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Abstract

The objective is to reduce the cost per user of a video on demand system in which the users consume at a
variable bit rate and the data blocks are of constant size. In a video server the video data is often stored on
one or more hard disks. To increase their storage capacity, hard disks are nowadays partitioned into zones.
A side-effect of zoning is that the disk has variable transfer rates. We present algorithms for maximize
the guaranteed throughput over a given period of time by defining a placement of the data blocks on the
disk. Furthermore, we revise the triple buffering and dual sweep disk scheduling algorithms, such that they
are based on this throughput instead of the minimum guaranteed throughput. The result is a considerable
reduction in the cost per user, both by a reduction in the required buffer capacity for a given number of
users and by an increase of the number of users that can be serviced with the disk. This result also holds in
relation to track pairing, which also utilizes the different transfer rates of a multi-zone disk. Although we
also discuss how our approach can be used in combination with striping, we mainly focus on the case that
the video data is stored on a single disk.
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Chapter 1

Introduction

In a video-on-demand system multiple users can watch movies in an interactive way. This means that a user
can choose which movie he/she wants to watch and at what time. Possibly, functions like pause/continue,
slow motion and fast forward are also supported.

Figure 1.1 gives a model of a video-on-demand system. The system consists of a video server, multiple
terminals and a communication network. The video server stores a collection of movies and must be able
to offer each user the movie of his/her choice, which is to be sent as a continuous digital data stream
over the communication network. When a user wants to interact with the server, he/she sends a request.
Performance criteria of the system are response time, cost per user and reliability.

The video server often stores the movies on one or more hard disks. Although we discuss shortly the case
that more disks are used, we mainly focus on the case where a single disk is used. Both the cost per user
and the response time depend on the throughput of the used hard disk. Because the amount of data that can
be stored on a single track increases with its distance to the spindle, many hard disks nowadays consist of
several zones. A zone is a group of contiguous tracks. The tracks of a zone have an equal amount of data,
but the amount of data per track in different zones increases with its distance to the spindle. Because a disk
has constant angular velocity, different zones have different transfer rates. Most studies do not exploit these
differences in transfer rate for designing a video-on-demand system, but assume the minimum guaranteed
transfer rate of the disk. By alternately retrieving data from zones with a higher and lower transfer rate, a
higher throughput can be guaranteed over a period of time.

In this thesis we aim at reducing the cost per user by defining a placement of the movies on a hard disk
that distributes the successive blocks of a movie across the different zones. Thereby, we assume that a user
consumes at a variable bit rate and that the amount of data that is retrieved from the disk during a single
disk access is of constant size,

In the next two sections we discuss the model of a video server and consider in more detail how a hard
disk can be modeled. Some notation is introduced in Section 1.3. The throughput of the disk influences
the design of the video-on-demand system by means of the used disk scheduling algorithm. Therefore, we
discuss in Section 1.4 some known disk scheduling algorithms. In Section 1.5 we state the problem that is
the focus of this thesis. This chapter is concluded with some related work and an outline of the thesis,

1.1 Model of a video server

Figure 1.2 gives a model of a video server. Video data is often stored on hard disks, due to their large storage
capacity and the possibility of random access. Because a hard disk can only perform one disk access at
a time and because a server has to offer continuous data streams to several users, a buffer is reserved for
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Figure 1.1. The video-on-demand system

each admitted user. A user can consume continuously from the corresponding buffer. Offering a user a
continuous data stream consequently comes down to preventing that the corresponding buffer overflows or
underflows. The task of scheduling the disk accesses is performed by a scheduler. In addition, the scheduler
also has to handle user requests. A video-on-demand system is called safe if and only if it is guaranteed
that neither buffer overflow nor buffer underflow occurs.

The filling of the buffers is done by periodically placing a data block in the buffer of each user. Several
disk scheduling algorithms for the scheduler exist for determining on the basis of the degree of filling and
the capacity of the buffers, which data blocks have to be fetched from the hard disk at a given moment.
The choice of an appropriate algorithm predominately depends on whether the users consume at a variable
or constant bit rate and whether data blocks of constant or variable size are being retrieved. In addition, the
choice depends on which performance criterion should be emphasized, the response time or the cost per
user. We define the response time as the time between the moment that a user request arrives at the server
and the moment the user can start consuming the corresponding new data from the server. Note that this
definition does not take into account the time reguired for iransmitting a request from a user to the server
and the time required for fransmitting the data from the server to the user. The disk scheduling algorithm
influences the cost per user by imposing a required buffer size for a given number of users and by giving a
maximum number of admitted users that can be serviced with a given hardware configuration.

Two advantages of supporting variable bit rates are that variable-bit-rate-encoded data streams can be used,
such as defined in the MPEG-2 standard [14], and that we get functions like slow motion and pause/continue
without extra effort. On the other hand it has been shown that it also gives rise to larger buffer require-
ments [11]. An advantage of allowing variable block sizes is smaller buffer requirements [ 1]. However, it
often results in a higher average response time and it poses some additional requirements on the storage of
movies on disk [10].

In this thesis we consider the case that users consume at a variable bit rate that is bounded from above and
data blocks are of constant size. We restrict ourselves to the homogeneous case, i.e., the case that all users
have the same maximum consumption rate. Furthermore, we assume that the movies are stored on a single
disk. In Chapter 7 we shortly discuss how our resulis can be generalized to the case that more disks are
used. The model of a single hard disk is discussed in the next section.
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Figure 1.2. Model of the video server

1.2 Model of a hard disk

Figure 1.3 gives a schematic picture of a hard disk drive. A hard disk drive usually consists of several
platters connected to the same spindle. Each platter consists of two surfaces on which data can be stored.
Each surface has its own read/write head, where all heads are connected to the same actuator arm such that
they have equal distance to the spindle. As a result, you can not move the heads separately. Furthermore,
one can only read from one head at a time. The rate at which data is read is called transfer rate. The transfer
rate is usually expressed in Mbit! per second.

Each disk surface is divided into concentric circles, called tracks. These tracks in turn are divided into an
integer number of sectors. A sector is the smallest addressable unit of data for reading or writing. The size
of a sector is often 512 Byte. The length of a track grows linearly with its radial distance to the spindle.
Therefore, the outer tracks can contain more data, i.e., sectors per track, than the inner tracks. To exploit
this, the set of all tracks of a hard disk is divided into contiguous groups, called zones. Each zone can
consist of a different number of tracks. Within a zone, the number of sectors per track is kept constant, but
between zones the number differs. Because a hard disk rotates at a constant angular velocity, this results
in different transfer rates for different zones. For the Seagate Barracuda 9 drive, whose characteristics are
given in Table 1.1, the highest transfer rate is 56% higher than the lowest transfer rate. Each surface has
an equal number of tracks and corresponding tracks have an equal number of sectors. As a result, all heads
are positioned at similar tracks. These tracks together are called a cylinder.

Each disk access (read or write) involves a sequence of successive sectors. Usually, the sectors are ordered
cylinder by cylinder (see Figure 1.3). This means that successive sectors are as much as possible stored on
the same cylinder instead of on the same platter. The reason is that the time required for moving to another
track in the same cylinder, i.e., the time required for making another read/write head active, is usually
smaller than the time required for moving the heads to the next track on the same surface. While moving to
another track during a disk access, the first sector of the track might have rotated past the read/write head.
Having arrived too late, the head should then have to stay in position until the first sector again arrives
under the head. To avoid this loss of time, called rotational delay, the data on successive tracks is skewed.

Here, we assume that 1 Mbit= 22" bits and 1 MByte= 22" Byte
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Figure 1.3. Schematic picture of a hard disk

This means that the first sector of each track is staggered in comparison to the first sector of the previous
track to allow for the time the drive takes for the movement to the track.

The total time required for reading an amount of data generally consists of the following parts.

e The seek time. This is the time it takes the actuator to move to the right track, i.e., the track where
the first sector to be read is positioned.

¢ Rotational defay. When a read/write head has arrived at the right track, it still has to wait until the
first required sector is positioned under it. This time is at most the time required for one rotation.

¢ Track switch time. The time required for moving the read/write heads to the next track.
¢ Head switch time. The time required to make another read/write head active.

¢ Read time. The time that the disk is actually reading. This time is given by the amount of data that
has to be read divided by the average transfer rate of the disk at the position where the data is stored.

We define the switch time as the time it takes to move a read/write head to the correct position. Heace,
the switch time is the sum of the seek time and the rotational delay if data is stored on the surface of the
active read/write head and it is the maximum of this sum and the head switch time, otherwise. Because
the worst-case rotational delay is larger than the head switch time, the worst-case switch time equals the
sum of the worst-case seek time and the worst-case rotational delay. Furthermore, we define the time
required for a disk access as the transfer time. This time consists of read time and possibly a2 number of
times the track switch time and a number of times the head switch time. The throughput of the disk is a
measurement reflecting both the switch time and the transfer time. It represents the total amount of data
that can be accessed during a unit of time. Because a hard disk rotates at a constant angular velocity, head
switches and track switches appear at regular intervals during a disk access. Therefore, we can combine
the transfer rate, the time required for the track switches and the time required for the head switches at a
number of consecutive sectors of a disk into an adapted lower transfer rate, such that the actual transfer
time is approximately given by the read time based on this adapted transfer rate. In the remainder of this
thesis we assume this transfer rate, which thus implies that we can approximate the transfer time required
for a disk access by the amount of data that has to be read divided by the transfer rate.

The seek time per access is maximally the time required for moving the head from the inner track to the
outer track, or vice versa. To prevent that we have to take into account such a worst-case seek for each
single access, disk accesses are usually made in baiches. The disk then moves its head from the inside to
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Seagate Barracuda 9 drive

Drive Capacity 9.1 GByte Minimum Transfer rate | 59 Mbhit/s
Platters 10 Maximum Transfer rate | 92 Mbit/s
Surfaces 20 Average Transfer rate 79 Mbit/s
Rotational Speed | 7200+0.5% t/min | Rotational Delay 8.38 ms
Sectors per Track 126-199 Track Switch Time 0.8 ms
Tracks per Surface 5273 Head Switch Time 12 ms
Number of Zones 7

Table 1.1. Characteristics of the Seagate Barracuda 9 drive

the outside, or vice versa, and reads the blocks in the order in which they are encountered by the head. The
execution of one such a batch of disk accesses is called a sweep.

Although a disk consists of several surfaces, we can model it as a single surface by considering a cylinder
as a single track. The logical surface then has just as much tracks as a physical surface, but the capacity of
a track increases. Let the number of surfaces of the disk be m. Because each track of a cylinder is divided
into sectors in the same way, the capacity of a logical track is m times the capacity of a corresponding
physical track. Hence, when we define the rotation speed as the original rotation speed divided by m, the
transfer rate of a track of the logical surface equals the transfer rate of the corresponding track of a physical
surface. As a result, we can assume that a disk consists of a single surface.

1.3 Notation

Before we present some known disk scheduling algorithms in Section 1.4, we introduce some notation that
will be used throughout this thesis. The video server handles a maximum of n users, denoted by 1 through
n. A user consumes at a variable bit rate anywhere between 0 and ¢y« The constant size of a data block
is denoted by B, which must be an integer number of sectors.

When B is given, we can indicate, say, np positions on the disk, where a data block can be stored. We
number the positions in order of ascending transfer rate. Hence, for all 0 < i < j < ng it holds that the time
required for transferring a data block from position i is at least the time required for transferring a data
block from position j. If B is not a divisor of the capacity of the disk, the positions do not cover the entire
disk. We then leave a part of the disk with the lowest transfer rate unused. This is indicated by the shaded
area in Figure 1.4. Because the transfer rate of a zone increases with its radial distance to the spindle, the
numbering is as given in Figure 1.4, We assume that ng >> 1 and we define F as the set of positions.
Hence, F = {0,1,...,n5—1}.

As discussed in Section 1.2, the time it takes to execute a sweep consists of switch time and transfer time.
We define s;(m) as the worst-case switch time required for fetching m data blocks in { sweeps. From the
definition of switch time, it follows that 5;{m} increases with m and with /. For i = 1, we usually omit
the subscript i. It can be shown that s3(m) = s([%]) +s(L%]), i.e., if the switching time required for m
disk accesses in two sweeps is worst-case, then the disk accesses are equally divided over the two sweeps.
When we generalize this, we get that 5;(m) and s(m) are related by

si(m) =;—§:’)s (["J—T—JD . (1.1

We denote the time required for transferring the data block that is stored at position i, 0 < i < np, by #(i).
By definition, the transfer time equals 385’7’ where r(i) is the average transfer rate at position i. From the

numbering of the positions, it follows that ¢ is an descending function. We define fiax as the maximum
transfer time of any position and ry, as the minimum average transfer rate of any position. Hence, tmax =
(0} and ry, = r{0).

We consider the case that only one single movie is stored on the hard disk and that the movie consists of ng
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Figure 1.4. Numbering of the positions where data blocks can be stored

data blocks. This is not a restriction, as we show in Section 7.2. We number the data blocks of the movie
from O through ng — 1, where 0 is the first data block of the movie and ng — 1 the last data block. We define
L as the set of data blocks. Formally, L = {0,1,...,n5 — 1}. We introduce a variable i, for each user ,
1 < u < n, that indicates the first data block that will be fetched for u if no request arrives at the server
until the start of the sweep in which data block i, would be fetched. Consequently, when a data block has
been fetched for user u, i, is raised by one and when user u requests data block m instead of i, then the
assignment J,, := m is performed. When either the last data block of the movie has been fetched or a user
is not admitted, then i, is chosen equal to ng, by definition. We define U as the set of users, for whom this
is not the case. Hence, U = {uli, < np}. Consequently, U contains the users, for whom possibly a data
block is to be fetched. Notice that both I/ and i,,, 1 < # < n, are time dependent. Hence, we can only refer
to them if a point in time is given.

We define the bijectiona: L — F, where a(i) = j indicates that data block i is stored on position j. Hence,
a describes how the movie is stored on the hard disk. We use ¢, as a shorthand for o a. Consequently, £,()
gives the transfer time for fetching data block i. Using the notation, we get that the time required for a sweep
in which the data blocks y1,y2,. .., ym are fetched, is at most X7 %,(y;) + s(m). In the remainder we will
frequently write the functions a and ¢, as a sequence of numbers. Such a sequence has the straightforward
meaning that a() and f,(i), respectively, are at the ith position. These sequences are visualized by a chain
of boxes where the ith box contains the ith value in the sequence. With a subsequence of a, we mean a
number of successive data blocks with their corresponding positions. The length of a subsequence is called
window size. Hence, the subsequence of a that starts at position / and has window size 2, refers to data
block i and i+ 1 and thier corresponding positions a(i) and a(i + 1).

