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1. Introduction

A metric space is suitable for those interested in analysis, mathematical physics, or
applied sciences. Thus, various extensions of metric spaces have been studied, and several
results related to the existence of fixed points were obtained (see [1-3]).

In 2014, Ma et al. introduced C*-algebra-valued metric spaces [4], and in 2015, they
introduced the concept of C*-algebra-valued b-metric spaces and studied some results in
this space [5]. In addition, Razavi and Masiha investigated some common principles in
C*-algebra-valued b-metric spaces [6].

Recently, Sedghi et al. defined the concept of an S-metric space [7]. Additionally, Ege
and Alaca introduced the concept of C*-algebra-valued S-metric spaces [8].

Inspired by the work of Souayah and Mlaiki in [9], we introduced the C*-algebra-
valued Sj-metric space in [10]. In this paper, we study some common fixed-point principles
in this space. We also investigate the existence and uniqueness of the result for one type of
integral equation.

2. Preliminaries

This section provides a short introduction to some realities about the theory of
C* algebras [11]. First, suppose that A is a unital C* algebra with the unit 1 4. Set
A, ={te A t = t*}. The element t € A is said to be positive, and we write
t = 04 if and only if t = +* and o (t) C [0, c0), in which 0 4 in A is the zero element and the
spectrum of f is o (t).

On Aj, we can find a natural partial ordering given by u < vif and only if v — u > 0 4.
We denote with A, and A’ thesetsof {t € A : t =04} and {t € A :tk=kt, Vk € A},
respectively.

In 2015, Ma et al. [5] introduced the notion of C*-algebra-valued b-metric spaces
as follows:

Definition 1. Let X' be a nonempty set and A be a C* algebra. Suppose that k € A’ such that
||k|| > 1. A function §, : X x X — A is called a C*-algebra-valued b metric on X if for all
u,v,t € A, the following apply:
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(1) 6y(u,v) = 04 for every u and v in X, and 8,(u,v) = 0 if and only if u = v;
(2)  Oy(u,v) = 5(v,u);
(3) Op(u,v) < k[oy(u,t) + 6,(t,v)].

Therefore, (X, A, dy) is a C*-algebra-valued b-metric space (in short, a C*-AV-BM space) with
a coefficient k.

In 2015, Kalaivani et al. [12] presented the notion of a C*-algebra-valued S-metric space:

Definition 2. Assume that X is a nonempty set and A is a C* algebra. A function o : X x X' x
X — Ais called a C*-algebra-valued S metric on X if forall u,v,t,a € X, the following apply:

(1) o(uo,t) =04
(2) o(u,v,t) =0ifand only if u = v =t;
3) o(u,v,t) 2o(u,u,a)+o(v,v,a)+0(tta).

Then, (X, A, o) is a C*-algebra-valued S-metric space (in short, a C*-AV-SM space).
In fact, in 2016, Souayah et al. [9] presented the notion of an S,-metric space:

Definition 3. Assume that X is a nonempty set and s > 1 is a given number. A function
Yp: X XX x X — [0,00) is an S, metric on X if for every u,v,t,a € X, the following apply:
(1) yp(u,v,t) =0ifandonlyifu =v =t;

(2) ’Yb(u/ v, t) = S['Yb(u/ u, a) + fyb(vl v, {1) + 7b(t/ t, a)]

Then, (X,yy) is called an Sy-metric space (in short, an S,M space) with a coefficient s.
Definition 4. An Sy-metric vy is called symmetric if
Yo(u,u,v) = vp(v,0,u), Yu,ve X.

Razavi and Masiha [10] introduced the notion of a C*-algebra-valued Sj-metric space
as follows:

Definition 5. Assume that X is a nonempty set and k € A’ such that ||k|| > 1. A function
0p: X X X x X = Ais called a C*-algebra-valued Sy, metric on X if for every u,v,t,a € X, the
following apply:

(1) op(u,v,t) =0y

(2) op(u,v,t) =0ifand only ifu =v =t;

(3) op(u,v,t) < kloy(u,u,a) + o,(v,v,a) + op(t, t,a)].

