiXvcj7VLQ3Rn79/ZjCljxiq0GcVoaOa96fA/r51S/yLIRJSkhBG3Eev1U+lS7E57uz2hkZMcW2BcC7uly4dMM072OkVb358vuwiN04rvVfybs3L1Mj9EAQ7hCE7Ah3OowjXUoA4cFDzDG7w70nlyXpzXn+iSk/85gD9yPr4B8SmOJQ==</latexit><latexit sha1_base64="tJDY22VcVBAj6rfwLIUKeOcvEJI=">AAAB6nicbZDNTsJAFIVv/UX8Q126aSQmrkhrTHRJdOMSo/wYaMh0uMCEmbaZuTWShpfQlVF3Po4v4Ns4YBcKntU395xJ7rlhIoUhz/tylpZXVtfWCxvFza3tnd3S3n7DxKnmWOexjHUrZAaliLBOgiS2Eo1MhRKb4ehq6jcfUBsRR3c0TjBQbBCJvuCM7Oi+Q/hIWe120i2VvYo3k7sIfg5lyFXrlj47vZinCiPikhnT9r2EgoxpElzipNhJDSaMj9gA2xYjptAE2WzhiXvcj7VLQ3Rn79/ZjCljxiq0GcVoaOa96fA/r51S/yLIRJSkhBG3Eev1U+lS7E57uz2hkZMcW2BcC7uly4dMM072OkVb358vuwiN04rvVfybs3L1Mj9EAQ7hCE7Ah3OowjXUoA4cFDzDG7w70nlyXpzXn+iSk/85gD9yPr4B8SmOJQ==</latexit><latexit sha1_base64="tJDY22VcVBAj6rfwLIUKeOcvEJI=">AAAB6nicbZDNTsJAFIVv/UX8Q126aSQmrkhrTHRJdOMSo/wYaMh0uMCEmbaZuTWShpfQlVF3Po4v4Ns4YBcKntU395xJ7rlhIoUhz/tylpZXVtfWCxvFza3tnd3S3n7DxKnmWOexjHUrZAaliLBOgiS2Eo1MhRKb4ehq6jcfUBsRR3c0TjBQbBCJvuCM7Oi+Q/hIWe120i2VvYo3k7sIfg5lyFXrlj47vZinCiPikhnT9r2EgoxpElzipNhJDSaMj9gA2xYjptAE2WzhiXvcj7VLQ3Rn79/ZjCljxiq0GcVoaOa96fA/r51S/yLIRJSkhBG3Eev1U+lS7E57uz2hkZMcW2BcC7uly4dMM072OkVb358vuwiN04rvVfybs3L1Mj9EAQ7hCE7Ah3OowjXUoA4cFDzDG7w70nlyXpzXn+iSk/85gD9yPr4B8SmOJQ==</latexit><latexit sha1_base64="tJDY22VcVBAj6rfwLIUKeOcvEJI=">AAAB6nicbZDNTsJAFIVv/UX8Q126aSQmrkhrTHRJdOMSo/wYaMh0uMCEmbaZuTWShpfQlVF3Po4v4Ns4YBcKntU395xJ7rlhIoUhz/tylpZXVtfWCxvFza3tnd3S3n7DxKnmWOexjHUrZAaliLBOgiS2Eo1MhRKb4ehq6jcfUBsRR3c0TjBQbBCJvuCM7Oi+Q/hIWe120i2VvYo3k7sIfg5lyFXrlj47vZinCiPikhnT9r2EgoxpElzipNhJDSaMj9gA2xYjptAE2WzhiXvcj7VLQ3Rn79/ZjCljxiq0GcVoaOa96fA/r51S/yLIRJSkhBG3Eev1U+lS7E57uz2hkZMcW2BcC7uly4dMM072OkVb358vuwiN04rvVfybs3L1Mj9EAQ7hCE7Ah3OowjXUoA4cFDzDG7w70nlyXpzXn+iSk/85gD9yPr4B8SmOJQ==</latexit>

PS
<latexit sha1_base64="tJDY22VcVBAj6rfwLIUKeOcvEJI=">AAAB6nicbZDNTsJAFIVv/UX8Q126aSQmrkhrTHRJdOMSo/wYaMh0uMCEmbaZuTWShpfQlVF3Po4v4Ns4YBcKntU395xJ7rlhIoUhz/tylpZXVtfWCxvFza3tnd3S3n7DxKnmWOexjHUrZAaliLBOgiS2Eo1MhRKb4ehq6jcfUBsRR3c0TjBQbBCJvuCM7Oi+Q/hIWe120i2VvYo3k7sIfg5lyFXrlj47vZinCiPikhnT9r2EgoxpElzipNhJDSaMj9gA2xYjptAE2WzhiXvcj7VLQ3Rn79/ZjCljxiq0GcVoaOa96fA/r51S/yLIRJSkhBG3Eev1U+lS7E57uz2hkZMcW2BcC7uly4dMM072OkVb358vuwiN04rvVfybs3L1Mj9EAQ7hCE7Ah3OowjXUoA4cFDzDG7w70nlyXpzXn+iSk/85gD9yPr4B8SmOJQ==</latexit><latexit sha1_base64="tJDY22VcVBAj6rfwLIUKeOcvEJI=">AAAB6nicbZDNTsJAFIVv/UX8Q126aSQmrkhrTHRJdOMSo/wYaMh0uMCEmbaZuTWShpfQlVF3Po4v4Ns4YBcKntU395xJ7rlhIoUhz/tylpZXVtfWCxvFza3tnd3S3n7DxKnmWOexjHUrZAaliLBOgiS2Eo1MhRKb4ehq6jcfUBsRR3c0TjBQbBCJvuCM7Oi+Q/hIWe120i2VvYo3k7sIfg5lyFXrlj47vZinCiPikhnT9r2EgoxpElzipNhJDSaMj9gA2xYjptAE2WzhiXvcj7VLQ3Rn79/ZjCljxiq0GcVoaOa96fA/r51S/yLIRJSkhBG3Eev1U+lS7E57uz2hkZMcW2BcC7uly4dMM072OkVb358vuwiN04rvVfybs3L1Mj9EAQ7hCE7Ah3OowjXUoA4cFDzDG7w70nlyXpzXn+iSk/85gD9yPr4B8SmOJQ==</latexit><latexit sha1_base64="tJDY22VcVBAj6rfwLIUKeOcvEJI=">AAAB6nicbZDNTsJAFIVv/UX8Q126aSQmrkhrTHRJdOMSo/wYaMh0uMCEmbaZuTWShpfQlVF3Po4v4Ns4YBcKntU395xJ7rlhIoUhz/tylpZXVtfWCxvFza3tnd3S3n7DxKnmWOexjHUrZAaliLBOgiS2Eo1MhRKb4ehq6jcfUBsRR3c0TjBQbBCJvuCM7Oi+Q/hIWe120i2VvYo3k7sIfg5lyFXrlj47vZinCiPikhnT9r2EgoxpElzipNhJDSaMj9gA2xYjptAE2WzhiXvcj7VLQ3Rn79/ZjCljxiq0GcVoaOa96fA/r51S/yLIRJSkhBG3Eev1U+lS7E57uz2hkZMcW2BcC7uly4dMM072OkVb358vuwiN04rvVfybs3L1Mj9EAQ7hCE7Ah3OowjXUoA4cFDzDG7w70nlyXpzXn+iSk/85gD9yPr4B8SmOJQ==</latexit><latexit sha1_base64="tJDY22VcVBAj6rfwLIUKeOcvEJI=">AAAB6nicbZDNTsJAFIVv/UX8Q126aSQmrkhrTHRJdOMSo/wYaMh0uMCEmbaZuTWShpfQlVF3Po4v4Ns4YBcKntU395xJ7rlhIoUhz/tylpZXVtfWCxvFza3tnd3S3n7DxKnmWOexjHUrZAaliLBOgiS2Eo1MhRKb4ehq6jcfUBsRR3c0TjBQbBCJvuCM7Oi+Q/hIWe120i2VvYo3k7sIfg5lyFXrlj47vZinCiPikhnT9r2EgoxpElzipNhJDSaMj9gA2xYjptAE2WzhiXvcj7VLQ3Rn79/ZjCljxiq0GcVoaOa96fA/r51S/yLIRJSkhBG3Eev1U+lS7E57uz2hkZMcW2BcC7uly4dMM072OkVb358vuwiN04rvVfybs3L1Mj9EAQ7hCE7Ah3OowjXUoA4cFDzDG7w70nlyXpzXn+iSk/85gD9yPr4B8SmOJQ==</latexit>

JPA
<latexit sha1_base64="wW1OjWvDpp0W2uZ8WGiZ05lBYLk=">AAAB63icbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjgQUxFYn+iDaqHPemtWo7kX2DqKI+BUwI2HgbXoC3wS0ZoOVMn+85lu65YSK4Qc/7cgpLyyura8X10sbm1vZOeXevaeJUM2iwWMS6HVIDgitoIEcB7UQDlaGAVji6mvqtB9CGx+oOxwkEkg4UjzijaEf3XYRHzG7qF5NeueJVvZncRfBzqJBc9V75s9uPWSpBIRPUmI7vJRhkVCNnAialbmogoWxEB9CxqKgEE2SzjSfuURRrF4fgzt6/sxmVxoxlaDOS4tDMe9Phf14nxeg8yLhKUgTFbMR6USpcjN1pcbfPNTAUYwuUaW63dNmQasrQnqdk6/vzZReheVL1vap/e1qpXeaHKJIDckiOiU/OSI1ckzppEEYUeSZv5N2RzpPz4rz+RAtO/mef/JHz8Q1tHo5n</latexit><latexit sha1_base64="wW1OjWvDpp0W2uZ8WGiZ05lBYLk=">AAAB63icbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjgQUxFYn+iDaqHPemtWo7kX2DqKI+BUwI2HgbXoC3wS0ZoOVMn+85lu65YSK4Qc/7cgpLyyura8X10sbm1vZOeXevaeJUM2iwWMS6HVIDgitoIEcB7UQDlaGAVji6mvqtB9CGx+oOxwkEkg4UjzijaEf3XYRHzG7qF5NeueJVvZncRfBzqJBc9V75s9uPWSpBIRPUmI7vJRhkVCNnAialbmogoWxEB9CxqKgEE2SzjSfuURRrF4fgzt6/sxmVxoxlaDOS4tDMe9Phf14nxeg8yLhKUgTFbMR6USpcjN1pcbfPNTAUYwuUaW63dNmQasrQnqdk6/vzZReheVL1vap/e1qpXeaHKJIDckiOiU/OSI1ckzppEEYUeSZv5N2RzpPz4rz+RAtO/mef/JHz8Q1tHo5n</latexit><latexit sha1_base64="wW1OjWvDpp0W2uZ8WGiZ05lBYLk=">AAAB63icbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjgQUxFYn+iDaqHPemtWo7kX2DqKI+BUwI2HgbXoC3wS0ZoOVMn+85lu65YSK4Qc/7cgpLyyura8X10sbm1vZOeXevaeJUM2iwWMS6HVIDgitoIEcB7UQDlaGAVji6mvqtB9CGx+oOxwkEkg4UjzijaEf3XYRHzG7qF5NeueJVvZncRfBzqJBc9V75s9uPWSpBIRPUmI7vJRhkVCNnAialbmogoWxEB9CxqKgEE2SzjSfuURRrF4fgzt6/sxmVxoxlaDOS4tDMe9Phf14nxeg8yLhKUgTFbMR6USpcjN1pcbfPNTAUYwuUaW63dNmQasrQnqdk6/vzZReheVL1vap/e1qpXeaHKJIDckiOiU/OSI1ckzppEEYUeSZv5N2RzpPz4rz+RAtO/mef/JHz8Q1tHo5n</latexit><latexit sha1_base64="wW1OjWvDpp0W2uZ8WGiZ05lBYLk=">AAAB63icbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjgQUxFYn+iDaqHPemtWo7kX2DqKI+BUwI2HgbXoC3wS0ZoOVMn+85lu65YSK4Qc/7cgpLyyura8X10sbm1vZOeXevaeJUM2iwWMS6HVIDgitoIEcB7UQDlaGAVji6mvqtB9CGx+oOxwkEkg4UjzijaEf3XYRHzG7qF5NeueJVvZncRfBzqJBc9V75s9uPWSpBIRPUmI7vJRhkVCNnAialbmogoWxEB9CxqKgEE2SzjSfuURRrF4fgzt6/sxmVxoxlaDOS4tDMe9Phf14nxeg8yLhKUgTFbMR6USpcjN1pcbfPNTAUYwuUaW63dNmQasrQnqdk6/vzZReheVL1vap/e1qpXeaHKJIDckiOiU/OSI1ckzppEEYUeSZv5N2RzpPz4rz+RAtO/mef/JHz8Q1tHo5n</latexit>

JPA
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Figure 23: Photon subtraction scheme with beam splitters and photocounters,
applied to TMST states, which are generated from single-mode thermal states that are
squeezed by a Josephson parametric amplifier (JPA), subsequently combined in a balanced
beam splitter. Each mode of the resulting state is then combined with an ancillary vacuum
state in high-transmissivity (we consider τ = 0.95) beam splitters, with photocounters
placed at each reflected path. The resulting state shows higher entanglement for low values
of the squeezing parameter, where the limit for enhancement will vary depending on the
number of photons detected.

age or production of simultaneous copies of a quantum state, and whose gain is
also inversely proportional to the success probability. This protocol is called photon
subtraction [88, 179], and it utilizes non-Gaussian operations in order to distill en-
tanglement, as we have seen in the previous protocols. However, in this situation,
we do not look to re-Gaussify the state afterwards. We distinguish between heuristic
and probabilistic photon subtraction. The former, a more theoretical approach, con-
siders the application of annihilation operators to each mode of the state, whereas
the latter uses high-transmissivity beam splitter to non-deterministically subtract
photons from each mode of the state, by mixing each mode with a vacuum state, as
performed in Ref. [180]. In the following, we will study both for completeness.

2.4.1 Photon subtraction for two-mode squeezed vacuum states

We first study probabilistic photon subtraction applied on a two-mode squeezed vac-
uum state, as done in Ref. [170], which is an easy to generate an entangled Gaussian
state in CV. It can be produced by two single-mode squeezed states with squeezing
parameter r, which are combined by a 50 : 50 beam splitter, as shown in Fig. 23,
resulting in a TMSV state,

√
1− λ2

∞∑
n=0

λn|n, n〉AB (2.65)
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with λ = tanh(r). The next step of the protocol is to mix each mode with an
ancillary vacuum state at two highly transmitting, identical beam splitters. The
output photon-subtracted (PS) state is postselected depending on the outcome of the
photocounts performed at each beam splitter. Here, we focus on PS TMSV states
where the same number of photons is subtracted from each mode. The resulting 2k
PS TMSV state is then

|ψ(2k)〉AB = P
−1/2
2k

∞∑
n=0

a(k)
n |n, n〉AB , (2.66)

with a(k)
n ≡

√
1− λ2λn+k

(
n+ k
k

)
(1− τ)kτn, and P2k ≡

∑∞
n=0

∣∣∣a(k)
n

∣∣∣2, which can be

interpreted as the probability of successfully subtracting k photons from each mode of
a TMSV state. The sum converges to P2k =

(
1− λ2) (λ−λτ )2k

2F1
(
k + 1, k + 1; 1;λ2

τ

)
where 2F1 (a, b; c; z) is the Gaussian hypergeometric function and λτ ≡ τλ.

Let us now focus on the cases k = 1, 2, which correspond to two-photon subtrac-
tion (2PS) and four-photon subtraction (4PS), respectively, and whose corresponding
success probabilities are

P2 = (1− λ2)λ2(1− τ)2 (1 + λ2
τ )

(1− λ2
τ )3 ,

P4 = 4
(
1− λ2)λ4(1− τ)4

(
1 + λ4

τ + 4λ2
τ

)
(1− λ2

τ )5 . (2.67)

If photon subtraction is successful for any (nonzero) number of photons, the
resulting state shows increased entanglement with respect to the TMSV state in a
certain interval. This can be seen by computing the negativity N (ρ(2k)) of the family
of states (2.66). We find that, for ρ(2k) ≡

∣∣ψ(2k)〉 〈ψ(2k)
∣∣, the negativity is

N
(
ρ(2k)

)
= Ak − 1

2 , (2.68)

where

Ak ≡

(∑∞
n=0 a

(k)
n

)2

P2k
. (2.69)

Performing the sum, we obtain

N
(
ρ(2k)

)
= 1

2

(
(1− λτ )−2(k+1)

2F1 (k + 1, k + 1; 1;λ2
τ ) − 1

)
, (2.70)

which describes the negativity of the heuristic photon-subtraction protocol (see be-
low) in the limit τ → 1, while reproducing the negativity of the TMSV state,
NTMSV = λ/(1− λ), in the case τ → 1 and k = 0.

In Fig. 24 (a), we represent negativity differences as a function of the initial
squeezing r. We subtract the negativity of the TMSV state from those of the two-
photon (blue) and four-photon (red), heuristic (solid) and probabilistic (dashed),
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Figure 24: Negativity and success probability of photon subtraction on TMSV
states: (a) Negativity difference between PS and bare TMSV states, represented against
the initial squeezing parameter. The blue and red curves represent two- and four- photon
subtraction, respectively, whereas the green curve represents the no-gain line, above which
any point represents an improvement in negativity. Curves associated with probabilistic
photon subtraction appear dashed, whereas the solid ones are associated with heuristic
photon subtraction. We have considered the transmissivity of the beam splitters involved
in probabilistic photon subtraction to be τ = 0.95. In the inset, we represent the negativity
curve for the TMSV state versus the initial squeezing parameter. (b) Success probability of
symmetric photon-subtraction schemes: two-photon subtraction (2PS) is represented with
a blue dashed line, and four-photon subtraction (4PS) is represented with a red dashed line.

subtraction with a beam splitter transmissivity τ = 0.95. Note that probabilistic
photon subtraction works for lower squeezing, while heuristic photon subtraction is
always advantageous. In Fig. 24 (b), we display the success probability of two-photon
(blue, dashed line) and four-photon (red, dashed line) subtraction. Observe that 2PS
shows higher probability than 4PS, whereas the latter shows higher improvement than
the former. As the squeezing parameter increases, both probabilities grow closer, as
probabilistic PS loses its advantage.

The rate of two-mode squeezed state generation is defined by the effective band-
width of JPAs. In the case of conventional resonator-based JPAs, these bandwidths
are typically of the order of about 10 MHz [181]. By exploiting more advanced
designs based on traveling-wave Josephson parametric amplifiers, one can hope to
increase these bandwidth to about1GHz. However, the price for this increase is
typically lower squeezing levels and higher noise photon numbers.
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2.4.2 Photon subtraction for bipartite Gaussian states

We explore an heuristic photon-subtraction protocol performed on a general bipartite
Gaussian state. The application of the single-photon annihilation operators on both
modes of a bipartite quantum state ρ modifies its characteristic function [61] as

ΘAΘBχ(α, β) ≡ χ(α, β)(−1,−1), (2.71)

with
Θi = ∂2

xi + ∂2
pi + x2

i

4 + p2
i

4 + xi∂xi + pi∂pi + 1, (2.72)

for i = {A,B}. Given that ρ = 1
π2

∫
d2 α

∫
d2 βχ(α, β)D̂A(−α)D̂B(−β), and assum-

ing that ρ is a Gaussian state with covariance matrix

Σ =
(

ΣA εAB
εᵀAB ΣB

)
, (2.73)

then we can write

χ(α, β)(−1,−1) = e−
1
4 [~αᵀΩᵀΣAΩ~α+~βᵀΩᵀΣBΩ~β+2~αᵀΩᵀεABΩ~β]

mAmB +mC
× (2.74)[ (

mB + ~βᵀMB
~β + ~αᵀMBC

~β + ~αᵀMC~α
)(

mA + ~αᵀMA~α+ ~αᵀMAC
~β + ~βᵀMC

~β
)

+mC − ~αᵀMACΩᵀεᵀABΩ~α+ 2~βᵀMC (12 − ΩᵀΣBΩ) ~β

+~αᵀ [MAC (12 − ΩᵀΣBΩ)− 2ΩᵀεABΩMC ] ~β
]
,

where we have defined

mA = 1− 1
2 tr ΣA,

mB = 1− 1
2 tr ΣB ,

mC = 1
2 tr (εᵀABεAB) ,

MA = 1
4Ωᵀ

(
12 − 2ΣA + Σ2

A

)
Ω, (2.75)

MB = 1
4Ωᵀ

(
12 − 2ΣB + Σ2

B

)
Ω,

MC = 1
4ΩᵀεᵀABεABΩ,

MAC = 1
2Ωᵀ (ΣA − 12) εABΩ,

MBC = 1
2ΩᵀεAB (ΣB − 12) Ω.

Keep in mind that we have assumed that the submatrices ΣA, ΣB , and εAB of the
covariance matrix are symmetric.
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This is a theoretic approach to photon subtraction; we also present a more ap-
plied approach, in which photon subtraction is performed non-deterministically by
combining each of our modes with an ancillary mode in a vacuum state, using a
low-reflectivity beam splitter. We refer to this as “probabilistic” photon subtraction.
We consider again single-photon subtraction in each mode of a bipartite Gaussian
state, assuming that ΣA, ΣB , and εAB are symmetric. The characteristic function
of the resulting state becomes

χ(−1,−1)(α, β) = e−
1
4 [~αᵀΩᵀΣ̃AΩ~α+~βᵀΩᵀΣ̃BΩ~β+2~αᵀΩᵀε̃ABΩ~β]

m1m2 +m3
×[(

m1 + ~αᵀP1~α+ ~βᵀP2~β + ~αᵀP12~β
)(

m2 + ~αᵀQ1~α+ ~βᵀQ2~β + ~αᵀQ12~β
)

+m3 + ~αᵀR1~α+ ~βᵀR2~β + ~αᵀR12~β

]
. (2.76)

The submatrices of the covariance matrix of the resulting state transform into

Σ̃A = τΣA + (1− τ)12 − 2
(
J1X

−1
A Jᵀ

1 +K1Y
−1Kᵀ

1
)
,

Σ̃B = τΣB + (1− τ)12 − 2
(
J2X

−1
A Jᵀ

2 +K2Y
−1Kᵀ

2
)
, (2.77)

ε̃AB = τεAB − 2
(
J1X

−1
A Jᵀ

2 +K1Y
−1Kᵀ

2
)
,

where τ is the transmissivity of the beam splitters involved, and the success proba-
bility of the protocol is given by

P = m1m2 +m3√
detXA detY

. (2.78)

Here, we have defined

XA = 1
2Ωᵀ [(1− τ)ΣA + (1 + τ)12] Ω,

XB = 1
2Ωᵀ [(1− τ)ΣB + (1 + τ)12] Ω,

H = −1
2(1− τ)ΩᵀεABΩ, (2.79)

Y = XB −HX−1
A H,

together with

m1 = 1− 1
2 trY −1,

m2 = 1− 1
2 trX−1

A −
1
2 tr

(
Y −1HWXA,12H

)
, (2.80)

m3 = 1
2 tr (WY,12HWXA,12H) ,
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as well as

K1 = 1
2
√
τ(1− τ)

[
εABΩᵀ + (ΣA − 12)ΩᵀX−1

A H
]
,

K2 = 1
2
√
τ(1− τ)

[
(ΣB − 12)Ωᵀ + εABΩᵀX−1

A H
]
,

J1 = 1
2
√
τ(1− τ)(ΣA − 12)Ωᵀ, (2.81)

J2 = 1
2
√
τ(1− τ)εABΩᵀ.

We used these, together with

WX,M = X−1 tr
(
X−1M

)
− ΩᵀMΩ

detX , (2.82)

to define

P1 = −1
2ΩK1WY,12K

ᵀ
1 Ωᵀ,

P2 = −1
2ΩK2WY,12K

ᵀ
2 Ωᵀ, (2.83)

P12 = −ΩK1WY,12K
ᵀ
2 Ωᵀ,

Q1 = −1
2Ω
(
J1WXA,12J

ᵀ
1 + 2J1WXA,12HY

−1Kᵀ
1 +K1WY,HWXA,12H

Kᵀ
1

)
Ωᵀ,

Q2 = −1
2Ω
(
J2WXA,12J

ᵀ
2 + 2J2WXA,12HY

−1Kᵀ
2 +K2WY,HWXA,12H

Kᵀ
2

)
Ωᵀ,

Q12 = −Ω
(
J1WXA,12J

ᵀ
2 + J1WXA,12HY

−1Kᵀ
2 +K1Y

−1HWXA,12J
ᵀ
2 (2.84)

+ K1WY,HWXA,12H
Kᵀ

2

)
Ωᵀ,

R1 = 1
2Ω
[
J1WXA,12HWY,12K

ᵀ
1 +K1

(
WY,12 tr

(
Y −1HWXA,12H

)
+ Y −1 tr (WY,12HWXA,12H)− ΩHWXA,12HΩᵀ

detY trY −1
)
Kᵀ

1

]
Ωᵀ,

R2 = 1
2Ω
[
J2WXA,12HWY,12K

ᵀ
2 +K2

(
WY,12 tr

(
Y −1HWXA,12H

)
(2.85)

+ Y −1 tr (WY,12HWXA,12H)− ΩHWXA,12HΩᵀ

detY trY −1
)
Kᵀ

2

]
Ωᵀ,

R12 = 1
2Ω
[
J1WXA,12HWY,12K

ᵀ
2 +K1WY,12HWXA,12J

ᵀ
2

+ 2K1

(
WY,12 tr

(
Y −1HWXA,12H

)
+ Y −1 tr (WY,12HWXA,12H)

− ΩHWXA,12HΩᵀ

detY trY −1
)
Kᵀ

2

]
Ωᵀ.

30



LIST OF FIGURES

2.4.3 Photon subtraction for quantum teleportation

One interesting application of entanglement distillation techniques is the improve-
ment of quantum teleportation. By using distilled resources, we are able to increase
the fidelity of teleporting an unknown coherent state.

For heuristic photon subtraction, the average quantum teleportation fidelity is

F = 1 + h√
det
[
12 + 1

2Γ
] , (2.86)

with Γ ≡ σzΣAσz + ΣB − σzεAB − εᵀABσz. Here, we have defined h as

h = 1
E0

{
tr
[

Ωᵀ

(
12 + 1

2Γ
)−1

ΩE1

]
− 2

det
(
12 + 1

2Γ
) tr

(
ΩᵀEA2 ΩEB2

)
+ 3 tr

[
Ωᵀ

(
12 + 1

2Γ
)−1

ΩEA2

]
tr
[

Ωᵀ

(
12 + 1

2Γ
)−1

ΩEB2

]}
, (2.87)

together with

E0 = mAmB +mC ,

E1 = mA (MB + σzMCσz + σzMBC) +mB (σzMAσz +MC + σzMAC)
+ (2MC + σzMAC) Ω (12 + σzεAB − ΣB) Ωᵀ (2.88)

EA2 = MC + σzMAC + σzMAσz,

EB2 = MB + σzMBC + σzMCσz.

We can identify h as the non-Gaussian corrections to the fidelity. In turn, probabilis-
tic photon subtraction leads to the teleportation fidelity

F = 1 + g√
det
[
12 + 1

2 Γ̃
] , (2.89)
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with Γ̃ ≡ σzΣ̃Aσz + Σ̃B − σz ε̃AB − ε̃ᵀABσz and

g = 1
m1m2 +m3

[
m1 tr

[
Ωᵀ

(
12 + 1

2Γ̃
)−1

Ω (σzQ1σz +Q2 + ZQ12)
]

+ m2 tr
[

Ωᵀ

(
12 + 1

2Γ̃
)−1

Ω (σzP1σz + P2 + ZP12)
]

+ tr
[

Ωᵀ

(
12 + 1

2Γ̃
)−1

Ω (σzP1σz + P2 + ZP12)
]
×

tr
[

Ωᵀ

(
12 + 1

2Γ̃
)−1

Ω (σzQ1σz +Q2 + ZQ12)
]

+ tr
[

Ωᵀ

(
12 + 1

2Γ̃
)−1

Ω (σzR1σz +R2 + ZR12)
]

+ 2 tr
[
WΩᵀ(12+ 1

2 Γ̃)Ω,σzP1σz+P2+ZP12
(σzQ1σz +Q2 + ZQ12)

] ]
, (2.90)

where the non-Gaussian corrections are collected in g.
A step-by-step derivation of the quantum teleportation fidelities for general Gaus-

sian states with both heuristic and probabilistic photon subtraction can be found in
Appendix B. For completeness, let us present the results for (heuristic) photon ad-
dition applied to general Gaussian states.

2.4.4 Photon addition for bipartite Gaussian states

Similar to photon subtraction, photon addition represents another non-deterministic
entanglement distillation protocol that only requires one copy of the state. In analogy
to photon subtraction, we briefly discuss heuristic photon-addition performed on a
general bipartite Gaussian. The characteristic function of a bipartite quantum state
after the application of single-photon creation operators on each mode is [182]

Θ′AΘ′Bχ(α, β) ≡ χ(α, β)(1,1), (2.91)

with

Θ′i = ∂2
xi + ∂2

pi + x2
i

4 + p2
i

4 − xi∂xi − pi∂pi − 1, (2.92)
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for i = {A,B}. The two-photon-added characteristic function for a general bipartite
Gaussian state can be written as

χ(α, β)(1,1) = e−
1
4 [~αᵀΩᵀΣAΩ~α+~βᵀΩᵀΣBΩ~β+2~αᵀΩᵀεABΩ~β]

mAmB +mC
×[ (

mB + ~βᵀMB
~β + ~αᵀMBC

~β + ~αᵀMC~α
)(

mA + ~αᵀMA~α+ ~αᵀMAC
~β + ~βᵀMC

~β
)

+mC − ~αᵀMACΩᵀεᵀABΩ~α− 2~βᵀMC (12 + ΩᵀΣBΩ) ~β

−~αᵀ [MAC (12 + ΩᵀΣBΩ)− 2ΩᵀεABΩMC ] ~β
]
, (2.93)

where we have defined

mA = −1− 1
2 tr ΣA,

mB = −1− 1
2 tr ΣB ,

mC = 1
2 tr (εᵀABεAB) ,

MA = 1
4Ωᵀ

(
12 + 2ΣA + Σ2

A

)
Ω, (2.94)

MB = 1
4Ωᵀ

(
12 + 2ΣB + Σ2

B

)
Ω,

MC = 1
4ΩᵀεᵀABεABΩ,

MAC = 1
2Ωᵀ (ΣA + 12) εABΩ,

MBC = 1
2ΩᵀεAB (ΣB + 12) Ω.

Photon subtraction and photon addition, as well as other entanglement distillation
techniques, can be the focal point of a quantum repeater strategy. This can also be
the case of entanglement swapping.

2.5 Entanglement Swapping

In this section, we contemplate the CV version of entanglement swapping [139], a
procedure characteristic of quantum repeaters that attempt to reduce the distance
that states have to travel through the environment, and hence attenuate the effects
of entanglement degradation. We consider the case in which there are two entangled
states, shared by three parties pairwisely. That is, between Alice and Charlie, and
between Charlie and Bob. Entanglement swapping is a technique that allows for
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the conversion of two bipartite entangled states into a single one shared by initially
unconnected parties. By performing measurements in a maximally entangled basis,
Charlie is able to transform the entangled resources he shares with Alice and with Bob
into a single entangled state shared only by Alice and Bob. In the CV formalism,
these measurements are described by homodyne detection, and their effect on the
state is computed as we have seen in the CV teleportation protocol. Consider that
these states are Gaussian, with covariance matrices

Σ1 =
(

ΣA εAB
εᵀAB ΣB

)
,

Σ2 =
(

ΣC εCD
εᵀCD ΣD

)
, (2.95)

and null displacement vectors. Then, the covariance matrix of the entanglement-
swapped (ES) state is

ΣES
AD =

(
Σ̃A ε̃AD
ε̃ᵀAD Σ̃D

)
, (2.96)

conditioned by the measurement results is characterized by

Σcond
A = ΣA − εᵀAB (ΣB + σzΣCσz)−1

εAB ,

Σcond
D = ΣD − εᵀCD (ΣC + σzΣBσz)−1

εCD, (2.97)
εcondAD = εᵀAB (ΣBσz + σzΣC)−1

εCD.

In Appendix C, we present a step-by-step derivation of these identities. Please, see
that these formulas appear incorrectly in Eqs. 38 a-c in Ref. [183]. There, we used
the identity for 2 × 2 symmetric matrices A−1 = ΩᵀAΩ/ detA, but the symplectic
matrices are missing. This does not modify any of the results represented.

We observe that, in the setup we are considering, the only protocol that presents
an improvement in negativity with respect to the bare states is that in which Alice
and Bob generate the two-mode entangled states, and each send one of the modes
to Charlie. This setup is represented in Fig. 25. Then, the two modes used for en-
tanglement swapping are those that have become mixed with environmental noise.
Nevertheless, this enhancement occurs for large distances, which implies low nega-
tivities, and works significantly better in low-temperature environments, where Nth
is reduced. Considering ΣA = ΣD = α12, ΣB = ΣC = β12, and εAB = εCD = γσz,
then we can characterize the covariance matrix of the ES state by

Σcond
A =

(
α− γ2

2β

)
12,

Σcond
D =

(
α− γ2

2β

)
12, (2.98)

εcondAD = γ2

2β σz.
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<latexit sha1_base64="GRBOVkkoMd+xe4NkjQ5EG96Wxws=">AAAB7nicbZDLSsNAFIZPvNZ6q7p0EyyCq5KIoMuiG1dSwV6gDWUyPWmHTi7OnIgl5DV0JerOh/EFfBunNQtt/VffnP8fOP/xEyk0Oc6XtbS8srq2Xtoob25t7+xW9vZbOk4VxyaPZaw6PtMoRYRNEiSxkyhkoS+x7Y+vpn77AZUWcXRHkwS9kA0jEQjOyIy8m37WI3ykjEZ53q9UnZozk70IbgFVKNToVz57g5inIUbEJdO66zoJeRlTJLjEvNxLNSaMj9kQuwYjFqL2stnSuX0cxMqmEdqz9+9sxkKtJ6FvMiGjkZ73psP/vG5KwYWXiShJCSNuIsYLUmlTbE+72wOhkJOcGGBcCbOlzUdMMU7mQmVT350vuwit05rr1Nzbs2r9sjhECQ7hCE7AhXOowzU0oAkc7uEZ3uDdSqwn68V6/YkuWcWfA/gj6+MbX0qQKw==</latexit><latexit sha1_base64="GRBOVkkoMd+xe4NkjQ5EG96Wxws=">AAAB7nicbZDLSsNAFIZPvNZ6q7p0EyyCq5KIoMuiG1dSwV6gDWUyPWmHTi7OnIgl5DV0JerOh/EFfBunNQtt/VffnP8fOP/xEyk0Oc6XtbS8srq2Xtoob25t7+xW9vZbOk4VxyaPZaw6PtMoRYRNEiSxkyhkoS+x7Y+vpn77AZUWcXRHkwS9kA0jEQjOyIy8m37WI3ykjEZ53q9UnZozk70IbgFVKNToVz57g5inIUbEJdO66zoJeRlTJLjEvNxLNSaMj9kQuwYjFqL2stnSuX0cxMqmEdqz9+9sxkKtJ6FvMiGjkZ73psP/vG5KwYWXiShJCSNuIsYLUmlTbE+72wOhkJOcGGBcCbOlzUdMMU7mQmVT350vuwit05rr1Nzbs2r9sjhECQ7hCE7AhXOowzU0oAkc7uEZ3uDdSqwn68V6/YkuWcWfA/gj6+MbX0qQKw==</latexit><latexit sha1_base64="GRBOVkkoMd+xe4NkjQ5EG96Wxws=">AAAB7nicbZDLSsNAFIZPvNZ6q7p0EyyCq5KIoMuiG1dSwV6gDWUyPWmHTi7OnIgl5DV0JerOh/EFfBunNQtt/VffnP8fOP/xEyk0Oc6XtbS8srq2Xtoob25t7+xW9vZbOk4VxyaPZaw6PtMoRYRNEiSxkyhkoS+x7Y+vpn77AZUWcXRHkwS9kA0jEQjOyIy8m37WI3ykjEZ53q9UnZozk70IbgFVKNToVz57g5inIUbEJdO66zoJeRlTJLjEvNxLNSaMj9kQuwYjFqL2stnSuX0cxMqmEdqz9+9sxkKtJ6FvMiGjkZ73psP/vG5KwYWXiShJCSNuIsYLUmlTbE+72wOhkJOcGGBcCbOlzUdMMU7mQmVT350vuwit05rr1Nzbs2r9sjhECQ7hCE7AhXOowzU0oAkc7uEZ3uDdSqwn68V6/YkuWcWfA/gj6+MbX0qQKw==</latexit><latexit sha1_base64="GRBOVkkoMd+xe4NkjQ5EG96Wxws=">AAAB7nicbZDLSsNAFIZPvNZ6q7p0EyyCq5KIoMuiG1dSwV6gDWUyPWmHTi7OnIgl5DV0JerOh/EFfBunNQtt/VffnP8fOP/xEyk0Oc6XtbS8srq2Xtoob25t7+xW9vZbOk4VxyaPZaw6PtMoRYRNEiSxkyhkoS+x7Y+vpn77AZUWcXRHkwS9kA0jEQjOyIy8m37WI3ykjEZ53q9UnZozk70IbgFVKNToVz57g5inIUbEJdO66zoJeRlTJLjEvNxLNSaMj9kQuwYjFqL2stnSuX0cxMqmEdqz9+9sxkKtJ6FvMiGjkZ73psP/vG5KwYWXiShJCSNuIsYLUmlTbE+72wOhkJOcGGBcCbOlzUdMMU7mQmVT350vuwit05rr1Nzbs2r9sjhECQ7hCE7AhXOowzU0oAkc7uEZ3uDdSqwn68V6/YkuWcWfA/gj6+MbX0qQKw==</latexit>

Charlie
<latexit sha1_base64="Ga/QDXBMKBhFtdfeIr7W/rt38+s=">AAACDXicbZC7TsMwFIadcivlVmBkiaiQmKoEIcFY0YWxSPQiNaGy3ZPWqnORfYKooj4DKyu8Axti5Rl4BZ4Cp2SAln/6ff7f0jkfS6TQ6DifVmlldW19o7xZ2dre2d2r7h90dJwqDm0ey1j1GNUgRQRtFCihlyigIZPQZZNmnnfvQWkRR7c4TcAP6SgSgeAUzejOQ3jArDmmSgqYDao1p+7MZS8btzA1Uqg1qH55w5inIUTIJdW67zoJ+hlVKLiEWcVLNSSUT+gI+sZGNATtZ/OtZ/ZJECsbx2DP37+7GQ21nobMdEKKY72Y5cN/M8ZiOTSJl0eMZQsbYHDpZyJKUoSIm5rJglTaGNs5GnsoFHCUU2MoV8LcYHNDhnI0ACsGjruIYtl0zuquU3dvzmuNqwJTmRyRY3JKXHJBGuSatEibcKLIE3kmL9aj9Wq9We8/1ZJV/Dkkf2R9fANfu5yh</latexit><latexit sha1_base64="Ga/QDXBMKBhFtdfeIr7W/rt38+s=">AAACDXicbZC7TsMwFIadcivlVmBkiaiQmKoEIcFY0YWxSPQiNaGy3ZPWqnORfYKooj4DKyu8Axti5Rl4BZ4Cp2SAln/6ff7f0jkfS6TQ6DifVmlldW19o7xZ2dre2d2r7h90dJwqDm0ey1j1GNUgRQRtFCihlyigIZPQZZNmnnfvQWkRR7c4TcAP6SgSgeAUzejOQ3jArDmmSgqYDao1p+7MZS8btzA1Uqg1qH55w5inIUTIJdW67zoJ+hlVKLiEWcVLNSSUT+gI+sZGNATtZ/OtZ/ZJECsbx2DP37+7GQ21nobMdEKKY72Y5cN/M8ZiOTSJl0eMZQsbYHDpZyJKUoSIm5rJglTaGNs5GnsoFHCUU2MoV8LcYHNDhnI0ACsGjruIYtl0zuquU3dvzmuNqwJTmRyRY3JKXHJBGuSatEibcKLIE3kmL9aj9Wq9We8/1ZJV/Dkkf2R9fANfu5yh</latexit><latexit sha1_base64="Ga/QDXBMKBhFtdfeIr7W/rt38+s=">AAACDXicbZC7TsMwFIadcivlVmBkiaiQmKoEIcFY0YWxSPQiNaGy3ZPWqnORfYKooj4DKyu8Axti5Rl4BZ4Cp2SAln/6ff7f0jkfS6TQ6DifVmlldW19o7xZ2dre2d2r7h90dJwqDm0ey1j1GNUgRQRtFCihlyigIZPQZZNmnnfvQWkRR7c4TcAP6SgSgeAUzejOQ3jArDmmSgqYDao1p+7MZS8btzA1Uqg1qH55w5inIUTIJdW67zoJ+hlVKLiEWcVLNSSUT+gI+sZGNATtZ/OtZ/ZJECsbx2DP37+7GQ21nobMdEKKY72Y5cN/M8ZiOTSJl0eMZQsbYHDpZyJKUoSIm5rJglTaGNs5GnsoFHCUU2MoV8LcYHNDhnI0ACsGjruIYtl0zuquU3dvzmuNqwJTmRyRY3JKXHJBGuSatEibcKLIE3kmL9aj9Wq9We8/1ZJV/Dkkf2R9fANfu5yh</latexit><latexit sha1_base64="Ga/QDXBMKBhFtdfeIr7W/rt38+s=">AAACDXicbZC7TsMwFIadcivlVmBkiaiQmKoEIcFY0YWxSPQiNaGy3ZPWqnORfYKooj4DKyu8Axti5Rl4BZ4Cp2SAln/6ff7f0jkfS6TQ6DifVmlldW19o7xZ2dre2d2r7h90dJwqDm0ey1j1GNUgRQRtFCihlyigIZPQZZNmnnfvQWkRR7c4TcAP6SgSgeAUzejOQ3jArDmmSgqYDao1p+7MZS8btzA1Uqg1qH55w5inIUTIJdW67zoJ+hlVKLiEWcVLNSSUT+gI+sZGNATtZ/OtZ/ZJECsbx2DP37+7GQ21nobMdEKKY72Y5cN/M8ZiOTSJl0eMZQsbYHDpZyJKUoSIm5rJglTaGNs5GnsoFHCUU2MoV8LcYHNDhnI0ACsGjruIYtl0zuquU3dvzmuNqwJTmRyRY3JKXHJBGuSatEibcKLIE3kmL9aj9Wq9We8/1ZJV/Dkkf2R9fANfu5yh</latexit>

Alice
<latexit sha1_base64="w9IZ+2Duu1E1+BIdl++lyIm1owQ=">AAACC3icbZC7TgMxEEW9PEN4BShpLCIkqmgXIUEZoKEMEnlI2VVkO5PEivchexYRrfIJtLTwD3SIlo/gF/gKvGELSLjV9ZxraebyREmDrvvpLC2vrK6tlzbKm1vbO7uVvf2WiVMtoCliFesOZwaUjKCJEhV0Eg0s5ArafHyd8/Y9aCPj6A4nCQQhG0ZyIAVDO/J9hAfMLpUUMO1Vqm7NnYkuGq8wVVKo0at8+f1YpCFEKBQzpuu5CQYZ0yiFgmnZTw0kTIzZELrWRiwEE2Sznaf0eBBriiOgs/fvbMZCYyYht5mQ4cjMs3z4L+M8Vn1L/Bxxns1tgIOLIJNRkiJEwsYsG6SKYkzzYmhfahCoJtYwoaW9gYoR00ygra9sy/Hmq1g0rdOa59a827Nq/aqoqUQOyRE5IR45J3VyQxqkSQRJyBN5Ji/Oo/PqvDnvP9Elp/hzQP7I+fgGrFWbsw==</latexit><latexit sha1_base64="w9IZ+2Duu1E1+BIdl++lyIm1owQ=">AAACC3icbZC7TgMxEEW9PEN4BShpLCIkqmgXIUEZoKEMEnlI2VVkO5PEivchexYRrfIJtLTwD3SIlo/gF/gKvGELSLjV9ZxraebyREmDrvvpLC2vrK6tlzbKm1vbO7uVvf2WiVMtoCliFesOZwaUjKCJEhV0Eg0s5ArafHyd8/Y9aCPj6A4nCQQhG0ZyIAVDO/J9hAfMLpUUMO1Vqm7NnYkuGq8wVVKo0at8+f1YpCFEKBQzpuu5CQYZ0yiFgmnZTw0kTIzZELrWRiwEE2Sznaf0eBBriiOgs/fvbMZCYyYht5mQ4cjMs3z4L+M8Vn1L/Bxxns1tgIOLIJNRkiJEwsYsG6SKYkzzYmhfahCoJtYwoaW9gYoR00ygra9sy/Hmq1g0rdOa59a827Nq/aqoqUQOyRE5IR45J3VyQxqkSQRJyBN5Ji/Oo/PqvDnvP9Elp/hzQP7I+fgGrFWbsw==</latexit><latexit sha1_base64="w9IZ+2Duu1E1+BIdl++lyIm1owQ=">AAACC3icbZC7TgMxEEW9PEN4BShpLCIkqmgXIUEZoKEMEnlI2VVkO5PEivchexYRrfIJtLTwD3SIlo/gF/gKvGELSLjV9ZxraebyREmDrvvpLC2vrK6tlzbKm1vbO7uVvf2WiVMtoCliFesOZwaUjKCJEhV0Eg0s5ArafHyd8/Y9aCPj6A4nCQQhG0ZyIAVDO/J9hAfMLpUUMO1Vqm7NnYkuGq8wVVKo0at8+f1YpCFEKBQzpuu5CQYZ0yiFgmnZTw0kTIzZELrWRiwEE2Sznaf0eBBriiOgs/fvbMZCYyYht5mQ4cjMs3z4L+M8Vn1L/Bxxns1tgIOLIJNRkiJEwsYsG6SKYkzzYmhfahCoJtYwoaW9gYoR00ygra9sy/Hmq1g0rdOa59a827Nq/aqoqUQOyRE5IR45J3VyQxqkSQRJyBN5Ji/Oo/PqvDnvP9Elp/hzQP7I+fgGrFWbsw==</latexit><latexit sha1_base64="w9IZ+2Duu1E1+BIdl++lyIm1owQ=">AAACC3icbZC7TgMxEEW9PEN4BShpLCIkqmgXIUEZoKEMEnlI2VVkO5PEivchexYRrfIJtLTwD3SIlo/gF/gKvGELSLjV9ZxraebyREmDrvvpLC2vrK6tlzbKm1vbO7uVvf2WiVMtoCliFesOZwaUjKCJEhV0Eg0s5ArafHyd8/Y9aCPj6A4nCQQhG0ZyIAVDO/J9hAfMLpUUMO1Vqm7NnYkuGq8wVVKo0at8+f1YpCFEKBQzpuu5CQYZ0yiFgmnZTw0kTIzZELrWRiwEE2Sznaf0eBBriiOgs/fvbMZCYyYht5mQ4cjMs3z4L+M8Vn1L/Bxxns1tgIOLIJNRkiJEwsYsG6SKYkzzYmhfahCoJtYwoaW9gYoR00ygra9sy/Hmq1g0rdOa59a827Nq/aqoqUQOyRE5IR45J3VyQxqkSQRJyBN5Ji/Oo/PqvDnvP9Elp/hzQP7I+fgGrFWbsw==</latexit>

Bob
<latexit sha1_base64="8IHIDVuw0QrrhN/YP1ffum3tLsQ=">AAACCXicbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjVRbGItEf0UaV7d62Vp04sm8QVdQnYGWFd2BDrDwFr8BT4JQM0HKm4/sdS/ceFkth0PM+ncLK6tr6RnGztLW9s7tX3j9oGZVoDk2upNIdRg1IEUETBUroxBpoyCS02eQq4+170Eao6BanMQQhHUViKDhFO7rrITxgWlds1i9XvKo3l7ts/NxUSK5Gv/zVGyiehBAhl9SYru/FGKRUo+ASZqVeYiCmfEJH0LU2oiGYIJ1vPHNPhkq7OAZ3/v6dTWlozDRkNhNSHJtFlg3/ZYwpObCklyHG0oUNcHgZpCKKE4SI25hlw0S6qNysFncgNHCUU2so18Le4PIx1ZSjLa9ky/EXq1g2rbOq71X9m/NKrZ7XVCRH5JicEp9ckBq5Jg3SJJxE5Ik8kxfn0Xl13pz3n2jByf8ckj9yPr4BEuea1A==</latexit><latexit sha1_base64="8IHIDVuw0QrrhN/YP1ffum3tLsQ=">AAACCXicbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjVRbGItEf0UaV7d62Vp04sm8QVdQnYGWFd2BDrDwFr8BT4JQM0HKm4/sdS/ceFkth0PM+ncLK6tr6RnGztLW9s7tX3j9oGZVoDk2upNIdRg1IEUETBUroxBpoyCS02eQq4+170Eao6BanMQQhHUViKDhFO7rrITxgWlds1i9XvKo3l7ts/NxUSK5Gv/zVGyiehBAhl9SYru/FGKRUo+ASZqVeYiCmfEJH0LU2oiGYIJ1vPHNPhkq7OAZ3/v6dTWlozDRkNhNSHJtFlg3/ZYwpObCklyHG0oUNcHgZpCKKE4SI25hlw0S6qNysFncgNHCUU2so18Le4PIx1ZSjLa9ky/EXq1g2rbOq71X9m/NKrZ7XVCRH5JicEp9ckBq5Jg3SJJxE5Ik8kxfn0Xl13pz3n2jByf8ckj9yPr4BEuea1A==</latexit><latexit sha1_base64="8IHIDVuw0QrrhN/YP1ffum3tLsQ=">AAACCXicbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjVRbGItEf0UaV7d62Vp04sm8QVdQnYGWFd2BDrDwFr8BT4JQM0HKm4/sdS/ceFkth0PM+ncLK6tr6RnGztLW9s7tX3j9oGZVoDk2upNIdRg1IEUETBUroxBpoyCS02eQq4+170Eao6BanMQQhHUViKDhFO7rrITxgWlds1i9XvKo3l7ts/NxUSK5Gv/zVGyiehBAhl9SYru/FGKRUo+ASZqVeYiCmfEJH0LU2oiGYIJ1vPHNPhkq7OAZ3/v6dTWlozDRkNhNSHJtFlg3/ZYwpObCklyHG0oUNcHgZpCKKE4SI25hlw0S6qNysFncgNHCUU2so18Le4PIx1ZSjLa9ky/EXq1g2rbOq71X9m/NKrZ7XVCRH5JicEp9ckBq5Jg3SJJxE5Ik8kxfn0Xl13pz3n2jByf8ckj9yPr4BEuea1A==</latexit><latexit sha1_base64="8IHIDVuw0QrrhN/YP1ffum3tLsQ=">AAACCXicbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjVRbGItEf0UaV7d62Vp04sm8QVdQnYGWFd2BDrDwFr8BT4JQM0HKm4/sdS/ceFkth0PM+ncLK6tr6RnGztLW9s7tX3j9oGZVoDk2upNIdRg1IEUETBUroxBpoyCS02eQq4+170Eao6BanMQQhHUViKDhFO7rrITxgWlds1i9XvKo3l7ts/NxUSK5Gv/zVGyiehBAhl9SYru/FGKRUo+ASZqVeYiCmfEJH0LU2oiGYIJ1vPHNPhkq7OAZ3/v6dTWlozDRkNhNSHJtFlg3/ZYwpObCklyHG0oUNcHgZpCKKE4SI25hlw0S6qNysFncgNHCUU2so18Le4PIx1ZSjLa9ky/EXq1g2rbOq71X9m/NKrZ7XVCRH5JicEp9ckBq5Jg3SJJxE5Ik8kxfn0Xl13pz3n2jByf8ckj9yPr4BEuea1A==</latexit>

Figure 25: Sketch of the optimal Gaussian entanglement swapping scheme involv-
ing three parties, and three key steps. First, Alice and Bob generate two-mode squeezed
thermal states and, while keeping one of the modes each, send the others through open air,
where they are subject to photon loss and get mixed with thermal noise. Second, Charlie
receives and processes both modes, and third, he uses them to perform homodyne detection.
In the end, Charlie is able to transform the pairwisely entangled states he shares with Alice
and with Bob independently into an entangled state held solely between Alice and Bob.

The condition for this characterization to be appropriate is given by∣∣∣∣√det Σ1 −
β

α

∣∣∣∣ ≥ 0. (2.99)

As shown in Appendix C, if we average over all possible measurement results, we
obtain

Σ̃A = ΣA + ΣB + σzΣCσz + 2εAB ,
Σ̃D = ΣD + ΣB + σzΣCσz − 2σzεCD, (2.100)
ε̃AD = ΣB + σzΣCσz + εAB − σzεCD.

If the initial states are Gaussian, and we replace again ΣA = ΣD = α12, ΣB = ΣC =
β12, and εAB = εCD = γσz, we find that the resulting state is separable. This is
shown by det ε̃AD = 4β(β − γ) ≥ 0. Therefore, in order to preserve entanglement in
this protocol, we must retain the information about the measurement results.

2.5.1 Entanglement swapping for quantum teleportation

Taking ΣA = ΣD, ΣB = ΣC , and εAB = εCD, and knowing that entanglement
swapping is Gaussian-preserving, the quantum teleportation fidelity using an ES
resource is given by

F = 1√
det
[
12 + 1

2ΓES
] . (2.101)
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2. GAUSSIAN STATES IN QUANTUM COMMUNICATION

Here, we have defined

ΓES ≡ ΣA − εᵀAB(ΣB + σzΣBσz)−1εAB + σz
[
ΣA − εᵀAB(ΣB + σzΣBσz)−1εAB

]
σz

− σzε
ᵀ
AB(ΣBσz + σzΣB)−1εAB − εᵀAB(ΣBσz + σzΣB)−1εABσz. (2.102)

Gaussian states are the paradigmatic example of the state of a bosonic CV sys-
tem, partly due to their compact description in phase space using the symplectic
formalism. They also embrace some of the most well-known CV quantum states, and
are easy to prepare experimentally. We have then introduced an all-Gaussian toolbox
of operations and protocols: Gaussian quantum channels, Gaussian measurements,
Gaussian quantum illumination, and Gaussian quantum teleportation. We have also
seen that all these perks do not come without disadvantages; for example, the fact
that entanglement cannot be distilled with local Gaussian operations. Therefore,
we introduced photon subtraction, and followed the same formalism, now dealing
with non Gaussian resources. Finally, we discussed another protocol that can also
be crucial for quantum repeaters; entanglement swapping.
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3 Partial Purification for
Gaussian Quantum Illumination

G aussian states are very versatile resources for quantum communication tasks,
that also present a very convenient description using the symplectic formalism.

Despite presenting a classical Gaussian profile in their phase space distributions, they
can exhibit quantum entanglement in a bipartite setting. For that matter, there exist
Gaussian-preserving (symplectic) transformations that can generate entanglement,
the most famous one being the beam splitter transformation. Nevertheless, as we
have discussed in the previous chapter, distillation of Gaussian entanglement using
local Gaussian operations is not possible [71], a statement that can also be said about
error correction [72, 73]. Despite this, many entanglement distillation protocols have
been studied in CVs [74, 75, 76, 77, 78], that use non-Gaussian operations. One
of them is photon subtraction, which we discussed in chapter 2. The same thing
happens to CV quantum error correction [85, 80, 81], also forced to abandon the
realm of Gaussian states.

All these results are focusing on entanglement as a resource, but we want to
investigate the purity as well, its relation with entanglement, and to develop a toolbox
of operations that allow us to increase the purity. Naturally, increasing the purity
of an entangled state leads to entanglement degradation; gaining local information
about two systems implies losing non-local information. Given this statement, we
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3. PARTIAL PURIFICATION FOR GAUSSIAN QUANTUM ILLUMINATION

want to investigate what are the limitations for the purification of Gaussian states
under Gaussian local operations.

First, we formulate a no-go theorem for the purification of two-mode Gaussian
states. We study the generic problem of purifying, using local operations, at least one
mode of a noisy Gaussian state that is entangled. Imagine that we apply a Gaussian
channel on our initial state, characterized by a covariance matrix Σ, such that the
outcome is

Σ′ = XΣXᵀ + Y. (3.1)
Now, the purification has been successful if the rank of Σ′ + iΩ has been reduced,
and this can only happen if:

1. X is not full rank.

2. Both X(Σ + iΩ)Xᵀ and Y + iΩ− iXΩXᵀ have a common kernel.

In the case in which X is not full rank, we see that the resulting state cannot be
entangled. Since X describes the action of a local channel, X = XA⊕XB , and then,
for it to be rank-reduced, either XA or XB must have a kernel. This implies either
detXA = 0 or detXB = 0. Since we can write

Σ′ =
(
XAΣAXᵀ

A + YA XAεABX
ᵀ
B

XBε
ᵀ
ABX

ᵀ
A XBΣBXᵀ

B + YB

)
, (3.2)

the off-diagonal block matrices will satisfy det(XAεABX
ᵀ
B) = 0, which implies the

state described by Σ′ is separable. Therefore, we conclude that purification of a mode
of a Gaussian state cannot happen by means of local operations without the loss of
entanglement, i.e. the projection onto a separable state.