Finally, we define the function avgs(A). This function gives the average of the function values of the
elements of A with regard to the function f. Formally,

eyt = ZtI),

Using this definition the average time it takes to read a data block of the movie can be written as avg,, (L)
or, because a is a bijection, as avg,(F). This time will also be denoted by favg. Similar, we define r,vg as
the average transfer time of the disk, i.e., the total used capacity of the disk divided by the transfer time
required for transferring all data from disk.

We conclude this section with stating the convention that we define the minimum over an empty domain as
oo and the maximum over an empty domain as —oo.
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1.4 Disk scheduling algorithms

The throughput of the disk influences the design of the video-on-demand system by means of the disk
scheduling algorithm. In [11], three disk scheduling algorithms are presented for the case that users con-
sume at a variable bit rate and data blocks are of constant size. Namely, triple buffering, dual sweep and
m-EDFC. All three algorithms are based on the minimum transfer rate of the disk. For the first two algo-
rithms we discuss in this thesis how they can be adjusted, such that another throughput than the minimum
throughput is assumed. In this section we present these algorithms in their original form,

1.4.1 Triple Buffering

In the triple buffering algorithm (TB) the following strategy for filling the buffers of the admitted users is
used. .

Definition 1. (Filling Strategy TB). A data block is fetched for a user in a sweep if and only if the corre-
sponding buffer has room for it at the start of the sweep. O

The size of a data block is chosen large enough to survive a worst-case sweep. In this case, a worst-
case sweep is a sweep in which a data block is fetched for each user at a minimum transfer rate and in
which the switching time is maximal. The time required for a worst-case sweep is consequently given by
n- ;ﬁ + s(n). Hence, the block size satisfies

B> cpux(n- B +s5(n)). (1.2)

Trmin

The block size is minimal if equality holds in (1.2). As proved in [11], TB is safe if and only if the buffers
of each user can store three data blocks. That this is a necessary condition can be inferred as follows. At the
start of a given sweep w the buffer of a user can have room for B — € of data, with € being a small positive
value. As a result, no data block will be fetched for the user in sweep w. Hence, the next data block may
not arrive before the end of sweep w+ 1. In the worst-case situation, two data blocks have been consumed
during this time. Hence, a buffer must be large enough to store three data blocks.

Equation (1.2) can only be fulfilled if cpax - 1 < ripin, 1.€., the total rate at which data is consumed does not
exceed the minimum transfer rate of the disk. As a result, the value of # is bounded by {—:ﬁ

A user may not start consuming before the end of the sweep in which the first data block is fetched. As
a result, the worst-case response time of TB is the time required for two worst-case sweeps. This can be
inferred as follows. If a user request arrives at the server, just after the start of a sweep, then the first data
block for the user can not be fetched before the next sweep. Hence, it can take two worst-case sweeps
before a user can start consuming.

1.4.2 Dual Sweep

In the dual sweep algorithm (DS) the following strategy for filling the buffers of the admitted users is used.

Definition 2. (Filling Strategy DS). A data block is fetched for a user in a sweep if and only if the corre-
sponding buffer has room for it at the start of the sweep, unless a data block for this user has already been
fetched in the previous sweep. -]

The size of a data block is chosen such that it is large enough to survive two successive sweeps. Because
in two successive sweeps at most one data block is fetched for each user, this means that

B> cpux(n- B + 52(n)). (1.3)

Tmin
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has to hold. Again, the block size is minimal if equality holds and the value of n is bounded by -'?D»
The dual algorithm is safe if and only if the buffer of each user has room for two data blocks, as stated
in [11]. Hence, dual sweep requires a data block less than triple buffering, although the data blocks will be
somewhat larger thar for triple buffering. The reason is that maximally one data block is consumed instead
of two between the moment a user has room for a data block and the arrival of a data block, which, again,
is maximally two sweeps.

As for triple buffering, a user can not start consuming before the end of the sweep in which the fist data
block has been fetched. The worst-case response time for dual sweep is the time required for three worst-
case sweeps. This can be inferred as follows. A request of a user can arrive just after the start of a sweep.
Because in this sweep a data block can be fetched for the user and because a user may only fetch a data
block once in two successive sweeps, it can take three sweeps before the user can start consuming. Note
that in these sweeps, at most two data blocks are fetched for the same user.

1.5 Problem definition

As discussed in the previous section, in TB and DS, the blocks size is chosen, such that a data block is large
enough to survive one and two worst-case sweeps, respectively. In a worst-case situation for each user a
data block is fetched that is stored on the inner zone. Hence, when we assume a higher transfer rate we
can service more users with the same block size and we can decrease the block size for the same number
of users and correspondingly the buffer sizes. As a result, we can reduce the cost per user both due to an
increase in the maximum number of admitted users and a reduction of the buffer requirements.

As discussed in Section 1.2 the minimum transfer rate can differ considerably from the average transfer
rate. By placing the data blocks of a movie alternately on zones with a higher and lower transfer rate,
sweeps that take a relatively long time can be alternated by sweeps that take a short time, Consequently,
we can then guarantee a higher throughput whenever we consider a longer period of time than just one
sweep, as for TB, or two sweeps, as for DS. This brings us to the following problem definition.

Problem definition 1. Let a single movie be stored on a single multi-zone hard disk, let users consume
at variable bit rate and let the data blocks be of constant size. Define a placement of the data blocks
on the disk, such that a higher throughput of the disk can be guaranteed over a given period of time. In
addition, revise the buffer requirements given by TB and DS, such that the relation between the block size
and the maximum number of admitted users can be based on this higher throughput. The placement and
the revision should aim at minimizing the cost per user, o

1.6 Related work

In this section, we discuss related work on utilizing the different transfer rates of a multi-zone disk for
increasing the throughput of the disk in a video-on-demand server.

By storing popular movies on the faster outer zones and less frequently watched movies on the inner
zones, one obtains a better throughput statistically [4, 8, 15]. However, it does not increase the guaranteed
throughput. Consequently, when safeness has to be guaranteed, the approach does not affect the design of
the video-on-demand system but only improves the average performance of the video-on-demand system.

Several studies discuss region based data placement schemes to improve the guaranteed throughput of the
disk [5, 7, 12}. In this approach, the disk is divided into regions and in each sweep, data blocks are read
from only one region. As a result, the worst-case seek time is reduced and the guaranteed throughput over
the period in which all regions are visited is increased. However, it results in relatively large worst-case
response times, which can be inferred as follows. Consider the situation that a user requests a data block
from the region from which the read/write head has just moved away. Then the user does not receive the
requested data block before the head has visited all regions from which, in the worst-case situation, a data
block is fetched for all other users. Furthermore, the approach assumes that a data block is fetched for the
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consurning users in each period in which a region is visited. As a result, the approach is only suitable for
normal playback, i.e., it is only suitable for systems without functions like fast forward and slow motion.
Because the regions are visited in successive order, much buffer space is required to guarantee that no
buffer under flow occurs in a period in which the inner regions are visited. In approach that we present, a
period of several sweeps, in which only data blocks from the inner zones are fetched, is prevented.

In [16], the different transfer rates are utilized for the case that a user consumes at a variable bit rate. A
constant period of time is allocated for retrieving each data block. As a result, the size of each data block
is proportional to the data transfer rate and thus varies in different disk zones. The required buffer capacity
is determined off-line and imposes predictive variable bit streams, i.e., the buffer requirements depend on
both the playback time of the frames of a movie and their size. Hence, as for the region based approaches,
the approach is only applicable for a system without functions like fast forward. Furthermore, it can only
be used in a system with a static collection of movies.

Heltzer et al. [6] propose a scheme in which fixed-size logical tracks are constructed by comprising an
equal number of same-numbered physical tracks from every zone. As a result, when the movies are stored
in logical-track order, the read time is constant for each data block. Although the read time is based on
the average transfer time of the disk, this is at cost of extra switch time. This overhead is partly alleviated
by track pairing [1]. The amount of data on a track is approximately linear in its distance to the spindie.
Consequently, when the innermost tracks are paired to the outermost tracks, each pair of tracks has approx-
imately the same transfer rate. Consequently, by recording a movie alternately on a range of contiguous
outer tracks and their inner counterparts, the guaranteed throughput of the disk is approximately based on
the average transfer rate of the disk at the cost of some extra switching overhead. However, this switch-
ing overhead is smaller than for the approach presented by Heltzer et al. In Section 6.1, we discuss track
pairing in more detail. Furthermore, we compare the results obtained by track pairing with our results.

1.7 Qutline of this thesis

The organization of this thesis is as follows. In the next chapter we revise the buffer requirements given by
TB and DS, such that the block size can be based on a higher throughput than the minimum throughput.
In Chapter 3 we formulate the problem of minimizing the buffer requirements by means of appropriately
placing the data blocks on the disk and we discuss the complexity of this problem. In addition, we give an
approach to solve the problem, for which we present a solution strategy in Chapter 4. Chapter 5 discusses
how requests from the users can be handled. In Chapter 6 we compare the cost per user resulting from
our approach with the cost per user resulting from TB and DS. Furthermore, we compare our results with
the results obtained by track pairing [1]. We discuss in Chapter 7 how our approach can be extended to a
multi-disk mode] and that the assumption that only one single movie is stored on the disk that covers the
entire disk is not restrictive. Finally, some concluding remarks are given in Chapter 8,



Chapter 2

Buffer requirements

In this chapter we derive how the buffer requirements of TB and DS can be adapted, whenever a higher
throughput is assumed than the minimum throughput. After a user request arrives at the server, in both TB
and DS the first requested data block is fetched as soon as it is allowed by the corresponding filling strategy.
For TB, this means that the first requested data block is retrieved in the first sweep, say w, after the sweep
in which the request arrives at the server. For DS, this is only the case if no data block has been fetched for
the corresponding user in sweep w~ 1. Otherwise, the first requested data block is retrieved in sweep w+ 1.
If we hold on to this strategy and a user requests in each sweep a data block that is stored on the inner zone
of the hard disk, then each sweep is worst case in the case that filling strategy TB is used and each pair of
sweeps is worst case in the case that filling strategy DS is used, regardless of how the movie is stored on
the hard disk. As a result, the guaranteed throughput over a period of time equals the minimum throughput.
Therefore, to assume another throughput than the minimum, we have to define additional conditions under
which the first requested data block may be fetched. As mentioned in the problem definition, we focus on
minimizing the cost per user. Hence, we do not want these conditions to affect the design of the video-
on-demand system. Therefore, we assume that no user requests arrive at the server when designing the
system. In Chapter 5 we discuss how requests can be handled, such that safeness remains guaranteed and
the required buffer sizes do not increase.

In Section 2.1, we derive a sufficient buffer capacity for the case that filling strategy TB is used and a higher
throughput is assumed than the minimum throughput. In Section 2.2, we do the same for filling strategy
DS.

2.1 Revision triple buffering

As discussed in Section 1.4.1, in TB a data block is large enough to survive one worst-case sweep. A worst-
case sweep in TB is a sweep in which a data block is fetched for each user at a minimum transfer rate and
at maximum switch time. Whenever we assume a higher throughput than the minimum throughput, a data
block is no longer large enough to survive a worst-case sweep. We therefore investigate the consequences
of choosing an arbitrary B and n for the required buffer capacity of the users, where B is assumed to be too
small to survive a worst-case sweep. Both in Section 2.1.1 and 2.1.2, we give a sufficient buffer capacity
to guarantee safeness. Section 2.1.1 discusses the case that a data block is at least large enough to survive
a sweep in which a data block is fetched for each user at maximum transfer rate. In Section 2.1.2 a more
strict condition is imposed on the block size, namely that two data blocks are large enough to survive three
successive sweeps.

11
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Figure 2.1. Interpretation of 0,,(i}.

2.1.1 Unconditional solution

For a given B and n, we define z4, called the dimension time, as the transfer time that may be spent per user
in a sweep, such that a data block is large enough to survive the sweep in the case that the switch time is
maximal. Formally, 1, is defined such that B = ¢yac(n -2+ s(n)). Hence, tg = W By assumption,
B is too small to survive a worst-case sweep. Consequently, £y < finax. Figure 2.1 gives an example of the
required transfer time for a given user u in k successive sweeps, whenever a data block is fetched for u in

all k sweeps.

Let us first consider how safeness is guaranteed in the original TB algorithm before we consider the case
that B is too small to survive a worst-case sweep. Safeness is guaranteed from a given sweep w onwards
if and only if at the start of the sweep the buffers of the consuming users ! contain at least one data block.
This can be inferred as follows. If the buffer of a user contains less than one data block at the start of
sweep w, then buffer underflow can occur when the sweep is worst-case because a data block may arrive
just before the end of the sweep. Hence, a buffer has to contain at least one data block. Assume that the
buffer of a user contains at least one data block at the start of sweep w. If a buffer contains at least one
data block at the start of an arbitrary sweep, then, by definition, the buffer contains enough data to survive
the sweep. Hence, it suffices to show that at the start of each sweep from sweep w onwards, the buffer of
each user contains at least one data block. If a data block is fetched for the user in sweep w, then the buffer
contains at least this data block at the start of sweep w+ 1. If, on the other hand, no data block is fetched
for the user, then the corresponding buffer must have room for less than one data block, as follows from
the definition of filling strategy TB. Consequently, the buffer contains at least two data blocks, During the
sweep at most one data block is consumed. Hence, at the start of sweep w+ 1 the buffer contains again at
least one data block. Hence, under the assumption that a buffer contains at least one data block at the start
of sweep w, this also holds at the start of sweep w + 1. By induction, we get that this means that at the start
of each sweep v, w > w, the buffer of each consuming user contains at least one data block, which has to
be showed.

