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Abstract

Procurement policies in commodity markets are crucial to the flour milling industry which
operates under a thin profit margin while facing various major uncertainties. This thesis explores
the optimal procurement policies of a firm-value-maximizing flour miller, under demand
volatilities and stochastic prices. It turns out that myopic base-stock policies are optimal.
Meanwhile, the value of downward substitution in commodity markets is also developed, and the
result shows that it depends on the convenience yield, the difference between the forward and
spot transportation costs, and the quality premium. According to the numerical results, the %
benefit of downward substitution exponentially increases with quality requirement uncertainty.
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Summary

Motivated by the flour milling industry, this thesis considers the procurement problem of a flour
miller who procures different types of wheat from upstream wheat providers and earns revenue
by trading a specific type of flour to the downstream industries (e.g. bakeries) and aims at
maximizing the firm value, while facing an uncertain business environment.

The flour miller procures different types of wheat, and convert it into specific types of flour to
sale. The milling process in general includes grinding and sifting which contain further detailed
technological processes (usually accompanied with weight loss during the process, prior wheat
blending or latter flour blending to achieve flour quality requirement from industrial customers.
The grinding process usually also produces by-product).

Though the revenue is considerable, the indeterminacy in the business environment faced by the
flour millers is impairing their profit: volatile wheat purchase price, uncertain wheat quality, and
not entirely fixed wheat supply amount and delivery date, from the upstream wheat suppliers;
uncertain flour demand and uncertain flour quality requirement from downstream customers,
together with uncertain conversion ratio during the flour producing processes, etc..

The miller can procure the wheat by forward contracts and on the spot market. Both markets
provide abundant amount of wheat in all types, but the spot market ensures immediate delivery
and the forward market delivers the wheat one period later. However, the transportation fee on
the spot market is higher than the forward market. Because under forward contracts, the logistics
provider clearly knows what type of wheat should be delivered from which wheat supplier to
which location on which future date, and in what amount, which enables advanced logistical
planning for the logistics provider; while on the spot market these information usually would not
be confirmed until the last minute, which as a result restrains any advanced logistical planning.

The sales of flour are based on pre-agreed sales contracts between the miller and the downstream
food industry. The customers denote their demand and quality requirement (e.g. particle size
index, dough volume and falling number) on the contracts which will be mature in one period
after signing. But these sales contracts do not possess legal power, so on the mature date the
customers can adjust their demand and quality requirement for their own benefits.

The thesis would explore the problem in a uncertainty-complexity increasing way. First, only
flour demand uncertainty would be taken into account, to explore the corresponding optimal
procurement policy. Even though the sales contracts are signed, the flour demand of the next
period is still random. So it is highly likely that the miller observes either wheat shortage or
excess one period later, when the wheat procured by forward contracts arrives and the real flour
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demand is observed. The miller would purchase the missing amount of wheat from the spot
market if wheat shortage happens, or hold the inventory into the next period if wheat turns out to
be excessive. No flour backlog is allowed.

Then except for the demand uncertainty, the quality requirement is also assumed to be uncertain.
The miller cannot observe the real quality requirement, until the mature dates of the sales
contracts. Every type of wheat has its own constant quality characteristics, thus a certain flour
quality requirement defines a certain wheat blending ratio.

Next, the thesis also considers the downward substitution problem. Downward substitution
means the miller can substitute the shortage of normal wheat with excessive good wheat (if there
is any), but not the other way around: After receiving the wheat purchased by forward and
observing the flour demand and quality requirement, the miller may face a situation in which the
good wheat is more than enough but the normal wheat is in a shortage. Except for procuring (all)
the missing amount of normal, the miller can choose to substitute with excessive good wheat.

In each case, the thesis models the decision making process of the miller as a stochastic dynamic
program, and every model has a multiple-period time scope. The multiple-period assumption is
more realistic to the flour miller instead of one period, because the decision in current period
would always be influenced by the one made in the previous period in the form of inventory or
backlog, and so is the decision next period by the current period. Moreover, the research results
of multiple-period case can also be applied to single-period one.

It turns out that the optimal procurement polices fall into the Newsvendor pattern, and the higher
the ratio of (extra expenses on the spot market compared with the forward market)/(the
difference between the forward market price plus expected holding cost and the expected
forward market price next period), the miller would utilize the forward market more, which is
more beneficial compared with the spot market. Another observation is that the convenience
yield would not always necessary show up in the optimal procurement policies in the commodity
markets, when the spot procurement does not face uncertainties.

The downward substitution value in the commodity markets depends on the convenience yield,
the difference between the forward and spot transportation costs, and the negative effects of
losing the quality premium. The stochastic price brings dynamic to the value of downward
substitution in the commodity markets, resulting in value increase or decrease. When the value is
positive, downward substitution would be beneficial; when the value becomes negative,
downward substitution should be avoided.
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In the simulation section, we simulated how the value of downward substitution would change
according to the blending ratio volatility, under a stochastic price process and different marginal
profits. According to the numerical experiment result, the % benefit of downward substitution
increases in a speeding up style along the rising of quality requirement uncertainty, and such a %
is higher for the case with lower marginal profit, on the same quality requirement uncertainty
level.
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1. Introduction

According to the European Flour Millers' association (2011), the European flour milling industry
represented a turnover of 15 billion euros per year, producing 35 million tons of flour annually;
IBISWorld (2012) pointed out that flour milling industry in U.S. would create 21 billion dollars
revenue annually, and the revenue was estimated to keep growing in the following five years.
Given the huge economic size of the flour milling industry, it is essential to optimize the
operating and hedging decisions of the millers.

Flour milling industry procures different types of wheat, and converts it into specific types of
flour to sale. The milling process in general includes grinding and sifting which contain further
detailed technological processes, usually accompanied with weight loss during the process. The
grinding process also produces by-products. Here is an example of the business scenario about
flour milling industry in Europe, based on the introduction of the European Flour Millers’
association (2012): the millers procure different types of wheat (e.g. common wheat, spelt wheat
and durum wheat etc., sometimes even other types of grains instead of wheat) from upstream
farms, merchants and grain stores or by import. EU flour millers produce up to 600 different
types of flour most of which can be classified into white, whole meal or brown category. The
millers convert the wheat into specific types of flour and sell it to downstream bakeries, retailers,
caterers or other food manufacturers, together with the by-product being sold to animal feed
companies usually. The flour would be consumed as bread or similar baked products (70% in
total), and also used in a great variety of other foods including biscuits, cakes, pies, pizzas,
coatings, confectionery etc.

Though the revenue is considerable, the indeterminacy in the business environment faced by the
flour millers is impairing their profit: uncertain demand, volatile wheat price, uncertain flour
quality requirement, besides (in some cases) uncertainties from wheat quality and milling
processes (e.g. how much weight would be lost) etc. For instance, Figure 1 depicts the
fluctuations of European commaodity prices (in euros per metric ton).
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Figure 1: milling wheat price fluctuations (Smale,2013)

Motivated by the flour milling industry, this thesis considers the problem of a flour miller who
procures different types of wheat from upstream wheat providers and earns revenue by trading a
specific type of flour to the downstream industries (e.g. bakeries) and aims at maximizing the
firm value, while facing an uncertain business environment similar to the one described generally
above .

The miller can procure the wheat by forward contracts and on the spot market. Both markets
provide abundant amount of wheat in all types, but the spot market ensures immediate delivery
and the forward market delivers the wheat one period later. As a result, the transportation fee on
the spot market is higher than the forward market, as discussed by Goel and Tanrisever (2011).

The sales of flour are based on pre-agreed sales contracts between the miller and the downstream
food industry. The customers denote their demand and quality requirement (e.g. particle size
index, dough volume and falling number mentioned by Hayta and Cakmakli (2001)) on the
contracts which will be mature in one period after signing. But these sales contracts do not
possess legal power, so on the maturity date the customers can adjust their demand and quality
requirement for their own benefits.

Clearly, the miller faces flour demand uncertainty. Even though the sales contracts are signed,
the flour demand of the next period is still random. So it is highly likely that the miller observes
either wheat shortage or excess one period later, when the wheat procured by forward contracts
arrives and the real flour demand is observed. The miller would purchase the missing amount of
wheat from the spot market if wheat shortage happens, or hold the inventory into the next period
if wheat turns out to be excessive. No flour backlog is allowed.



Except for the demand uncertainty, the quality requirement is also uncertain. The miller cannot
observe the real quality requirement, until the maturity dates of the sales contracts. Every type of
wheat has its own constant quality characteristics, thus a certain flour quality requirement defines
a certain wheat blending ratio.

The miller also faces a downward substitution problem. After receiving the wheat purchased by
forward contracts and observing the flour demand and quality requirement, the miller may face a
situation in which the good wheat is more than enough but the normal wheat is in shortage. The
miller can substitute the shortage of normal wheat with good wheat. But what is the value of
downward substitution, and what would be the best downward substitution policy?

The main purpose of this thesis is to explore the optimal procurement policy of the miller. The
miller examined in this thesis is an example of a broader class of integrated operational and
financial risks management problems, including firm-value-maximizing companies from textile
industry, food manufacturing industry, chemical reagent industry, dye industry and drug
manufacturing industry etc which need different primary inputs to generate a single type of
output while facing demand uncertainties.

The procurement prices in the wheat forward market and spot market are assumed to evolve
under a risk-neutral measure, and the flour sales price is based on the wheat spot price, in order
to eliminate arbitrary behaviors.

The thesis finds the optimal procurement policies for a flour miller who faces demand and
quality requirement uncertainties in commodity markets, as well as a downward substitution
problem, and then compares the results with the existing literatures. Meanwhile, the extra value
of downward substitution in the commodity markets is also explored in this thesis. It turns out
that the optimal procurement polices fall into the Newsvendor pattern. The value of downward
substitution in commodity markets depends on the convenience yield, the difference between the
forward and spot transportation costs, and the quality premium. According to the numerical
results, the % benefit of downward substitution exponentially increases with quality requirement
uncertainty.