Then, (X, A, 0y) is called a C*-algebra-valued Sy,-metric space (in short, a C*-AV-S,M space)
with a coefficient k.

Definition 6. A C*AV-S5,M o, is symmetric if
op(u,u,v) = op(v,0,u), Yu,v € X.
Under the above definitions, we give an example in a C*-AV-5,M space:

Example 1. Let X = Rand A = My(R) be all 2 x 2 matrices with the usual operations of
addition, scalar multiplication, and matrix multiplication. It is clear that

2 1
1Al = (X lag*)2

ij=1
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defines a norm on A, where A = (a;;) € A. * : A — A defines an involution on A and where
A* = A. Then, Aisa C* algebra. For A = (a;;) and B = (b;;) in A, a partial order on A can be
given as follows:

A<B<& (aij—bi]‘) <0 Vi,jz 1,2

Let (X, d) be a b-metric space where, ||k|| > 1and o, : X x X x X — My(R), fulfilling

op(u,0,t) = [d(“/v) +d(v,t) +d(u,t) 0 ]

0 d(u,v) +d(v,t)+d(u,t)

Then, this is a C*-AV-S,M space. Now, we check condition (3) of Definition 5:

_ [(00) +d(218) +d(1) 0

(u,0,t) = { d(u,v)+d(v,t)+d(”/t)]
L m(gz,a)}”[zd(g'a) i) 0 aathn)
:k[z{d(b(l),a) d(;)/ﬂ)]Jrz{d(zga) d(ia)]Jrz{d(téa) d(ga)]]

= klop(u,u,a) + o,(v,0,a) + oy (£, t,a)]
Thus, forall u,v,t,a € X, (X, A, 0y) is a C*-AV-S,M space.

3. Definitions and Basic Properties

We define some concepts in a C*-AV-5,M space and present some lemmas which will
be needed in the follow-up:

Definition 7. Let (X, A, 0y,) be a C*-AV-S,M space and {u, } be a sequence in X:

(1) If ||op(ttn, tn, u)|| — O, where n — oo, then {uy,} converges to u, and we present it with
limy, oo Uy = U.

(2) Ifforall p € N, |0y (tnsp, tingp, tn)|| — O, where n — oo, then {uy} is a Cauchy sequence
in X.

(3)  If every Cauchy sequence is convergent in X, then (X, A, 0y) is a complete C*~AV-S,M space.

Definition 8. Suppose that (X, A,0p) and (X, A1, 04,) are C*-AV-SyM spaces, and let
f: (X, A 0) = (X1, A, 00,) be a function. Then, f is continuous at a point u € X if, for every
sequence, {un} in X, oy (tn, tn,u) — 04, (n — o0) implies oy, (f (un), f(1n), f(u)) — 04,
where n — oo. A function f is continuous at X if and only if it is continuous at all u € X.

The next lemmas will be used tacitly in the follow-up:

Lemma 1 ([13]). Suppose that A is a unital C* algebra with a unit 1 4:

1) If{u,}?  C Aand limy e uy = 04, then for any u € A, limy_co 4™ uyu = 0 4.
2) Ifuve Ayandt € A, then u < v yields tu < tv, in which A, = Ay N A’

3)  Ifu€ Ay with ||u]| < 3, then 1,4 — u is invertible, and ||ju(14 —u) || < 1.

4)  Ifu,v € Ay such that uv = vu, then uv = 04.

Lemma 2. Let (X, A, 0y) be a symmetric C*-AV-SyM space and {u, } be a sequence in X. If
{un} converges to u and v, then u = v.
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Proof. Letlim;,, , u; = u and lim,_« #;; = v. Under condition (3) of Definitions 5 and 6,
we have

oy (1, u,0) < kloy(u, u,uy) + op(u, u,uy), 0, (0,0, ty)]
= k[op (tn, un, u) + 0 (thp, thy, u) + 03 (Up, tin, V)]
= 2koy, (uy, tty, u) + ko, (uy, tty, 0)
— 04, (n — o).

as ||op(u,u,v)|| =0ifand only if u =ov. O

Due to the following definition, we extend the concept of compatible mappings of
Jungck [14] to C*-algebra-valued metric spaces:

Definition 9. Let (X, A, 0},) be a C*-AV-S,M space. A pair {4, ¢} is called compatible if and only
if oy (Y@un, Youy, ppuy,) — 04 whenever {uy} is a sequence in X such that limy, e Pu, =
limy, 00 QU = u for some u € X.