Now we consider how safeness is guaranteed in the case that a data block is too small to survive a worst-
case sweep. The condition we have for the original TB algorithm is no longer sufficient, as can be verified
as follows. Whenever a data block arrives at the end of a given sweep and the sweep is worst-case, then
the buffer can underflow whenever it contains just one data block at the start of the sweep. We discuss the
minimum number of data blocks a buffer has to contain at the start of a given arbitrary sweep w to prevent
a buffer from underflowing. We thereby first consider the case that the required transfer time per sweep
of just one user, say u, can deviate from #y, i.e., only for user u the required transfer time for fetching the
ith data block of the movie is given by #,(i). Hence, for the sake of this analysis, we assume 1,(i) = #, for
all users except u. Furthermore, we assume that a data block is fetched for user u in each sweep from w

'In fact, the staternent holds for consuming users for whom the last data block of the movie still has not been fetched.
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onwards until the last data block of the movie, i.e. data block ng — 1, has been fetched. Because ng — i,
data blocks have to be fetched for u from the start of sweep w, the last data block is fetched in sweep
w+ng — i, — 1. We concentrate on preventing the buffers from underflowing during sweep w through
w+np —i,— 1, i.e., during the sweeps in which a data block is fetched for user 4. Below, we will consider
the general case where the transfer times for all the users vary.

As mentioned, a buffer has to contain at the start of a given sweep at least enough data to survive the
sweep, because otherwise buffer underflow can occur whenever a data block is not placed in the buffer
before the end of the sweep. The time required for a given sweep w', w < w' < w+ ng — i, can maximally
be (n—1) - 14+ t,(i) + s(n). Furthermore, a data block is large enough to survive n - 2y + s(n) time units.
As a result, during sweep w' a user may have consumed one data block plus the number of data blocks
that is consumed during t,(i,) — t4 time units, This time is depicted in Figure 2.1 by the shaded block in
a bar. Note that this time can both be positive and negative. When we divide #,(i,) — 4 by the time that
can minimally be survived with a single data block, we get the maximum number of data blocks that can
be consumed more during sweep w' than a single data block. We define the time that can minimally be
survived with a data block, which is n-#; + s(n), by sby. Consequently, at the start of sweep w’ a buffer has
to contain at least

to(in) — 14

1+
sby

2.1
data blocks.

We now investigate what the above implies for the number of data blocks the buffer of a user has to contain
at the start of sweep w. Clearly, this has to be at least (2.1). However, we also have to guarantee that a
user has the number of data blocks given by (2.1) in the corresponding buffer at the start of sweep w + 1.
Note that i, is raised by one at the start of sweep w+ 1 in comparison with the start of sweep w because a
data block has been fetched for u in sweep w. The fraction in (2.1) gives the number of data blocks a user
may have consumed more during sweep w than the single data block that is placed in the buffer. Hence, to
guarantee that (2.1) also holds at the start of sweep w+ 1, the buffer of a user has to contain at least

ta(iy) — tq + ty(iy+1)—1ty

1
+ sb, sby

data blocks at the start of sweep w. Similarly, it can be showed that to guarantee that (2.1) holds at the start
of sweep w+k — 1, I < k < ng — iy, each buffer has to contain at least
% zo(taliu+ J) ~1a)

14+
sb,

2.2)

data blocks at the start of sweep w. Consider Figure 2.1. The fraction in Expression (2.2) can be interpreted
as the sum of the shaded blocks that are above the dotted line minus the sum of the blocks that are below it,
divided by the time that can be survived with a single data block. The value k denotes the window size of
the subsequence of a over which the value is calculated. When we maximize the expression over all values
of k, 1 <k < ng—i,, i.e., over all possible window sizes, we get the minimum number of data blocks a
buffer has to contain, to prevent the buffer from underflowing in any sweep from w throughw+ng—i, — 1.
Let 6, (i) be defined by

k=1
Om(i) = erI?S_aI:(B—i (j;o(ta(i+ - td)) . 2.3)
Then, a buffer has to contain at least 1+ G (i,)/sb, data blocks. It can be the case that no data block
has been fetched for u in sweep w — 1, because there was no room for it in the corresponding buffer. The
time required for sweep w— 1 is then (n— 1) -ty + s(n — 1). Dividing by n -ty + s(n) gives the maximum
number of data blocks that is consumed during this sweep. To guarantee that the buffer of 4 contains at
least 1 4+ G, (i,)/sby data blocks at the start of sweep w, the buffer has to contain at least

O1lin)  (n=1)-tatsin—1)

1
+ sby sb,
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Figure 2.2, Placement of the data blocks

data blocks at the start of sweep w — 1. To guarantee that when « has room for less than one data block in
the buffer, the buffer still contains this number of data blocks, the buffer capacity has to be one plus this
number. This and rewriting the fractionto 1 + M yields that the buffers have to be large enough
to store

O1(i) _ ta+s(n) =s(n—1)

5by sby )
data blocks. The interpretation of the fraction is the number of data blocks that is saved by fetching only
n— 1 data blocks instead of n. To guarantee that the buffer is large enough, regardless of the value of iy,
i.e., regardless of the data block that has to be fetched for user u in sweep w, we have to maximize (2.4)
over all values of i,,. This yields

10)] ty+s(n)—s(n—1)
( b, ) - b . 2.5

We give an example to clarify the above.

3 4 max
0<i<ng

Example 1. We consider a hard disk that consists of six equal-sized zones, numbered from 0 through 5,
and assume the worst-case switching time function of the Seagate Barracuda 9 drive. The transfer rate of
the zones increases from 60 Mbit/s for the inner zone to 85 Mbit/s for the outer zone in steps of 5 Mbit/s.
We assume that 12 users have to be serviced that have a maximum consumption rate of 4 Mbit/s. The
worst-case switch time required for a sweep in which for each user a data block is fetched, i.e., s(n), is
109.45 ms. Furthermore, s(n — 1) = 101.17.

We assume a block size of 171 kB. Furthermore, we assume that the data blocks are stored on the hard disk
such that data block i, 0 < i < np is stored on zone i mod 6 (see Figure 2.2). By definition, ty = Tﬁ:;{ﬂ
Hence, 4 = 18.69 ms. The transfer time required for fetching a data block can be calculated by dividing
the block size by the transfer rate of the zone on which the data block is stored. Figure 2.3 depicts the
transfer time of the data blocks.

Let i, be 7 at the start of sweep w. In the figure x = 2‘,?:0(!“(1') —t4), where i mod 6 = 0, i.e., data block
i is stored on zone 0, and y is this expression for the case that i mod 6 = 3, i.e., data block i is stored on
zone 3. Hence, x = (22.27 — 18.69) + (20.55 ~ 18.69) + (19.09 — 18.69) = 5.83. Similarly, y = ~5.85.
We first calculate how many data blocks have to be in the buffer at the start of sweep w, i.e., we calculate
14+ 061(7)/sby. Because x < y,

k|

S, T+ ) =) = 3 (W14 ) =10
j=0

Hence, 61(7) equals (20.55 — 18.69) + (19.09 — 18.69) = 2.25 ms. Furthermore, sb, = 12- 18.69 +
109.45 = 333.73 ms. As aresult, 64(7)/sby = 0.00674. Consequently, 1 +&,(7)/sby = 1.00674.
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Figure 2.3. Transfer time of data blocks

Next, we determine the required buffer capacity, i.c., we determine the value of Expression (2.5). Again
because x <y, maXo<icnz O1(f) = x = 5.83. Hence, maxXg<i<n, O1(f)/sby = 5.83/333.73 = 0.01747. Fur-
thermore,
tg+s(n) —s(n—1) 18.69+109.45 - 101.17
sby B 333.73

Consequently, (2.5) equals 3 + 0.00674 + 0.08081 = 3.088. O

= (.08081.

Assume that the transfer time of all users may deviate from 1. Inspired by the discussion above, we require
that at the start of a given sweep the buffer of each user contains at least

o ()
1+Z sb:

u.-.

data blocks. However, G| (i,) is only meaningful if i, # ng, i.e., if u € U. Furthermore, buffer underflow
can only occur in a buffer whenever the last data block of the movie still has not been placed in the buffer
and the corresponding user is consuming. By definition, this means that we only have to define a minimum
degree of filling for buffers of users from U. Hence, we require that at the start of the sweep the buffer of
each user from U contains at least

1+3 2 ) | (U D= 2.6)

uey sby

data blocks, where T/sby is the contribution to the expression of the users that are not in U, We define 1 as
t(ng — 1) — t4. This will be useful in the discussion about how to handle user requests in Chapter 5. Note
that since t is descending, T < 6y (i) forall £, 0 < i < ng.

Similar we can generalize the required buffer capacity given by (2.5) to

34n. max (cl(i))_td+s(n)—s(n-l)‘

0<i<npg—1\_ sby shy

The following theorem states a sufficient buffer capacity to guarantee safeness in the case that filling strat-
egy TB is used. The theorem is based on the obtained insight. For the proof we refer to Appendix A. Note
that the buffer capacity is (mainly) determined by 6, instead of ;. Hence, the buffer capacity is (mainly)
determined by the subsequences of a of length at least two instead of one.

Theorem 1. Ifty > t{ng — 1), where ty = W, if no requests are sent by the users and if each user
from U has initially at least the number of data blocks given by (2.6) in the corresponding buffer, then
filling strategy TB is safe if there is room for at least

: 02() _
3+n ogﬂ%ﬁ—}( b ) & 2.7
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data blocks, where Gy, is defined by (2.3) and

5= max o)) _ max o1 (i) +td+s(n)—s(n—l) .8
O<i<ng—1 \_ shy, ogi<ng \ sby / sby

We look at the meaning of the theorem for Example 1.

Example 1 revisited. As calculated in Example 1, maxoci<ng (01 (i)/sby) = 0.01747 and “*=2 '“‘("”
0.08081. It can be verified that (i) = G2(i). Hence, by (2.7), a sufficient buffer capacity is 3+ 12-
0.01747 +0.08081 =13.13 data blocks, which equals 535.23 kB, because B = 171 kB.

From (1.2), it follows that the minimum block size for the original TB algorithm is 280.19 kB, which yields
a minimum required buffer capacity of 840.57 kB. Hence, the required buffer capacity decreases by 36%.
0

2.1.2 Conditional solution

In Subsection 2.1.1, we defined #4 such that one data block is large enough to survive a sweep in which the
switch time is maximal and the transfer time required per user is #y, 1.€., B = cmyx (1 - 14 + 5(n)). Alterna-
tively, we now define 1; sach that

B=cmux(n-tg+ % -53(2n)) 2.9

or, equivalently, ty = W Hence, the time that can minimally be survived with two data blocks
is 2n-t4+ s3(2n). Consequently, two data blocks contain enough data to survive three sweeps if for a user
at most two data blocks are fetched in three successive sweeps and the average transfer time required for
transferring two successive data blocks for a user does not exceed 7. In the next lemma we prove that
the first condition is implied by the second one. We thereby consider an interval in which the hard disk is
idle, because no data block has to be fetched, as an large number of sweeps. The condition on 74 can be

formalized as

maxo<i<ng-1{ta{f) + (i + 1))

1>
d= 2

(2.10)
The equation has the meaning that the size of a data block is no longer based on the worst-case required
transfer time in a single sweep, as is the case in TB, but on the worst-case required transfer time in two
sweeps.

Lemma 1. If the users do not send requests and (2.10) holds, where ty = B——l—z-:%——:f(zfl and if each user
from U has initially room for at most one data block in the corresponding buffer; then in three successive
sweeps at most two data blocks are fetched for the each user.

Proof. We prove by induction to the number of executed sweeps, denoted by w, that in three successive
sweeps never three data blocks are fetched for the same user. As basis, we take the cases that wis 1, 2 and
3. The induction hypothesis trivially holds for w = 1 and w = 2. Assume that w = 3 and assume that the
induction hypothesis does not hold. This means that a user u, 1 < u < n, exists, for whom a data block is
fetched in sweep one, two and three. Hence, at the start of the first sweep « has to be an element of U,
which, by assumption, implies that the buffer of 1 has room for at most one data block. The time required
for the first two sweeps is maximal when in both sweeps a data block is fetched for all n users. This time
does not exceed

n '0<1;?:%x (2a(i) + ta(i+ 1)) + 25(n),
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Because, by assumption, (2.10) holds, this is at most 2n-#; + 2s(n). Multiplying with the maximum
consumption rate Cmax yields

2cmax < (0 24+ 5(n)), (2.11)

which is the amount of data that is maximally consumed during the first two sweeps. From (1.1), it fol-
lows that 2s(n) = 52(2n). Furthermore, it follows from the meaning of s; that 52(2n) < s3(2n). Hence,
using (2.9}, we get that in the first two sweeps, user u has consumed strictly less than two data blocks. Fur-
thermore, two data blocks have been fetched during the first two sweeps. Consequently, the buffer contains
strictly more data at the start of third sweep than at the start of first sweep, i.e., the buffer of u has room for
strictly less than one data block at the start of third sweep. As a result, no data block is fetched for u in the
third sweep, which yields the contradiction.

Consider the case w = m+ 1, where m > 3. Let u be an arbitrary user, 1 < # < n. Because the induction
hypothesis holds for w < m, it suffices to prove that not in all three sweeps m— 1, m and m+4- 1 a data block
is fetched for user «. Again, we prove it by contradiction. Hence, assume that in all three sweeps a data
block is fetched. From the induction hypothesis and m > 3, it follows that in the sweeps m—2, m— 1 and
m at most two data blocks are fetched for the same user and that in sweep m — 2 no data block is fetched
for u because, by assumption, this is done in sweep m — | and m. The first observation yields that the total
time required for the sweeps m — 2, m — 1 and m does not exceed
n- osﬂii;l(t“(i) +t,{i + 1)) + 53(2n).

Because of the assumption that (2.10) holds, this is at most 2n-#; + 53(2n). When we multiply this by ¢max
and divide it by B, which, by definition, is cmax - (1 -2z + 353(2n)), we get that maximally two data blocks
have been consumed during these sweeps. As mentioned, no data block is fetched for u in sweep m — 2.
Hence, u has room for strictly less than one data block in the buffer at the start of this sweep. Furthermore,
a data block is fetched for « in both sweep m — 1 and m. As a result, there is room for strictly less than
one data block in the buffer of u at the end of sweep m, which means that in sweep m + 1 no data block
is fetched for user 4. This gives the contradiction. This completes the proof of the induction step and
correspondingly the proof of the lemma, O

In the next theorem we give the generalized version of Lemma 1. Because the proof is similar to the proof
of the lemma, we omit its proof. In the theorem ty is defined such that B = cpax(n 14+ %S;H.] (kn)). Hence,
k data blocks are large enough to survive k+ | sweeps if at most k data blocks are fetched for the same user
in k + | successive sweeps and the average transfer time required for a user for fetching & successive data
blocks does not exceed .