The thesis proceeds as follows: In &, it reviews the relevant literatures and describes the

difference of this thesis generally. In 8, a basic case with only demand uncertainty is introduced

and explored. The quality requirement is deterministic, and downward substitution is not taken

into account. In 81, on the basis of the case in 8, the quality requirement uncertainty is taken

into account, and the optimal procurement policy is developed for this new case. In &, based on
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the case in 8!, the downward substitution problem comes into the scope, and the optimal
procurement policy together with the optimal substitution policy are developed. The extra value
brought by downward substitution in commodity markets is also examined in this case. In &, a
stochastic price simulation model is explained, and then we simulate how the value of downward
substitution changes according to the blending ratio volatility, under a stochastic price process
and different marginal profits. Section 7 contains the concluding remarks.



2. Literature Review

There are three streams of literature relevant to the research in this thesis: a) optimal commodity
procurement portfolio of contracts including forward and spot; b) downward substitution in
supply chain management; c) quality requirement uncertainty.

Recently, a growing body of literature considers forward contracting in commodity procurement
(since they can help to mitigate price and demand risks), along with spot market. Wu and
Kleindorfer (2005) build an one-period model of a market which has multiple sellers and one
buyer who trades by options, forward and on spot market while being risk neutral, to explore the
optimal contracting and spot transactions portfolios for them. Dong and Liu (2007) check the
determination of an equilibrium forward contract on a non-storable commodity, between two
firms in an one-period model. They find that the forward contract would affect inventory policies
because of its hedging effect. In a related research, Seifert et al. (2004) consider the benefits of
applying spot market in procurement in single period models, compared with exclusive
utilization of forward contracts. Their results indicate that significant profit improvements can be
achieved when a moderate fraction of commodity is procured on the spot markets. In addition,
they point it out that spot markets can offer a higher expected service level to companies, but
they may bring a higher variability.

Yi and Scheller-Wolf (2003) study a multi-period inventory management problem of a buyer
who faces random demand. Their objective was to minimize the total expected replenishment
costs. They assume commodities can be procured by forward contracts with known price and on
the spot market with random price. Based on a new closure property of K-convexity, they figure
that optimal inventory decisions have a structure similar to the classic (s, S) policy. Mart mez-de-
Albéiz and Simchi-Levi (2005) solve the optimal supply contracts portfolio (including spot
market) problem of a buyer (manufacturer) who can procure by forward contracts, options and
from the spot market, based on the “flexibility-price trade-off” of the potential procurement
choices. They model the problem in a multi-period environment, assuming supply contracts, spot
market costs and inventory holding costs to be convex. They find that the optimal replenishment
policy follows a modified base-stock policy for every option. They also figure that the contract
selection problem is a concave maximization problem for which they provide closed-form
solution for the single period version. However, as pointed out by Haks¢ and Seshadri (2007),
this paper does not model the connection of forward and/or futures prices to the spot prices. The
long-term contract price is therefore assumed to evolve independent of the spot market price.
Hakscx and Seshadri (2007) themselves take a literature review on the work in the supply chain
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operations literature, including plentiful papers which cover the topic of optimal procurement in
the presence of forward (or future) and spot markets.

Goel and Gutierrez (2011) examine how the price information and flexibility on the commodity
market (which consists of spot and forward markets) lead to significant retrenchment in
inventory costs in a periodic review system. They model a two echelon zero-lead-time
distributive supply chain with one center location and multiple nonhomogeneous downstream
retailers in a multiple-period setting. In the model, the supply chain faces random demand (even
for spot procurement) and price, and the holding cost is determined by the spreads between spot
and forward prices. Goel and Gutierrez (2012) develope a multi-period and periodic-review
inventory model with stochastic demand to study the optimal forward and spot procurement
policies of a processor who provides a single type of product. They find that it is possible to
reduce inventory related costs significantly by combining spot and futures price information
when making the procurement decision. In their paper, optimal forward procurement policies are
characterized by a fixed band. This paper considers the procurement problem in a very similar
setting to the one in this thesis, and thus the results in this thesis are compared with theirs,
especially on the perspective of convenience yield.

The first stream of literature cited above seems similar to another stream which builds models
allowing multiple modes of supply. For instance Chiang and Gutierrez (1998) and Tagaras and
Vlachos (2001) both explore a periodic review inventory system where regular replenishment
and emergency replenishment (with shorter lead time and higher ordering cost) both exist. But
the latter stream assumes uncertain demand even in the emergency replenishment, and it usually
does not take the price volatility into account.

Except for the optimal procurement policies, this thesis also considers the downward substitution
problem. Downward substitution among the final products has already been studied by plentiful
operations management papers. Hsu and Bassok (1999) consider a single-period, one input,
multi-product, full downward substitution model, in a setting where demand is uncertain and the
yield is random. They develop three solution methods to find the optimal production decision.
Uday et al. (2004) model a multi-product inventory system with downward substitution and
setup costs as a one-period stochastic program with recourse. They exploit structural properties
of the model and utilize a combination of optimization techniques to develop effective inventory
planning heuristics. Bassok et al. (1999) study a single period multi-product inventory problem
with stochastic demands, downward substitution and proportional costs and revenues. They show
that a greedy substitution allocation policy was optimal. Nagarajan and Rajagopalan (2008)
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consider a system where individual demands are negatively correlated and partially downwardly
substitutable. They find state independent base-stock policies turn out to be optimal inventory
policies. Liu et al. (2009) consider an one-period downward substitution problem for two
components, with more subtle exploration of the substitution rule. They present a dynamic
substitution rule which is a threshold policy. For systematic literature review on the classic
downward substitution problem, the work by Uday et al. (2004) is recommended. But it is very
rare, if not at all, to see literatures which examine the value of downward substitution under a
setting where commaodity markets are involved.

Quality requirement uncertainty is another problem to be considered in this thesis. A similar
problem is considered by some remanufacturing literatures. In remanufacturing, the manufacture
usually can procure new components or attain good ones from used products to fulfill the
demand, so the manufacture faces the challenge of addressing uncertain yields problem. Some
relevant papers include: Ferrer and Michael (2004), Ferrer and Whybark (2009), Galbreth and
Blackburn (2006), Bakal and Akcali (2006), Mukhopadhyay and Ma (2009), Xu (2010).

This thesis differs from (most of) the above studies mainly in two ways. First, in the thesis the
value of downward substitution is examined in commodity markets, so the value of downward
substitution is explored not only under demand uncertainty, but also under price volatility under
a multiple-periods setting. Second, the thesis takes demand uncertainty, price uncertainty, quality
requirement uncertainty and downward substitution into account, in the presence of forward
contracts and spot market. Compared with the main body of relevant papers that only takes
demand uncertainty and price volatility into account when exploring the optimal procurement
policies in commodity markets, this thesis also considers another main uncertainty from the
downstream of the industry chain and the possible influence from producing processes on the
procurement policies (i.e. quality requirement uncertainty and downward substitution). Such
additions contribute to enriching the integrated operational-financial interface focused research,
as well as dismantling the partition between producing processes and procurement policies.



3. Case with demand uncertainty

In this thesis, we assume the miller procures two types of wheat- good and normal ( hereafter
referred to as type 1 and type 2 respectively), and the quality premium for per unit of good wheat
is denoted as y. Since there are two types of wheat, any given quality requirement can be
converted to specific blending ratio of wheat.

In this section, from the perspective of the miller, the flour demand is uncertain, while the quality
requirement is deterministic. Assume the demand of period t — 1 would arrive at time t ( where
t=1,...,T), i.e. the end of the period, and it follows a general distribution, i.e. {,~y(e) (where
&; stands for the unrealized flour demand at time t, and y(e) stands for a general probability
density function, and the corresponding cumulative distribution function is denoted as ¥ (e)).
Denote the wheat blending ratio at time t as a;, where a; € [0,1] and it means the proportion of
type 1 wheat in the flour (so 1 — a,for type 2 wheat accordingly). «; is abbreviated as «
hereafter.

The time-line of decision making is as follows: at time t the miller (1) observes the wheat
inventory levels from time ¢ — 1 . Denote the wheat inventory levels from last period as I;_; 4
and I,_;, for type 1 and type 2 respectively, (2) receives the wheat purchased by forward at
time t — 1, with which the amounts of type 1 and type 2 wheat accumulate to the order-up-to
points of time t-1 (denoted as z,_, ; and z,_, , accordingly), on the basis of I,_; ; and I;_4 5, (3)
observes the exact flour demand Q;, (4) The miller observes the wheat spot price s;. The delivery
cost per unit wheat on the spot market is fixed and denoted as n*. If there is not enough wheat to
meet the flour demand, the miller will procure exactly necessary amount of wheat from the spot
market immediately, denoted as y, ; and y, , respectively for type 1 and type 2 wheat, so there is
no possible backlog or lost sale; if the wheat is more than enough, the miller will just hold it into
the next period, under fixed holding cost (denoted as h, and h, per unit respectively for type 1
and 2 wheat) or take a recourse if it is the final period already, (5) converts the wheat into flour
according to the blending ratio, and receives the revenue. In order to eliminate possible
speculative behavior from the customers, the flour sales price is based on the wheat spot price at
time t . The marginal profit is fixed and denoted as 4, (6) observes the forward price F;, and
makes a decision how much to purchase for type 1 and 2 by forward (i.e. z,; — I;; and z; , —
I, , respectively), to fulfill the demand of next period, and pay for them at time ¢, under a fixed
forward delivery cost per unit (denoted as /).

Note: (1) in this model we make a general assumption in which s; + h— F, > 0, i.e. forward
dominates spot, so it is always more valuable to fulfill the demand from the forward market than
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the spot market. (2) P;(F;, s;) contains the information of forward price and spot prices at time ¢,
and it is abbreviated as P, hereafter. (3) the expectation is taken under the risk-netural measure,
as denoted by E€. (4) B = e~ "2t, where r is a risk free discounting rate and At = 1.