Definition 10. A point u € X is a coincidence point of  and ¢ if and only if yu = @u. Herein,
t = pu = @u is a point of coincidence of P and . If p and ¢ commute at all of their coincidence
points, then they are weakly compatible, but the converse is not true.

If mappings T and S are compatible, then they are weakly compatible in metric spaces.
Provided that the converse is not true [15], the same holds for the C*-algebra-valued
Sp-metric spaces:

Theorem 1. If mappings ¢ and ¢ on the C*-AV-S,M space (X, A, 0y,) are compatible, then they
are weakly compatible.

Proof. Let pu = ¢u for some u € X. It suffices to present that you = ¢ypu. By setting
uy = u forall n € N, then limy 00 P11, = limy 0 @uy. Since P and @ are compatible, we
achieve limy,co 03 (Y Qun, PPuy,, ppu,) — 04 as n — oo; that s, ||oy (Y@un, Pu,, ppuy)||
— 0, where n — oco. Hence, 03 (Y @uy,, pouy,, pipu,) = 04, which means pou = gypu. O

The subsequent lemma can be seen in [15]:

Lemma 3 ([15]). Let ¢ and ¢ be weakly compatible mappings of a set X. If ¢ and ¢ have a unique
point of coincidence, then it is the unique common fixed point (FP) of ¢ and ¢.

4. Main Results

Here, we present an extension of the common principles for the mappings which
applies to variant contractive conditions in complete symmetric C*-valued S,-metric spaces:

Theorem 2. Suppose that (X, A,0p) is a a complete symmetric C*AV-S,M space and
P, @ X — X satisfies
oy (Yu, Ypu, pv) < a*oy(u,u,v)a, 1)

forallu,v € X, where a € A in which ||a|| < 1. Hence, { and ¢ have a unique common FP in X.
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Proof. Suppose that 1y € X and {u,} is a sequence in X’ such that up, 1 = Puzy, Usyi2 =
@Up,41. From Equation (1), we have

Op(U2n2, U2n12, Uzn 1) = Op(QUL 11, Pl 41, PU2n)
= a* oy (Ugpg1, Uopsr, Uon)a

=< (a*)zﬁb(uzn, Uy, u2n_1)(11)2

2n+10.

= (a%) p (11, u1,ug) ()"

4

By remembering the property where if t, k € Aj, then t < k yields u*tu < u*ku, we
see the following for each n € N:

Ty (U1, Uony1, tan) = (a*) oy (uq, uy, up) (a)*".

Similarly, we have

Oy (Unt1, Ung1, Un) = (%) op (11, u1,u0)(a)".

Let 0y, (111, u1,u9) = By for some By € A.. For any p € N, we achieve

T (Un-+p, Unp, Un) = b0y (Untp, tinp, unﬂ,,l) + 0 (tn+p, Un+p, uner*l)
+ 03 (U, U, Uy p—1)]
= Zb‘fb(un+p/ Untp, un+p—1) + boy (tn, tn, ”n+p—1)
= 2b0 (Un-+p, Un-+p, Untp—1) + b0, (Un+p—1, Untp—1,Un)
= Zb‘Tb(un+pr Un+p, ”n+p71)
+ szab(”n—&-p—l/ Un+p-1, un+p72)

2
+b Ub(un+p72/ Un+p—2, Up)

= 2b0y (Untp, Un-tp, Un+p—1)

+ szo'b(un+p—1f U p—1, Untp-2)

+ 2b30'b (Un+p—2' Un+p—2, Mn+p—3)

+ - 4+ 2bP 0y (U1, Upa1, Un)