Theorem 2. Let k be a positive integer. If the users do not send requests to the server,

k=1, 2 &
maxp<icng-12 j:efa(i +7)

td 2 k 2
B} x-St {0 . e .
where t; = W and if there is initially room for at most one data block in the buffer of each
user, then in k + 1 successive sweeps at most k data blocks are fetched for each user. O

Lemma 1 is the key to the following theorem, which gives a sufficient buffer capacity for the case that (2.10)
holds. In the theorem, we denote the time that can minimally be survived with a single data block, i.e.
nety+ %s;;(zn}, by sbe.

Theoremn 3. If the users do not send requests to the server, if Equation (2.10) holds and if each user from
U has initially room for at most one data block, then filling strategy TB is safe if there is room for 3 — &2
data blocks, where

- 2ty —1(0) +s3(2n) — 52(2n—1)

% sbe

(2.12)
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Proof. It follows from filling strategy TB, that no buffer overflow occurs. Furthermore, buffer underflow
can only occur for users from U. Consider the moment that the buffer of an arbitrary user u, # € U, turns
into the state that it is able to store a data block. This means that there fits exactly one data block in the
buffer. We prove that between this moment and the moment the buffer has (again) room for less than one
data block, no buffer underflow occurs, Because initially each user from U has at most one free buffer
place, this proves the theorem. It takes at most two sweeps before u receives the fist data block. This time
is maximally

- . K . , _ . 3
(n—1) Osg%;l(ta(z)+ta(z+l))+01£iﬁxta(z)+sz(2n 1), (2.13)

because these two sweeps contain only one data block for 4. Hence, the buffer of 4 has to contain at least
enough data to survive this time. Since ¢ is descending and by (2.10), we get that this time is at most
2n -ty + 53(2n) — €, where € = 2ty — #{0) +53(2n) — 52(2n — 1). Dividing this by sb, gives the number of
data blocks that is maximally consumed during this time. By definition, this equals 2 — &, which is exactly
the amount of data the buffer contains at the moment that we take under consideration. Hence, until the
moment that user u receives his/her first data block, no buffer underflow occurs.

We still have to prove that no buffer underflow occurs between the moment that the first data block arrives
in the buffer and the moment that u has less room in the buffer than one data block. Assume that the buffer
of u receives the first data block in sweep w and that it has still room for more than one data block. This
means that in sweep w+ 1 a data block is fetched for u, as well. From Lemma 1, it follows that in sweep
w+ 2 no data block is fetched for user . Consequently, between the arrival of the first data block and the
moment the buffer has room for less than one data block, only one data block is fetched. This means that
between these moments, the buffer has room for strictly less than two two data blocks. Hence, no buffer
underflow occurs if the capacity of a buffer is at least two data blocks. This is the case, because if the
capacity would be less than two data blocks, the buffer would have less than one free buffer place after
receiving the first data block and this is in contradiction with the assumption that « has room for a data
block after receiving the first one. o

2.2 Revision of dual sweep

The DS algorithm states that whenever a data block is large enough to survive two successive sweeps in
which at most one data block is retrieved for each user, a buffer capacity of two data blocks suffices to
guarantee safeness. By the used filling strategy, two successive sweeps are worst case when for each user
one data block is fetched at a minimum transfer rate and the switch time is maximal. When we assume a
higher throughput than the minimum throughput, a data block is no longer large enough to survive a worst-
case situation of two successive sweeps. Hence, where we derived in the previous section a required buffer
capacity for the case that a data block is too small to survive one worst-case sweep, we now have to derive
arequired buffer capacity for the case that a data block is too small to survive a worst-case situation of two
successive sweeps. Therefore, let B and n be chosen arbitrary, where B is not large enough to survive a
worst-case situation,

Again, we introduce a dimension time 7;. In Theorem 1, #; has the meaning of the transfer time that may
be spent per user, such that a data block is large enough to survive the sweep. We now define #; as the
transfer time that may be spent per user in two successive sweeps such that a data block is large enough to
survive those sweeps. Although the new definition covers two sweeps instead of one, #4 is still related to
the retrieval of a single data block, as follows from the definition of filling strategy DS. Formally, we define
ty such that B = cypax (n -ty + 52(n)) holds, i.e., ty = 3;9.&&_‘2.@ Furthermore, we define U, w > 0, as the
set of users for whom a data block is fetched in sweep w. Qfilote that, by the definition of filling strategy DS,

Uy Upyy =@, forallw > 0.

Before we discuss a necessary buffer capacity to guarantee safeness for the case that a data block is not
large enough to survive a worst-case situation of two successive sweeps, we consider how safeness is
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guaranteed in the original DS algorithm. Therefore, we first investigate the number of data blocks that are
maximally consumed during an arbitrary sweep w. The time that is maximally required for sweep w is
given by |U,| - fmax + s({Usw|). When we divide this expression by the time that can maximally be survived
with a single data block, i.e., n-tmex + 52(n), we get the number of data blocks that is maximally consumed
during sweep w. Hence, during sweep w maximally

|Us| - tmax + s{|Uw|)
1 - tmax + $2(n)

(2.14)

data blocks are consumed. We can now state a necessary and sufficient condition to guarantee safeness
for the original DS algorithm. Let the predicate P(w) be defined as the property that at the start of sweep
w each consuming user that is not an element of U, has at least one data block in the buffer and each
consuming user that is an element of U,, has at least the number of data blocks given by (2.14) in the buffer.
Then safeness is guaranteed from a given sweep w onwards if and only if P(w) holds. We first show that
the necessary condition holds.

Assume that u ¢ U, and that u has less than one data block in the buffer at the start of sweep w. Then the
first data block may not arrive before the end of sweep w + 1. In the worst-case situation one data block is
consumed during sweep w and w+ 1. Consequently, buffer underflow occurs. Next, assume that u € U,
and u has less data blocks in the buffer than the number given by (2.14). We showed that (2.14) gives the
number of data blocks that is maximally consumed during sweep w. Hence, buffer underflow can occur
when the data block for « does not arrive before the end of the sweep.

Next, we prove the sufficient condition. Hence, we prove that if P(w) holds, then safeness is guaranteed
from sweep w onwards. Assume that P(w) holds. If we show that P(w’) implies P(»/ + 1) for all w/ > w,
then we get by the induction principle that P(w') holds for all w’ > w. Because P(w') implies that each
consuming user has at least the number of data blocks given by 2.14 in the corresponding buffer, no buffer
underflow occurs in sweep w' if P(w') holds. Consequently, it suffices to show that P(w') implies P(w' + 1),
w > w.

Assume that P(w') holds. We show that P(w' + 1) holds. We distinguish the cases that ¢ U, and that
# € U,. Assume that u ¢ Uy, i.e., no data block is fetched for u in sweep w'. By P(w'), u has at least
one data block in the buffer. Expression (2.14) with w replaced by w' gives the number of data blocks
that is maximally consumed during sweep w'. Hence, at the start of sweep w' + 1, u contains at least one
data block minus (2.14). As mentioned, U,y NU,y4y = @. As a result, n— [Uy| > |Up 4| and s2(n) >
s(JUw D) + s(JUy41]). Consequently, one minus (2.14) is at least (2.14), where w is replaced by w' + 1.
Hence, if u € U,,.,, then P(w' + 1) holds. If, on the other hand, u ¢ U, then u has room for less than
one data block, as follows from the definition of filling strategy DS and u ¢ U,,. Because the buffer has
room to store two data blocks this implies that u has at least one data block in the buffer. Hence, P(w' + 1)
holds.

Assume that u € U,,. Hence, a data block is fetched for u in sweep w'. Because P(w') holds, u has enough
data in the buffer to survive sweep w'. Furthermore, by the definition of filling strategy DS, the retrieved
data block fits in the buffer. Hence, neither buffer underflow nor buffer overflow occurs in sweep w' and
at the end of the sweep, u has at least one data block in the buffer, namely the retrieved data block. As a
result P(w' + 1) holds.

We now consider how safeness is guaranteed in the case that a data block is too small to survive a worst-
case situation of two successive sweeps. It is no longer the case that from a given sweep w safeness is
guaranteed when P{w) holds, as can be verified as follows. When a user u has exactly one data block in the
buffer and u ¢ U,,, then the first data block may not arrive before the end of sweep w+ 1. In the worst-case
situation, more than one data block is consumed during sweep w and w+ 1. Consequently, buffer underflow
can occur.

Similar as in the previous section, we first consider the case that for only one user, say u, the transfer time
required for transferring a data block may deviate from 1;. Hence, when the ith data block is fetched for




20 CHAPTER 2. BUFFER REQUIREMENTS

user v, the corresponding transfer time is #,(i) if v = u and t, otherwise. Furthermore, we assume that from
a given sweep w until the sweep in which the last data block is fetched for user u, for each user a data block
is fetched once in every two sweeps. Formally, we assume that U, UU4; = {1,2,...,n}, for each w,
w < W < Wigy, Where wy,, is the sweep in which data block ng — 1 is fetched for user u. There are ng — iy,
data blocks to fetch for user u at the start of sweep w. As aresult, wi,g =w+2-(ng —iu) —2 if u € Uy, and
Wiay = w+2- (ng — iy) — 1, otherwise. By the assumption, we have that Uy, = Uyy43 = U4 = ... and that
Upit = Uz = Upss=....

We first derive how many data blocks are maximally consumed during two successive sweeps, say w' and
W + 1, w < W < wig. By assumption, a data block is fetched for each user in these sweeps. Hence, the
time required for sweep w and its successor can maximally be (n — 1) - 14 +1,(i,.) + s2(n). Hence, the time
required for sweep w' and w' + 1 is £,(i,) — #; more than the time that can be survived with a single data
block. This time is depicted by the shaded blocks in Figure 2.1. Dividing this time by the time that can
minimally be survived with a data block, gives the number of data blocks that is consumed more in sweep
w' and w' + 1 than the number of data blocks that arrived in the buffer during the sweeps, i.e., one. Hence,
the user has consumed

ta(iu) — iy

1
+ Sbc;

(2.15)

data blocks during sweep w' and w' + 1, where sby is the time that can minimally be survived with a single
data block, i.e. sbg = n-14 + s2(n). Note that this expression has a similar meaning as Expression (2.1) in
the previous section.

Using the above, we can derive the number of data blocks that have o be in the buffer of each user at the
start of sweep w to prevent the buffer from underflowing during sweep w through wy,,. We thereby assume
that wy,,, is not about as large as w, i.e., there are still a couple of data blocks to fetch for user u. Let v be
an arbitrary user. Assume that v ¢ U,. Then a data block may not arrive before the end of sweep w+ 1.
Consequently, the number of data blocks that are maximally consumed during sweep w and w + 1, which
is given by (2.15), hasto be in the buffer at the start of sweep w.

Because v ¢ U,, and because, by assumption, a data block is fetched for each user once in every two sweeps,
v € Uyy) and v ¢ U4y, Hence, to guarantee that no buffer underflow occurs in sweep w+2 and w+ 3,
the buffer of v has to contain again at least the number of data blocks given by (2.15) at the start of sweep
w42, where i, is raised by one in comparison with the situation at the start of sweep w. As mentioned,
the fraction in (2.15) gives the number of data blocks that are consumed more in two successive sweeps
than the single data blocks that arrived in the buffer during the sweeps. Hence, to prevent the buffer of v
from underflowing during sweep w + 2 and w + 3, the buffer has to contain at least (2.15) plus %:’J- at
the start of sweep w, which is given by

ta(ly) — tg + t{i+ 1)~ 14

1
+ sbg sby

Similarly, it holds that to guarantee that the buffer of v does not underflow in the sweeps in which data
block i, 4+ & — 1 is fetched, i.e. in the sweeps w+2(k— 1) and w+2(k— 1) + 1, the buffer of v has to
contain at least
ThZo(tali+ 1)~ 1)

sby

1+

data blocks. This expression has a similar interpretation as Expression (2.2). When we maximize the
expression over all possible values of the window size k, we get the minimum number of data blocks the
buffer of v has to contain to prevent the buffer from underflowing in any sweep from w through wy,y. By
the definition of G,,, this means that if v ¢ U,,, then the buffer of v has to contain at least G} (i,)/sby data
blocks,

Assume that v € U,,, which means that a data block is fetched for v in sweep w. We, again, derive how many
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data blocks the buffer at least has to contain to prevent the buffer from underflowing. The time required for
sweep w is Uy \ {4} 14+ X (w,,) (#)* - ta (i) + 5(Us|). This can be written as |Uy,| -tz + s(Us|) + X(w,) (1) -
(ta(iu) — t4). Dividing the expression by sbg gives the number of data blocks that are maximally consumed
during sweep w. Hence, maximally

|Us| - ta + s([Uw]) +
de

data blocks are consumed during sweep w. Because v € U,,, we have that v ¢ U,;;. Hence, as discussed
the buffer has to contain at least 1 + o(i,)/sbq data blocks at the start of sweep w+ 1 to prevent the buffer
from underflowing from sweep w+ 1 through sweep wy,s, where the tilde indicates that i, is based on the
situation before the start of sweep w+ 1. As a result, the number of data blocks the buffer of v contains at
the start of sweep w minus the number of data blocks that is maximally consumed during sweep w, which is
given by (2.16), plus the data block that is fetched during sweep w has to be at least 1+ &} (i) /sbq. Hence,
the buffer of v has to contain at least the number of data blocks given by (2.16) plus o(i,). However, when
o(iy) is negative, this number is smaller than the number given by (2.16). Hence, buffer underflow may
occur during sweep w. Therefore we require that the buffer of v contains at least

|UW| Id +s(|UW|) tu(iu) —ly max(cl(fu),O)
sba X)) T

ta(in) — 1,
X(w,)(#) - %d"- (2.16)

2.17

data blocks in the case that v € U,,. If u ¢ U, then i, = i, and x(uw)(u) = 0. Consequently, Expres-
sion (2.17) then equals

|Uw| -ta +s(|Uy|) | max(oy(iu),0)
+ .
de de

(2.18)

Whenever u € Uy, (2.17) is at most this expression. For the proof we refer to the proof of Theorem 4 in
Appendix A from Expression (A.13). Hence, at the start of sweep w the buffer of an arbitrary user v has to
contain at least 1 + o) (J,) data blocks if v ¢ U,, and at least the number of data blocks given by (2.18) if
v € U,,. Note that Expression (2.18) does not have to be strict, as follows from its derivation.