We denote the present value of cash flows at time t by V.
Ve(Ze—1, Pt, Q) = maxftzftvt(ftlft—l) P, Q)
where
Ve(Z)Zi-1, P, Q) = =Y (Se + ¥ +0°) = yio(se +0°) + Qelalsy +v) + (1 — a)s; + 7]
=l hy — I ohy — (Zt,l - It,l)(Ft +y+ Ilf) - (Zt,z - It,z)(Ft + Ilf)
+3Egt+1,ﬁt+1vt+1(5tr Pii1, Qi)
where
Ver = [Qea — ze_11]%) Y2 = [Qe(1 — @) — 241 2]"
Iy = [Qea — 2e11]7, leo = [Qc(1 — @) — Ze12]”

The first and second terms in the stochastic dynamic program are the cost of spot procurement.
The third term is the revenue from satisfying the demand. The fourth and fifth terms are the
holding cost of excessive wheat. The sixth and seventh terms are the cost of forward
procurement. The eighth term is the discounted cost to go function.

In the following part of this section, we will rebuild the cash flow function above from the
perspective of cost instead of profit, and then develop the (possible) optimal procurement policy
step by step.

3.1 The optimal order-up-to point

We rebuild the present value function of cash flow from the perspective of cost, in order to ease
the exploration of the optimal order-up-to point in case it exists

ft (Zt—l,l — Qe 212 — Qr(1 - a')) =ming ,; {Ve1(sc +v +10°) + 1y
+Ye2(se +0°) + I ohy + (Zt,l - It,l)(Ft +y+n)+ (Zt,z — It,z)(Ft +1n/)
+ﬁEgt+1pt+1ft+1(Zt,1 ~ Q410,22 — Qe (1 — )}

= minztzit{_(Ft +y+ 00y — (F+ 0Dz + I thy + Liphy + Y1 (s + v +1°)

+Vt2 (st +n°) + G, (Z,)}



where

G(Z)=(F+y+ rlf)Zt,1 + (F: + rlf)Zt,z + ﬁEgt+1‘ﬁt+1ft+1(Zt,1 - Qt+1“' Ztp — Qt+1(1 —a))
The salvage value function is accordingly modified into:

fr (ZT—1,1 —Qra,zr_15 — Qr(1 - a)) =yra(sr +v +0°) + yra(sr +1°)

+r (hy —sp—y — n/) + Ip;Chy — s7 — n’)
Theorem 1. A base-stock policy is optimal in each period of a finite-horizon problem.
Proof: See Section TA3.

Theorem 2. The base-stock policy defined as follows is optimal in each period of a finite-horizon
problem:

Sta) _ BEAy+)-(Fery+n) ~
W(a)_ B(Il5+h1_rlf) 1t—1,-..,T 1

St,Z _ B(Ft+tls)—(Ft+[1f) _ B
lp(l—a) - B(nS+hy—nf) t=1,...,T—-1

As defined in Section TA2, §t denote a minimizer of G.(Z;) over all real value Z,.
Proof: See Section TA7.
An example of Theorem 2 would be the optimal order up to points for the last period.

Result 1. The optimal order up to points for the last period

w <ST—1,1) _ P(Fr_i+y+0°)— (Froy +v + Ilf)
a B + hy — /)

Sr-12\ _ B(Fr_1 +1°) — (Fr_y +1/)
lp(l—a>_ B(® + h, —nf)

Proof: See Section TA4.

The optimal base-stock policy above resembles the result of classic Newsvendor model, which
seems contradict with the multiple-period setting of the problem discussed in this thesis: the
miller can make the optimal procurement decision as if without considering the influence on the
following periods, just like in the single period Newsvendor model. Actually, the prolonged
influence is taken into account in the optimal policy already. The cost of per unit understock in
this model would be the extra expenses on the spot market compared with the forward market,
instead of the lost profit suggested by the Newsvendor model; the cost of per unit overstock here

10



would be the difference between the forward market price plus expected holding cost and the
expected forward market price next period, instead of the value loss after salvage in the
Newsvendor model (except for the last period). So the optimal base-stock policy here is built
based on the tradeoff between the costs of now and future.

Another interesting observation is that the optimal policy is myopic. Such a characteristic may
conceal the essence that the result considers the prolonged influence of each procurement
decision up to the final period, instead of only up to the next period. Actually, such a result is
consistent with how the problem is modeled in a nesting way in Section 3.1: the expected
influence of a given procurement decision on all the following periods is wrapped up in one
function which would expand at the following time point (i.e. the beginning of the next period).

According to the theorem above, the higher the ratio of (extra expenses on the spot market
compared with the forward market)/(the difference between the forward market price plus
expected holding cost and the expected forward market price next period), the miller would
utilize the forward market more, which is more beneficial compared with the spot market.
Though the numerator is always positive, the denominator may be negative when the
transportation fee on the spot market is not bigger enough than the one on the forward market, or
the discount rate £ is too small. In such a case, the ratio would also be negative, which means the
miller should not order from the forward market at all, since it is more beneficial to procure from
the spot market.

11



4. Case with quality requirement uncertainty

On the basis of Section 3, in this section, the miller also faces quality requirement uncertainty.
The quality requirement in each period would realize at the same time as the demand on the
time-line (developed in Section 3). We accordingly assume the blending ratio «a is independent
and identically distributed in each period. The corresponding probability density function and
cumulative distribution function are denoted as g(*) and @(e) accordingly.

Here is the present value function of cash flows (from the perspective of cost) which takes the
expectation of « into account:

fe (Zt—l,l — Qe 212 — Qr(1 - a)) =ming ,; {Ye1(sc +v +0°) + 1y
+Ye2(se +0°) + 1k, + (Zt,l - It,l)(Ft +y+1n/)+ (Zt,Z - It,z)(Ft +1/)
+ﬁEQgt+1'ﬁt+1,aft+1(Zt,1 — Qe41&, 22 — Q1 (1 — @)}

= minz’tgft{_(Ft +y+0)l; — (F + Ilf)lt,z +1Igahy + Iephy + yea(se +v +10°)
+¥e2(s +0°) + Ge(Z0)}

where

Vi1 = [Qea = Ze—11]") Y2 = [Qe(1 — @) = Z,12]"

Iy = [Qea = 2e-11]7, Iep = [Qe(1 — @) = 2p_12]”

G(Z) = (Fe+y+n )z + (F +10/)z + ﬁE§t+1;ﬁt+1:aft+1(zt’1 — Q41,22
~Qen(1— @)

The salvage value function is accordingly modified into:

fr (ZT—l,l —Qra,zr_q15 — Qr(1— “)) = yT,l(ST +y+n°) + yT,Z(ST +1n%)

+ir(hy —sp—y — Ilf) + Iy (hy — sy — Ilf)

We will develop the (possible) optimal procurement policy step by step in the following part of
this section.

Theorem 3. A base-stock policy is optimal in each period of a finite-horizon problem.
Proof: See Section TA10.

Theorem 4. The base-stock policy defined as follows is optimal in each period of a finite-horizon

problem:
12



1 Sta _ BEAy+)—(Fe+y+nf) | 3
fo lP( a )ﬂ(a)d(a) - ﬁ(fls+h1—r1f) ) t = 1;...,T 1

Ly (Sez _ BEA)~(Fernf) |, _ B
fo lp(l—a) ﬂ(a)d(a) - B(fl5+hz—11f) U= 1,...,T 1

Proof: See Section TA14.
An example of Theorem 4 would be the optimal order up to points for the last period.

Result 2. The optimal order up to points for the last period would be

! St-11 _ B(Fr_y +y+1°) — (Fr_y +y +1/)
J, ¥ (22 st - B + by — 1)

1 ST-1,2 _ B(FT—1+YIS)—(FT—1+TIf)
fo l’U( 1-a )Q)(a)d(a) h B(n+hz—n/)

Proof: See Section TA11.

The theorem above shows the introduction of quality requirement uncertainty would not change
the optimal procurement policy structure as obtained in Theorem 2 in which only demand
uncertainty exists.

The effect of convenience yield: up to now, the problem seems to be very similar to the one
considered in the paper by Goel and Gutierrez (2012), but the distinction in the business scenario
assumptions leads to an important difference between the results. In the paper from Goel and
Gutierrez (2012), the marginal convenience yield s, + h — SF;,, shows up in the optimal spot
procurement policy, as the unit cost of overstocking, but in this thesis, as shown in Section 3 and
4, the spot price does not show up, even though the spot procurement option exists in each
period.

In the paper from Goel and Gutierrez (2012), when purchasing from the spot market, the demand
is still not observed, so the decision maker has to evaluate the tradeoff between the spot
procurement and forward procurement, thus the spot price s, shows up in the optimal
procurement policy together with forward price and holding cost.

However, in this thesis, when purchasing from the spot market, the demand and quality
requirement are both realized, so the decision maker does not compare the tradeoff between the
spot procurement and the forward one, and she/he just needs to order exactly necessary amount
from the spot market to avoid backlogs.

When the decision maker in this thesis procures by forward, she/he indeed has to weigh between
purchasing by current forward and spot market one period later, thus the decision maker needs to

13



consider the current forward price and the expected spot price of next period which however is
equal to the current forward price (i.e. F, = E2(5,,,)), so the spot price does not show up in the
optimal forward procurement policies either.

Based on the comparison, the convenience yield would not always necessary show up in the
optimal procurement policies in the commodity markets, when the spot procurement does not
face uncertainties.

14



5. Case with downward substitution

On the basis of Section 4, the normal wheat can be replaced by the good wheat (i.e. downward
substitution). Assume the downward substitution ratio is always 1:1. After adopting the
modification in Section 4, the time-line developed in Section 3 would further takes the following
updates:

If there is not enough type 1 wheat to meet the flour demand, the miller will procure exactly
necessary amount of the type 1 wheat from the spot market immediately, and if there is not
enough type 2 wheat, the miller will either procure from the spot market or substitute with
excessive type 1 wheat (if possible, and denote the substitution amount as x;) or take both
methods to fulfill exactly the demand of type 2 wheat immediately, so there is no possible
backlog or lost sale.