3.1 Partial Purification

Now that we know that, by means of local operations, we cannot purify a mode on
a mixed state without completely degrading entanglement, we want to address the
question of whether we can reduce the thermal noise of a given Gaussian state. That
is, we want to reduce the smallest eigenvalue of Σ + iΩ, or alternatively, increase the
purity µ = 1/

√
det Σ. Assuming we start from a TMST state with

Σ =
(
c12 sσz
sσz c12

)
, (3.3)

where we have defined c = (1 + 2n) cosh 2r and s = (1 + 2n) sinh 2r, we can obtain a
final Gaussian state

Σ′ =
(
c′12 s′σz
s′σz c′12

)
, (3.4)
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with n′ < n and r′ < r. This is done by applying a local Gaussian channel charac-
terized by Σ′ = XΣXᵀ, with X =

√
τ14 and Y = 0. This represents an attenuation

channel, since τ = s′/s = c′/c, and then 0 < τ < 1. However, notice that with this
transformation, the symplectic eigenvalue is reduced, ν̃− → τ2ν̃−, which results in
higher entanglement, while the purity is increased, µ→ µ/τ2.

Of course, this type of operation is not a Gaussian channel, since X alone does
not represent a symplectic transformation. Having set Y = 0, we need W = 0, since
Y = WΣEW

ᵀ and ΣE cannot be zero. Then, the symplectic condition XΩXᵀ +
WΩW ᵀ = Ω is only met in the case of τ = 1, in which the application of X represents
the evolution of an isolated system.

If we consider a general Gaussian quantum channel, with Y 6= 0, taking into
account that detX+detW = 1, and imposing that bothX andW must be invertible,
we end up with an attenuation channel. This is imposed by X =

√
τ14 and Y =

(1− τ)m14, where we have set W =
√

1− τ14 and ΣE = m14. Here, m = 1 + 2nE,
and nE is the number of thermal photons in the environment. Then, the resulting
state is characterized by

Σ′ =
(

[τc+ (1− τ)m]12 τsσz
τsσz [τc+ (1− τ)m]12

)
. (3.5)

If we impose a form for this state, as we had done in the previous case, such that

Σ′ =
(
c′12 s′σz
s′σz c′12

)
, (3.6)

the first condition we find is that τ = s′/s. This leads to a condition on the state of
the environment,

m = sc′ − cs′

s− s′
, (3.7)

and since we know that nE ≥ 0, and thus m ≥ 1, we have that sc′ − cs′ ≥ s − s′.
This can be reduced to (c′ − 1)/(c− 1) ≥ s′/s, which is

(1 + 2n′) cosh 2r′ − 1
(1 + 2n) cosh 2r − 1 ≥

(1 + 2n′) sinh 2r′

(1 + 2n) sinh 2r . (3.8)

The symplectic eigenvalue of the partially-transposed covariance matrix is

ν̃− = τ(c− s) + (1− τ)m = τ ν̃
(0)
− + (1− τ)ν̃E−, (3.9)

with the partially-transposed symplectic eigenvalues of a TMST state and a thermal
state are given by ν̃(0)

− = (1 + 2n)e−2r and ν̃E− = m, respectively. The resulting state
is entangled if ν̃− < 1, which imposes the condition

s′ >
(m− 1)s
m− (c− s) . (3.10)
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If we connect this with the previous one, we can get

c′ > 1 + (m− 1)(c− 1)
m− (c− s) . (3.11)

Furthermore, the purity of this state is given by

µ =
{

[τc+ (1− τ)m]2 − τ2s2
}−1

, (3.12)

which is reduced if c2 − s2 > [τc+ (1− τ)m]2 − τ2s2. If we rearrange this, we can
obtain

c2 − s2 −m2 > τ(s− c+m)(s+ c−m), (3.13)

and using τ(s− c+m) > m− 1 from the partially-transposed symplectic eigenvalue,
we arrive at

m < (c+ s)
(
c− s+ 1
c+ s+ 1

)
= (1 + 2n)e−2r

(
1 + 2n+ e2r

1 + 2n+ e−2r

)
. (3.14)

Writing m = 1 + 2nE, this can be rearranged into

nE <
2n(1 + n)

1 + (1 + 2n)e2r , (3.15)

which imposes a more restrictive condition than just nE < n. This implies that
purification can only happen if the purity of the environment is higher than that of
the initial TMST state.

3.1.1 Partial purification with ideal measurements

We now consider that we have access to making measurements on the environment,
and attempt to obtain information from them. Our Gaussian measurement is de-
scribed by a positive operator Πi taken from a POVM, with covariance matrix Υi.
If we project this onto mode B of a bipartite Gaussian state with covariance matrix

Σ =
(

ΣA εAB
εᵀAB ΣB

)
, (3.16)

the covariance matrix of the resulting state of mode A is

Σ̃A = ΣA − εAB (ΣB + Υi)−1
εᵀAB . (3.17)

Recall that homodyne measurements of the x-quadrature are characterized by

Υi = lim
ξ→∞

(
e−2ξ 0

0 e2ξ

)
, (3.18)
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by setting ϕ = 0, or alternatively, of the p-quadrature with ϕ = π,

Υi = lim
ξ→∞

(
e2ξ 0
0 e−2ξ

)
. (3.19)

Another way to describe the action of homodyne measurements on the covariance
matrix of the remaining state is to write

Σ̃A = ΣA − εAB
[(

1 0
0 0

)
ΣB
(

1 0
0 0

)]MP
εᵀAB (3.20)

for the x-quadrature, where MP indicates the pseudo inverse operation [66], since the
resulting matrix is singular. For the p-quadrature, we just compute

Σ̃A = ΣA − εAB
[(

0 0
0 1

)
ΣB
(

0 0
0 1

)]MP
εᵀAB . (3.21)

For x-quadrature homodyne measurements on the environment, we obtain the purity
of the remaining state

µ = 1
m

√
(1− τ)(c+ s) +mτ

(c+ s)(τ(c+ s) +m(1− τ)) ×

√
(1− τ)(c− s) +mτ

(c− s)(τ(c− s) +m(1− τ)) . (3.22)

For the partially-transposed symplectic eigenvalue, we get

ν̃− =

√
m(c− s)τ(c− s) +m(1− τ)

(1− τ)(c− s) +mτ
. (3.23)

Alternatively, if we measure orthogonal quadratures in different modes of the envi-
ronment through homodyne detection (let’s say, x in the first and p in the second),
we obtain

µ = (1− τ)c+mτ

m[m(1− τ)c+ τ(c2 − s2)] , (3.24)

and for the partially-transposed symplectic eigenvalue

ν̃− =
√
mc[((m− c)2 − s2)(1− τ)τ +mc]−mτs

(1− τ)c+mτ
. (3.25)

This kind of measurements are often referred to as “double-homodyne”. Heterodyne
detection is constructed through double-homodyne measurements with an auxiliary
system in a coherent state. The covariance matrix associated to heterodyne measure-
ments can be obtained for ξ = 0, Υi = 12. Equivalently, it corresponds to projecting
onto a given coherent state. We compute the purity of the remaining state after this
type of measurements,

µ =
[

(1− τ)(c+ s) + 1 +mτ

(m+ τ)(c+ s) +m(1− τ)

]
×
[

(1− τ)(c− s) + 1 +mτ

(m+ τ)(c− s) +m(1− τ)

]
, (3.26)
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as well as the symplectic eigenvalue of the partial transposition,

ν̃− = (m+ τ)(c− s) +m(1− τ)
(1− τ)(c− s) + 1 +mτ

. (3.27)

We observe in all cases that the purity of the resulting state is larger than that of the
initial state, provided that m2 < c2−s2, meaning that the purity of the environment
has to be larger than that of the initial state, as we saw earlier. We also see that the
remaining state is entangled if

τ >
1
2

(
1− 1 +m(c− s)

m− c+ s

)
. (3.28)

Naturally, however, the negativity of the state after measuring the environment can
never be larger than that of the initial state.

The improvement shown by the application of ideal measurements is caused by
the fact that these represent a projection of the state of the environment onto a pure
Gaussian state, which naturally purifies the corresponding system coupled to it.

3.1.2 Quantum Fisher information

In order to test the efficiency of these purification schemes, we need to use a metric;
we need to find a function that characterizes how useful the resulting states are for a
given protocol. In the following, we will use the quantum Fisher information (QFI)
to test how the partially-purified states perform in a typical quantum illumination
problem.

Quantum illumination (QI) [184] is a quantum sensing protocol in which we at-
tempt to detect a low-reflectivity object using two entangled quantum modes. One
mode is sent at the object, and it is either reflected or lost. The other mode is kept
in the laboratory, and measured jointly with the part of the signal that arrives after
being reflected. Naturally, this can be attained using Gaussian quantum states [185].
The performance of this protocol is generally evaluated using the Fisher information.

The classical Fisher information (CFI) is a distinguishability measure between
two probability distributions, related to the maximum knowledge that can be ob-
tained about a given parameter that characterizes a random probability distribution.
It’s quantum correspondent, the quantum Fisher information (QFI) [186, 187], is for-
mulated similarly, in the context of density matrices and observables, and is related
to the quantum Cramér-Rao bound [188, 189], var(Ôε) ≥ 1/MH(ε). This bounds
the error in estimating a parameter ε, given the QFI H(ε), an optimal observable Ô,
and a number of repetitions M .

We will use it to estimate the performance of our states to be used to detect a
low-reflectivity object. Starting with a bipartite entangled state, one of the modes is
sent into open-air to detect the presence of a highly-transparent object, with which
it interacts. The reflected photons are detected, and a combined measurement with
the mode kept in the laboratory is performed. Our guess is that, in certain regimes,
the partially-purified states will present higher QFI than the bare states. This is true
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in the case of TMST states, for which the QFI (in this type of problems) increases
monotonically with the purity.

For Gaussian quantum states, the QFI can be computed using only the displace-
ment vector and the covariance matrix. The QFI for a bipartite Gaussian quantum
state with covariance matrix Σ, related to a parameter ε, is given by [190]

H(ε) = 1
2(detE − 1)

{
(detE) tr

[(
E−1Ė

)2]+ 4(ν2
+ − ν2

−)
(
−

ν̇2
+

ν4
+ − 1 +

ν̇2
−

ν4
− − 1

)
+

√
det (1 + E2) tr

[((
1 + E2)−1

Ė
)2
]}

+ 2 ~̇d†Σ−1 ~̇d, (3.29)

where ~̇d, Ė indicate the element-wise derivatives of ~d, E with respect to ε, respectively.
Here, ν± are the symplectic eigenvalues of Σ, which can also be obtained as 2ν± =√

trE2 ±
√

(trE2)2 − 16 detE. We have also defined E = iTΩΣT ᵀ, with

T =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 , Ω =


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

 . (3.30)

Here, ~d indicates the displacement vector. Provided that we are in the context of QI,
ε plays the role of the reflectivity of the object.

In order to provide a fair comparison between the initial and the partially-purified
states, we need to equate the amount of resources used. In a quantum illumination
context, this means setting the same number of photons. For the task of detecting
low-reflectivity objects, we can claim that one scheme is better than another if we
make sure they are using the same number of photons. More specifically, if we are
shining the object with a single mode, we need to fix the quantity corresponding
to the number of photons in that mode times the number of repetitions, for a fair
comparison.

To claim a quantum advantage in QI, we compute the ratio of the QFI and the
CFI. The typical case studied in CVs is a TMSV state versus a single-mode coherent
state, which plays the role of a classical signal. The number of signal photons,
corresponding to the mode of the TMSV state that is sent at the object, is given by
Ns = sinh2 r, and we define Nth as the average number of thermal photons in the
environment through which the signal mode propagates. Then, we obtain

lim
ε→0

HQ(ε)
HC(ε) = 1 + Nth

1 +Ns +Nth + 2NsNth
, (3.31)

in the limit of low reflectivity. This quantity is always greater than 1, and it indicates
a higher advantage of the quantum strategy in the range of low signal-to-noise ratio.

We can compute the same metric for a general two-mode Gaussian quantum state,
characterized by a null displacement vector and a covariance matrix given in normal
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form, as in Eq. (2.6). Then, the ratio between the quantum and the classical Fisher
information, in the limit of low reflectivity, considering that we are probing the object
with mode A, is given by

lim
ε→0

HQ(ε)
HC(ε) = (1 + 2Nth)[2c1c2 + b(1 + 2Nth)(c21 + c22)]

4α2[b2(1 + 2Nth)2 − 1] . (3.32)

Here, we have considered a coherent state with α ∈ R, therefore, α2 indicates the
number of photons in the coherent state. If we wanted to use the same number of
photons, then we could replace α2 by (a − 1)/2 = Ns, which corresponds to the
number of signal photons from the Gaussian quantum state that arrive at the object.

Nevertheless, in our case, we want to compare the performance of the states before
and after partial purification. We will take into account the number of repetitions,
and equate M2〈n2〉 = M1〈n1〉. Then, we want to look at the ratio

lim
ε→0

M2H2(ε)
M1H1(ε) = lim

ε→0

〈n1〉H2(ε)
〈n2〉H1(ε) , (3.33)

which we want to identify as the efficiency. This is chosen because var(Ôε) ≥
1/MH(ε), which is known as the Cramér-Rao bound, bounds the error in estimating
ε with our choice of states, given a an optimal observable Ô and a number of repe-
titions M . If the ratio given before is larger than 1, the we would have reduced the
bound with the partially-purified states, meaning that a lower estimation error could
be achieved.

In Fig. 31, we represent the purity versus the negativity for the output state of an
attenuation channel, for τ ∈ [0, 1]. We have considered an initial TMST state with
n = 10−2 thermal photons and squeezing parameter r = 1, and an environment in
the vacuum state (m = 1). The blue, orange, and green curves correspond to per-
forming homodyne, double homodyne, and heterodyne measurements, respectively.
In Fig. 31 (a), we represent the purity versus the negativity of the output state,
normalized by dividing it by the negativity of the initial state. We can observe how
there an almost straight line that delimits the region of allowed partial purification
with the available entanglement. Fig. 31 (b) shows the efficiency of the purification
scheme, given by the ratio in Eq. (3.33). All three instances here have equal amount
of resources. We can observe that double homodyne and heterodyne measurements
perform better than homodyne ones, reaching a maximum efficiency of 1.5. This
means that, with the resulting partially-purified states, the error for estimating a
given observable using quantum illumination is reduced by 2/3.
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Figure 31: Partial purification of a TMST state in a pure-loss channel with meaa-
surement. We take a TMST state with n = 10−2 and r = 1, assuming the environment is
in a vacuum state (m = 1). The blue, orange and green curves correspond to the result of
homodyne, double homodyne, and heterodyne ideal measurements, respectively, performed
on the environment. (a) Purity versus negativity of the output state, represented for attenu-
ation coefficients τ between 0 and 1. We notice that, while the negativity of the output state
cannot be increased with respect to that of the initial state, the purity can be improved by
homodyne and heterodyne measurements. (b) Efficiency of the purification scheme versus
τ . We can observe a region of small τ were there is no advantage, but in the remaining
region partial purification with measurements can reduce the estimation error, compared
with the initial TMST states.

3.2 Partial Purification with Two Copies

Let us now investigate the case in which two copies of the same state are used to
increase the purity of the output state, by means of local Gaussian operations. We
will consider states that are initially entangled, and will require that the output state
is not completely separable.

3.2.1 Swapping-like protocol

We consider a protocol in which one mode of each copy of the state is combined in
a beam splitter with transmissivity τ , by a party that is located between Alice and
Bob. These two modes are taken as the environment, and a Gaussian measurement
is applied to each one. The corresponding scheme is depicted in Fig. 32 (a). We
will choose measurements that have an orthogonal representation in phase space by
setting ϕ2 = ϕ1 + π = ϕ+ π, while we will set ξ1 = ξ2 = ξ. If measurements are not
taken as orthogonal in phase space, the resulting state will be separable.
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Figure 32: Partial-purification schemes that use two copies of a TMST state.
(a) We represent a swapping-like protocol, in which two uncorrelated modes, one held by
Alice and the other by Bob, are combined in a 50:50 beam splitter. Then, both modes
are subject to Gaussian measurements. (b) We illustrate a distillation-inspired protocol,
where Alice and Bob apply locally two-mode Gaussian operations (U , U ′) that resemble the
CV-equivalent of CNOT gates. Then, each party measures one of their modes.

By considering τ = 1/2, we obtain

µ = 1
c2 − s2 − s2(c2−s2−1)

1+c2+2c cosh 2ξ

(3.34)

and

ν̃− = c+ e2ξ(c2 − s2)
1 + ce2ξ . (3.35)

In the case ξ →∞, these represent the result of double-homodyne measurements, and
we reproduce the results of an entanglement-swapping operation. In this scenario,
the purity remains the same, but entanglement is reduced. Notice that we need a
finite ξ to reduce the purity of the output state. This protocol effectively teleports
entanglement to the remaining, also previously-uncorrelated modes, held by Alice
and Bob.

In Fig. 33, we represent the efficiency for different values of the squeezing of the
initial TMST state, and for different squeezing parameters of the Gaussian projective
measurement. We observe that the maximum efficiency happens for small ξ, and it
increases for larger squeezing, which is natural, since we are fixing the initial number
of thermal photons. For r = 1, the maximum efficiency is 1.40, which is smaller
than the maximum values obtained in the single-copy case, represented in Fig. 31.
Nevertheless, in that case we were assuming that the environment was in a pure
state, while now we are considering two mixed states.
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Figure 33: Efficiency of a two-copy purification scheme, based on entanglement
swapping, of an initial TMST state with n = 10−2, represented against the squeezing
parameter of the initial state and the squeezing associated to the Gaussian projective mea-
surements. The latter are taken orthogonal in their phase-space representation, as double
homodyne with finite squeezing. We have also considered τ = 1/2, and ϕ = 0.

3.2.2 Distillation-inspired protocol

We envision the case in which Alice and Bob share two copies of an entangled state,
and each decide to combine their modes of such states by applying some unitary oper-
ation. In the discrete-variable formalism, by choosing this operation to be the CNOT
gate, bit-flip errors could be corrected [191, 192]. Here, we will apply the continuous-
variable equivalent [193] of such gate, which effectively copies the information of one
quadrature into another,

U|x1, x2〉 = |x1 ∓ x2, x2〉,
U|p1, p2〉 = |p1, p2 ± p1〉. (3.36)

Switching to the symplectic convention, we will identify

U


x1
p1
x2
p2

 =


1 0 −ω 0
0 1 0 0
0 0 1 0
0 ω 0 1



x1
p1
x2
p2

 =


x1 − ωx2

p1
x2

ωp1 + p2

 ,

U ′


x1
p1
x2
p2

 =


1 0 0 0
0 1 0 −ω
ω 0 1 0
0 0 0 1



x1
p1
x2
p2

 =


x1

p1 − ωp2
ωx1 + x2

p2

 . (3.37)
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Below, we give the explicit combination of operations that give rise to the CNOT-like
gate we use in this section. This gate is actually known as the quantum nondemolition
gate [194, 195], and we can identify several variations of it through the operators

U =


1 0 −ω 0
0 1 0 0
0 0 1 0
0 ω 0 1

 , Uᵀ =


1 0 0 0
0 1 0 ω
−ω 0 1 0
0 0 0 1

 ,

U ′ =


1 0 0 0
0 1 0 −ω
ω 0 1 0
0 0 0 1

 , U ′ᵀ =


1 0 ω 0
0 1 0 0
0 0 1 0
0 −ω 0 1

 . (3.38)

The essence of this transformation lies in two beam splitter transformations, inter-
rupted by a squeezing operation. Consider the beam splitter operator

B(τ, φ) =
( √

τ12
√

1− τR(φ)
−
√

1− τRᵀ(φ)
√
τ12

)
, (3.39)

where we have defined the phase-shifter operator

R(φ) =
(

cosφ − sinφ
sinφ cosφ

)
, (3.40)

and the single-mode squeezing operator

S(ξ, ϕ) =
(

cosh ξ − sinh ξ cosϕ − sinh ξ sinϕ
− sinh ξ sinϕ cosh ξ + sinh ξ cosϕ

)
. (3.41)

By identifying ω = 2 sinh ξ, we can express

Ui = B(τi, φi)
(
S(ξ, 0) 0

0 S(ξ, π)

)
Bᵀ(1− τi, φi), (3.42)

and characterize each gate by the parameters

U −→ τ = 1
1 + e2ξ , φ = π,

Uᵀ −→ τ = 1
1 + e−2ξ , φ = π,

U ′ −→ τ = 1
1 + e−2ξ , φ = 0,

U ′ᵀ −→ τ = 1
1 + e2ξ , φ = 0. (3.43)

With this toolbox at hand, we can devise a distillation-inspired purification scheme
for thermal states. These operations generate entanglement, and by making use
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of that resource, together with heterodyne measurements, we will be able to distill
purity in the outcome states. Starting from thermal states with covariance matrix
Σth = m12, we can apply these operations onto two copies, such that

U
(

Σth 0
0 Σth

)
Uᵀ = mUUᵀ = m


1 + ω2 0 −ω 0

0 1 0 ω
−ω 0 1 0
0 ω 0 1 + ω2

 . (3.44)

By considering heterodyne measurements on one of the modes of the resulting state,
we get the covariance matrix for the remaining state

m

(
1 + ω2

1+m 0
0 1+m

1+m(1+ω2)

)
. (3.45)

The purity is given by

µ = 1
m

√
1 +m(1 + ω2)

1 +m+ ω2 , (3.46)

and this is larger that the initial purity of 1/m for ω ∈ R. If we take the limit of
diverging ω, we find

lim
ω→∞

µ = 1√
m
, (3.47)

a significative improvement in the purity of the thermal state. If we perform k rounds
of purification and use 2k copies of the same thermal state, in the limit ω →∞, we
end up with the purity

µ =

√
k(1 +m)−m
k(1 +m)− 1 =

√
1− m− 1

k(1 +m)− 1 , (3.48)

which tends to 1 as k goes to infinity.
Let us move on to the case of partial purification of entangled states. We assume

that Alice applies U on modes 1 and 3, and Bob applies U ′ on modes 2 and 4. Then,
we consider that Alice projects onto a Gaussian state with squeezing ξ in the x
direction, whereas Bob does the same in the p direction. The purity of the resulting
state is

µ = 1
c2 − s2 − c2ω2(c2−s2−1)

1+c2−s2+2c cosh 2ξ+cω2(c+e−2ξ)

. (3.49)

Given that the second term in the denominator is positive, the purity can increase.
The symplectic eigenvalue of the partial transposition is given by

ν̃− =
c
√
u [u+ ω2(u+ cω2e−2ξ − 2c sinh 2ξ)]− s

(
u+ cω2e−2ξ)

u+ cω2 (c+ e−2ξ) (3.50)
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with u = 1 + c2− s2 + 2c cosh 2ξ. Through this operation and measurement, the first
moments (x1, p1) and (x2, p2) of the initial state, corresponding to Alice and to Bob,
respectively, transform as follows:


x1
p1
x2
p2

 −→


x1

(
1− ω

1+ce2ξ

)
p1

(
1− cω(1+ω)

c(1+ω2)+e2ξ

)
x2

(
1− cω(1+ω)

c(1+ω2)+e2ξ

)
p2

(
1− ω

1+ce2ξ

)

 , (3.51)

showing that the information of the quadratures of one party is not used by the other.
Furthermore, notice that

lim
ω→∞

µ = 1
1 + c2−s2−1

1+ce2ξ

, (3.52)

which means that we can completely purify the state with perfect homodyne mea-
surements (ξ →∞). Naturally, this will come at the cost of negativity. See that, in
this limit, the symplectic eigenvalue of the partial transposition goes to

lim
ω→∞

ν̃− =
eξ
√
c(1 + c2 − s2 + 2c cosh 2ξ)− s

1 + ce2ξ , (3.53)

which goes to 1 with ξ →∞, yielding a separable state.
The efficiency of this scheme is represented in Fig. 34 (b), for different values of

ω and ξ. This is actually the instance that yields a maximum efficiency of 1.5, in the
range of parameters represented here. In Fig. 34, we show that the same maximum
efficiency can be obtained with other measurement configurations: (a) Both Alice
and Bob project onto a Gaussian state with squeezing ξ in the x direction; (b) Alice
projects onto a Gaussian state with squeezing ξ in the x direction, whereas Bob does
the same in the p direction; (c) Alice projects onto a Gaussian state with squeezing
ξ in the p direction, whereas Bob does the same in the x direction; (d) Both Alice
and Bob project onto a Gaussian state with squeezing ξ in the p direction. We see
that the common measurement scheme that can lead to a maximum efficiency is
heterodyne detection (ξ = 0), which is independent of the phase space direction of
the projection.

We have investigated using two copies of the already purified states (with lower
squeezing), which resource-wise would amount to using four copies of the initial state.
We found that the maximum efficiency that can be obtained increases barely in cases
any of the four cases. Then, we believe that it is not interesting to investigate this
protocol assuming that we have infinite copies available. Nonetheless, if our goal
is simply to purify states, consuming entanglement as the resource, a multi-copy
scenario can lead to interesting results, as we have seen with thermal states. There,
we have shown that we can completely purify thermal states in an infinite-copy case,
with ω → ∞. In this same regime, we observe that just two copies lead to a purity
that increases from 1/m to 1/

√
m, with m ≥ 1.
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Figure 34: Efficiency of a two-copy distillation-inspired purification scheme of an
initial TMST state with n = 10−2 and r = 1, represented against ω and against ξ. We
consider measurements with specific directions in phase space: (a) Both in the x-direction;
(b) First in the x-direction, second in the p-direction; (c) First in the p-direction, second in
the x-direction; (d) Both in the p-direction.
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4 Superconducting Devices for
Microwave Quantum Communication

S uperconducting quantum devices working in the microwave regime have be-
come extremely relevant due to the advances in the field of circuit quantum elec-

trodynamics. These are very valuable for quantum computing, as superconducting
circuits have been established as the running quantum platform. But these advances
not only pertain to quantum computation, but also to entanglement generation, state
reconstruction, squeezing, and quantum teleportation, to name a few.

The main drawback for the use of propagating microwave photons is the difficulty
to detect them, due to their low energy. Therefore, amplification of signals has been
one of the most studied subjects in this topic. In classical microwave communication,
especially in free space, amplification plays a crucial role, as increasing the number
of photons improves the chances the receiver has of detecting that signal. On the
other hand, in the quantum regime, the photons introduced by the amplifier are a
threat to the quantumness of the signal [196]. For example, let us examine the case
of cryogenic high electron mobility transistor (HEMT) amplifiers. These devices are
able to greatly enhance signals in a large frequency spectrum, while introducing a
significant amount of thermal photons. This noise is reflected in the input-output
relation

âout = √gH âin +
√
gH − 1ĥH , (4.1)
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with ain, aout, and hH the annihilation operators of the input field, output field,
and noise added by the amplifier, respectively. From this formula, we can see that
amplification is a procedure that acts individually on the modes of a quantum state,
which means that we can increase the number of photons of that mode, but they will
not be entangled with the others. Therefore, amplification cannot increase quantum
correlations. In fact, the introduction of thermal noise can almost certainly lead to
entanglement degradation.

HEMTs normally work at 4 K temperatures, which implies that the number of
thermal photons they introduce is around nH ∼ 10− 20, for 5 GHz frequencies. It is
the number of thermal photons that determines the thermally-radiated power [197],
P = ~ωNB, meaning that the excess output noise produces a flux of N photons per
second in a bandwidth of B Hz. The gain is given by the ratio between output and
input powers, and for a constant bandwidth, it is just gH = nH/n, the ratio between
the number of thermal photons introduced by the HEMT and the number of photons
in the input state. A HEMT of these characteristics produces a gain of gH = 2× 103

when acting on a TMST state with n ∼ 10−2, which completely destroys entangle-
ment. In order for entanglement to survive this amplification process, the HEMT
must be placed at temperatures below 100 mK. However, it has been shown that
placing a HEMT at cryogenic temperatures does not suffice to reduce thermal noise
originated from self heating, and more sophisticated techniques are required [107].

Nevertheless, it has been proven that HEMTs actually can still be used for quan-
tum state reconstruction [198], for the detection of two-mode squeezing [130], and
even for path entanglement [199]. This is understandable, given that these amplifiers
preserve the phase and do not introduce correlated noise that would otherwise most
likely destroy photon-number entanglement. Furthermore, for certain tasks, it has
been proven an advantage by using a HEMT combined with a Josephson parametric
amplifier, or JPA [200]. The latter is a phase-sensitive amplifier, so in this case, one
of the quadratures of a quantum state can be squeezed below the quantum limit set
by vacuum fluctuations. Then, by placing a HEMT after the JPA in the detection
process, the effects of the noise introduce by the former are mitigated. This can also
be achieved with two JPAs placed sequentially [201].

Architectures based on Josephson junctions [113] have been proven to be very ver-
satile, as they can be used to build various devices with many different applications.
Arguably the most popular of them is the JPA [105, 106], which is nothing but a
Josephson-junction-based architecture working as a phase-sensitive parametric ampli-
fier. Some implementations of the JPA rely on superconducting quantum interference
devices (SQUIDs), which are two Josephson junctions with identical critical currents
placed in a loop. Normally, the magnetic flux threading the SQUID is controlled to
change the system’s resonance frequency; this system can be a coplanar-waveguide
resonator either with SQUIDs along the inner conductor [202, 203], or short-circuited
to ground by the SQUID [117]. The latter is known as a flux-driven JPA.

Other implementations of a parametric amplifier are based on the Josephson
ring modulator [204, 205, 206], a ring of four identical Josephson junctions threaded
by a magnetic flux which induces coupling between three modes. These devices are
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known as Josephson parametric converters (JPCs) [108, 109, 110], and they can work
as phase-preserving amplifiers and frequency upconverters. They can also generate
two mode squeezing, as proven in Refs. [207, 208], and by combining two JPCs with
different pump tones, one can implement a three-port non-reciprocal device called the
circulator [209, 210]. It is used to shield other devices in the cryostat from thermal
radiation [211], and is a key component in the readout of qubits in superconducting
platforms; therefore, many experimental implementations have followed [111, 112].

In most cases, the amplifiers described here were developed for measuring in su-
perconducting quantum platforms; the design of efficient photocounters has probably
been the most relevant milestone for propagating quantum microwaves. Although
many theoretical proposals for photodetectors [212, 213, 214, 215, 216, 217, 218] and
photocounters [219, 220, 221] have been made based on circuit QED, and many pho-
todetection experiments have been realized [222, 223, 224, 225, 226], it was not until
recently that the first experimental realization of a (number-resolved) photocounter
with propagating quantum microwaves was achieved [176, 227], employing Josephson
ring modulators.

These are a key component in quantum communications, and their development
for quantum microwave signals paves the way for more advances in quantum devices
working in this frequency regime. Given that one of the main sources of imperfection
for microwaves, due to the large wavelengths, is diffraction, the development of proper
collimators is also due.

Here, we have illustrated how important Josephson junctions are to quantum
information processing devices working in the microwave regime. Arguably the most
famous application of Josephson junctions is the Josephson parametric amplifier;
particularly, we are interested in its squeezing capability for state generation.

4.1 Josephson Parametric Amplifiers

One of the most important applications of JPAs is the generation of squeezed states.
Squeezing is an operation in which one of the variances of the electromagnetic field
quadratures of a quantum state is reduced below the level of vacuum fluctuations,
while the conjugate quadrature is amplified, satisfying the uncertainty principle.
This can be achieved by sending the vacuum state to a JPA, a coplanar waveg-
uide resonator line terminated by a direct-current superconducting interference de-
vice (dc SQUID). The dc SQUID provides magnetic flux tunability to the resonator
and enables parametric phase-sensitive amplification, which is the key for generating
squeezed microwave states [228, 181]. By combining two single-mode squeezed states,
with squeezing in orthogonal directions in phase space, in a balance beam splitter,
we can generate two-mode squeezed states. These are Gaussian bipartite entangled
states, and the most common resource used for CV quantum communication.
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The relation between the frequency of the external magnetic flux, Ω, and the
fundamental frequency of the JPA, ωc, determines whether the JPA operates in the
phase-insensitive or phase-sensitive regime. The latter is achieved in the so-called
degenerate regime, Ω = 2ωc. A corresponding three-wave mixing process, when one
pump photon splits into two signal photons, is described by the Hamiltonian

H = g
(
β̄â2 − βâ†2

)
. (4.2)

It can be shown that the aforementioned Hamiltonian corresponds to a single-mode
squeezing operator

S(ξ) = exp
[

1
2(ξ̄â2 − ξâ†2)

]
, (4.3)

with the squeezing parameter given by |ξ| ∝ 2g|β|t.
A pair of states with the same squeezing levels, but squeezed in perpendicular

directions in phase space, can be combined in a 50:50 beam splitter to produce two-
mode squeezed states [67]. In the microwave regime, the action of the symmetric
50:50 beam splitter is carried out by a hybrid ring [229], and squeezed states are
produced by JPAs. Due to the bright thermal background at microwave frequencies,
which is not negligible even at cryogenic temperatures, these devices are subject
to various sources of imperfections and noise. Therefore, the output states can be
effectively modelled as TMST states [64], whose second moments differ from those
of ideal two-mode squeezed vacuum states by a factor of 1 + 2n, where n is the
average number of thermal photons. This is equivalent to considering ideal JPAs
with identical n-photon thermal state inputs, instead of vacuum states.

Nevertheless, thermal photons in squeezed states may have various physical ori-
gins. One of the most trivial reasons for noise in the two-mode squeezed states is
finite temperatures of the input JPA modes, which lead to the fact that one applies a
squeezing operator to a thermal state rather than to a vacuum. Another important
source of noise in squeezed states produced by flux-driven JPAs arises from Poisson
photon-number fluctuations in the pump mode, which lead to extra quasithermal
photons in the output squeezed states [230]. Last but not least, higher-order nonlin-
ear effects also contribute to additional effective noise under the Gaussian approx-
imation [231]. More experimental details on the microwave squeezing and related
imperfections can be found elsewhere [132].

The action of a JPA on the quadratures of an input state, as presented in the
suplementary material in Ref. [132], can be modelled by

x̂ −→ x̂

(
2χ+ κ− γ
2χ− κ− γ

)
+ x̂JPA

( 2√κγ
2χ− κ− γ

)
,

p̂ −→ p̂

(
2χ− κ+ γ

2χ+ κ+ γ

)
− p̂JPA

( 2√κγ
2χ+ κ+ γ

)
. (4.4)

Here, κ is the coupling rate of the input field to the resonator, γ is the internal rate of
loss into the thermal bath, and χ is the three-wave-mixing strength. We can interpret
this transformation as x-squeezing for χ < 0, and p-squeezing for χ > 0. We have
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obtained estimations of the order of these parameters in JPAs from Ref [232], such
that γ/κ < 10−4 and |χ|/κ ∈ [0, 1/2]. We will define χ̄ ≡ −2χ/κ and γ̄ ≡ γ/κ, so
that χ̄ ∈ [0, 1] and γ̄ < 10−4. Now, we have x squeezing for positive χ̄. With this,
we can rewrite

x̂ −→ x̂

(
−1− χ̄− γ̄

1 + χ̄+ γ̄

)
+ x̂JPA

(
− 2

√
γ̄

1 + χ̄+ γ̄

)
,

p̂ −→ p̂

(
−1 + χ̄− γ̄

1− χ̄+ γ̄

)
− p̂JPA

(
2
√
γ̄

1− χ̄+ γ̄

)
. (4.5)

Given that this device, acting on a single-mode Gaussian state, also couples to
a thermal bath, we use the quantum channel formalism to describe the operation of
squeezing a general Gaussian quantum state using a JPA. The symplectic transfor-
mation that achieves this can be written as

SJPA =


α1 0 α2 0
0 β1 0 −β2

α2
β2
β4

0 α2
β1
β4

0
0 −β4 0 β4

α1
α2

 , (4.6)

where we have defined

α1 = −1− χ̄− γ̄
1 + χ̄+ γ̄

,

α2 = − 2
√
γ̄

1 + χ̄+ γ̄
,

β1 = −1 + χ̄− γ̄
1− χ̄+ γ̄

, (4.7)

β2 = 2
√
γ̄

1− χ̄+ γ̄
,

whereas β4 is related to the coupling of the bath to the system, which is not for us
to determine. Here, χ̄ and γ̄ are related to the three-wave-mixing strength and to
the loss rate, as we have seen.

In the symplectic formalism, the single-mode squeezing operator is expressed as

S(ξ, ϕ) =
(

cosh ξ − cosϕ sinh ξ − sinϕ sinh ξ
− sinϕ sinh ξ cosh ξ + cosϕ sinh ξ

)
. (4.8)

Applying single-mode squeezing on a thermal state, produces

S(ξ, ϕ)m12Sᵀ(ξ, ϕ) = m

(
cosh 2ξ − cosϕ sinh 2ξ − sinϕ sinh 2ξ
− sinϕ sinh 2ξ cosh 2ξ + cosϕ sinh 2ξ

)
. (4.9)

Connecting to this “noiseless” ideal JPA, we can identify the squeezing gain by

e−2ξ =
(

1− χ̄
1 + χ̄

)2
= α2

1
∣∣
γ̄=0 = 1

β2
1

∣∣∣∣
γ̄=0

(4.10)

57



4. SUPERCONDUCTING DEVICES FOR MICROWAVE QUANTUM
COMMUNICATION

in the case in which γ̄ = 0, which implies α2 = β2 = 0. In reality, however, we will
have that

α1 = 1 + α2β2

β1
, (4.11)

in the case γ̄ 6= 0, in order for the transformation to be symplectic. Notice that,
when we change χ̄ → −χ̄, we obtain p squeezing instead of x squeezing, and this
amounts to changing α1 ↔ β1 and α2 ↔ −β2.

We assume that our state and the state of the bath have covariance matrices
Σ = m12 and ΣJPA = mJPA12 respectively. The action of this transformation on
both states is

SJPA
(

Σ 0
0 ΣJPA

)
SᵀJPA, (4.12)

and by tracing out the contribution from the bath, the covariance matrix of the state
is

Σ′ =
(
α2

1m+ α2
2mJPA 0

0 β2
1m+ β2

2mJPA

)
. (4.13)

If we write this state as the outcome of a quantum channel, Σ′ = XΣXᵀ + Y , we
can identify

X =
(
α1 0
0 β1

)
,

Y = mJPA

(
α2

2 0
0 β2

2

)
. (4.14)

Keep in mind that this characterizes the action of the JPA channel onto a ther-
mal state, but it can also hold for a more general Gaussian state, whose covari-
ance matrix, by virtue of Williamson’s theorem, can be brought into diagonal form,
Σ = diag(m1,m2). In any case, however, we are considering the bath to be in a
thermal state.

We impose that the quantum state resulting from this channel is a squeezed
thermal state, and from the result of it acting on a Gaussian state with covariance
matrix Σ = diag(m1,m2), we read its number of thermal photons and squeezing

m′ =
√

(α2
1m1 + α2

2mJPA) (β2
1m2 + β2

2mJPA),

e−2r′ =

√
α2

1m1 + α2
2mJPA

β2
1m2 + β2

2mJPA
. (4.15)

Furthermore, for an initial thermal state (m1 = m2 = m) we can express

m′ =
√

[m(1− χ̄− γ̄)2 + 4mJPAγ̄] [m(1 + χ̄− γ̄)2 + 4mJPAγ̄]
(1− χ̄+ γ̄)(1 + χ̄+ γ̄) ,

e−2r′ =
(

1− χ̄+ γ̄

1 + χ̄+ γ̄

)√
m(1− χ̄− γ̄)2 + 4mJPAγ̄

m(1 + χ̄− γ̄)2 + 4mJPAγ̄
. (4.16)
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The reason for cryogenia is to shield the superconducting devices and quantum
signals from the bright microwave thermal background at room temperature. This
is a relevant source of decoherence for quantum microwaves, as it contributes to the
classicalization of signals. The impedance associated to propagation of signals inside
a cryostat is 50 Ω, whereas in open air it is 377 Ω; therefore, a signal travelling
between both media is susceptible to enduring reflections due to an impedance mis-
match. An antenna is then needed for impedance matching, while avoiding any kind
of amplification of the signal. Given that classical antennae perform signal ampli-
fication, adding thermal photons that can compromise quantum correlations, as we
discussed earlier in this chapter, we have to design a quantum antenna that performs
impedance matching, but that can also preserve entanglement.

4.2 Coplanar Antenna Design for Microwave Signals

We address this problem by considering the quantum antenna as a coplanar waveg-
uide with a position-dependent impedance. We observe that the shape of the antenna
defines its reflectivity, and this affects entanglement. Therefore, our goal is to op-
timize the impedance function in order to minimize the reflectivity of the antenna.
As a paradigmatic case, we study the transmission of two-mode squeezed states into
open air, since they are easy to generate and robust to photon losses. We employ a
numerical optimization method through interpolation, which repurposes each solu-
tion, as well as an ansatz for the impedance, qualitatively-based on the solution from
the numerical case. We find that the reflectivity can be reduced below 10−9, while en-
tanglement preservation with real-life experimental parameters would require values
below 10−4. To conclude, we investigate how errors in the optimal impedance affect
the output entanglement to illustrate the impact that small fabrication imperfections
could have on the performance of the antenna.

4.2.1 Antenna model

We attempt to design an antenna for an open-air microwave quantum communication
protocol, in which an entangled state is produced by a source A, keeping one mode
and sending another through a waveguide into open air, to be received at a remote
location B, while preserving the entanglement between both modes. This scenario
is represented in Fig. 41. For this, we propose to use a transmission line (TL) as a
waveguide that sends out the state, then a finite inhomogeneous TL as the antenna,
and then another TL to represent propagation in open air [102]. This circuit is
sketched in Fig. 42. The TL on the left has an impedance of 50 Ω, whereas that on
the right has an impedance of 377 Ω. Then, the antenna serves as an inhomogeneous
medium that achieves a smooth transition from two very different impedances. The
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Figure 41: Sketch describing an open-air microwave quantum communication
protocol, in which a party A generates a two-mode entangled quantum state and sends
one of the modes to a second party, B, through an environment dominated by thermal noise,
keeping the other mode. The effect of the antennae, as well as the transmission in open air,
are modeled by beam splitters, which allow for the description of the deterioration of the
state due to thermal noise. These have reflectivities |rR|2 and |r̃R|2 for the antennae, and
|rE |2 for the imperfect open-air transmission.

Lagrangian describing this circuit is

L =
−1∑

i=−N

[
∆x cin

2 φ̇2
i −

(φi+1 − φi)2

2∆x lin

]
+

d∑
j=0

[
∆x c2(x)

2 φ̇2
j −

(φj+1 − φj)2

2∆x l2(x)

]

+
N∑

k=d+1

[
∆x cout

2 φ̇2
k −

(φk+1 − φk)2

2∆x lout

]
, (4.17)

where we have defined lin, cin as the inductance and capacitance densities of the
transmission line inside the cryostat, l2(x), c2(x) as the inductance and capacitance
densities of the antenna, and lout, cout as the inductance and capacitance densities of
the second transmission line. See that, inside the antenna, the inductances and capac-
itances depend on the position. This is necessary for a smooth change of impedance.
The reflectivity of the antenna entirely depends on the impedance between the dif-
ferent media. As the impedance is defined by the densities of inductance and ca-
pacitance, Z =

√
l/c, which can be independently manipulated in nano fabrication,

we can choose without a loss of generality the propagation velocity through the an-
tenna, v = 1/

√
lc, to be constant. Consequently, the dependence on the position falls
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Open air (Zout = 377⌦)
<latexit sha1_base64="uPHOYxOVXuKtD9eXUhNt8tWO+Hc="></latexit>

Cryostat (Zin = 50⌦)
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Figure 42: Circuit graph representation of a quantum antenna as an inhomoge-
neous cavity, in red, connecting a cryostat (black) with the open air (blue), both repre-
sented by transmission lines.

entirely onto the inductance, and we can express the impedance in the antenna as

Z2(x) =

√
l2(x)
c2(x) = l2(x)v. (4.18)

Taking N → ∞ in order to consider semi-infinite transmission lines, amounts to
taking the continuum limit ∆x→ 0. Then, we rewrite the Lagrangian,

L =
∫ ∞
−∞

dx

[
c(x)

2 (∂tφ(x, t))2 − 1
2l(x) (∂xφ(x, t))2

]
, (4.19)

defining the capacitances and inductances as

l(x) =


lin if x < 0
l2(x) if 0 ≤ x ≤ d
lout if x > d

(4.20)

and

c(x) =


cin if x < 0
c2(x) if 0 ≤ x ≤ d
cout if x > d

(4.21)

From the minimal action principle, we obtain the Euler-Lagrange equations for this
Lagrangian,

c(x)∂2
t φ(x, t) = ∂x

(
∂xφ(x, t)
l(x)

)
. (4.22)

For the left and right transmission lines, l(x) and c(x) are constant, and Eq. (4.22)
is just the wave equation. This means that for the left and right TLs, the solutions
to the equations of motion are plane waves. However, the solution for the antenna
is not as straightforwardly obtained. To do so, we employ the variable separation
method; we then propose the solution φ(x, t) =

∑
n ϕn(t)un(x) and expand

c(x)ϕ̈n(t)un(x) = ϕn(t)
(
l(x)u′′n(x)− l′(x)u′n(x)

l2(x)

)
, (4.23)
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which leads to the expression

c(x)l(x) ϕ̈n(t)
ϕn(t) = 1

un(x)

(
u′′n(x)− l′(x)

l(x) u
′
n(x)

)
. (4.24)

On both sides of the equation, the solutions are constants,

ϕ̈n(t) = −ξv2ϕn(t), (4.25)

u′′n(x)− Z ′(x)
Z(x) u

′
n(x) = −ξun(x), (4.26)

where we have used c(x)l(x) = 1/v2 and Z(x) = l(x)v. From this, we see that
ξ = k2

n = (ωn/v)2 is the wavenumber. Then, the equation that we need to solve is
that for un(x), which can be written as the Sturm-Liouville problem. In order to
solve this equation for the antenna, we need to fix Z(x).

4.2.1.1 Linear antenna
For a simple case of study, we consider that Z(x) for 0 ≤ x ≤ d is a linear function
of the position,

Z(x) =
(

1− x

d

)
Zin + x

d
Zout, (4.27)

which implies that the inductance in the antenna is also linear. From now on, we will
focus on a single mode of the wavefunction, and we will drop the subscript notation
by changing un(x)→ u(x). Now, the equation we want to solve is

u′′(x)− Z ′(x)
Z(x) u

′(x) + k2u(x) = 0. (4.28)

First, we multiply by (Z(x)/Z ′(x))2, which results in(
Z(x)
Z ′(x)

)2
u′′(x)− Z(x)

Z ′(x)u
′(x) + k2

(
Z(x)
Z ′(x)

)2
u(x) = 0. (4.29)

For the linear impedance in Eq. (4.27), we have

Z(x)
Z ′(x) = x+ d

Zin

Zout − Zin
. (4.30)

Let us define y = kZ(x)/Z ′(x), such that u′(x) = ku′(y), u′′(x) = k2u′′(y). With
this, we can rewrite it as

y2u′′(y)− yu′(y) + y2u(y) = 0. (4.31)

If we introduce yϕ(y) = u(y), with u′(y) = ϕ(y)+yϕ′(y) and u′′(y) = 2ϕ′(y)+yϕ′′(y),
we obtain

y2ϕ′′(y) + yϕ′(y) + (y2 − 1)ϕ(y) = 0, (4.32)
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which is the first order Bessel differential equation. The solution to this equation is

ϕ(y) = b1J1(y) + b2Y1(y), (4.33)

where J1(·), Y1(·) are the Bessel functions of the first and second kind, respectively,
and b1, b2 are arbitrary constants. If we undo all the variable changes, we find

u(x) = k

(
x+ d

Zin

Zout − Zin

)[
b1J1

(
kx+ kd

Zin

Zout − Zin

)
+ b2Y1

(
kx+ kd

Zin

Zout − Zin

)]
. (4.34)

Finally, we redefine bik/(Zout − Zin) = ci, with i = {1, 2}, to write the solution as

u(x) = (Zin(d− x) + Zoutx)
[
c1J1

(
kx+ kd

Zin

Zout − Zin

)
+ c2Y1

(
kx+ kd

Zin

Zout − Zin

)]
. (4.35)

Then, our problem can be translated into a scattering problem,

u1(x) = Aeikx +Be−ikx for x < 0,
u2(x) = u(x) for 0 ≤ x ≤ d,
u3(x) = Feiqx +Ge−iqx for x > d, (4.36)

where k = ω/(c/3) is the wavenumber inside the cryostat and the antenna, consider-
ing that the propagation velocity is v = c/3 inside these two circuits and that q = ω/c
is the wavenumber in open air, with v = c. Imposing the continuity of voltage

φ̇(x, t)
∣∣
x−

= φ̇(x, t)
∣∣
x+ (4.37)

and current
∂x

(
φ(x, t)
l(x)

)∣∣∣∣
x−

= ∂x

(
φ(x, t)
l(x)

)∣∣∣∣
x+
, (4.38)

is equivalent to imposing the continuity of these functions and their derivatives.
Boundary conditions are imposed at frontier points x = 0 and x = d, such that

lim
x→0−

u(x) = u1(0), lim
x→d−

u(x) = u2(d),

lim
x→0+

u(x) = u2(0), lim
x→d+

u(x) = u3(d),

considering that the impedance is constant across the boundaries, limx→0− Z(x) =
limx→0+ Z(x) = Zin and limx→d− Z(x) = limx→d+ Z(x) = Zout. Notice that, since
we have imposed that the velocity is constant throughout the antenna, it will jump
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from vin = c/3 to vout = c when moving from the antenna to open air. Therefore,
the continuity of the current at x = d will be expressed as

vin ∂x

(
u2(x)
Z(x)

)∣∣∣∣
x=d−

= vout
Zout

∂xu3(x)|x=d+ . (4.39)

If we do this, we find

A+B = dZin

[
c1J1

(
kd

Zin

Zout − Zin

)
+ c2Y1

(
kd

Zin

Zout − Zin

)]
, (4.40)

A−B = −idZin

[
c1J
′
1

(
kd

Zin

Zout − Zin

)
+ c2Y

′
1

(
kd

Zin

Zout − Zin

)]
,

and also

Feiqd +Ge−iqd = dZout

[
c1J1

(
kd

Zout

Zout − Zin

)
+ c2Y1

(
kd

Zout

Zout − Zin

)]
,(4.41)

Feiqd −Ge−iqd = −idZout

[
c1J
′
1

(
kd

Zout

Zout − Zin

)
+ c2Y

′
1

(
kd

Zout

Zout − Zin

)]
,

where it will be useful to know that

J1(x)Y ′1(x)− Y1(x)J ′1(x) = 2
πx
. (4.42)

The transfer matrix T is defined as(
F
G

)
= T

(
A
B

)
, (4.43)

and it can be used to construct the scattering matrix S, defined as(
F
B

)
out

= S

(
A
G

)
in

=
(
S11 S12
S21 S22

)(
A
G

)
in
, (4.44)

which will not be normalized (SS† 6= 1). For that, we can redefine S as

S′ =
(
θ1 0
0 θ2

)
S

(
θ1 0
0 θ2

)
=
(
θ2

1S11 θ1θ2S12
θ1θ2S21 θ2

2S22

)
, (4.45)

and find the parameters θ1, θ2, with which the matrix S′ satisfies unitarity conditions.
First of all, the determinant must be equal to one (in modulus). This implies that

detS′ = θ2
1θ

2
2detS = eiγ . (4.46)

Also, the rows of the matrix must represent orthonormal vectors,

(
θ2

1S11 θ1θ2S12
)(θ1θ2S̄21

θ2
2S̄22

)
= θ1θ2

[
θ2

1S11S̄21 + θ2
2S12S̄22

]
, (4.47)
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and, from these two conditions, we can obtain the parameters

θ4
1 = − eiγ

detS
S12S̄22

S11S̄21
, (4.48)

θ4
2 = − eiγ

detS
S11S̄21

S12S̄22
. (4.49)

For this scattering problem, we find that the unitary scattering matrix is given by

S′ = eiγ/2√
detS

−√ qZin
kZout

S11 S12

S21 −
√

kZout
qZin

S22

 , (4.50)

where γ is a free parameter of the system, and thus can be set to zero. Also we have
that, for this problem, |detS| = 1. In the entries of this matrix, we can identify the
transmission and reflection coefficients,

S′ =
(
tL rR
rL tR

)
. (4.51)

In the case in which there is no antenna, we recover the usual formulas in optics
when there is an abrupt change in the impedance,

|tL|2 = |tR|2 →
(

2
√
ZinZout

Zin + Zout

)2

, (4.52)

|rR|2 = |rL|2 →
(
Zin − Zout

Zin + Zout

)2
. (4.53)

Notice that, when both impedances are equal, there are no reflections. In the opposite
limit, having an infinitely-long antenna, we find that

|tL|2 = |tR|2 → 1, (4.54)
|rR|2 = |rL|2 → 0. (4.55)

This limit corresponds to an infinitesimally-slow (adiabatic) change of impedance,
generating no reflections in a wave propagating through it into another medium.
Now, we want to apply the scattering matrix to a given state propagating through
the antenna, and study the entanglement of the output state.

4.2.2 Entanglement through the antenna

We study the performance of the antenna for two-mode squeezed states, which are the
best candidate for Gaussian entangled quantum states with CVs due to the stability
and simplicity with which they are generated.

65



4. SUPERCONDUCTING DEVICES FOR MICROWAVE QUANTUM
COMMUNICATION

Consider a TMST state and a thermal state with Nth photons coming from the
environment. The covariance matrix describing these three modes is

Σth-in = (1 + 2n)

%12 0 0
0 cosh 2r12 sinh 2rσz
0 sinh 2rσz cosh 2r12

 , (4.56)

where we have defined % = (1 + 2Nth)/(1 + 2n). This is the state prepared in the
cryostat. Now, we want to send one of the modes of the TMST state through the
antenna to another party, and optimize the entanglement between the remaining
mode and the transmitted one. The latter goes through the antenna while mixing
with the thermal noise coming from the environment, a process characterized by the
scattering matrix, while the former remains untouched. This process is described by
the action of the operator

T =
(
S′ 0
0 12

)
(4.57)

on the matrix above. We then trace out the reflected part coming from the scattering
matrix, and obtain the covariance matrix of the output state,

Σout = trB
[
TΣth-inT

†] . (4.58)

Given the order in which we have written the states in the covariance matrix, the
scattering matrix S′ is just a reshuffling of the one in Eq. (4.51),

S′ =
(
rR12 tL12
tR12 rL12

)
. (4.59)

This way, we find the covariance matrix of the output state

Σout = (1 + 2n)
((
%|rR|2 + |tL|2 cosh 2r

)
12 tL sinh 2rσz

t̄L sinh 2rσz cosh 2r12

)
. (4.60)

As a measure of entanglement, we use the negativity, computed through the smallest
symplectic eigenvalue of the partially-transposed covariance matrix. For the initial
TMST state, this is

ν̃in− = (1 + 2n)e−2r, (4.61)
and the condition for entanglement, ν̃in− < 1, is expressed as r > 1

2 log(1 + 2n). Notice
that this condition is r > 0 for two-mode squeezed vacuum states (n = 0).

The outgoing state will also be a TMST state, up to unitary transformations.
Thus, its symplectic eigenvalue will have the same form as that of the initial state. If
we set the initial squeezing to zero, no squeezing can be generated through the beam
splitter, and we have ν̃in− = 1 + 2n for the initial state, and ν̃out− = 1 + 2n′ for the
final state. Comparing this formula with the symplectic eigenvalue obtained from
Eq. (4.60), we find that n′ = n. Then, ν̃out− = (1 + 2n)e−2r′ , and

r′ = −1
2 log

(
ν̃out−

1 + 2n

)
. (4.62)
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If we write out explicitly the symplectic eigenvalue of the output state, we obtain

ν̃out− = 1√
2

√
∆̃(Σout)−

√
∆̃2(Σout)− 4 det Σout

where we have identified

∆̃(Σout) = (1 + 2n)2 [(%|rR|2 + |tL|2 cosh 2r)2 + cosh2 2r + 2|tL|2 sinh2 2r
]
, (4.63)

together with√
∆̃2(Σout)− 4 det Σout = (1 + 2n)2

[
%|rR|2 + (1 + |tL|2) cosh 2r

]
×√

(%− cosh 2r)2|rR|4 + 4|tL|2 sinh2 2r. (4.64)

The number of thermal photons is estimated from the Bose-Einstein distribution

n(f) ∝ 1

e
~f
kBT − 1

. (4.65)

The number of thermal photons of frequency f = ω/2π = 5 GHz is 8 × 10−3 at
temperature T ∼ 50 mK, whereas at room temperature (T ∼ 300 K), the number
of thermal photons is approximately 1250, which implies % ∼ 2500. Now, we can
approximate ν̃out− depending on the relation between %|rR|2 and |tL|2, and obtain a
simplified form in the different regimes. The first case we study is %|rR|2 � 1 with
|rR| 6= 0. Here, we find that

ν̃out− = ν̃in− + (1 + 2n) sinh 2r
[
1− |tL|

2(1 + |tL|2) sinh2 2r
2%|rR|2 cosh 2r

]
. (4.66)

Total reflection by the antenna is achieved by taking |rR| → 1, then ν̃out− = (1 +
2n) cosh 2r, which is always greater or equal to 1. This means that there cannot
be entanglement, because we are neglecting the reflected mode, and the transmitted
one only has thermal noise from the environment. Then, we just have two thermal
states. Total transmission, |rR| → 0, breaks the approximation we have made here.
Furthermore, see that we recover the result 1 + 2n as r → 0. In this case, ν̃out− is
smaller for larger |tL|, only showing entanglement for |rR| < 0.1. We will focus on
this regime in the following case.

The second case describes the scenario in which %|rR|2 � 1 with |tL| ≈ 1. This
regime is more restrictive and it is close to total transmission, because we need
|rR| < 10−2 in order to have %|rR|2 � 1. Here, we find

ν̃out− = ν̃in−

(
1 + %|rR|2

2 e2r
)

= ν̃in− +
(

1
2 +Nth

)
|rR|2. (4.67)

When r → 0, the approximation breaks down and we would have to substitute before
the approximation. For total transmission, |rR| = 0, we recover the initial state, since
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no thermal noise from the environment is mixed with the mode transferred through
the antenna. The condition for entanglement on the initial state is

r >
1
2 log(1 + 2n) (4.68)

and, in this case, for the output state we find

r >
1
2 log(1 + 2n)− 1

2 log
[
1−

(
1
2 +Nth

)
|rR|2

]
,

which is, of course, more restrictive. The first inequality imposes
( 1

2 +Nth
)
|rR|2 < 1.