We now discuss what the discussion above means for the buffer capacity. An arbitrary user v may not be
an element of U,, both because the buffer has no room for a data block at the start of sweep w and because
a data block has already been fetched for v in sweep w — 1. Assume that the buffer has no room for a
data block at the start of sweep w. As discussed, v ¢ U,, implies that the buffer has to contain at least
1 + o(i,,) /sby data blocks. To guarantee this, the buffer capacity has to be at least one plus this expression.
To guarantee that the buffer contains 2 + & (i,)/sbq data blocks regardless of the value of i,, we have to
maximize the expression over all values of i,. Hence, the buffer must be large enough to store at least

2+ max c1(d)
0<i<ng de
data blocks.

We return to the case that for each user the required transfer time may deviate from #;. Because the users
from U are the only users whose buffer possibly underflows, we only have consider the buffers of these
users when defining a minimum degree of filling for the buffers. A straightforward generalization of the
conditions above to guarantee that no buffer underflow occurs in any buffer from a given sweep w onwards,
is to require that at the start of the sweep the buffer of an arbitrary user u € U contains at least

14y 9®) 2.19)
vel de
data blocks in the case that u ¢ U,, and at least

|Us| - ta + s(|Us|) + 2 max (o (¢,),0)

2.20)
shy s} sby

2 (i)— 1 if ieV
XMW=1 0 if otherwise
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Figure 2.4. Example 2

data blocks otherwise. However, we require that an arbitrary user u ¢ U,, contains

14§ Pt (01(),0) 2.21)

vel de

data blocks, instead of the number given by (2.19). This has two reasons. Firstly, it is useful for the
discussion about handling user requests. In addition, it has as consequence that (2.20) and (2.21) hold at
the start of each sweep instead of only sweep w.

Similarly, we can generalize the buffer requirements to the case that the transfer time of each user may
deviate from 7,. We get that a buffer must be large enough to store at least

2+n: max 0'_1(1_)
0<i<ng de

data blocks. The next theorem proves that safehess is indeed guaranteed with the discussed generalization.
Unlike Theorems | and 3, the theorem also states that the given buffer capacity is necessary. For the proof
we refer, again, to Appendix A

Theoremd. Ifn> 2 andt(0) >ty > t(ng— 1), where ty = B—i‘"'ﬂi, if the users do not send requests
to the server and if each user from U has initially at least the numzer of data blocks given by (2.21) in the
buffer, then filling strategy DS is safe if and only if there is room for at least

o1(i)

2 2.22
b @23
data blocks, where G, is defined by (2.3). O

We conclude this section with an example.

Example 2. We consider the same hard disk characteristics as in Example 1. Furthermore, we again
assume that 12 users have to be serviced who have a consumption rate of 4 Mbit/s. The value of s2(n) is
120.50 ms. Consequently, by (1.3), the minimum block size in the original DS algorithm is 308.49 kB,
which results in a buffer capacity of 2 - 308.49 = 616.98 kB.

We assume a block size of 188 kB. As a result, #; = 20.55 ms. Figure 2.4 depicts the required transfer
time for the data blocks in the case that the placement of the data blocks on the hard disk is similar as in
Example 1. Both x and y have the same interpretation as in Example 1. It can be calculated that x = 6.41
ms and y = 6.42 ms. Hence, again x < y. As in Example 1, this yields that maxo<i<,, O1(i) = x = 6.41.
By Theorem 4, safeness is guaranteed if and only if each buffer has room for at least the number of data
blocks given by (2.22). Hence, a buffer must have room for at least

x 6.41

245 =2 —2.
t e 2T 122055+ 12050 — 220
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data blocks. Because the block size is 188 kB, this means that the minimum buffer size is 2.2095- 188 =
415.39 kB. As aresult, the buffer requirements are decreased by 33% in comparison with DS. O



Chapter 3

Problem reformulations and their
complexity

In Theorems 1, 3 and 4 we derived sufficient buffer capacities for the case that a higher throughput is
assumed than the minimum throughput of the disk. In Theorems 1 and 4 the placement of the data blocks
on the disk influences the required buffer capacity, and correspondingly the cost per user, by 62 and 6 and
Oy, respectively. In Theorem 3, the placement determines whether condition (2.10) is satisfied.

In Section 3.1 we formulate the problem of defining a placement such that the buffer requirements given
by Theorem 1 and Theorem 4 are minimized. Because this problem is NP-complete in the strong sense,
as we will show, we relax the problem in Section 3.2, There, we also discuss the problem of finding an
assignment such that condition (2,10} in Theorem 3 is satisfied.

3.1 Minimizing of the buffer capacity

In Theorem 1 the required buffer capacity increases linearly with maxo<i<ng 02(f) and, via 8, with the value
of maxo<j<ny 01(f). Furthermore, the required buffer capacity is only influenced by the placement of the
data blocks, i.e., the assignment a, by these expressions. Consequently, defining an assignment such that
the required buffer capacity is minimized comes down to minimizing these expressions. We first show that
it suffices to minimize the first expression, i.e., we show that whenever the first expression is minimized,
the second is minimized as well.

To express & (i) in terms of G,(i), 0 < i < np, we split off £ = 1 from the range of & in 6,(i). We get that
o) = max(02(i),1,(i) —t5) if i<ng—1
: tai) =14 if i=ng—1. "
Consequently,

max [} = max a ] _ .
. 01(0) = max ( max. a2l s~ 1)

Because tyay — 7y is independent of assignment g, this implies that whenever maxp<j<u, 02( i} is minimized,

maxgcicng O1 (i) is minimized as well. As a result, minimizing the required buffer capacity given by Theo-
rem | is equivalent to minimizing maXo<;<u,; 02(i), which, by definition, equals

k=1
= Rl 3.1
05i<:§325§?§a,3;_,«j 0( “(l+.}} (1) ( )

24
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Figure 3.1. Assignment a

For an interpretation we refer to Figure 2.1. As discussed in Chapter 2, this expression can be interpreted as
the maximum sum of the shaded blocks that are above the dotted line minus the sum of the shaded blocks
that are below it, where the maximum is taken over all subsequences of a of length at least two.

In Theorem 4, the required buffer capacity increases linearly with the value of maxoci<ny O1(f) as well and,
moreover, it is only influenced by assignment a by this expression. As a result, the buffer size given by
Theorem 4 is also minimized once maxogi<ny 62(i) is minimized.

We define the problem of minimizing maxo<i<a, 02(f) as'a decision problem.

Problem definition 2. (Block Assignment Problem) Given a set F of np physical addresses, a transfer
time functiont : F —» IN*, a dimension time t; and a bound Z € IN*. Is there a bijectiona: {0,1,...,np—
1} = F, such that

k1

< .
omax Sl;lsa,;_ijﬁo(t(a(t-w)) t)<Z (3.2)

0

To prove that this problem is NP-complete in the strong sense, we make a reduction from 3-partition, which
is proved to be NP-complete in the strong sense [3]. The problem is defined as follows.

Problem definition 3. (3-Partition) Given a set A of 3m elements, a bound Z € IN* and a size s(a) € N*
for each a € A, such that % < sla) < % and such that 3 ,cas(a) = m-Z. Can A be partitioned into m
disjoint sets Ay,Az,...,Am, such that, for 1 £ i< m, 3 yep,5(a) = Z. [

Theorem 8. The block assignment problem is NP-complete in the strong sense.

Proof. The storage capacity required for the sequence of a is polynomial in the storage capacity required
for the input. Furthermore, it can be verified in polynomial time if a is a bijection and if 3.2 holds. This
implies [13] that the assignment problem is in A/P.

Let I be an arbitrary instance of 3-partition. We define the function T that maps [ to an instance of our
problem. We define the set of physical addresses, i.e. Fyy, as AU {x1,%2,.. ., Xm-1}, the transfer time
of x;, 1 <i < m, as 1 and the transfer time of the elements from A; as 5Z; + s;(a) + 1. Furthermore, we
define the dimension time as 4Z; + | and Zy;) as 4Z;. We have to prove that T is a pseudo-polynomial
transformation {3]. The transformation clearly can be performed in a time polynomial in the input length.
It is also straightforward that the length of 7(7) is of the same magnitude as the length of / and the maximum
value occurring in 1(/) is of the same magnitude as the maximum value occurring in /. What remains is the
proof that / is a yes-instance of 3-partition if and only if ©(J) is a yes-instance of the assignment problem.

Let I be a yes-instance of 3-partition. Hence, the set Ay can be partitioned into m disjoint sets, each with
total size Z;. We will prove that (I} is a yes-instance of our problem, i.e. there exists a bijection a such
that 3.2 holds. We prove this by constructing a. The first four elements of the sequence of a are the three
elements from A followed by x;. The next four elements are the elements from A, followed by x;. This
is repeated until X1 is placed in the sequence. Finally, the elements of A,, are appended to the sequence.
The obtained sequence is depicted in Figure 3.1.

Assignment q satisfies 3.2, if for all subsequences of a it holds that

> (e (D) = (t)en) < Zegrys (3.3)

i€s
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Figure 3.2. Definition o and B

where the set S contains the function values of a in this subsequence. Define the sequences o; and B;,
1 £i< m, as depicted in Figure 3.2. Because the total size of an arbitrary set A;, 1 < i < m, eqauls Z;,
the value of the left hand side of (3.3) equals 4Z; for sequence ¢; and 0 for sequence B;, as follows from
the definition of (/). Furthermore, because s; has a positive range, the value is less than 4Z; for each
subsequence of ¢ and less than 0 for each subsequence of B; that also contains x;.

Consider an arbitrary subsequence. Clearly, there exists an i and a p, 1 <i < i+ p <m, such that the
subsequence is given by

(B) +H (Bir-1) H- - -+ (Bisep) +H (B p 1), (3.4

where Bg and @, are defined as a subsequence of §; that contains x; and a subseguence of oy, respectively.
Moreover, sub; ++suby defines the concatenation of sequence sub; and sequence sub ;. From the observa-
tions above, it follows that the left hand side of (3.3) for the sequence given by 3.4 is at most 4Z;. Hence,
(1) is a yes-instance of the assignment problem.

Let t(/) be a yes-instance of the assignment problem. This means that a bijection a exists such that (3.2)
holds. We have to prove that / is a yes-instance of 3-partition. Assume that 2 contains a subsequence of four
(or more) consecutive elements from Ay, starting at position {. We show that this leads to a contradiction.
Because (3.2) holds, we have that

3
D (@i + ) = Eadegny) = 42y

=0

Using the definition of 1, the left-hand side can be written as 4Z; + Zi'zo si{a(i + j)). Consequently, the
equation is equivalent to

3
AZ+ Y, si(ali+j)) < 4Zqy.
=0

Because the range of s; is IN*, the left-hand side is strictly larger than 4Z;, which, by definition, equals
Zyp. This yields the contradiction. Hence, the sequence of a contains at most three consecutive elements
from A;. Because, by definition, |4;| = 3m and |Fy;) — Aj| = m — 1, this can only be the case if a has
m disjunct subsequences of length three, which consist of elements from A;, separated by elements from
{x1,%2,...xm—1}. LetV be the elements of such a subsequence. By the definition of 1,

2t (@(D)) = (t)any) = 321+ Y, s(ali)). (3.5)

iev eV

Because 7(/) is a yes-instance, the left-hand side is at most 4Z;. This and (3.5) yields that ¥;cy s;(a(i)) < Z1.
Hence, a partitions the elements of A; in m disjunct sets each containing three elements and with a total
size of at most Z;. Because the total size of A; equals m - Zy, the total size of each set has to be exactly Z;.
Consequently, [ is a yes-instance of 3-partition. o
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3.2 Problem relaxation

Because the problem of minimizing (3.1) is NP-complete in the strong sense, we relax the problem. In the
next subsection a relaxation is given that is based on reducing the number of subsequences of a by which
the value of Expression (3.1) is determined.

3.2.1 Lowering the maximum windowsize

In TB and DS, the block size is based on the guaranteed throughput over a period in which maximally one
data block is fetched per user. This period is one sweep in the case of TB and two sweeps in the case of DS.
Let the block size be based on the guaranteed throughput over a period in which maximally k., data blocks
are fetched per user. For filling strategy TB this means that a data block is large enough to survive the
time that on average is required for one sweep, where the average is taken over kyp successive sweeps. For
filling strategy DS it means that a data block is large enough to survive the time that on average is required
for two sweeps, where the average is taken over 2k, successive sweeps. In the first case the required buffer
capacity is given by Theorem 1 and in the second case by Theorem 4. We investigate the consequences of
such a block size for (3.1), which we have to minimize. We first write the condition on the block size in
terms of a condition on the value of #;.

Consider the case that filling strategy TB is used. The time required for ky, successive sweeps is at most
the time required for fetching &y, successive data blocks for each user plus &y, times the worst-case switch
time required for a sweep, i.e., ky - 5(n). Hence, the time required for ky; successive sweeps is at most
- MaX0<i<ng—kyy Zﬁ‘;*‘(;' "14(i+ j) + kub - 5(n). If there is a data block io for which this expression is maximal
and for which it holds that the scenario can occur that during kyp successive sweeps for each user the data
blocks fp through ig + kyp — 1 are fetched, i.e., at the start of each of the &y, sweeps, all buffers have room
for at least one data block, then the time required for kyy, successive sweeps can be exactly the expression.
Consequently, the condition that a data block is large enough to survive the time that on average is required
for one of kg, successive sweeps is implied by
n-MaXo<i<ng—ky, f‘:{;’ ta(i -+ ]) +kyp s(n)

BZCm‘ kb
it

(3.6)

Because the buffer capacities are given by Theorem 1, t; satisfies B = ¢max (-4 + s{n)). Consequently, (3.6)
is equivalent to

kyp—1 . R
MaXg<i<ng—~kyn zj'i’o ta(i+j)

kub

Hence, #; is at least the maximum transfer time that on average is required for transferring a data block,
where the average is taken over ky, successive data blocks.

ty 2 3.7

Consider the case that filling strategy DS is used. The maximum time required for 2k, successive sweeps
is at most the maximum sum of the transfer times required for transferring &, successive data blocks for
each user plus the maximum switch time required for 2k, successive sweeps, which is ky, - s2(n). Hence,

the time required for 2k, sweeps is maximal 7 - maXo<i<np—ky, E?‘_‘_‘jo_ ‘Yt (i+ )+ kup - 52(n). Dividing by

kyb gives the time that on average is required for two sweeps. Consequently, the condition on the block size
is implied by

R -MAXO<i<ng—kyp 21;“_."0_ ! tali+ 7) + kb - 52(n)
kub '

Because the buffer sizes are given by Theorem 4, ¢, satisfies B = cmax(n - 14 + 52{n}). Consequently, (3.8)
can also be rewritten to (3.7).