The present value function of cash flows from the cost perspective would update into:
ft (Zt—1,1 — Q¢ @, Zt_q15 — Q.(1— a))

= minOSxtSmin{[Qta—zt_m]_,[Qt(1—a)—zt_1,2]+},ztzit{}’t,1(St +y+0°) +leahy
+ye2(se +0°5) + Iohy + (201 — 1) (Fe +v +00) + (22 — o) (Fe +07)
+ﬁEQQt+1,[5t+1ﬂft+1(Zt,1 — Qe @, Zt2 — Qrr1(1— @)}

= minOSxtSmin{[Qta’—Zt—Lﬂ_'[Qt(l—a)—zt—1,2]+}r2t27t{_(Ft + y + rlf)lt,:l - (Ft + rlf)lt,2 + Il,’,lhl
+I2hy + ye1(se + v +10°) + ¥ 2(5e +0°) + Ge(Z)}

where

Ver = [Qea — ze11]") Y2 = [Qe(1 — @) — zp_12]" — x¢

Ity = [Qea = ze—11]” — x4, Ity = [Qe(1 — @) — z¢—12]”

Gi(Z) = (Fe+v +n )z + (F + 1)z, + ﬁEng,p‘tH,aftﬂ(Zm — Q1114 Zt2
~Qry1(1 - @)

The salvage value function is:

fr (ZT—1,1 —Qra,zr_12 — Qr(1 - a)) =yra(sr +v +0°) + yr2(sr +1°)

+iri(hy —sp—y — n’) + Ir;(hy — st — n’)
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We assume the optimal procurement policies stay the same as Section 4. The value of downward
substitution and the optimal downward substitution policy are developed as follows:

Theorem 5. At t =1,...,T — 1, whens, + n° — F, —y —n/ + h; > 0, the miller would try to
slove the shortage issue of type 2 wheat by substitution as much as possible, i.e. x; =
min{[Qta' - Zt—1,1]_: [Q:(1 —a) —z;_1,]*}; whens, +n° — F, —y —n/ + hy <0, the miller
would not substitute at all, i.e. x, = 0.

At the final time pointt =T, whenn® —y —n/ + h; > 0, the miller would try to slove the
shortage issue of type 2 wheat by substitution as much as possible, i.e. x; = min{[ Qra —
Zr_1117,[Qr(1 — @) — zp_1,]%}; whenn® —y —n/ + hy < 0, the miller would not substitute
atall,i.e. x; = 0.

Proof: See Section TA15.

Att=1,...,T—1, whens, +1n°—F,—y—nf+h; >0, the per unit cost of purchasing the
missing type 2 wheat is higher than the expected per unit value of excessive type 1 wheat ( so it
is reasonable to substitute the missing part of type 2 wheat with excessive type 1 wheat as much
as possible) ; when s, + n° — F, —y — nf + h; < 0 it is the other way around.

At t=T , when n° —y — nf + h; > 0, the per unit cost of purchasing the missing type 2 wheat is
higher than the per unit salvage value of excessive type 1 wheat; whenn® —y —nf+h, <0 it
is the other way around.

Value of downward substitution in the commodity markets: The main body, if not all, of the
relevant existing papers, exclusively focuses on the value of downward substitution against the
negative effects of demand uncertainty (backlog penalty e.g.). However, that is not the complete
picture of the appealing benefits brought by such an operation mechanism. As reveal by the
above exploration, in the commodity markets, downward substitution may very likely bring extra
economic benefits when the quality premium is not very high compared with the values of other
parameters.

The convenience yield, s; — F; + h4, is assumed to be positive by Goel and Gutierrez (2012),
and the spot transporation cost on the spot market is always higher than the forward market, as
discussed by Goel and Tanrisever (2011), which means n° —nf > 0. So when the quality
premium is smaller than the sum of convenience yield and the difference between spot and
forward transportation costs, i.e. Yy < (s, — F; + hy) + (n° — 1), the value of downward
substitution in the commodity markets, defined as follows, would be positive.

V(downward substitution),; = (s; — F, + hy) + (rls - rlf) -v,t=1,....,T =1
16



The stochastic price brings dynamic to the value of downward substitution in commodity
markets, resulting in value increase or decrease. When the value is positive, downward
substitution would be beneficial; when the value becomes negative, downward substitution
should be avoided. In the following section, we are going to simulate how the value of
downward substitution changes according to the blending ratio volatility, under a stochastic price
process and different marginal profits.

17



6 Numerical simulation

6.1 Commodity price

The commodity prices are simulated based on the two-factor stochastic model developed by
Schwartz and Smith (2000), which takes both short-term volatility and long-term equilibrium
level in prices into consideration. In this model, the commodity price at a given time t, s; is
decomposed into two stochastic factors: In(s;) = y; + w;, where y, stands for the short-term
deviation and w, represents the equilibrium price level. The short-term deviation y, is revert to
zero, following an Ornstein-Uhlen-beck process

dx: = —(kxe + 4,)dt + 0,dz,
The long-term factor is assumed to evolve following a Brownian motion process
dw; = (u, — 4,)dt + 0,dz,

where dz, and dz, are increments of standard Brownian motion processes and they are
correlated as dz, dz, = wadt- The parameter « is the rate of the mean reversion of the short-

term factor y,, i.e. the rate at which the short-term deviations are expected to disappear.
Parameters g, and g,, describe the uncertainty for the short-term deviation factor and long-term
equilibrium factor accordingly, 4, and A4, is the risk premium on short-term and long-term factor
respectively, and u  is the drift rate associated with the long-term factor.

Chockalingam and Muthuraman (2007) describes how to simulate the increments of standard
Brownian Motion under given correlation coefficient. The value of the correlation coefficient
together with other necessary parameters for the numerical simulation are collected from the
paper of Goel and Gutierrez (2011) where the two-factor model is applied to explore the effect of
term structure model of futures price on procurement policies for gasoline and wheat.

6.2 Downward substitution value

In this section we implement numerical experiments by altering operational parameters to
explore how the value of downward substitution would change when the business environment
becomes more challenging to the decision maker. We first describe the demand and quality
requirement models, then we will explain the stochastic price process parameters for wheat
before performing the numerical analysis. We assume the flour miller works on a bi-weekly
schedule, and in each period (i.e. two weeks) the demand follows a normal distribution with
mean equal to 600 bushels and the standard deviation of 50 bushels. Wheat procured from the
forward market has a lower transportation cost compared with spot market (Goel and Tanrisever,
18



2011). We assume the transportation cost of 10 cents/bushel from the forward market and
40 cents/bushel from the spot market. The quality premium of type 1 (i.e. the good one) wheat
is assumed to be 5 cents/bushel. The holding cost is assumed to be 12 cents/bushel/period
for type 1 wheat and 10 cents/bushel/period for type 2 wheat. We assume the marginal profit
of flour to be 17.5 cents/bushel. The quality requirement per period (i.e. the blending ratio) is
assumed to follow a normal distribution with its mean equal to 0.55 and standard deviation equal
to 0.05. The following table illustrates the price process parameters and the operational
parameters for the base case. The price process parameters come from the paper by Goel and
Gutierrez (2011).

Table 1: parameters value of base case

Parameters  Value Item remarks

I3 600 bushels/period demand mean

0, 50 bushels/period demand standard deviation

n°® 40 cents/bushel transportation cost from spot market

rlf 10 cents/bushel transportation cost from forward market
hy 12 cents/bushel/period holding cost of type 1 wheat

h, 10 cents/bushel/period holding cost of type 2 wheat

Y 5 cents/bushel quality premium

A 17.5 cents/bushel marginal profit

M, 0.55 blending ratio mean

g, 0.05 blending ratio standard deviation

X1 -0.081318691 initial short-term factor

k 0.9204 mean reversion rate of the short-term factor
4, -0.1473 risk premium on short-term factor

g, 0.2826 short-term factor standard deviation

P, 0.1288 correlation ratio

w1 6.450380057 initial long-term factor

u* 0.0679 w=p, = A,

o, 0.1735 long-term factor standard deviation

B 0.998001999 discount rate

dt 0.04 fraction of two weeks (i.e. one period) in one year

We change the quality requirement uncertainty level (i.e. the blending ratio standard deviation)
and marginal profit parameters while keeping the other parameters in the base case detailed in
the table above, which results in three case groups as shown in the table below. Each case group
has a fixed marginal profit, while the requirement uncertainty level increases.

19



Table 2: different business environments

(4= 17.5 cents/ (4= 22.5cents/ (4= 275 cents/
case group 1 bushel) case group 2 bushel) case group 3 bushel)
case 1 o, = 0.05 case 6 o, = 0.05 case 11 o, = 0.05
case 2 o, = 0.075 case 7 o, = 0.075 case 12 o, = 0.075
case 3 g, =0.1 case 8 0, =0.1 case 13 0, =0.1
case 4 o, = 0.125 case 9 o, = 0.125 case 14 o, = 0.125
case 5 g, = 0.15 case 10 o, =0.15 case 15 o, =0.15

We now compare the value of the model with downward substitution as discussed in Section 5
and the one without it described in Section 4. We apply Montel Carlo method and assign 10,000
sample paths to each of the 15 cases, under each model, with a planning horizon of T =
4weeks . The result is shown in Figure 2. The y-axis computes

Firm value with downward substitution—Firm value without downward substitution

* 100, which suggests

Firm value without downward substitution

% benefit of downward substitution. The x-axis shows the blending ratio standard deviation, and
each curve has a corresponding fixed marginal profit.

60
50 /—
40
/ =@ case group 1
30

// == case group 2
20

/ case group 3
0 +—= —

0.050 0.075 0.100 0.125 0.150

Figure 2: downward substitution value

As we can observe from Figure 2, whatever marginal profit it is in the simulation, the % benefit
of downward substitution increases in a speeding up style along the rising of quality requirement
uncertainty. Furthermore, the figure indicates that on the same quality requirement uncertainty
level, % benefit of downward substitution is higher for the case with lower marginal profit.
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7 Conclusion

As shown in the three cases above, myopic base-stock policies are optimal, because the G;
function is jointly convex. G, function contains the tradeoff when ordering wheat for the next
period: if the miller does not order enough, he/she is expected to pay for higher transportation fee
per unit wheat on the spot market, i.e. n° — nf; if the miller orders more than enough, he/she is

expected to lose R in per unit wheat value.