=< 2b(a*)" P oy (uq, uq, ug) (a)" TP
+ 267 (a*)" P20y (uy, g, ug) ()P
+26% ()" P30y, (uq, 1y, 1)

+ - 4267 (a*)" 0 (ug, ug, up) (a)"

a

(a)
(a)n+p73
)
p—1
<2 Y V(@) oy () ()P
k=1
p—1
=2y b(a")" P By ()P
k=1

. syn+p—kpk 3 1k n+p—k
:21{2((51 ) b2BZ)(BZb2a )
=1
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=l k 1k
<2 Y (Babbamtr Ry (Blbt ek
k=1

p—1 1
<2y ||B3bza" P71,
k=1

1 bl
<2[[BZ |12 Y [|al|P" P70 |b][F1 4
k=1

[b]]7 o] 20+
<2l|Bgl|————————1
< 201Boll ey = a4

— 0 (n — o0),

in which 1 4 is the unit element in .A.

As {u, }? ; is a Cauchy sequence in X, and & is complete, there exists u € & such
that limy,_e0 Uy, = 1.

By using condition (3) of Definitions 5 and 6 as well as Equation (1), we have

op(u, u, ou) = bloy(u,u, uzy 1) + 03 (U, U, Uzp 1) + 0 (U211, o1, PU)]
= 2boy (u, 1, un11) + boy (Uan 41, Uzn 11, PU)
= 2b0y (U211, tant1, 1) + boy (Puon, Yuo, eu)
= 2b0y (U1, Uong1, U) + ba* oy (Uy, un, u)a
— 04 (n — 00).

Hence, pu = u. Again, we note that
04 = op(pu, Yu,u) = oy (Pu, Yu, pu) = a*op(u,u,u)a =0y,

In other words, o, (u, pu, u) = 04, and hence Pu = u.

For the uniqueness of the common FP in X, let there be another point v € X" such that
v = @v = v. From Equation (1), we achieve

04 = op(u,u,v) = op(Pu, Pu, Ppov) < a*oy(u,u,v)a
which, together with ||a|| < 1, yields that

0 = flow(u,u, 0)|| = [[a*y (u, u,v)all
= {la*[[low (u, u, 0)][|]a]]
= [lal[*lloy (u, u, )|
= [low(u, u,0)]|

Thus, ||y (4, u,v)|| = 0 and 03 (1, u, v) = 04, which gives u = v. Hence, i and ¢ have
a unique common FP in X. [

With the proof of Theorem 2, the relevant results are as follows:

Corollary 1. Assume that (X, A, o) is a complete symmetric C*-AV-S,M space, and suppose
that ¢, ¢ : X — X represent two mappings such that

[|ow (pu, yu, go) =X [|al||y (u, u,0)]],

forallu,v € X, wherea € Aand ||a|| < 1. Then,  and ¢ have a unique common FP in X.
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Corollary 2. Assume that (X, A, 0y) is a complete symmetric C*-AV-SyM space and the mapping
P X — X satisfies
op (" u, " u, P"v) < a*oy(u,u,v)a,

forallu,v € X, in whicha € Aand ||a|| < 1, and m and n are fixed positive integers. Thus, ¢
has a unique FP in X.

Proof. Set ¢ = ¢ and ¢ = ¢" in Equation (1). The result is obtained using Theorem 2. [J
Remark 1. By substituting = ¢ into Equation (1), we have

oy (Yu, Ypu, Yv) < a*oy(u,u,v)a,

forallu,v € X, wherea € Aand ||a|| < 1. Thus, we conclude the next corollary.

Corollary 3. Suppose that (X, A, 0y,) is a complete symmetric C*-AV-S,M space and the mapping
P X — X satisfies
oy (Yu, Ypu, Yo) < a*oy(u,u,v)a,

forallu,v € X, wherea € Aand ||a|| < 1. Then, ¢ has a unique FP in X.