B 2> cmax- (3.8)

From the above, it follows that if (3.7) holds, then a data block is large enough to survive the time that
on average is required for one sweep when filling strategy TB is used, where the average is taken over ky,
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Figure 3.3. Example | revisited

successive sweeps, and it is large enough to survive the time that on average is required for two sweeps
when filling strategy DS is used, where the average is taken over 2k, successive sweeps. Note that if
kyb, = 2, then condition (3.7) is equivalent to (2.10) and if ky, = 1, then (3.7) is equivalent t0 7 > fmax,
which means that TB and DS are valid. We give an example to clarify the above.

Example 1 revisited. We show that (3.7) holds for ky, = 6, i.e. we show that the transfer time that is
worst-case required for transferring six successive data blocks does not exceed ky, times #4. Note thatx <y
is a consequence of this property. Let V be an arbitrary set of six successive data blocks. By the definition
of assignment 4, in each of the six zones exactly one data block is stored that is an element of V. Let x;, 0 <
i < 5, be the position inzone i on which an element of V is stored. As mentioned in Example 1, the transfer
time required for transferring a data block from the zones 0 through 5 is 22.27,20.55,19.09,17.81,16.70
and 15.72 ms, respectively. In Figure 3.3, the transfer time corresponding to the positions x; through x5 is
depicted. It follows from the figure, that the sum of the six transfer times is less than 6¢;. Because V is an
arbitrary set of six successive data blocks, (3.7) holds for kp, = 6. Consequently, a data block is at least
large enough to survive the time that on average is required for one of six arbitrary successive sweeps, i.e.,
the block size is based on the guaranteed throughput over a period in which at most six data blocks are
fetched for each user. o

It is easily verified that (3.7) is equivalent to

kyp— 1
L+ N —1) < 39
Oﬁfgig;x—kub ,2;‘) ( (l+-’) tfl) _..0} 39

which can be interpreted as follows. Consider Figure 2.1. Equation (3.9) is true if and only if for all kyb
successive bars, it holds that the sum of the shaded blocks that are above the dotted line is at most the sum of
the shaded blocks that are below the line. In the next theorem we show that whenever (3.9) holds, the value
of Expression (3.1) is determined by the subsequences of length at most kyp instead of all subsequences.
More precisely, we prove that if (3.9) holds, then the value of Expression (3.1} is between the value of this
expression with the range of k replaced by 2 through min(ky, np — £) and the value of this expression with
the range of k replaced by 1 through min{kyy, np — i}.

Theorem 6. Iffor a given kyy, 1 < kyp < np, (3.9) holds, then (3.1} is between

k=1
t(i+ Y~ tg). 3.10
oS24 (310
and
k=1
max max 3 (tali+ j) ~ta). (3.1

O<i<ng L ghsmin{kypng~i) =0

Proof. Expression (3.1) s clearly at least Expression (3.10) because the range of k in (3.10) is a subset of
the range of k in (3.1). We will now prove that (3.1) is at most (3.11).

Let i* and k* be the values, for which (3.1) is maximal. It suffices to show that there exist an # and a &/,
where 0 < i < ng and 1 < ¥ < min(kys,np — '), such that

k-1 K1

2 (fa(i* +f) "td) < Z (ta(i"{"j) "xd)- (342)

jaO j=0
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If &* < kyp, this holds trivially. Assume that k* > kyp,. Then there is a p and ¢, such that k* = p - kg + g,
p > 1 and g < ky,. Consequently, the left-hand side of (3.12) can be written as

p k“h*l q—l
Y Y i+ mekit ) =)+ 3 (tali® + pokap+ ) —ta). (3.13)
m=1 j=0 j=0

By (3.9),%, f&{’g {t{i+ j)—~14) <0,0< i< np—ky,. Hence, (3.13) is at most 2}_0 (. +p-kgp+ j)—t4).
Defining i’ as i* + p - kyp and &’ as g yields that (3.12) holds, which is to be proved. ]

Clearly, (3.1) can be exactly (3.10) if (3.9) holds. In the next example we show that (3.1) can also be
exactly (3.11) and can be strictly between (3.10) and (3.11).

Example 3, Letz; be 5. Let ¢ and a be such that the sequence t, is given by 10 1 4 10. It can be verified
that (3.9) holds for ky, = 3, (3.1) is 5, (3.10) is 4 and (3.11) is 5. Consequently, (3.1) is exactly (3.11).

Let 1, be given by 10 1 4 7. Again, (3.9) holds for ky, = 3. The values of (3.1), (3.10)and (3.11) are 2, 1
and 5, respectively. Hence, the value of (3.1) is strictly between (3.10) and (3.11). O

By Theorem 6, the number of subsequences of @ by which the value of Expression (3.1) is determined
decreases with the value of k. Hence, it will generally be the case that the smaller the value of ky, for
which (3.9) holds, the smaller the value of Expression (3.1). As a result, we relax the problem of defining
an assignment for which (3.1) is minimized, which we proved to be formally difficult, to the problem of
defining an assignment for which (3.9) holds, where &y, is minimized. Hence, we aim at minimizing of the
length of the period in which the guaranteed throughput is at least the throughput on which the block size
is based. We write this problem as a decision problem.

Problem definition 4. (Block Assignment Problem for Bounded Windowsize) Given a set F of ng phys-
ical addresses, a transfer time functiont : F — IN*, a bound on the windowsize 1 < ky, < ng and a dimen-
sion time ty € INY. Is there a bijection a : {0,1,...,ng — 1} — F and a windowsize k, 1 < k < kyp, such
that
k—1
max Z (tla(i+ ) —ta) <0 3.19)

O<i<ng—~ k

O

We will use the abbreviation BAPBW to denote this problem. To prove that this problem is NP-complete,
we will make a reduction from partition, for which we know that it is NP-complete [31.

Problem definition 5. (Partition) Given a finite set A and a size s: A — INt. Is there a subset A’ C A such
that

Al = Ll and Y s@= Y s(a)? (3.15)

acA! acA-A'
0

Theorem 7. The block assignment problem for bounded windowsize is NP-complete.

Proof. Similarly as in the proof of Theorem 5, it can be proved that BAPBW is in ALP. We define a function
T that maps an arbitrary instance of partition to an instance of BAPBW. Let 7 be an arbitrary instance of
partition. If |A;| mod 2 = 1, which implies that / is not a yes-instance because A; cannot be partitioned into
two equal sized sets, then we define 7(I) as an instance that is neither a yes-instance of ©(/). Let ] be an
instance, such that |A;| mod 2 = 0. In the remainder of the proof o denotes

[ Zoys@|




30 CHAPTER 3. PROBLEM REFORMULATIONS AND THEIR COMPLEXITY

2(0) al) a(’F’z(’ )’«l) a[fg‘—”] a(‘F’;' L) - 2)atFea-1)
= A/ x = Aj-A[

Figure 3.4. Assignment ¢

27 | 21 3 1-52 9 12 | 30

Figure 3.5. Prove that ©(/**) is a yes-instance of APBW

We define the set of physical addresses, i.e. Fyy), as AU {x}, (kub)z(p) as J%’—i + 1 and (t4)¢(zy as ((kub)z(r) —
1) -0+ 1. Furthermore, we define the transfer time function, such that t;(;y(v) is ((kub)z(ny — 1) - 5/(v) +
{ta)e(sy if v # x and 2 (v) = 1, otherwise.

We clarify the function T by means of an example. Let I** be the instance of partition with Apx =
{ao,ay,...,as} and s such that the elements of Arx have a size of 1,3,4,7,9 and 10, respectively. The
instance is a yes-instance of partition, because (3.15) holds for A} = {a0,43,a4}. The total size of the
set A is 34, which yields that o = 17. By definition, we obtain that Fy(es) = Apes U {x}, (kub)e(rxy = 4,
(t,;),(,cx} =3-17+ 1 =52 and fy(gexy(v) = 3 -s(v)+ 52 forall v € Ap,

We have to prove that1 is a polynomial-time transformation [13]. Clearly, 7(/) can be computed in a time
polynomial in the length of . Next, we prove that I is a yes-instance of partition if and only if t([) is a yes-
instance of BAPBW. If |4;| mod 2 = 1, then, by definition, neither / nor (/) are yes-instances. Therefore,
we assume in the remainder that [A;| mod 2 = 0.

Let ] be a yes-instance of partition. Hence, there exists a set A, such that (3.15) holds. We will prove that
(1) is a yes-instance of BAPBW by defining a bijectiona: {0,1,...,|F| — 1} — F; and a k < (kup (). for

which (3.14) holds. We define the first J%‘—l elements of the sequence of a as the elements of A} in order of
a descending size. The element x is placed after these elements. The last %’J elements are the elements of

Ar\Aj in order of ascending size (see Figure 3.4). Furthermore, k = (kup)<(1) = '%d + 1. For our example,
this means that the sequence of a is given by a4 a3 ag x 4) a2 as and that k = 4. Equation (3.14) holds if
and only if for all subsequences of length & it holds that

Zs(tz(l) (i) = (ta)yp)) <0, (3.16)
i€,

where § is the set containing the values of a in this subsequence. Figure 3.5 depicts the values of £y(ex) (i) —
(td),,(,cx). It can be verified that (3.16) holds. Hence, t{/**} is a yes-instance of BAPBW. We now prove
that this is also the case for (/).

We will first prove that the left side of Equation (3.16) is maximal for S = A7 U {x}, i.e., for the subsequence
of length k that starts at the first position. Consider a arbitrary subsequence of length k. Because the
sequence of a has length 2 - k — 1, the subsequence has one of the first k elements of g as its first element.
Consequently, it has the form given by Figure 3.6. This means that there exist four sets, V|, V2, W and W,
such that Vi UVz = A}, Wy UW, = A; — A} and VU {x} UW, = §', where §' is the set containing the values
of the subsequence.

For proving that the left-hand side of (3.16) is maximal for § = AjU {x} = V1 UVoU {x}, it suffices to prove
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Figure 3.6. Definition of the sets Vi, Vo, Wy and W)
that

Y D -ta) <Y () = (t)an)-

ieVhu{xJuw, ieVu{xjuly

From the definitions of V; and W, i € {0,1}, and from the observation that |A}| = k — 1, it follows that the
cardinality of both V| and W; is k— [V|. By this and the definition of T we get that the previous equation is
equivalent to

Y si(d) < Y sild).

€W i€y

Again because |W)| = [Vi|, this is true if and only if avg, (W) < avg,(V;). From the way that a is
constructed, it follows that avg,, (A}) < avgs,(Vi). Likewise, it holds that avg,, (W) < avg, (A7 — A)).
Because of (3.15) we also have that avg,, (A}) = avg,, (A — A}). Consequently, avg,, (W) < avg,, (V1). As
a result, the left-hand side of Equation (3.16) is maximal for S = A} U {x}.

Hence, proving that 1(/) is a yes-instance of BAPBW comes down to showing that (3.16) holds for § =
AjU{x}, i.e. we have to prove that

Y ey (D) + 2oy (x) — k- (24)( < 0.
€A}

Using the definitions of 1, k and ¢, we can rewrite this to

2 si(i) < lzaeA; Si(“)j )

i€A}

The second equation in (3.15) implies that that the left-hand side equals the term inside the floor operator.
Furthermore, the left-hand side is clearly integral. Consequently, the equation holds. Hence, t(I) is a
yes-instance of BAPBW,

Let (1) be a yes-instance of BAPBW. Let a be the assignment and k the windowsize for which (3.14)
holds. We first show by contradiction that each subsequence of 4 of length k contains element x. Let S be
the set containing the values of a subsequence of a of length £, such that x ¢ S. Because, by definition,
A; # 9D, (kup)z(s) > 1. Furthermore, s; has a strictly positive range. Hence, £y (v) > (ta)yy forall v € A;.
Consequently, (3.16) and correspondingly (3.14) do not hold, which gives the contradiction.

Because |Fypy| = 2- (kub)+(r), @ and k can only satisfy this property if k£ = (kyp)«(7) and element x is in the
middle of the sequence of 4, i.e.

Funl—1
a(———l tuz; Y==x

Note that this is possible because |A;| mod 2 = 0. We define C and D as the first 4 — 1 and the last A — 1
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elements of the sequence of a, respectively. Formally,

C = {a(0),a(1),... ,a(l-&—wl - 1)}

2
D= {a(}—l%—{)—!-t- 1),a(1f%§l +2),..,a(|Fp}-

Consequently, F7(;y = CU DU {x} and A; = CUD. Equation (3.16) yields that

%(t'c({} (#) = (a)y) + taqy (%) = (ta)nqsy < 0 and %(&(1) (&) = (a)ery) + 1oy (5) = (ade(ry SO
i€ i€

Using the definition of 7 and « gives that the equations are equivalent to

. e, s1{a) o o | Zaea,si(a)
o0 < | ZAD | ang 3 < | Zeea )
Because CUD = Ay, the equations have to be equalities and the expression inside the floor operator has to
be integral. Consequently, when we define A} as C, (3.15) holds. Hence, / is a yes-instance of partition. O

3.2.2 Solution approach

As proved, the relaxed problem discussed in the previous section is still formally difficult. In this subsection
an approach is given to solve the relaxed problem, i.¢., the problem of minimizing kyp such that (3.9) holds.
The main structure of the approach is as follows. For an increasing 4y, we check whether there exists
an assignment a such that (3.9) holds. If this is the case, then the algorithm stops and outputs a. This
clearly solves the problem. One step in the approach is still NP-complete, because the approach solves an
NP-complete problem, as we proved, and the number of iterations is bounded by ng, which is polynomial
in the input length of the problem.

We discuss in more detail the problem of checking whether an assignment exists such that (3.9) holds for
a given kyp. We have already mentioned that (3.9) is equivalent to (3.7). Furthermore, rewriting (3.7) gives
that there exists an assignment a such that (3.7) holds if and only if there exists an assignment a such that

kgn—1
i+ 7 3.17
0 TE% Z,@ i+ 7) (3.17)

does not exceed kyy, -1y, 1.2., such that the maximum sum of the transfer times of k,;, successive data blocks
does not exceed &y, - 1y. Hence, the problem of checking whether there exists an assignment such that (3.9)
holds is equivalent to the problem of checking whether there exist an assignment such that (3.17) does not
exceed kyp - 19. This problem is solved by minimizing (3.17) and checking whether the expression exceeds
kup - t4. This problem is still NP-complete because it solves a NP-complete problem. To solve the problem
of minimizing (3.17), we use a heuristic. Note that as a consequence of using a heuristic, an assignment
that satisfies (3.9) fora given ky, may not be found, while it does exist.