The higher the ratio of (extra expenses on the spot market compared with the forward
market)/(the difference between the forward market price plus expected holding cost and the
expected forward market price next period), the miller would utilize the forward market more.
Though the numerator is always positive, the denominator may be negative when the
transportation fee on the spot market is not bigger enough than the one on the forward market, or
the discount rate § is too small. In such a case, the ratio would also be negative, and the miller
should not order from the forward market at all, since it is more beneficial to procure from the
spot market.

This thesis also examines the value of downward substitution in the commodity markets, and it
turns out it would indeed bring extra value which depends on the convenience yield (Goel and
Gutierrez, 2012), the difference between the forward and spot transportation costs (Goel and
Tanrisever (2011) and the negative effects of losing the quality premium. The possibility of
downward substitution brings more flexibility to the miller. But it seems the decision maker feels
no incentives to change the procurement policy inherited from the previous case that does not
perform downward substitution.

According to the numerical experiment result, the % benefit of downward substitution increases
in a speeding up style along the rising of quality requirement uncertainty, and such a % is higher
for the case with lower marginal profit, under the same quality requirement uncertainty level.
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Technical Appendix

The Technical Appendix section consists of three parts conceptually, and each part contains
proofs for the theorems and results in Section 3, 4 and 5 accordingly. Part 1 includes TAL, TA2
up to TA7, and it can be further split into two sub-parts : TAL, TA2 and TA3 together serve as
the step-by-step proofs of Theorem 1 which aims at exploring the existence of optimal policy
qualitatively for the problem with demand uncertainty in Section 3 ; TA4 up to TA7 together
established the explicitly optimal policy quantitatively, which leads to Theorem 2.

Part One

TALl. Lemma 1 and proof
This section acts as a preliminary step of Section TA2.

Lemma 1. Suppose that f(z;,z,) is a convex function defined on RZ and the real valued
function M, is defined on RZ by M,(Z) = Epf (2, — 6D, z, — (1 — §)D), where D is a random
variable following a general probability density function (), and 0 <6< 1. Then M, is
convex on R%.

Proof: 4, A, B and B are four arbitrary none negative real values and 0 <k < landk = 1 —«,
then

kM; (A4, A) + kM, (B,B) = kEpf(A—6D,A— (1 —6)D) + kEpf(B —6D,B — (1 — §)D)
= Epkf(A—6D,A— (1 -6)D) + Epkf(B—6D,B — (1 —6)D)
=Ep(xf(A—6D,A— (1 -6)D) +xkf(B—6D,B — (1 —6)D))

> Epf(k(A—6D) +x(B —6D),k(A— (1 —6)D) +x(B — (1 —6)D)) [because f is a convex
function defined on R2]

=Epf(kA+%B —6D,kA + kB — (1 —9)D)

= M, (kA + kB, kA + kB)

So M, is convex on (z,,z,), i.e. convex on RZ.

TA2. Lemma 2 and proof

This section finishes the preparation of Section TA3.
Lemma 2. If f,,, is convex on RZ, then the following hold:

a) G, is convex on (z; 1,z ).
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b) A base-stock policy is optimal in period t . Indeed, any minimizer of G, is an optimal base-
stock level.
¢) f; is convex on R2.

Q ~
Qt+1‘ﬁt+1ft+1(zt,1 = Q41,25 —

Q41(1 — @) is convex on (zy4,2:5). (F; +v +n/)z., and (F, + n/)z,, are also convex on

Proof: a) if f,,, is convex on RZ%, according to Lemma 1, E

(211, 2¢2), thus G, is the positive linear combinations of three convex functions. Hence G, is also

convex on (z; 1, ¢ 2).

b) Let §t denote a minimizer of G.(Z;) over all real value Z;. If 7t < §t, then the minimizing
Z, > 1, is at Z, = S,, whereas, if I, > S;, then the minimizing Z, is at Z, = I,. That is, a base-
stock policy with base-stock level §‘t is optimal for period t.

c) All the possible value of Z._, constitues a convex set RZ, and all the possible value of
Ze(Ze_1) constitutea nonempty set
Ay ={(2e1,262) |21 = [Qe — Ze_14] 202 = [Qe(1 — @) — z,_1 5] } for every given Z,_,, the
set C={(Z,_1,7Z)|Z,_1 € R%,Z, € A } is a convex set. Moreover, since - (F, +y + /)1, 1,
—(Fy + 0 )15, I hy, Iohy, ye1(se + ¥ +10%), yi2(s: + 1°) and G.(Z,) are all convex on C ,
their positive combination - (F; +y + n/)I; — (F; + n/)l, 5 + L 1hy + Liohy + ye1 (s + v +
n°) + ye2(se + 0°) + G(Z,) is convex on C too and

fe (Zt—l,l — Qe Zeq5 — Qr(1 — a)) = infzea{—-(F+v+ 0, — (F + 0,

Hleahy + Ieohy + Y01 (e + v +0°) + ye2(se +10°) + Ge(Z)} and  f; (Zt—l,l — Q217 —
Q.(1 - a)) > —oo for every Z,_; € R4 constitues a convex set since the cost is always none

negative, according to Theorem A.4 in Porteus (2002), f; is a convex function on
(Z¢—11,Z¢-12), i-€. convex on R3.

TAS. Proof of Theorem 1

According to the definition of terminal value function in Section 3.1, the function is convex on
RZ . Thus, by Lemma 2 (a) and (b), Gr_, is jointly convex and a base-stock policy is optimal for
period T — 1. By Lemma 2 (c), fy_; is convex as well. Thus, the argument iterates backward
through the periods in the sequencet =T — 2,T — 3,...,1.
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Up to here, the qualitative exploration about the existence of optimal policy is finished, and in
the following sections (i.e. the second sub-part of part one, as mentioned at the beginning of
Technique Appendix) the quantitative expression of the optimal policy is going to be developed.

TAA4. Proof of Result 1

Before jumping into the main body of quantitative exploration, an one-period problem is solved
first. The result is going to be referred to when establishing the optimal policy expression for
each period in the multiple periods case studied in Section 3.

Let's examine the one-period problem at the end of the time horizon. The expected ordering,
holding, and shortage cost, less any expected salvage value, in that period, starting with zero
inventory and ordering up to Zy_; units can be written as

Gr-1(Zr—1) = Froa +v +0zr_q1 + (Froq +0)zp_4,

+ﬁEgT,ﬁTfT(ZT—1,1 — Qra, Zr-12 — Qr(1-a))

_ f f Q A + s
=Fr_1ty+n )ZT—1,1 + (Fr—; +1 )ZT—1,2 + ﬁEQT,pT{[QT“ ZT—1,1] (sr +v+1°)

+[QT(1 —a) - ZT—1,2]+(5T +1°) + [@T“ - ZT—1,1]_(h1 —sy—y—1/)
+[QT(1 —a) - ZT—1,2]_(h2 — sy —n)}

= (Froy vy +0)zp_1q0 + (Froy + 0204,

+B(Fr—1 +v +n°) (fT—1“ - ZT—1,1)W(§T—1)d('fT—1)

zZr-11/a@

o0}

+B(Fr_1 +1n°) (fT—1(1 —a) — ZT—1,2)¢(€T—1)d(fT—1)

Zr-1,2/(1-a)

Zr-11/a
+BChy —Fr_1 —y — Ilf)f (ZT—1,1 - fT—1a)¢’(fT—1)d(fT—1)
0

By —Fry =) [ (pns = Era(1 — @)WEr)dEp_y)
+phy — g — 1] f Zr_12 —Sr-1(1 —«a T-1 T-1
0

Let §T_1 denote a solution to

G%—l(ZT—l) =0
Then
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o)

Gr—1(2r-11) = Fra+v+0/ = B(Fr_y +v +1°) f Y(&r_1)d(Er_1)

Zr-11/@

Zr-11/@
+B(hy —Fr_y —y — rlf)f Y(€r_1)d(ér_1) =0
0

Gr—1(2r-12) = Fr—g + 0/ = B(Fr_y + TIS)J Y(&r-1)d(Er-1)

ZT-1,2/(1-a)

ZT-1,2/(1-a)
+B(hy — Fr_y — 1) f W(Er_)d(Er_y) = 0
0

ie.

w <ST—1,1) _ B(Fr_y+y+1°) — (Fro1 +v +1/)
a B(MS + hy — 1))

St-12\ _ B(Fr_y +1°) — (Fr_y +1/)
ly(l—a)_ B+ h, — /)

TAS5. Result 4 and proof

The result in this section functions in a similar way as the result of Section TA4: waiting to be
referred to when establishing the ultimate optimal policy expression later.