Theorem 3. Suppose that (X, A,0p) is a complete symmetric C*-AV-S,M space and 1,
¢ X — X satisfies

oy (Ypu, Ypu, Ypv) < a*oy(u,u,v)a, )
forallu,v € X, wherea € Aand ||a|| < 1. If R(y), contained in R(¢) and R(¢p), is complete

in X, then P and ¢ have a unique point of coincidence in X . Additionally, if ¢ and ¢ are weakly
compatible, then  and ¢ have a unique common FP in X

Proof. Suppose that uy € X is arbitrary. Choose u; € X such that ¢u; = ¢uy. This is
correct because R(¢) C R(¢). Let up € X such that gup = ¢u;. In the same way, we obtain
a sequence {u,}? ; in X satisfying gu, = yu,_1. Therefore, with Equation (2), we have

O (QUn 1, PUni1, PUin) = Op(Pthn, Plin, Pri, 1)
= a* oy (@i, Uy, Pi,_1)a

= (a")" oy (u1, pua, guo)(a)”,

which shows that {¢u,,}%° ; is a Cauchy sequence in R(¢). Since R(¢) is complete in X,
there exists g € & such that lim, .« gu, = ¢q, and thus

Oy (@tin, un, q) = 0p(Pry_1, Ptiy_1,9q)
< a*oy(Quy_1, puy_1, ¢q)a,

From lim,, ;e ¢u, = ¢q and Lemma 1, we obtain a*oy,(@u,_1, pu,_1, ¢q)a — 04 as
n — oo, and then limy, 0o ¢u,; = 1Pg. Lemma 2 yields that g = 1g. If there is an element w
in X' such that yw = gw, then Equation (2) yields

oo (9q, 9q, pw) = 03 (Yq, ¥q, Yw) = a*oy(@q, pq, pw)a,

In the same way as in Theorem 2, we obtain ¢q = ¢w because

0 < |loy(pq, pq, ew)|| < |lal|*||o(@q, ¢q, pw)||
= |lov(9q, 99, pw)|| = 0 = 03,(pq, ¢q, pw) = 04 = ¢q = pw.
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Hence, § and ¢ have a unique point of coincidence in &'. Through Lemma 3, we
conclude that i and ¢ have a unique common FP in X. O

Theorem 4. Assume that (X, A,0y) is a complete symmetric C*-AV-S,M space and 1,
¢ X — X satisfies

oy (u, pu, Yo) < aoy (pu, u, u) + acy, (Yo, Yo, ¢ov), ®)

forallu,v € X, wherea € A'_and ||a|| < L. If R(y), contained in R(p) and R(¢), is complete
in X, then ¢ and ¢ have a unique point of coincidence in X. In addition, if ¢ and ¢ are weakly
compatible, then y and ¢ have a unique common FP in X.

Proof. Asin Theorem 3, we select {u,}5_; in X and set gu, = {u,_1. Therefore, through
Equation (3), we have

Ub(¢un+1, PUni1, ¢Mn) = Ub(ll)”nr lpun/ 1P”n—1)
=< acy (Pun, Yu, puy) + acy(Yu, 1, Puy_1, Puy_1)
= a0y (PUp+1, Plni1, Plin) + A0, (PUn, Plin, Piy—1)

Thus, we obtain

(1 —a)op(Quns1, Putny1, Pun) = acy (P, Piin, Piiy—1)

Since ||a|| < 1, then 1 — a is invertible, and (1 —a) ! = ¥5°, a” which, together with
ae€ A, yields (1 —a)~'a € A/,. Lemma 1’s condition (2) leads to

Op(QUn 1, PUni1, Plin) = oy (PUn, Plin, PUy_1), 4)

where t = (1 —a)~la € A/, and ||t|| < 1. Now, by induction and the use of Lemma 1's
condition (2), we obtain

Op(QUn 1, PUni1, PUin) = "oy (@ur, Quy, puo).