Whenever (3.9) holds for &y, = 1, then 17 > f;n0¢ holds, i.e., if #; is defined as in Theorem 1, then a data
block is large enough to survive one worst-case sweep and if t; is defined as in Theorem 4, then a data
block is large enough to survive the time that is in the worst-case situation required for two successive
sweeps. However, we assumed that this is not the case. Consequently, we can take two as starting value
of kyp. Algorithm 1 depicts the approach we use to solve the problem of minimizing kyy such that (3.9)
holds. In the ith iteration of the algorithm the problem of finding an assignment for which (3.7) holds for
kyp = i+ 1 is solved. As mentioned in the previous section, condition (2.10) in Theorem 3 is equivalent
to (3.7) if kyp = 2. Hence, executing only the first iteration of the algorithin, solves the problem of finding
an assignment such that (2.10) is satisfied.

The next theorem states an lowerbound on the value of (3.17) for the case that ky, is a divisor of np.
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Algorithm 1 Approach
repeat

if (kyp =1)
ko 1= 2;
else
kg 1= kg + 1;
construct an assignment a, such that x := MaXg<icn,—k, )jﬁ‘;"g ! t5(i+J) is minimized;
until x < kg -ty or ky, =np;

a{0) a(l) o afkg-1) | alkg) (k1) alng-ka) a(ng-1)

A
Y

41
4
A
1

=‘f0 =V1 =V£ﬁ,

Figure 3.7. Definition of V;

Because (3.17) is the lowerbound of ky, - 14, this also gives a lowerbound on the value of #; for which an
assignment that satisfies (3.9) possibly exists.

Theorem 8. For each windowsize kyy, that is a divisor of ng and each assignment a,

kgp~1

max ta{i+ ) = kup  tavg. 3.18
0<ignp—k jg(‘} a(l+])_ ub " favg ( )

Proof. We prove the theorem by contradiction. Hence, let kyp, be a divisor of ng and let & be an assignment,
such that (3.18) does not hoid. Define p,Vy,...,Vax r”‘ ; as depicted in Figure 3.7. Formally, V; = {ali-

ky),a(i-kw+1),...,a((i+1) kg — 1)}, forall i, 0<t< 23— . Because (3.18) does not hold,

2 1() < kub " tave,
jev;

foreachset V;, 0 <i < i—ﬁ. When we sum over all sets, we get that

s
L

"i z t(J) < ng-tavg.

i=0 jev;

Because a is a bijection and because V;NV; = @, for all 0 < i < j < Z&, the left-hand side is exactly the
sum of the transfer times of all elements of . The right-hand side can be interpreted similarly, as follows
from the meaning of #,yg, which yields the contradiction. O

As a result of the theorem, there does not exist an assignment, such that (3.9) holds whenever ¢; < tavg and
kap is a divisor of np. The theorem does not have to be valid if npg is not divisible by ky,, which we will
show by a counter example. Consider a hard disk with three places and with a transfer time function that
assigns the value 2 to the inner two places and the value 1 to the outer place. Hence, its average transfer
time is 1% units of time. We will show that there exists an assignment a for which (3.18) is true, for
kyp = 2. Define a(0), a(1) and a(2) as 0, 2 and 1, respectively. The left side of (3.18) can now be written
as max(7(0) +£(2),2(2) + (1)), which is 3. However, kyy - tavg = 35. Hence, (3.18) does not hold.

For all kyp, < g, ng — (ng mod kyy) is divisable by ky,. Consequently, by Theorem 8, (3.18) holds for the
first ng — (np mod kyp) data blocks of the movie. For practically relevant cases, ng is much larger than kyp.
As a result, the last (ng mod kyb) data blocks hardly affect the value of #,yg. Furthermore, the right-hand
side of (3.18) is not decreased by these data blocks. Hence, if kyp is not a divisor of ng, then (3.18) wil still
approximately be true. As a result, whenever the transfer time that is reserved for a user in a data block is
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smaller than the transfer time that on average is required for transferring a data block, where the average is
taken over all data blocks, then no assignment exists such that (3.9) holds. Consequently, our approach is
only applicable if z; 2 oy, '

Example 1 revisited. We showed that (3.9) holds for kyp = 6. Consequently, by Theorem 8, 15 > tyvg has
to hold. We show that this is indeed the case. Because all zones are of equal size and because from the first
six data blocks exactly one data block is stored in each zone, #5 is given by the sum of the transfer times
of these data blocks divided by six. Hence,

5 .
g = Eiz%ta(z) _22.27+2055+ 19.09-;— 1781 +16.70+1572 _ o o (3.19)

As aresult, ty = tyvg. o

Because both ; and £ayy depend on the block size and the maximum number of admitted users, the condition
whether #; > tayg can only be checked for given values of B and n. The following theorem states that this
condition is equivalent to the condition that the block size must be based on a transfer rate that is at most the
average transfer rate. For Theorem 1 this means that a data block has to be large enough to survive a sweep
in which a data block is fetched for each user at an average transfer rate, i.e., B > cmax{(n- ;;%; +35(n)).
Again, the block size is minimal when equality holds. With these conditions it can be determined for a
given value of n for which block sizes our approach possibly gives a feasible assignment. Hence, we do
not have to check for each combination of B and n whether #; > t,yg When you are interested in the buffer
requirements for different values of B and n, but we only have to calculate the minimum block size for each
value of n.

Theorem 9. The conditionty > tyyg is equivalent to

cd +s(n)) (3.20)

B Z C]mx(n :
Vavg

in the case that the buffer requirements are given by Theorem 1 and to

B
B> Cm:zx(’2 '
¥

avg

l
353 (2n)) (3.21)
in the case that the buffer requirements are given by Theorem 3 and to
B
B > cmax(n- —— +52(n)) (3.22)
Favg

in the case that the buffer requirements are given by Theorem 4.
Proof. We only prove the first equivalence. The other two can be proved similarly. As stated in Theorem 1,
ty satisfies B = cmax (1 -1+ s(n)), by definition. Consequently, Equation (3.20) is equivalent to #; > %.

As aresult, to prove the theorem is suffices to prove that foyy = ;f;.

By definition, ruyg is the total amount of data that is stored on disk divided by the time required for trans-
ferring all these data. Hence,

¥ ped ————'Fj ) B
D P TTH

Furthermore, tavg = Zﬁ%‘q Hence, tyg = TBV" can be written as
avg

Yiert(i) _ B
AT
Ziertli)

which is clearly true. o



Chapter 4

Solution strategy

In the previous chapter we presented Algorithm 1 for minimizing the required buffer capacities given by
Theorems 1 and 4 and for finding an assignment such that condition (2.10) holds in Theorem 3. For the
algorithm, we still have to solve the problem of minimizing (3.17) for a given kg, 2 < kyp < np. We
showed that this problem is NP-complete. Nevertheless, for the case that ky, = 2, an optimal assignment
can be defined. This assignment is given in Section 4.1. For the case that ky, > 2, we give an heuristic in
Section 4.2.

4.1 Window size of two

In the first iteration of Algorithm 1, (3.17) has to be minimized for the case that ky, = 2. In this section
we define the assignment a3 that gives an optimal solution of the problem. As mentioned in the previous
chapter, the problem of finding an assignment that satisfies (2.10) in Theorem 3 is solved by the first
iteration of Algorithm 1. Consequently, this problem is optimally solved, i.e., there exists an assignment
such that (2.10) holds if and only if a; satisfies (2.10).

Before we define a;, we introduce some notation. We let Expression (3.17) for ky, = 2 be denoted by f2(a)
Hence,

fala)= 03?}€’32§_2(!a(i) + (i +1)).

Furthermore, we define w, (i) as t,(i) +#,(i + 1), i.e., the sum of the transfer time of data block ¢ and its
SUCCESSOT.

We define a; as follows
:‘ - .

N 3 if imod2=0

a2(i) { I—isl if imod2=1. @

Hence, for i = (,1,2,3,... the sequence values for a; are O,ng — 1,1,n — 2,..., ie., the data blocks

are placed alternately on the innermost and outermost free positions of the disk. The sequence of a; is

visualized in Figure 4.1, Before we prove that a; gives the optimal solution with regard to the function

J2, we prove a lemma. In terms of the sequence of as, the lemma states the following. When the first

place of the sequence is denoted by place 0, then the value occurring at an odd place in the sequence of

a3 is followed by values that are all smaller than this value. Furthermore, the value at an even place in the
sequence is followed by only larger values.

Lemma 2. Let a; be the assignment given by (4.1). Then for each pair i, j, where 0 £ i < j < np, we have

35
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ngl ng-1 1 np—-1

0 ng~1 1 ng-2

Figure 4.1. Assignment a; for the case that ng — 1 is even

that
imod?2=1=2m(j) <ai) (4.2)
and

imod 2 = 0= a(j) > as(i) {4.3)

Proof. We first prove that (4.2) holds. Let i and j be two arbitrary blocks, such that 0 <i < j < np and
imod 2 = 1. We have to prove that ax( ]) < a;(z) From the definition of ay, it follows that a5(j) < aa(i)
is equwalentto ng—1 —LZ— <ng—1-1iz —— if jmod2=1andto i <ng-1 -«-—2- otherwise. The first
equation is implied by i < j. The second equanon can be rewritten to j+i< 2ng— 1. This is true because
i and j are at most ng— 1. This completes the proof of (4.2).

Next, we prove (4.3). Let { and j be two arbitrary blocks, such that 0 < i < j;:: ng and imod 2 = 0. We
have to prove that ay(j) > aa(i). By the definition of ay, this is equivalent to £ § if jmod 2 = 0 and to
ng~1- 21 2, otherwise. The first equation follows directly from i < J. The second equation can be
rewritten to j+ i < 2ng— 1. As above, this is true since f,j < ng— 1. O

We can now prove the following theorem, that states the optimality of az.

Theorem 10. Let a be an arbitrary assignment and ay the assignment given by (4.1). In that case,
fa(az) < fala).

Proof. We will prove that, when an arbitrary assignment a, a # ay, is given, there always exists an assign-
ment &' satisfying

f2(ad") € fa(@)Amin{i € Lla(i) # ax(i)} < min{i € L|a'(i) # aa(i)}. 4.9

This means, that we will prove the existence of an assignment ¢’ with at most the same value for f; as a
and with the property that the number of the first block where a and a5 differ, is smaller than the number
of the first block where ' and a, differ. It is easy to see that this proves the theorem.

Let a be an arbitrary assignment, different from a,. We will prove that an assignment &’ that satisfies (4.4)
exists by defining it. Define m as the first block, where a and g3 differ. Formally, m = min{i € L|d'(i) #
ax(i)}. Moreover, let p be the block that has been assigned to place az(m) by assignment a. We now
distinguish the following two cases.

1. m mod 2 = (. Define & as

a(i) if 0<i<m
a(i) = alp+i-m) if m<i<m+ng—p 4.5)
almg+m—i—1) if m+ng—p<i<np.

2. mmod 2 =1, Defined’ as

(H if 0<i<m
d(iy=< alp+i-m) if m<i<m+npg—p (4.6)
a(i—ng+p) if m+ng—p<i<ng.
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a 0 |1 m-1l m |m+1 p=1] p lp+l] ng~2ng-1

a’ 0 1 m=-1 p |p+l ng-1 p-t{p-2 m+l| m

Figure 4.2. Definition (4.5)

a 0 1 m-1f m |m+1 e p-11 p |p+l "3*2'13"4

a 0 i m-1] p | p+l} ng=1 m |m+1} p-2|p=1

Figure 4.3. Definition (4.6)

These two definitions are depicted in Figures 4.2 and 4.3, respectively. We first show, by contradiction,
that p > m. So, assume that p < m. From the definitions of m and p it follows that p can not be equal to
m. What remains is the case p < m. Because, by definition, a(i) = a2 (i) for all i from O through m — 1,
a(p) = a»(p) holds. Furthermore, we have, by definition, a(p) = az(m). Hence, az(p) = az(m) and p < m.
But this is in contradiction with the bijectivity of a;. Hence, p > m.

Consider the case that ¢ is defined according to (4.5). We will prove that (4.4) holds. In terms of its
sequence, the definition comes down to appending the last ng — p elements to the first m — 1 elements and
appending the elements m through p — 1 in reverse order to the end of the sequence. We first prove that
f2(a") is at most f(a). By definition, f>(a') = max;ep\ (np—1} Ww (i) and f2(a) = maxies\{ny—1} wa(i). It can
be verified that the only terms that occur in f2(a') and notin f,{a) are wy(m—1) and wy (m+ng~p—1).
Expressed in a, these terms are t,(m — 1) +1,(p) and t,(ng — 1) +1,(p — 1), respectively. To prove fr{a’) <
fa(a), it suffices to prove that these two terms are at most f>{a).

Consider the term t,(m — 1) +t,{(p). Assume that t,(m — 1) < t,(p — 1). This implies that t,(m — 1) +
ta(p) < wu(p). From the definition of f>, it now follows that t,(m — 1) +#,(p) < f2{a). Hence, it suffices
to prove that t,(m — 1) < t,(p ~ 1). We do this by contradiction. So, assume that 7,(p — 1) < t,(m—1).
Since 1 is descending, a(p— 1) > a(m — 1). Because a and a; have the same range and because a{m — 1) =
az{m ~ 1), as follows from the definition of m, we can rewrite this equation to a2(j) > ax(m — 1), where
ax(j) = ax(p—1). From (4.2) and from (m ~ 1) mod 2 = 1, which is true because of the assumption
(m mod 2 = 0), it follows that j has to be strictly smaller than m — 1. But because of the definition of m,
this implies that a(j) = a2(j). Hence, a(j) = a(p— 1), where j < m—1 and p > m. This is in contradiction
with the bijectivity of a.