Result 4. At time point T — 2

0 d {fT—l (ZT—2,1 — Qr_1a, Zr-22 — Qr-1(1 - 0—’))}
Qr-1.P1-1 dZT—Z,l
= —(Frz +y + 0% (2) + hyw (220) — (R, +y +0)(1 - ¥ (Z2))  when

E(IT—l,l) < E(ST—I,l)

E¢ d {fT—l (ZT—Z.I — Qr_1@,27_35 — Qr_1 (1 — a))}

Qr-1Pr-1 dZT—Z 5

= —(Fr_; + ¥ (Zz:—zaz) + h,¥ (ZI:—Z(XZ) —(Fr2+n)1-V¥ (ZI:—Z;Z)) , when E(I;_1,) <
E(S7-12)

Proof: Let's examine fr_;, by plugging in the optimal decision for each state:
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* fro1 (ZT—2,1 — Qr-1,2Zy_35 — Qr_1 (1 — a)) ={-(Fr_1ty+ rlf)[QT—1a -
zr21] = (Frog +00[Qr—1(1 = @) = z7_55] + [Qrog@ — zr_p1] hy +
[QT—1(1 —a)— ZT—Z,Z]_hZ + [QT—105 - ZT—2,1]+(5T—1 +y+nf) + [QT—1(1 —a)—
ZT—2,2]+(ST—1 +n°) + GT—l(ST—l,LST—l,Z)}’ whenlp_y 1 < Sp_qpandIr_1, < Sp_qp
* fro1 (ZT—2,1 — Qr_1a,Zr_35 — Qr-1(1— 05)) = { —(Froy+v+ Ilf)[QT—1a -
ZT—2,1]_ — (Fr_1 + rlf)[QT—l(l —a) - ZT—Z,Z]_ + [QT—la - ZT—Z,l]_hl +
[QT—1(1 —a)— ZT—Z,Z]_hZ + [QT—105 - ZT—2,1]+(ST—1 +y+n°) + [QT—1(1 —a)—
ZT—2,2]+(ST—1 +n°) + GT—l(ST—l,lﬁlT—l,Z)}l whenIr_y; < Sp_qpand Ir_1, > Sr_q,
* fro1 (ZT—2,1 — Qr_1a,Zr_35 — Qr-,(1— 05)) = { —(Froy+v+ Ilf)[QT—1a -
ZT—2,1]_ — (Fr_q + rlf)[QT—l(]- -—a)— ZT—Z,Z]_ + [QT—1“ - ZT—Z,l]_hl +
[Qr—1(1 = @) = z7_5,] hy + [Qr_1a — ZT—2,1]+(ST—1 +y+n9) + [Qr1(1—a) -
ZT—2,2]+(ST—1 +n°) + GT—1(IT—1,1'ST—1,2)}1 whenIr_y; > Sr_j,and Ir_y, < Sr_q
* fra (ZT—2,1 = Qr-1@, 2722 — Qr-1(1 — a)) ={-(Fr-1+v+ rlf)[QT—la -
ZT—2,1]_ — (Fr_q + rlf)[QT—l(]- -—a)— ZT—Z,Z]_ + [QT—1“ - ZT—Z,l]_hl +
[Qr—1(1 = @) = z7_5,] hy + [Qr_sa — ZT—2,1]+(ST—1 +y+n9) +[Qr1(1—a) -
ZT—2,2]+(5T—1 +1n°) + GT—I(IT—l,l'IT—l,Z)}v when Ir_q1 > Sr_qpand Ir_1, > Sr_q,

So at time point T — 2

0 d {fT—l (ZT—Z,l - QT—1“: Zr-22 — QT—l(l - 05))}
Qr-1.P1-1 dZT—Z,l
= —(Fr_p +y + 00 (22) + v (2 = (Fro, +y +00)( - ¥ (Z2)) , when

E(IT—I,I) = E(ST—I,l)

E¢ d {fT—l (ZT—Z.I — Qr_1@,27_35 — Qr_1 (1 — a))}

Qr-1Pr-1 dzr_54

= —(Fr_p +v + 0¥ (222) + by w (222) = (Fr, +7 + 1) (1 -¥ (%)) *

Q {dGT—1(1T—1,1»W)
QT—erT—l dZT—Z,l

Y, when E(Ir_11) < E(S7-1,1) (here W stands for Ir_, , or Sy_; 5)
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Q d {fT—l (ZT—2,1 — Qr-1@, 272 — Qr_1(1 - 0())}

Qr-1Pr-1 dZT—Z 2

= —(Fr_p + 0% (222) + by (2222) — (Frp + 09)(1 = ¥ (2222)) , when E(Ir_y2) <
E(ST—l,Z)

Q d {fT—l (ZT—2,1 — Qr_1a, Zr-22 — Qr-1(1 - 05))}

Qr-1.Pr-1 dzr_y 5

=—(Fr—2 + Ilf)q"( = 22) + h,¥ (1T_22) —(Fr—2+1 )( (ZT_2'2)>

1—«a

+E¢ {M} when E(I7_1,) < E(Sy—1,) (here W stands for I;_1 ; or Sp_; 1)

Qr-1,Pr-1 dzr_j»

TA6. Lemma 3 and proof

This section develops the backward reasoning which is essential to develop the ultimate optimal
policy quantitatively.

Lemma 3. If fes1 is convex on R% : and
Q¢ d {ft+1 (Zt,l ~ Qe1a, Ztp — Qe (1 - a))}
Qt+1,Pr+1 dz;,
=—(F+y+ 0¥ () + ¥ (22) - Fo+y +0) - ¥ (22)) . when  E(la) <
Q {ft+1(Zt,l_Qt+1a:zt,2_ét+1(1_a))} _ f Zgp
E(St"'l'l) and EQt+1J§t+1 { dzi, o (Ft +tn )l}l (1—a) +

hy W (Zt—z) — (F, +1n%)(1 - (12:)) , when E(li412) < E(Se112) , Where ¥ (‘C’“Z%) =

B(Frr1+y+05)—(Frs1+y+n)) dy (5t+1,2) _ B (Fr1+0%)—(Frr1+0))
B(S+hy—n)) B@S+hz—n))

, then the following holds:

(@) The minimizer St which minimizes G.(Z,) over all real value Z, fulfills W(S“) =

Bty tn’)=-(Fety+n)) o4y ( St ) _ BEAT)~(Fein))
BmS+hy-nf) 1-a B(S+hz-n))

(b) The optimal base-stock level in period t is also 5}.
Zt—1,1—Qta:Zt—1,2—Qt(l—d))}}

dzi—11

d
(c) f;isjointly convex on R% and Egt Pt{ {(
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= —(Foy +y + 0¥ (2222) 4w (2222 - (R +y + 09— ¥ (222)) , when

Zt—1,1—0t“,2t—1,2—Qt(l—a))}} Zt_1p
= —(Fra + 00 (322) +

dzi—1

aifi
E(ls1) < E(St1) and Egtft{ &

hoW (222) = (Foy +0°) (1 = W (2222)), when E(l,2) < E(S,.2).

Proof: (a) As in Lemma 2 (a), G, is jointly convex on (z;4,2.,). To see §t fulfills ¥ (%) =

B(Fe+y+n®)—(Fe+y+n/) St2\ _ BFANS)—(Fe+n))
B(@S+hy—nf) and ¥ (1—a) T BmS+hy—n/)

G(Z) = (Fe+y+n)zey + (F +10/)z 5 + .BEng,leftﬂ(Zm ~ Qe41@, 22 = Qer1(1 — @)
When Z, = §t, according to the assumption in Lemma 2 above

th(Zt 12t 2) A{ft+1(2c1 — ét+1a; Zt2 — ét+1(1 —a))}
dZt'1 le',l

- (Ft Tyt Ilf) t ﬁ Qt+1, Pt+1{ }

= (Fe+y+0) = B +y + 0 (1) = B, +7 + 0 (1 =¥ (Z2)) + phyw (222)

=0
and
th(Zt 1 Z¢ 2) A{ft+1(Ze1 — Qt+1a» Zto — Qt+1(1 —a))}
) ) — f ) )
dZt,Z (Ft 1 )+ﬁEQt+1 Pt+1{ dZt,z }

= (F, + 1)) = B(F, + n))¥ (1212 12120!)) + Bha¥ (1Zi1a)

=) =B + 0~ (
=0

SY_ Sy f
So S, indeed fulfills ¥ (S“) B (Ft+[:(:?+)h (F‘;;;/"L“ ) and ¥ (S“’) B (;t(;?:h (F:;;l )
1- 2=

(b) supported by Lemma 2 (b) directly.

(c) Lemma 2 (c) ensures that f; is jointly convex on RZ. By calculating the consequences of
using the optimal base-stock level in period t, we get:

s [t ) o) (29 5

Qt Pt’ dzt—l,l

y +19) (1 — ¥ (2222)), when E(l,.1) < E(S;.)
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Q d{ft(zt—l,l_Qtarzt—l,z_ét(l_a))}
Qr.Pe

n°)(1 - ¥ (2222)), when E(l,z) < E(S,2)-

} = —(Feey 00 (222) + W (222) - (Foy +

dzi_q7

In the following section, the reader is going to see how the ultimate optimal policy expressions
are speculated based on the backward reasoning results and all the preliminary work done in the
previous sections.

TAY. Proof of Theorem 2

As proven in  Section TA3, fr_, is jointly convex on R% , and
Q d{fT—l(ZT—Z,l_QT—la:ZT—Z,Z_QT—l(l_a))} _ f ZT-31
EQT—liﬁT—l { dZT—Z,l - (FT_Z + y + rl )qj ( (24 ) +

h ¥ (ZT_Z'l) —(Fr+y+nH)QA-¥ (ZT?%)), when E(I7_1,1) < E(Sr-1,1), and

a

£9 {d{fT—l(ZT—2,1_QT—la'ZT—Z,Z_QT—l(l_a))}} = —(Fp, + rlf)‘i’ (27_2,2) +h,w (ZT_Z‘Z) _
- 1-a 1-a

Qr-1,Pr-1 dzr_z,

(Fr,+n)1 -V (ZI:—Z“Z)) , when E(Ir_1,) < E(Sr—12), as proven in result 4, where

Sy_ f SY— f .
W (ST—1,1) _ BEFr_1+y+n°)—(Fr—1+y+n/) and ¥ (ST—l,Z) _ BFr—1+0°)—(Fr—1+1/) according to Result

a Bms+hy—nf) 1-a BmS+hy—n/)
1.
So according to Lemma 3, in each period, the optimal order up to points exist and can be defined
as follows:

Sta) _ BEAYHN)-(Fery+n)) _
qu( . ) =t =1, T L.

St2\ _ BFAn®)-(F+n)) | _
qj(l—a) T BMS+hy—nS) t=1,...,T —1.

Up to here, part one is over. As proved in this part, the problem studied in Section 3 has a
structured optimal procurement policy for each period. The proofs associated with Section 4 and
Section 5 are presented in Part two and three respectively. Part two covers TA8 up to TA14, with
TAS8 up to TAL0 constitutes in a sub-part and TA11 up to TA14 together act as the second sub-
part. In part 3, we develop the optimal downward substitution policy.
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Part two

TA8. Lemma 4 and proof

Lemma 4. Suppose that f(z,,z,) is a convex function defined on R2 and the real valued
function M, is defined on R% by M,(Z) = Ep¢f (z, — 6D, z, — (1 — 6)D), where § and D are
random variables following a probability density function g(e) and a general probability density
function 1 () accordingly, and 0 < 6 < 1. Then M, is convex on R#.