If we approximate log(1± x) ' ±x for x � 1, then we can write the condition for
entanglement on the input state’s squeezing parameter as r > n for the initial state,
and r > n+ 1

2Nth|rR|2 for the output state.
We have found that it is not possible to achieve values of the reflection coefficient

lower than |rR| ∼ 0.08 with a linear antenna. For the squeezing of the initial state
around r = 1, we need |rR| < 0.026 in order for the output state to be entangled.
An antenna in which the impedance grows linearly with the position is not sufficient,
and for this we explore the stepwise antenna.

Cryostat

Antenna

Open	Air

Z1
<latexit sha1_base64="TRVTnf4M0N05tnnsY6PLE9a+iMo=">AAAB5nicbZDNSgMxFIXv+FvrX9Wlm2ARXJWJCLosunFZwWmL7VAy6Z1OaOaHJCOUoa+gK1F3PpAv4NuY1llo61l9uecE7rlBJoU2rvvlrKyurW9sVraq2zu7e/u1g8O2TnPF0eOpTFU3YBqlSNAzwkjsZgpZHEjsBOObmd95RKVFmtybSYZ+zEaJCAVnxo68h0FBp4Na3W24c5FloCXUoVRrUPvsD1Oex5gYLpnWPepmxi+YMoJLnFb7ucaM8TEbYc9iwmLUfjFfdkpOw1QREyGZv39nCxZrPYkDm4mZifSiNxv+5/VyE175hUiy3GDCbcR6YS6JScmsMxkKhdzIiQXGlbBbEh4xxbixl6na+nSx7DK0zxvUbdC7i3rzujxEBY7hBM6AwiU04RZa4AEHAc/wBu9O5Dw5L87rT3TFKf8cwR85H9+Owowj</latexit><latexit sha1_base64="TRVTnf4M0N05tnnsY6PLE9a+iMo=">AAAB5nicbZDNSgMxFIXv+FvrX9Wlm2ARXJWJCLosunFZwWmL7VAy6Z1OaOaHJCOUoa+gK1F3PpAv4NuY1llo61l9uecE7rlBJoU2rvvlrKyurW9sVraq2zu7e/u1g8O2TnPF0eOpTFU3YBqlSNAzwkjsZgpZHEjsBOObmd95RKVFmtybSYZ+zEaJCAVnxo68h0FBp4Na3W24c5FloCXUoVRrUPvsD1Oex5gYLpnWPepmxi+YMoJLnFb7ucaM8TEbYc9iwmLUfjFfdkpOw1QREyGZv39nCxZrPYkDm4mZifSiNxv+5/VyE175hUiy3GDCbcR6YS6JScmsMxkKhdzIiQXGlbBbEh4xxbixl6na+nSx7DK0zxvUbdC7i3rzujxEBY7hBM6AwiU04RZa4AEHAc/wBu9O5Dw5L87rT3TFKf8cwR85H9+Owowj</latexit><latexit sha1_base64="TRVTnf4M0N05tnnsY6PLE9a+iMo=">AAAB5nicbZDNSgMxFIXv+FvrX9Wlm2ARXJWJCLosunFZwWmL7VAy6Z1OaOaHJCOUoa+gK1F3PpAv4NuY1llo61l9uecE7rlBJoU2rvvlrKyurW9sVraq2zu7e/u1g8O2TnPF0eOpTFU3YBqlSNAzwkjsZgpZHEjsBOObmd95RKVFmtybSYZ+zEaJCAVnxo68h0FBp4Na3W24c5FloCXUoVRrUPvsD1Oex5gYLpnWPepmxi+YMoJLnFb7ucaM8TEbYc9iwmLUfjFfdkpOw1QREyGZv39nCxZrPYkDm4mZifSiNxv+5/VyE175hUiy3GDCbcR6YS6JScmsMxkKhdzIiQXGlbBbEh4xxbixl6na+nSx7DK0zxvUbdC7i3rzujxEBY7hBM6AwiU04RZa4AEHAc/wBu9O5Dw5L87rT3TFKf8cwR85H9+Owowj</latexit><latexit sha1_base64="TRVTnf4M0N05tnnsY6PLE9a+iMo=">AAAB5nicbZDNSgMxFIXv+FvrX9Wlm2ARXJWJCLosunFZwWmL7VAy6Z1OaOaHJCOUoa+gK1F3PpAv4NuY1llo61l9uecE7rlBJoU2rvvlrKyurW9sVraq2zu7e/u1g8O2TnPF0eOpTFU3YBqlSNAzwkjsZgpZHEjsBOObmd95RKVFmtybSYZ+zEaJCAVnxo68h0FBp4Na3W24c5FloCXUoVRrUPvsD1Oex5gYLpnWPepmxi+YMoJLnFb7ucaM8TEbYc9iwmLUfjFfdkpOw1QREyGZv39nCxZrPYkDm4mZifSiNxv+5/VyE175hUiy3GDCbcR6YS6JScmsMxkKhdzIiQXGlbBbEh4xxbixl6na+nSx7DK0zxvUbdC7i3rzujxEBY7hBM6AwiU04RZa4AEHAc/wBu9O5Dw5L87rT3TFKf8cwR85H9+Owowj</latexit>

Z2
<latexit sha1_base64="8iAoZJjQs8MfU6Hm8EwrCuFugDs=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaYqJLohuXmFggQkOmwy2dMP3JzNSENLyCroy684F8Ad/GKXah4Fl9c8+Z5J7rp4IrbdtfVmVtfWNzq7pd29nd2z+oHx51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19gz5/eFH7vEaXiSXyvZyl6EZ3EPOCMajNyH0Z5az6qN+ymvRBZBaeEBpTqjOqfw3HCsghjzQRVauDYqfZyKjVnAue1YaYwpWxKJzgwGNMIlZcvlp2TsyCRRIdIFu/f2ZxGSs0i32QiqkO17BXD/7xBpoMrL+dxmmmMmYkYL8gE0QkpOpMxl8i0mBmgTHKzJWEhlZRpc5maqe8sl12Fbqvp2E3n7qLRvi4PUYUTOIVzcOAS2nALHXCBAYdneIN3K7SerBfr9Sdasco/x/BH1sc3kEGMJA==</latexit><latexit sha1_base64="8iAoZJjQs8MfU6Hm8EwrCuFugDs=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaYqJLohuXmFggQkOmwy2dMP3JzNSENLyCroy684F8Ad/GKXah4Fl9c8+Z5J7rp4IrbdtfVmVtfWNzq7pd29nd2z+oHx51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19gz5/eFH7vEaXiSXyvZyl6EZ3EPOCMajNyH0Z5az6qN+ymvRBZBaeEBpTqjOqfw3HCsghjzQRVauDYqfZyKjVnAue1YaYwpWxKJzgwGNMIlZcvlp2TsyCRRIdIFu/f2ZxGSs0i32QiqkO17BXD/7xBpoMrL+dxmmmMmYkYL8gE0QkpOpMxl8i0mBmgTHKzJWEhlZRpc5maqe8sl12Fbqvp2E3n7qLRvi4PUYUTOIVzcOAS2nALHXCBAYdneIN3K7SerBfr9Sdasco/x/BH1sc3kEGMJA==</latexit><latexit sha1_base64="8iAoZJjQs8MfU6Hm8EwrCuFugDs=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaYqJLohuXmFggQkOmwy2dMP3JzNSENLyCroy684F8Ad/GKXah4Fl9c8+Z5J7rp4IrbdtfVmVtfWNzq7pd29nd2z+oHx51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19gz5/eFH7vEaXiSXyvZyl6EZ3EPOCMajNyH0Z5az6qN+ymvRBZBaeEBpTqjOqfw3HCsghjzQRVauDYqfZyKjVnAue1YaYwpWxKJzgwGNMIlZcvlp2TsyCRRIdIFu/f2ZxGSs0i32QiqkO17BXD/7xBpoMrL+dxmmmMmYkYL8gE0QkpOpMxl8i0mBmgTHKzJWEhlZRpc5maqe8sl12Fbqvp2E3n7qLRvi4PUYUTOIVzcOAS2nALHXCBAYdneIN3K7SerBfr9Sdasco/x/BH1sc3kEGMJA==</latexit><latexit sha1_base64="8iAoZJjQs8MfU6Hm8EwrCuFugDs=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaYqJLohuXmFggQkOmwy2dMP3JzNSENLyCroy684F8Ad/GKXah4Fl9c8+Z5J7rp4IrbdtfVmVtfWNzq7pd29nd2z+oHx51VZJJhi5LRCL7PlUoeIyu5lpgP5VII19gz5/eFH7vEaXiSXyvZyl6EZ3EPOCMajNyH0Z5az6qN+ymvRBZBaeEBpTqjOqfw3HCsghjzQRVauDYqfZyKjVnAue1YaYwpWxKJzgwGNMIlZcvlp2TsyCRRIdIFu/f2ZxGSs0i32QiqkO17BXD/7xBpoMrL+dxmmmMmYkYL8gE0QkpOpMxl8i0mBmgTHKzJWEhlZRpc5maqe8sl12Fbqvp2E3n7qLRvi4PUYUTOIVzcOAS2nALHXCBAYdneIN3K7SerBfr9Sdasco/x/BH1sc3kEGMJA==</latexit>

ZN
<latexit sha1_base64="tSOP/Swg9E1yoM4MS/3w2BD2DYU=">AAAB5nicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy6MaVVDBtsQ1lMr1phk5+mJkIJeQVdCXqzgfyBXwbpzULbT2rb+45A/dcPxVcadv+siorq2vrG9XN2tb2zu5eff+go5JMMnRZIhLZ86lCwWN0NdcCe6lEGvkCu/7keuZ3H1EqnsT3epqiF9FxzAPOqDYj92GY3xbDesNu2nORZXBKaECp9rD+ORglLIsw1kxQpfqOnWovp1JzJrCoDTKFKWUTOsa+wZhGqLx8vmxBToJEEh0imb9/Z3MaKTWNfJOJqA7Vojcb/uf1Mx1cejmP00xjzEzEeEEmiE7IrDMZcYlMi6kByiQ3WxIWUkmZNpepmfrOYtll6Jw1Hbvp3J03WlflIapwBMdwCg5cQAtuoA0uMODwDG/wboXWk/Vivf5EK1b55xD+yPr4BroljEA=</latexit><latexit sha1_base64="tSOP/Swg9E1yoM4MS/3w2BD2DYU=">AAAB5nicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy6MaVVDBtsQ1lMr1phk5+mJkIJeQVdCXqzgfyBXwbpzULbT2rb+45A/dcPxVcadv+siorq2vrG9XN2tb2zu5eff+go5JMMnRZIhLZ86lCwWN0NdcCe6lEGvkCu/7keuZ3H1EqnsT3epqiF9FxzAPOqDYj92GY3xbDesNu2nORZXBKaECp9rD+ORglLIsw1kxQpfqOnWovp1JzJrCoDTKFKWUTOsa+wZhGqLx8vmxBToJEEh0imb9/Z3MaKTWNfJOJqA7Vojcb/uf1Mx1cejmP00xjzEzEeEEmiE7IrDMZcYlMi6kByiQ3WxIWUkmZNpepmfrOYtll6Jw1Hbvp3J03WlflIapwBMdwCg5cQAtuoA0uMODwDG/wboXWk/Vivf5EK1b55xD+yPr4BroljEA=</latexit><latexit sha1_base64="tSOP/Swg9E1yoM4MS/3w2BD2DYU=">AAAB5nicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy6MaVVDBtsQ1lMr1phk5+mJkIJeQVdCXqzgfyBXwbpzULbT2rb+45A/dcPxVcadv+siorq2vrG9XN2tb2zu5eff+go5JMMnRZIhLZ86lCwWN0NdcCe6lEGvkCu/7keuZ3H1EqnsT3epqiF9FxzAPOqDYj92GY3xbDesNu2nORZXBKaECp9rD+ORglLIsw1kxQpfqOnWovp1JzJrCoDTKFKWUTOsa+wZhGqLx8vmxBToJEEh0imb9/Z3MaKTWNfJOJqA7Vojcb/uf1Mx1cejmP00xjzEzEeEEmiE7IrDMZcYlMi6kByiQ3WxIWUkmZNpepmfrOYtll6Jw1Hbvp3J03WlflIapwBMdwCg5cQAtuoA0uMODwDG/wboXWk/Vivf5EK1b55xD+yPr4BroljEA=</latexit><latexit sha1_base64="tSOP/Swg9E1yoM4MS/3w2BD2DYU=">AAAB5nicbZDNSsNAFIVv6l+tf1WXbgaL4KokIuiy6MaVVDBtsQ1lMr1phk5+mJkIJeQVdCXqzgfyBXwbpzULbT2rb+45A/dcPxVcadv+siorq2vrG9XN2tb2zu5eff+go5JMMnRZIhLZ86lCwWN0NdcCe6lEGvkCu/7keuZ3H1EqnsT3epqiF9FxzAPOqDYj92GY3xbDesNu2nORZXBKaECp9rD+ORglLIsw1kxQpfqOnWovp1JzJrCoDTKFKWUTOsa+wZhGqLx8vmxBToJEEh0imb9/Z3MaKTWNfJOJqA7Vojcb/uf1Mx1cejmP00xjzEzEeEEmiE7IrDMZcYlMi6kByiQ3WxIWUkmZNpepmfrOYtll6Jw1Hbvp3J03WlflIapwBMdwCg5cQAtuoA0uMODwDG/wboXWk/Vivf5EK1b55xD+yPr4BroljEA=</latexit>

"
<latexit sha1_base64="eVveJZMSHwNNQBCzby6/KvmZ4rM=">AAAB7HicbZDNTgIxFIXv4B/iH+rSTSMxcUVmjIkuiW5cYiJIAhPSKXegodNO2g4JmfAWujLqzqfxBXwbC85CwbP6es9pcs+NUsGN9f0vr7S2vrG5Vd6u7Ozu7R9UD4/aRmWaYYspoXQnogYFl9iy3ArspBppEgl8jMa3c/9xgtpwJR/sNMUwoUPJY86odaNub0I1poYLJfvVml/3FyKrEBRQg0LNfvWzN1AsS1BaJqgx3cBPbZhTbTkTOKv0MoMpZWM6xK5DSRM0Yb5YeUbOYqWJHSFZvH9nc5oYM00il0moHZllbz78z+tmNr4Ocy7TzKJkLuK8OBPEKjJvTgZcI7Ni6oAyzd2WhI2opsy6+1Rc/WC57Cq0L+qBXw/uL2uNm+IQZTiBUziHAK6gAXfQhBYwUPAMb/DuSe/Je/Fef6Ilr/hzDH/kfXwDlamPHA==</latexit><latexit sha1_base64="eVveJZMSHwNNQBCzby6/KvmZ4rM=">AAAB7HicbZDNTgIxFIXv4B/iH+rSTSMxcUVmjIkuiW5cYiJIAhPSKXegodNO2g4JmfAWujLqzqfxBXwbC85CwbP6es9pcs+NUsGN9f0vr7S2vrG5Vd6u7Ozu7R9UD4/aRmWaYYspoXQnogYFl9iy3ArspBppEgl8jMa3c/9xgtpwJR/sNMUwoUPJY86odaNub0I1poYLJfvVml/3FyKrEBRQg0LNfvWzN1AsS1BaJqgx3cBPbZhTbTkTOKv0MoMpZWM6xK5DSRM0Yb5YeUbOYqWJHSFZvH9nc5oYM00il0moHZllbz78z+tmNr4Ocy7TzKJkLuK8OBPEKjJvTgZcI7Ni6oAyzd2WhI2opsy6+1Rc/WC57Cq0L+qBXw/uL2uNm+IQZTiBUziHAK6gAXfQhBYwUPAMb/DuSe/Je/Fef6Ilr/hzDH/kfXwDlamPHA==</latexit><latexit sha1_base64="eVveJZMSHwNNQBCzby6/KvmZ4rM=">AAAB7HicbZDNTgIxFIXv4B/iH+rSTSMxcUVmjIkuiW5cYiJIAhPSKXegodNO2g4JmfAWujLqzqfxBXwbC85CwbP6es9pcs+NUsGN9f0vr7S2vrG5Vd6u7Ozu7R9UD4/aRmWaYYspoXQnogYFl9iy3ArspBppEgl8jMa3c/9xgtpwJR/sNMUwoUPJY86odaNub0I1poYLJfvVml/3FyKrEBRQg0LNfvWzN1AsS1BaJqgx3cBPbZhTbTkTOKv0MoMpZWM6xK5DSRM0Yb5YeUbOYqWJHSFZvH9nc5oYM00il0moHZllbz78z+tmNr4Ocy7TzKJkLuK8OBPEKjJvTgZcI7Ni6oAyzd2WhI2opsy6+1Rc/WC57Cq0L+qBXw/uL2uNm+IQZTiBUziHAK6gAXfQhBYwUPAMb/DuSe/Je/Fef6Ilr/hzDH/kfXwDlamPHA==</latexit><latexit sha1_base64="eVveJZMSHwNNQBCzby6/KvmZ4rM=">AAAB7HicbZDNTgIxFIXv4B/iH+rSTSMxcUVmjIkuiW5cYiJIAhPSKXegodNO2g4JmfAWujLqzqfxBXwbC85CwbP6es9pcs+NUsGN9f0vr7S2vrG5Vd6u7Ozu7R9UD4/aRmWaYYspoXQnogYFl9iy3ArspBppEgl8jMa3c/9xgtpwJR/sNMUwoUPJY86odaNub0I1poYLJfvVml/3FyKrEBRQg0LNfvWzN1AsS1BaJqgx3cBPbZhTbTkTOKv0MoMpZWM6xK5DSRM0Yb5YeUbOYqWJHSFZvH9nc5oYM00il0moHZllbz78z+tmNr4Ocy7TzKJkLuK8OBPEKjJvTgZcI7Ni6oAyzd2WhI2opsy6+1Rc/WC57Cq0L+qBXw/uL2uNm+IQZTiBUziHAK6gAXfQhBYwUPAMb/DuSe/Je/Fef6Ilr/hzDH/kfXwDlamPHA==</latexit>

d
<latexit sha1_base64="xxyLjMjZ0ILZXL0UAqfd35MDYKg=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT09BTQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FcigFJztqhYNqza27C7FV8AqoQaHmoPrZDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzYaIZjZEt3r+zOY+MmUaBzUScxmbZmw//83oZDa/9XMZpRhgLG7HeMFOMEjbvy0KpUZCaWuBCS7slE2OuuSB7lYqt7y2XXYXORd1z617rsta4KQ5RhhM4hXPw4AoacAdNaIMAhGd4g3cndJ6cF+f1J1pyij/H8EfOxze9YYp9</latexit><latexit sha1_base64="xxyLjMjZ0ILZXL0UAqfd35MDYKg=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT09BTQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FcigFJztqhYNqza27C7FV8AqoQaHmoPrZDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzYaIZjZEt3r+zOY+MmUaBzUScxmbZmw//83oZDa/9XMZpRhgLG7HeMFOMEjbvy0KpUZCaWuBCS7slE2OuuSB7lYqt7y2XXYXORd1z617rsta4KQ5RhhM4hXPw4AoacAdNaIMAhGd4g3cndJ6cF+f1J1pyij/H8EfOxze9YYp9</latexit><latexit sha1_base64="xxyLjMjZ0ILZXL0UAqfd35MDYKg=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT09BTQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FcigFJztqhYNqza27C7FV8AqoQaHmoPrZDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzYaIZjZEt3r+zOY+MmUaBzUScxmbZmw//83oZDa/9XMZpRhgLG7HeMFOMEjbvy0KpUZCaWuBCS7slE2OuuSB7lYqt7y2XXYXORd1z617rsta4KQ5RhhM4hXPw4AoacAdNaIMAhGd4g3cndJ6cF+f1J1pyij/H8EfOxze9YYp9</latexit><latexit sha1_base64="xxyLjMjZ0ILZXL0UAqfd35MDYKg=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT09BTQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FcigFJztqhYNqza27C7FV8AqoQaHmoPrZDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzYaIZjZEt3r+zOY+MmUaBzUScxmbZmw//83oZDa/9XMZpRhgLG7HeMFOMEjbvy0KpUZCaWuBCS7slE2OuuSB7lYqt7y2XXYXORd1z617rsta4KQ5RhhM4hXPw4AoacAdNaIMAhGd4g3cndJ6cF+f1J1pyij/H8EfOxze9YYp9</latexit>

50⌦
<latexit sha1_base64="3Q4jI7C19oRJiVfrZEdRIJhosK8=">AAAB7XicdVDLSsNAFJ34rPVVdelmsAguJCRt+toV3bizgn1AE8pketMOnTyYmQgl9DN0JerOn/EH/BuntYKKntW595wL9xw/4Uwqy3o3VlbX1jc2c1v57Z3dvf3CwWFHxqmg0KYxj0XPJxI4i6CtmOLQSwSQ0OfQ9SeXc717B0KyOLpV0wS8kIwiFjBKlF65FQu759i9DmFEBoWiZdq249TL2DLLlZJlVzWpVhu1hoNt01qgiJZoDQpv7jCmaQiRopxI2betRHkZEYpRDrO8m0pICJ2QEfQ1jUgI0ssWP8/waRALrMaAF/N3b0ZCKaehrz0hUWP5W5sv/9L6qQrqXsaiJFUQUW3RWpByrGI8j46HTABVfKoJoYLpLzEdE0Go0gXldfyvjPh/0imZtm7pxik2L5ZF5NAxOkFnyEY11ERXqIXaiKIEPaBn9GLExr3xaDx9WleM5c0R+gHj9QNh+o5I</latexit><latexit sha1_base64="3Q4jI7C19oRJiVfrZEdRIJhosK8=">AAAB7XicdVDLSsNAFJ34rPVVdelmsAguJCRt+toV3bizgn1AE8pketMOnTyYmQgl9DN0JerOn/EH/BuntYKKntW595wL9xw/4Uwqy3o3VlbX1jc2c1v57Z3dvf3CwWFHxqmg0KYxj0XPJxI4i6CtmOLQSwSQ0OfQ9SeXc717B0KyOLpV0wS8kIwiFjBKlF65FQu759i9DmFEBoWiZdq249TL2DLLlZJlVzWpVhu1hoNt01qgiJZoDQpv7jCmaQiRopxI2betRHkZEYpRDrO8m0pICJ2QEfQ1jUgI0ssWP8/waRALrMaAF/N3b0ZCKaehrz0hUWP5W5sv/9L6qQrqXsaiJFUQUW3RWpByrGI8j46HTABVfKoJoYLpLzEdE0Go0gXldfyvjPh/0imZtm7pxik2L5ZF5NAxOkFnyEY11ERXqIXaiKIEPaBn9GLExr3xaDx9WleM5c0R+gHj9QNh+o5I</latexit><latexit sha1_base64="3Q4jI7C19oRJiVfrZEdRIJhosK8=">AAAB7XicdVDLSsNAFJ34rPVVdelmsAguJCRt+toV3bizgn1AE8pketMOnTyYmQgl9DN0JerOn/EH/BuntYKKntW595wL9xw/4Uwqy3o3VlbX1jc2c1v57Z3dvf3CwWFHxqmg0KYxj0XPJxI4i6CtmOLQSwSQ0OfQ9SeXc717B0KyOLpV0wS8kIwiFjBKlF65FQu759i9DmFEBoWiZdq249TL2DLLlZJlVzWpVhu1hoNt01qgiJZoDQpv7jCmaQiRopxI2betRHkZEYpRDrO8m0pICJ2QEfQ1jUgI0ssWP8/waRALrMaAF/N3b0ZCKaehrz0hUWP5W5sv/9L6qQrqXsaiJFUQUW3RWpByrGI8j46HTABVfKoJoYLpLzEdE0Go0gXldfyvjPh/0imZtm7pxik2L5ZF5NAxOkFnyEY11ERXqIXaiKIEPaBn9GLExr3xaDx9WleM5c0R+gHj9QNh+o5I</latexit><latexit sha1_base64="3Q4jI7C19oRJiVfrZEdRIJhosK8=">AAAB7XicdVDLSsNAFJ34rPVVdelmsAguJCRt+toV3bizgn1AE8pketMOnTyYmQgl9DN0JerOn/EH/BuntYKKntW595wL9xw/4Uwqy3o3VlbX1jc2c1v57Z3dvf3CwWFHxqmg0KYxj0XPJxI4i6CtmOLQSwSQ0OfQ9SeXc717B0KyOLpV0wS8kIwiFjBKlF65FQu759i9DmFEBoWiZdq249TL2DLLlZJlVzWpVhu1hoNt01qgiJZoDQpv7jCmaQiRopxI2betRHkZEYpRDrO8m0pICJ2QEfQ1jUgI0ssWP8/waRALrMaAF/N3b0ZCKaehrz0hUWP5W5sv/9L6qQrqXsaiJFUQUW3RWpByrGI8j46HTABVfKoJoYLpLzEdE0Go0gXldfyvjPh/0imZtm7pxik2L5ZF5NAxOkFnyEY11ERXqIXaiKIEPaBn9GLExr3xaDx9WleM5c0R+gHj9QNh+o5I</latexit>

377⌦
<latexit sha1_base64="kgvUqSseoQeSPphivFCM11VU5+Y=">AAAB7nicdVDLTsJAFJ3iC/GFunQzkZi4ME0LlcKO6MadmAiS0IZMh1uYMH04MzUhhN/QlVF3fow/4N84ICZq9KzOvefc5J4TpJxJZVnvRm5peWV1Lb9e2Njc2t4p7u61ZZIJCi2a8ER0AiKBsxhaiikOnVQAiQION8HofKbf3IGQLImv1TgFPyKDmIWMEqVXfsV1sXeCvcsIBqRXLFmmbTtOrYIts3JatuyqJtVq3a072DatOUpogWav+Ob1E5pFECvKiZRd20qVPyFCMcphWvAyCSmhIzKArqYxiUD6k/nTU3wUJgKrIeD5/N07IZGU4yjQnoioofytzZZ/ad1MhTV/wuI0UxBTbdFamHGsEjzLjvtMAFV8rAmhgukvMR0SQajSDRV0/K+M+H/SLpu2bunKKTXOFkXk0QE6RMfIRi5qoAvURC1E0S16QM/oxUiNe+PRePq05ozFzT76AeP1A+M2jo4=</latexit><latexit sha1_base64="kgvUqSseoQeSPphivFCM11VU5+Y=">AAAB7nicdVDLTsJAFJ3iC/GFunQzkZi4ME0LlcKO6MadmAiS0IZMh1uYMH04MzUhhN/QlVF3fow/4N84ICZq9KzOvefc5J4TpJxJZVnvRm5peWV1Lb9e2Njc2t4p7u61ZZIJCi2a8ER0AiKBsxhaiikOnVQAiQION8HofKbf3IGQLImv1TgFPyKDmIWMEqVXfsV1sXeCvcsIBqRXLFmmbTtOrYIts3JatuyqJtVq3a072DatOUpogWav+Ob1E5pFECvKiZRd20qVPyFCMcphWvAyCSmhIzKArqYxiUD6k/nTU3wUJgKrIeD5/N07IZGU4yjQnoioofytzZZ/ad1MhTV/wuI0UxBTbdFamHGsEjzLjvtMAFV8rAmhgukvMR0SQajSDRV0/K+M+H/SLpu2bunKKTXOFkXk0QE6RMfIRi5qoAvURC1E0S16QM/oxUiNe+PRePq05ozFzT76AeP1A+M2jo4=</latexit><latexit sha1_base64="kgvUqSseoQeSPphivFCM11VU5+Y=">AAAB7nicdVDLTsJAFJ3iC/GFunQzkZi4ME0LlcKO6MadmAiS0IZMh1uYMH04MzUhhN/QlVF3fow/4N84ICZq9KzOvefc5J4TpJxJZVnvRm5peWV1Lb9e2Njc2t4p7u61ZZIJCi2a8ER0AiKBsxhaiikOnVQAiQION8HofKbf3IGQLImv1TgFPyKDmIWMEqVXfsV1sXeCvcsIBqRXLFmmbTtOrYIts3JatuyqJtVq3a072DatOUpogWav+Ob1E5pFECvKiZRd20qVPyFCMcphWvAyCSmhIzKArqYxiUD6k/nTU3wUJgKrIeD5/N07IZGU4yjQnoioofytzZZ/ad1MhTV/wuI0UxBTbdFamHGsEjzLjvtMAFV8rAmhgukvMR0SQajSDRV0/K+M+H/SLpu2bunKKTXOFkXk0QE6RMfIRi5qoAvURC1E0S16QM/oxUiNe+PRePq05ozFzT76AeP1A+M2jo4=</latexit><latexit sha1_base64="kgvUqSseoQeSPphivFCM11VU5+Y=">AAAB7nicdVDLTsJAFJ3iC/GFunQzkZi4ME0LlcKO6MadmAiS0IZMh1uYMH04MzUhhN/QlVF3fow/4N84ICZq9KzOvefc5J4TpJxJZVnvRm5peWV1Lb9e2Njc2t4p7u61ZZIJCi2a8ER0AiKBsxhaiikOnVQAiQION8HofKbf3IGQLImv1TgFPyKDmIWMEqVXfsV1sXeCvcsIBqRXLFmmbTtOrYIts3JatuyqJtVq3a072DatOUpogWav+Ob1E5pFECvKiZRd20qVPyFCMcphWvAyCSmhIzKArqYxiUD6k/nTU3wUJgKrIeD5/N07IZGU4yjQnoioofytzZZ/ad1MhTV/wuI0UxBTbdFamHGsEjzLjvtMAFV8rAmhgukvMR0SQajSDRV0/K+M+H/SLpu2bunKKTXOFkXk0QE6RMfIRi5qoAvURC1E0S16QM/oxUiNe+PRePq05ozFzT76AeP1A+M2jo4=</latexit>

Zin
<latexit sha1_base64="iiw9OAG6t1Z9sUdo1Dz0w9wQhYQ=">AAAB7nicbZC7TsNAEEXHPEN4BShpLCIkqshGSFBG0FAGiTxEYkXrzThZZf1gd4yILP8GVAjo+Bh+gL9hE1xAwq3Ozr0rzR0/kUKT43xZS8srq2vrpY3y5tb2zm5lb7+l41RxbPJYxqrjM41SRNgkQRI7iUIW+hLb/vhq6rcfUGkRR7c0SdAL2TASgeCMzMi762c9wkfKRJTn/UrVqTkz2YvgFlCFQo1+5bM3iHkaYkRcMq27rpOQlzFFgkvMy71UY8L4mA2xazBiIWovmy2d28dBrGwaoT17/85mLNR6EvomEzIa6XlvOvzP66YUXHimSpISRtxEjBek0qbYnna3B0IhJzkxwLgSZkubj5hinMyFyqa+O192EVqnNdepuTdn1fplcYgSHMIRnIAL51CHa2hAEzjcwzO8wbuVWE/Wi/X6E12yij8H8EfWxzdqN5Ay</latexit><latexit sha1_base64="iiw9OAG6t1Z9sUdo1Dz0w9wQhYQ=">AAAB7nicbZC7TsNAEEXHPEN4BShpLCIkqshGSFBG0FAGiTxEYkXrzThZZf1gd4yILP8GVAjo+Bh+gL9hE1xAwq3Ozr0rzR0/kUKT43xZS8srq2vrpY3y5tb2zm5lb7+l41RxbPJYxqrjM41SRNgkQRI7iUIW+hLb/vhq6rcfUGkRR7c0SdAL2TASgeCMzMi762c9wkfKRJTn/UrVqTkz2YvgFlCFQo1+5bM3iHkaYkRcMq27rpOQlzFFgkvMy71UY8L4mA2xazBiIWovmy2d28dBrGwaoT17/85mLNR6EvomEzIa6XlvOvzP66YUXHimSpISRtxEjBek0qbYnna3B0IhJzkxwLgSZkubj5hinMyFyqa+O192EVqnNdepuTdn1fplcYgSHMIRnIAL51CHa2hAEzjcwzO8wbuVWE/Wi/X6E12yij8H8EfWxzdqN5Ay</latexit><latexit sha1_base64="iiw9OAG6t1Z9sUdo1Dz0w9wQhYQ=">AAAB7nicbZC7TsNAEEXHPEN4BShpLCIkqshGSFBG0FAGiTxEYkXrzThZZf1gd4yILP8GVAjo+Bh+gL9hE1xAwq3Ozr0rzR0/kUKT43xZS8srq2vrpY3y5tb2zm5lb7+l41RxbPJYxqrjM41SRNgkQRI7iUIW+hLb/vhq6rcfUGkRR7c0SdAL2TASgeCMzMi762c9wkfKRJTn/UrVqTkz2YvgFlCFQo1+5bM3iHkaYkRcMq27rpOQlzFFgkvMy71UY8L4mA2xazBiIWovmy2d28dBrGwaoT17/85mLNR6EvomEzIa6XlvOvzP66YUXHimSpISRtxEjBek0qbYnna3B0IhJzkxwLgSZkubj5hinMyFyqa+O192EVqnNdepuTdn1fplcYgSHMIRnIAL51CHa2hAEzjcwzO8wbuVWE/Wi/X6E12yij8H8EfWxzdqN5Ay</latexit><latexit sha1_base64="iiw9OAG6t1Z9sUdo1Dz0w9wQhYQ=">AAAB7nicbZC7TsNAEEXHPEN4BShpLCIkqshGSFBG0FAGiTxEYkXrzThZZf1gd4yILP8GVAjo+Bh+gL9hE1xAwq3Ozr0rzR0/kUKT43xZS8srq2vrpY3y5tb2zm5lb7+l41RxbPJYxqrjM41SRNgkQRI7iUIW+hLb/vhq6rcfUGkRR7c0SdAL2TASgeCMzMi762c9wkfKRJTn/UrVqTkz2YvgFlCFQo1+5bM3iHkaYkRcMq27rpOQlzFFgkvMy71UY8L4mA2xazBiIWovmy2d28dBrGwaoT17/85mLNR6EvomEzIa6XlvOvzP66YUXHimSpISRtxEjBek0qbYnna3B0IhJzkxwLgSZkubj5hinMyFyqa+O192EVqnNdepuTdn1fplcYgSHMIRnIAL51CHa2hAEzjcwzO8wbuVWE/Wi/X6E12yij8H8EfWxzdqN5Ay</latexit>

Zout
<latexit sha1_base64="GEX+hmwIVuNgKY2Pm2f9iE3m/S8=">AAAB73icbZC9TsMwFIWd8lfKX4GRxaJCYqoShARjBQtjkeiPaEPluLetVScO9g2iivIcMCFg4114Ad4Gt2SAljN9vudYuucGsRQGXffLKSwtr6yuFddLG5tb2zvl3b2mUYnm0OBKKt0OmAEpImigQAntWAMLAwmtYHw59VsPoI1Q0Q1OYvBDNozEQHCGdnR320u7CI+YqgSzrFeuuFV3JroIXg4VkqveK392+4onIUTIJTOm47kx+inTKLiErNRNDMSMj9kQOhYjFoLx09nWGT0aKE1xBHT2/p1NWWjMJAxsJmQ4MvPedPif10lwcO6nIooThIjbiPUGiaSo6LQ87QsNHOXEAuNa2C0pHzHNONoTlWx9b77sIjRPqp5b9a5PK7WL/BBFckAOyTHxyBmpkStSJw3CiSbP5I28O/fOk/PivP5EC07+Z5/8kfPxDVV2kL0=</latexit><latexit sha1_base64="GEX+hmwIVuNgKY2Pm2f9iE3m/S8=">AAAB73icbZC9TsMwFIWd8lfKX4GRxaJCYqoShARjBQtjkeiPaEPluLetVScO9g2iivIcMCFg4114Ad4Gt2SAljN9vudYuucGsRQGXffLKSwtr6yuFddLG5tb2zvl3b2mUYnm0OBKKt0OmAEpImigQAntWAMLAwmtYHw59VsPoI1Q0Q1OYvBDNozEQHCGdnR320u7CI+YqgSzrFeuuFV3JroIXg4VkqveK392+4onIUTIJTOm47kx+inTKLiErNRNDMSMj9kQOhYjFoLx09nWGT0aKE1xBHT2/p1NWWjMJAxsJmQ4MvPedPif10lwcO6nIooThIjbiPUGiaSo6LQ87QsNHOXEAuNa2C0pHzHNONoTlWx9b77sIjRPqp5b9a5PK7WL/BBFckAOyTHxyBmpkStSJw3CiSbP5I28O/fOk/PivP5EC07+Z5/8kfPxDVV2kL0=</latexit><latexit sha1_base64="GEX+hmwIVuNgKY2Pm2f9iE3m/S8=">AAAB73icbZC9TsMwFIWd8lfKX4GRxaJCYqoShARjBQtjkeiPaEPluLetVScO9g2iivIcMCFg4114Ad4Gt2SAljN9vudYuucGsRQGXffLKSwtr6yuFddLG5tb2zvl3b2mUYnm0OBKKt0OmAEpImigQAntWAMLAwmtYHw59VsPoI1Q0Q1OYvBDNozEQHCGdnR320u7CI+YqgSzrFeuuFV3JroIXg4VkqveK392+4onIUTIJTOm47kx+inTKLiErNRNDMSMj9kQOhYjFoLx09nWGT0aKE1xBHT2/p1NWWjMJAxsJmQ4MvPedPif10lwcO6nIooThIjbiPUGiaSo6LQ87QsNHOXEAuNa2C0pHzHNONoTlWx9b77sIjRPqp5b9a5PK7WL/BBFckAOyTHxyBmpkStSJw3CiSbP5I28O/fOk/PivP5EC07+Z5/8kfPxDVV2kL0=</latexit><latexit sha1_base64="GEX+hmwIVuNgKY2Pm2f9iE3m/S8=">AAAB73icbZC9TsMwFIWd8lfKX4GRxaJCYqoShARjBQtjkeiPaEPluLetVScO9g2iivIcMCFg4114Ad4Gt2SAljN9vudYuucGsRQGXffLKSwtr6yuFddLG5tb2zvl3b2mUYnm0OBKKt0OmAEpImigQAntWAMLAwmtYHw59VsPoI1Q0Q1OYvBDNozEQHCGdnR320u7CI+YqgSzrFeuuFV3JroIXg4VkqveK392+4onIUTIJTOm47kx+inTKLiErNRNDMSMj9kQOhYjFoLx09nWGT0aKE1xBHT2/p1NWWjMJAxsJmQ4MvPedPif10lwcO6nIooThIjbiPUGiaSo6LQ87QsNHOXEAuNa2C0pHzHNONoTlWx9b77sIjRPqp5b9a5PK7WL/BBFckAOyTHxyBmpkStSJw3CiSbP5I28O/fOk/PivP5EC07+Z5/8kfPxDVV2kL0=</latexit>

Z3
<latexit sha1_base64="D0/IFoaCoQzUxOzn7aKZ21Olhj8=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaNdEl0Y1LTCwQoSHT4ZZOmP5kZmpCmr6Croy684F8Ad/GAbtQ8Ky+uedMcs/1U8GVtu0vq7Kyura+Ud2sbW3v7O7V9w86KskkQ5clIpE9nyoUPEZXcy2wl0qkkS+w609uZn73EaXiSXyvpyl6ER3HPOCMajNyH4b5eTGsN+ymPRdZBqeEBpRqD+ufg1HCsghjzQRVqu/YqfZyKjVnAovaIFOYUjahY+wbjGmEysvnyxbkJEgk0SGS+ft3NqeRUtPIN5mI6lAterPhf14/08GVl/M4zTTGzESMF2SC6ITMOpMRl8i0mBqgTHKzJWEhlZRpc5maqe8sll2GzlnTsZvO3UWjdV0eogpHcAyn4MAltOAW2uACAw7P8AbvVmg9WS/W60+0YpV/DuGPrI9vkcCMJQ==</latexit><latexit sha1_base64="D0/IFoaCoQzUxOzn7aKZ21Olhj8=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaNdEl0Y1LTCwQoSHT4ZZOmP5kZmpCmr6Croy684F8Ad/GAbtQ8Ky+uedMcs/1U8GVtu0vq7Kyura+Ud2sbW3v7O7V9w86KskkQ5clIpE9nyoUPEZXcy2wl0qkkS+w609uZn73EaXiSXyvpyl6ER3HPOCMajNyH4b5eTGsN+ymPRdZBqeEBpRqD+ufg1HCsghjzQRVqu/YqfZyKjVnAovaIFOYUjahY+wbjGmEysvnyxbkJEgk0SGS+ft3NqeRUtPIN5mI6lAterPhf14/08GVl/M4zTTGzESMF2SC6ITMOpMRl8i0mBqgTHKzJWEhlZRpc5maqe8sll2GzlnTsZvO3UWjdV0eogpHcAyn4MAltOAW2uACAw7P8AbvVmg9WS/W60+0YpV/DuGPrI9vkcCMJQ==</latexit><latexit sha1_base64="D0/IFoaCoQzUxOzn7aKZ21Olhj8=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaNdEl0Y1LTCwQoSHT4ZZOmP5kZmpCmr6Croy684F8Ad/GAbtQ8Ky+uedMcs/1U8GVtu0vq7Kyura+Ud2sbW3v7O7V9w86KskkQ5clIpE9nyoUPEZXcy2wl0qkkS+w609uZn73EaXiSXyvpyl6ER3HPOCMajNyH4b5eTGsN+ymPRdZBqeEBpRqD+ufg1HCsghjzQRVqu/YqfZyKjVnAovaIFOYUjahY+wbjGmEysvnyxbkJEgk0SGS+ft3NqeRUtPIN5mI6lAterPhf14/08GVl/M4zTTGzESMF2SC6ITMOpMRl8i0mBqgTHKzJWEhlZRpc5maqe8sll2GzlnTsZvO3UWjdV0eogpHcAyn4MAltOAW2uACAw7P8AbvVmg9WS/W60+0YpV/DuGPrI9vkcCMJQ==</latexit><latexit sha1_base64="D0/IFoaCoQzUxOzn7aKZ21Olhj8=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaNdEl0Y1LTCwQoSHT4ZZOmP5kZmpCmr6Croy684F8Ad/GAbtQ8Ky+uedMcs/1U8GVtu0vq7Kyura+Ud2sbW3v7O7V9w86KskkQ5clIpE9nyoUPEZXcy2wl0qkkS+w609uZn73EaXiSXyvpyl6ER3HPOCMajNyH4b5eTGsN+ymPRdZBqeEBpRqD+ufg1HCsghjzQRVqu/YqfZyKjVnAovaIFOYUjahY+wbjGmEysvnyxbkJEgk0SGS+ft3NqeRUtPIN5mI6lAterPhf14/08GVl/M4zTTGzESMF2SC6ITMOpMRl8i0mBqgTHKzJWEhlZRpc5maqe8sll2GzlnTsZvO3UWjdV0eogpHcAyn4MAltOAW2uACAw7P8AbvVmg9WS/W60+0YpV/DuGPrI9vkcCMJQ==</latexit>

⌘1
<latexit sha1_base64="7pkszYKxx+jP86bIJv+eQDdu4yI=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlBPOAZAg9nZqkSc+D7hohDPkIXYm683f8Af/GTpyFJt7V6bq3oW4FqZKGXPfLKa2tb2xulbcrO7t7+wfVw6O2STItsCUSlehuwA0qGWOLJCnsphp5FCjsBJPbud95RG1kEj/QNEU/4qNYhlJwsqNuH4kPcm82qNbcursQWwWvgBoUag6qn/1hIrIIYxKKG9Pz3JT8nGuSQuGs0s8MplxM+Ah7FmMeofHzxb4zdhYmmtEY2eL9O5vzyJhpFNhMxGlslr358D+vl1F47ecyTjPCWNiI9cJMMUrYvDYbSo2C1NQCF1raLZkYc80F2eNUbH1vuewqtC/qnlv37i9rjZviEGU4gVM4Bw+uoAF30IQWCFDwDG/w7kycJ+fFef2JlpzizzH8kfPxDdxijX0=</latexit><latexit sha1_base64="7pkszYKxx+jP86bIJv+eQDdu4yI=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlBPOAZAg9nZqkSc+D7hohDPkIXYm683f8Af/GTpyFJt7V6bq3oW4FqZKGXPfLKa2tb2xulbcrO7t7+wfVw6O2STItsCUSlehuwA0qGWOLJCnsphp5FCjsBJPbud95RG1kEj/QNEU/4qNYhlJwsqNuH4kPcm82qNbcursQWwWvgBoUag6qn/1hIrIIYxKKG9Pz3JT8nGuSQuGs0s8MplxM+Ah7FmMeofHzxb4zdhYmmtEY2eL9O5vzyJhpFNhMxGlslr358D+vl1F47ecyTjPCWNiI9cJMMUrYvDYbSo2C1NQCF1raLZkYc80F2eNUbH1vuewqtC/qnlv37i9rjZviEGU4gVM4Bw+uoAF30IQWCFDwDG/w7kycJ+fFef2JlpzizzH8kfPxDdxijX0=</latexit><latexit sha1_base64="7pkszYKxx+jP86bIJv+eQDdu4yI=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlBPOAZAg9nZqkSc+D7hohDPkIXYm683f8Af/GTpyFJt7V6bq3oW4FqZKGXPfLKa2tb2xulbcrO7t7+wfVw6O2STItsCUSlehuwA0qGWOLJCnsphp5FCjsBJPbud95RG1kEj/QNEU/4qNYhlJwsqNuH4kPcm82qNbcursQWwWvgBoUag6qn/1hIrIIYxKKG9Pz3JT8nGuSQuGs0s8MplxM+Ah7FmMeofHzxb4zdhYmmtEY2eL9O5vzyJhpFNhMxGlslr358D+vl1F47ecyTjPCWNiI9cJMMUrYvDYbSo2C1NQCF1raLZkYc80F2eNUbH1vuewqtC/qnlv37i9rjZviEGU4gVM4Bw+uoAF30IQWCFDwDG/w7kycJ+fFef2JlpzizzH8kfPxDdxijX0=</latexit><latexit sha1_base64="7pkszYKxx+jP86bIJv+eQDdu4yI=">AAAB6XicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlBPOAZAg9nZqkSc+D7hohDPkIXYm683f8Af/GTpyFJt7V6bq3oW4FqZKGXPfLKa2tb2xulbcrO7t7+wfVw6O2STItsCUSlehuwA0qGWOLJCnsphp5FCjsBJPbud95RG1kEj/QNEU/4qNYhlJwsqNuH4kPcm82qNbcursQWwWvgBoUag6qn/1hIrIIYxKKG9Pz3JT8nGuSQuGs0s8MplxM+Ah7FmMeofHzxb4zdhYmmtEY2eL9O5vzyJhpFNhMxGlslr358D+vl1F47ecyTjPCWNiI9cJMMUrYvDYbSo2C1NQCF1raLZkYc80F2eNUbH1vuewqtC/qnlv37i9rjZviEGU4gVM4Bw+uoAF30IQWCFDwDG/w7kycJ+fFef2JlpzizzH8kfPxDdxijX0=</latexit>

⌘2
<latexit sha1_base64="6PkKoJvfMTMqvTLpGblxTRFAWZs=">AAAB6XicbZDLSgNBEEVrfMb4irp00xgEV2EmCLoMunEZwTwgGUJPpyZp0vOgu0YIQz5CV6Lu/B1/wL+xE2ehiXd1uu5tqFtBqqQh1/1y1tY3Nre2Szvl3b39g8PK0XHbJJkW2BKJSnQ34AaVjLFFkhR2U408ChR2gsnt3O88ojYyiR9omqIf8VEsQyk42VG3j8QHeX02qFTdmrsQWwWvgCoUag4qn/1hIrIIYxKKG9Pz3JT8nGuSQuGs3M8MplxM+Ah7FmMeofHzxb4zdh4mmtEY2eL9O5vzyJhpFNhMxGlslr358D+vl1F47ecyTjPCWNiI9cJMMUrYvDYbSo2C1NQCF1raLZkYc80F2eOUbX1vuewqtOs1z61595fVxk1xiBKcwhlcgAdX0IA7aEILBCh4hjd4dybOk/PivP5E15zizwn8kfPxDd3hjX4=</latexit><latexit sha1_base64="6PkKoJvfMTMqvTLpGblxTRFAWZs=">AAAB6XicbZDLSgNBEEVrfMb4irp00xgEV2EmCLoMunEZwTwgGUJPpyZp0vOgu0YIQz5CV6Lu/B1/wL+xE2ehiXd1uu5tqFtBqqQh1/1y1tY3Nre2Szvl3b39g8PK0XHbJJkW2BKJSnQ34AaVjLFFkhR2U408ChR2gsnt3O88ojYyiR9omqIf8VEsQyk42VG3j8QHeX02qFTdmrsQWwWvgCoUag4qn/1hIrIIYxKKG9Pz3JT8nGuSQuGs3M8MplxM+Ah7FmMeofHzxb4zdh4mmtEY2eL9O5vzyJhpFNhMxGlslr358D+vl1F47ecyTjPCWNiI9cJMMUrYvDYbSo2C1NQCF1raLZkYc80F2eOUbX1vuewqtOs1z61595fVxk1xiBKcwhlcgAdX0IA7aEILBCh4hjd4dybOk/PivP5E15zizwn8kfPxDd3hjX4=</latexit><latexit sha1_base64="6PkKoJvfMTMqvTLpGblxTRFAWZs=">AAAB6XicbZDLSgNBEEVrfMb4irp00xgEV2EmCLoMunEZwTwgGUJPpyZp0vOgu0YIQz5CV6Lu/B1/wL+xE2ehiXd1uu5tqFtBqqQh1/1y1tY3Nre2Szvl3b39g8PK0XHbJJkW2BKJSnQ34AaVjLFFkhR2U408ChR2gsnt3O88ojYyiR9omqIf8VEsQyk42VG3j8QHeX02qFTdmrsQWwWvgCoUag4qn/1hIrIIYxKKG9Pz3JT8nGuSQuGs3M8MplxM+Ah7FmMeofHzxb4zdh4mmtEY2eL9O5vzyJhpFNhMxGlslr358D+vl1F47ecyTjPCWNiI9cJMMUrYvDYbSo2C1NQCF1raLZkYc80F2eOUbX1vuewqtOs1z61595fVxk1xiBKcwhlcgAdX0IA7aEILBCh4hjd4dybOk/PivP5E15zizwn8kfPxDd3hjX4=</latexit><latexit sha1_base64="6PkKoJvfMTMqvTLpGblxTRFAWZs=">AAAB6XicbZDLSgNBEEVrfMb4irp00xgEV2EmCLoMunEZwTwgGUJPpyZp0vOgu0YIQz5CV6Lu/B1/wL+xE2ehiXd1uu5tqFtBqqQh1/1y1tY3Nre2Szvl3b39g8PK0XHbJJkW2BKJSnQ34AaVjLFFkhR2U408ChR2gsnt3O88ojYyiR9omqIf8VEsQyk42VG3j8QHeX02qFTdmrsQWwWvgCoUag4qn/1hIrIIYxKKG9Pz3JT8nGuSQuGs3M8MplxM+Ah7FmMeofHzxb4zdh4mmtEY2eL9O5vzyJhpFNhMxGlslr358D+vl1F47ecyTjPCWNiI9cJMMUrYvDYbSo2C1NQCF1raLZkYc80F2eOUbX1vuewqtOs1z61595fVxk1xiBKcwhlcgAdX0IA7aEILBCh4hjd4dybOk/PivP5E15zizwn8kfPxDd3hjX4=</latexit>

⌘3
<latexit sha1_base64="fBoOjrF3CG0HL9VEPl8OH9KGBo0=">AAAB6XicbZDLSgNBEEVrfMb4irp00xgEV2FGBV0G3biMYB6QDKGnU5M06XnQXSOEIR+hK1F3/o4/4N/YibPQxLs6Xfc21K0gVdKQ6345K6tr6xubpa3y9s7u3n7l4LBlkkwLbIpEJboTcINKxtgkSQo7qUYeBQrbwfh25rcfURuZxA80SdGP+DCWoRSc7KjTQ+L9/GLar1TdmjsXWwavgCoUavQrn71BIrIIYxKKG9P13JT8nGuSQuG03MsMplyM+RC7FmMeofHz+b5TdhommtEI2fz9O5vzyJhJFNhMxGlkFr3Z8D+vm1F47ecyTjPCWNiI9cJMMUrYrDYbSI2C1MQCF1raLZkYcc0F2eOUbX1vsewytM5rnlvz7i+r9ZviECU4hhM4Aw+uoA530IAmCFDwDG/w7oydJ+fFef2JrjjFnyP4I+fjG99gjX8=</latexit><latexit sha1_base64="fBoOjrF3CG0HL9VEPl8OH9KGBo0=">AAAB6XicbZDLSgNBEEVrfMb4irp00xgEV2FGBV0G3biMYB6QDKGnU5M06XnQXSOEIR+hK1F3/o4/4N/YibPQxLs6Xfc21K0gVdKQ6345K6tr6xubpa3y9s7u3n7l4LBlkkwLbIpEJboTcINKxtgkSQo7qUYeBQrbwfh25rcfURuZxA80SdGP+DCWoRSc7KjTQ+L9/GLar1TdmjsXWwavgCoUavQrn71BIrIIYxKKG9P13JT8nGuSQuG03MsMplyM+RC7FmMeofHz+b5TdhommtEI2fz9O5vzyJhJFNhMxGlkFr3Z8D+vm1F47ecyTjPCWNiI9cJMMUrYrDYbSI2C1MQCF1raLZkYcc0F2eOUbX1vsewytM5rnlvz7i+r9ZviECU4hhM4Aw+uoA530IAmCFDwDG/w7oydJ+fFef2JrjjFnyP4I+fjG99gjX8=</latexit><latexit sha1_base64="fBoOjrF3CG0HL9VEPl8OH9KGBo0=">AAAB6XicbZDLSgNBEEVrfMb4irp00xgEV2FGBV0G3biMYB6QDKGnU5M06XnQXSOEIR+hK1F3/o4/4N/YibPQxLs6Xfc21K0gVdKQ6345K6tr6xubpa3y9s7u3n7l4LBlkkwLbIpEJboTcINKxtgkSQo7qUYeBQrbwfh25rcfURuZxA80SdGP+DCWoRSc7KjTQ+L9/GLar1TdmjsXWwavgCoUavQrn71BIrIIYxKKG9P13JT8nGuSQuG03MsMplyM+RC7FmMeofHz+b5TdhommtEI2fz9O5vzyJhJFNhMxGlkFr3Z8D+vm1F47ecyTjPCWNiI9cJMMUrYrDYbSI2C1MQCF1raLZkYcc0F2eOUbX1vsewytM5rnlvz7i+r9ZviECU4hhM4Aw+uoA530IAmCFDwDG/w7oydJ+fFef2JrjjFnyP4I+fjG99gjX8=</latexit><latexit sha1_base64="fBoOjrF3CG0HL9VEPl8OH9KGBo0=">AAAB6XicbZDLSgNBEEVrfMb4irp00xgEV2FGBV0G3biMYB6QDKGnU5M06XnQXSOEIR+hK1F3/o4/4N/YibPQxLs6Xfc21K0gVdKQ6345K6tr6xubpa3y9s7u3n7l4LBlkkwLbIpEJboTcINKxtgkSQo7qUYeBQrbwfh25rcfURuZxA80SdGP+DCWoRSc7KjTQ+L9/GLar1TdmjsXWwavgCoUavQrn71BIrIIYxKKG9P13JT8nGuSQuG03MsMplyM+RC7FmMeofHz+b5TdhommtEI2fz9O5vzyJhJFNhMxGlkFr3Z8D+vm1F47ecyTjPCWNiI9cJMMUrYrDYbSI2C1MQCF1raLZkYcc0F2eOUbX1vsewytM5rnlvz7i+r9ZviECU4hhM4Aw+uoA530IAmCFDwDG/w7oydJ+fFef2JrjjFnyP4I+fjG99gjX8=</latexit>

⌘N
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Figure 43: Circuit connecting the cryostat and the open air through a stepwise
antenna. It is divided in N slices of length ε, inside which the impedance changes linearly,
corresponding to a beam splitter with reflectivity ηi = |r(i)

R |
2, setting N + 1 scattering

problems. Globally, it allows one to implement a general function of the impedance.