Foreachm >1,p > 1,and b € A’ where ||b|| > 1, we have

O (Pm+p, PUm-+p, PUim) = b[0y(QUmMtp, PUm+p, q’”m+p—1)
+ b (@Um-+p, Pl p, Pl p—1)
+ b (PUmtp—1, Pl p—1, PUm)]
= 2b0b(¢”m+p' PUm-+p, q’”m+p—1)
+ 0 (PUmtp—1, Pt p—1, Plim)
= 2b‘7b(§0”m+p/ PUm+p, Gouerpfl)
+ sz‘fb((l’”m-l-p—l/ PlUm+p-1, ¢um+p72)

+ D204 (Uit p—2) Pt p—2, Plhm)

= Zb‘fb(ﬁouerp/ PUm+p, Goum-i-p—l)

+ 2b2‘7b(§"”m+p—1, Pl p—1, Pt p—2)
+ 2b3‘7b(§9”m+p72f PlUm+p—2, ¢um+p73)
+ -+ 20P 03 (QUiy 1, U1, Plm)
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< 26" P Ly (Quy, iy, gup)
+ 202" P20y (puy, uq, Qup)
+ 23" P30y, (puy, uq, gup)
+ -+ 20P " 0y (un, puy, pup)
= 2b#" P 1By 4 2024 P 2,
+ 2b3tm+p7330 + .-+ 2bPt" By
=2 i vremtr=kp,
k=1

m+p—kb§ ‘2

Poo1
=2) |Bit
k=1

p

< 21Bol| Y 1Bl FJEl1™ 71,
k=1
o]+

< 2||Bg|| ———————

= 201Boll = 4

— 0, (m — o0),

where By = 03, (guy, puy, ug). Hence, {pu,}, is a Cauchy sequence in R(¢). Since
R(¢) is complete, there exists 4 € X such that lim, . @u, = ¢q. Again, according to
Equation (4), we have

Oy (@un, pun, q) = o, (Yuy—1, Yuy—1,9Pq) = top(Puy—1, Pun_1, ¢q)

This implies that lim, e ¢@u,; = 1Ppg. Under Lemma 2, g = ¢q. Therefore, ¢ and ¢
have a point of coincidence in X'. Here, we prove the uniqueness of points of coincidence.
For this, let there be p € X such that p = ¢p. By applying Equation (3), we have

ov(op, op, ¢q) = 0u(Yp, p, Pq) = acy,(Yp, Pp, ¢p) + acy (g, ¥q, ¢q),

This implies that | |0, (¢p, ¢p, ¢q)|| = 0, and thus ¢p = ¢q. Therefore, under Lemma 3,
¢ and ¢ have a unique common FPin X. [

Theorem 5. Assume that (X, A, 0y) is a complete symmetric C*-AV-S,M space and 1,
¢ X — X satisfies

oy (Yu, Yu, Yo) = aoy(Yu, Yu, pv) + acy(eu, pu, o), ©)

for every u,v € X, in whicha € A, and ||ab|| < %. If R(y), contained in R(p) and R(gp), is
complete in X, then 1 and ¢ have a unique point of coincidence in X. Additionally, if ¢ and ¢ are
weakly compatible, then  and ¢ have a unique common FP in X.

[e9)

Proof. Asin Theorem 3, we select {u,}? ,

Equation (5), we have

in X and set ¢u, = Yu,_1. Therefore, under

T (PUn11, PUni1, Plin) = O (Yikn, Yiin, Piiy_1)

= a0y (Yuun, Piun, Piiy—1) + a0y (@tin, Puin, Puin—_1)

a0, (PUn+1, PUni1, Pn—1) + a0y (@lin, Plin, PUin)
ab[20y (Qun 11, PUnt1, Plin) + 0p(Plin, Py, Piiy—1)]
= 2aboy (Quy 11, Plhny1, PUin) + aboy(PUin, Py, Pty 1)

A

PN
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Thus, we obtain

(1 —2ab)oy,(puuni1, PUni1, Pun) = aboy(Pun, Plin, PUiy_1),

Therefore, we have

T (PUnt1, Pilns1, Putn) = (1 —2ab) " aboy(Qun, Piin, puiy_1),

and consequently

Oy (QUnt1, Pllyi1, PUn) = 10, (PUn, Uiy, PUy_1),

where t = (1 —2ab)~tab € A, and ||t|| < 1.