Proof: 4, A, B and B are four arbitrary none negative real values and 0 <k < landk = 1 —«,
then

kM, (4, A) + kM,(B,B) = kEpof (A— 6D,A — (1 — 6)D) + KEp 4f (B — 6D, B — (1 — 6)D)
= Epgkf(A—6D,A— (1 —6)D) + Ep4%f(B—6D,B — (1—6)D)
= Epg(kf(A—60D,A— (1 —60)D) +&f(B—6D,B — (1 —6)D))

> Epof (k(A —60D) + k(B — 6D),k(A — (1 — 6)D) + k(B — (1 — 6)D)) [because f is a convex
function defined on R2]

= Epyf (kA + kB — 6D, kA + kB — (1 — 6)D)
= M, (kA + kB, kA + kB)

So M, is convex on (zy, z,), i.e. convex on RZ.

TA9. Lemma 5 and proof

Lemma 5. If f,,, is convex on RZ, then the following hold:
a) G, is convex on (z; 1, Z; ).

b) A base-stock policy is optimal in period t . Indeed, any minimizer of G, is an optimal base-
stock level.

¢) f; is convex on R2.

Proof: a) if f,,, is convex on R2, according to Lemma 1, Egtﬂ.ﬁtﬂ,’df“l(zt'l — Q41®,2,5 —

Q41 (1 — &)) is convex on (zy4,2:5). (F; +v +n/)z., and (F, + n/)z,, are also convex on
(z¢1,2¢2), thus G, is the positive linear combinations of three convex functions. Hence G, is also
convex on (z; 1,z ).
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b) Let §‘t denote a minimizer of G.(Z,) over all real value Z,. If ft < 5}, then the minimizing
Z, =1 is at Z, = S,, whereas, if [, > S,, then the minimizing Z, is at Z, = I,. That is, a base-
stock policy with base-stock level §t is optimal for period t.

c) All the possible value of Z._; constitues a convex set RZ, and all the possible value of
Z(Ze—1) constitute a nonempty set
AZ = {(Zt,l' Zt,2)|Zt,1 2 [Qta - Zt—l,l]_' Zt'z 2 [Qt(]‘ - 0.’) - Zt—l,Z]_} fOI’ every glven Zt_l, the
set C={(Z,_1,7Z)|Z,_1 € R%,Z, € A,} is a convex set. Moreover, since - (F, +y +n/)I; 4,
—(Fy + 0 )15, Ii1hy, Iohy, yei(se + ¥ +10%), yi2(s: + %) and G.(Z,) are all convex on C ,
their positive combination - (F, +y + n/)I; — (F, + 0/ )y + L1y + Liohy + 1 (s + v +
n°) + ¥e2(se + 0°) + G(Z) is convex on C too and
ft (Zt—1,1 — Qe 212 — Qr(1 - a)) = infzen, (—(F +v + 01 — (F + 1)l

+leqhy + Iphy + ye1(se + 7 +10°) + y2(se +0°) + Ge(Z0)}

and f; (Zt—l,l —Qea,z_1, — Q;(1— a)) > —oo for every Z,_, € R% constitues a convex set

since the cost is always none negative, according to Theorem A.4 in Porteous (2000), f; is a
convex function on (z;_ 1, 2,1 ), i.e. convex on R%.

TA10. Proof of Theorem 3

According to the definition of terminal value function in Section 4, the function is convex on R%.
Thus, by Lemma 5 (a) and (b), G;_; is jointly convex and a base-stock policy is optimal for
period T — 1. By Lemma 5 (c), fy_; is convex as well. Thus, the argument iterates backward
through the periods in the sequencet =T — 2,T — 3,...,1.

TA11. Proof of Result 2

Let's examine the one-period problem at the end of the time horizon. The expected ordering,
holding, and shortage cost, less any expected salvage value, in that period, starting with zero
inventory and ordering up to Z_, units can be written as

Gr—1(Zr_1) = Froa + v +00)z0_q4 + (Froy + 0204,
+.3EgT,ﬁT'afT(ZT—1,1 ~ Qr& 2zr-12, — Qr(1 — @)

~ +
=(Fr_1ty+ rlf)ZT—1,1 + (Fr_q + Ilf)ZT—Lz + ﬂEQQT,ﬁT'a{[QTa - ZT—1,1] (st +v+n°)

+[QT(1 — @) — ZT—1,2]+(5T +1°) + [@T& - ZT—1,1]_(h1 —sy—y—n/)
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+[QT(1 — @) — ZT—I,Z]_(hZ —sr—n/)}

= (Froy vy +0)zp_10 + (Frog +0 )24,

1 (o]
+B(Fr_1 +v +1n°) f fZT_M(fT—N—’ - ZT—1,1)W(€T—1)¢(“)d(ET—1) d(a)
0 =

oo

1
+B(Fr_; +1°) f (ET—l(l -—a) — ZT—1,2)¢’(ET—1)¢(a)d(ET—l)d(a)
0

Zr-1,2/(1-a)

1 rzr-11/a
+BChy —Fr_1 —y — rlf) J. f (ZT—1,1 - fT—la)W(fT—l)ﬂ(a)d(fT—l) d(a)
0o Jo

1 rZ7-12/(1-a)
+B(hy — Fr_q — I]f)jo Jo (zr-12 — &r—1(1 — @)W (Er_1)B(@)d(ér-1)d ()

Let S_, denote a solution to

G’}—l(ET—l) =0
Then

[oe}

G%—1(ZT—1,1) =Fr+yv+n/ —BFr1+v + IIS)J f Y(&r-1)8(a)d(Er_1)d(a)
0 Jz

T-11/@

1 rzZr-11/@
+B(hy —Fr_y —y — Ilf)f J Y(€r-o(a)d(Er_1)d(a) =0
0o Jo

G%—l(ZT—Lz) =Fr+0/ —B(Fr_, + rls)f f Y(&r-1)8(a)d(Er_1)d(a)
0

ZT-1,2/(1-a)

+B(h, — Fr_q — rlf)f f T_LZ/(l_a)lﬁ(fT—ﬂQ’(“)d(ET—Jd(“) =0
0o Jo

ie.

! St-11 _ B(Fr_i+y+n°) = (Fr_1 +v +n/)
J, v (22 peeraen - BT + by — 1)

! St-1.2 _ B(Fr_q +1n°) — (Fr_y +1/)
I e L Ry e
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TA12. Result 5 and proof
Result 5. At time point T — 2

E¢ d {fT—l (ZT—2,1 — Qr_1@, Zr-22 — Qr-(1 - d))}

Or—1,PT-1,@
Qr-1.PT-1 dZT—2,1

= —(Frz +y + 1) [ ¥ (22 p(@)d(a) + by f, ¥ (22) o(@)d(@) — (Frp + v +

n°) fy (1 — ¥ (=22))p()d (@), when E(I7—1 1) < E(S7—1,1)

EC d {fT—l (ZT—2,1 = Qr—1@, 2752 — Qr_1(1 — d))}

Or—1.Pr_1,0
Qr-1,Pr-1 dZT—Z,Z

= —(Fr—z + 1) [, ¥ (Z22) o(a)d (@) + b f, ¥ (Z222) p(@)d (@) — (Fr—p +1°) f, (1 =
¥ (ZI:—ZZ))Q’(“)CZ(Q)' when E(Ir_12) < E(S7-12)

Proof: Let's examine fr_;, by plugging in the optimal decision for each state:

* fra (ZT—2,1 = Qr-1a, 2727 — Qr—1(1 — a)) ={-Fr1+v + rlf)[QT—la -
ZT—2,1]_ — (Fr_q + rlf)[QT—l(]- -—a)— ZT—Z,Z]_ + [QT—1“ - ZT—Z,l]_hl +
[Qr-1(1 — @) — z7_3] hy + [Qr_a - ZT—2,1]+(ST—1 +y+0°) +[Qr (1 — @) -
Zr_2] (571 +1%) + Gr_1(Sp_1.0,Sr_12)} When Ir_y; < Sp_yyand Iy, < Sp_y
* fra (ZT—Z,l = Qr-1a, 2722 — Qr—1(1 — 05)) = { —(Fr—1+v+ rlf)[QT—la -
ZT—Z,I]_ — (Fr_q + Ilf)[QT—1(1 —a)— ZT—Z,Z]— + [QT—1“ - ZT—2,1]_h1 +
[QT—l(l —a)— ZT—Z,Z]_hZ + [QT—10—’ - ZT—2,1]+(ST—1 +y+n°)+ [QT—1(1 —a)—
ZT—2,2]+(ST—1 +1°) + Gr_1(Sp—1,1, Ir—12)} when Ir_y ; < Sp_yqand Ir_y 5 > Sp_i
* fro1 (ZT—2,1 — Qr-1,2Zp_35 — Qr_1 (1 — a)) = { —(Fr_,+v+ rlf)[QT—1a -
zr_1] = (Frog +0)[Qro1(1 = @) = z7_55] + [Qroga = zp_51] hy +
[QT—I(]- —a)— ZT—Z,Z]_hZ + [QT—1“ - ZT—2,1]+(ST—1 +y+n°)+ [QT—1(1 —a)—
ZT—2,2]+(ST—1 +1°) + Gr_1(Ir—1,1, Sr—12)} when Ir_y ; > Sp_y 1 and Ir_y, < Sp_y
o froa(2roa1 — Q@ zro0z — Qo (1= @) = {~(Fry + v + 1) [Qrse -
zr_z1] = (Frog +0)[Qro1(1 = @) = z7_52] + [Qroya = zp_51] hy +
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- +
[QT—1(1 —a)— ZT—Z,Z] h, + [QT—105 - ZT—2,1] (sr—1+v+n°) + [QT—1(1 —a)—
+
ZT—Z,Z] (s7—1 +1n°) + GT—l(IT—l,l' IT—1,2)}r whenIr_y 1 > Sp_qyand Ir_y, > Sr_q,
So at time point T — 2