4.2.3 Stepwise antenna

We propose a different approach to study the circuit: consider the division of the
antenna in N infinitesimally small slices, in which the impedance changes linearly
with the position. All these slices together yield an impedance that changes with
the position. This setup can be seen in Fig. 43. The difference with the previous
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approach is that now we have N − 1 new parameters, i.e. the impedances of the
intermediate slices, which we can use to optimize step by step the transfer of the
quantum state in the antenna, together with the size of the TL. This is a similar
derivation to the one leading to Eq. 4.35. In this case, we have an impedance

Z(x) =
(
m+ 1− x

ε

)
Zm +

(x
ε
−m

)
Zm+1 (4.69)

at a slice m in the TL. Then, parameter y will be defined as

y = k
Z(x)
Z ′(x) = k(x−mε) + kε

Zm
Zm+1 − Zm

. (4.70)

Hence, the arbitrary parameters of the solution need to be redefined as b(m)
i k/(Zm+1−

Zm) = c
(m)
i , for i = {1, 2}. Then, the spatial component of the wavefunction for slice

m in the antenna is given by

um(x) = [εZm + (x−mε)(Zm+1 − Zm)]×[
c
(m)
1 J1

(
k(x−mε) + kε

Zm
Zm+1 − Zm

)
(4.71)

+ c
(m)
2 Y1

(
k(x−mε) + kε

Zm
Zm+1 − Zm

)]
,

where ε = d/N indicates the size of each slice, x ∈ [εm, ε(m+1)] and m ∈ {0, ..., N−
1}. See that, for N = 1, we recover the result of the linear antenna studied above.
This system allows us to construct a transfer matrix for each of the N scattering
problems, such that the global transfer matrix will be the result of an ordered product
of these N matrices. In this problem,(

F
G

)
= TN

(
c
(N)
1
c
(N)
2

)
= TNTN−1

(
c
(N−1)
1
c
(N−1)
2

)
= . . . = TN . . . T0

(
A
B

)
, (4.72)

and the global transfer matrix is T = TNTN−1 . . . T0. From this global transfer ma-
trix, we can obtain the global scattering matrix, and make it unitary in the same
way as we did for the linear antenna. This technique allows us to implement differ-
ent continuous piecewise functions for the impedance, and provides more freedom in
the optimization process. Eventually, the design of this circuit is oriented towards
optimizing the resource that is shared between two parties. Thus, the optimiza-
tion process will involve the minimization of the reflection coefficient |rR|, in order
to maximize the entanglement in the output state. We are facing a global opti-
mization problem that we will perform locally, step by step. Starting from random
impedance arrays as initial guesses, we optimize the reflectivity with respect to the
first impedance before Zout = 377 Ω, while keeping the rest of the impedances fixed.
Once the optimal impedance value for the first point has been found, we update its
value and optimize with respect to the previous point. We repeat the process until
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Figure 44: Numerically-optimized impedance curves against the position inside
an antenna of length d = 5 cm, for different values of the number of subdivisions in
the antenna, N . Starting with the optimal solution for N = 10, we compute the successive
solutions through interpolation. All of the impedances appear overlapped, and for each one,
the optimal value of the reflectivity |rR| is shown.

the point before Zin = 50 Ω is reached. Of course, Zin and Zout must remain fixed.
As a criterion for the stability of the solutions, we consider that the optimization
process is successful when the difference between the reflectivities computed with the
impedance solutions after two consecutive optimization sweeps is smaller than 10−10.

Even with just one subdivision (N = 2), we are able to find small enough values of
the reflection coefficient to have an entangled output state. In the solutions presented
in Fig. 44, we start from a small number of subdivisions (N = 10) and optimize the
reflectivity. We then interpolate the optimal impedance by doubling the number of
slices, adding the average impedance value of every pair of points in the original array
in between said points. This means splitting each slice in half, while keeping the same
linear impedance function. Because of this, the new impedance array, for N = 20,
gives the same reflectivity as the optimal impedance array we found for N = 10.
Now, taking the interpolated array as the initial guess, we optimize the reflectivity
for N = 20, and continue in the same fashion until we reach N = 160. In Fig. 44,
we can observe how the optimal impedance curves are shaped for different values of
N , starting at N = 10, and doubling it through interpolation, until N = 160. For
each value, we also give the value of the reflection coefficient that such an antenna
could achieve. Notice that these values decrease as N becomes larger, while the
interpolation method leads to very small changes in the impedances, such that the
curves overlap and cannot be distinguished.
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Figure 45: Reflection coefficient computed with the impedance function ansatz
proposed in Eq. (4.73), represented for different values of the number of subdivisions inside
the antenna, for an antenna of size d = 5 cm. As an inset, we show log10 |rR| to illustrate
how this impedance function reduces the reflection coefficient down to 10−8.

To speed up the optimization process and try to better recognize the behavior of
the optimal impedance, we propose an ansatz to describe it,

Z(x) = Zin + α
[
e(

x
d )β log(1+Zout−Zin

α ) − 1
]

(4.73)

where d is the size of the antenna, x indicates the position inside it, and α, β are free
parameters that we can optimize. This ansatz is inspired by the qualitative behavior
of the curves in Fig. 44, and does not correspond to an actual fit of the numerical
data. Our goal is to rewrite N − 1 local numerical optimization problems as a
global optimization problem with just two parameters, α and β, in order to improve
convergence and stability of the solutions. Notice that the results that we will find
using this function will differ from those obtained with numerical optimization. In
fact, since this is only an approximation of the optimal solution, the reflectivities we
compute with this exponential impedance will be larger than those we can obtain
with numerical optimization. We have found the optimal values to be α ∼ 10.31 and
β ∼ 0.69, for d = 5 cm. See that, for α→∞, we recover the linear antenna.

This function approximates the behavior of the optimal impedance inside the
antenna, but the values of the reflection coefficient obtained are not sufficiently small.
However, they improve as we increase N , as can be seen in Fig. 45, oscillating around
|rR| ∼ 10−8 for N approaching 160. We observe that minimal values of |rR| are
achieved forN > 30, which must represent a regime where ε = d/N � λ, approaching
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Figure 46: Reflection coefficient computed with a linear impedance versus the
impedance in the ansatz, against the size of the antenna. In blue, the reflection
coefficient is obtained with a linear function of the impedance, whereas in orange, we repre-
sent the reflection coefficient computed with the impedance ansatz proposed in Eq. (4.73),
for N = 160. Notice that the reflectivity decreases further as we increase the size of the
antenna, continuously for a linear impedance, and jumping between minimum values for
the ansatz.

the continuum limit. This promising result suggests that we could employ the same
treatment of the antenna as we did for a linear impedance, but solving the Sturm-
Liouville problem with the impedance given by Eq. (4.73), in the limit N = 1.

Taking N = 160, we represent the reflection coefficient versus the antenna size
in Fig. 46. In blue, we plot the reflectivity of the antenna with a linear impedance
function and, in orange, the result of the reflectivity corresponding to the impedance
function proposed in Eq. (4.73), with optimized parameters. We observe that minimal
values of |rR| are achieved for particular values of the antenna size, which approxi-
mately coincide with multiples of half the wavelength inside the antenna. Also, we
observe that, in order to find optimal values of the reflectivity, we require d > λ/2.

Finally, we investigate the squeezing of the output state, in terms of the initial
squeezing and the size of the antenna. In Fig. 47, we represent the quotient between
the squeezing parameters of output and input states, showing that it is possible to
preserve squeezing in the multiples of the half-wavelength of the signal, the same
spots for the size of the antenna observed in Fig. 46, for which the reflectivity is
minimal.

Furthermore, in order to illustrate the sensitivity of the reflection coefficient to the
shape of the antenna, we introduce errors to the numerically-optimized impedance.

72



LIST OF FIGURES

1 2 3 4 5
Antenna size (cm)

0.0

0.2

0.4

0.6

0.8

1.0

In
iti

al
 sq

ue
ez

in
g

r |/r

0

0.15

0.30

0.45

0.60

0.75

0.90

 1

Figure 47: Ratio between the squeezing of the output state and the squeezing
of the input state, represented in terms of r and the size of the antenna for N = 160
subdivisions. This shows that at least 90 % of the initial squeezing can be recovered with
an antenna of size equal to a multiple of half a wavelength, with initial squeezing r > 0.

We do this by drawing random values from a normal distribution, where the vari-
ance is a percentage of the value of the function at each point. Using the modified
impedance, we compute the reflection coefficient, and then calculate the ratio between
the negativity of the output state and the negativity of the input state, Nout/Nin.
This study indicates a limit on manufacturing errors oriented towards the fabrication
of such a device.

We also compute the n-average values of the mean negativity ratio, a function
towards which the mean should tend to in an infinite-trial scenario. This function
is computed as follows: take a discrete function f0, evaluated over a grid of points
labelled by xk, for k ∈ [0, L]. This function results from an average over many
trials, given that it has a stochastic component based on a normal distribution. The
function still presents traces of stochastic behavior, since the number of trials we can
perform is finite. Our goal is to find the value towards which the infinite average
of the function tends. For that, we propose the computation of the average of the
function on a given point, such that

f1(xk) = f0(xk+1) + 2f0(xk) + f0(xk−1)
4 , (4.74)
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where f1 is the 1-averaged function. Then, the n-averaged function is

fn(xk) = 2−2n
2n∑
m=0

(
2n
m

)
f0(xk+n−m)θ(k + n−m), (4.75)

with θ(0) = 1 and
(

2n
m

)
= 2n!

m!(2n−m!) . Here, n indicates the number of times the

average has been performed, k represents a point where the function is evaluated, and
m is a dummy index of the sum that goes through all the values that contributed to
the n-average of the function at a point xk. If n > k, thenm ∈ [0, n+k], and if n < k,
m ∈ [0, 2n]. From our definition of average we have taken fn(x0) = ... = f1(x0) =

f0(x0) and fn(xL) = ... = f1(xL) = f0(xL). The largest binomial coefficient,
(
n
m

)
,

occurs at m = n/2, and then the largest contribution to the weighted sum that
represents the n-average is

fn(xk) ≈ 2−2n
(

2n
n

)
f0(xk). (4.76)

This process exemplifies a discrete, binomial convolution, which in the continuum
limit becomes a Gaussian convolution.

In Fig. 48, we represent the average ratio of negativities for different values of the
error percentage (blue), and we observe that it decreases as the error increases, for
an initial squeezing r = 1, N = 160 subdivisions and antenna size d = 5 cm. As an
inset, we represent the logarithm of the ratio of negativities (green), which we fit by
a quadratic function (orange), as the function seems to follow a Gaussian. In red,
we represent the n-average of the mean negativity ratio. Here, each error percentage
step is averaged 103 times, and we have taken n = 50 for the n-average. The results
show that the negativity ratio goes to zero for errors over 3% of the impedance values,
and from the quadratic fit of the logarithm, we can extract a function ax2 + bx + c
with a ∼ −0.51, b ∼ −0.14, and c ∼ 0.04, and with variance ∼ 0.01.

4.2.4 Antenna design

In this chapter, we have proposed an antenna based on a coplanar waveguide, and the
characteristics of this waveguide will depend on the impedance we want to implement.
Consider a coplanar waveguide, whose central conducting plate has a width of 2a and
a height much smaller than the total depth of the film, and in which the distance
between the middle of the conducting plate and the start of the grounded plates is
b. By defining ρ = a/b, we can write the density of inductance and the density of
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Figure 48: Assessment of the sensibility of the antenna to impedance fabrication
errors through the ratio between negativity of the output state Nout and negativity of the
input state Nin, averaged over many iterations in which the impedance function is modified
with a random error proportional to a percentage of the value of the impedance at each point.
In blue, we represent the mean value of the negativity ratio over different error percentages,
and in red we display the smoothing of the mean by applying a n-average technique, for
n = 50. In green, the inset shows the logarithm of the ratio between negativities and,
in orange, we show a quadratic fit of the logarithm of the negativity ratio. The latter
corresponds to a function ax2 + bx+ c with a ∼ −0.51, b ∼ −0.14, and c ∼ 0.04, and with
variance ∼ 0.01.

capacitance for such a waveguide as [233, 234]

l = µ0

4

K
(√

1− ρ2
)

K(ρ) , (4.77)

c = 4ε0εeff
K(ρ)

K
(√

1− ρ2
) , (4.78)

where µ0 and ε0 are the magnetic permeability and the electric permittivity of the
vacuum, respectively, and εeff is the effective dielectric constant; it is a function of
the geometry of the waveguide, but also of the permittivities of the substrate and
the oxide layers. Here, we have defined K(y) as the complete elliptic integral of the
first kind with modulus y, such that

K(y) =
∫ π/2

0
dθ 1√

1− y2 sin2 θ
. (4.79)
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From Eqs. (4.77), (4.78), the characteristic impedance of the waveguide is straight-
forwardly obtained,

Z = z̄
K
(√

1− ρ2
)

K(ρ) , (4.80)

with z̄ = 1
4

√
µ0

ε0εeff
= 10π. For the cryostat impedance Zin = 50 Ω, this requires that

ρin ≈ 0.32, and for the impedance of open air, Zout = 377 Ω, ρout ≈ 2.60 · 10−8.
In order to implement the kind of antenna proposed here, a coplanar waveguide

has to be designed with a varying ratio ρ. One way to do this is to solve the equation
above for each value of Z. The dependence of ρ on the position inside the antenna
could be inferred by substituting the values of Z by those given in the ansatz proposed
in Eq. (4.73). Alternatively, we could directly propose an ansatz for ρ, targeting a
function of the position in the antenna that leads to a technologically-feasible design.
Similarly, some parameters in this ansatz can remain free, such that an optimization
over them allows us to obtain the ideal impedance. A simple example would be to
consider

ρ(x) = ρin + α
[
e(

x
d )β log(1+ ρout−ρin

α ) − 1
]
. (4.81)

Usual values of a and b are 5 µm and 7 µm, respectively. Fixing the value of ain
to 5 µm, we would need bin = 15.63 µm in order to obtain ρin. To get ρout at the
termination of the antenna, we could for example set aout = 10 nm and bout = 38.46
cm. In principle, this may be achieved, given that the electron-beam lithography can
achieve a precision below 10 nm for the fabrication of coplanar waveguides. However,
the London depth of the material will impose a lower bound on the value of a we
would ideally want to set. Different realizations of such a device could be based on
carbon-nanotube ink deposits on the gap of the coplanar waveguide, as described
in Ref. [235], or on coplanar waveguides with width-varying superconducting plate,
studied in Ref. [236].

Throughout this chapter, we have assumed that the antenna is implemented in a
superconducting TL, meaning that the temperature inside it is in the range of mK
(or at least below 4 K). However, this would be very difficult to implement, since the
end of this line is connected to the open air, whose temperature is 300 K. In order to
maintain a low temperature in the antenna, with a constant propagation velocity of
vin = c/3, and still be able to connect it to the open air, we could study the addition
of a subsequent waveguide. It would have the impedance of open air, 377 Ω, while
presenting a temperature gradient, as well as a velocity gradient, from c/3 to c.

We consider modelling absorption losses due to loss of superconductivity in a
transmission line of length L that connects the antenna, at cryogenic temperatures,
with the open air at 300 K, by an infinite array of beam splitters. Each beam splitter
has a reflectivity ηi that represents absorption probability, and incorporates thermal
noise at a given temperature Ti inside the TL, characterized by a number of thermal
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photons n(Ti). The output mode of a N -beam splitter array of this kind is given by

âN = â1

N−1∏
i=1

√
1− ηi +

N−1∑
k=1

ĥink
√
ηk

N−1∏
i=k+1

√
1− ηi (4.82)

for an input signal mode â1, where the number of thermal photons incorporated by
beam splitter k is given by nk = 〈ĥin†k ĥink 〉. We aim at representing the action of
this infinite array of beam splitters as a single beam splitter with effective reflectivity
and effective number of thermal photons. In this expression, we can identify effective
reflection and transmission coefficients,

âN = â1
√

1− ηeff + ĥineff
√
ηeff. (4.83)

Consider the reflectivity of a beam splitter as ηi = µL/N , where µ is the reflectivity
per unit length. For very large N , assume L/N = ∆x. Then, we could write
ηi = µi∆x, and then the effective reflectivity is simplified by

log(1− ηeff) =
N−1∑
i=1

log(1− ηi) =
N−1∑
i=1

log(1− µi∆x). (4.84)

For ∆x� 1, we can expand this as log(1− µi∆x) ≈ −µi∆x, and taking the contin-
uum limit,

−
N−1∑
i=1

µi∆x −→ −
∫ L

0
dxµ(x). (4.85)

Then, we write ηeff = 1 − e−
∫ L

0
dxµ(x). Let us now compute the effective number of

thermal photons,

ηeffneff = 〈(√ηeffĥeff)†(√ηeffĥeff)〉 =
N−1∑
k=1

ηknk

[
N−1∏
i=k+1

(1− ηi)
]
, (4.86)

which can be expressed as

ηeffneff =
N−1∑
k=1

µk∆xnke−
∫ L
x
dx′µ(x′) =

∫ L

0
dxµ(x)n(x)e−

∫ L
x
dx′µ(x′)

. (4.87)

Then, the effective number of thermal photons that this beam splitter incorporates
to the system is

neff =
∫ L

0 dxµ(x)n(x)e−
∫ L
x
dx′µ(x′)

1− e−
∫ L

0
dxµ(x)

. (4.88)

This expression is general and can be applied to any case in which we know the
profile of temperatures. Let us now choose a simple but useful profile which allows
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us to find a closed expression. Indeed, if we consider that the TL can be kept at
temperatures below the critical one for a length L0 < L, then we can choose

n(x) = n(Tin) + [n(Tout)− n(Tin)]θ(x− L0),
µ(x) = µin + (µout − µin)θ(x− L0),

where µin describes absorption losses at cryogenic temperatures and µout describes
absorption losses of the material at room temperature. Then, the effective number
of thermal photons becomes

neff = n(Tin)e
−µout(L−L0)(1− e−µinL0)
1− e−µinL0e−µout(L−L0)

+ n(Tout)
1− e−µout(L−L0)

1− e−µinL0e−µout(L−L0) . (4.89)

Notice that, when L0 = 0, then neff = n(Tout) and, when L0 = L, then neff =
n(Tin). Consequently, for Tout = 300 K and ω/2π = 5 GHz, and by using the Bose-
Einstein distribution, we obtain that n(Tout) ≈ Nth ∼ 1250, which is considered
as the input thermal noise into the antenna. The number of thermal photons at
cryogenic temperatures is n ∼ 8 · 10−3, corresponding to Tin = 50 mK and the same
frequency. Given that n/Nth ∼ 10−6, we have

neff
Nth

≈ 1− e−µout(L−L0)

1− e−µinL0e−µout(L−L0) ≤ 1, (4.90)

since e−µinL0 ≤ 1. This implies that, considering this approach, the effect of ther-
mal noise in the antenna is reduced when compared with respect to the study we
present here. The reason is that we were considering before the thermal state as the
incoming state of the antenna from the right, while it is now substantially reduced
since part of the thermal photons are also absorbed in the cryostat before arriving
at the antenna. Therefore, the introduction of these losses is a tradeoff between the
effect of the effective beam splitter on the entanglement, and the improvement on the
performance of the antenna due to the lower number of photons corresponding to the
effective thermal state. Of course, these effects will substantially depend on the exact
profile of temperatures along the TL. When this is obtained, one should repeat the
optimization procedure for the impedance and then add the effective beam splitter
after the antenna to take into account the entanglement degradation.

In this chapter, we have studied recent advances in superconducting quantum
technologies, in the form of devices that are used for quantum communication and
for quantum computation. We have discussed different kinds of amplifiers, but fo-
cused on Josephson parametric amplifiers due to their state generation capabilities,
although the most important milestone for microwaves is the photocounter, achieved
through Josephson ring modulators. As the elementary step following state gener-
ation in a cryostat, we have presented a quantum antenna that attempts to reduce
reflections of a signal travelling from here into open air, and therefore to maximize
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entanglement preservation. We have treated this device as a finite cavity that con-
nects a waveguide which transports the state out of the cryostat, and a waveguide
representing the transmission of that state in open air. Therefore, the antenna real-
izes a smooth impedance matching between the two environments, maximizing the
transmission of energy.
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5 Wireless Microwave
Quantum Teleportation

E ntanglement distribution lies at the core of many quantum communication
protocols; it is essential to quantum teleportation, and is required by many QKD

protocols. The entangled resources that can be consumed to obtain an advantage
in these quantum communication protocols have to be shared between the parties
involved, and that step alone represents a challenge.

In the optical regime, entanglement distribution has been achieved with optical
fibres [43, 44, 97, 98, 45] and in free space [46, 31, 47, 48].

In the microwave regime, entanglement distribution [121, 126] and quantum tele-
portation [38, 39] have been achieved inside a cryostat. There has also been a the-
oretical proposal for CV quantum teleportation [134], followed by the realization of
entanglement distribution with coaxial cables, subsequently used for quantum tele-
portation [135]. Currently, there are no microwave entanglement distribution or
quantum teleportation experiments in open air. The main reason behind this is
that microwave quantum signals suffer from a bright thermal background at room
temperature, which induces photon-absorption losses and thermalization of the sig-
nal. Diffraction losses, which we will not study in this chapter, are also expected to
play an important role, given the lack of proper collimators for microwave quantum
signals. Efficient quantum repeaters, on the path towards quantum communication
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networks, can help overcome this problem; in the current landscape, however, quan-
tum repeaters use, in most cases, multiple copies of a quantum state, and therefore
require quantum memories for storage purposes. Other repeaters for quantum com-
munication are non-deterministic, and the magnitude for improvement decreases with
the success probability.

In this chapter, we address two pragmatic questions: which is the maximum dis-
tance for open-air microwave Gaussian entanglement distribution in a realistic sce-
nario, and which technological and engineering challenges remain to be faced? In par-
ticular, we adapt the Braunstein-Kimble quantum teleportation protocol employing
entangled resources previously distributed through open air, adapted to microwave
technology. Performing this protocol is possible due to the recent breakthrough in
the development of microwave homodyning [135] and photocounting [176] schemes.
When formulated in continuous variables, teleportation assumes a previously shared
entangled state, ideally a TMSV state with infinite squeezing. In real life, however,
only a finite squeezing level can be produced, making the state sensitive to entan-
glement degradation whenever either one or both modes are exposed to decoherence
processes like thermal noise and/or photon losses. We study the generation of two-
mode squeezed states and the challenges of their subsequent distribution through
open air, and compute maximum distances of entanglement preservation for vari-
ous physical situations. We consider recent advances in microwave photodetection
and homodyning, and address their current limitations, and investigate open-air mi-
crowave quantum teleportation fidelities using the various quantum states derived in
this chapter.

5.1 Wireless entanglement distribution

Once we have generated our entangled resource, and once that state has been suc-
cessfully sent out of the cryostat, we have to address the effects of entanglement
degradation in open air. Considering directed transmission in open air, we envision
an infinite array of beam splitters to describe losses in open air, as represented in
Fig. 51. Each one of these beam splitters represents the probability of an absorption
event with probability η0, such that a propagating signal mode is transformed as

âin −→
√

1− η0âin +√η0âth, (5.1)

mixing with thermal noise from the environment characterized by 〈â†thâth〉 = Nth
thermal photons. Assuming constant temperature throughout the sequence of possi-
ble absorption events, meaning that the thermal noise in each of the beam splitters is
characterized by Nth, we can obtain the reflectivity of an effective beam splitter based
on an attenuation channel [61], which represents the decay of quantum correlations
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<latexit sha1_base64="OwP8lDvirc1AG2Qequmk44JP6vY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6aGh/cyd9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+b3TsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZs+TAVfIjJhYQpni9lbCRlRRZmxEJRuCt/zyKmnVqt5FtXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBAwDO8wpvz6Lw4787HorXg5DPH8AfO5w/3OY/r</latexit>

⌘env
<latexit sha1_base64="/0nkLdA5T0oIkjm6rZ85RjFqseo=">AAAB+nicbVBNT8JAEN3iF+JX0aOXRmLiibRookeiF4+YyEcChGyXATZst83uFCW1P8WLB43x6i/x5r9xgR4UfMkkL+/NZGaeHwmu0XW/rdza+sbmVn67sLO7t39gFw8bOowVgzoLRahaPtUguIQ6chTQihTQwBfQ9Mc3M785AaV5KO9xGkE3oEPJB5xRNFLPLnYAaS/pIDxiAnKSpj275JbdOZxV4mWkRDLUevZXpx+yOACJTFCt254bYTehCjkTkBY6sYaIsjEdQttQSQPQ3WR+euqcGqXvDEJlSqIzV39PJDTQehr4pjOgONLL3kz8z2vHOLjqJlxGMYJki0WDWDgYOrMcnD5XwFBMDaFMcXOrw0ZUUYYmrYIJwVt+eZU0KmXvvFy5uyhVr7M48uSYnJAz4pFLUiW3pEbqhJEH8kxeyZv1ZL1Y79bHojVnZTNH5A+szx9Fh5So</latexit>

⌘0
<latexit sha1_base64="OwP8lDvirc1AG2Qequmk44JP6vY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6aGh/cyd9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+b3TsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZs+TAVfIjJhYQpni9lbCRlRRZmxEJRuCt/zyKmnVqt5FtXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBAwDO8wpvz6Lw4787HorXg5DPH8AfO5w/3OY/r</latexit>

⌘0
<latexit sha1_base64="OwP8lDvirc1AG2Qequmk44JP6vY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6aGh/cyd9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+b3TsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZs+TAVfIjJhYQpni9lbCRlRRZmxEJRuCt/zyKmnVqt5FtXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBAwDO8wpvz6Lw4787HorXg5DPH8AfO5w/3OY/r</latexit>

âin
<latexit sha1_base64="W8nma9NZkZixMfYxQSmucbSnTXo=">AAAB9nicbVDLSsNAFJ34rPUV7dJNsAiuSiKCLotuXFawD2hCmExv2qGTBzM30hDyK7oSdeeH+AP+jdOahbae1bn3nAv3nCAVXKFtfxlr6xubW9u1nfru3v7BoXl03FNJJhl0WSISOQioAsFj6CJHAYNUAo0CAf1gejvX+48gFU/iB8xT8CI6jnnIGUW98s2GO6FY0NIvXIQZFjwuS99s2i17AWuVOBVpkgod3/x0RwnLIoiRCarU0LFT9AoqkTMBZd3NFKSUTekYhprGNALlFYvnS+ssTKSFE7AW829vQSOl8ijQnojiRC1r8+V/2jDD8NrTUdIMIWbaorUwExYm1rwDa8QlMBS5JpRJrr+02IRKylA3VdfxneWwq6R30XLslnN/2WzfVEXUyAk5JefEIVekTe5Ih3QJIzl5Jm/k3ZgZT8aL8fpjXTOqmwb5A+PjG8Yykzc=</latexit><latexit sha1_base64="W8nma9NZkZixMfYxQSmucbSnTXo=">AAAB9nicbVDLSsNAFJ34rPUV7dJNsAiuSiKCLotuXFawD2hCmExv2qGTBzM30hDyK7oSdeeH+AP+jdOahbae1bn3nAv3nCAVXKFtfxlr6xubW9u1nfru3v7BoXl03FNJJhl0WSISOQioAsFj6CJHAYNUAo0CAf1gejvX+48gFU/iB8xT8CI6jnnIGUW98s2GO6FY0NIvXIQZFjwuS99s2i17AWuVOBVpkgod3/x0RwnLIoiRCarU0LFT9AoqkTMBZd3NFKSUTekYhprGNALlFYvnS+ssTKSFE7AW829vQSOl8ijQnojiRC1r8+V/2jDD8NrTUdIMIWbaorUwExYm1rwDa8QlMBS5JpRJrr+02IRKylA3VdfxneWwq6R30XLslnN/2WzfVEXUyAk5JefEIVekTe5Ih3QJIzl5Jm/k3ZgZT8aL8fpjXTOqmwb5A+PjG8Yykzc=</latexit><latexit sha1_base64="W8nma9NZkZixMfYxQSmucbSnTXo=">AAAB9nicbVDLSsNAFJ34rPUV7dJNsAiuSiKCLotuXFawD2hCmExv2qGTBzM30hDyK7oSdeeH+AP+jdOahbae1bn3nAv3nCAVXKFtfxlr6xubW9u1nfru3v7BoXl03FNJJhl0WSISOQioAsFj6CJHAYNUAo0CAf1gejvX+48gFU/iB8xT8CI6jnnIGUW98s2GO6FY0NIvXIQZFjwuS99s2i17AWuVOBVpkgod3/x0RwnLIoiRCarU0LFT9AoqkTMBZd3NFKSUTekYhprGNALlFYvnS+ssTKSFE7AW829vQSOl8ijQnojiRC1r8+V/2jDD8NrTUdIMIWbaorUwExYm1rwDa8QlMBS5JpRJrr+02IRKylA3VdfxneWwq6R30XLslnN/2WzfVEXUyAk5JefEIVekTe5Ih3QJIzl5Jm/k3ZgZT8aL8fpjXTOqmwb5A+PjG8Yykzc=</latexit><latexit sha1_base64="W8nma9NZkZixMfYxQSmucbSnTXo=">AAAB9nicbVDLSsNAFJ34rPUV7dJNsAiuSiKCLotuXFawD2hCmExv2qGTBzM30hDyK7oSdeeH+AP+jdOahbae1bn3nAv3nCAVXKFtfxlr6xubW9u1nfru3v7BoXl03FNJJhl0WSISOQioAsFj6CJHAYNUAo0CAf1gejvX+48gFU/iB8xT8CI6jnnIGUW98s2GO6FY0NIvXIQZFjwuS99s2i17AWuVOBVpkgod3/x0RwnLIoiRCarU0LFT9AoqkTMBZd3NFKSUTekYhprGNALlFYvnS+ssTKSFE7AW829vQSOl8ijQnojiRC1r8+V/2jDD8NrTUdIMIWbaorUwExYm1rwDa8QlMBS5JpRJrr+02IRKylA3VdfxneWwq6R30XLslnN/2WzfVEXUyAk5JefEIVekTe5Ih3QJIzl5Jm/k3ZgZT8aL8fpjXTOqmwb5A+PjG8Yykzc=</latexit>

âth
<latexit sha1_base64="vWIxpuPI+c9gUAHyXv0YZ3UFlnw=">AAACCXicbVC7TsNAEDyHVwgvQ0oaiwiJKrIREpQRNJRBIglSYlnnyzo+5fzQ3RphWf4CPoIWSjpEy1dQ8StcggtImGp2Z1a7O34quELb/jRqK6tr6xv1zcbW9s7unrl/0FdJJhn0WCISeedTBYLH0EOOAu5SCTTyBQz86dVMH9yDVDyJbzFPwY3oJOYBZxR1yzObo5BiQUuvGCE8YIFhWXpmy27bc1jLxKlIi1ToeubXaJywLIIYmaBKDR07RbegEjkTUDZGmYKUsimdwFDTmEag3GJ+fGkdB4m0MARrXv/2FjRSKo987YkohmpRmzX/1Xw/EeOFtRhcuAWP0wwhZnpKa0EmLEysWSzWmEtgKHJNKJNcH26xkErKUIfX0Ik4i/8vk/5p27Hbzs1Zq3NZZVMnh+SInBCHnJMOuSZd0iOM5OSJPJMX49F4Nd6M9x9rzahmmuQPjI9vnNibKA==</latexit><latexit sha1_base64="vWIxpuPI+c9gUAHyXv0YZ3UFlnw=">AAACCXicbVC7TsNAEDyHVwgvQ0oaiwiJKrIREpQRNJRBIglSYlnnyzo+5fzQ3RphWf4CPoIWSjpEy1dQ8StcggtImGp2Z1a7O34quELb/jRqK6tr6xv1zcbW9s7unrl/0FdJJhn0WCISeedTBYLH0EOOAu5SCTTyBQz86dVMH9yDVDyJbzFPwY3oJOYBZxR1yzObo5BiQUuvGCE8YIFhWXpmy27bc1jLxKlIi1ToeubXaJywLIIYmaBKDR07RbegEjkTUDZGmYKUsimdwFDTmEag3GJ+fGkdB4m0MARrXv/2FjRSKo987YkohmpRmzX/1Xw/EeOFtRhcuAWP0wwhZnpKa0EmLEysWSzWmEtgKHJNKJNcH26xkErKUIfX0Ik4i/8vk/5p27Hbzs1Zq3NZZVMnh+SInBCHnJMOuSZd0iOM5OSJPJMX49F4Nd6M9x9rzahmmuQPjI9vnNibKA==</latexit><latexit sha1_base64="vWIxpuPI+c9gUAHyXv0YZ3UFlnw=">AAACCXicbVC7TsNAEDyHVwgvQ0oaiwiJKrIREpQRNJRBIglSYlnnyzo+5fzQ3RphWf4CPoIWSjpEy1dQ8StcggtImGp2Z1a7O34quELb/jRqK6tr6xv1zcbW9s7unrl/0FdJJhn0WCISeedTBYLH0EOOAu5SCTTyBQz86dVMH9yDVDyJbzFPwY3oJOYBZxR1yzObo5BiQUuvGCE8YIFhWXpmy27bc1jLxKlIi1ToeubXaJywLIIYmaBKDR07RbegEjkTUDZGmYKUsimdwFDTmEag3GJ+fGkdB4m0MARrXv/2FjRSKo987YkohmpRmzX/1Xw/EeOFtRhcuAWP0wwhZnpKa0EmLEysWSzWmEtgKHJNKJNcH26xkErKUIfX0Ik4i/8vk/5p27Hbzs1Zq3NZZVMnh+SInBCHnJMOuSZd0iOM5OSJPJMX49F4Nd6M9x9rzahmmuQPjI9vnNibKA==</latexit><latexit sha1_base64="vWIxpuPI+c9gUAHyXv0YZ3UFlnw=">AAACCXicbVC7TsNAEDyHVwgvQ0oaiwiJKrIREpQRNJRBIglSYlnnyzo+5fzQ3RphWf4CPoIWSjpEy1dQ8StcggtImGp2Z1a7O34quELb/jRqK6tr6xv1zcbW9s7unrl/0FdJJhn0WCISeedTBYLH0EOOAu5SCTTyBQz86dVMH9yDVDyJbzFPwY3oJOYBZxR1yzObo5BiQUuvGCE8YIFhWXpmy27bc1jLxKlIi1ToeubXaJywLIIYmaBKDR07RbegEjkTUDZGmYKUsimdwFDTmEag3GJ+fGkdB4m0MARrXv/2FjRSKo987YkohmpRmzX/1Xw/EeOFtRhcuAWP0wwhZnpKa0EmLEysWSzWmEtgKHJNKJNcH26xkErKUIfX0Ik4i/8vk/5p27Hbzs1Zq3NZZVMnh+SInBCHnJMOuSZd0iOM5OSJPJMX49F4Nd6M9x9rzahmmuQPjI9vnNibKA==</latexit>

âth
<latexit sha1_base64="vWIxpuPI+c9gUAHyXv0YZ3UFlnw=">AAACCXicbVC7TsNAEDyHVwgvQ0oaiwiJKrIREpQRNJRBIglSYlnnyzo+5fzQ3RphWf4CPoIWSjpEy1dQ8StcggtImGp2Z1a7O34quELb/jRqK6tr6xv1zcbW9s7unrl/0FdJJhn0WCISeedTBYLH0EOOAu5SCTTyBQz86dVMH9yDVDyJbzFPwY3oJOYBZxR1yzObo5BiQUuvGCE8YIFhWXpmy27bc1jLxKlIi1ToeubXaJywLIIYmaBKDR07RbegEjkTUDZGmYKUsimdwFDTmEag3GJ+fGkdB4m0MARrXv/2FjRSKo987YkohmpRmzX/1Xw/EeOFtRhcuAWP0wwhZnpKa0EmLEysWSzWmEtgKHJNKJNcH26xkErKUIfX0Ik4i/8vk/5p27Hbzs1Zq3NZZVMnh+SInBCHnJMOuSZd0iOM5OSJPJMX49F4Nd6M9x9rzahmmuQPjI9vnNibKA==</latexit><latexit sha1_base64="vWIxpuPI+c9gUAHyXv0YZ3UFlnw=">AAACCXicbVC7TsNAEDyHVwgvQ0oaiwiJKrIREpQRNJRBIglSYlnnyzo+5fzQ3RphWf4CPoIWSjpEy1dQ8StcggtImGp2Z1a7O34quELb/jRqK6tr6xv1zcbW9s7unrl/0FdJJhn0WCISeedTBYLH0EOOAu5SCTTyBQz86dVMH9yDVDyJbzFPwY3oJOYBZxR1yzObo5BiQUuvGCE8YIFhWXpmy27bc1jLxKlIi1ToeubXaJywLIIYmaBKDR07RbegEjkTUDZGmYKUsimdwFDTmEag3GJ+fGkdB4m0MARrXv/2FjRSKo987YkohmpRmzX/1Xw/EeOFtRhcuAWP0wwhZnpKa0EmLEysWSzWmEtgKHJNKJNcH26xkErKUIfX0Ik4i/8vk/5p27Hbzs1Zq3NZZVMnh+SInBCHnJMOuSZd0iOM5OSJPJMX49F4Nd6M9x9rzahmmuQPjI9vnNibKA==</latexit><latexit sha1_base64="vWIxpuPI+c9gUAHyXv0YZ3UFlnw=">AAACCXicbVC7TsNAEDyHVwgvQ0oaiwiJKrIREpQRNJRBIglSYlnnyzo+5fzQ3RphWf4CPoIWSjpEy1dQ8StcggtImGp2Z1a7O34quELb/jRqK6tr6xv1zcbW9s7unrl/0FdJJhn0WCISeedTBYLH0EOOAu5SCTTyBQz86dVMH9yDVDyJbzFPwY3oJOYBZxR1yzObo5BiQUuvGCE8YIFhWXpmy27bc1jLxKlIi1ToeubXaJywLIIYmaBKDR07RbegEjkTUDZGmYKUsimdwFDTmEag3GJ+fGkdB4m0MARrXv/2FjRSKo987YkohmpRmzX/1Xw/EeOFtRhcuAWP0wwhZnpKa0EmLEysWSzWmEtgKHJNKJNcH26xkErKUIfX0Ik4i/8vk/5p27Hbzs1Zq3NZZVMnh+SInBCHnJMOuSZd0iOM5OSJPJMX49F4Nd6M9x9rzahmmuQPjI9vnNibKA==</latexit><latexit sha1_base64="vWIxpuPI+c9gUAHyXv0YZ3UFlnw=">AAACCXicbVC7TsNAEDyHVwgvQ0oaiwiJKrIREpQRNJRBIglSYlnnyzo+5fzQ3RphWf4CPoIWSjpEy1dQ8StcggtImGp2Z1a7O34quELb/jRqK6tr6xv1zcbW9s7unrl/0FdJJhn0WCISeedTBYLH0EOOAu5SCTTyBQz86dVMH9yDVDyJbzFPwY3oJOYBZxR1yzObo5BiQUuvGCE8YIFhWXpmy27bc1jLxKlIi1ToeubXaJywLIIYmaBKDR07RbegEjkTUDZGmYKUsimdwFDTmEag3GJ+fGkdB4m0MARrXv/2FjRSKo987YkohmpRmzX/1Xw/EeOFtRhcuAWP0wwhZnpKa0EmLEysWSzWmEtgKHJNKJNcH26xkErKUIfX0Ik4i/8vk/5p27Hbzs1Zq3NZZVMnh+SInBCHnJMOuSZd0iOM5OSJPJMX49F4Nd6M9x9rzahmmuQPjI9vnNibKA==</latexit>

âth
<latexit sha1_base64="vWIxpuPI+c9gUAHyXv0YZ3UFlnw=">AAACCXicbVC7TsNAEDyHVwgvQ0oaiwiJKrIREpQRNJRBIglSYlnnyzo+5fzQ3RphWf4CPoIWSjpEy1dQ8StcggtImGp2Z1a7O34quELb/jRqK6tr6xv1zcbW9s7unrl/0FdJJhn0WCISeedTBYLH0EOOAu5SCTTyBQz86dVMH9yDVDyJbzFPwY3oJOYBZxR1yzObo5BiQUuvGCE8YIFhWXpmy27bc1jLxKlIi1ToeubXaJywLIIYmaBKDR07RbegEjkTUDZGmYKUsimdwFDTmEag3GJ+fGkdB4m0MARrXv/2FjRSKo987YkohmpRmzX/1Xw/EeOFtRhcuAWP0wwhZnpKa0EmLEysWSzWmEtgKHJNKJNcH26xkErKUIfX0Ik4i/8vk/5p27Hbzs1Zq3NZZVMnh+SInBCHnJMOuSZd0iOM5OSJPJMX49F4Nd6M9x9rzahmmuQPjI9vnNibKA==</latexit><latexit sha1_base64="vWIxpuPI+c9gUAHyXv0YZ3UFlnw=">AAACCXicbVC7TsNAEDyHVwgvQ0oaiwiJKrIREpQRNJRBIglSYlnnyzo+5fzQ3RphWf4CPoIWSjpEy1dQ8StcggtImGp2Z1a7O34quELb/jRqK6tr6xv1zcbW9s7unrl/0FdJJhn0WCISeedTBYLH0EOOAu5SCTTyBQz86dVMH9yDVDyJbzFPwY3oJOYBZxR1yzObo5BiQUuvGCE8YIFhWXpmy27bc1jLxKlIi1ToeubXaJywLIIYmaBKDR07RbegEjkTUDZGmYKUsimdwFDTmEag3GJ+fGkdB4m0MARrXv/2FjRSKo987YkohmpRmzX/1Xw/EeOFtRhcuAWP0wwhZnpKa0EmLEysWSzWmEtgKHJNKJNcH26xkErKUIfX0Ik4i/8vk/5p27Hbzs1Zq3NZZVMnh+SInBCHnJMOuSZd0iOM5OSJPJMX49F4Nd6M9x9rzahmmuQPjI9vnNibKA==</latexit><latexit sha1_base64="vWIxpuPI+c9gUAHyXv0YZ3UFlnw=">AAACCXicbVC7TsNAEDyHVwgvQ0oaiwiJKrIREpQRNJRBIglSYlnnyzo+5fzQ3RphWf4CPoIWSjpEy1dQ8StcggtImGp2Z1a7O34quELb/jRqK6tr6xv1zcbW9s7unrl/0FdJJhn0WCISeedTBYLH0EOOAu5SCTTyBQz86dVMH9yDVDyJbzFPwY3oJOYBZxR1yzObo5BiQUuvGCE8YIFhWXpmy27bc1jLxKlIi1ToeubXaJywLIIYmaBKDR07RbegEjkTUDZGmYKUsimdwFDTmEag3GJ+fGkdB4m0MARrXv/2FjRSKo987YkohmpRmzX/1Xw/EeOFtRhcuAWP0wwhZnpKa0EmLEysWSzWmEtgKHJNKJNcH26xkErKUIfX0Ik4i/8vk/5p27Hbzs1Zq3NZZVMnh+SInBCHnJMOuSZd0iOM5OSJPJMX49F4Nd6M9x9rzahmmuQPjI9vnNibKA==</latexit><latexit sha1_base64="vWIxpuPI+c9gUAHyXv0YZ3UFlnw=">AAACCXicbVC7TsNAEDyHVwgvQ0oaiwiJKrIREpQRNJRBIglSYlnnyzo+5fzQ3RphWf4CPoIWSjpEy1dQ8StcggtImGp2Z1a7O34quELb/jRqK6tr6xv1zcbW9s7unrl/0FdJJhn0WCISeedTBYLH0EOOAu5SCTTyBQz86dVMH9yDVDyJbzFPwY3oJOYBZxR1yzObo5BiQUuvGCE8YIFhWXpmy27bc1jLxKlIi1ToeubXaJywLIIYmaBKDR07RbegEjkTUDZGmYKUsimdwFDTmEag3GJ+fGkdB4m0MARrXv/2FjRSKo987YkohmpRmzX/1Xw/EeOFtRhcuAWP0wwhZnpKa0EmLEysWSzWmEtgKHJNKJNcH26xkErKUIfX0Ik4i/8vk/5p27Hbzs1Zq3NZZVMnh+SInBCHnJMOuSZd0iOM5OSJPJMX49F4Nd6M9x9rzahmmuQPjI9vnNibKA==</latexit>

Figure 51: Sketch of a beam splitter loss model of an open air quantum channel.
Entanglement degradation of a state propagating in open air at constant temperature is
modeled by an array of N beam splitters, each one mixing one signal mode and one thermal
mode, represented by âin and âth respectively. The latter introduces thermal noise charac-
terized by 〈â†thâth〉 = Nth thermal photons, assuming constant temperature throughout the
path. An infinite array of beam splitters (N →∞) can be approximated by a single beam
splitter with reflectivity ηenv = 1 − e−µL, where L is the total channel length and µ is the
reflectivity per unit length.

and amplitudes,
ηenv = 1− e−µL. (5.2)

Here, µ represents a density of reflectivity, which in turn models photon losses per unit
length, and L is the traveled distance. This density of reflectivity can be interpreted
as an attenuation coefficient that quantifies the specific attenuation of signals in a
given environment. In this work we consider µ = 1.44 × 10−6 m−1 for the specific
attenuation of 5 GHz signals caused by the presence of oxygen molecules in the
environment (see Refs. [237, 238]).

We could go further and assume that, attached to the antenna (at constant tem-
perature), there is another transmission line where the temperature is not constant
throughout the trajectory, which leads to an inhomogeneous absorption probability.
This is represented by the density of reflectivity µ(x), and the number of thermal
photons n(x). The latter still follows the Bose-Einstein distribution. An infinite
array of beam splitters that reproduce these features (see Ref. [239]) can be replaced
by a single beam splitter with an effective reflectivity and number of thermal photons
given by

ηenv = 1− e−
∫ L

0
d xµ(x)

, (5.3)

nth =
∫ L

0 dxµ(x)n(x)e−
∫ L
x

d x′µ(x′)

1− e−
∫ L

0
d xµ(x)

, (5.4)

where L represents the total length of the array. Given that we are extending the
length in which the transmission line remains at cryogenic temperatures, we see that
nth ≤ Nth.
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5. WIRELESS MICROWAVE QUANTUM TELEPORTATION

⌘env
<latexit sha1_base64="EDIkFGsjhJgM8nomBrc/B0p9nio=">AAAB9HicbZDLSsNAFIYn9VbrLdWlm2ARXJVEBF0W3bisYC/QhDCZnrRDJxdmTqol5E10JerOJ/EFfBunNQtt/VffnP8fOOcPUsEV2vaXUVlb39jcqm7Xdnb39g/M+mFXJZlk0GGJSGQ/oAoEj6GDHAX0Uwk0CgT0gsnN3O9NQSqexPc4S8GL6CjmIWcU9cg36y4g9XMX4RFziKdF4ZsNu2kvZK2CU0KDlGr75qc7TFgWQYxMUKUGjp2il1OJnAkoam6mIKVsQkcw0BjTCJSXL1YvrNMwkRaOwVq8f2dzGik1iwKdiSiO1bI3H/7nDTIMr7ycx2mGEDMd0V6YCQsTa96ANeQSGIqZBsok11tabEwlZah7qunzneVjV6F73nTspnN30Whdl0VUyTE5IWfEIZekRW5Jm3QIIw/kmbyRd2NqPBkvxutPtGKUf47IHxkf3w8Vkjk=</latexit><latexit sha1_base64="EDIkFGsjhJgM8nomBrc/B0p9nio=">AAAB9HicbZDLSsNAFIYn9VbrLdWlm2ARXJVEBF0W3bisYC/QhDCZnrRDJxdmTqol5E10JerOJ/EFfBunNQtt/VffnP8fOOcPUsEV2vaXUVlb39jcqm7Xdnb39g/M+mFXJZlk0GGJSGQ/oAoEj6GDHAX0Uwk0CgT0gsnN3O9NQSqexPc4S8GL6CjmIWcU9cg36y4g9XMX4RFziKdF4ZsNu2kvZK2CU0KDlGr75qc7TFgWQYxMUKUGjp2il1OJnAkoam6mIKVsQkcw0BjTCJSXL1YvrNMwkRaOwVq8f2dzGik1iwKdiSiO1bI3H/7nDTIMr7ycx2mGEDMd0V6YCQsTa96ANeQSGIqZBsok11tabEwlZah7qunzneVjV6F73nTspnN30Whdl0VUyTE5IWfEIZekRW5Jm3QIIw/kmbyRd2NqPBkvxutPtGKUf47IHxkf3w8Vkjk=</latexit><latexit sha1_base64="EDIkFGsjhJgM8nomBrc/B0p9nio=">AAAB9HicbZDLSsNAFIYn9VbrLdWlm2ARXJVEBF0W3bisYC/QhDCZnrRDJxdmTqol5E10JerOJ/EFfBunNQtt/VffnP8fOOcPUsEV2vaXUVlb39jcqm7Xdnb39g/M+mFXJZlk0GGJSGQ/oAoEj6GDHAX0Uwk0CgT0gsnN3O9NQSqexPc4S8GL6CjmIWcU9cg36y4g9XMX4RFziKdF4ZsNu2kvZK2CU0KDlGr75qc7TFgWQYxMUKUGjp2il1OJnAkoam6mIKVsQkcw0BjTCJSXL1YvrNMwkRaOwVq8f2dzGik1iwKdiSiO1bI3H/7nDTIMr7ycx2mGEDMd0V6YCQsTa96ANeQSGIqZBsok11tabEwlZah7qunzneVjV6F73nTspnN30Whdl0VUyTE5IWfEIZekRW5Jm3QIIw/kmbyRd2NqPBkvxutPtGKUf47IHxkf3w8Vkjk=</latexit><latexit sha1_base64="EDIkFGsjhJgM8nomBrc/B0p9nio=">AAAB9HicbZDLSsNAFIYn9VbrLdWlm2ARXJVEBF0W3bisYC/QhDCZnrRDJxdmTqol5E10JerOJ/EFfBunNQtt/VffnP8fOOcPUsEV2vaXUVlb39jcqm7Xdnb39g/M+mFXJZlk0GGJSGQ/oAoEj6GDHAX0Uwk0CgT0gsnN3O9NQSqexPc4S8GL6CjmIWcU9cg36y4g9XMX4RFziKdF4ZsNu2kvZK2CU0KDlGr75qc7TFgWQYxMUKUGjp2il1OJnAkoam6mIKVsQkcw0BjTCJSXL1YvrNMwkRaOwVq8f2dzGik1iwKdiSiO1bI3H/7nDTIMr7ycx2mGEDMd0V6YCQsTa96ANeQSGIqZBsok11tabEwlZah7qunzneVjV6F73nTspnN30Whdl0VUyTE5IWfEIZekRW5Jm3QIIw/kmbyRd2NqPBkvxutPtGKUf47IHxkf3w8Vkjk=</latexit>

⌘env
<latexit sha1_base64="EDIkFGsjhJgM8nomBrc/B0p9nio=">AAAB9HicbZDLSsNAFIYn9VbrLdWlm2ARXJVEBF0W3bisYC/QhDCZnrRDJxdmTqol5E10JerOJ/EFfBunNQtt/VffnP8fOOcPUsEV2vaXUVlb39jcqm7Xdnb39g/M+mFXJZlk0GGJSGQ/oAoEj6GDHAX0Uwk0CgT0gsnN3O9NQSqexPc4S8GL6CjmIWcU9cg36y4g9XMX4RFziKdF4ZsNu2kvZK2CU0KDlGr75qc7TFgWQYxMUKUGjp2il1OJnAkoam6mIKVsQkcw0BjTCJSXL1YvrNMwkRaOwVq8f2dzGik1iwKdiSiO1bI3H/7nDTIMr7ycx2mGEDMd0V6YCQsTa96ANeQSGIqZBsok11tabEwlZah7qunzneVjV6F73nTspnN30Whdl0VUyTE5IWfEIZekRW5Jm3QIIw/kmbyRd2NqPBkvxutPtGKUf47IHxkf3w8Vkjk=</latexit><latexit sha1_base64="EDIkFGsjhJgM8nomBrc/B0p9nio=">AAAB9HicbZDLSsNAFIYn9VbrLdWlm2ARXJVEBF0W3bisYC/QhDCZnrRDJxdmTqol5E10JerOJ/EFfBunNQtt/VffnP8fOOcPUsEV2vaXUVlb39jcqm7Xdnb39g/M+mFXJZlk0GGJSGQ/oAoEj6GDHAX0Uwk0CgT0gsnN3O9NQSqexPc4S8GL6CjmIWcU9cg36y4g9XMX4RFziKdF4ZsNu2kvZK2CU0KDlGr75qc7TFgWQYxMUKUGjp2il1OJnAkoam6mIKVsQkcw0BjTCJSXL1YvrNMwkRaOwVq8f2dzGik1iwKdiSiO1bI3H/7nDTIMr7ycx2mGEDMd0V6YCQsTa96ANeQSGIqZBsok11tabEwlZah7qunzneVjV6F73nTspnN30Whdl0VUyTE5IWfEIZekRW5Jm3QIIw/kmbyRd2NqPBkvxutPtGKUf47IHxkf3w8Vkjk=</latexit><latexit sha1_base64="EDIkFGsjhJgM8nomBrc/B0p9nio=">AAAB9HicbZDLSsNAFIYn9VbrLdWlm2ARXJVEBF0W3bisYC/QhDCZnrRDJxdmTqol5E10JerOJ/EFfBunNQtt/VffnP8fOOcPUsEV2vaXUVlb39jcqm7Xdnb39g/M+mFXJZlk0GGJSGQ/oAoEj6GDHAX0Uwk0CgT0gsnN3O9NQSqexPc4S8GL6CjmIWcU9cg36y4g9XMX4RFziKdF4ZsNu2kvZK2CU0KDlGr75qc7TFgWQYxMUKUGjp2il1OJnAkoam6mIKVsQkcw0BjTCJSXL1YvrNMwkRaOwVq8f2dzGik1iwKdiSiO1bI3H/7nDTIMr7ycx2mGEDMd0V6YCQsTa96ANeQSGIqZBsok11tabEwlZah7qunzneVjV6F73nTspnN30Whdl0VUyTE5IWfEIZekRW5Jm3QIIw/kmbyRd2NqPBkvxutPtGKUf47IHxkf3w8Vkjk=</latexit><latexit sha1_base64="EDIkFGsjhJgM8nomBrc/B0p9nio=">AAAB9HicbZDLSsNAFIYn9VbrLdWlm2ARXJVEBF0W3bisYC/QhDCZnrRDJxdmTqol5E10JerOJ/EFfBunNQtt/VffnP8fOOcPUsEV2vaXUVlb39jcqm7Xdnb39g/M+mFXJZlk0GGJSGQ/oAoEj6GDHAX0Uwk0CgT0gsnN3O9NQSqexPc4S8GL6CjmIWcU9cg36y4g9XMX4RFziKdF4ZsNu2kvZK2CU0KDlGr75qc7TFgWQYxMUKUGjp2il1OJnAkoam6mIKVsQkcw0BjTCJSXL1YvrNMwkRaOwVq8f2dzGik1iwKdiSiO1bI3H/7nDTIMr7ycx2mGEDMd0V6YCQsTa96ANeQSGIqZBsok11tabEwlZah7qunzneVjV6F73nTspnN30Whdl0VUyTE5IWfEIZekRW5Jm3QIIw/kmbyRd2NqPBkvxutPtGKUf47IHxkf3w8Vkjk=</latexit>

⌘env
<latexit sha1_base64="EDIkFGsjhJgM8nomBrc/B0p9nio=">AAAB9HicbZDLSsNAFIYn9VbrLdWlm2ARXJVEBF0W3bisYC/QhDCZnrRDJxdmTqol5E10JerOJ/EFfBunNQtt/VffnP8fOOcPUsEV2vaXUVlb39jcqm7Xdnb39g/M+mFXJZlk0GGJSGQ/oAoEj6GDHAX0Uwk0CgT0gsnN3O9NQSqexPc4S8GL6CjmIWcU9cg36y4g9XMX4RFziKdF4ZsNu2kvZK2CU0KDlGr75qc7TFgWQYxMUKUGjp2il1OJnAkoam6mIKVsQkcw0BjTCJSXL1YvrNMwkRaOwVq8f2dzGik1iwKdiSiO1bI3H/7nDTIMr7ycx2mGEDMd0V6YCQsTa96ANeQSGIqZBsok11tabEwlZah7qunzneVjV6F73nTspnN30Whdl0VUyTE5IWfEIZekRW5Jm3QIIw/kmbyRd2NqPBkvxutPtGKUf47IHxkf3w8Vkjk=</latexit><latexit sha1_base64="EDIkFGsjhJgM8nomBrc/B0p9nio=">AAAB9HicbZDLSsNAFIYn9VbrLdWlm2ARXJVEBF0W3bisYC/QhDCZnrRDJxdmTqol5E10JerOJ/EFfBunNQtt/VffnP8fOOcPUsEV2vaXUVlb39jcqm7Xdnb39g/M+mFXJZlk0GGJSGQ/oAoEj6GDHAX0Uwk0CgT0gsnN3O9NQSqexPc4S8GL6CjmIWcU9cg36y4g9XMX4RFziKdF4ZsNu2kvZK2CU0KDlGr75qc7TFgWQYxMUKUGjp2il1OJnAkoam6mIKVsQkcw0BjTCJSXL1YvrNMwkRaOwVq8f2dzGik1iwKdiSiO1bI3H/7nDTIMr7ycx2mGEDMd0V6YCQsTa96ANeQSGIqZBsok11tabEwlZah7qunzneVjV6F73nTspnN30Whdl0VUyTE5IWfEIZekRW5Jm3QIIw/kmbyRd2NqPBkvxutPtGKUf47IHxkf3w8Vkjk=</latexit><latexit sha1_base64="EDIkFGsjhJgM8nomBrc/B0p9nio=">AAAB9HicbZDLSsNAFIYn9VbrLdWlm2ARXJVEBF0W3bisYC/QhDCZnrRDJxdmTqol5E10JerOJ/EFfBunNQtt/VffnP8fOOcPUsEV2vaXUVlb39jcqm7Xdnb39g/M+mFXJZlk0GGJSGQ/oAoEj6GDHAX0Uwk0CgT0gsnN3O9NQSqexPc4S8GL6CjmIWcU9cg36y4g9XMX4RFziKdF4ZsNu2kvZK2CU0KDlGr75qc7TFgWQYxMUKUGjp2il1OJnAkoam6mIKVsQkcw0BjTCJSXL1YvrNMwkRaOwVq8f2dzGik1iwKdiSiO1bI3H/7nDTIMr7ycx2mGEDMd0V6YCQsTa96ANeQSGIqZBsok11tabEwlZah7qunzneVjV6F73nTspnN30Whdl0VUyTE5IWfEIZekRW5Jm3QIIw/kmbyRd2NqPBkvxutPtGKUf47IHxkf3w8Vkjk=</latexit><latexit sha1_base64="EDIkFGsjhJgM8nomBrc/B0p9nio=">AAAB9HicbZDLSsNAFIYn9VbrLdWlm2ARXJVEBF0W3bisYC/QhDCZnrRDJxdmTqol5E10JerOJ/EFfBunNQtt/VffnP8fOOcPUsEV2vaXUVlb39jcqm7Xdnb39g/M+mFXJZlk0GGJSGQ/oAoEj6GDHAX0Uwk0CgT0gsnN3O9NQSqexPc4S8GL6CjmIWcU9cg36y4g9XMX4RFziKdF4ZsNu2kvZK2CU0KDlGr75qc7TFgWQYxMUKUGjp2il1OJnAkoam6mIKVsQkcw0BjTCJSXL1YvrNMwkRaOwVq8f2dzGik1iwKdiSiO1bI3H/7nDTIMr7ycx2mGEDMd0V6YCQsTa96ANeQSGIqZBsok11tabEwlZah7qunzneVjV6F73nTspnN30Whdl0VUyTE5IWfEIZekRW5Jm3QIIw/kmbyRd2NqPBkvxutPtGKUf47IHxkf3w8Vkjk=</latexit>