Similar to the process in Theorem 4, we find that ¢ and ¢ have a point of coincidence
Yq in X. Here, we prove the uniqueness of the points of coincidence. For this, let there be
p € X such that pp = ¢p. By applying Equation (5), we obtain

op(@p, op, 9q) = o (Pp, ¥p, ¥q)
= aoy(Yp, Pp, 9q9) + acy(@p, ep, Pq)
= aoy(9p, ¢p, 9q) + acy(9p, 9p, 99),

In other words, we have

o (ep, op, q) = (1 —a) 'aoy(¢p, p, 9q).

Since ||(1 — a)~'a|| < 1, this implies that ||o} (pp, ¢p, ¢q)|| = 0, and thus ¢p = @q.
Therefore, Lemma 3 implies that ¢ and ¢ have a unique common FP in X'. O

If we choose ¢ = idy in Theorem 5, then we obtain R(¢) = &, and ¢ is weakly
compatible with ¢. We also have the following result:

Corollary 4. Suppose that (X, A,0p) is a complete symmetric C*-AV-S,M space and
P X — X satisfies

oy (pu, Yu, po) X aoy(pu, Yu,v) + acy (Yo, Yo, u),

forallu,v € X, wherea € A', and ||ab|| < %. Hence, y has a unique FP in X.

5. Application in Integral Equations

Let us use the following equations:

llx(m) = /S(Tl(m' n,x(n))dn+J(m), m € & ©
x(m) = /g(Tz(m,n,x(n))dn 4 J(m), me €

in which £ is a Lebesgue measurable set where m(€) < co.

In fact, we suppose that X = L% (&) presents the class of essentially bounded measur-
able functions on &, where £ is a Lebesgue measurable set such that m (&) < oo.

One may consider the functions 17, T, «, § to fulfill the following assumptions:

(i) T1,Tr:E& xE xR — Rare integrable. In addition, an integrable function « is from
ExEtoR20,and ] € L®(€).
(i) There exists £ € (0,1) such that

(Ty(m,n, x) = Ta(m,n,y)| < Lla(m,n)|lx -y,

form,n € £ and x,y € R.
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(i) sup,,ce [e la(m,n)|dn < 1.

Theorem 6. Let assumptions (i—iii) hold. Hence, the integral in Equation (6) has a unique common
solution in L®(&).

Proof. Suppose that X = L®(£) and B(L?(£)) is a set of bounded linear operators on a
Hilbert space L?(£). We equip X with the S, metric o, : X x X x X — B(L*(£)), which is
ascertained by

(&, B, ¥) = M(ja—a|+]p—)?~

where M(|,_q|+|g—|)» is the multiplication operator on L?(€) ascertained by
My () = ha; a € L2(E).

Therefore, (X, B(L%(£)),03) is a complete C*-AV-S,M space. We can describe the
self-mappings ¥, ® : X — X as follows:

Yx(m) :/ng(m,n,x(n))dn+](m),

@x(m) = [ To(m,m,x(n))dn+ J(m)
for each m € £. Therefore, we have
0p(Fx, ¥x, DY) = M(jwx—@y|+ [¥x—dy|)r-
We can obtain

llow (Fx, ¥x, Py)|| = sup (M(jyx—ay|+|vx—ay)r/h)

[[h]]=1
= sup (Mgyx—oy)rh h)
[[h][=1
= sup (2P My, gyrh, h)
[[h]]=1
= sup [ (2P[¥x — @y|P)h(t)h(t)dt
1H]|=1-€
<27 sup //|T1mnx — To(m,n,y(n))|]P |h(t)|?dt
[[h][=1
=<2 sup [ [ flatm,m) (x(n) — () ] (1) Pt
In]|=1-€ /€
<200 sup [[[ [ latm,n)lan? |h(0)Pde |~ yl &
Inj|=17€ 7€
< /lsup [ |a(m,n)|dn. sup \h( 1) [2de2P||x — y||%
me€JE [|h]|=1
<27 |x = yll&
= 2(x = y)|l%

= UMy x|
= [|al||ew(x, x,y)||

By setting @ = {1p(;2(¢)), thena € B(L?(€)) and ||a|| = ¢ < 1. Therefore, Corollary 1
implies the result. [
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