Q d {fT—l (ZT—2,1 — Qr_1@, Zr-22 — Qr-1(1 - d))}

Or—1,PT-1,@
Qr-1.PT-1 dZT—2,1

= —(Frz +y + 1) [ ¥ (22 p(@)d(a) + by f, ¥ (22) o(@)d(@) — (Frp + ¥ +

n°) fy (1 — ¥ (=22))p()d (@), when E(I7—1 1) < E(S7—11)

Q d {fT—l (ZT—2,1 — Qr_14@, Zr-22 — Qr-1(1 - d))}

Or—1.Pr_1,0
Qr-1,Pr-1 dZT—Z,l

= —(Frz +y + 1) [} ¥ (22 p(@)d(a) + by f, ¥ (22) o(@)d(@) — (Frp + 7 +

a

1 —2, dGr_1(I1-1,1,W)
%) Jy (1= ¥ (2 )o(a)d(@) + B, 5 (T2 when E(Ir_14) < E(Sr-1,)

dzr-21

(here W stands for Ir_;, or Sp_4 5)

EC d {fT—l (ZT—2,1 ~ Qr—1@,27_3, — Qr_1(1 - d))}

Qr-1.PT-1,@ dZT—Z,Z
= —(Fr—z + 1) [, ¥ (22) o(a)d (@) + h, [, ¥ (2=22) p(@)d (@) — (Fr—p +10°) J, (1 =
v (2=22))p(@)d(a), when E(lr_1,) < E(Sr_12)

Q d {fT—l (ZT—Z.I — Qr_1@,27_55 — Qr_1(1 — &))}

Qr—1,P7-1,@
Qr-1.PT-1 dZT—Z,Z

= —(Fr—z + 1) [, ¥ (=22) o(a)d (@) + h, [ ¥ (2=22) p(@)d (@) — (Fr—p +10°) J, (1 =
W(%))ﬂ(d)d(a) +E2 (GoraWilraa2h - \when E(Ip_y,) < E(Sy-1,) (here W

Qr-1,PT-1,0 dZT—Z,Z

stands for I;_; 1 OFr Sp_1 1)

TA13. Lemma 6 and proof

Lemma 6. If f;,, is convex on R%, and EZ {

Qt+1.Pr+1.a

d{ft+1(Zt,1—Qt+1ath,2—Q~t+1(1—5))}}

dZt,l
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= —(Fe+y+0) [; ¥ () o(@)d(@) + hy [ ¥ (%) s(@)d(@) — (Fe +7 +7°) [, (1 -

¥ (Z;—'l))ﬂ(a)d(a) , when E(lt41,1) < E(St41,1) and
Q d{ft+1(Zt,l_ét+1atzt,2_Qt+1(1_a))} _ 7y (1 Zta
EQt+1'ﬁt+1va { dzg - (Ft +1n ) fo ¥ (1—a) g(a)d(a) +

hy Jy ¥ (22) o(@)d(@) — (F + 1) [; (1 =¥ (22 )p(@)d(a) , when E(les12) < E(Seer2)

1 St+1,1 _ B(Fey1+y+09)—(Feyr+yv+10)) 1 St+1,2 _
where ¥ (—a )g(a)d(a) = st hoon/) and [ ¥ (—1_a ) g(a)d(a) =

B(Fey1+0%)—(Frp1+1))
B(S+hz—n))

, then the following holds:

(@) The minimizer S, which minimizes G.(Z,) over all real value 2z fulfills

1y (Sta _ BFHy+0%)—(Fe+y+n)) 1y (Stz _ BF+n®)=(Fe+n))
[ sv( - )(zi(a)d(a) = HRE 0 and |, 'P(l_a>¢(a)d(a) = B,

(b) The optimal base-stock level in period t is also §t.

{d{ft(zt—l,l —Q¢@,Z¢—1,2 _Qt(l_a))}}

dzi—11

(c) f; isjointly convex on R% and Egt bt

= —(Feey +v 1) [ ¥ (*E2) p(@)d(@) + by [y ¥ (222) o()d (@) = (Fey +7 +

a

n°) Jy (1= ¥ (222 ))g(a)d(@) , when E(l.1) < E(S.1) and
aifel 2t-1,1— 0t @2t —1,2— 0t (1-@) 1 _
e M ey e (22) s +

1 Zt—1 1 Zi1q
hy fy ¥ (322) o(a)d(@) = (Feeq +0°) (1= ¥ (E2))p(@)d(a) . when E(l;) <
E(St2).
Proof: (a) As in Lemma 5 (a), G, is jointly convex on (z;1,z;,). TO see §t fulfills

1y (St _ B@EAy+0S)-(Fe+y+n) 1y Stz _ BFANS)-(Fe+n)
v (%) p(@d(@) = e Iy v (22) s(@yd(a) = e

G(Z) = (Fe+y+n )z + (F +10/)z, + ﬁE§t+1;ﬁt+1:aft+1(zt’1 — Q41,22
~Qr41(1 = @)
When Z, = §t, according to the assumption in Lemma 4 above

th(Zt,llzt,Z) d{ft+1(Zt,1 - ét+1dw Zto — Gt+1(1 - 5‘))}}
dze, dzg,

— f Q
o (Ft + y + rl ) + ﬁEét+1lﬁt+1la{
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1
= G+y+n) =Gy ) [ 9 (22 o@d(@
0

1

! Zt, Zt,
—B(Fe+y +1°) fo (=¥ (=2 )s@d(@ +Bhy fo v (=) s(@d(a)
=0
and
th(Zt,lJZt,Z) . 0 A{fe+1(Ze1 — Qt+1&: Zto — @t+1(1 —a))}
Tt,z = (F: + I]f) + ’BEQt+1,13t+1ﬂ{ dZt,Z }
= (Fe+ 1) - B(Fe + 1) f 1 v (222) o(@)d(@)
0 l1-«a

1 Zt, 1 Zt,

~B(F; +1°) jo (1 =¥ (725 )s(@d(@ + Bh fo v (1) s(@d@)

=0

> . SY— f
So S indeed fulfills [ ¥ (%2) o(a)d(a) = EEELEDEII) ang [l (32) g(a)d(@) =
- .

B(Fe+n®)—(Fe+n/)
B(S+hy—nf)

(b) supported by Lemma 5 (b) directly.

(c) Lemma 5 (c) ensures that f; is jointly convex on RZ. By calculating the consequences of
using the optimal base-stock level in period t, we get:

Q d{ft(zt—l,l_éta’zt—l,z_ét(l_a))}
Q. Pe

} = —(Fuy +y +00) [, ¥ (*222) p(@)d(a) +

dzi—11

by fy ¥ (%22) 0(@)d(@) = (Feea +7 +0%) ;1= ¥ (22 ))o(@d(@) , when  E(ly) <
E(St,l)

Q {d{ft(zt—1,1—Q~ta'Zt—1,2—Qt(l—a))}}

Qthfla dZt_LZ

= —(Fe +00) [} ¥ (322) o(0)d (@) + hy f, ¥ (222) 6(e)d(@) — (Feeq + 1) [y (1=

v (2=22))g(a)d (), when E(l,.;) < E(S2)-
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TA14. Proof of Theorem 4

As proven in Section TA10, fr_, is jointly convex on R%Z , and
Q d{fT—1(ZT—2,1—QT—1a,ZT—2,2—QT—1(1—5))} _

QT—LﬁT—l;a dZT—Z,l -

_ f 1 ZT-21 1 ZT-2,1 _

(Fr—z +v +107) [y ¥ (22) 0(@)d(a) + hy f, ¥ (22) s(@)d (@) — (Fr_p + v +

) A -¥ (2 De(@d@ ,  when  E(lry) <E(Sri) . and
EQ ) {d{fT—1(ZT—2,1—Q~T—15'ZT—2,2—QT—1(1—a))}}

Qr-1,P1-1.@ dzr—z2

= —(Fr— + 1) [} ¥ (222) o(a)d (@) + hy [y ¥ (Z222) o(@)d(@) — (Fr—p +1°) J, (1 -

'P(Z::—Zz))fzs(a)d(a), when E(Iy_1;) < E(Sr-12) » as proven in result 5, where

1 ST-11 _ B(Fr_1+y+n5)—(Fr_1+y+n/)
I l‘"( p )‘”(“)d(“) - B(r+h,—n)) and

SYy_ f )
f01 ' (SI:—ZZ) o(a)d(a) =& T;(:?:hz(zf)ﬁq ) according to Result 2.

So according to Lemma 6, in each period, the optimal order up to points exist and can be defined
as follows:

1y (St+11 _ B4y +n)—(Freatv+n)) |, _
Iy v (24 p(@)d(@) = ) =1, T - 1

1 St1, B(Fep1+05)—(Fepr+00)
O e L
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Part three

TA15. Proof of Theorem 5
Attimet=1,...,T -1

d {ft (Zt—1,1 —Qta,zi 1, — Q:(1 — a))}

dx;

=F,+y+n)—h — (s, +1°

So, whens, +n° — F, —y —n/ + h; > 0, the miller would try to slove the shortage issue of
type 2 wheat by substitution as much as possible, i.e. x, = min{[ Q;a — z;_, 1], [Q:(1 — @) —
Ze_12]7}; when s, +n° — F, —y —n/ + hy <0, the miller would not substitute at all, i.e.

x. = 0.

Attimet =T

d {fT (ZT—1,1 — Qra,zr_1, — Qr(1 — a))}

dxy

=@y+n)-h —n°

So,whenn® —y —n/ + h; > 0, the miller would try to slove the shortage issue of type 2 wheat
by substitution as much as possible, i.e. x; = min{[ Qra — zr_1 1], [Qr(1 — @) — zp_12]*}i;
when n —y —n/ + h; < 0, the miller would not substitute at all, i.e. x; = 0.
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