(a)
<latexit sha1_base64="SXFCHcVf1BYvoevMsV5W9ALTt+w=">AAAB63icbZDNTgIxFIU7+If4h7p000hMcENmjIkuiW5cYiI/ESakU+5AQzszae8YyYSn0JVRd76NL+DbWHAWCp7V13tOk3tukEhh0HW/nMLK6tr6RnGztLW9s7tX3j9omTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxhfz/z2A2gj4ugOJwn4ig0jEQrO0I7uewiPmFXZ6bRfrrg1dy66DF4OFZKr0S9/9gYxTxVEyCUzpuu5CfoZ0yi4hGmplxpIGB+zIXQtRkyB8bP5xlN6Esaa4gjo/P07mzFlzEQFNqMYjsyiNxv+53VTDC/9TERJihBxG7FemEqKMZ0VpwOhgaOcWGBcC7sl5SOmGUd7npKt7y2WXYbWWc1za97teaV+lR+iSI7IMakSj1yQOrkhDdIknETkmbyRd0c5T86L8/oTLTj5n0PyR87HNy+Ujj4=</latexit><latexit sha1_base64="SXFCHcVf1BYvoevMsV5W9ALTt+w=">AAAB63icbZDNTgIxFIU7+If4h7p000hMcENmjIkuiW5cYiI/ESakU+5AQzszae8YyYSn0JVRd76NL+DbWHAWCp7V13tOk3tukEhh0HW/nMLK6tr6RnGztLW9s7tX3j9omTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxhfz/z2A2gj4ugOJwn4ig0jEQrO0I7uewiPmFXZ6bRfrrg1dy66DF4OFZKr0S9/9gYxTxVEyCUzpuu5CfoZ0yi4hGmplxpIGB+zIXQtRkyB8bP5xlN6Esaa4gjo/P07mzFlzEQFNqMYjsyiNxv+53VTDC/9TERJihBxG7FemEqKMZ0VpwOhgaOcWGBcC7sl5SOmGUd7npKt7y2WXYbWWc1za97teaV+lR+iSI7IMakSj1yQOrkhDdIknETkmbyRd0c5T86L8/oTLTj5n0PyR87HNy+Ujj4=</latexit><latexit sha1_base64="SXFCHcVf1BYvoevMsV5W9ALTt+w=">AAAB63icbZDNTgIxFIU7+If4h7p000hMcENmjIkuiW5cYiI/ESakU+5AQzszae8YyYSn0JVRd76NL+DbWHAWCp7V13tOk3tukEhh0HW/nMLK6tr6RnGztLW9s7tX3j9omTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxhfz/z2A2gj4ugOJwn4ig0jEQrO0I7uewiPmFXZ6bRfrrg1dy66DF4OFZKr0S9/9gYxTxVEyCUzpuu5CfoZ0yi4hGmplxpIGB+zIXQtRkyB8bP5xlN6Esaa4gjo/P07mzFlzEQFNqMYjsyiNxv+53VTDC/9TERJihBxG7FemEqKMZ0VpwOhgaOcWGBcC7sl5SOmGUd7npKt7y2WXYbWWc1za97teaV+lR+iSI7IMakSj1yQOrkhDdIknETkmbyRd0c5T86L8/oTLTj5n0PyR87HNy+Ujj4=</latexit><latexit sha1_base64="SXFCHcVf1BYvoevMsV5W9ALTt+w=">AAAB63icbZDNTgIxFIU7+If4h7p000hMcENmjIkuiW5cYiI/ESakU+5AQzszae8YyYSn0JVRd76NL+DbWHAWCp7V13tOk3tukEhh0HW/nMLK6tr6RnGztLW9s7tX3j9omTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxhfz/z2A2gj4ugOJwn4ig0jEQrO0I7uewiPmFXZ6bRfrrg1dy66DF4OFZKr0S9/9gYxTxVEyCUzpuu5CfoZ0yi4hGmplxpIGB+zIXQtRkyB8bP5xlN6Esaa4gjo/P07mzFlzEQFNqMYjsyiNxv+53VTDC/9TERJihBxG7FemEqKMZ0VpwOhgaOcWGBcC7sl5SOmGUd7npKt7y2WXYbWWc1za97teaV+lR+iSI7IMakSj1yQOrkhDdIknETkmbyRd0c5T86L8/oTLTj5n0PyR87HNy+Ujj4=</latexit>

(b)
<latexit sha1_base64="x63c3G9bbHkkQaCPTPMPPLYtq34=">AAAB63icbZDNTgIxFIU7+If4h7p000hMcENmjIkuiW5cYiI/ESakU+5AQzszae8YyYSn0JVRd76NL+DbWHAWCp7V13tOk3tukEhh0HW/nMLK6tr6RnGztLW9s7tX3j9omTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxhfz/z2A2gj4ugOJwn4ig0jEQrO0I7uewiPmFWD02m/XHFr7lx0GbwcKiRXo1/+7A1iniqIkEtmTNdzE/QzplFwCdNSLzWQMD5mQ+hajJgC42fzjaf0JIw1xRHQ+ft3NmPKmIkKbEYxHJlFbzb8z+umGF76mYiSFCHiNmK9MJUUYzorTgdCA0c5scC4FnZLykdMM472PCVb31ssuwyts5rn1rzb80r9Kj9EkRyRY1IlHrkgdXJDGqRJOInIM3kj745ynpwX5/UnWnDyP4fkj5yPbzEUjj8=</latexit><latexit sha1_base64="x63c3G9bbHkkQaCPTPMPPLYtq34=">AAAB63icbZDNTgIxFIU7+If4h7p000hMcENmjIkuiW5cYiI/ESakU+5AQzszae8YyYSn0JVRd76NL+DbWHAWCp7V13tOk3tukEhh0HW/nMLK6tr6RnGztLW9s7tX3j9omTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxhfz/z2A2gj4ugOJwn4ig0jEQrO0I7uewiPmFWD02m/XHFr7lx0GbwcKiRXo1/+7A1iniqIkEtmTNdzE/QzplFwCdNSLzWQMD5mQ+hajJgC42fzjaf0JIw1xRHQ+ft3NmPKmIkKbEYxHJlFbzb8z+umGF76mYiSFCHiNmK9MJUUYzorTgdCA0c5scC4FnZLykdMM472PCVb31ssuwyts5rn1rzb80r9Kj9EkRyRY1IlHrkgdXJDGqRJOInIM3kj745ynpwX5/UnWnDyP4fkj5yPbzEUjj8=</latexit><latexit sha1_base64="x63c3G9bbHkkQaCPTPMPPLYtq34=">AAAB63icbZDNTgIxFIU7+If4h7p000hMcENmjIkuiW5cYiI/ESakU+5AQzszae8YyYSn0JVRd76NL+DbWHAWCp7V13tOk3tukEhh0HW/nMLK6tr6RnGztLW9s7tX3j9omTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxhfz/z2A2gj4ugOJwn4ig0jEQrO0I7uewiPmFWD02m/XHFr7lx0GbwcKiRXo1/+7A1iniqIkEtmTNdzE/QzplFwCdNSLzWQMD5mQ+hajJgC42fzjaf0JIw1xRHQ+ft3NmPKmIkKbEYxHJlFbzb8z+umGF76mYiSFCHiNmK9MJUUYzorTgdCA0c5scC4FnZLykdMM472PCVb31ssuwyts5rn1rzb80r9Kj9EkRyRY1IlHrkgdXJDGqRJOInIM3kj745ynpwX5/UnWnDyP4fkj5yPbzEUjj8=</latexit><latexit sha1_base64="x63c3G9bbHkkQaCPTPMPPLYtq34=">AAAB63icbZDNTgIxFIU7+If4h7p000hMcENmjIkuiW5cYiI/ESakU+5AQzszae8YyYSn0JVRd76NL+DbWHAWCp7V13tOk3tukEhh0HW/nMLK6tr6RnGztLW9s7tX3j9omTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxhfz/z2A2gj4ugOJwn4ig0jEQrO0I7uewiPmFWD02m/XHFr7lx0GbwcKiRXo1/+7A1iniqIkEtmTNdzE/QzplFwCdNSLzWQMD5mQ+hajJgC42fzjaf0JIw1xRHQ+ft3NmPKmIkKbEYxHJlFbzb8z+umGF76mYiSFCHiNmK9MJUUYzorTgdCA0c5scC4FnZLykdMM472PCVb31ssuwyts5rn1rzb80r9Kj9EkRyRY1IlHrkgdXJDGqRJOInIM3kj745ynpwX5/UnWnDyP4fkj5yPbzEUjj8=</latexit>

Nth
<latexit sha1_base64="GRBOVkkoMd+xe4NkjQ5EG96Wxws=">AAAB7nicbZDLSsNAFIZPvNZ6q7p0EyyCq5KIoMuiG1dSwV6gDWUyPWmHTi7OnIgl5DV0JerOh/EFfBunNQtt/VffnP8fOP/xEyk0Oc6XtbS8srq2Xtoob25t7+xW9vZbOk4VxyaPZaw6PtMoRYRNEiSxkyhkoS+x7Y+vpn77AZUWcXRHkwS9kA0jEQjOyIy8m37WI3ykjEZ53q9UnZozk70IbgFVKNToVz57g5inIUbEJdO66zoJeRlTJLjEvNxLNSaMj9kQuwYjFqL2stnSuX0cxMqmEdqz9+9sxkKtJ6FvMiGjkZ73psP/vG5KwYWXiShJCSNuIsYLUmlTbE+72wOhkJOcGGBcCbOlzUdMMU7mQmVT350vuwit05rr1Nzbs2r9sjhECQ7hCE7AhXOowzU0oAkc7uEZ3uDdSqwn68V6/YkuWcWfA/gj6+MbX0qQKw==</latexit><latexit sha1_base64="GRBOVkkoMd+xe4NkjQ5EG96Wxws=">AAAB7nicbZDLSsNAFIZPvNZ6q7p0EyyCq5KIoMuiG1dSwV6gDWUyPWmHTi7OnIgl5DV0JerOh/EFfBunNQtt/VffnP8fOP/xEyk0Oc6XtbS8srq2Xtoob25t7+xW9vZbOk4VxyaPZaw6PtMoRYRNEiSxkyhkoS+x7Y+vpn77AZUWcXRHkwS9kA0jEQjOyIy8m37WI3ykjEZ53q9UnZozk70IbgFVKNToVz57g5inIUbEJdO66zoJeRlTJLjEvNxLNSaMj9kQuwYjFqL2stnSuX0cxMqmEdqz9+9sxkKtJ6FvMiGjkZ73psP/vG5KwYWXiShJCSNuIsYLUmlTbE+72wOhkJOcGGBcCbOlzUdMMU7mQmVT350vuwit05rr1Nzbs2r9sjhECQ7hCE7AhXOowzU0oAkc7uEZ3uDdSqwn68V6/YkuWcWfA/gj6+MbX0qQKw==</latexit><latexit sha1_base64="GRBOVkkoMd+xe4NkjQ5EG96Wxws=">AAAB7nicbZDLSsNAFIZPvNZ6q7p0EyyCq5KIoMuiG1dSwV6gDWUyPWmHTi7OnIgl5DV0JerOh/EFfBunNQtt/VffnP8fOP/xEyk0Oc6XtbS8srq2Xtoob25t7+xW9vZbOk4VxyaPZaw6PtMoRYRNEiSxkyhkoS+x7Y+vpn77AZUWcXRHkwS9kA0jEQjOyIy8m37WI3ykjEZ53q9UnZozk70IbgFVKNToVz57g5inIUbEJdO66zoJeRlTJLjEvNxLNSaMj9kQuwYjFqL2stnSuX0cxMqmEdqz9+9sxkKtJ6FvMiGjkZ73psP/vG5KwYWXiShJCSNuIsYLUmlTbE+72wOhkJOcGGBcCbOlzUdMMU7mQmVT350vuwit05rr1Nzbs2r9sjhECQ7hCE7AhXOowzU0oAkc7uEZ3uDdSqwn68V6/YkuWcWfA/gj6+MbX0qQKw==</latexit><latexit sha1_base64="GRBOVkkoMd+xe4NkjQ5EG96Wxws=">AAAB7nicbZDLSsNAFIZPvNZ6q7p0EyyCq5KIoMuiG1dSwV6gDWUyPWmHTi7OnIgl5DV0JerOh/EFfBunNQtt/VffnP8fOP/xEyk0Oc6XtbS8srq2Xtoob25t7+xW9vZbOk4VxyaPZaw6PtMoRYRNEiSxkyhkoS+x7Y+vpn77AZUWcXRHkwS9kA0jEQjOyIy8m37WI3ykjEZ53q9UnZozk70IbgFVKNToVz57g5inIUbEJdO66zoJeRlTJLjEvNxLNSaMj9kQuwYjFqL2stnSuX0cxMqmEdqz9+9sxkKtJ6FvMiGjkZ73psP/vG5KwYWXiShJCSNuIsYLUmlTbE+72wOhkJOcGGBcCbOlzUdMMU7mQmVT350vuwit05rr1Nzbs2r9sjhECQ7hCE7AhXOowzU0oAkc7uEZ3uDdSqwn68V6/YkuWcWfA/gj6+MbX0qQKw==</latexit>

Alice
<latexit sha1_base64="w9IZ+2Duu1E1+BIdl++lyIm1owQ=">AAACC3icbZC7TgMxEEW9PEN4BShpLCIkqmgXIUEZoKEMEnlI2VVkO5PEivchexYRrfIJtLTwD3SIlo/gF/gKvGELSLjV9ZxraebyREmDrvvpLC2vrK6tlzbKm1vbO7uVvf2WiVMtoCliFesOZwaUjKCJEhV0Eg0s5ArafHyd8/Y9aCPj6A4nCQQhG0ZyIAVDO/J9hAfMLpUUMO1Vqm7NnYkuGq8wVVKo0at8+f1YpCFEKBQzpuu5CQYZ0yiFgmnZTw0kTIzZELrWRiwEE2Sznaf0eBBriiOgs/fvbMZCYyYht5mQ4cjMs3z4L+M8Vn1L/Bxxns1tgIOLIJNRkiJEwsYsG6SKYkzzYmhfahCoJtYwoaW9gYoR00ygra9sy/Hmq1g0rdOa59a827Nq/aqoqUQOyRE5IR45J3VyQxqkSQRJyBN5Ji/Oo/PqvDnvP9Elp/hzQP7I+fgGrFWbsw==</latexit><latexit sha1_base64="w9IZ+2Duu1E1+BIdl++lyIm1owQ=">AAACC3icbZC7TgMxEEW9PEN4BShpLCIkqmgXIUEZoKEMEnlI2VVkO5PEivchexYRrfIJtLTwD3SIlo/gF/gKvGELSLjV9ZxraebyREmDrvvpLC2vrK6tlzbKm1vbO7uVvf2WiVMtoCliFesOZwaUjKCJEhV0Eg0s5ArafHyd8/Y9aCPj6A4nCQQhG0ZyIAVDO/J9hAfMLpUUMO1Vqm7NnYkuGq8wVVKo0at8+f1YpCFEKBQzpuu5CQYZ0yiFgmnZTw0kTIzZELrWRiwEE2Sznaf0eBBriiOgs/fvbMZCYyYht5mQ4cjMs3z4L+M8Vn1L/Bxxns1tgIOLIJNRkiJEwsYsG6SKYkzzYmhfahCoJtYwoaW9gYoR00ygra9sy/Hmq1g0rdOa59a827Nq/aqoqUQOyRE5IR45J3VyQxqkSQRJyBN5Ji/Oo/PqvDnvP9Elp/hzQP7I+fgGrFWbsw==</latexit><latexit sha1_base64="w9IZ+2Duu1E1+BIdl++lyIm1owQ=">AAACC3icbZC7TgMxEEW9PEN4BShpLCIkqmgXIUEZoKEMEnlI2VVkO5PEivchexYRrfIJtLTwD3SIlo/gF/gKvGELSLjV9ZxraebyREmDrvvpLC2vrK6tlzbKm1vbO7uVvf2WiVMtoCliFesOZwaUjKCJEhV0Eg0s5ArafHyd8/Y9aCPj6A4nCQQhG0ZyIAVDO/J9hAfMLpUUMO1Vqm7NnYkuGq8wVVKo0at8+f1YpCFEKBQzpuu5CQYZ0yiFgmnZTw0kTIzZELrWRiwEE2Sznaf0eBBriiOgs/fvbMZCYyYht5mQ4cjMs3z4L+M8Vn1L/Bxxns1tgIOLIJNRkiJEwsYsG6SKYkzzYmhfahCoJtYwoaW9gYoR00ygra9sy/Hmq1g0rdOa59a827Nq/aqoqUQOyRE5IR45J3VyQxqkSQRJyBN5Ji/Oo/PqvDnvP9Elp/hzQP7I+fgGrFWbsw==</latexit><latexit sha1_base64="w9IZ+2Duu1E1+BIdl++lyIm1owQ=">AAACC3icbZC7TgMxEEW9PEN4BShpLCIkqmgXIUEZoKEMEnlI2VVkO5PEivchexYRrfIJtLTwD3SIlo/gF/gKvGELSLjV9ZxraebyREmDrvvpLC2vrK6tlzbKm1vbO7uVvf2WiVMtoCliFesOZwaUjKCJEhV0Eg0s5ArafHyd8/Y9aCPj6A4nCQQhG0ZyIAVDO/J9hAfMLpUUMO1Vqm7NnYkuGq8wVVKo0at8+f1YpCFEKBQzpuu5CQYZ0yiFgmnZTw0kTIzZELrWRiwEE2Sznaf0eBBriiOgs/fvbMZCYyYht5mQ4cjMs3z4L+M8Vn1L/Bxxns1tgIOLIJNRkiJEwsYsG6SKYkzzYmhfahCoJtYwoaW9gYoR00ygra9sy/Hmq1g0rdOa59a827Nq/aqoqUQOyRE5IR45J3VyQxqkSQRJyBN5Ji/Oo/PqvDnvP9Elp/hzQP7I+fgGrFWbsw==</latexit>

Bob
<latexit sha1_base64="8IHIDVuw0QrrhN/YP1ffum3tLsQ=">AAACCXicbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjVRbGItEf0UaV7d62Vp04sm8QVdQnYGWFd2BDrDwFr8BT4JQM0HKm4/sdS/ceFkth0PM+ncLK6tr6RnGztLW9s7tX3j9oGZVoDk2upNIdRg1IEUETBUroxBpoyCS02eQq4+170Eao6BanMQQhHUViKDhFO7rrITxgWlds1i9XvKo3l7ts/NxUSK5Gv/zVGyiehBAhl9SYru/FGKRUo+ASZqVeYiCmfEJH0LU2oiGYIJ1vPHNPhkq7OAZ3/v6dTWlozDRkNhNSHJtFlg3/ZYwpObCklyHG0oUNcHgZpCKKE4SI25hlw0S6qNysFncgNHCUU2so18Le4PIx1ZSjLa9ky/EXq1g2rbOq71X9m/NKrZ7XVCRH5JicEp9ckBq5Jg3SJJxE5Ik8kxfn0Xl13pz3n2jByf8ckj9yPr4BEuea1A==</latexit><latexit sha1_base64="8IHIDVuw0QrrhN/YP1ffum3tLsQ=">AAACCXicbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjVRbGItEf0UaV7d62Vp04sm8QVdQnYGWFd2BDrDwFr8BT4JQM0HKm4/sdS/ceFkth0PM+ncLK6tr6RnGztLW9s7tX3j9oGZVoDk2upNIdRg1IEUETBUroxBpoyCS02eQq4+170Eao6BanMQQhHUViKDhFO7rrITxgWlds1i9XvKo3l7ts/NxUSK5Gv/zVGyiehBAhl9SYru/FGKRUo+ASZqVeYiCmfEJH0LU2oiGYIJ1vPHNPhkq7OAZ3/v6dTWlozDRkNhNSHJtFlg3/ZYwpObCklyHG0oUNcHgZpCKKE4SI25hlw0S6qNysFncgNHCUU2so18Le4PIx1ZSjLa9ky/EXq1g2rbOq71X9m/NKrZ7XVCRH5JicEp9ckBq5Jg3SJJxE5Ik8kxfn0Xl13pz3n2jByf8ckj9yPr4BEuea1A==</latexit><latexit sha1_base64="8IHIDVuw0QrrhN/YP1ffum3tLsQ=">AAACCXicbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjVRbGItEf0UaV7d62Vp04sm8QVdQnYGWFd2BDrDwFr8BT4JQM0HKm4/sdS/ceFkth0PM+ncLK6tr6RnGztLW9s7tX3j9oGZVoDk2upNIdRg1IEUETBUroxBpoyCS02eQq4+170Eao6BanMQQhHUViKDhFO7rrITxgWlds1i9XvKo3l7ts/NxUSK5Gv/zVGyiehBAhl9SYru/FGKRUo+ASZqVeYiCmfEJH0LU2oiGYIJ1vPHNPhkq7OAZ3/v6dTWlozDRkNhNSHJtFlg3/ZYwpObCklyHG0oUNcHgZpCKKE4SI25hlw0S6qNysFncgNHCUU2so18Le4PIx1ZSjLa9ky/EXq1g2rbOq71X9m/NKrZ7XVCRH5JicEp9ckBq5Jg3SJJxE5Ik8kxfn0Xl13pz3n2jByf8ckj9yPr4BEuea1A==</latexit><latexit sha1_base64="8IHIDVuw0QrrhN/YP1ffum3tLsQ=">AAACCXicbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjVRbGItEf0UaV7d62Vp04sm8QVdQnYGWFd2BDrDwFr8BT4JQM0HKm4/sdS/ceFkth0PM+ncLK6tr6RnGztLW9s7tX3j9oGZVoDk2upNIdRg1IEUETBUroxBpoyCS02eQq4+170Eao6BanMQQhHUViKDhFO7rrITxgWlds1i9XvKo3l7ts/NxUSK5Gv/zVGyiehBAhl9SYru/FGKRUo+ASZqVeYiCmfEJH0LU2oiGYIJ1vPHNPhkq7OAZ3/v6dTWlozDRkNhNSHJtFlg3/ZYwpObCklyHG0oUNcHgZpCKKE4SI25hlw0S6qNysFncgNHCUU2so18Le4PIx1ZSjLa9ky/EXq1g2rbOq71X9m/NKrZ7XVCRH5JicEp9ckBq5Jg3SJJxE5Ik8kxfn0Xl13pz3n2jByf8ckj9yPr4BEuea1A==</latexit>

Nth
<latexit sha1_base64="GRBOVkkoMd+xe4NkjQ5EG96Wxws=">AAAB7nicbZDLSsNAFIZPvNZ6q7p0EyyCq5KIoMuiG1dSwV6gDWUyPWmHTi7OnIgl5DV0JerOh/EFfBunNQtt/VffnP8fOP/xEyk0Oc6XtbS8srq2Xtoob25t7+xW9vZbOk4VxyaPZaw6PtMoRYRNEiSxkyhkoS+x7Y+vpn77AZUWcXRHkwS9kA0jEQjOyIy8m37WI3ykjEZ53q9UnZozk70IbgFVKNToVz57g5inIUbEJdO66zoJeRlTJLjEvNxLNSaMj9kQuwYjFqL2stnSuX0cxMqmEdqz9+9sxkKtJ6FvMiGjkZ73psP/vG5KwYWXiShJCSNuIsYLUmlTbE+72wOhkJOcGGBcCbOlzUdMMU7mQmVT350vuwit05rr1Nzbs2r9sjhECQ7hCE7AhXOowzU0oAkc7uEZ3uDdSqwn68V6/YkuWcWfA/gj6+MbX0qQKw==</latexit><latexit sha1_base64="GRBOVkkoMd+xe4NkjQ5EG96Wxws=">AAAB7nicbZDLSsNAFIZPvNZ6q7p0EyyCq5KIoMuiG1dSwV6gDWUyPWmHTi7OnIgl5DV0JerOh/EFfBunNQtt/VffnP8fOP/xEyk0Oc6XtbS8srq2Xtoob25t7+xW9vZbOk4VxyaPZaw6PtMoRYRNEiSxkyhkoS+x7Y+vpn77AZUWcXRHkwS9kA0jEQjOyIy8m37WI3ykjEZ53q9UnZozk70IbgFVKNToVz57g5inIUbEJdO66zoJeRlTJLjEvNxLNSaMj9kQuwYjFqL2stnSuX0cxMqmEdqz9+9sxkKtJ6FvMiGjkZ73psP/vG5KwYWXiShJCSNuIsYLUmlTbE+72wOhkJOcGGBcCbOlzUdMMU7mQmVT350vuwit05rr1Nzbs2r9sjhECQ7hCE7AhXOowzU0oAkc7uEZ3uDdSqwn68V6/YkuWcWfA/gj6+MbX0qQKw==</latexit><latexit sha1_base64="GRBOVkkoMd+xe4NkjQ5EG96Wxws=">AAAB7nicbZDLSsNAFIZPvNZ6q7p0EyyCq5KIoMuiG1dSwV6gDWUyPWmHTi7OnIgl5DV0JerOh/EFfBunNQtt/VffnP8fOP/xEyk0Oc6XtbS8srq2Xtoob25t7+xW9vZbOk4VxyaPZaw6PtMoRYRNEiSxkyhkoS+x7Y+vpn77AZUWcXRHkwS9kA0jEQjOyIy8m37WI3ykjEZ53q9UnZozk70IbgFVKNToVz57g5inIUbEJdO66zoJeRlTJLjEvNxLNSaMj9kQuwYjFqL2stnSuX0cxMqmEdqz9+9sxkKtJ6FvMiGjkZ73psP/vG5KwYWXiShJCSNuIsYLUmlTbE+72wOhkJOcGGBcCbOlzUdMMU7mQmVT350vuwit05rr1Nzbs2r9sjhECQ7hCE7AhXOowzU0oAkc7uEZ3uDdSqwn68V6/YkuWcWfA/gj6+MbX0qQKw==</latexit><latexit sha1_base64="GRBOVkkoMd+xe4NkjQ5EG96Wxws=">AAAB7nicbZDLSsNAFIZPvNZ6q7p0EyyCq5KIoMuiG1dSwV6gDWUyPWmHTi7OnIgl5DV0JerOh/EFfBunNQtt/VffnP8fOP/xEyk0Oc6XtbS8srq2Xtoob25t7+xW9vZbOk4VxyaPZaw6PtMoRYRNEiSxkyhkoS+x7Y+vpn77AZUWcXRHkwS9kA0jEQjOyIy8m37WI3ykjEZ53q9UnZozk70IbgFVKNToVz57g5inIUbEJdO66zoJeRlTJLjEvNxLNSaMj9kQuwYjFqL2stnSuX0cxMqmEdqz9+9sxkKtJ6FvMiGjkZ73psP/vG5KwYWXiShJCSNuIsYLUmlTbE+72wOhkJOcGGBcCbOlzUdMMU7mQmVT350vuwit05rr1Nzbs2r9sjhECQ7hCE7AhXOowzU0oAkc7uEZ3uDdSqwn68V6/YkuWcWfA/gj6+MbX0qQKw==</latexit>

Nth
<latexit sha1_base64="GRBOVkkoMd+xe4NkjQ5EG96Wxws=">AAAB7nicbZDLSsNAFIZPvNZ6q7p0EyyCq5KIoMuiG1dSwV6gDWUyPWmHTi7OnIgl5DV0JerOh/EFfBunNQtt/VffnP8fOP/xEyk0Oc6XtbS8srq2Xtoob25t7+xW9vZbOk4VxyaPZaw6PtMoRYRNEiSxkyhkoS+x7Y+vpn77AZUWcXRHkwS9kA0jEQjOyIy8m37WI3ykjEZ53q9UnZozk70IbgFVKNToVz57g5inIUbEJdO66zoJeRlTJLjEvNxLNSaMj9kQuwYjFqL2stnSuX0cxMqmEdqz9+9sxkKtJ6FvMiGjkZ73psP/vG5KwYWXiShJCSNuIsYLUmlTbE+72wOhkJOcGGBcCbOlzUdMMU7mQmVT350vuwit05rr1Nzbs2r9sjhECQ7hCE7AhXOowzU0oAkc7uEZ3uDdSqwn68V6/YkuWcWfA/gj6+MbX0qQKw==</latexit><latexit sha1_base64="GRBOVkkoMd+xe4NkjQ5EG96Wxws=">AAAB7nicbZDLSsNAFIZPvNZ6q7p0EyyCq5KIoMuiG1dSwV6gDWUyPWmHTi7OnIgl5DV0JerOh/EFfBunNQtt/VffnP8fOP/xEyk0Oc6XtbS8srq2Xtoob25t7+xW9vZbOk4VxyaPZaw6PtMoRYRNEiSxkyhkoS+x7Y+vpn77AZUWcXRHkwS9kA0jEQjOyIy8m37WI3ykjEZ53q9UnZozk70IbgFVKNToVz57g5inIUbEJdO66zoJeRlTJLjEvNxLNSaMj9kQuwYjFqL2stnSuX0cxMqmEdqz9+9sxkKtJ6FvMiGjkZ73psP/vG5KwYWXiShJCSNuIsYLUmlTbE+72wOhkJOcGGBcCbOlzUdMMU7mQmVT350vuwit05rr1Nzbs2r9sjhECQ7hCE7AhXOowzU0oAkc7uEZ3uDdSqwn68V6/YkuWcWfA/gj6+MbX0qQKw==</latexit><latexit sha1_base64="GRBOVkkoMd+xe4NkjQ5EG96Wxws=">AAAB7nicbZDLSsNAFIZPvNZ6q7p0EyyCq5KIoMuiG1dSwV6gDWUyPWmHTi7OnIgl5DV0JerOh/EFfBunNQtt/VffnP8fOP/xEyk0Oc6XtbS8srq2Xtoob25t7+xW9vZbOk4VxyaPZaw6PtMoRYRNEiSxkyhkoS+x7Y+vpn77AZUWcXRHkwS9kA0jEQjOyIy8m37WI3ykjEZ53q9UnZozk70IbgFVKNToVz57g5inIUbEJdO66zoJeRlTJLjEvNxLNSaMj9kQuwYjFqL2stnSuX0cxMqmEdqz9+9sxkKtJ6FvMiGjkZ73psP/vG5KwYWXiShJCSNuIsYLUmlTbE+72wOhkJOcGGBcCbOlzUdMMU7mQmVT350vuwit05rr1Nzbs2r9sjhECQ7hCE7AhXOowzU0oAkc7uEZ3uDdSqwn68V6/YkuWcWfA/gj6+MbX0qQKw==</latexit><latexit sha1_base64="GRBOVkkoMd+xe4NkjQ5EG96Wxws=">AAAB7nicbZDLSsNAFIZPvNZ6q7p0EyyCq5KIoMuiG1dSwV6gDWUyPWmHTi7OnIgl5DV0JerOh/EFfBunNQtt/VffnP8fOP/xEyk0Oc6XtbS8srq2Xtoob25t7+xW9vZbOk4VxyaPZaw6PtMoRYRNEiSxkyhkoS+x7Y+vpn77AZUWcXRHkwS9kA0jEQjOyIy8m37WI3ykjEZ53q9UnZozk70IbgFVKNToVz57g5inIUbEJdO66zoJeRlTJLjEvNxLNSaMj9kQuwYjFqL2stnSuX0cxMqmEdqz9+9sxkKtJ6FvMiGjkZ73psP/vG5KwYWXiShJCSNuIsYLUmlTbE+72wOhkJOcGGBcCbOlzUdMMU7mQmVT350vuwit05rr1Nzbs2r9sjhECQ7hCE7AhXOowzU0oAkc7uEZ3uDdSqwn68V6/YkuWcWfA/gj6+MbX0qQKw==</latexit>

Charlie
<latexit sha1_base64="Ga/QDXBMKBhFtdfeIr7W/rt38+s=">AAACDXicbZC7TsMwFIadcivlVmBkiaiQmKoEIcFY0YWxSPQiNaGy3ZPWqnORfYKooj4DKyu8Axti5Rl4BZ4Cp2SAln/6ff7f0jkfS6TQ6DifVmlldW19o7xZ2dre2d2r7h90dJwqDm0ey1j1GNUgRQRtFCihlyigIZPQZZNmnnfvQWkRR7c4TcAP6SgSgeAUzejOQ3jArDmmSgqYDao1p+7MZS8btzA1Uqg1qH55w5inIUTIJdW67zoJ+hlVKLiEWcVLNSSUT+gI+sZGNATtZ/OtZ/ZJECsbx2DP37+7GQ21nobMdEKKY72Y5cN/M8ZiOTSJl0eMZQsbYHDpZyJKUoSIm5rJglTaGNs5GnsoFHCUU2MoV8LcYHNDhnI0ACsGjruIYtl0zuquU3dvzmuNqwJTmRyRY3JKXHJBGuSatEibcKLIE3kmL9aj9Wq9We8/1ZJV/Dkkf2R9fANfu5yh</latexit><latexit sha1_base64="Ga/QDXBMKBhFtdfeIr7W/rt38+s=">AAACDXicbZC7TsMwFIadcivlVmBkiaiQmKoEIcFY0YWxSPQiNaGy3ZPWqnORfYKooj4DKyu8Axti5Rl4BZ4Cp2SAln/6ff7f0jkfS6TQ6DifVmlldW19o7xZ2dre2d2r7h90dJwqDm0ey1j1GNUgRQRtFCihlyigIZPQZZNmnnfvQWkRR7c4TcAP6SgSgeAUzejOQ3jArDmmSgqYDao1p+7MZS8btzA1Uqg1qH55w5inIUTIJdW67zoJ+hlVKLiEWcVLNSSUT+gI+sZGNATtZ/OtZ/ZJECsbx2DP37+7GQ21nobMdEKKY72Y5cN/M8ZiOTSJl0eMZQsbYHDpZyJKUoSIm5rJglTaGNs5GnsoFHCUU2MoV8LcYHNDhnI0ACsGjruIYtl0zuquU3dvzmuNqwJTmRyRY3JKXHJBGuSatEibcKLIE3kmL9aj9Wq9We8/1ZJV/Dkkf2R9fANfu5yh</latexit><latexit sha1_base64="Ga/QDXBMKBhFtdfeIr7W/rt38+s=">AAACDXicbZC7TsMwFIadcivlVmBkiaiQmKoEIcFY0YWxSPQiNaGy3ZPWqnORfYKooj4DKyu8Axti5Rl4BZ4Cp2SAln/6ff7f0jkfS6TQ6DifVmlldW19o7xZ2dre2d2r7h90dJwqDm0ey1j1GNUgRQRtFCihlyigIZPQZZNmnnfvQWkRR7c4TcAP6SgSgeAUzejOQ3jArDmmSgqYDao1p+7MZS8btzA1Uqg1qH55w5inIUTIJdW67zoJ+hlVKLiEWcVLNSSUT+gI+sZGNATtZ/OtZ/ZJECsbx2DP37+7GQ21nobMdEKKY72Y5cN/M8ZiOTSJl0eMZQsbYHDpZyJKUoSIm5rJglTaGNs5GnsoFHCUU2MoV8LcYHNDhnI0ACsGjruIYtl0zuquU3dvzmuNqwJTmRyRY3JKXHJBGuSatEibcKLIE3kmL9aj9Wq9We8/1ZJV/Dkkf2R9fANfu5yh</latexit><latexit sha1_base64="Ga/QDXBMKBhFtdfeIr7W/rt38+s=">AAACDXicbZC7TsMwFIadcivlVmBkiaiQmKoEIcFY0YWxSPQiNaGy3ZPWqnORfYKooj4DKyu8Axti5Rl4BZ4Cp2SAln/6ff7f0jkfS6TQ6DifVmlldW19o7xZ2dre2d2r7h90dJwqDm0ey1j1GNUgRQRtFCihlyigIZPQZZNmnnfvQWkRR7c4TcAP6SgSgeAUzejOQ3jArDmmSgqYDao1p+7MZS8btzA1Uqg1qH55w5inIUTIJdW67zoJ+hlVKLiEWcVLNSSUT+gI+sZGNATtZ/OtZ/ZJECsbx2DP37+7GQ21nobMdEKKY72Y5cN/M8ZiOTSJl0eMZQsbYHDpZyJKUoSIm5rJglTaGNs5GnsoFHCUU2MoV8LcYHNDhnI0ACsGjruIYtl0zuquU3dvzmuNqwJTmRyRY3JKXHJBGuSatEibcKLIE3kmL9aj9Wq9We8/1ZJV/Dkkf2R9fANfu5yh</latexit>

Alice
<latexit sha1_base64="w9IZ+2Duu1E1+BIdl++lyIm1owQ=">AAACC3icbZC7TgMxEEW9PEN4BShpLCIkqmgXIUEZoKEMEnlI2VVkO5PEivchexYRrfIJtLTwD3SIlo/gF/gKvGELSLjV9ZxraebyREmDrvvpLC2vrK6tlzbKm1vbO7uVvf2WiVMtoCliFesOZwaUjKCJEhV0Eg0s5ArafHyd8/Y9aCPj6A4nCQQhG0ZyIAVDO/J9hAfMLpUUMO1Vqm7NnYkuGq8wVVKo0at8+f1YpCFEKBQzpuu5CQYZ0yiFgmnZTw0kTIzZELrWRiwEE2Sznaf0eBBriiOgs/fvbMZCYyYht5mQ4cjMs3z4L+M8Vn1L/Bxxns1tgIOLIJNRkiJEwsYsG6SKYkzzYmhfahCoJtYwoaW9gYoR00ygra9sy/Hmq1g0rdOa59a827Nq/aqoqUQOyRE5IR45J3VyQxqkSQRJyBN5Ji/Oo/PqvDnvP9Elp/hzQP7I+fgGrFWbsw==</latexit><latexit sha1_base64="w9IZ+2Duu1E1+BIdl++lyIm1owQ=">AAACC3icbZC7TgMxEEW9PEN4BShpLCIkqmgXIUEZoKEMEnlI2VVkO5PEivchexYRrfIJtLTwD3SIlo/gF/gKvGELSLjV9ZxraebyREmDrvvpLC2vrK6tlzbKm1vbO7uVvf2WiVMtoCliFesOZwaUjKCJEhV0Eg0s5ArafHyd8/Y9aCPj6A4nCQQhG0ZyIAVDO/J9hAfMLpUUMO1Vqm7NnYkuGq8wVVKo0at8+f1YpCFEKBQzpuu5CQYZ0yiFgmnZTw0kTIzZELrWRiwEE2Sznaf0eBBriiOgs/fvbMZCYyYht5mQ4cjMs3z4L+M8Vn1L/Bxxns1tgIOLIJNRkiJEwsYsG6SKYkzzYmhfahCoJtYwoaW9gYoR00ygra9sy/Hmq1g0rdOa59a827Nq/aqoqUQOyRE5IR45J3VyQxqkSQRJyBN5Ji/Oo/PqvDnvP9Elp/hzQP7I+fgGrFWbsw==</latexit><latexit sha1_base64="w9IZ+2Duu1E1+BIdl++lyIm1owQ=">AAACC3icbZC7TgMxEEW9PEN4BShpLCIkqmgXIUEZoKEMEnlI2VVkO5PEivchexYRrfIJtLTwD3SIlo/gF/gKvGELSLjV9ZxraebyREmDrvvpLC2vrK6tlzbKm1vbO7uVvf2WiVMtoCliFesOZwaUjKCJEhV0Eg0s5ArafHyd8/Y9aCPj6A4nCQQhG0ZyIAVDO/J9hAfMLpUUMO1Vqm7NnYkuGq8wVVKo0at8+f1YpCFEKBQzpuu5CQYZ0yiFgmnZTw0kTIzZELrWRiwEE2Sznaf0eBBriiOgs/fvbMZCYyYht5mQ4cjMs3z4L+M8Vn1L/Bxxns1tgIOLIJNRkiJEwsYsG6SKYkzzYmhfahCoJtYwoaW9gYoR00ygra9sy/Hmq1g0rdOa59a827Nq/aqoqUQOyRE5IR45J3VyQxqkSQRJyBN5Ji/Oo/PqvDnvP9Elp/hzQP7I+fgGrFWbsw==</latexit><latexit sha1_base64="w9IZ+2Duu1E1+BIdl++lyIm1owQ=">AAACC3icbZC7TgMxEEW9PEN4BShpLCIkqmgXIUEZoKEMEnlI2VVkO5PEivchexYRrfIJtLTwD3SIlo/gF/gKvGELSLjV9ZxraebyREmDrvvpLC2vrK6tlzbKm1vbO7uVvf2WiVMtoCliFesOZwaUjKCJEhV0Eg0s5ArafHyd8/Y9aCPj6A4nCQQhG0ZyIAVDO/J9hAfMLpUUMO1Vqm7NnYkuGq8wVVKo0at8+f1YpCFEKBQzpuu5CQYZ0yiFgmnZTw0kTIzZELrWRiwEE2Sznaf0eBBriiOgs/fvbMZCYyYht5mQ4cjMs3z4L+M8Vn1L/Bxxns1tgIOLIJNRkiJEwsYsG6SKYkzzYmhfahCoJtYwoaW9gYoR00ygra9sy/Hmq1g0rdOa59a827Nq/aqoqUQOyRE5IR45J3VyQxqkSQRJyBN5Ji/Oo/PqvDnvP9Elp/hzQP7I+fgGrFWbsw==</latexit>

Bob
<latexit sha1_base64="8IHIDVuw0QrrhN/YP1ffum3tLsQ=">AAACCXicbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjVRbGItEf0UaV7d62Vp04sm8QVdQnYGWFd2BDrDwFr8BT4JQM0HKm4/sdS/ceFkth0PM+ncLK6tr6RnGztLW9s7tX3j9oGZVoDk2upNIdRg1IEUETBUroxBpoyCS02eQq4+170Eao6BanMQQhHUViKDhFO7rrITxgWlds1i9XvKo3l7ts/NxUSK5Gv/zVGyiehBAhl9SYru/FGKRUo+ASZqVeYiCmfEJH0LU2oiGYIJ1vPHNPhkq7OAZ3/v6dTWlozDRkNhNSHJtFlg3/ZYwpObCklyHG0oUNcHgZpCKKE4SI25hlw0S6qNysFncgNHCUU2so18Le4PIx1ZSjLa9ky/EXq1g2rbOq71X9m/NKrZ7XVCRH5JicEp9ckBq5Jg3SJJxE5Ik8kxfn0Xl13pz3n2jByf8ckj9yPr4BEuea1A==</latexit><latexit sha1_base64="8IHIDVuw0QrrhN/YP1ffum3tLsQ=">AAACCXicbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjVRbGItEf0UaV7d62Vp04sm8QVdQnYGWFd2BDrDwFr8BT4JQM0HKm4/sdS/ceFkth0PM+ncLK6tr6RnGztLW9s7tX3j9oGZVoDk2upNIdRg1IEUETBUroxBpoyCS02eQq4+170Eao6BanMQQhHUViKDhFO7rrITxgWlds1i9XvKo3l7ts/NxUSK5Gv/zVGyiehBAhl9SYru/FGKRUo+ASZqVeYiCmfEJH0LU2oiGYIJ1vPHNPhkq7OAZ3/v6dTWlozDRkNhNSHJtFlg3/ZYwpObCklyHG0oUNcHgZpCKKE4SI25hlw0S6qNysFncgNHCUU2so18Le4PIx1ZSjLa9ky/EXq1g2rbOq71X9m/NKrZ7XVCRH5JicEp9ckBq5Jg3SJJxE5Ik8kxfn0Xl13pz3n2jByf8ckj9yPr4BEuea1A==</latexit><latexit sha1_base64="8IHIDVuw0QrrhN/YP1ffum3tLsQ=">AAACCXicbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjVRbGItEf0UaV7d62Vp04sm8QVdQnYGWFd2BDrDwFr8BT4JQM0HKm4/sdS/ceFkth0PM+ncLK6tr6RnGztLW9s7tX3j9oGZVoDk2upNIdRg1IEUETBUroxBpoyCS02eQq4+170Eao6BanMQQhHUViKDhFO7rrITxgWlds1i9XvKo3l7ts/NxUSK5Gv/zVGyiehBAhl9SYru/FGKRUo+ASZqVeYiCmfEJH0LU2oiGYIJ1vPHNPhkq7OAZ3/v6dTWlozDRkNhNSHJtFlg3/ZYwpObCklyHG0oUNcHgZpCKKE4SI25hlw0S6qNysFncgNHCUU2so18Le4PIx1ZSjLa9ky/EXq1g2rbOq71X9m/NKrZ7XVCRH5JicEp9ckBq5Jg3SJJxE5Ik8kxfn0Xl13pz3n2jByf8ckj9yPr4BEuea1A==</latexit><latexit sha1_base64="8IHIDVuw0QrrhN/YP1ffum3tLsQ=">AAACCXicbZC9TsMwFIWd8lfKX4GRJaJCYqoShARjVRbGItEf0UaV7d62Vp04sm8QVdQnYGWFd2BDrDwFr8BT4JQM0HKm4/sdS/ceFkth0PM+ncLK6tr6RnGztLW9s7tX3j9oGZVoDk2upNIdRg1IEUETBUroxBpoyCS02eQq4+170Eao6BanMQQhHUViKDhFO7rrITxgWlds1i9XvKo3l7ts/NxUSK5Gv/zVGyiehBAhl9SYru/FGKRUo+ASZqVeYiCmfEJH0LU2oiGYIJ1vPHNPhkq7OAZ3/v6dTWlozDRkNhNSHJtFlg3/ZYwpObCklyHG0oUNcHgZpCKKE4SI25hlw0S6qNysFncgNHCUU2so18Le4PIx1ZSjLa9ky/EXq1g2rbOq71X9m/NKrZ7XVCRH5JicEp9ckBq5Jg3SJJxE5Ik8kxfn0Xl13pz3n2jByf8ckj9yPr4BEuea1A==</latexit>

Figure 52: Representation of an entanglement distribution protocol that uses
antennae to efficiently transmit the quantum states into open air, where pho-
ton losses and thermal noise effects are described with a beam splitter with
reflectivity ηenv. We analyze two different scenarios: (a) Alice generates the entangled
state, and attempts to share one of its modes with Bob by sending it through a noisy and
lossy open-air channel that degrades the entanglement strength; (b) Charlie generates a
two-mode entangled state, and sends one entangled mode to Alice and another to Bob. In
this case, although both modes go through the same noisy and lossy channel, they travel
half the distance compared to the previous case.

Now that we have discussed how the signal is processed into the environment,
let us characterize the resulting states. Assume that Alice generates a TMST state
with n thermal photons, and sends one mode to Bob over a distance L through open
air, with a thermal background characterized by Nth thermal photons. Then, the
resulting state is what we call the “asymmetric” state

ΣAsym = (1 + 2n)
(

[%ηeff + (1− ηeff) cosh 2r] 12
√

1− ηeff sinh 2rσz√
1− ηeff sinh 2rσz cosh 2r12

)
, (5.5)

where ηeff = 1− e−µL(1− ηant) represents the combined reflectivities of the antenna
ηant and of the environment ηenv. A sketch of the layout that leads to this kind of
state can be seen in Fig. 52 (a). With this, using Eq. (2.19), we compute the partially
transposed symplectic eigenvalue,

ν̃out− = ν̃in− +
(

1
2 +Nth

)
ηeff (5.6)

for very low reflectivities, ηeffNth � 1, with ν̃in− = (1 + 2n)e−2r. Note that, by
reducing the reflectivity of the antenna, the impact of thermal noise is reduced, and
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the partially transposed symplectic eigenvalue approaches that of the input state. In
this extreme case, entanglement is fully preserved.

Let us use the partially transposed symplectic eigenvalue to compute the limit of
entanglement. We use the negativity as a measure of Gaussian entanglement, such
that this limit occurs for ν̃− = 1. This constitutes a bound on the reflectivity; all
smaller values of ηeff will result in entanglement preservation. This result is

ηmax = 1
1 + Nth

1+ 2n(1+n)
1−(1+2n) cosh(2r)

, (5.7)

together with the conditions n < e−r sinh(r) and r > 0. With this bound, the
maximum distance entanglement can survive is

Lmax = − 1
µ

log(1− ηmax). (5.8)

Imagine that TMST states are generated in the cryostat at 50 mK temperature,
with thermal photons n ∼ 10−2, and squeezing r = 1. In open air, at 300 K, the
number of thermal photons is Nth ∼ 1250. Assuming a perfect antenna (ηant = 0),
the maximum distance the state can travel before entanglement completely degrades
is Lmax ∼ 550 m.

As a different approach to the entangled resource, we assume that a TMST state
is generated at an intermediate spot between both parties, and that each mode
is sent through an antenna and travels some distance Li, with i = {1, 2}, before
reaching Alice and Bob. Then, each mode will see an effective reflectivity of η(i)

eff =
1 − e−µLi(1 − ηant), combining the effects of the antenna and the environment. We
assume for simplicity that L1 +L2 = L, where L is the linear distance between Alice
and Bob. The covariance matrix of such a state, which we refer to as “symmetric”

c′i = %η
(i)
eff +

(
1− η(i)

eff

)
cosh 2r,

s′ =
√(

1− η(1)
eff

)(
1− η(2)

eff

)
sinh 2r, (5.9)

ΣSym = (1 + 2n)
(
c′112 s′σz
s′σz c′212

)
,

and corresponds to the layout represented in Fig. 52 (b). With this state, the maxi-
mum distance entanglement can survive is Lmax ∼ 480 m.

Throughout this chapter, we refer to these states as the (asymmetric and/or
symmetric) lossy TMST states, the bare states, or the TMST states distributed
through open air.

Furthermore, we could also consider the specific attenuation caused by the pres-
ence of water vapor in the environment [237]. This would lead to higher attenuation
coefficients, thus reducing the distances that entanglement can survive. For an av-
erage water vapor density, these distances are 450 and 390 m for asymmetric and
symmetric states, respectively. They become 400 m for asymmetric states and 350
m for symmetric states in a maximum water vapor density scenario.
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5.2 Wireless Quantum Teleportation Fidelities

In this section, we compute the average teleportation fidelity for different resource
states. In all cases, the teleported state is a coherent state |α0〉 〈α0|.

5.2.1 Two-mode squeezed vacuum resource

The case of a TMSV state is particularly simple, as we can simply plug its covariance
matrix into Eq. (2.64),

FTMSV = 1 + λ

2 . (5.10)

When symmetric 2k-photon subtraction is performed, the formula for Gaussian av-
erage fidelity can no longer be invoked. The results for k = 1, 2 (2PS and 4PS,
respectively) are:

F 2PS =
(

1− λτ + λ2τ2

2

)
(1 + λτ)3

2(1 + λ2τ2) , (5.11)

F 4PS = (1 + λτ)5 [8− λτ(2− λτ)(8− 3λτ(2− λτ))]
16(1 + 4λ2τ2 + λ4τ4) .

In Fig. 53, we represent the result of subtracting the fidelity associated with the
bare TMSV state to those associated with two-photon-subtracted (2PS, blue) and
four-photon-subtracted (4PS, red) TMSV states. Fidelity differences associated with
heuristic photon subtraction appear as solid lines, whereas those associated with
probabilistic photon subtraction appear dashed. The green solid line represents the
no-gain line, above which any PS state presents an advantage in fidelity. Note that
photon subtraction works better for low squeezing, and as we increase it, we see
that using the TMSV state as a resource for teleportation renders a higher fidelity
than probabilistic photon subtraction, while heuristic photon subtraction tends to
the TMSV result.

5.2.2 Two-mode squeezed thermal resource

We now study the teleportation fidelity associated with a two-mode squeezed thermal
state, sent through a lossy and noisy channel defined by the combination of the
antenna and an environment with Nth photons. By defining ΣA = α12, ΣB = β12,
and εAB = γσz, we can write the average fidelity as

FTMST = 1
1 + 1

2 (α+ β − 2γ)
. (5.12)

If we consider the composition of k teleportation protocols where each of the parties
involved is separated by L/k, with L the total distance aimed to cover. The final
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Figure 53: Average fidelity of CV quantum teleportation of an unknown co-
herent state using a TMSV state with photon subtraction, with respect to the
initial squeezing parameter. We subtract the average fidelity associated with a TMSV
state resource from the average fidelities of two-photon-subtracted (2PS, blue) and four-
photon-subtracted (4PS, red) TMSV states. Curves associated with probabilistic photon
subtraction appear dashed, whereas the solid curves are associated with heuristic photon
subtraction. The green curve describes the TMSV case, which delimits the no-gain line,
above which any point represents an improvement in fidelity due to photon subtraction.
In the inset, we plot the average fidelity associated with a TMSV state against the initial
squeezing parameter. We have considered the transmissivity of the beam splitters involved
in probabilistic photon subtraction to be τ = 0.95.

average fidelity is then given by

F
(k)
TMST = 1

1 +
(
k − 1

2
)

(α+ β − 2γ)
, (5.13)

such that FTMST > F
(k)
TMST for k > 1. Since the composition of teleportation pro-

tocols does not improve the overall fidelity, we study entanglement distillation and
entanglement swapping in search for such gain. However, this fidelity composition
may improve the overall fidelity when diffraction effects at the termination of the an-
tenna come into play, which will reduce the reach of entanglement from the hundreds
to the tens of meters.

In Table 5.1 we present the parameters we use to represent the different fidelity
curves in this section.
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Parameter Symbol Value
Losses per unit of length µ 1.44× 10−6m−1

Atmospheric temperature T 300 K
Mean photon number Nth 1250
Squeezing parameter r 1
Thermal photon number (signal) n 10−2

Transmission coefficient τ 0.95
Antenna reflectivity ηant 0

Table 5.1: Parameters for a terrestrial (1 atm of pressure, temperature of 300 K) two-mode
squeezed thermal state generated at a 50 mK cryostat, for a frequency of 5 GHz. These
parameter values correspond to an Earth-based quantum teleportation scenario.

5.2.2.1 Asymmetric case
Assume that Alice generates a TMST state and sends one of the modes to Bob.
Then, the covariance matrix of the state, given in Eq. (5.5), is characterized by

α = (1 + 2Nth)ηeff + (1 + 2n)(1− ηeff) cosh 2r,
β = (1 + 2n) cosh 2r, (5.14)
γ = (1 + 2n)

√
1− ηeff sinh 2r,

which results in an average fidelity

FTMST =
[
1 +

(
1
2 +Nth

)
ηeff +

(
1
2 + n

)
(2− ηeff) cosh 2r

− (1 + 2n)
√

1− ηeff sinh 2r
]−1

, (5.15)

with ηeff = 1− e−µL(1− ηant).

5.2.2.2 Symmetric case
In this case, we consider that the resource state is generated at an intermediate point
between Alice and Bob, and is sent to both of them, such that now both modes are
affected by the lossy and noisy channel described above. The covariance matrix of
this state, presented in Eq. (5.9), is characterized by

α = (1 + 2Nth)ηeff + (1 + 2n)(1− ηeff) cosh 2r,
β = (1 + 2Nth)ηeff + (1 + 2n)(1− ηeff) cosh 2r, (5.16)
γ = (1 + 2n)(1− ηeff) sinh 2r
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where we have assumed L1 = L2 = L/2, and thus η(1)
eff = η

(2)
eff = ηeff = 1− e−µL2 (1−

ηant) . Then, the average fidelity can be written as

FTMST =
[
1 + (1 + 2Nth)ηeff + (1 + 2n)(1− ηeff) cosh 2r

− (1 + 2n)(1− ηeff) sinh 2r
]−1

. (5.17)

Note that, for short distances, the fidelities associated with the asymmetric and
symmetric states coincide. That is, at first order in µL� 1, and with ηant = 0,

FTMST ≈
[
1 + (1 + 2Nth)µL2 + (1 + 2n)

(
1− µL

2

)
e−2r

]−1
. (5.18)

When considering a lossy antenna, we observe higher entanglement degradation in
the symmetric state due to the fact that both modes of the state are output by an
antenna, whereas only one mode of the asymmetric state goes through it. Although√
ηant can theoretically be reduced below 10−9 [239], this leads to a slightly lower

fidelity in the case of the symmetric state. In the figures appearing in this section,
however, we consider ηant = 0 for simplicity.

5.2.3 Fidelity with photon subtraction

If we consider a symmetric two-photon-subtraction process, in which the desired
resource has lost a single photon in each mode, the average fidelity becomes

F 2PS =
4
[
2(5− αβ)γ2 − 4γ3 + γ4 + (α− 1)(β − 1)(4(1 + γ) + (α+ 1)(β + 1))

]
(2 + α+ β − 2γ)3((α− 1)(β − 1) + γ2) .

(5.19)
This is the heuristic case; in the probabilistic case, the fidelity reads

F 2PS = 1
4

[
1 + τ

−αβ + (1 + γ)2 + ((1− α)(1− β)− γ2)τ
(1 + α)(1 + β)− γ2 − (αβ − (1− γ)2)τ

]3

× (5.20)[
1 + (1− αβ + γ2)2 − (α− β)2 + 4γ2 + 4γ((1− α)(1− β)− γ2)τ

(1− αβ + γ2 + ((1− α)(1− β)− γ2)τ)2 − (α− β)2 + 4γ2

]
,

and the success probability

P = 4(1− τ)2
[
1− αβ + γ2 + ((1− α)(1− β)− γ2)τ

]2 − (α− β)2 + 4γ2

[(1 + τ)2 + (α+ β)(1− τ2) + (αβ − γ2)(1− τ)2]3
. (5.21)

In Fig. 54 we represent the difference in fidelities associated with a CV open-
air quantum teleportation protocols for an unknown coherent state, using two-mode
squeezed thermal states distributed through open air as a resource, against the trav-
eled distance. We subtract the fidelity associated with the bare resource (TMST) to
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Figure 54: Average fidelity of CV quantum teleportation of an unknown coherent
state using an entangled resource distributed through open air, with photon
subtraction and entanglement swapping, represented versus the traveled distance.
We subtract the average fidelity associated with the TMST state distributed through open
air (green), from the average fidelities of the two-photon-subtracted asymmetric (2PS asym)
and symmetric (2PS sym) states, represented in red and blue, respectively, as well as from
the average fidelity of the entanglement-swapped asymmetric (ES asym) state, in orange.
We represent the states resulting from probabilistic photon subtraction (dashed), as well as
heuristic photon subtraction (solid). The pale red background represents the region where
the fidelity is below the maximum classical fidelity of 1/2, and the quantum advantage is lost.
The green line then shows no gain, and any point above it corresponds to an improvement
in fidelity. Parameters are n = 10−2, Nth = 1250, r = 1, µ = 1.44×−6 m−1, ηant = 0,
τ = 0.95.

those related to 2PS symmetric (blue) and asymmetric (red) states, as well as ES
(orange) states. We consider both heuristic (solid lines) and probabilistic (dashed
lines, labeled τ) photon subtraction. In Fig. 55 (a), we can see the fidelity associated
with the bare resource, knowing that it coincides for the symmetric and asymmetric
states in the region µL � 1. The solid green line represents the no-gain line, above
which any point represents an improvement in fidelity over the bare state. The for-
mer gives an enhancement for short distances, whereas the latter helps extend the
point where the classical limit is reached. One of the reasons the gain related to pho-
ton subtraction is lost might be the increase of thermal photons in the state, which
occurs for increasing L. This happens because, as photon losses are more relevant,
the cost of doing photon subtraction is higher: if we subtract thermal photons, the
entanglement hardly increases, whereas if we subtract photons from the signal, en-
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tanglement decreases. Using a pale red background, we represent the region in which
the fidelity associated with the bare resource reaches the maximum classical value of
1/2.

In Fig. 55, we represent various features of the two-mode squeezed thermal states
distributed through open air: (a) average fidelity, which coincides for the symmetric
and asymmetric states for µL � 1; (b) logarithmic negativity EN = log2(2N + 1)
of the symmetric (green) and asymmetric (purple) states; (c) success probability
of photon subtraction (see Eq. (5.21)) for symmetric (blue, dashed) and asymmetric
(red, dashed) states, against (F 2PS−FTMST)/(1−FTMST), which represents the gain
in fidelity of the photon-subtraction schemes, weighted to show larger values when
the gain occurs at larger fidelities; (d) efficiency of photon subtraction at x = 0,
computed as P (F 2PS − FTMST), against different values of the transmissivity, with
τ ∈ [0.9, 1]. Note that greater fidelity gains come at lower success probabilities for
photon subtraction, which can be reflected in the efficiency (of the order of 10−4).
The latter achieves maximum values for a transmissivity of τ ≈ 0.92, and goes to
zero with the probability, as τ goes to 1. In an attempt to explain the crossing that
occurs between the PS and bare fidelities, which delimits the region in which photon
subtraction results in an enhanced teleportation fidelity, we consider the following
approach: we attempt to find the Gaussian state that is related to our non-Gaussian
PS state by the same teleportation fidelity. Essentially, we are looking to identify the
PS states with Gaussian resources in order to compute the negativities from their
covariance matrices, and investigate what happens to entanglement at the points
where fidelity with PS states loses its advantage. First, know that the fidelity with
probabilistic two-photon subtraction can be written as

F 2PS = 1 + g√
det
[
12 + 1

2 Γ̃
] , (5.22)

where Γ̃ ≡ σzΣ̃Aσz + Σ̃B − σz ε̃AB − ε̃ᵀABσz, and Σ̃A, Σ̃B , and ε̃AB are

Σ̃A =
[
1− 2τ (1− α)(1 + β) + γ2 + ((1− α)(1− β)− γ2)τ

(1 + τ)2 + (α+ β)(1− τ2) + (αβ − γ2)(1− τ)2

]
12,

Σ̃B =
[
1− 2τ (1 + α)(1− β) + γ2 + ((1− α)(1− β)− γ2)τ

(1 + τ)2 + (α+ β)(1− τ2) + (αβ − γ2)(1− τ)2

]
12,

ε̃AB = 4τγ
(1 + τ)2 + (α+ β)(1− τ2) + (αβ − γ2)(1− τ)2σz. (5.23)

Here, g is the result of integrating all the non-Gaussian corrections to the character-
istic function, which enforces the non-Gaussianity of the state resulting from photon
subtraction (see section 5.3 for the general expression). We split the terms in the
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Figure 55: Attributes of the symmetric and asymmetric TMST states distributed
through open air. (a), (b) Average fidelity of the CV quantum teleportation protocol of
an unknown coherent state and logarithmic negativiy EN = log2(2N + 1), respectively,
for the lossy TMST symmetric (green) and asymmetric (purple) states, represented against
the traveled distance. (c) Success probability of two-photon subtraction on lossy TMST
symmetric (blue) and asymmetric (red) states, against the fidelity gain compared to the lossy
TMST state, which is larger for higher fidelities. (d) Efficiency of two-photon subtraction on
TMST symmetric (blue) and asymmetric (red) states at x = 0, against the transmissivity
τ ∈ [0.9, 1]. (e), (f) Logarithmic negativity of the probabilistic (dashed) and heuristic
(solid) re-Gaussified two-photon-subtracted symmetric (2PS sym, blue) and asymmetric
(2PS asym, red) states, respectively, minus the logarithmic negativity of the corresponding
lossy TMST symmetric (TMST sym, green) and asymmetric (TMST asym, purple) states.
Parameters are n = 10−2, Nth = 1250, r = 1, µ = 1.44× 10−6 m−1, ηant = 0, τ = 0.95.
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previous equation and write

1√
det
[
12 + 1

2 Γ̃
] = 1

2

[
1 + τ

−αβ + (1 + γ)2 + ((1− α)(1− β)− γ2)τ
(1 + α)(1 + β)− γ2 − (αβ − (1− γ)2)τ

]
,

1 + g = 1
2

[
1 + τ

−αβ + (1 + γ)2 + ((1− α)(1− β)− γ2)τ
(1 + α)(1 + β)− γ2 − (αβ − (1− γ)2)τ

]2

× (5.24)[
1 + (1− αβ + γ2)2 − (α− β)2 + 4γ2 + 4γ((1− α)(1− β)− γ2)τ

(1− αβ + γ2 + ((1− α)(1− β)− γ2)τ)2 − (α− β)2 + 4γ2

]
.

If we define a matrix G = (1 + g)12 with G−1 = 1
1+g12, then we can write 1 + g =√

detG, which leads to

1 + g√
det
[
12 + 1

2 Γ̃
] = 1√

det
[(

12 + 1
2 Γ̃
)
G−1

] . (5.25)

By rearranging the terms resulting from the matrix product, we can obtain(
12 + 1

2Γ̃
)
G−1 = 12 + 1

2

(
Γ̃− 2g12

1 + g

)
≡ 12 + 1

2
˜̃Γ, (5.26)

where we have defined ˜̃Γ = Γ̃−2g12
1+g . Now, we want to incorporate the non-Gaussian

corrections into the covariance matrix of the effective Gaussian state by using the
formula

˜̃Γ = σz
˜̃ΣAσz + ˜̃ΣB − σz ˜̃εAB − ˜̃εᵀABσz. (5.27)

We refer to the resulting state as the “re-Gaussified” state. Then, we define

˜̃ΣA = 1
1 + g

(
Σ̃A − g12

)
,

˜̃ΣB = 1
1 + g

(
Σ̃B − g12

)
, (5.28)

˜̃εAB = 1
1 + g

ε̃AB .

These represent the submatrices of a covariance matrix ˜̃Σ if∣∣∣√det Σ̃− g(2 + α̃+ β̃)− 1
∣∣∣ ≥ (1 + g)

∣∣α̃− β̃∣∣ (5.29)

is satisfied. This condition both ensures the positivity of the covariance matrix and
that the uncertainty relation is satisfied. For this, we have assumed that Σ̃A = α̃12,
Σ̃B = β̃12, and ε̃AB = γ̃σz. The problem is that this convention only works for the
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symmetric state, and not for the asymmetric one. For the latter, we write

˜̃ΣA = 1
1 + g

(
Σ̃A − kg12

)
,

˜̃ΣB = 1
1 + g

(
Σ̃B − (2− k)g12

)
, (5.30)

˜̃εAB = 1
1 + g

ε̃AB .

Since we have seen that a symmetric re-Gaussified state is viable, we impose the same
balanced partition on the re-Gaussification of the asymmetric state. From ˜̃ΣA = ˜̃ΣB ,
we obtain k = 1 + (α̃− β̃)/2g, which leads to the submatrices

˜̃ΣA = 1
1 + g

(
Σ̃A + Σ̃B

2 − g12

)
,

˜̃ΣB = 1
1 + g

(
Σ̃A + Σ̃B

2 − g12

)
, (5.31)

˜̃εAB = 1
1 + g

ε̃AB .

The condition these terms need to satisfy is∣∣∣∣√det Σ̃ + 1
4(α̃− β̃)2 − g(α̃+ β̃) + g2 − 1

∣∣∣∣ ≥ 0, (5.32)

which is naturally met. In a similar fashion, we can write the fidelity with heuristic
two-photon subtraction as

F = 1 + h√
det
[
12 + 1

2Γ
] , (5.33)

and identify h as the non-Gaussian corrections to the fidelity; we can then mask them
as corrections to the covariance matrix of a Gaussian state with the same fidelity.
We do this by defining

Γ̃ = Γ− 2h12

1 + h
≡ σzΣ̃Aσz + Σ̃B − σz ε̃AB − ε̃ᵀABσz. (5.34)

For a symmetric Gaussian resource we define

Σ̃A = 1
1 + h

(ΣA − h12) ,

Σ̃B = 1
1 + h

(ΣB − h12) , (5.35)

ε̃AB = 1
1 + h

εAB ,
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whereas, if the resource is asymmetric, we require Σ̃A = Σ̃B , such that

Σ̃A = 1
1 + h

(
ΣA + ΣB

2 − h12

)
,

Σ̃B = 1
1 + h

(
ΣA + ΣB

2 − h12

)
, (5.36)

ε̃AB = 1
1 + h

εAB .

These “re-Gaussified” covariance matrices need to satisfy positivity and the uncer-
tainty principle, meaning that |

√
det Σ̃ − 1| ≥ |α̃ − β̃|, assuming that we can write

Σ̃A = α̃12, Σ̃B = β̃12, and ε̃AB = γ̃σz. Furthermore, if ΣA = α12, ΣB = β12, and
εAB = γσz, this condition can be expressed as∣∣∣√det Σ− h(2 + α+ β)− 1

∣∣∣ ≥ (1 + h)|α− β| (5.37)

for a symmetric state, and as∣∣∣∣√det Σ + 1
4(α− β)2 − h(α+ β) + h2 − 1

∣∣∣∣ ≥ 0 (5.38)

for an asymmetric one. In section 5.3, a graphical proof that these conditions are
met is provided.

As a result of these redefinitions, we effectively mask the non-Gaussian corrections
in the expression of the fidelity as further corrections to the submatrices of the
covariance matrix of an entangled resource, which is now Gaussian, while maintaining
the same fidelity we obtained with the PS states. This treatment has shown that we
are using a resource that, in the regions in which photon subtraction is beneficial,
shows higher entanglement than the bare resource. This is expected given that,
among all possible states with the same covariance matrix, entanglement is minimized
by Gaussian states [172].

In Fig. 55 (e) and Fig. 55 (f), we subtract the logarithmic negativity EN =
log2(2N + 1) of the bare resource (TMST) from those of the heuristic (solid) and the
probabilistic (dashed) 2PS states. In Fig. 55 (e), we display the symmetric states, and
in Fig. 55 (f), the asymmetric ones. Note that the gain in negativity is lost around the
same points as the gain in fidelity. As discussed before, the fidelities corresponding
to the symmetric and asymmetric states are equal at first order in µL � 1, and
the same behavior can be observed initially in the negativities of both states (see
Fig. 55 (b)). However, while the points at which the fidelities of the symmetric and
asymmetric states reach the classical limit differs by centimeters, the points at which
entanglement is lost for these states differ by tens of meters. This region where
negativity is lost is highlighted with a pale red background. Any point above the
green and purple line represents an improvement in negativity for the re-Gaussified
PS symmetric and asymmetric states, respectively. Although the entanglement in
the asymmetric state reaches further, the symmetric photon-subtraction protocol
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we envision works better when applied on the symmetric state. The logarithmic
negativity of heuristic PS states presents a 46% increase with respect to the value
for the bare state at x = 0, while probabilistic PS states only present an initial gain
of 28%.

5.2.4 Fidelity with entanglement swapping

We consider the case in which both Alice and Bob produce two-mode squeezed states,
and each sends one mode to Charlie, who is equidistantly located from the two parties.
Then, he performs entanglement swapping using the two modes he has received,
which have been degraded by thermal noise and photon losses. If Alice and Bob use
the remaining entangled resource they share for teleporting an unknown coherent
state, the fidelity of the protocol will be given by

F es = 1
1 + α− γ2

β

, (5.39)

where now we have

α = (1 + 2n) cosh 2r,
β = (1 + 2Nth)ηeff + (1 + 2n)(1− ηeff) cosh 2r, (5.40)
γ = (1 + 2n)

√
1− ηeff sinh 2r,

and ηeff = 1− e−µL/2(1− ηant), since the total distance has been reduced by half due
to the presence of a third, equidistant party.

This fidelity is represented as the orange curve in Fig. 54, where it shows a gain in
fidelity for large distances, right before the classical limit of F = 0.5 is reached. The
extended distance represents 14% of the maximum distance for the bare TMST state.
This will be advantageous when the distance at which the classical limit occurs can
be extended, for example in the case of quantum communication between satellites.

5.3 Positivity and Uncertainty Principle for Covariance Ma-
trices

In this section, we discuss the conditions that a covariance matrix must satisfy in
order for it to describe a quantum state. Then, we apply this criterion to the co-
variance matrices presented in this chapter, obtained after photon subtraction and
entanglement swapping. The first condition is the positivity of the covariance matrix

Σ =
(

ΣA εAB
εᵀAB ΣB

)
> 0, (5.41)
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Figure 56: Graphical check of positivity and uncertainty principle for covariance
matrices obtained in this chapter. The quantity in Eq. (5.45) is represented against the
travelled distance, computed from each covariance matrix derived in this chapter. If this
is positive, it proves that the submatrices used to compute it characterize a covariance
matrix satisfying positivity and the uncertainty principle. In orange, we represent the curve
associated with the submatrices in Eqs. (2.98) that result from entanglement swapping. The
blue and red solid curves correspond to the heuristic 2PS “re-Gaussified” symmetric and
asymmetric states, respectively, described in Eqs. (5.35) and (5.36). The blue and red dashed
curves correspond to the probabilistic 2PS “re-Gaussified” symmetric and asymmetric states,
respectively, described in Eqs. (5.28) and (5.31). Inset: enlarged view of the region of short
distances, in which we observe that the condition ϑ > 0 is still met.

and the second one is preservation of the uncertainty principle,(
ΣA εAB
εᵀAB ΣB

)
+ i

(
Ω 0
0 Ω

)
≥ 0. (5.42)

If we consider ΣA = α12, ΣB = β12, and εAB = γσz, the positivity condition reduces
to

α > 0,
det Σ > 0, (5.43)

whereas the uncertainty principle can be written as

α ≥ 1,
det Σ ≥ α2 + β2 − 2γ2 − 1. (5.44)
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Note that the latter imposes a more restrictive condition. Given that any covariance
matrix requires α ≥ 1 and β ≥ 1, we can summarize all conditions as

ϑ ≡
∣∣∣√det Σ− 1

∣∣∣− |α− β| ≥ 0. (5.45)

In Fig. 56, we investigate whether this condition is satisfied for different modified
covariance matrices by representing ϑ against the traveled distance: submatrices in
Eqs. (2.98) due to entanglement swapping (orange); in Eqs. (5.35) and (5.36) due
to re-Gaussified heuristic photon subtraction (symmetric shown with a blue line,
asymmetric shown with a red line); in Eqs. (5.28) and (5.31), due to re-Gaussified
probabilistic photon subtraction (symmetric shown with a blue dashed line, asym-
metric shown with a red dashed line). Note that all five cases satisfy both positivity
and uncertainty principle conditions, confirming that they are indeed covariance ma-
trices. In the inset, we present an enlarged view of the short distance behavior, where
the curves approach the region in which ϑ < 0 (highlighted in a pale red background).
As we can see, even in that area ϑ > 0 is satisfied.

5.4 Experimental Limitations to Photocounting and Homo-
dyning with Microwaves

In this section, we review current advances on photocounting and homodyne detec-
tion techniques with microwave quantum technologies. These techniques are vital for
photon subtraction, as well as for entanglement swapping and quantum teleporta-
tion, which are the processes described in this chapter. We also investigate different
sources of error that affect them; by using parameters taken from recent experimental
benchmarks in microwave quantum technologies, we are able to estimate how inef-
ficiencies and imperfections surrounding microwave photocounting and homodyne
detection affect photon subtraction, quantum teleportation and entanglement swap-
ping. We believe that this provides a closer relation to state-of-the-art experiments
with quantum microwaves.

5.4.1 Photodetection

Traditionally, the problem of detecting microwaves has been the low energy of the
signals when compared to the optical regime. Any of the entanglement distillation
protocols we have discussed will require some kind of photodetection scheme. In
particular, for photon subtraction, a photocounter for microwave photons is required.
In the current landscape of microwave quantum technologies, there have been recent
proposals for nondemolition detection of itinerant single microwave photons [225,
224, 226] in circuit-QED setups, with detection efficiencies ranging from 58% to 84%.
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Based on similar setups, a photocounter has been proposed [176] that can detect up
to three microwave photons.

This device is able to catch an incoming wavepacket in a buffer resonator, which is
then transferred into the memory by means of pumping a Josephson ring modulator.
Then, the information about the number of photons in the memory is transferred
to a transmon qubit, which is coupled to the memory modes, and from there it is
read bit by bit. Consequently, this photocounter requires previous knowledge on the
waveform and the arrival time of the incoming mode to be detected. Furthermore,
this device is not characterized by a single quantum efficiency; rather, the detection
efficiency varies depending on the number of photons. That is, 99% for zero photons,
76% ± 3% for a single photon, 71% ± 3% for two photons and 54% ± 2% for three,
assuming a dark count probability of 3%± 0.2% and a dead time of 4.5µs.

First, let us introduce a parameter for the efficiency of the microwave photode-
tectors. In Ref. [176], a circuit-QED-based microwave photon counter was presented,
which could detect between zero and three photons, with fidelities ranging from 99
% to 54 %. Such a device is particularly useful for the photon-subtraction scheme
investigated in the chapter, in which we only consider single-photon subtraction in
each mode of a bipartite entangled state. Then, we need to look at the success prob-
ability of detecting a single photon, which in this experiment is 76 %. An imperfect
detector can be modeled as a pure-loss channel, which is represented by a beam split-
ter that mixes the signal traveling towards the detector with a vacuum state, and
whose transmissivity determines the efficiency. In this case, we have τdetector = 0.76.
This characterizes the detection probability in the heuristic photon-subtraction case,
but in the probabilistic description, this will be given by τtotal = τdetectorτ = 0.72,
since we have considered τ = 0.95.

Taking into account the detector efficiency, we observe that the maximum nega-
tivity associated with the re-Gaussified PS states is, at least, 47 % of the maximum
negativity of the PS states with ideal detector efficiency. This means that, taking
into account this source of error, the negativity of the states obtained through this
entanglement distillation technique is almost cut in half. Furthermore, these values
are below the negativity of the bare state in the ideal case, which means that per-
forming photon subtraction leads to entanglement degradation. In order for it to be
advantageous, with the parameters we have considered throughout this chapter, we
would need to have detection efficiencies above 85 % for the heuristic protocol, and
above 90 % for the probabilistic one.

5.4.2 Homodyne detection

Homodyne detection allows one to extract information about a single quadrature.
It can be used to perform CV-Bell measurements, i.e., a projective measurement
in a maximally-quadrature-entangled basis for CV states. One way to perform Bell
measurements with propagating CV states is to use the analog feedforward technique,
as demonstrated in Ref. [135]. This approach requires operating two additional phase-
sensitive amplifiers in combination with two hybrid rings and a directional coupler,
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which effectively implements a projection operation for conjugate quadratures of
propagating electromagnetic fields. An alternative, more conventional approach can
be implemented by adapting microwave single-photon detectors to the well-known
optics homodyning techniques.

As we have seen, entanglement swapping provides an advantage if this measure-
ment scheme is used without averaging over the results (single-shot homodyning),
whereas the Braunstein-Kimble quantum teleportation protocol assumes that this
average is performed, given an unknown coherent state. In theory, single-shot ho-
modyning can be implemented by using quantum-limited superconducting amplifiers
and standard demodulation techniques [131]. However, some fundamental aspects
of the “projectiveness” of this operation and its importance for the Bell detection
measurements or for photon subtraction are still unclear and must be verified.

We are interested in the case of finite gain homodyne detection. The theoretical
description of these measurements corresponds to a projection onto a state that is
infinitely-squeezed in x (or in p) in phase space. That is, an eigenstate of the position
operator (or the momentum operator) whose eigenvalue corresponds to the signal’s
x (or p) quadrature value. In the symplectic formalism, this measurement operator
has a covariance matrix

Υ =
(
e−2ξ 0

0 e2ξ

)
≡

(
1√
G

0
0

√
G

)
. (5.46)

In the limit G→∞, we will recover the usual homodyne detection scheme. We have
obtained that the fidelity of teleporting an unknown coherent state with |θ|2 photons
using a bipartite entangled state with covariance matrix

Σ =
(
α12 γσz
γσz β12

)
(5.47)

is given by

Φ =
2
[
2 + 1√

G
(1 + α)

]
4
(

1 + α+β−2γ
2

)
+ 1√

G
[α(5 + β) + β − (γ − 1)(γ + 5)] + 2

G (1 + α)
,

F = Φexp
[
−Φ

(
1− α+ γ

1 + 2
√
G+ α

)2
|θ|2
]
. (5.48)

In the limit G → ∞ we recover F =
(

1 + α+β−2γ
2

)−1
, which is the usual result.

Notice that, while the average teleportation fidelity for an unknown coherent state
with ideal homodyne detection does not depend on the value of the displacement
for said state, we find that the first order corrections do include this dependence
in the value of θ. The average fidelity associated with a resource with increasing
entanglement asymptotically tends to 1 when considering ideal homodyne detection.
In this case, it tends to the value 1

1+ 1√
G

, which becomes closer to 1 as G increases.
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In a recent paper, CV quantum teleportation in the microwave regime was per-
formed [135], where the optimal gain considered was 21 dB, which implies that
1/G ≈ 0.008. Using this value, and considering we want to teleport a vacuum state
(θ = 0), we observe that the fidelity reaches the maximum classical fidelity at 434 m
for the asymmetric state, and at 429 m for the symmetric one, while this distance is
479 m with ideal homodyne detection for both kinds of states.

Here, we also consider the effect of finite-gain homodyne detection on the states
that result from entanglement swapping. As a generalization of Eq. 2.98, these states
can be characterized by a covariance matrix with submatrices

Σ̃A =

α− γ2
(

1 + 1√
G

2β + 1
G

)
2
[
β + 1√

G
(1 + β2) + β

G

]
 12,

Σ̃D =

α− γ2
(

1 + 1√
G

2β + 1
G

)
2
[
β + 1√

G
(1 + β2) + β

G

]
 12, (5.49)

ε̃AD =
γ2 (1− 1

G

)
2
[
β + 1√

G
(1 + β2) + β

G

]σz.
With entanglement swapping, the maximum classical fidelity is reached at 416 m,
which is smaller than the reach of the bare states taking into account finite-gain ho-
modyne detection. This is natural, since the effects of the finite gain come both from
entanglement swapping and from quantum teleportation. Nevertheless, we have seen
that finite-gain effects are not significantly detrimental to the measures we have com-
puted in this chapter, and this means that, if larger optimal gains can be engineered,
errors can then be reduced. At the end of the day, we have observed that entan-
glement distillation and entanglement swapping suffer from errors associated with
photon counting and homodyne detection. However, we believe that these errors
can be easily overcome by technological improvements. Furthermore, by the time all
the pieces necessary for experiments in open-air microwave quantum communication
arrive, we expect these errors to be further reduced. Meanwhile, entanglement distri-
bution and quantum teleportation with microwaves, in the realistic open-air scenario,
are still viable despite the errors we considered in this section.

However, further developments in the field of microwave quantum technologies are
needed. Efficient information retrieval from an open-air distribution of microwave
quantum states is a key component of open-air quantum communications, which
requires the design of a receiver antenna. The device achieving this target may
resemble that in chapter 3, but it calls for a different type of termination into open air
in order to, for instance, reduce diffraction losses. Since the lack of an amplification
protocol considerably limits the entanglement transmission distance through open air,
it seems necessary to develop a theory of quantum repeaters for microwave signals,
following the ideas shown in Ref. [134]. To this end, entanglement distillation and
entanglement swapping techniques discussed in this chapter are useful.
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Since superconducting circuits naturally work in the microwave regime, it is de-
sirable to explore realizations of photon subtraction that use devices specific to this
technology. In particular, a possible deterministic photon-subtraction scheme can
be studied, making use of circuit QED for nondemolition detection of itinerant mi-
crowave photons [226]. In this paper, the detection of a previously unknown mi-
crowave photon is triggered by a transmon qubit jumping to its excited state, indi-
cating a successful photon-subtraction event.
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6 Microwave & Optical Quantum
Communication with Satellites

A n important application of the technology and the protocols described in the
previous two chapters is quantum communication between ground stations and

satellites. The global communication network relies on satellite repeaters to dis-
tribute information across the earth. While this is optimized for classical signals,
quantum signals will not fare the same. Due to classicalization of signals by intro-
ducing thermal pollution, amplification cannot be used in quantum communication.
Therefore, a key step in the development of global quantum communication net-
works is understanding the main loss mechanisms for signals propagating through
free space. These include diffraction, atmospheric attenuation, and turbulence. In
the case of microwave signals, the main sources of loss are diffraction and thermal
radiation; therefore, an advantageous situation for microwave is quantum communi-
cation between satellites in the same orbit, where the effect of thermal noise is highly
reduced. Wireless microwaves have also been studied for CV QKD with mobile de-
vices in short-range scenarios (see Ref. [240], sec. III D).

Turbulence effects, caused by small variations of temperature and pressure in
the atmosphere, affect optical signals, but not microwaves. In the weak turbulence
regime, these suffer two distinct effects: beam broadening and beam-centroid wander-
ing. The effects on turbulence on classical signals have been well studied [142, 143],
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but also on the quantum regime [144, 146, 147], after it was demonstrated that the
non-classicality of signals can be preserved [145]. The QKD capabilities of quantum
states propagating through turbulent media has also been addressed, establishing
links between ground stations [148] and between ground stations and satellites [149].
All these works have provided insight into the limitations for the involvement of
satellites in quantum communications [140, 141]. We aim to contribute by consider-
ing the effects of atmospheric attenuation with turbulence on quantum states, how
entanglement is degraded, and their efficiency for performing quantum teleportation,
between ground stations and satellites.

6.1 Inter-Satellite Microwave Quantum Communication

Given the security inherent to quantum-based communication protocols, many of
the motivations for the use of submillimiter microwaves, i.e., frequencies in the range
30-300 GHz, which is a trend in classical communication between satellites orbiting
low earth orbits (LEOs), fade away, and it seems reasonable to aim at maximizing
the distances between linked satellites [102].

We consider a greatly simplified model for free-space microwave communication,
assuming unpolarized signals and hence ignoring the effects of scintillation and polar-
ization rotation, among others. This means that whenever we discuss entanglement,
it will be understood that we are talking about particle number entanglement. Po-
larization entanglement, even if perhaps more natural when considering the physics
of antennae, is lost whenever the signal enters a coplanar waveguide, hence making
it not a good candidate for quantum communication between one-dimensional super-
conducting chips. Moreover, we assume that the communication is done within the
same altitude, i.e., that the two satellites are in similar orbits, which is typically the
case when building satellite constellations. This means that the atmospheric absorp-
tion, if any, will remain constant during the time of flight of the signals. Additionally,
we ignore Doppler effects caused by relative speeds between the orbits.

There are four main families of satellite orbits: GEO, HEO, MEO, and LEO,
corresponding to geosynchronous, high, medium, and low earth orbits, respectively.
It is customary to define LEOs as orbits with altitudes in the range 700-2000 km;
MEOs would then range between 2000-35786 km; and HEOs in 35 786-dM/2, where
dM is the distance from the Earth to the Moon. The seemingly arbitrary altitude
separating MEOs and HEOs is actually the average altitude for which the period
equals one sidereal day (23 h 56 m 4 s), and this is precisely where GEOs sit. This
altitude is more than 3 times the point at which the exosphere, the last layer of
the atmosphere, is observed to fade. GEOs and HEOs are hence “true” free-space
orbits, in the sense that there is hardly any gas, and temperature is dominated by
the cosmic microwave background –which peaks at 2.7 K. The MEO region is the

104



LIST OF FIGURES

least populated one, since it is home to the Van Allen belts, which contain charged
particles moving at relativistic speeds due to the magnetic field of the Earth, and
that can destroy unshielded objects. LEOs, on the other hand, are ‘cheap’ orbits,
where most of the satellites orbiting our planet live. Their low altitudes simplify the
problems arising from delays between earth-based stations and the satellites.

In this section we will be concerned only with two satellites orbiting either the
same GEO or the same LEO, as a simple case study of expected losses and entangle-
ment degradation. There are essentially two kinds of loss one must take into account:
atmospheric loss and free-space path loss (FSPL). Total loss will then be simply given
by

L = LALFSPL. (6.1)

Atmospheric absorption loss is caused by light-matter interactions. These strongly
depend on the altitude of the orbits considered, among other parameters such as po-
larization, frequency, or weather conditions. Atmospheric loss can range from almost
negligible (up in the exosphere and beyond) to very significant in the lower layers of
the atmosphere, especially when water droplets and dust are present. Atmospheric
loss has to be taken into account when considering the case of up- and downlinks,
i.e., when linking a satellite with an earth-based station. However, for relatively high
altitudes–that is, any altitude where there are satellites–absorption loss is so low in
microwaves that it can be taken to vanish as a first approximation, so we set LA = 1.

FSPL is due to the inevitable spreading of a signal in three dimensions; they
are often referred to as geometric losses. FSPL is maximal when there is no beam-
constraining mechanism, such as a wave guide, or a set of focalizing lenses, i.e., when
the signal spreads isotropically: LFSPL = (λ/4πz)−2.

Suppose that two comoving satellites are separated by a linear distance z, and that
the emitter sends a quasimonochromatic signal with power Pe centered at frequency
ν = ω/2π = c/λ. The receiver gets a power Pr such that their ratio defines a
transmission coefficient that is the product of the loss and gains (or directivities)
of the antennae. The resulting equation for long, ‘far-field’ distances is sometimes
referred to as Friis’ equation [241, 242, 243], which is the compromise between gain
(or directivity) and loss:

Pe
Pr

= DeDd

LALFSPL
= DeDr

(
λ

4πz

)2
≡ τpath. (6.2)

Here De and Dr are the directivities of the emitter and receiver antennas, and we set
LA = 1 as discussed before. The directivity of an antenna is the maximized gain in
power in some preferred direction with respect to a hypothetical isotropic antenna, at
a fixed distance from the source, and assuming that the total radiation power is the
same for both antennas: D = maxθ,φD(θ, φ). It is a quantity that strongly depends
on the geometry design, but that can be enhanced in a discrete fashion by means
of antenna arrays. Indeed, given N identical antennas with directivity gain D(θ, φ),
a phased array consists of an array of such antennas, each preceded by a controlled
phase shifter. This diffraction problem essentially gives Darray(θ, φ) = A2

N (ε)D(θ, φ),
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Figure 61: Entanglement preservation in different regions of free space and its
relation with diffraction-induced signal transmissivity: (a) Contour plot of the trans-
missivity associated with diffraction, τdiff, against the aperture radius of the antenna and
the traveled distance. We can observe that losses are greatly reduced with the aperture of
the antenna. (b) Contour plot of the regions of free space as delimited by the relation be-
tween the aperture radius of the antenna and the distance at which the signal is observed:
near field (blue) 2$0 > (z

√
λ/0.62)2/3, Fresnel (gray)

√
zλ/2 < 2$0 < (z

√
λ/0.62)2/3,

and far field (orange) 2$0 <
√
zλ/2. With dashed lines, we represent the region where

entanglement can be preserved. Parameters are λ = 6 cm, aR = 2$0.

where AN is the so-called N -array factor that symbolically depends on the phases via
some vector ε [244]. In three dimensions, phase arrays are two-dimensional grids of
antennas, so that the main lobe of the resulting signal becomes as sharp as possible.
We assume that we have an array of small coplanar antennas as discussed in chapter 4,
adding up to a radiation pattern mimicking that of a parabolic antenna. We also
assume that both emitter and receiver have the same design, De = Dr ≡ D with

D =
(πa
λ

)2
ea (6.3)

where 0 ≤ ea ≤ 1 is the aperture efficiency, defined as the ratio between the effective
aperture Ae, and the area of the antenna’s actual aperture, Aphys, and a is the
diameter of the parabola, such that Aphys = πa2/4. With this, the parabolic path
transmissivity becomes

τpath =
(
πa2ea
4zλ

)2

. (6.4)

The effect of path losses can alternatively be described by a diffraction mechanism,
affecting the spot size of the signal beam,

$ = $0

√(
1− z

R0

)2
+
(
z

zR

)2
, (6.5)

given an initial spot size $0, curvature of the beam R0, and Rayleigh range zR =
π$2

0/λ. Given the aperture radius aR of the receiver antenna, the diffraction-induced
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transmissivity can be computed as [149, 148]

τdiff = 1− e−2a2
R/$

2
. (6.6)

Note that, in the far-field approximation, we can recover the result for τpath, by
substituting the beam spot size $0 by the intensity spot size $0/

√
2,

τdiff ≈
(π$0aR

λz

)2
, (6.7)

and by setting aR = $0 = a/2, R0 = z, and assuming that ea = 1.
Setting λ = 6 cm and aR = 2$0, we plot the transmissivity associated with

diffraction versus the distance z for different values of the aperture $0 in Fig. 61 (a),
observing that losses are reduced as a result of an increase in the aperture.

We address entanglement preservation in TMST states distributed through open
air by considering that the dominant source of error will be diffraction, as opposed
to attenuation, which we describe by means of a beam splitter with a thermal input.
We introduce Nth ∼ 11 as the number of thermal photons in the environment at
2.7 K. Considering this loss mechanism, entanglement preservation is achieved for
reflectivities that satisfy η < (1+Nth)−1 ∼ 0.083 for lossy TMST asymmetric states,
and η < [1 +Nth(1 + coth r)]−1 ∼ 0.038 for lossy TMST symmetric states, assuming
that n ≈ 0 and τ = 1− η. Given this diffraction channel, entanglement is preserved
in the regime aR$0/z > (λ/π)

√
− 1

2 log ηlim ∼ 0.024, for λ = 6 cm and ηlim = 0.038.
This implies that, for two satellites that are separated by z = 1 km, the product of
the apertures of emitter and receiver antennae must be aR$0 > 25 m2 in order to
have entanglement preservation. In Fig. 61 (b), we represent the regions of free space
as delimited by the relation between the distance at which the signal is detected and
the aperture of the emitting antenna, taking aR = 2$0, and depicting the region in
which entanglement is preserved with a dashed line. This shows that the radius of
the antennae of emitter and receiver satellites will be large, as is usually the case
for microwave communications. In order to correct the effects of diffraction with mi-
crowaves, it would also be useful to study focalizing techniques and the incorporation
of beam collimators.

6.2 Free-space Optical Quantum Communication

In this section, we investigate the effect of free-space turbulence on the propagation of
quantum states generated in the optical regime, and how entanglement is degraded
in this process. We assume two parties attempt to share an entangled state, dis-
tributed through open air, to perform quantum teleportation. We then look at the
Braunstein-Kimble teleportation protocol [85] for continuous-variable (CV) Gaussian
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Figure 62: Optical quantum communication scenarios that we have studied in this
section. We have investigated downlink and uplink channels, between a ground station and
a satellite, both directly and with an intermediate station. We have also studied horizontal
paths, between two ground stations and between two satellites.

states. Particularly, we consider that we initially have TMSV states, and use them
to teleport a coherent state. We also look at the negativity of these states after free
space attenuation. We investigate different instances of quantum communication:
ground station to satellite (uplink), satellite to ground station (downlink), and we
also consider the placement of an intermediate station (intermediate), either to gener-
ate states, or to refocus the beam, at an intermediate location. We follow by studying
the limits for entanglement distribution and quantum teleportation with microwave
signals, and compare them with optical signals, in a bad weather situation. We ob-
serve that the distances are highly reduced due to diffraction and thermal noise, as
we would expect fro microwaves. We conclude by investigating entanglement distri-
bution and quantum teleportation in horizontal paths, between two ground stations,
and between two satellites.

The different quantum communication scenarios studied here are depicted in
Fig. 62.

6.2.1 Loss mechanism

We consider that we have a ground station at altitude h0, and a satellite of orbit R0
and distance from the surface of the Earth h ≡ R0 − RE, where RE is the radius of
the Earth. Then the distance between the ground station, that sees the satellite at
an angle θ, and the satellite is

z =
√

(∆h)2 + 2∆hR+R2 cos2 θ −R cos θ, (6.8)
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Figure 63: Quantum communication channel between a ground station and a
satellite. A Gaussian beam is generated at the ground with an initial waist $0, and
propagates a distance z through free space, where it suffers from diffraction and turbulence
effects, as well as atmospheric absorption. These mechanisms induce transmissivities τst and
τatm, respectively. Apart from the broadening of the beam waist, $st, caused by turbulence,
we also have wandering of the beam centroid, quantified by the distance q. The efficiency
of the photodetectors is represented by the transmissivity τeff. Given the field of view, Ωfov,
there is a mean number of thermal photons n detected by the receiver.

where we have defined

∆h =
√
R2 + z2 + 2zR cos θ −R,

R = RE + h0. (6.9)

In this section, we have considered zenith communication, i.e. θ = 0.
In order to understand the limitations of entanglement distribution and quantum

teleportation in free space, we need a comprehensive study of loss mechanisms. We
will describe them through attenuation channels with transmissivity τi, which act on
the modes of a given quantum state as

â −→
√
τiâ+

√
1− τiâth. (6.10)

Here, we will consider that these attenuation channels incorporate a thermal mode
from the environment, represented here by âth. If we assume that the quantum state
is propagating through a homogeneous thermal environment, then the composite
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effect of N attenuation channels is represented by the action of a single one whose
effective transmissivity is τ =

∏N
i=1 τi.

We sketch the general quantum communication scenario in Fig. 63. We will
consider the combined effects of different loss mechanisms that apply to signals in the
optical regime propagating through free space.These mechanisms have been identified
in previous works studying quantum communication links involving ground stations
and satellites [147, 148, 149].

6.2.1.1 Diffraction
We consider the effects of diffraction in signals propagating through free space. We
assume a quasi-monochromatic bosonic mode represented by a Gaussian beam with
wavelength λ, curvature radius of the wave-front R0, and initial waist $0. For a
focused beam, R0 is equal to the distance between transmitter and receiver, whereas
for a collimated beam, it is set at infinity. The receiver aperture is aR, and zR =
π$2

0/λ is the Rayleigh range, such that the far-field regime is defined by z � zR, for
a transmission distance z.

The transmissivity induced by diffraction is given by

τdiff = 1− e−2(aR/$z)2
, (6.11)

where $z is the waist of the beam at a distance z [245],

$2
z = $2

0

[(
1− z

R0

)2
+
(
z

zR

)2
]
. (6.12)

Here we will work with collimated beams, for which we have

$2
z = $2

0

[
1 +

(
z

zR

)2
]
. (6.13)

Notice that losses associated to diffraction will be larger when aR � $z.

6.2.1.2 Atmospheric attenuation
The transmissivity affected by atmospheric attenuation of signals at a fixed altitude
is given by

τatm = exp
[
−α0ze

−h/h̃
]
, (6.14)

where α0 = N0σ is the extinction factor, N0 is the density of particles, σ = σabs+σsca
is the cross section associated with absorption and scattering, and h̃ = 6600 m is a
scale factor [147]. At sea level, and for λ = 800 nm, we have α0 = 5× 10−6 m−1.

Naturally, this needs to be adapted to variable altitudes. For that, we will use
Eqs. (6.8) and (6.9), considering h0 to be negligible. Then, we can write

τatm = e−α0g(h,θ), (6.15)

where we have defined

g(h, θ) =
∫ z(h,θ)

0
dye−h(y,θ)/h̃. (6.16)
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6.2.1.3 Detector efficiency and thermal background
As another source of loss, we can consider that we may have inefficient detectors. We
will take, as the lowest value, τeff = 0.4 [146], whereas the maximum possible one is
τeff = 1. We will refer to the latter as the ideal case. Nevertheless, we consider that
the signal traveling through the link will acquire excess noise that will be caught in
the detectors, characterized by a thermal state that introduces τeffn thermal photons
into our TMSV state. Furthermore, we consider that the effective number of thermal
photons that the signal acquires in the path is the one that can be effectively captured
by the detectors. We compute this using [149]

ΓR = ∆λ∆tΩfova
2
R,

NBB = 2cλ−4
[
ehc/(λkBT ) − 1

]−1
, (6.17)

n = ΓRNBB ,

where ΓR is the photon collection parameter, ∆t and ∆λ are the spectral filter and
the time bandwidth, respectively, Ωfov is the field of view of the receiver, and NBB
is the number of thermal photons, quantified by the black-body formula, in units
of Γ−1

R . Furthermore, c is the speed of light, λ is the wavelength of the signal, h is
Planck’s constant, kB is Boltzmann’s constant, T is the temperature, and finally n
is the average thermal photon number.

We take ∆λ = 1 nm, ∆t = 10 ns, Ωfov = 10−10 sr and aR = 40 cm. Then, we
are left with average thermal-photon number ndownday = 0.30 and ndownnight = 3.40× 10−6

for a daytime and nighttime downlink, respectively, and nupday = 0.22 and nupnight =
5.43× 10−7 for a daytime and nighttime uplink, respectively.

6.2.1.4 Turbulence
Let us now look at the effects of turbulence. We aim at working in the weak-
turbulence regime, in which the effects of scintillation are ignored. This regime
can be characterized using the spherical-wave coherence length,

ρ0 = [1.46k2I0(z)]−3/5,

I0(z) =
∫ z

0
dξ
(

1− ξ

z

)5/3
C2
n(h(ξ, θ)) (6.18)

through the following formula

z . k (min{2aR, ρ0})2
, (6.19)

for a beam with wavenumber k = 2π/λ, propagation distance z, and refraction index
structure constant C2

n. The latter, in the Hufnagel-Valley model of atmospheric
turbulence [246, 247], reads

C2
n = 5.94× 10−53

( v
27

)2
h10e−h/1000 + 2.7× 10−16e−h/1500 +Ae−h/100, (6.20)
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and it measures the strength of the fluctuations in the refraction index caused by
spatial variations of temperature and pressure. In this chapter, we consider v =
21 m/s for the wind speed, and Aday(night) = 2.75(1.7) × 10−14 m−2/3 for daytime
(nighttime) values. At constant altitude, we see that ρ0 = (0.548k2C2

nz)−3/5. If we
consider an uplink, we can use the above formula, but for a downlink, we need to
substitute ξ → z − ξ in the structure constant.

In the weak-turbulence regime, we can distinguish between two sources of errors,
caused by the interaction of the beam with vortices, or eddies, of different sizes: beam
broadening and beam wandering [142, 143]. Beam broadening is caused by eddies
smaller than the beam waist, and acts on a fast time scale. This will replace $z by
some short-term waist $st, leading to the modified diffraction-induced transmissivity

τst = 1− e−2(aR/$st)2
. (6.21)

Here, we can write

$2
st ' $2

z + 2
(
λz

πρ0

)2
(1− φ)2, (6.22)

where φ = 0.33(ρ0/$0)1/3. In the weak-turbulence regime, we find that φ� 1, and
thus we can approximate (1− φ)2 ≈ 1− 0.66(ρ0/$0)1/3 [248].

Beam wandering is caused by eddies larger than the beam waist, and act on a
slow time scale. This causes the beam to deflect by randomly displacing its center,
leading to a wandering of the waist. This random displacement will be assumed to
follow a Gaussian probability distribution with variance σ2, which will be composed
of the large-scale turbulence σ2

TB and the pointing error σ2
P variances. The long-term

waist of the beam can be approximated by

$2
lt ' $2

z + 2
(
λz

πρ0

)2
, (6.23)

and it is related to its short-term counterpart through

σ2
TB = $2

lt −$2
st '

0.1337λ2z2

$
1/3
0 ρ

5/3
0

. (6.24)

The beam centroid wanders with total variance σ2 = σ2
TB + σ2

P, and we will take
σP = 10−6z. We define q as the distance between the beam centroid and the original
center (horizontally-aligned with the transmitter and the receiver), also known as
deflection. Following Ref. [145], we assume that this value takes a Gaussian random
walk following the Weibull distribution

PWB(q) = q

σ2 e
− q2

2σ2 . (6.25)

Then, the maximum value of the transmissivity occurs for q = 0,

τmax = τ(q = 0) = τst(q = 0)τatmτeff. (6.26)
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However, for each instantaneous value of q, there will be an instantaneous τ(q) ≤ τmax
happening with a probability P (τ). The transmissivity associated to diffraction
modified by this behavior is then [145, 149]

τst(q) = e−4(q/$st)2
Q0

(
2s2

$2
st
,

4qaR
$2

st

)
, (6.27)

where Q0(x, y) = ex

2x
∫ y

0 dt te−t2/4xI0(t) is an incomplete Weber integral and In is the
modified Bessel function (of order n) of the first kind. We can express

τ(q) = τmaxe
−(q/q0)γ , (6.28)

where we have defined

τ farst = 2a2
R

$2
st
,

Λn(x) = e−2xIn(2x), (6.29)

γ =
4τ farst Λ1

(
τ farst
)

1− Λ0
(
τ farst
) [log

(
2τst

1− Λ0
(
τ farst
))]−1

,

q0 = aR

[
log
(

2τst
1− Λ0

(
τ farst
))]−1/γ

.

The probability distribution over q induces another probability distribution over τ ,

P (τ) = q2
0

γσ2τ

(
log τmax

τ

) 2
γ−1

exp
[
− q2

0
2σ2

(
log τmax

τ

) 2
γ

]
. (6.30)

This function can be obtained from the Weibull distribution PWB(q) by using

P (τ) = p(q|σ)|q=q(τ)

∣∣∣∣dqdτ
∣∣∣∣ (6.31)

together with

q = q0

(
log τmax

τ

) 1
γ

. (6.32)

6.2.2 Entanglement distribution and quantum teleportation

The quantum channel, once characterized by transmissivity τ , is now described by
the ensemble E = {Eτ , P (τ)}, where the quantum channel Eτ is selected at random
with probability density P (τ). This is called a fading channel. We will use this to
describe the degradation of entanglement on states propagating through free space,
which we will quantify through the negativity of the covariance matrix of Gaussian
states, and through the average fidelity of teleporting an unknown coherent state us-
ing the entangled resources. We will consider two-mode squeezed states as a typical
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case of bipartite CV entangled states. Since two-mode squeezed states are Gaussian,
and the fading channel we consider is Gaussian-preserving, we can use the covariance
matrix formalism to describe the evolution of the state. This will provide the obvious
advantages of using finite-dimensional matrices to work with infinite-dimensional op-
erators, but it will also lead to a convenient description of fading channels. Consider
a two-mode Gaussian state with vanishing first moments and covariance matrix in
normal form given by

Σ =
(
α12 γσz
γσz β12

)
, (6.33)

and consider a single-mode environment described by a Gaussian state with covari-
ance matrix E = m12. For example, for a daytime downlink, this state is charac-
terized by m = 1 + 2τeffndownday . We assume that the second mode is the one being
transmitted through open air, and therefore it is affected by the fading channel.
Keeping only the transmitted contribution, we obtain

Σ′ =
(

α12 〈
√
τ〉 γσz

〈
√
τ〉 γσz [〈τ〉β + (1− 〈τ〉)m] 12

)
. (6.34)

This description assumes that turbulence is a fast process, compared with the detec-
tion speed. Let us look at how this result can be derived. First, see that the Wigner
function of the state that results from applying the fading channel is

W ′(x, p) =
∫ τmax

0
dτP (τ)Wτ (x, p). (6.35)

Here, the Wigner function Wτ (x, p) results from the modification of the quadrature
operators x̂ and p̂ by the quantum channel instance ετ ,

x̂ → x̂τ =
√
τ x̂+

√
1− τ x̂e,

p̂ → p̂τ =
√
τ p̂+

√
1− τ p̂e, (6.36)

which get mixed with the quadrature operators of the state of an environment. In
this formalism, the expectation value of the operator ÂB̂ is computed as

〈ÂB̂〉 =
∫

dxdpABW ′(x, p)

=
∫ τmax

0
dτP (τ)

∫
dxdpABWτ (x, p)

=
∫ τmax

0
dτP (τ)〈ÂB̂〉τ . (6.37)

This result implies that we can replace the elements of the covariance matrix of the
state resulting from the fading channel by the weighted integral of the expectation
values resulting from each channel instance [249, 250]. The later looks as follows, for
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the second moments of quadrature operators:

x̂2 → x̂2
τ = τ x̂2 + (1− τ)x̂2

e +
√
τ(1− τ){x̂, x̂e},

p̂2 → p̂2
τ = τ p̂2 + (1− τ)p̂2

e +
√
τ(1− τ){p̂, p̂e}, (6.38)

{x̂, p̂} → {x̂τ , p̂τ} = τ{x̂, p̂}+ (1− τ){x̂e, p̂e}+
√
τ(1− τ) ({x̂, p̂e}+ {p̂, x̂e}) .

For the complete fading channel, we will have to make the replacement

τ −→ 〈τ〉 =
∫ τmax

0
dτP (τ)τ,

√
τ −→

〈√
τ
〉

=
∫ τmax

0
dτP (τ)

√
τ . (6.39)

Therefore we observe only an average characterization of the channel through 〈τ〉
and 〈

√
τ〉. If we considered that the detectors were much faster than the turbulence,

then we would obtain τ instead of 〈τ〉, and we would have to average the obtained
quantity afterwards. In this scenario, the quantum teleportation fidelity would be

F =
∫ τmax

0
dτP0(τ)F (τ). (6.40)

We refer to this as the slow-turbulence regime. In contrast, the teleportation fidelity
in the fast-turbulence regime is F (〈τ〉).

For an entangled Gaussian resource that has the covariance matrix in Eq. (6.33),
the average fidelity of teleporting an unknown coherent state is F =

[
1 + 1

2 (α+ β − 2γ)
]−1.

Now, if we introduce the effect of the fast fading channel, we see that

F =
{

1 + 1
2
[
α+ 〈τ〉β + (1− 〈τ〉)m− 2〈

√
τ〉γ
]}−1

, (6.41)

while for the slow fading channel, the average is computed numerically. The other
quantity we are interested in is the negativity of the covariance matrix, a measure of
entanglement for bipartite Gaussian states [64]. We will use the smallest symplectic
eigenvalue of the partially-transposed covariance matrix, as the condition ν̃− < 1
defines the region of entanglement. For the one in Eq. (6.33), we can write it as

ν̃− =
α+ β −

√
(α− β)2 + 4γ2

2 , (6.42)

such that ν̃− < 1 can be expressed as (α− 1)(β − 1) < γ2.
Both the teleportation fidelity and the negativity are reduced because the entan-

glement of the state degrades as it propagates through free space. The degradation is
more severe with increasing distance, as the transmissivity of the fading channel de-
creases. Here, we investigate the teleportation fidelity and the negativity associated
with a TMSV state with covariance matrix

Σ =
(

cosh 2r12 sinh 2rσz
sinh 2rσz cosh 2r12

)
, (6.43)
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where r is the squeezing parameter, and it is directly related with the (initial) neg-
ativity through ν̃− = e−2r, meaning no entanglement for r = 0, and infinite entan-
glement for r → ∞. The teleportation fidelity associated with using a TMSV state
is F =

(
1 + e−2r)−1 [82], and it reaches the maximum classical fidelity of 1/2 for no

entanglement (r = 0), while approaching 1 for infinite entanglement (r →∞).
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Figure 64: Uplink and downlink quantum communication between a ground sta-
tion and a satellite using a TMSV state distributed through free space, which has under-
gone a loss mechanism comprising diffraction, atmospheric extinction, detector inefficiency
and free-space turbulence, for a signal with wavelength λ = 800 nm, squeezing parameter
r = 1, and waist $0 = 20 cm, assuming the receiver has an antenna with aperture aR = 40
cm. We represent the negativity for (a) a downlink and (b) an uplink. We also represent
the fidelity of quantum teleportation for coherent states using this entangled resource, for
(c) a downlink and (d) an uplink. Dashed lines represent the regime of slow turbulence, and
solid lines represent the regime of fast turbulence, when comparing them to the velocity of
the detectors. Nighttime and daytime thermal noise is taken into account in the blue and
red curves, respectively. In the case of the downlink fidelity, note that the results which
incorporate daytime (red) and nighttime (blue) thermal noise coincide. In full color, we
present the results for perfect detector efficiency, τeff = 1, whereas the high-transparency
curves correspond to τeff = 0.4.

In Figs. 64 (a), (b), we represent the negativity of a TMSV state with initial
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squeezing r = 1 against the height of the link. Fig. 64 (a) shows the results for a
downlink, and Fig. 64 (b) illustrates an uplink. In solid lines, we can see the results of
a fast-turbulence scenario, whereas the dashed lines represent a slow-turbulence one.
Furthermore, blue and red lines incorporate nighttime and daytime thermal noise,
respectively. In full color, we can see the values associated with perfect detector
efficiency, τeff = 1, whereas the lines with high transparency correspond to faulty
detectors with τeff = 0.4. We can observe that the negativity is reduced exponentially
with the distance, and we see better results for a downlink than for an uplink. In
vertical lines, we mark zones associated to different orbital altitudes. These are the
low-Earth orbit (LEO), from 200 km to 2000 km and the medium-Earth orbit (MEO),
from 2000 km to 42164 km. Orbits from 42164 km on are known as geostationary
orbits.

Figs. 64 (c), (d) show the fidelity of a quantum teleportation protocol for coherent
states, that uses TMSV states distributed through (c) a downlink or (d) an uplink
through free space. The degradation of the entanglement of this state is due to the
various loss mechanisms that comprise the fading channel: diffraction, atmospheric
attenuation, detector inefficiency and turbulence. This degradation is responsible for
the deterioration of the teleportation fidelity, which depends only on the entangled
resource that is consumed. The slow-turbulence regime is represented by dashed
lines, while the fast-turbulence regime is represented by solid lines. The red ones
incorporate daytime thermal noise, whereas the blue ones consider nighttime thermal
noise. Perfect detector efficiency (τeff = 1) is represented by full-color lines, while an
imperfect detector (τeff = 0.4) was considered in the high-transparency lines. Here,
we observe that only quantum teleportation protocols through a downlink in the LEO
region can produce fidelities above the maximum classical result [251]; all instances
worse than this are enclosed in a pale red background. Notice that, in Fig. 64 (c),
results for daytime and nighttime thermal noise coincide, both in the perfect and
imperfect detector scenarios. This also happens for short distances in Fig. 64 (a).

6.2.2.1 Intermediate station for state generation
We have observed that the effects of turbulence are more severe in the atmosphere,
and have stronger effects on signals that have not suffered diffraction. Therefore,
the scenario in which we have an uplink path presents bleaker hopes for free-space
entanglement distribution. Nevertheless, we investigate a scenario in which there
is an intermediate station connecting the ground station and the satellite, and we
consider that TMSV states can be generated at this intermediate station. Our goal
is to observe whether there is an increase in the entanglement available when the
distance that the signals travel through free space is reduced. This already presents
an advantage, because now the uplink does not start at the Earth, but at a given orbit,
and the turbulence effects are highly reduced. In this case, the covariance matrix of
the two-mode Gaussian state, after a single application of the fading channel, is

Σ′ =
(

[τdα+ (1− τd)md] 12
√
τdτuγσz√

τdτuγσz [τuβ + (1− τu)mu] 12

)
, (6.44)
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Figure 65: Uplink and downlink quantum communication between a ground sta-
tion and a satellite, using an intermediate station for state generation. We con-
sider that one mode of the state is sent to the ground station, and the other to the satellite.
(a) Negativity of transmitted TMSV states in free-space communication against the height
of the satellite, with respect to the ground station. We study a signal with wavelength
λ = 800 nm, squeezing parameter r = 1, and initial waist $0 = 20 cm, sent to a receiver
that has an antenna of radius aR = 40 cm. This signal is subject to a loss mechanism com-
posed of diffraction, atmospheric extinction, detector inefficiency and free-space turbulence,
described by a fading channel. In this case, the results that incorporate daytime (red) and
nighttime (blue) thermal noise coincide. We distinguish between the results obtained in
the slow-turbulence and fast-detection regime, in dashed lines, and the fast-turbulence and
slow-detection regime, in solid lines. The results for perfect detector efficiency, τeff = 1,
appear in full color, whereas the transparent curves correspond to τeff = 0.4. (b) Fidelity of
teleporting an unknown coherent state using these entangled resources. We represent the
optimal position of the intermediate station, for the different turbulence conditions, that
achieve the maximum possible negativities in (c), and those that lead to maximum fidelities,
in (d).

where we define by τd(u) the transmissivity of the fading channel describing signal
propagation through the downlink (uplink). After multiple applications of the fading
channel, in the case of fast turbulence and slow detection, we will have that the
negativity and the teleportation fidelity can be averaged as N = N (〈τd〉, 〈τu〉) and
F = F (〈τd〉, 〈τu〉), respectively. On the opposite regime, slow turbulence and fast
detection, these averages are computed as

N =
∫ τdmax

0
dτdP (τd)

∫ τumax

0
dτuP (τu)N (τd, τu) ,

F =
∫ τdmax

0
dτdP (τd)

∫ τumax

0
dτuP (τu)F (τd, τu) . (6.45)
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In Fig. 65 (a), we represent the negativity of the final state, considering an optimal
placement of the intermediate station, for each value of the total height. These op-
timal points are shown in Fig. 65 (c). We can observe that the results are improved,
with respect to both the downlink and the uplink. We can also observe this im-
provement, especially with respect to the uplink, and remarkably for high altitudes,
in Fig. 65 (b). Here, we represent the fidelity of teleporting an unknown coherent
state using TMSV states, generated at the intermediate station, and having both
modes distributed through the noisy and turbulent links. Only the fidelities with
nighttime thermal noise remain above the maximum classical fidelity of 1/2, while
the accumulated thermal noise in daytime links leads to fidelities that fall below this
limit at altitudes in the LEO region. We can see that the limit is extended with
respect to the downlink, and the fidelity for an uplink never achieved values above
it. Therefore, the generation of entangled states in an intermediate station between
the ground station and the satellite greatly improves the teleportation fidelity.

In the case of the negativity with an intermediate station, we observe an im-
provement especially in the case of ideal detectors; for imperfect ones, represented
by τeff = 0.4, the results do not differ significantly from those of the downlink. This
is because, for an intermediate station, we are considering now two detection events,
instead of one, which enhances the error in the case of imperfect detectors.

These comparisons are illustrated in Figs. 66 (a) and (b). On the contrary, the
results for the teleportation fidelity are highly improved with an intermediate station,
and extend also to the case of imperfect detectors, as can be seen in Figs. 66 (c) and
(d). Although, for imperfect detectors, fidelities with daytime thermal noise can go
below the maximum classical fidelity.

In Fig. 66, we present the different negativities and fidelities, for fast and slow
turbulence regimes. We compare the case of a downlink, an uplink, and the combi-
nation required by an intermediate station, against the height of the link. We can
observe in Fig. 66 (a), (b) that the negativity, in the case of an intermediate station
is larger that a single dowlink/uplink, but only in the ideal case; when we consider
inefficient detectors (τeff = 0.4), this gain is not so clear. As we increase the height of
the link, this gain is not significant with respect to the downlink, although it remains
relevant against the uplink. In Fig. 66 (c), (d) the fidelity of teleporting an unknown
coherent state is much better with an intermediate station, with respect to either
a downlink or an uplink. Specially, we can highlight its partial saturation at the
maximum classical fidelity value.

We observe that the transmissivity in the case of the intermediate station is only
higher than that of the downlink in the ideal case; when we have imperfect detectors,
since there are now two detection events, the transmissivity is always worse. This can
be observed in Fig. 67, where we represent the transmissivity induced by downlink,
uplink, and intermediate-station scenarios. We consider nighttime and daytime noise,
again seeing that transmissivities associated to downlink and intermediate-station
communication coincide. The same thing happens in Fig. 66. Although we can
see this behavior in the negativity plots, the fidelity behaves different. Of course, it
would be natural to assume that we obtain good results for the fidelity because we are

119



6. MICROWAVE & OPTICAL QUANTUM COMMUNICATION WITH
SATELLITES

optimizing the placement of the intermediate station and keeping the highest fidelity
at each altitude. And rightly so, but the improvement difference in the negativity
and the fidelity is due to the fact that the states generated at the intermediate station
and distributed through a downlink to Earth and through an uplink to a satellite
are more symmetric. On the other hand, in the case of a single downlink or uplink,
one of the modes was kept and the other was sent through free space, resulting in a
covariance matrix that was highly asymmetric (see Eq. (6.34)). Given two Gaussian
quantum states with the same negativity, the one whose covariance matrix is more
symmetric shows higher teleportation fidelity.

Take the covariance matrix in Eq. (6.33), and assume it represents an asymmetric
state. Here, we are referring to symmetry in the second moments of modes A and
B, and not in the sense that the covariance matrix is symmetric. The partially-
transposed symplectic eigenvalue of this asymmetric covariance matrix is

ν̃A− =
α+ β −

√
(α− β)2 + 4γ2

2 , (6.46)

and the associated teleportation fidelity is

FA = 1
1 + (α+ β − 2γ)/2 . (6.47)

For a symmetric Gaussian state with covariance matrix

ΣS =
(
δ12 εσz
εσz δ12

)
, (6.48)

we have

ν̃S− = δ − ε,

F S = 1
1 + δ − ε

. (6.49)

If these two states have the same negativity, then

α+ β −
√

(α− β)2 + 4γ2

2 = δ − ε, (6.50)

and we can write
F S = 1

1 + α+β−
√

(α−β)2+4γ2

2

. (6.51)

Claiming that the fidelity with the symmetric state is higher than that with the
asymmetric state amounts to checking that

α+ β −
√

(α− β)2 + 4γ2 < α+ β − 2γ, (6.52)
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Figure 66: Ground-to-satellite uplink and downlink quantum communication
comparison with intermediate station, where these states are generated. We study
a signal of wavelength λ = 800 nm and initial waist $0 = 20 cm, in a TMSV state with
squeezing parameter r = 1, sent to a receiver that has an antenna of radius aR = 40 cm,
and that is subject to a loss mechanism composed of diffraction, atmospheric extinction,
detector inefficiency and free-space turbulence, and described by a fading channel. In a
solid line, we plot the quantities associated to a downlink; those corresponding to an uplink
appear dashed, and the dashed-dotted lines describe the case of an intermediate station.
In full color we represent the results for perfect detector efficiency, τeff = 1, whereas im-
perfect detection, τeff = 0.4, is marked by the transparent curves. Negativity of the state
after the fading channel in the slow-turbulence and fast-detection regime (a), and in the
fast-turbulence and slow-detection regime (b), against the height of the complete link. The
average fidelity of teleporting an unknown coherent state, using the entangled states that
result from the fading process, in the slow-turbulence and fast-detection regime (c), and in
the fast-turbulence and slow-detection regime (d), against the height of the complete link.

and this is always true for α 6= β. This statement works for a perfectly symmetric
state, but we can study an extension for more general covariance matrices. We take

Σ1 =
(
α112 γ1σz
γ1σz β112

)
, Σ2 =

(
α212 γ2σz
γ2σz β212

)
, (6.53)
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assuming αi > βi (i ∈ {1, 2}) for convenience, and expand up to first order in
αi − βi � 1. We can say that, if the states represented by these two covariance
matrices have the same negativity, then state 1 shows higher teleportation fidelity
for an unknown coherent state if

α1 − β1 <

√
γ1

γ2
(α2 − β2). (6.54)

This also works the other way around; for two states with the same teleportation
fidelity, state 1 shows lower entanglement if its covariance matrix elements satisfy
the above condition. Furthermore, we could fix γ1 = γ2 = γ, and see that for higher
orders of the expansion αi − βi � 1, we obtain that α1 − β1 < α2 − β2 if√

(α1 − β1)2 + (α2 − β2)2 < 4γ (6.55)

is satisfied. Therefore, we have shown that for two states with the same negativity,
the one that is more symmetric will result in higher teleportation fidelity.

6.2.2.2 Intermediate station for beam focusing
Here, we consider using the intermediate station as a point where the signal is refo-
cused, in an attempt to reduce the effects of diffraction and turbulence. This could
improve the transmissivity of the downlink, but especially that of the uplink, where
the turbulence effects are more damaging. This is what we observe in Fig. 68, where
we represent the transmissivity of the fading channel describing the propagation
through the link, against the total height. In Fig. 68 (a) the transmissivity for a
downlink is improved in the ideal case, similarly to how it was improved by gener-
ating the states in the intermediate station; in this case, however, we consider that
the sender generates both modes, and thus only have one detector at the receiver.
Furthermore, notice that in Fig. 68 (c) the optimal location of the intermediate lens
is very similar to the optimal position of the intermediate station in Fig. 67 (b). This
emphasizes the statement that an intermediate station and an intermediate lens con-
tribute about equally to improving the transmissivity of the channel, considering a
downlink. However, when we see the case of an uplink in Fig. 68 (b), we notice that it
is improved greatly, achieving values above the transmissivity of the downlink. This
is because the optimal locations of the focusing lens, represented in Fig. 68 (d), all
fall in the tens of kilometres, very close to the ground station, in order to reduce the
effects of turbulence inside the atmosphere. As a last remark, see that the results
the results for daytime and nighttime thermal noise coincide for certain ranges, in
Fig. 68, both in downlink and uplink scenarios.

6.2.3 Microwave slant links

We aim at expanding the results shown in this chapter by considering the attenuation
of microwave quantum signals in free-space propagation. The major difference with
the model for signals in the optical regime will be the omission of turbulence effects.
Given the wavelengths for microwaves, on the order of centimetres, we can see that
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Figure 67: Transmissivity comparison between ground-to-satellite uplink and
downlink and intermediate station quantum communication (a) Average trans-
missivity of a fading channel modelling a loss mechanism present in a link connecting a
ground station and a satellite, and composed of diffraction, atmospheric extinction, detec-
tor inefficiency and free-space turbulence. In a solid line, we plot the quantities associated
to a downlink; those corresponding to an uplink appear dashed, and the dashed-dotted
lines describe the case of an intermediate station. In full color we represent the results for
perfect detector efficiency, τeff = 1, whereas imperfect detection, τeff = 0.4, is marked by the
high-transparency curves. In blue, we represent the result associated with nighttime ther-
mal noise, whereas those associated to daytime thermal noise appear in red. (b) Optimal
positions of the intermediate station, in order to maximize the transmissivity, against the
height of the link.

they will not be affected by the fluctuations that lead to turbulence for optical sig-
nals. Nevertheless, also because of the long wavelengths, microwaves will be highly
affected by diffraction. By proposing a loss mechanism composed of diffraction, at-
mospheric attenuation and detector inefficiency, we aim at investigating the limits for
entanglement distribution and quantum teleportation with microwaves in free space.
With the diffraction-induced transmissivity given in Eq. (6.11), and assuming ideal
detector efficiency τeff = 1, we describe the absorption-induced transmissivity along
a slant path of zenit angle θ, starting at altitude h0 and ending at h by

τatm = exp
[
−secθ

∫ h

h0

dh′α(h′)
]
. (6.56)

the atmospheric absorption coefficient α(h′) = αo + αw(h′) represents the combined
attenuation due to oxygen and water vapor. The former can be considered con-
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Figure 68: Average transmissivity of a turbulent fading channel connecting a
ground station and a satellite, composed of diffraction, atmospheric extinction, detector
inefficiency and free-space turbulence. In a solid line, we plot the quantities associated an
unaltered channel, and in a dashed line, we represent the cases in which a lens has been
placed in a mid point of the link to reduce beam broadening. In full color we represent
the results for perfect detector efficiency, τeff = 1, whereas imperfect detection, τeff = 0.4,
is marked by the transparent curves. In blue, we represent the result associated with
nighttime thermal noise, whereas those associated to daytime thermal noise appear in red.
We represent the results associated to a downlink in (a), with the optimal location of the
lens, in order to maximize the transmissivity, given in (c). The results for nighttime thermal
noise fall on top of those for daytime thermal noise. The results associated to an uplink are
represented in (b), with optimal positions of the lens shown in (d).

stant inside the atmosphere, but the latter will depend on the variation of the water
concentration with the altitude. The specific coefficients are [237]

αo = 1.44× 10−3 km−1,

αw(h′) = 4.44× 10−5p0e
−h′2 km−1, (6.57)

where p0 is the water-vapor density, whose average ground value is 7.5 g/m3, at
5 GHz. These frequencies present one of the lowest attenuation profiles among mi-
crowaves [238], and therefore make them suitable for telecommunications independent
of the weather conditions. However, the main sources of loss for microwave signals
are diffraction and the thermal background.

Due to the bright thermal background that microwave present at room tempera-
tures, these states are generated at cryogenic temperatures; nevertheless, we consider
that the squeezing operations are applied to a thermal state, and not to an ideal vac-
uum state, which leads to the more realistic TMST state. This is also a Gaussian
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state, with covariance matrix

Σ = (1 + 2n)
(

cosh 2r12 sinh 2rσz
sinh 2rσz cosh 2r12

)
. (6.58)

Our choice of entangled resource describes a two-mode squeezed thermal (TMST)
state, characterized by n = 10−2 average number of thermal photons per mode, and
squeezing parameter r = 1.

In order for these states to remain entangled when distributed through free space,
we need the transmissivity of the channel to satisfy

τ >
(m− 1)(c− 1)

(m− c)(c− 1) + s2 , (6.59)

assuming that m > c, for a state represented by the covariance matrix in Eq. (6.34)
with α = β = c and γ = s. If the state is symmetric, and its covariance matrix
resembles that in Eq. (6.44), with τd ≈ τu ≡ τ , this condition turns to

τ >
m− 1

m− c+ s
. (6.60)

Considering identical initial resources (see Eq. (6.43)), this condition is always more
restrictive for symmetric (τ > 0.9997) than for asymmetric states (τ > 0.9992, given
the states studied here).

We can reduce the effects of thermal noise if we assume that we know the time
of arrival of the signal, and therefore by using Eq. (6.17). In Ref. [240], the limits
for short-range microwave QKD were studied, using as parameters ∆ t∆ ν ' 1. This
lead to ΓR ' λ2Ωfova

2
R/c and, by taking λ = 6 cm, Ωfov = 10−4 sr and aR = 2 m,

the number effective number of thermal photons becomes n ' 266 at 288 K.
With this, the condition for entanglement preservation on asymmetric states be-

comes τ > 0.996. Then, we see that the entanglement-distribution limit is 44 m, while
the fidelity reaches the classical limit at 43 m. In this case, the asymmetry between
both modes of the state distributed through free space does not lead to a significant
difference between entanglement preservation and quantum teleportation distances.
For symmetric states, the condition for symmetric states is τ > 0.998. Consider-
ing an intermediate station for state generation, the entanglement-distribution and
quantum teleportation limit extends to 49 m. On the other hand, an intermediate
station for beam refocusing leads to a limit for entanglement preservation at 52 m,
whereas the teleportation fidelity reaches the classical limit at 49 m.

As we can observe, microwave quantum communication is highly limited by
diffraction and thermal noise. However, inside the atmosphere, the attenuation suf-
fered by microwaves in severe weather conditions is inferior to that suffered by optical
signals. Let us look at an example, and compare the performance of signals in both
regimes. To account for the effects of rain on atmospheric attenuation and visibility,
we set α0 = 3.4 × 10−4 m−1 [252] and, in the Hufnagel-Valley turbulence model,
we now write Aday(night) = 3.15(2.15)× 10−14 m−2/3 [146]. This exemplifies adverse
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Figure 69: Performance comparison between microwave and optical signals in free
space quantum communications under severe weather conditions. We represent
the negativity (a) and the quantum teleportation fidelity (b) for TMSV states generated at
a ground station at an altitude of 10 m, and where one of the modes is sent through an
uplink. We consider the signal has squeezing parameter r = 1, and initial waist $0 = 1 m,
assuming the receiver has an antenna of radius aR = 2 m. In red, we represent the results
associated to a signal in the optical regime, with wavelength λ = 800 nm and zero thermal
photons, whereas in blue we represent the results for microwave signals with wavelength
λ = 6 cm and n = 10−2 thermal photons. For optical signals, the thermal noise coming
from the environment is characterized by 13.57 photons, whereas for microwave signals,
we have 266 photons. In full color, we present the results for perfect detector efficiency,
τeff = 1, whereas the transparent curves correspond to τeff = 0.4. The pale red background
represents the region in which the teleportation fidelity falls below the maximum classical
value.

meteorological conditions for optical signals, which is a convenient scenario for a
comparison between microwave and optical. In the microwave regime, we need to set
the water-vapor density to p0 = 12 g/m3 [237].

We observe that, when the link starts on the ground, microwaves can only do
as well as optical for a short distance, and then they worsen. This can be observed
in Fig. 69, where we represent the negativity (a) and the teleportation fidelity (b)
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associated to a TMSV state distributed through free space. The effects of diffrac-
tion remain severe on microwave signals. These results show that microwave quan-
tum communication can be appropriate for inter-satellite quantum communications.
There, the conditions for entanglement preservation become τ > 0.706 for asymmet-
ric states, and τ > 0.847 for symmetric ones, with an effective number of thermal
photons n = 2.39.

6.2.4 Horizontal paths

For the sake of completeness, we investigate the effects that free-space propagation
through turbulent media inside the atmopshere has on the negativity of TMSV states,
and how it affects the fidelity of a quantum teleportation protocol that uses these
states as resources, in order to teleport an unknown coherent state. We consider a
scenario in which TMSV states are distributed between two ground stations, at an
altitude of h = 30 m, each station having an receiving antenna with aR = 5 cm of
aperture radius, and able to generate quasi-monochromatic beams with wavelength
λ = 800 nm and $0 = 5 cm of initial waist. In this situation, since the altitude is
fixed, and for a wind speed of v = 21 m/s, the refraction index structure constant
is C2

n = 2.06(1.29) × 10−14 m−2/3 for daytime (nighttime) values. We characterize
the excess noise in the detectors by nday = 4.75× 10−3 thermal photons for daytime
events, and nnight = 4.75× 10−8 thermal photons for nighttime events.

We represent the results of entanglement distribution and quantum teleportation
with TMSV states between two ground stations in Fig. 610. Daytime (nighttime) re-
sults are shown in red (blue), and the solid (dashed) curves correspond to fast (slow)
turbulence. The high-transparency curves show the results for inefficient detectors,
with τeff = 0.4, whereas the curves in full color correspond to ideal detection, with
τeff = 1. In Fig. 610 (a), we show the negativity of the TMSV state, with squeezing
parameter r = 1, against the traveled distance. We show the average fidelity of quan-
tum teleportation using these states, distributed through free space, in Fig. 610 (b).
We observe that, even in the low detector-efficiency case, entanglement is preserved,
and therefore quantum teleportation fidelity is still higher than the maximum clas-
sical fidelity achievable, marked in a pale red background in Fig. 610 (b).

The range of distances chosen to represent these quantities corresponds to the
“sweet spot” 200 ≤ z ≤ 1066, were the weak-turbulence expansion used here is
approximately correct [148].

In Fig. 610 (b) and (d), we represent the negativity (b) and the quantum telepor-
tation fidelity (d) for the same TMSV states, between two satellites in the same orbit.
In this scenario, the only relevant sources of noise are diffraction, pointing errors, and
detector inefficiency. Also, we are considering that the excess noise in the detectors
is characterized by n = 8.48 × 10−9 thermal photons. Here, the solid lines are as-
sociated to fast turbulence and slow detection, whereas the dashed lines describe
slow-turbulence and fast-detection results. Notice that these appear overlapped.

This approach is quite different from the one we took in the previous section,
where we looked at entanglement preservation distances depending on the size of the
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Figure 610: Quantum communication through horizontal paths with TMSV states
distributed through free space. Ground-to-ground station quantum communication is stud-
ied through the negativity (a) and the quantum teleportation fidelity (c), for TMSV states
subject to a loss mechanism composed of diffraction, atmospheric extinction, detector ineffi-
ciency and free-space turbulence. Inter-satellite quantum communication is studied through
the negativity (b) and the quantum teleportation fidelity (d), where now the only loss mech-
anisms relevant are diffraction, pointing errors, and detector inefficiency. We consider the
signal has wavelength λ = 800 nm, squeezing parameter r = 1, and initial waist $0 = 5
cm, assuming the receiver has an antenna of radius aR = 5 cm. In red, we represent the
results that incorporate daytime thermal noise, whereas the blue lines consider nighttime
thermal noise. The dashed lines correspond to the instance of slow turbulence and fast
detection, and the solid lines correspond to fast turbulence and slow detection. In full color,
we present the results for perfect detector efficiency, τeff = 1, whereas the transparent curves
correspond to τeff = 0.4.

antenna.
In the microwave regime, we have studied the requirements for entanglement

preservation in the size of the antennae involved, for quantum communication be-
tween satellites in the same orbit. As expected, due to the larger wavelengths of
signals in this frequency regime, antennae must reach a few meters in diameter.
With state-of-the-art experimental parameters, entanglement cannot be preserved in
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the far-field regime.
We have then moved on to the optical regime, where we have studied the effects

of diffraction, atmospheric attenuation, detector inefficiency and turbulence on quan-
tum signals propagating through free space, between a ground station and a satellite.
We have observed the degradation of entanglement in TMSV states that propagate
through free space, and looked at the fidelity of performing quantum teleportation
with the remaining entangled resource, both after downlink and uplink communica-
tions, and for satellites in different orbits. We concluded that the best case occurs
when we use a downlink, i.e. when the bipartite states are generated in the satellite
and one of the modes is sent down to the ground station. The uplink represents the
worst case because turbulence effects, which are more drastic inside the atmosphere,
distort the waist of the beam and displace the focusing point; when considering the
whole path, these errors have a higher impact on a beam that is starting its path.

We have also considered the introduction of an intermediate station; we first in-
vestigated a scenario in which the states were generated there, and one mode was
then sent to the ground station through a downlink, while the other was sent to the
satellite through an uplink. Considering that now the uplink does not start inside
the atmosphere, the results for the negativity were slightly better than those for
the downlink in the simple case, provided an optimal placement of the intermediate
station. Furthermore, the results for the fidelity were highly improved because the
generation of states in an intermediate station leads to states that are almost sym-
metric. As we discussed, for two Gaussian states with the same entanglement, the one
that presents a more symmetric covariance matrix will have a higher teleportation
fidelity, in the well-known Braunstein-Kimble quantum teleportation protocol. The
second intermediate-station scenario we considered was one were the beam could be
refocused, but in a simple downlink or uplink. The uplink showed a higher improve-
ment than the downlink, because a refocusing station can help mitigate the combined
effects of diffraction and turbulence, which as we discussed earlier, are more severe
on more ideal beams.

We have followed by studying a similar free-space loss mechanism for microwave
signals, which are largely affected by diffraction and thermal noise. Although at-
mospheric absorption and turbulence effects can be neglected, the distances for en-
tanglement distribution and effective quantum teleportation are highly reduced with
respect to the optical case. In a bad weather scenario, we observed that microwave
and optical signals yielded a similar performance for short distances, microwaves then
leading to worse results as we separated from the source, mainly due to diffraction.

We have concluded by showing the limits of entanglement distribution and quan-
tum teleportation through horizontal paths, in ground-to-ground scenarios, where
turbulence effects are present, and inter-satellite quantum communication, where we
have mostly diffraction and pointing errors. Between satellites, the loss mechanism
is reduced to diffraction and beam wandering, and therefore entanglement and quan-
tum teleportation fidelity can be preserved for longer distances than in horizontal
paths between ground stations, where atmospheric absorption and turbulence come
into play.
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7 Microwave Quantum Local
Area Networks

T he paradigm of distributed computing attempts to distribute a processing task
among multiple processing units. These units, which perform different parts of

the computation, can be close together, forming a local area network, or physically
distant, and connected through a wide area network. Therefore, scalability is not
an issue, and hence redundancy can be considered less parasitic. In fact, the latter
is beneficial to prevent the system from failing completely when one of the units
does. Applications of distributed computing include telecommunication networks,
the World Wide Web, or cloud computing for scientific purposes, among others. The
latter refers to the coordinated strategy of dividing a problem in different tasks,
which are solved in different computers, communicated with each other.

This logic can be applied to the design of current quantum computers, which
suffer from scalability problems, including connectivity issues, fabrication errors, or
lack of controllability, among others. The term NISQ (Noisy intermediate-scale quan-
tum) [150] is an adjective describing the current quantum computing landscape, far
away from quantum error correction: small quantum processors with noisy qubits
deprived of fault tolerance. However, there exist quantum algorithms specifically
design for NISQ devices [155], such as the variational quantum eigensolver and the
quantum approximate optimization algorithm.
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Therefore, quantum computing in the NISQ era can benefit from a distributed
configuration. By disseminating the workload between different medium-size quan-
tum processors [151, 153], distributed quantum computing [152, 154] can attempt
to reduce the scalability overhead. In order to achieve it, it is necessary an effi-
cient transmission of quantum information between the different processing units.
If we have a qubit, a straightforward technique to communicate the information it
holds to another unit is to use discrete-variable (DV) quantum teleportation of its
quantum state. Experiments in microwave quantum teleportation with DVs have
not surpassed the 90 % fidelity [38, 39], nor have remote entanglement genera-
tion ones [121, 126]. The problem is that DV states are very sensitive to losses.
Therefore, we are interested in exploring the use of CV states as the entangled re-
sources, due to their higher resilience to photon losses when compared to DV en-
tangled states. This has been considered in many different works, which used either
TMSV states [253, 254, 255, 256, 257, 258] or Schrödinger cat states [259, 260] as
the entangled resources. The latter have also been used in quantum-repeater proto-
cols [261, 262], as well as GKP states [263].

In this chapter, we study the fidelity of teleporting unknown qubit states employ-
ing different resources. In the Braunstein-Kimble quantum teleportation protocol,
the fidelity does not depend on the displacement of the coherent state, only on its
second moments. In this case, the fidelity will depend on the amplitudes of the
qubit, and therefore we will particularly focus on the fidelity for teleporting an aver-
age qubit. Therefore, we want to find the best teleportation protocol for an average
qubit, using a CV Gaussian state as the entangled resource. We compute the fidelity
of the Braunstein-Kimble quantum teleportation protocol with a two-mode Gaus-
sian quantum state, which involves homodyne detection, i.e. a projection into the
maximally-entangled basis for CV states, between the initial state and a mode of the
entangled resource. We attempt to improve the results by considering a 2PS resource.
Then, we consider the DV quantum teleportation protocol, in which we also project
onto a maximally-entangled basis, this time in the subspace of two qubits, what is
normally known as a Bell measurement. The displacement applied on the remaining
mode, characteristic of CV teleportation, is replaced by a single-qubit projection.

We are interested in the extension of the single-qubit case to a multi-qubit setting,
in which we use a two-mode entangled resource to teleport each qubit. This presents
many difficulties; in the case that the state of the full system is separable, the fidelity
will just be the product of the fidelities of teleporting each individual mode; otherwise
if the state is entangled, the entanglement will be teleported with some loss, as our
Gaussian resource will not present infinite entanglement.
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7.1 Single-Qubit Quantum Teleportation

In this section, we study quantum teleportation of a single qubit state. We look at
the teleportation fidelity, and take an average for qubit states uniformly distributed
on the Bloch sphere, since we will restrict this analysis to pure states. We will
investigate CV and hybrid approaches, and compare them with the DV case. We
also investigate the distribution of entangled states between different processing units
and compute the teleportation fidelities associated with the resulting resources.

7.1.1 CV quantum teleportation

We consider a CV quantum teleportation protocol in which we aim at teleporting a
single qubit state from one processor to another, using an entangled resource shared
between both. We take an initial qubit state |ψ〉 = a|0〉 + b|1〉, with characteristic
function

χ(θ) =
(

1 + ~θᵀ~y − |b|
2

2
~θᵀΩᵀ12Ω~θ

)
exp

[
−1

4
~θᵀΩᵀ12Ω~θ

]
, (7.1)

where we have defined ~yᵀ = 1√
2

(
ab̄− āb i(ab̄+ āb)

)
. The entangled resource is a

two-mode Gaussian state with null first moments and a covariance matrix given by

Σ =
(

ΣA εAB
εᵀAB ΣB

)
, (7.2)

this its characteristic function is

χAB(α, β) = exp
[
−
~αᵀΩᵀΣAΩ~α+ ~αᵀΩᵀεABΩ~β + ~βᵀΩᵀεᵀABΩ~α+ ~βᵀΩᵀΣBΩ~β

4

]
.

(7.3)
The fidelity of teleporting this qubit state is

F (a, b) = 1√
detX

{
1− |b|2 trX−1 − ~yᵀX−1~y + |b|

4

4 3
(
tr X−1)2 − |b|4

detX

}
, (7.4)

with X = Ωᵀ
[
12 + 1

2 (σzΣAσz + ΣB − σzεAB − εᵀABσz)
]

Ω.
Notice that this quantity depends on the amplitudes of the qubit; however, for

b = 0, we recover the well-known fidelity for teleporting a vacuum or a coherent
state. Nevertheless, we can obtain a more general formula for the fidelity; assuming
that we do not have information about the state we want to teleport, we average
over all possible qubit amplitudes. For that, we have to draw values from a uniform
distribution on the Bloch sphere, also known as a Haar distribution. A transformation
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from Cartesian to spherical coordinates leads to the identifications

x = r sin θ cosϕ,
y = r sin θ sinϕ, (7.5)
z = r cos θ,

with r > 0, θ ∈ [0, π] and ϕ ∈ [0, 2π]. Using this convention, the state of a qubit in
the Bloch sphere can be expressed as

|ψ〉 = cos θ2 |0〉+ sin θ2e
iϕ|1〉, (7.6)

taking r = 1, since we want to deal with pure states. Let us define u as a random
value drawn from an uniform distribution that produces values between 0 and 1;
then, in order to obtain an uniform distribution of states in the Bloch sphere, we
need to sample according to [264]

θ −→ arccos(1− 2u),
ϕ −→ 2πu. (7.7)

Since we have identified a = cos θ2 and b = sin θ
2e
iϕ, this is equivalent to replacing

a −→
√

1− u,
b −→

√
ueiϕ. (7.8)

Therefore, we can replace the sampling by integrals over u and ϕ, such that

1
2π

∫ 2π

0
dϕ
∫ 1

0
du |b|2 = 1

2 ,

1
2π

∫ 2π

0
dϕ
∫ 1

0
du |b|4 = 1

3 , (7.9)

1
2π

∫ 2π

0
dϕ
∫ 1

0
du~yᵀX−1~y = −1

6 trX−1.

Consequently, we obtain

F = 1√
detX

{
1− 1

3

(
trX−1 + 1

detX

)
+ 1

4
(
trX−1)2} . (7.10)

We now consider single-photon (heuristic) subtraction in each mode of the en-
tangled resource, and compute the teleportation fidelity for the same qubit. The
characteristic function of the PS Gaussian resource can be seen in Eq. (2.74). Using
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this resource to teleport a qubit, we find that

F (a, b) = 1
E0
√

detX

{
E0 + tr

(
X−1E1

)
+ 3 tr

(
X−1EA2

)
tr
(
X−1EB2

)
− E0|b|2 trX−1 − E0~y

ᵀX−1~y − |b|2
[
3 trX−1 tr

(
X−1E1

)
− 2

detX trE1

]
+ E0

|b|4

4

[
3
(
trX−1)2 − 4

detX

]
− tr

(
X−1E1

)
~yᵀX−1~y − 2~yᵀWX,E1~y

+ |b|4

4

[
15
(
trX−1)2 tr
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− 12

detX
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tr
(
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)
+ trX−1 trE1
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X−1EA2

)
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(
X−1EB2
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detX tr
(
ΩᵀEA2 ΩEB2

)
− 6
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(
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)
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X−1EA2
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− 30

detX

(
2 tr
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X−1EA2

)
tr
(
X−1EB2
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+ 2 trX−1 trEA2 tr

(
X−1EB2
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+ 2 trX−1 trEB2 tr
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X−1EA2

)
+
(
trX−1)2 tr

(
ΩᵀEA2 ΩEB2

) )
+ 24

(detX)2
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tr
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ΩᵀEA2 ΩEB2
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+ trEA2 trEB2
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, (7.11)

where we have used the definitions in Eq. (2.88).

7.1.2 Hybrid quantum teleportation

We consider here the DV quantum teleportation protocol of a single qubit state,
while using a CV Gaussian state, as done in Ref. [257]. This means that, instead
of homodyne detection, we will project the input state and the first mode of the
entangled resource into a Bell state. Then, instead of applying a displacement on the
second mode of the entangled state, we will project it into a different state depending
on the measurement, as shown below

|Φ±〉 = |0, 0〉 ± |1, 1〉√
2

−→ σΦ± = |0〉〈0| ± |1〉〈1|,

|Ψ±〉 = |0, 1〉 ± |1, 0〉√
2

−→ σΨ± = |0〉〈1| ± |1〉〈0|. (7.12)
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Therefore, if we measure in the |Φ±〉 basis, the remaining state will be

ρBout = 1
PΦ±

σΦ±〈Φ±|ρin ⊗ ρAB |Φ±〉σ
†
Φ± , (7.13)

and we obtain the teleportation fidelity

FΦ(a, b) = 1
PΦ±

√
det (12 + ΣA) detX

{(
1− |b|2 tr (12 + ΣA)−1

)(
1− |b|

2

2 trX−1
)

+ ~yᵀX−1ΩᵀεᵀAB(12 + ΣA)−1Ωσz~y −
|b|4

2 detX tr (εᵀABW12+ΣA,12εAB)

− |b|2

2 tr
(
X−1ΩᵀεᵀABW12+ΣA,12εABΩ

)(
1− 3|b|2

2 trX−1
)}

, (7.14)

where we have defined

PΦ± = 1√
det (12 + ΣA) detX

{
1
2(1− |b|2 tr (12 + ΣA)−1)

(
4− trX−1)

− |b|2 tr
(
X−1ΩᵀεᵀABW12+ΣA,12εABΩ

)(
1− 3

4 trX−1
)

− |b|2

2 detX tr (εᵀABW12+ΣA,12εAB)
}
, (7.15)

X = 1
2Ωᵀ

[
12 + ΣB − εᵀAB (12 + ΣA)−1

εAB

]
Ω.

On the contrary, if we measure in the basis of |Ψ±〉, we get

FΨ(a, b) = 1
PΨ±

√
det (12 + ΣA) detX

{(
1− |a|2 tr (12 + ΣA)−1

)(
1− |a|

2

2 trX−1
)

+ ~yᵀX−1ΩᵀεᵀAB(12 + ΣA)−1Ωσz~y −
|a|4

2 detX tr (εᵀABW12+ΣA,12εAB)

− |a|2

2 tr
(
X−1ΩᵀεᵀABW12+ΣA,12εABΩ

)(
1− 3|a|2

2 trX−1
)}

, (7.16)

with

PΨ± = 1√
det (12 + ΣA) detX

{
1
2(1− |a|2 tr (12 + ΣA)−1)

(
4− trX−1)

− |a|2 tr
(
X−1ΩᵀεᵀABW12+ΣA,12εABΩ

)(
1− 3

4 trX−1
)

− |a|2

2 detX tr (εᵀABW12+ΣA,12εAB)
}
. (7.17)

In Fig. 71, we compare the CV and DV quantum teleportation approaches, using
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Figure 71: Average CV and hybrid (HY) quantum teleportation fidelity of a qubit
using a TMSV state. Taking the qubit state |ψ〉 = a|0〉 +

√
1− a2eiϕ|1〉, we average

over all possible amplitudes and phases, uniformly distributed in the Bloch sphere, and
represent the fidelity against the squeezing of the entangled resource. In blue and in green,
we represent the CV quantum teleportation fidelities with and without photon subtraction,
respectively. In red, we show the fidelities corresponding to the hybrid approach, with Bell
projections onto states |Φ±〉 and |Ψ±〉. The red pale background indicates the fidelities that
can be achieved with a classical strategy, with a maximum value of 2/3.

a TMSV state as the entangled resource. We represent the quantum teleportation
fidelity for a qubit, taking a =

√
1− u and b =

√
ueiϕ, and averaging over u ∈ [0, 1]

and ϕ ∈ [0, 2π] uniformly. In blue and in green, we represent the fidelities associated
with CV strategies, with and without photon subtraction, respectively. In these cases,
the strategy involves homodyne detection and displacement of the remaining state.
The hybrid strategies, whose fidelity is shown in red, use Bell measurements |Ψ±〉
and |Φ±〉, and the corresponding projections, σΨ± and σΦ± , on the remaining state.
Both these DV strategies lead to the same fidelity once we average over all possible
qubit configurations. In a red pale background, we show the region of fidelities
that can be obtained with a classical strategy. The maximum fidelity that can be
obtained for teleporting a qubit state with classical means is 2/3 [265]. Recall that
this value was 1/2 for the teleportation of a coherent state. We can observe that the
hybrid strategies show better results for the average fidelity, reaching over 90 % for
squeezing parameters around 0.5, in contrast with the CV strategies, which require
squeezing over 1.35 to reach these fidelities. Nevertheless, all of them tend to 1 for
larger squeezing. Among the CV strategies, we see that photon subtraction brings
an advantage, as it increases the entanglement of the resource. In the hybrid case,
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both Bell projections, |Ψ±〉 and |Φ±〉, show the same fidelity; that is why we just
represent one curve.

Similar to what we discussed in chapter 5 concerning photon subtraction, the
advantage of the hybrid strategy lies in being non-deterministic. This process is quite
inefficient, because the probability of projecting a TMSV state onto the Bell basis is
low. In Ref. [257], this measurement is proposed by using the quantum scissors [177],
which were discussed in chapter 2 of this Thesis in the context of entanglement
distillation. Here, this technique is used for projection synthesis; by using single-
photon generation and detection, they are able to truncate coherent states to obtain
a qubit in a superposition state. If we use this process to truncate a TMSV state
onto the Bell state (|00〉 + |11〉)/

√
2, the success probability will be λ2/(2(1 + λ)2),

where λ = tanh r. For a typical squeezing parameter r = 1, this probability is 0.09.
If we take into account the 0.76 single-photon detection probability taken from the
microwave photocounter in Ref. [176], discussed in chapter 5, we find are left with a
0.07 probability that the Bell state projection is successful.

7.1.3 Quantum teleportation with losses

We take into account the losses suffered by the modes distributed among different
processors by considering a pure loss channel applied to one of the modes of the TMSV
state. Then, we compute the quantum teleportation fidelities for a single qubit, and
average over all possible amplitudes, showing them in Fig. 72. The results of a CV
quantum teleportation strategy are shown in green (without photon subtraction)
and in blue (with photon subtraction). In red, we represent the results of a hybrid
quantum teleportation strategy. Additionally, we consider a DV strategy using a
Bell state as the entangled resource which has suffered a pure-loss channel in one of
the modes. The resulting fidelity is represented in orange. The pale red background
indicates the region of fidelities that can be obtained with a classical strategy. Again,
we observe that the hybrid strategy lead to better fidelities than a CV strategy. The
latter reaches the maximum classical fidelity of 2/3 for a 26 % losses for a resource
with photon subtraction, and at 30 % losses for the bare resource, whereas the
former do it for 82 % in the worst case. Notably, this limit is 81 % for the DV case,
in which the fidelity behaves quite closely to the hybrid case. We want to explore
a more realistic case; given that the attenuation factor in superconducting coaxial
cables is µ ∼ 10−3 m−1, we can see how the degradation of entanglement affects
the quantum teleportation fidelity. Let us assume that we generated TMSV states
with r = 1; the attenuation suffered by the mode that travels between cryostats is
modelled by a beam splitter, with reflectivity η = 1 − e−µL, L being the travelled
distance, that couples the signal mode and a thermal mode with average thermal
photons Nth = 10−2. In the symplectic formalism, we see that this transformation
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Figure 72: Average lossy CV and hybrid (HY) quantum teleportation fidelity of
a qubit using a TMSV state, and lossy DV quantum teleportation fidelity using
a Bell state. We consider that one of the modes of the entangled resource is subject to a
pure-loss channel, and represent the fidelity against the percentage of loss, after takin the
average over all possible qubit configurations. We fix the squeezing of the TMSV at r = 1.
In blue and in green, we represent the CV quantum teleportation fidelities with and without
photon subtraction, respectively. In red, we show the fidelities corresponding to the hybrid
approach, and in orange, we represent the results of a DV approach with a Bell state as
the resource. The red pale background indicates the fidelities that can be achieved with a
classical strategy, with a maximum value of 2/3.

is quite simple; if Σth = (1 + 2Nth)12, we obtain

ΣA −→ (1− η)ΣA + ηΣth = [(1− η) cosh 2r + η(1 + 2Nth)] 12,

ΣB −→ (1− η)ΣB + ηΣth = [(1− η) cosh 2r + η(1 + 2Nth)] 12, (7.18)
εAB −→

√
1− ηεAB =

√
1− η sinh 2rσz.

The case of a Bell state in which one of the modes undergoes such a transformation
is a bit more complicated. Starting from the state (|00〉+ |11〉)/

√
2, we end up with

ρ(a, b) = |a|2 + ηNth

(1 + ηNth)2 |0〉〈0|+
√

1− η
(1 + ηNth)2

(
ab̄|0〉〈1|+ āb|1〉〈0|

)
(7.19)

+ 1
(1 + ηNth)2

[
|a|2η(1 +Nth) + |b|2 1 + η(n− 1 + ηN2

th(2− η))
1 + ηNth

]
|1〉〈1|.

We can see these results in Fig. 73 (a). In Fig. 73 (b), we represent the case of
open-air entanglement distribution, with µ = 1.44× 10−6 m−1 and Nth = 1250. We
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Figure 73: Average quantum teleportation fidelity for a qubit using entanglement
distributed through a cryolink and through open air, using CV and hybrid (HY)
strategies with a TMSV state, and a DV strategy with a Bell state. Both the
CV and the hybrid strategies use a TMSV state with r = 1, while the DV case uses a Bell
state. We consider that one of the modes of the entangled resource suffers losses into a
thermal environment with average thermal photons Nth = 10−2 inside the cryolink, and
Nth = 1250 in open air, and represent the average fidelity against the distance between the
two units. (a) Entanglement is distributed through a cryolink, where the attenuation factor
is µ = 10−3 m−1, and the environment is characterized by Nth = 10−2 average thermal
photons. (b) Entanglement is distributed through open air, where the attenuation factor is
µ = 1.44× 10−6 m−1, and the environment is characterized by Nth = 1250 average thermal
photons. In blue and in green, we represent the CV quantum teleportation fidelities with
and without photon subtraction, respectively. In red, we show the fidelities corresponding
to the hybrid approach, and in orange, we represent the results of a DV approach, with
a Bell state as the resource. The red pale background indicates the fidelities that can be
achieved with a classical strategy, with a maximum value of 2/3.

can observe that the hybrid and the DV strategies lead to better results than the
CV ones, behaving the hybrid and DV ones quite similarly. It is rather surprising
to observe how similarly are TMSV and Bell states affected by the same attenuation
channel; we would have expected entanglement in Bell states to degrade much faster
than in TMSV states.

With CV strategies, the fidelity reaches its maximum classical value at 300 m
through a cryolink, and at 80 m through open air, whereas for the hybrid strategy,
it is 2.3 km through a cryolink and 475 m through open air. Finally, for the DV
strategy, these distances are 2.3 km through a cryolink, and 550 m through open air.
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7.2 Two-Qubit Quantum Teleportation

In this section, we investigate the extension of the aforementioned protocols to the
case in which we have a two-qubit state, such as

|ψ〉 = c00|00〉+ c01|01〉+ c10|10〉+ c11|11〉. (7.20)

Similar to what we did for a single qubit, we need to characterize the amplitudes of
this qubit in terms of the angles of the equivalent of a Bloch sphere for two qubits.
For pure states, this object can be described by three spheres [266], characterized by
the coordinates

x1 = sin θ1 cosϕ1
y1 = sin θ1 sinϕ1
z1 = cos θ1

xe = y1 sinχ cos ξ1
ye = y1 sinχ sin ξ1
ze = y1 cosχ

x2 = sin θ2 cosϕ2
y2 = sin θ2 sinϕ2
z2 = cos θ2

(7.21)

The first set corresponds to the base sphere, the second one to the entanglement
sphere, and the third one to the fibre sphere; additionally, there is a phase parameter
ξ2. While ϕi ∈ [0, 2π], ξi ∈ [0, 2π], and θi ∈ [0, π], for i ∈ {1, 2}, we have χ ∈
[0, π/2]. In order to obtain a uniform distribution, we need to sample from a uniform
distribution in the same manner we discussed above, such that

θi, χ −→ arccos(1− 2u),
ϕi, ξi −→ 2πu. (7.22)

With this description, we can characterize the amplitudes of the two qubits described
above, as presented in Ref. [266],

c00 = cos θ1

2 cos θ2

2 e
iξ2 ,

c01 = cos θ1

2 sin θ2

2 e
i(ϕ2−ξ2), (7.23)

c10 = sin θ1

2

[
(cosϕ1 + i sinϕ1 cosχ) cos θ2

2 + i sinϕ1 sinχ sin θ2

2 e
i(ξ1−ϕ2)

]
eiξ2 ,

c11 = sin θ1

2

[
(cosϕ1 + i sinϕ1 cosχ) sin θ2

2 − i sinϕ1 sinχ cos θ2

2 e
i(ξ1−ϕ2)

]
ei(ϕ2−ξ2).

Notice that the condition for separability in this state, which is c00c11 = c01c10,
implies sin θ1 sinϕ1 sinχ. This quantity is zero if either the radius of the entanglement
sphere or the angle χ are zero.

We proceed to teleport the two-qubit state |ψ〉 using two TMSV states with equal
squeezing, in the CV and hybrid cases. If the state was separable, we would expect
the fidelity to be the square of the one obtained for the single-qubit scenario, since
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we are just performing two independent teleportation protocols. However, due to
the possibility of the state being entangled, we expected the average fidelity to be
different from this; it is not the case. Since Alice and Bob are sharing two entangled
modes, but both Alice’s or Bob’s modes are not entangled among themselves, it is
as if we were just teleporting two qubits independently. This result cannot change
based on information about the state to be teleported which we do not know.

Another remark we want to make is that the fidelity is not an appropriate measure
for the success of the protocol as we increase the number of qubits. The fidelity
between two N -qubit states tends to zero as N increases, so we should find a measure
that remained constant when we increased N .

In this chapter, we have investigated the quantum teleportation of qubit states
between different quantum processors, in a distributed quantum computing environ-
ment. We focused on TMSV states as the CV resources, and explored both the CV
and DV quantum teleportation protocols. We referred to the latter as the hybrid
protocol, in which we used a TMSV state to teleport a qubit through the DV pro-
tocol, consisting of Bell state projections and single-qubit rotations. This process,
non-deterministic and quite inefficient, led to better results than the CV one. We
introduced losses in the entangled resources and computed the fidelities, under pure-
loss and thermal attenuation channels, now comparing with a DV Bell state as well.
The results of the purely DV and the hybrid approaches fare similarly, whereas we
had expected Bell states to degrade much faster by the quantum channels considered.
All the fidelities represented here result from averaging from a Haar distribution all
possible qubit states in the Bloch sphere. We do the same for a two-qubit scenario,
and find that the average fidelity is just the square of fidelity for teleporting a single
qubit. This means that entanglement does not play a role, and it is as if we were
teleporting the two qubits independently.

Obtaining efficient transfer of quantum information between different process-
ing units will entail quantum error correction on the entangled resources. When
increasing the number of qubits that are teleported, we need the protocol to show
robustness. Furthermore, for a proper description it makes sense to use a different
measure other than the fidelity, which goes to zero with increasing number of qubits.
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8 Conclusions

I n this Thesis, we explore the feasibility of propagating quantum microwaves, in the
form of Gaussian states, as resources for quantum communication and quantum

metrology protocols in open air with the current advances in superconducting circuit
technology.

In chapter 2, we have introduced the formalism of continuous variables through
Gaussian states. We have shown how the symplectic formalism can be conveniently
used to represent infinite-dimensional states and operators using finite vectors and
matrices. By means of the displacement vector and the covariance matrix, Gaus-
sian states can be completely characterized, and features like purity, negativity and
separability can be computed. An N -mode Gaussian state can be described by a
positive and symmetric 2N×2N covariance matrix, which, by virtue of Williamson’s
theorem, can be brought into a block-diagonal normal form, and also admits a di-
agonalization into symplectic eigenvalues. We have provided transformations to two
such instances in the two-mode case. We have shown that the symplectic formalism
is also convenient to describe all-Gaussian evolutions and measurements.

Gaussian states are not only convenient in their description; as we have shown,
they can provide an advantage over classical strategies in quantum teleportation.
The advantage in this technique relies on quantum entanglement, and for that we
have also explored entanglement distillation protocols with Gaussian states. Given
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the impossibility to distill entanglement with Gaussian operations, we have used the
characteristic function formalism to describe the states after photon subtraction, one
of the most resource-wise efficient entanglement distillation techniques. Following
this, we have discussed entanglement swapping, a protocol that attempts to transform
two entangled states, shared pair-wisely by three parties, into a single entangled state
shared by the two previously-unconnected parties. Both entanglement distillation
and entanglement swapping can be crucial for quantum repeater protocols; in contrast
with distillation, swapping is Gaussian preserving.

In chapter 3, we have investigated the limits of purifying Gaussian states using
Gaussian operations. We have shown that a single mode of a two-mode Gaussian
state can be completely purified, however causing the resulting state to be separable.
Therefore, we have studied different partial purification protocols where, with a single
copy or two copies of the initial state, and with different combinations of Gaussian-
preserving operations and measurements, we traded entanglement for purity.

We tested the resulting states as resources in quantum illumination, using the
inverse of the Cramér-Rao bound, which indicates the minimum measurement error
in estimating the variance of a target observable, as an efficiency measure. The
partially-purified states not only have fewer photons, but they also present larger
quantum Fisher information than the initial TMST states; therefore, equating the
amount of resources lead to reducing the error by up to 1.5. We used this protocol
as a case study, where entanglement is not the only resource required for a quantum
advantage, but there could also be other quantum metrology protocols where purity
is relevant.

In chapter 4, we have addressed the state of the art of superconducting quantum
devices working in the microwave regime, which are involved in different stages of
quantum communication, such as state generation or amplification. We described
how parametric amplification, aided by JPAs, can be used to generate entangled
resources, and how these have to be shielded from thermal microwave radiation by
working at cryogenic temperatures. Thus, the necessity for an antenna, matching the
cryostat and the open air. Knowing that previous studies using similar architectures
had failed to detect entanglement in open air, we investigated a simple quantum
antenna, a finite inhomogeneous transmission line with an impedance that changes
with the position. The main difference from classical antennae is the lack of an
amplification feature, which can degrade quantum correlations.

We have studied entanglement preservation in the transmission of two-mode
squeezed thermal states from the cryostat into open air, and found that maximizing
entanglement transmission implies minimizing the reflectivity of the antenna. We
have seen that a cavity with a linear impendance, despite being an analytically-
solvable case, does not provide a low-enough reflectivity. Nevertheless, we were able
to use this result to introduce an optimization problem; the antenna was split into
infinitesimally-small slices of linear impedance, and the frontier points were opti-
mized to reduce the reflectivity. We have found numerical values down to 10−8, for
a global impedance function resembling an exponential.

To conclude, we have observed a high-sensitivity of the optimal impedance to
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potential fabrication errors. We have introduced errors proportional to the value of
the impedance in each point, and found that the negativity of the output state drops
to zero when these errors are larger than 3 %.

In chapter 5, we have studied the feasibility of microwave entanglement distribu-
tion in open air with two-mode squeezed states. We have taken these as resources for
the Braunstein-Kimble quantum-teleportation protocol, adapted to microwave tech-
nology, reviewing the steps involved in this process and the possible experimental
realization. In chapter 4, we already discussed two key two key steps in this process,
which are the generation of two-mode squeezed states using JPAs, that was exper-
imentally demonstrated in Ref. [132], and the formulation of an antenna model for
optimal transmission of these states into open air, described in Ref. [239]. As the next
step, we have addressed the degradation of entanglement in open air for two-mode
squeezed thermal states; by identifying absorption and thermalization of the signal
as the main loss mechanism, using experimental parameters for the photon losses per
unit length, we were able to estimate the maximum distance that entanglement can
be preserved in different weather conditions. These distances fluctuated from 550 m
in ideal weather conditions, to 400 in high-humidity environments, with asymmetric
states. With symmetric resources, the distances range from 480 to 350 m.

Entanglement distillation and entanglement swapping techniques are discussed,
in order to improve the entanglement distribution distance. More precisely, we have
focused on entanglement distillation through photon subtraction, a technique which
only requires a single copy of the state. We have tested as resources for quan-
tum teleportation of an unknown coherent state the states distributed through open
air, including those after distillation and swapping, following the Braunstein-Kimble
protocol. The PS states perform better than the bare resources for short distances,
for longer distances the ES ones can extend the reach of teleportation. We have
concluded that the fidelities reach of the maximum classical value when their corre-
sponding resources lose entanglement. To compute the negativity of the PS states,
which are non-Gaussian, we have proposed a re-Gaussification trick. We masked
the non-Gaussian corrections to the fidelity as corrections to the submatrices of the
covariance matrix. We have also checked that the resulting covariance matrices are
positive and satisfy the uncertainty principle.

The operations discussed in this chapter require either homodyne detection or
photon subtraction; therefore, we have discussed the state of the art of these two
crucial techniques, given the current microwave quantum technologies available. We
have also attempted to quantify the error introduced in each of these operations by
imperfect photocounting, and finite-power homodyne detection. We have found that,
for finite-power homodyne detection, the fidelity of quantum teleportation fidelity
state depends not only on the gain, but also on the number of photons of the coherent
state we want to teleport.

In chapter 6, we have studied the applicability and efficiency of the techniques
discussed in this Thesis for quantum communication between satellites, a field where,
the reach of entanglement can be greatly increased, given the low absorption rates.
We have studied this limit for signals in the microwave regime, showing that the
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sizes of the emitting and receiving antennae must be larger in order for the entan-
glement preservation to reach outside of the near-field. This behaviour is caused by
diffraction, which we consider as the main source of loss in this environment. With
it, entanglement can reach up to a km, with a receiving antenna with radius of 5 m.

As the main advances in satellite quantum communication, and a few ground-
breaking experiments, have used signals in the optical regime, we have investigated
the limits for entanglement preservation and quantum teleportation in this frequency
range. We focused on the effects of diffraction, atmospheric attenuation, turbu-
lence, and detector inefficiency on various communication scenarios: ground station
to ground station (ground-to-ground), ground station to satellite (uplink), satellite to
ground station (downlink), and satellite to satellite (intersatellite). Being the action
of weak turbulence inside the atmosphere the main source of loss, we observe that
the downlink presents the most favorable results; in this regime, the quantum ad-
vantage of teleportation over a classical strategy can be obtained for satellites in the
LEO region (from 200 up to 2000 km from the Earth’s surface). In adverse weather
conditions, we found out that microwaves perform equally or worse than optics, even
though the disadvantages the latter present. Therefore, for the further development
of microwave quantum communication in free space, proper directivity control has
to be developed. With similar intentions, we also investigated here the placement of
intermediate stations between ground and satellite, both for state generation, and for
beam refocusing, which have shown promising results; as we expected, they improved
substantially versus uplink communications, and performed similar to downlink ones.

In chapter 7, we looked at the difficulties surrounding quantum computing archi-
tectures at the moment, and how a distributed configuration could be serviceable.
Therefore, we looked at quantum teleportation of qubit states as a way of connect-
ing different processing units. Making use of CV entangled states, we looked at the
teleportation fidelities using the Braunstein-Kimble and the DV protocols; the latter,
a hybrid approach, led to higher fidelities, as homodyne detection was replaced by
a Bell-state projective measurement. We average the final results over all possible
qubit configurations, taken from a uniform distribution on the Bloch sphere, also
known as Haar distribution.

Studying losses on one mode of the entangled resources, we find that both a hybrid
and a DV approach yield similar results, reaching the maximum classical fidelity of
2/3 at around 80 % pure loss. The former combines a TMSV state and the DV
protocol, while the latter uses a two-qubit Bell state. Investigating a channel with
thermal loss, we find that these the hybrid and DV results grow apart, the latter
being more resilient to thermalization, both in a cryolink and in open air. Finally,
we investigate the teleportation of two qubit states using a pair of TMSV states.
Despite accounting for the possibility of the two qubits to be entangled, this does not
make a difference, since we are two independent teleportation channels; therefore, we
obtain the squared average fidelity for teleporting a single qubit.

As a whole, this Thesis analyzes the advantages and limitations of perform-
ing quantum communication and quantum sensing with propagating quantum mi-
crowaves in the form of Gaussian states. It proposes an improvement on quantum
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illumination using partially-purified Gaussian states, and it brings insight onto the
process of entanglement distribution for quantum teleportation, describing the pro-
cess of state generation in the current landscape of superconducting technology, as
well as the design of an antenna for open-air transmission and the inefficiencies of
the measurement techniques involved. It explores applications to quantum networks,
from satellite links to local area networks, and with current experimental parameters,
it establishes a recipe for understanding the technological and the physical overheads.
Our efforts are meant to spur the development of quantum technologies working in
the microwave regime for the development of wireless quantum communication net-
works.

147





APPENDICES

Appendices

149





LIST OF FIGURES

A Gaussian integrals

In this appendix, we provide the formulas for various species of Gaussian integrals,
which we have derived in the calculation of the different teleportation fidelities using
Gaussian states with photon subtraction. Some of these have also been used to obtain
the fidelity of teleporting a qubit using a Gaussian quantum state.

Please note that, to obtain these formulas, we have assumed that we are dealing
with 2× 2 invertible, symmetric matrices. Therefore, the identities we present below
work for these types of matrices, and an extension to higher dimensions is not trivial.
First of all, to obtain these integrals we have repeatedly used

∂µ
1√

det(X − µY )

∣∣∣∣∣
µ=0

=
tr
(
X−1Y

)
2
√

detX
,

∂µ (X − µY )−1∣∣
µ=0 = WX,Y , (A.1)

where we have defined the function

WX,M = X−1 tr
(
X−1M

)
− ΩᵀMΩ

detX , (A.2)
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which has the following properties

tr
(
X−1WX−1,M

)
= tr (XM) ,

tr
(
X−1M

)
= tr (XWX,M ) ,

det
(
X−1WX−1,M

)
= det (MX) ,

WX−1,WX,M
= M, (A.3)

M = XWX,MX,

M = X−1WX−1,MX
−1,

WX,aA+bB = aWX,A + bWX,B .

In deriving these, we have used the identities

det(A+B) = detA
[
1 + tr

(
A−1B

)]
+ detB,

(A+B)−1 = Ω(A+B)ΩT

det(A+B) , (A.4)

which only work for 2× 2 invertible symmetric matrices, as mentioned above.
The collection of Gaussian integrals we have used is

•
∫

d2 αe−
1
2 ~α

ᵀX~α+~αᵀ ~J = π√
detX

e
1
2
~JᵀX−1 ~J , (A.5)

•
∫

d2 α~αᵀM~αe−
1
2 ~α

ᵀX~α+~αᵀ ~J = π√
detX

[
tr
(
X−1M

)
+ ~JᵀWX,M

~J
]
e

1
2
~JᵀX−1 ~J ,

•
∫

d2 α~αᵀ ~Ge−
1
2 ~α

ᵀX~α+~αᵀ ~J = π

2
√

detX

(
~GᵀX−1 ~J + ~JᵀX−1 ~G

)
e

1
2
~JᵀX−1 ~J ,

•
∫

d2 α (~αᵀM~α)
(
~αᵀ ~G

)
e−

1
2 ~α

ᵀX~α+~αᵀ ~J = π√
detX

[
~GᵀWX,M

~J + ~JᵀWX,M
~G

+1
2

(
tr
(
X−1M

)
+ ~JᵀWX,M

~J
)(

~GᵀX−1 ~J + ~JᵀX−1 ~G
) ]
e

1
2
~JᵀX−1 ~J ,

•
∫

d2 α (~αᵀM~α) (~αᵀP~α) e− 1
2 ~α

ᵀX~α+~αᵀ ~J = π√
detX

[
3 tr
(
X−1M

)
tr
(
X−1P

)
− 2

detX tr(ΩᵀPΩM) + ~JᵀWX,M
~J ~JᵀWX,P

~J + ~Jᵀ
(

3WX,M tr
(
X−1P

)
+3WX,P tr

(
X−1M

)
− 2X−1

detX tr(ΩᵀPΩM)
)
~J
]
e

1
2
~JᵀX−1 ~J ,

•
∫

d2 α
(
~αᵀ ~G

)(
~αᵀ ~K

)
e−

1
2 ~α

ᵀX~α+~αᵀ ~J = π

2
√

detX

[
~GᵀX−1 ~K + ~KᵀX−1 ~G

+1
2

(
~GᵀX−1 ~J + ~JᵀX−1 ~G

)(
~KᵀX−1 ~J + ~JᵀX−1 ~K

) ]
e

1
2
~JᵀX−1 ~J ,
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•
∫

d2 α
(
~αᵀ ~G

)(
~αᵀ ~K

)
(~αᵀM~α) e− 1

2 ~α
ᵀX~α+~αᵀ ~J =

π√
detX

{
1
2

[
tr
(
X−1M

)
+ ~JᵀWX,M

~J
] [
~GᵀX−1 ~K + ~KᵀX−1 ~G

+1
2

(
~JᵀX−1 ~K + ~KᵀX−1 ~J

)(
~JᵀX−1 ~G+ ~GᵀX−1 ~J

) ]
+ ~GᵀWX,M

~K

+ ~KᵀWX,M
~G+ 1

2

(
~GᵀX−1 ~J + ~JᵀX−1 ~G

)(
~KᵀWX,M

~J + ~JᵀWX,M
~K
)

+1
2

(
~KᵀX−1 ~J + ~JᵀX−1 ~K

)(
~GᵀWX,M

~J + ~JᵀWX,M
~G
)}

e
1
2
~JᵀX−1 ~J ,

•
∫

d2 α (~αᵀM~α) (~αᵀP~α) (~αᵀQ~α) e− 1
2 ~α

ᵀX~α+~αᵀ ~J = π√
detX

× (A.6){
15 tr

(
X−1M

)
tr
(
X−1P

)
tr
(
X−1Q

)
− 6

detX

[
tr
(
X−1Q

)
tr(ΩᵀMΩP )

+ tr
(
X−1M

)
tr(ΩᵀQΩP ) + tr

(
X−1P

)
tr(ΩᵀQΩM)

]
+ ~Jᵀ

[
15 tr

(
X−1M

)
tr
(
X−1P

)
WX,Q + 15 tr

(
X−1M

)
tr
(
X−1Q

)
WX,P

+15 tr
(
X−1P

)
tr
(
X−1Q

)
WX,M −

6
detX

(
tr(ΩᵀPΩM)WX,Q

+ tr(ΩᵀQΩM)WX,P + tr(ΩᵀQΩP )WX,M

)
− 6X−1

detX

(
tr(ΩᵀPΩM) tr

(
X−1Q

)
+ tr(ΩᵀQΩM) tr

(
X−1P

)
+ tr(ΩᵀQΩP ) tr

(
X−1M

))]
~J

+5 tr
(
X−1Q

) (
~JᵀWX,M

~J
)(

~JᵀWX,P
~J
)

+5 tr
(
X−1P

) (
~JᵀWX,M

~J
)(

~JᵀWX,Q
~J
)

+5 tr
(
X−1M

) (
~JᵀWX,Q

~J
)(

~JᵀWX,P
~J
)

− 2
detX

(
~JᵀX−1 ~J

) [(
~JᵀWX,Q

~J
)

tr(ΩᵀMΩP )

+
(
~JᵀWX,M

~J
)

tr(ΩᵀQΩP ) +
(
~JᵀWX,P

~J
)

tr(ΩᵀQΩM)
]

+
(
~JᵀWX,M

~J
)(

~JᵀWX,P
~J
)(

~JᵀWX,Q
~J
)}

e
1
2
~JᵀX−1 ~J .
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Note that the following integrals do not present a source term:

•
∫

d2 α
(
~αᵀ ~G

)(
~αᵀ ~K

)
(~αᵀM~α) (~αᵀP~α) e− 1

2 ~α
ᵀX~α = π√

detX
×{

~Gᵀ
[15

2 X
−1 tr

(
X−1M

)
tr
(
X−1P

)
− 3

detXX−1 tr (ΩᵀPΩM)

− 3
detXΩᵀPΩ tr

(
X−1M

)
− 3

detXΩᵀMΩ tr
(
X−1P

) ]
~K

~Kᵀ
[15

2 X
−1 tr

(
X−1M

)
tr
(
X−1P

)
− 3

detXX−1 tr (ΩᵀPΩM)

− 3
detXΩᵀPΩ tr

(
X−1M

)
− 3

detXΩᵀMΩ tr
(
X−1P

) ]
~G

}
,

•
∫

d2 α (~αᵀM~α) (~αᵀP~α) (~αᵀQ~α) (~αᵀR~α) e− 1
2 ~α

ᵀX~α = π√
detX

× (A.7){
105 tr

(
X−1M

)
tr
(
X−1P

)
tr
(
X−1Q

)
tr
(
X−1R

)
− 30

detX

[
tr
(
X−1Q

)
tr
(
X−1R

)
tr(ΩᵀMΩP ) + tr

(
X−1M

)
tr
(
X−1R

)
tr(ΩᵀQΩP )

+ tr
(
X−1P

)
tr
(
X−1R

)
tr(ΩᵀQΩM) + tr

(
X−1P

)
tr
(
X−1Q

)
tr(ΩᵀRΩM)

+ tr
(
X−1M

)
tr
(
X−1Q

)
tr(ΩᵀRΩP ) + tr

(
X−1M

)
tr
(
X−1P

)
tr(ΩᵀRΩQ)

]
+ 12

(detX)2

[
tr(ΩᵀRΩQ) tr(ΩᵀMΩP ) + tr(ΩᵀRΩM) tr(ΩᵀQΩP )

+ tr(ΩᵀRΩP ) tr(ΩᵀQΩM)
]}
.
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B Step-by-step quantum tele-
portation

In this section, we derive the famous formula for the fidelity of teleporting an un-
known coherent state using a two-mode Gaussian quantum state. We also derive the
formulas for a general two-mode Gaussian state with heuristic and with probabilistic
photon subtraction.

All teleportation protocols require the involved parties to share an entangled
state. Moreover, they require the sender to make homodyne detection measurements,
communicating the results to the receiver through a classical channel, who makes a
displacement in his state depending on the outcome of said measurements. Given a
shared entangled state ρAB and an initial state ρin to be teleported, the state that
the receiver has after the homodyne measurements is

σB(x, p) = 1
PB(x, p) trTA

[
ρinT ⊗ ρABΠ(x, p)TA

]
, (B.1)

with PB(x, p) = trTAB [ρinT ⊗ ρABΠ(x, p)TA]. Now, this expectation value over the
teleported (T ) and the senders (A) modes is computed as

trTA
[
ρinT ⊗ ρABΠ(x, p)TA

]
= 1

2π

∫ ∞
−∞

∫ ∞
−∞

d y d y′eip(y−y
′)〈x+y′|ρin|x+y〉T 〈y′|ρAB |y〉A.

(B.2)
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Once we have computed σB , we need to compute the outcoming state after the
receiver applies the displacements,

ρout =
∫ ∞
−∞

dx
∫ ∞
−∞

d pPB(x, p)D̂B(ξ)σB(x, p)D̂B(−ξ). (B.3)

The average fidelity is computed as

F̄ = tr[ρinρout]. (B.4)

B.1 Coherent + Gaussian bipartite state

Assume two parties share an entangled two-mode gaussian state ρAB with covariance
matrix

Σ =
(

ΣA εAB
εᵀAB ΣB

)
, (B.5)

and they want to use this resource to teleport a given quantum state ρinT . In this case,
we will choose a coherent state, with covariance matrix Σcoh = 12 and displacement
vector ~α0.

The first step is to compute Bobs reduced state after the homodyne measurement,
for which we write the density matrices in terms of this corresponding characteristic
function,

ρ = 1
π

∫
d2 αχ(α)D̂(−α), (B.6)

where D̂(α) = eαâ
†−ᾱâ is the displacement operator. The characteristic function is

then obtained as χ(α) = tr
[
ρD̂(α)

]
, and that of a gaussian state can be constructed

from the covariance matrix Σ and the displacement vector ~d, such that

χ(α) = exp
[
−1

4~α
ᵀΩᵀΣΩ~α− i~αᵀΩ~d

]
(B.7)

with Ω =
(

0 1
−1 0

)
being the symplectic matrix. The reduced state that Bob obtains

can then be written as

trTA
[
ρinT ⊗ ρABΠ(x, p)TA

]
= 1

2π4

∫
d2 α1

∫
d2 α2

∫
d2 α3χ

in
T (α1)χAB(α2, α3)×

D̂B(−α3)
∫ ∞
−∞

∫ ∞
−∞

d y d y′eip(y−y
′)〈x+ y′|D̂T (−α1)|x+ y〉T 〈y′|D̂A(−α2)|y〉A.
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Notice that we can write

D̂(−α) = eᾱâ−αâ
†

= e−
√

2iImαx̂+
√

2iReαp̂ = eiReαImαe
√

2iReαp̂e−
√

2iImαx̂, (B.8)

which leads to

〈y′|D̂(−α)|y〉 = eiReαImα〈y′|e
√

2iReαp̂e−
√

2iImαx̂|y〉 = eiImα(Reα−
√

2y)〈y′|e
√

2iReαp̂|y〉

= eiImα(Reα−
√

2y)〈y′|y −
√

2Reα〉 = eiImα(Reα−
√

2y)δ(y′ − y +
√

2Reα),

where we have used the fact that e−ixp̂|y〉 = |x + y〉. Then, if we use this result on
the integrals over y, y′, we obtain∫ ∞

−∞

∫ ∞
−∞

d y d y′eip(y−y
′)eiImα1(Reα1−

√
2(x+y))eiImα2(Reα2−

√
2y) × (B.9)

δ(x+ y′ − x− y +
√

2Reα1)δ(y′ − y +
√

2Reα2) =
∫ ∞
−∞

d ye−i
√

2y(Imα1+Imα2)

ei
√

2(pReα2−xImα1)ei(Imα1Reα1+Imα2Reα2)δ(
√

2Reα1 −
√

2Reα2) = 2π ×
ei
√

2(pReα2−xImα1)ei(Imα1Reα1+Imα2Reα2)δ(
√

2Reα1 −
√

2Reα2)δ(
√

2Imα1 +
√

2Imα2).

Notice that we get an extra factor of 1
2 coming from Dirac deltas, since δ(kx) =

δ(x)/|k|. Basically, the Dirac delta functions we obtain imply that α2 = ᾱ1. Then,
going back to the reduced state,

trTA
[
ρinT ⊗ ρABΠ(x, p)TA

]
= 1
π3

∫
d2 α1

∫
d2 α2

∫
d2 α3χ

in
T (α1)χAB(α2, α3)×

D̂B(−α3)ei
√

2(pReα2−xImα1)ei(Imα1Reα1+Imα2Reα2)δ(
√

2Reα1 −
√

2Reα2)×

δ(
√

2Imα1 +
√

2Imα2) = 1
2π3

∫
d2 α1

∫
d2 α3χ

in
T (α1)χAB(ᾱ1, α3)D̂B(−α3)×

ei
√

2(pReα1−xImα1). (B.10)

Let us explicitly compute the product of the characteristic functions,

χinT (α1)χAB(ᾱ1, α3) = exp
{
− 1

4
[
~αᵀ

1Ωᵀ (12 + σzΣAσz) Ω~α1 − ~αᵀ
1ΩᵀσzεABΩ~α3

− ~αᵀ
3ΩᵀεᵀABσzΩ~α1 + ~αᵀ

3ΩᵀΣBΩ~α3
]
− i~αᵀ

1Ω~α0

]
}, (B.11)

knowing that ~α2 = σz~α1, Ωσz = −σzΩ and ΩᵀΩ = 12. Here, we have identified
~αᵀ
i =
√

2
(
Reαi Imαi

)
=
(
xi pi

)
. Notice that this will mean that d2 αi = 1

2 dxi d pi
Furthermore, we write

ei
√

2(pReα1−xImα1) = ei~α
ᵀ
1 Ω~ξ (B.12)

with ~ξᵀ =
(
x p

)
. Joining everything together, we obtain

χinT (α1)χAB(ᾱ1, α3)ei
√

2(pReα1−xImα1) = exp
{
− 1

4

[
~αᵀ

1Ωᵀ(12 + σzΣAσz)Ω~α1

−~αᵀ
1ΩᵀσzεABΩ~α3 − ~αᵀ

3ΩᵀεᵀABσzΩ~α1 + ~αᵀ
3ΩᵀΣBΩ~α3

]
− i~αᵀ

1Ω(~α0 − ~ξ)
}
.(B.13)
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Since ~αᵀ
1ΩᵀσzεABΩ~α3 = ~αᵀ

3ΩᵀεᵀABσzΩ~α1, we can simplify things by

χinT (α1)χAB(ᾱ1, α3)ei
√

2(pReα1−xImα1) = exp
{
− 1

4
[
~αᵀ

1Ωᵀ(12 + σzΣAσz)Ω~α1

+~αᵀ
3ΩᵀΣBΩ~α3

]
+ ~αᵀ

1Ωᵀ

[
1
2σzεABΩ~α3 + i(~α0 − ~ξ)

]}
. (B.14)

We then define M = 1
2Ωᵀ(12 + σzΣAσz)Ω and ~J = 1

2ΩᵀσzεABΩ~α3 + iΩᵀ(~α0 − ~ξ),
and proceed to solve the integral over α1,∫

d2 α1χ
in
T (α1)χAB(ᾱ1, α3)ei

√
2(pReα1−xImα1)

=
∫

d2 α1e
− 1

2 ~α
ᵀ
1M~α1+~αᵀ

1
~Je−

1
4 ~α

ᵀ
3 ΩᵀΣBΩ~α3 = π√

detM
e

1
2
~JᵀM−1 ~Je−

1
4 ~α

ᵀ
3 ΩᵀΣBΩ~α3 .

Then, we write the reduced state for Bob as

σB(x, p) = 1
2π2P (x, p)

√
detM

∫
d2 α3e

1
2
~JᵀM−1 ~Je−

1
4 ~α

ᵀ
3 ΩᵀΣBΩ~α3D̂B(−α3). (B.15)

We compute the normalization by using tr
[
D̂(α)

]
= πδ(α), such that

P (x, p) = 1
2π
√

detM
e−

1
2 (~α0−~ξ)ᵀM−1(~α0−~ξ). (B.16)

After Bob performs a displacement on his reduced state depending on the outcome
of the homodyne measurement Alice performed, given by ξ, the outcoming state is

ρoutB =
∫ ∞
−∞

dx
∫ ∞
−∞

d pP (x, p)D̂B(ξ)σB(x, p)D̂B(−ξ). (B.17)

We use the fact that

D̂B(ξ)D̂B(−α3)D̂B(−ξ) = eα3ξ̄−ᾱ3ξD̂B(−α3), (B.18)

and we write

ρoutB = 1
2π2
√

detM

∫ ∞
−∞

dx
∫ ∞
−∞

d p
∫

d2 α3e
1
2
~JᵀM−1 ~Je−

1
4 ~α

ᵀ
3 ΩᵀΣBΩ~α3e−i~α

ᵀ
3 Ω~ξD̂B(−α3).

(B.19)
Here, we can identify the characteristic function associated to ρoutB as

χoutB (α3) = 1
2π
√

detM

∫ ∞
−∞

dx
∫ ∞
−∞

d pe 1
2
~JᵀM−1 ~Je−

1
4 ~α

ᵀ
3 ΩᵀΣBΩ~α3e−i~α

ᵀ
3 Ω~ξ, (B.20)

and hence we can attempt to solve this integral. First, we will combine the exponen-
tials

1
2
~JᵀM−1 ~J − 1

4~α
ᵀ
3ΩᵀΣBΩ~α3 − i~αᵀ

3Ω~ξ = (B.21)
1
2
~GᵀM−1 ~G− 1

4~α
ᵀ
3ΩᵀΣBΩ~α3 −

1
2
~ξᵀΩM−1Ωᵀ~ξ + i(M−1 ~G− ~α3)ᵀΩ~ξ,
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where we have defined ~G = 1
2ΩᵀσzεABΩ~α3 + iΩᵀ~α0, and integrate over ξ∫ ∞

−∞
dx
∫ ∞
−∞

d pe− 1
2
~ξᵀΩM−1Ωᵀ~ξ+i(M−1 ~G−~α3)ᵀΩ~ξ = (B.22)

2π√
detM−1

e−
1
2 (M−1 ~G−~α3)ᵀΩᵀ(ΩM−1Ωᵀ)−1Ω(M−1 ~G−~α3).

where we have used the fact that det(ΩMΩᵀ) = detM . Knowing that (ΩMΩᵀ)−1 =
ΩM−1Ωᵀ, we write

χoutB (α3) = e
1
2
~GᵀM−1 ~Ge−

1
4 ~α

ᵀ
3 ΩᵀΣBΩ~α3e−

1
2 (M−1 ~G−~α3)ᵀM(M−1 ~G−~α3), (B.23)

which simplifies to

χoutB (α3) = e−
1
4 ~α

ᵀ
3 Ωᵀ(12+σzΣAσz+ΣB−σzεAB−εᵀABσz)Ω~α3−i~αᵀ

3 Ω~α0 . (B.24)

Finally, the average fidelity of the teleportation protocol is computed as

F̄ = tr
[
ρinρout

]
= 1
π2

∫
d2 α3 d2 βχin(β)χout(α3) tr

[
D̂(−β)D̂(−α3)

]
, (B.25)

and by using tr
[
D̂(−β)D̂(−α3)

]
= πδ(α3 + β), we arrive at

F̄ = tr
[
ρinρout

]
= 1
π

∫
d2 βχin(−β)χout(β). (B.26)

Introducing the characteristic functions, we obtain

F̄ = 1
π

∫
d2 βe−

1
4
~βᵀ12~β+i~βᵀΩ~α0e−

1
4
~βᵀΩᵀ(12+σzΣAσz+ΣB−σzεAB−εᵀABσz)Ω~β−i~βᵀΩ~α0 .

(B.27)
Eventually, the average fidelity is given by

F̄ = 1
π

∫
d2 βe−

1
2
~βᵀΩᵀ[12+ 1

2 (σzΣAσz+ΣB−σzεAB−εᵀABσz)]Ω~β (B.28)

= 1√
det
[
12 + 1

2 (σzΣAσz + ΣB − σzεAB − εᵀABσz)
] .

B.1.1 Heuristic photon subtraction

In this case, we can start from the reduced state that Bob has after Alice has per-
formed the homodyne measurements,

σB(x, p) = 1
P (x, p) trTA

[
ρinT ⊗ ρABΠ(x, p)TA

]
(B.29)

= 1
2π3

∫
d2 α1

∫
d2 α3χ

in
T (α1)χAB(ᾱ1, α3)D̂B(−α3)ei~α

ᵀ
1 Ω~ξ,
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where the characteristic functions are again

χinT (α1)χAB(ᾱ1, α3) = exp
{
− 1

4
[
~αᵀ

1Ωᵀ (12 + σzΣAσz) Ω~α1 − ~αᵀ
1ΩᵀσzεABΩ~α3

− ~αᵀ
3ΩᵀεᵀABσzΩ~α1 + ~αᵀ

3ΩᵀΣBΩ~α3
]
− i~αᵀ

1Ω~α0

]
}, (B.30)

The one for the coherent state we attempt to teleport will not change, while the
photon subtraction process modifies the one for the bipartite Gaussian state as

χAB(ᾱ1, α3)→ N

[
∂2
x1

+ ∂2
p1

+ x2
1

4 + p2
1
4 + x1∂x1 + p1∂p1 + 1

]
×[

∂2
x3

+ ∂2
p3

+ x2
3

4 + p2
3
4 + x3∂x3 + p3∂p3 + 1

]
χAB(ᾱ1, α3). (B.31)

Notice that we are applying photon subtraction to the characteristic function χAB(ᾱ1, α3)
in which we have already applied “half” Homodyne detection, simply because when
integrating over y and y′ of the position basis in which the POVM is expressed, we
get a Dirac delta which sets α2 = ᾱ1, and thus ~α2 = σz~α1. Then, we can apply
photon subtraction on χAB(α2, α3), where the complex variable α1 is reserved for
the coherent state that Alice wants to teleport, and then compute the integral over
α2 with the delta functions. Alternatively, we can directly apply photon subtraction
on χAB(ᾱ1, α3), which is what we do here. Both procedures should in the end be
equivalent.

Assume that, after applying the derivatives we obtain something that can be
written as

N
[(
mB + ~αᵀ

3MB~α3 + ~αᵀ
1MBC~α3 + ~αᵀ

1σzMCσz~α1
)(
mA + ~αᵀ

1MA~α1

+~αᵀ
1MAC~α3 + ~αᵀ

3MC~α3
)

+mC + ~αᵀ
1MACΩᵀεABσzΩ~α1 + 2~αᵀ

3MC (12 − ΩᵀΣBΩ) ~α3

+~αᵀ
1 [MAC (12 − ΩᵀΣBΩ) + ΩᵀσzεABΩMC ] ~α3

]
χAB(ᾱ1, α3), (B.32)

where we have defined

mA = 1− 1
2 tr ΣA,

mB = 1− 1
2 tr ΣB ,

mC = 1
2 tr (εᵀABεAB) , (B.33)

MA = 1
4
(
12 − 2ΩᵀσzΣAσzΩ + ΩᵀσzΣ2

AσzΩ
)
,
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MB = 1
4
(
12 − 2ΩᵀΣBΩ + ΩᵀΣ2

BΩ
)
,

MC = 1
4ΩᵀεᵀABεABΩ, (B.34)

MAC = 1
2 (ΩᵀσzεABΩ− ΩᵀσzACΩ) ,

MBC = 1
2 (ΩᵀσzεABΩ− ΩᵀσzCBΩ) .

Notice that all matrices are symmetric, except forMAC andMBC . The normalization
constant is given by N−1 = mAmB +mC .

Let’s start integrating over α1. Recall that

χinT (α1)χAB(ᾱ1, α3)ei
√

2(pReα1−xImα1) = e−
1
2 ~α

ᵀ
1X~α1+~αᵀ

1
~J , (B.35)

where we defined X = 1
2Ωᵀ(12 + σzΣAσz)Ω and ~J = 1

2ΩᵀσzεABΩ~α3 + iΩᵀ(~α0 − ~ξ).
First, we integrate the free terms

∫
d2 α1

[
mAmB +mC + ~αᵀ

3 (mAMB + (2 +mB)MC) ~α3 (B.36)

+ (~αᵀ
3MB~α3) (~αᵀ

3MC~α3)
]
e−

1
2 ~α

ᵀ
1X~α1+~αᵀ

1
~J = π√

detX

[
mAmB +mC

+~αᵀ
3 (mAMB + (2 +mBMC)) ~α3 + (~αᵀ

3MB~α3) (~αᵀ
3MC~α3)

]
e

1
2
~JᵀX−1 ~J .

We continue with the terms

∫
d2 α1

[
~αᵀ

1 (mAMBC + (1 +mB)MAC) ~α3 + (~αᵀ
3MB~α3) (~αᵀ

1MAC~α3)

+ (~αᵀ
1MBC~α3) (~αᵀ

3MC~α3)
]
e−

1
2 ~α

ᵀ
1X~α1+~αᵀ

1
~J

= π

2
√

detX

[
~JᵀX−1(mAMBC + (1 +mBMAC))~α3

+~αᵀ
3(mAMBC + (1 +mBMAC))ᵀX−1 ~J

+ (~αᵀ
3MB~α3) ( ~JᵀX−1MAC~α3 + ~αᵀ

3M
ᵀ
ACX

−1 ~J)

+( ~JᵀX−1MBC~α3 + ~αᵀ
3M

ᵀ
BCX

−1 ~J) (~αᵀ
3MC~α3)

]
e

1
2
~JᵀX−1 ~J . (B.37)
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Also, we integrate the first order terms∫
d2 α1

[
~αᵀ

1 (mAσzMCσz +mBMA) ~α1 + (~αᵀ
3MB~α3) (~αᵀ

1MA~α1)

+ (~αᵀ
1σzMCσz~α1) (~αᵀ

3MC~α3)
]
e−

1
2 ~α

ᵀ
1X~α1+~αᵀ

1
~J

= π√
detX

[
tr
[
X−1 (mAσzMCσz +mBMA)

]
+ ~JᵀWX,mAσzMCσz+mBMA

~J

+ (~αᵀ
3MB~α3)

[
tr
(
X−1MA

)
~JᵀWX,MA

~J
]

+
[
tr
(
X−1σzMCσz

)
+ ~JᵀWX,σzMCσz

~J
]

(~αᵀ
3MC~α3)

]
e

1
2
~JᵀX−1 ~J . (B.38)

Now, it is time to integrate the second order terms,∫
d2 α1 (~αᵀ

1MBC~α3) (~αᵀ
1MAC~α3) e− 1

2 ~α
ᵀ
1X~α1+~αᵀ

1
~J = (B.39)

π

2
√

detX

[
~αᵀ

3M
ᵀ
BCX

−1MAC~α3 + ~αᵀ
3M

ᵀ
ACX

−1MBC~α
ᵀ
3

+1
2

(
~αᵀ

3M
ᵀ
BCX

−1 ~Jᵀ + ~JᵀX−1MBC~α3

)
×(

~αᵀ
3M

ᵀ
ACX

−1 ~J + ~JᵀX−1MAC~α3

) ]
e

1
2
~JᵀX−1 ~J , (B.40)

and also ∫
d2 α1 (~αᵀ

1σzMCσz~α1) (~αᵀ
1MA~α1) e− 1

2 ~α
ᵀ
1X~α1+~αᵀ

1
~J =

π√
detX

[
3 tr
(
X−1MA

)
tr
(
X−1σzMCσz

)
− 2

detX tr(ΩᵀσzMCσzΩMA)

+ ~JᵀWX,MA
~J ~JᵀWX,σzMCσz

~J + ~Jᵀ

(
3WX,MA

tr
(
X−1σzMCσz

)
+3WX,σzMCσz tr

(
X−1MA

)
−2X−1

detX tr(ΩᵀσzMCσzΩMA)
)
~J

]
e

1
2
~JᵀX−1 ~J . (B.41)

Finally, we integrate the second order cross terms,∫
d2 α1 [(~αᵀ

1σzMCσz~α1) (~αᵀ
1MAC~α3) + (~αᵀ

1MBC~α3) (~αᵀ
1MA~α1)] e− 1

2 ~α
ᵀ
1X~α1+~αᵀ

1
~J

= π√
detX

[
~αᵀ

3M
ᵀ
ACWX,σzMCσz

~J + ~JᵀWX,σzMCσzMAC~α3

+~αᵀ
3M

ᵀ
BCWX,MA

~J + ~JᵀWX,MA
MBC~α3 (B.42)

+1
2

(
tr
(
X−1σzMCσz

)
+ ~JᵀWX,σzMCσz

~J
)(

~αᵀ
3M

ᵀ
ACX

−1 ~J + ~JᵀX−1MAC~α3

)
+1

2

(
tr
(
X−1MA

)
+ ~JᵀWX,MA

~J
)(

~αᵀ
3M

ᵀ
BCX

−1 ~J + ~JᵀX−1MBC~α3

) ]
e

1
2
~JᵀX−1 ~J .
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In order to simplify things, from now on we will consider that the matrices MAC and
MBC are symmetric, which implies that we assume [ΣA, εAB ] = 0 and [ΣB , εAB ] = 0.

Summing together all the terms resulting from the integral, we obtain

πe
1
2
~JᵀX−1 ~J

√
detX

{
mAmB +mC + ~αᵀ

3 [mAMB + (2 +mBMC)] ~α3

~JᵀX−1[mAMBC + (1 +mBMAC)]~α3 + (~αᵀ
3MB~α3) ~JᵀX−1MAC~α3

+ ~JᵀX−1MBC~α3 (~αᵀ
3MC~α3) + tr

[
X−1 (mAσzMCσz +mBMA)

]
+ ~JᵀWX,mAσzMCσz+mBMA

~J + (~αᵀ
3MB~α3)

[
tr
(
X−1MA

)
~JᵀWX,MA

~J
]

+
[
tr
(
X−1σzMCσz

)
~JᵀWX,σzMCσz

~J
]

(~αᵀ
3MC~α3) + ~αᵀ

3MBCX
−1MAC~α3

+
(
~JᵀX−1MBC~α3

)(
~JᵀX−1MAC~α3

)
+ 3 tr

(
X−1MA

)
tr
(
X−1σzMCσz

)
− 2

detX tr(ΩᵀσzMCσzΩMA) + ~JᵀWX,MA
~J ~JᵀWX,σzMCσz

~J

+ ~Jᵀ
(

3WX,MA
tr
(
X−1σzMCσz

)
+ 3WX,σzMCσz tr

(
X−1MA

)
−2X−1

detX tr(ΩᵀσzMCσzΩMA)
)
~J + 2 ~JᵀWX,σzMCσzMAC~α3 + 2 ~JᵀWX,MA

MBC~α3

+
[
tr
(
X−1σzMCσz

)
+ ~JᵀWX,σzMCσz

~J
] (

~JᵀX−1MAC~α3

)
(B.43)

+ (~αᵀ
3MB~α3) (~αᵀ

3MC~α3) +
[
tr
(
X−1MA

)
+ ~JᵀWX,MA

~J
] (

~JᵀX−1MBC~α3

)}

We can regroup these terms by their dependence on α3 and J ,

H0 = mAmB +mC + tr
[
X−1 (mAσzMCσz +mBMA)

]
+ 3 tr

(
X−1MA

)
tr
(
X−1σzMCσz

)
− 2

detX tr
(
ΩσzMCσzΩTMA

)
,

+ ~αᵀ
3
[
mAMB + (2 +mBMC) +MBCX

−1MAC

]
~α3

+ (~αᵀ
3MB~α3) (~αᵀ

3MC~α3) , (B.44)

~Jᵀ ~H1 = ~JᵀX−1
[
mAMBC + (1 +mBMAC) +MAC tr

(
X−1σzMCσz

)
+ MBC tr

(
X−1MA

)]
~α3 + 2 ~Jᵀ(WX,σzMCσzMAC +WX,MA

MBC)~α3

+ (~αᵀ
3MB~α3) ~JᵀX−1MAC~α3 + ~JᵀX−1MBC~α3 (~αᵀ

3MC~α3) , (B.45)

163



B. STEP-BY-STEP QUANTUM TELEPORTATION

~JᵀH2 ~J = ~Jᵀ
[
WX,mAσzMCσz+mBMA

+ 3WX,MA
tr
(
X−1σzMCσz

)
+ 3WX,σzMCσz tr

(
X−1MA

)
− 2X−1

detX tr(ΩᵀσzMCσzΩMA)
]
~J

+ (~αᵀ
3MB~α3)

[
tr
(
X−1MA

)
~JᵀWX,MA

~J
]

+
[
tr
(
X−1σzMCσz

)
~JᵀWX,σzMCσz

~J
]

(~αᵀ
3MC~α3) , (B.46)

~Jᵀ ~H3 ~J
ᵀ ~K3 =

(
~JᵀX−1MBC~α3

)(
~JᵀX−1MAC~α3

)
,

H4 =
(
~JᵀWX,MA

~J
)(

~JᵀWX,σzMCσz
~J
)
,

H5 =
(
~JᵀWX,σzMCσz

~J
)(

~Jᵀ ~K3

)
+
(
~JᵀWX,MA

~J
)(

~Jᵀ ~H3

)
.

Now, we must integrate over all possible results from the Homodyne detection pro-
cess, x and p. Instead, we will integrate over Jx and Jp, such that dxd p = d Jx d Jp.
Let us begin by integrating H0,∫

d Jx d JpH0e
1
2
~JᵀX−1 ~J− ~Jᵀ~α3 = 2π√

detX−1
e−

1
2 ~α

ᵀ
3X~α3H0 (B.47)

and continue with∫
d Jx d Jp ~Jᵀ ~H1e

1
2
~JᵀX−1 ~J− ~Jᵀ~α3 = 2π√

detX−1
e−

1
2 ~α

ᵀ
3X~α3 ~Hᵀ

1X~α3. (B.48)

Then, we compute the integral∫
d Jx d Jp ~JᵀH2 ~Je

1
2
~JᵀX−1 ~J− ~Jᵀ~α3 =

2π√
detX−1

e−
1
2 ~α

ᵀ
3X~α3

[
− tr (XH2) + ~αᵀ

3WX−1,H2~α3
]
. (B.49)

together with ∫
d Jx d Jp ~Jᵀ ~H3 ~J

ᵀ ~K3e
1
2
~JᵀX−1 ~J− ~Jᵀ~α3 =

2π√
detX−1

e−
1
2 ~α

ᵀ
3X~α3

[
− ~Hᵀ

3X
~K3 +

(
~αᵀ

3X
~H3

)(
~αᵀ

3X
~K3

)]
, (B.50)

followed by∫
d Jx d Jp ~JᵀWX,MA

~J ~JᵀWX,σzMCσz
~Je

1
2
~JᵀX−1 ~J− ~Jᵀ~α3 = 2π√

detX−1
e−

1
2 ~α

ᵀ
3X~α3 ×[

3 tr (XWX,MA
) tr (XWX,σzMCσz )−

2
detX−1 tr (ΩᵀWX,σzMCσzΩWX,MA

)

+~αᵀ
3WX−1,WX,MA

~α3~α
ᵀ
3WX−1,WX,σzMCσz

~α3 − ~αᵀ
3

(
3WX−1,WX,MA

tr (XWX,σzMCσz )

+3WX−1,WX,σzMCσz
tr (XWX,MA

)− 2X
detX−1 tr (ΩᵀWX,σzMCσzΩWX,MA

)
)
~α3

]
.
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Finally, we compute∫
d Jx d Jp

[(
~JᵀWX,σzMCσz

~J
)(

~Jᵀ ~K3

)
+
(
~JᵀWX,MA

~J
)(

~Jᵀ ~H3

)]
×

e
1
2
~JᵀX−1 ~J− ~Jᵀ~α3 = 2π√

detX−1
e−

1
2 ~α

ᵀ
3X~α3

{
− 2 ~Kᵀ

3WX−1,WX,σzMCσz
~α3

+
[
− tr (XWX,σzMCσz ) + ~αᵀ

3WX−1,WX,σzMCσz
~α3

]
~Kᵀ

3X~α3 (B.51)

−2 ~Hᵀ
3WX−1,WX,MA

~α3 +
[
− tr (XWX,MA

) + ~αᵀ
3WX−1,WX,MA

~α3

]
~Hᵀ

3X~α3

}
.

Putting everything together, we find that

χoutB (α3) = e−
1
4 ~α

ᵀ
3 Ωᵀ(12+σzΣAσz+ΣB−σzεAB−εTABσz)Ω~α3−i~αᵀ

3 Ω~α0

mAmB +mC
×{

[mB + ~αᵀ
3 (MB +MBC + σzMCσz) ~α3] [mA + ~αᵀ

3 (MA +MAC +MC) ~α3]

mC + ~αᵀ
3 (2MC +MAC) Ωᵀ (12 + εABσz − ΣB) Ω~α3

}
, (B.52)

which is exactly the result of applying the differential operators of photon subtraction
to the characteristic function, but changing α1 → α3. Then, we can define

E0 = mAmB +mC ,

E1 = mA (MB + σzMCσz +MBC) +mB (MA +MC +MAC)
+ (2MC +MAC) Ωᵀ (12 + σzεAB − ΣB) Ω (B.53)

EA2 = MC +MAC +MA,

EB2 = MB +MBC + σzMCσz,

and write a shorter formula, in order to integrate

F̄ = 1
π

∫
d2 βe−

1
4
~βᵀΩᵀΓΩ~β 1

E0

(
E0 + ~βᵀE1~β + ~βᵀEA2

~β~βᵀEB2
~β
)

= 1
E0
√

det Γ

[
E0 + tr

(
ΩΓ−1ΩTE1

)
+ 3 tr

(
ΩΓ−1ΩTEA2

)
tr
(
ΩΓ−1ΩTEB2

)
− 2

det Γ tr
(
ΩEA2 ΩTEB2

) ]
. (B.54)

B.1.2 Probabilistic photon subtraction (beam splitters & photocounters)

Assume two parties want to perform quantum teleportation using a shared bipartite
gaussian entangled resource with covariance matrix

ΣAB =
(

ΣA εAB
εᵀAB ΣB

)
, (B.55)
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where ΣA, ΣB , and εAB are 2 × 2 symmetric matrices. In order to improve the
entanglement of this resource, we want to perform entanglement distillation through a
photon subtraction procedure. This implies sending both modes of the state through
low-reflectivity beam splitters, where they become mixed with two ancillary modes
C and D, both vacuum states. The global covariance matrix is then given by

ΣACBD =


ΣA 0 εAB 0
0 12 0 0
εᵀAB 0 ΣB 0

0 0 0 12

 , (B.56)

and after combining modes A with C, and B with D by identical beam splitter with
reflectivity 1− τ this matrix becomes

B̂σACBDB̂
† =

(
Σ′A ε′AB
ε′ᵀAB Σ′B

)
, (B.57)

where we have identified

Σ′A =
(

τΣA + (1− τ)12 (12 − ΣA)
√
τ(1− τ)

(12 − ΣA)
√
τ(1− τ) (1− τ)ΣA + τ12

)
,

Σ′B =
(

τΣB + (1− τ)12 (12 − ΣB)
√
τ(1− τ)

(12 − ΣB)
√
τ(1− τ) (1− τ)ΣB + τ12

)
, (B.58)

ε′AB =
(

τεAB −εAB
√
τ(1− τ)

−εAB
√
τ(1− τ) (1− τ)εAB

)
.

Knowing the covariance matrix of the state, we can use it to construct the charac-
teristic function, and express

ρABCD = 1
π4

∫
d2 α1

∫
d2 α2

∫
d2 β1

∫
d2 β2χABCD(α1, α2, β1, β2)×

D̂A(−α1)D̂B(−α2)D̂C(−β1)D̂D(−β2). (B.59)

Now, in order to perform photon subtraction, we need to measure a given number of
photons in the reflected arm of each beam splitter. We are interested in two-photon
subtraction, in the particular case in which a single photon is reflected on each beam
splitter. Then, we need to project the state into the subspace that describes this
outcome,

〈1, 1|ρABCD|1, 1〉CD = 1
π4

∫
d2 α1

∫
d2 α2

∫
d2 β1

∫
d2 β2χABCD(α1, α2, β1, β2)

D̂A(−α1)D̂B(−α2)〈1|D̂C(−β1)|1〉C〈1|D̂D(−β2)|1〉D. (B.60)

In order to compute this, we need to know that

〈m|D̂(α)|n〉 = e−|α|
2/2
√
m!
n!

n∑
k=0

(
n
k

)
θ(m− k)α

m−k(−ᾱ)n−k

(m− k)! , (B.61)
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which for the special case n = m = 1 leaves

〈1|D̂(−α)|1〉 = e−|α|
2/2(1− |α|2). (B.62)

Remember that, since we had defined ~α =
√

2
(
Reα Imα

)
=
(
xα pα

)
, we can write

1− |α|2 = 1−
(
Re2α+ Im2α

)
= 1− 1

2
(
xα pα

)(xα
pα

)
= 1− 1

2~α
ᵀ12~α (B.63)

We consider writing the characteristic function as

χABCD(α1, α2, β1, β2)e− 1
2 |β1|2e−

1
2 |β2|2 = (B.64)

exp
[
− 1

2
~βᵀ

1XA
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)
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τ
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]
,

where we have defined

XA = 1
2Ωᵀ [(1− τ)ΣA + (1 + τ)12] Ω,

XB = 1
2Ωᵀ [(1− τ)ΣB + (1 + τ)12] Ω,

~JA = 1
2
√
τ(1− τ)Ωᵀ

[
(ΣA − 12)Ω~αT1 + εABΩ~α2

]
, (B.65)

~JB = 1
2
√
τ(1− τ)Ωᵀ [εABΩ~α1 + (ΣB − 12)Ω~α2] ,

H = −1
2(1− τ)ΩᵀεABΩ.

Now we can integrate over the ancillary modes. We will start with mode C,∫
d2 β1

(
1− 1

2
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1 12~β1
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2
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2H)X−1
A ( ~JA+H~β2),

and then integrate over mode D. Let’s do this step by step; first, we define

Y = XB −HX−1
A H,

~K = ~JB +HX−1
A

~JA. (B.67)

and integrate the free terms,
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~JA

√
detXA

[
1− 1

2 tr
(
X−1
A

)
− 1

2
~Jᵀ
AWXA,12

~JA

] ∫
d2 β2

(
1− 1

2
~βᵀ

2 12~β2

)
×

e−
1
2
~βᵀ

2 Y
~β2+~βᵀ

2
~K = π2

√
detXA detY

e
1
2
~Jᵀ
A
X−1
A

~JA+ 1
2
~KᵀY −1 ~K ×[

1− 1
2 tr

(
X−1
A

)
− 1

2
~Jᵀ
AWXA,12

~JA

] [
1− 1

2 trY −1 − 1
2
~KᵀWY,12

~K

]
. (B.68)
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We continue with the integral

πe
1
2
~Jᵀ
A
X−1
A

~JA

√
detXA

∫
d2 β2

(
1− 1

2
~βᵀ

2 12~β2

)
~βᵀ

2HWXA,12
~JAe
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2
~βᵀ

2 Y
~β2+~βᵀ

2
~K

= π2
√

detXA detY
e

1
2
~Jᵀ
A
X−1
A

~JA+ 1
2
~KᵀY −1 ~K

{
− ~Jᵀ

AWXA,12HWY,12
~K

~Jᵀ
AWXA,12HY

−1 ~K

[
1− 1

2 trY −1 − 1
2
~KᵀWY,12

~K

]}
, (B.69)

and finally compute

πe
1
2
~Jᵀ
A
X−1
A

~JA

√
detXA

∫
d2 β2

(
1− 1

2
~βᵀ

2 12~β2

)
~βᵀ

2HWXA,12H
~β2e
− 1

2
~βᵀ

2 Y
~β2+~βᵀ

2
~K

= π2
√

detXA detY
e

1
2
~Jᵀ
A
X−1
A

~JA+ 1
2
~KᵀY −1 ~K

{
− tr (WY,12HWXA12H)[

tr
(
Y −1HWXA12H

)
+ ~KᵀWY,HWXA12H

~K
] [

1− 1
2 trY −1 − 1

2
~KᵀWY,12

~K

]
− ~Kᵀ

[
WY,12 tr

(
Y −1HWXA12H

)
+ Y −1 tr (WY,12HWXA12H)

−ΩᵀHWXA12HΩ
detY trY −1

]
~K. (B.70)

Now, putting everything together, we can write the final result as

π2
√

detXA detY
e

1
2
~Jᵀ
A
X−1
A

~JA+ 1
2
~KᵀY −1 ~K

{(
1− 1

2 trY −1 − 1
2
~KᵀWY,12

~K

)
×(

1− 1
2 trX−1
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1
2
~Jᵀ
AWXA,12
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AWXA,12HY
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(
Y −1HWXA,12H

)
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2
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~K
)

+ ~Jᵀ
AWXA,12HWY,12

~K + 1
2 tr (WY,12HWXA,12H)

+1
2
~Kᵀ
[
WY,12 tr

(
Y −1HWXA,12H

)
+ Y −1 tr (WY,12HWXA,12H)

−ΩᵀHWXA,12HΩ
detY trY −1] ~K}. (B.71)

Let’s expand the terms in α1 and α2, since we will need to integrate them later on.
In order to keep the expressions as short as possible, let us write

~Kᵀ = ~αᵀ
1ΩK1 + ~αᵀ

2ΩK2,

~Jᵀ
A = ~αᵀ

1ΩJ1 + ~αᵀ
2ΩJ2, (B.72)
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where we have defined

K1 = 1
2
√
τ(1− τ)

[
εABΩᵀ + (ΣA − 12)ΩᵀX−1

A H
]
,

K2 = 1
2
√
τ(1− τ)

[
(ΣB − 12)Ωᵀ + εABΩᵀX−1

A H
]
, (B.73)

J1 = 1
2
√
τ(1− τ)(ΣA − 12)Ωᵀ,

J2 = 1
2
√
τ(1− τ)εABΩᵀ.

Furthermore, we also define

m1 = 1− 1
2 trY −1,

m2 = 1− 1
2 trX−1

A −
1
2 tr

(
Y −1HWXA,12H

)
,
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ᵀ
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+K1WY,HWXA,12H
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2
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Ωᵀ,
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R12 = 1
2Ω
[
J1WXA,12HWY,12K
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2 +K1WY,12HWXA,12J

ᵀ
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+ 2K1

(
WY,12 tr
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)
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detY trY −1
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2

]
Ωᵀ. (B.75)

Then, we can rewrite the previous result as

π2
√

detXA detY
e

1
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ᵀ
1 Ωᵀ(J1X

−1
A
Jᵀ

1 +K1Y
−1Kᵀ
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e
1
2 ~α

ᵀ
2 Ωᵀ(J2X

−1
A
Jᵀ

2 +K2Y
−1Kᵀ

2 )Ω~α2+~αᵀ
1 Ωᵀ(J1X

−1
A
Jᵀ

2 +K1Y
−1Kᵀ

2 )Ω~α2 ×[
(m1 + ~αᵀ

1P1~α1 + ~αᵀ
2P2~α2 + ~αᵀ

1P12~α2) (m2 + ~αᵀ
1Q1~α1 + ~αᵀ

2Q2~α2 + ~αᵀ
1Q12~α2)

+m3 + ~αᵀ
1R1~α1 + ~αᵀ

2R2~α2 + ~αᵀ
1R12~α2

]
. (B.76)

If we recover the exponentials remaining in the characteristic function, and introduce
the normalization factor N , we can write the characteristic function of the remaining
resource as

χ
(−1,−1)
AB (α1, α2) = Ne−

1
4 [~αᵀ

1 ΩᵀΣ̃AΩ~α1+~αᵀ
2 ΩᵀΣ̃BΩ~α2+2~αᵀ

1 Ωᵀε̃ABΩ~α2]
√

detXA detY
×[

(m1 + ~αᵀ
1P1~α1 + ~αᵀ

2P2~α2 + ~αᵀ
1P12~α2) (m2 + ~αᵀ

1Q1~α1 + ~αᵀ
2Q2~α2 + ~αᵀ

1Q12~α2)

+m3 + ~αᵀ
1R1~α1 + ~αᵀ

2R2~α2 + ~αᵀ
1R12~α2

]
. (B.77)

where we have defined

Σ̃A = τΣA + (1− τ)12 − 2
(
J1X

−1
A Jᵀ

1 +K1Y
−1Kᵀ

1
)
,

Σ̃B = τΣB + (1− τ)12 − 2
(
J2X

−1
A Jᵀ

2 +K2Y
−1Kᵀ

2
)
, (B.78)

ε̃AB = τεAB − 2
(
J1X

−1
A Jᵀ

2 +K1Y
−1Kᵀ

2
)
.

The normalization constant is given by

N =
√

detXA detY
m1m2 +m3

, (B.79)

such that the success probability of this protocol can be computed as P = 1/N .
Remember from the previous case that after applying Homodyne detection we get
~α1 → σz~α1, and after integrating over α1 and over ξ, the factors in front of the
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integral are transformed only by α1 → α2. This means that we eventually obtain

χ
(−1,−1)
B (α2) = Ne−

1
4 ~α

ᵀ
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√
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2 (ZQ1σz +Q2 + ZQ12) ~α2]

+m3 + ~αᵀ
2 (ZR1σz +R2 + ZR12) ~α2

}
. (B.80)

and when the product of this with the characteristic function is integrated to obtain
the average fidelity, we obtain

F̄ = 1√
det Γ̃

{
1 + 1

m1m2 +m3

[
m1 tr
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ΩΓ̃−1ΩT (ZQ1σz +Q2 + ZQ12)

]
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]
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]
+ tr
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]
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]
+ 2 tr
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. (B.81)

Here, we have defined Γ̃ = 12 + 1
2
(
σzΣ̃Aσz + Σ̃B − σz ε̃AB − ε̃ᵀABσz

)
.
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C Step-by-step entanglement
swapping

Consider the case in which we have two entangled states, shared by three parties
pairwise. That is, between Alice and Charlie, and between Charlie and Bob. Consider
that these states are gaussian, with covariance matrices

ΣAB =
(

ΣA εAB
εTAB ΣB

)
, ΣCD =

(
ΣC εCD
εTCD ΣD

)
, (C.1)

and null displacement vectors, meaning that we can write the characteristic function
of, for example, the first one as

χAB(α1, α2) = exp
[
−1

4~α
ᵀ
1ΩᵀΣAΩ~α1 −

1
4~α

ᵀ
2ΩᵀΣBΩ~α2 −

1
2~α

ᵀ
1ΩᵀεABΩ~α2

]
. (C.2)

With this, we can express the density matrix of the state as

ρAB = 1
π2

∫
d2 α1 d2 α2χAB(α1, α2)D̂A(−α1)D̂B(−α2). (C.3)

Now, entanglement swapping is a technique which allows to convert two pairwise
entangled states into a single one between initially unconnected parties. By making
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measurements in a maximally-entangled basis, Charlie is able to transform the en-
tangled resources he shares with Alice and Bob into a single entangled state shared
by Alice and Bob. In CV, these measurements are described by Homodyne detection,
and its effect on the state is computed as we have done before,

trBC [ρAB ⊗ ρCDΠ(x, p)BC ] = 1
π4

∫
d2 α1

∫
d2 α2

∫
d2 β1

∫
d2 β2 ×

χAB(α1, α2)χCD(β1, β2)D̂A(−α1)D̂D(−β2)ei
√

2(pReβ1−xImα2) ×
ei(Imα2Reα2+Imβ1Reβ1)δ(

√
2Reα2 −

√
2Reβ1)δ(

√
2Imα2 +

√
2Imβ1)

= 1
2π4

∫
d2 α1

∫
d2 β2

∫
d2 α2χABCD(α1, α2, ᾱ2, β2)D̂A(−α1)D̂D(−β2)×

ei
√

2(pReα2−xImα2). (C.4)

We can rewrite the characteristic function as

χAB(α1, α2)χCD(ᾱ2, β2) = exp
[
− 1

4~α
ᵀ
1ΩᵀΣAΩ~α1 −

1
4~α

ᵀ
2ΩᵀΣBΩ~α2 (C.5)
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2ΩᵀσzΣCσzΩ~α2 −

1
4
~βᵀ

2 ΩᵀΣDΩ~β2 + 1
2~α

ᵀ
2ΩᵀσzεCDΩ~β2

]
.

knowing that, since β1 = ᾱ2, ~β1 = σz~α2, with Ωσz = −σzΩ and ΩᵀΩ = 12. Here, we
have identified ~αᵀ

i =
√

2
(
Reαi Imαi

)
=
(
xi pi

)
. Notice that this will mean that

d2 αi = 1
2 dxi d pi Furthermore, we write

ei
√

2(pReα2−xImα2) = ei~α
ᵀ
2 Ω~ξ (C.6)

with ~ξᵀ =
(
x p

)
. Joining everything together, we can express

χAB(α1, α2)χCD(ᾱ2, β2)ei
√

2(pReα2−xImα2) =

exp
[
− 1

4~α
ᵀ
1ΩᵀΣAΩ~α1 −

1
4
~βᵀ

2 ΩᵀΣDΩ~β2 + i~αᵀ
2Ω~ξ
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4~α

ᵀ
2Ωᵀ (ΣB + σzΣCσz) Ω~α2 + 1

2~α
ᵀ
2Ωᵀ(σzεCDΩ~β2 − εABΩ~α1)

]
. (C.7)

and we can define

X = 1
2Ωᵀ (ΣB + σzΣCσz) Ω,

~J = iΩ~ξ + 1
2Ωᵀ(σzεCDΩ~β2 − εABΩ~α1). (C.8)

We will integrate first over α2,∫
d2 α2e

− 1
2 ~α

ᵀ
2X~α2+~αᵀ

2
~J = π√

detX
e

1
2
~JᵀX−1 ~J . (C.9)
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After Homodyne detection, need to apply a displacement to the remaining modes,
proportional to the result of the measurement. This amounts to computing

D̂(ξ)D̂(−α)D̂(−ξ) = eαξ̄−ᾱξD̂(−α) = e−i~α
ᵀΩ~ξD̂(−α). (C.10)

Now, we can identify the resulting state, conditional on the measurement results x
and p. The covariance matrix of the resulting state is characterized by

Σcond
A = ΣA − εᵀAB (ΣB + σzΣCσz)−1

εAB ,

Σcond
D = ΣD − εᵀCDσz (ΣB + σzΣCσz)−1

σzεCD, (C.11)
εcondAD = εᵀAB (ΣB + σzΣCσz)−1

σzεCD,

where the residual exponents can be grouped into ef(ξ)+g(ξ2), such that

f(ξ) = i

2
~ξᵀΩᵀX−1Ωᵀ(σzεCDΩ~β2 − εABΩ~α1),

g(ξ2) = −1
2
~ξᵀΩX−1Ωᵀ~ξ. (C.12)

Now we are in position to integrate over all possible results from the Homodyne
measurement, which is equivalent to integrating over ~ξ. By a simple change of vari-
ables, we introduce −iΩ~ξ = ~G− ~J , and we integrate over ~J , such that

π√
detX

∫
d Jx d Jpe

1
2
~JᵀX−1 ~J−(~αᵀ

1 +~βᵀ
2 ) ~Je(~α
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2π2e−
1
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1 +~βᵀ
2 )X(~α1+~β2)e(~α

ᵀ
1 +~βᵀ

2 )~G. (C.13)

We can combine all the exponents remaining, and group them to obtain

−1
4~α

ᵀ
1ΩᵀΣAΩ~α1 −

1
4
~βᵀ

2 ΩᵀΣDΩ~β2 −
1
2

(
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2

)
X
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~α1 + ~β2

)
+
(
~αᵀ

1 + ~βᵀ
2

)
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= −1
4~α

ᵀ
1Ωᵀ [ΣA + 2ΩᵀXΩ + 2εAB ] Ω~α1 −

1
4
~βᵀ

2 Ωᵀ [ΣD + 2ΩᵀXΩ− 2σzεCD] Ω~β2

−1
2~α

ᵀ
1Ωᵀ [2ΩᵀXΩ + εAB − σzεCD] Ω~β2. (C.14)

We write the resulting state after measurement and displacements as

ρESAD = 1
π2

∫
d2 α d2 βχesAD(α, β)D̂A(−α)D̂D(−α), (C.15)

and identify the previous exponents as the components of the covariance matrix
associated to the remaining state,

ΣES
AD =

(
Σ̃A ε̃AD
ε̃TAD Σ̃D

)
, (C.16)

175



C. STEP-BY-STEP ENTANGLEMENT SWAPPING

as follows

Σ̃A = ΣA + ΣB + σzΣCσz + 2εAB ,
Σ̃D = ΣD + ΣB + σzΣCσz − 2σzεCD, (C.17)
ε̃AD = ΣB + σzΣCσz + εAB − σzεCD.
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