Next, we prove that f,(ng — 1) is at most #,(p). Similar as above, this suffices to prove that 1,(np —
1) +t.(p—1) < fa(a). Again, the proof is by contradiction. So, suppose that ,(p) < t,(np — 1). Since
t is descending, a(ng — 1) < a(p). Because a and a; have the same range and because a(p) = az(m),
we can rewrite this equation to a3(j) < a2(m), where az(j) = a(ng — 1). By assumption, we have that
{m mod 2 = 0). This and (4.3) yield that j has to be strictly smaller than m. Consequently, a(j} = a2(J).
We now have a(j) = a(ng — 1), where j < m and m < ng — 1. This is in contradiction with the bijectivity
of a. This completes the proof of f2(a’) < f2(a).

From the definitions of m and p it follows that (minjez a(i) # az(i))< (miner @' (i) # az(i)). Consequently,
a satisfies (4.4), in the case that it is defined according to (4.5).

Consider the case that & is defined according to (4.6). This definition comes down to appending the last
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Figure 4.4. Definitions of G; and g for the case that ky, |np.

ng — p elements to the first m elements and appending the elements m through p —1 to the end of the
sequence. Again, we start with the proof of f2(a') < fa(a). The only terms of f2(a’) that are absent in
fa(a) are wy(m— 1) and wy (m+ng — p—1). These terms equal £,(m — 1) +1,(p) and 1,(ng — 1) + ta(m),
respectively. We prove that these terms are at most f2{a).

Consider £,(m— 1) +1,(p). We prove that this term is at most f>(a), by proving that it is at most w,(m ~ 1).
Hence, we have to show that 1,(p) < t,(m). Suppose that 1,(p) > 1,(m). We prove that this leads to a
contradiction. Since ¢ is descending a(p) < a(m). This can be rewritten to az{m) < a2(j), where a2(j) =
a(m), because of the definition of p and because a and a; have the same range. By assumption, we have
that (m mod 2 = 1). From (4.2) can now be concluded that j < m. Consequently, a(j) = a2(j). We now
have that a(j) = a(m) and j < m. This is in contradiction with the bijectivity of a.

We now prove that t,(ng — 1) +1,(m) is at most w,(m — 1), as well. This means, that we have to prove
that 7,(ngp — 1) < #,(m~ 1). We do this by showing that the assumption that 1,(ng — 1) > t,(m — 1) leads
to a contradiction. The equation #,(ng — 1) > t,(m — 1) implies a(ng — 1) < a(m —1). When we write
this in terms of a; we get that a2(j) < az(m ~ 1), where az(j) = a(ng — 1). From the assumption that
(m mod 2 = 1) and from (4.3) it follows that j < m— 1. Hence, a(j) = az(j). Because, by definition,
a(j) = a(ng— 1), wehave a(j) = a(ng — 1). The equations j < m— 1 and m < ng — 1 and the bijectivity
of ¢ now yield the contradiction.

Again, it is easy to see that (minjer a(i) # a2(i)) < (minjer, @' (i) # a2(i)). Hence, a' also satisfies (4.4), in
the case that is defined according to (4.6). 0O

4.2 Heuristic for windowsize at least three

In this section, we present a heuristic for minimizing (3.17) for the case that ky, > 3. By Theorem 8,
kub - tavg is a lowerbound for the value of (3.17). Hence, it is our objective to get as close to kyp - favg as
possible.

We first give a global idea of the heuristic, The set of positions, i.e., F, is divided into k,, more or less
equal-sized sets, such that the positions of each set are contiguous. For the case that kyp, is a divisor of
ng these sets, denoted by Go through Gy, ., are depicted in Figure 4.4. Because the positions of each
set are contiguous, the average transfer time of an arbitrary subsequence of length 4y, will be close 10 g
if assignment a is defined such that each subsequence of length kyp, contains exactly one value from each
set. Therefore, the positions from the same set are placed &y, places from each other when defining the
sequence of a.

Ag discussed in Section 3.2, we minimize (3.17) in order to find an assignment for which (3.9) holds,
because then, by Theorem 6, the buffer size is determined by the maximum cumulative difference between
transfer time and dimension time of any subsequence of length at most ky,. Consequently, in addition to
minimizing (3.17), we aim at an assignment in which this cumulative difference is minimized. Therefore,
we define an ordering of the sets Gy, 0 < i < kyy, that determines in which order the positions from each set
occur in the sequence of a and correspondingly in each subsequence of length at most k. This ordering
has to be such that sets that contain positions with a relatively low transfer rate are alternated with sets that



4.2. HEURISTIC FOR WINDOWSIZE AT LEAST THREE 39

8(G1.0) g(GL1) g(G2) g(G3)

N/

7|8 9110|1112} 13| 14

Y

Doaf L oame

=G0 ,6n(2) =G1,6r(l)  =G2,Gn(3) =G3,Gn(0)

4
'y

Figure 4.5. Definitions of G; and g in Example 4
contain relatively high transfer times.

We now formalize the heuristic. We start with the introduction of some definitions. As mentioned, we
divide the set of positions of the hard disk into ky, disjoint sets, denoted by Go through Gy, ;. Moreover,
we let T be a permutation of {0, 1,...,ky — 1} indicating the ordering of the sets. If kyy, is a divisor of ng,
then we let the set Go contain the inner ££ positions of the hard disk, Gy the next ﬂ”; positions, and so on
(see Figure 4.4). We define the sets sim'icfarly in the case that ky, is not a divisor of ng, except that we let
the first (np mod kyp) sets, i.e., the sets Gy(g) through Gy, modik,,—1)» CONtain one element more than the
others. We define the set W as the indices of these sets. Hence, W = {i|(Ir<npmodi,, ®(x) = i) }. Note that
if kyp 1s a divisor of np, then W = @, which corresponds to its meaning.

To give a formal definition of the sets Gg through Gy, 1, we investigate which position is the first position
that an arbitrary set G; contains. In the case that &y, is a divisor of ng, the first position thatis in G; is i - -k’iﬁh-,
because each set has exactly kﬂf‘; elements. If, on the other hand, &y, is not a divisor of ng, then a set G; has
|#%] + 1 elements if j € W and | 2 | otherwise. Consequently, the first position that is an element of G; is
given by i- }_ff;] + A(i), where A(i) is the number of sets with a smaller index than i and that are an element
of W. Hence, A(i) = |{j € W|j < i}]. If kyp is a divisor of ng, then the first position that is an element of
G can also be written as i- | 72 | + A(i), because A(i) = 0 for all i, 0 < i < kyp. Because the cardinality of
G; is in both cases given by [ﬁ%j + X(w) (i), this yields that G; is defined by

{i- L;E’;J +AM+j]0<j< L,’{iJ + %) (D)}-

We define the function g, such that g(G;, j) gives the position for which it holds that the set G; has exactly
J positions with a smaller number. Because ¢ is a descending function, this means that g(G;, j) gives
the position from G; for which it holds that there are at most j positions in G; with a higher transfer
time. Formally, g(G;, j) = i- | "2] + A(§) + j, where 0 < i < kyy and 0 < j < |Gy (see Figure 4.4). From
the definitions of G and g, it follows that g(G;, j) is increasing in i and for fixed { also in j. Since ¢ is
descending, this is implies that 1(g(G;, j)) is descending in i and for fixed i in j, i.e.,

g < i = t(g(Giij)) Z t(g(Gi;,j])), for all jf)’jl (47)

and

ig =1ij /\j() < .i! = I(g(Gi(njO)) 2 z(g(G!'l)jl))' (48)

Example 4. Let the disk consist of 15 positions and let &y, be 4. Hence, the positions are divided into four
sets, Gp, G, Gz and G3. We define &t as (3,1,0,2). This means that the ordering of the sets is Gs, Gy,
Go, Gy. Consequently, W = {i|3,.«an(x) = i} = {0,1,3}. As aresult, the sets Go, G| and G3 contain four
contiguous elements and G, only three. Figure 4.5 gives the definition of the sets and depicts the function
g for the set G). =

We now discuss the construction of assignment a. For the time being we let 1t define an arbitrary ordering
because © does not affect the discussion about the performance of the heuristic in relation to minimiz-
ing (3.17). At the end of the section, we briefly discuss the choice of 1. As discussed, we define assignment
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Figure 4.7. Assignment a after m+ 1 iteration steps, where L stands for an undefined value

a, such that each subsequence of length &y, contains exactly one value from each set G;, 0 < i < k. To
achieve this, the definition of the assignment is as depicted in Figure 4.6. Hence, data blocks whose num-
bers differ a multiple of kyy, are assigned to positions from the same set. Formally, a is defined, such that
data block j is assigned to a position from set t(j mod kyb). Because a has to be a bijection, no position
may occur twice in the sequence of a. It follows from the definition of G;, 0 < i < kyp,, that each set contains
enough positions to make this possible.

For each data block i, we are still free to choose to which position from Gr(imedu,,) it is to be assigned. We
discuss this choice in more detail. We denote the set of data blocks that have to be assigned to the positions
from Gr(m) by V. By definition, two data blocks are assigned to positions from the same set if and only if
their numbers differ a multiple of ky,. Hence, V,, is given by

V= {i kup +ml0 < i < l;-iJ +x 0wy (m)}-

We define assignment a in a stepwise way. Initially, no positions are assigned to the data blocks, i.e., all
places in the sequence of a are undefined. In the first step, denoted by iteration 0, the positions from the
set Gypy are assigned to the data blocks from Vp. Next, the positions from Gyy(1y are assigned to the data
blocks from Vi, and so on until the positions from Gy, _ 1y are assigned to the data blocks from Vi, 1.
Consequently, after iteration m each subsequence of a of length &y, contains exactly one value from each
of the sets Gyo) through Gy, (see Figure 4.7). We aim at an assignment for which the maximum sum of
the transfer times of ky, successive data blocks is minimal. Therefore, we aim in iteration m at assigning
the positions from Gy, to the data blocks from V,, in such a way that, as far as the sequence is defined,
the maximum sum of the transfer times over all subsequences of length kyy, is minimal. By definition, each
subsequence of length ky, contains exactly one data block from V;, 0 < i < ky,. Consequently, our aim
comes down to minimizing max;ey, ™ (i), where h4(p) is the function that, as far as the subsequences are
defined at the end of iteration ¢, gives the maximum sum of the transfer times over all subsequences of
length &y that contain data block p. If g = —1, then, by definition, this means that the initial situation is
considered, i.e., the moment that a is undefined over its entire domain. Consequently, 2~! (i) = 0 for all
i € L. Because the subsequences that contain data block p are the subsequences that have a data block
between p — ky, + 1 and p as their first data block, this means that

kgp—1

hi(p)= _max > ta(i + J).

O<i<ng-ky, o

PRREP i) is defined
after iteration ¢

In the next lemma, we prove that during iteration m, 0 < m < ky, i.€., the step in the construction of a in
which the positions from Gy, are assigned to the data blocks from V,,, the value of A™(i), i € V,p, is exactly
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Algorithm 2 Placing algorithm.

Define & and Gy through Gy, 1.
forall 0 <m < ky,
Oy, := sequence containing the values from V,, in order of descending /"~ !-value;
forall 0 < i < |Gy
a(@n(i)) := 8(Gr(m, | Gr(m)| — 1 —i);

t4(i) larger than &#~1(i). In other words, the maximum sum of the transfer times over all subsequences that
contain data bock { is raised by exactly the transfer time required for transferring data block { from position

a(i).
Lemma 3. Let 0 < m < kg, Then
(Viev,h™(5) = K" (i) + 2a(i))-

Proof. Let m be arbitrary. By definition, the value of A"~ (i), i € V,, is the maximum sum of transfer times
over all subsequences of a that contain data block i, as far as the subsequences are defined at the end of
iteration m — 1. Because a(i) is undefined at the start of iteration m and is defined during this step, the sum
of the transfer times of each subsequence that contains data block i is raised by at least 1,(i) during iteration
m. Hence, #™(i) > " '(i) +£,({). Because a is constructed, such that each subsequence of length &y
contains exactly one element from V,,, { is the only data block to which a position is assigned in iteration
m in those subsequences. Hence, A" (i) = A" 1(i) +1,(i). a

Consider iteration m. Let ®,, be the sequence containing the numbers from V), in order of descending value
of #"~!. By Lemima 3, minimizing max;ey, A™(i) comes down to assigning the positions from Gr(my with
low transfer times to data blocks for which the function value of A~ is high and vice versa. Furthermore,
it follows from (4.8) that

z(g(Gn(m)1 |G1t(m)| - 1)) < t(g(Gn(m)) lGn(m)I - 2)) <--< t(g(Gﬂ:{m)aD))'

Hence, maxiey,, A" (i) is minimized in iteration m, if

a(®n(0)) = g(Gn(m), [Gnt(m)l ~1),a(wn(1)) = g(G‘n:(m)’ |G1t(m)| -2),....
Hence, if a{®m(i)) = g(Grim),|Grim| — 1 — i). Algorithm 2 depicts the discussed algorithm.

Example 4 revisited. Let the transfer time of a position be one plus its number. Hence, t(i) =i+ 1,
0 <i < 15. In the first iteration of Algorithm 2, the positions of Gyg) (= G3) are placed in the sequence
of a. Because all places in the sequence of q are initially undefined, 4~ (i) = O for all i € Vo, where, by
definition, Vp = {0,4,8,11}. Hence, the sequence wy may be arbitrary. When we take the sequence 11 8 4
0 as @y, we get the sequence given in Figure 4.8 after assigning the positions from Gyyg) to the data blocks
from Vp. Note that Figure 4.8 depicts 1,.

In the second iteration the positions from G are assigned to the data blocks from V; = {1,5,9,12}. Hence,
we have to determine £°(1), h0(5), R%(9) and A°(12). The subsequence of length four, containing data
block 1 with the highest sum of the transfer times, is the subsequence starting at data block 1 and ending at
data block 4 and has as value 13. Consequently, 2%(1) = 13. Similarly, it can be verified that 2%(5) = 14,
h%(9) = 15 and A°(12) = 15. As a result, ®; is either 1295 1 or 9 12 5 1. Figure 4.8 depicts the result
of assinging the values from G; to the data blocks for the case that @, is defined by the first sequence.
The result of the last two iterations are also depicted in Figure 4.8. From the figure it can be read that
the value of Expression (3.17) for the obtained sequence is 33. As mentioned, Theorem 8 is true if kyplnp
and is approximately true, otherwise. Because 4 /15, this yields that it will not be possible to define
an assignment such that (3.17) is much smaller than kyp, - favg. It is easily verified that £,y = 8. Hence,
kyp - tavg = 32. Consequently, the value of (3.17) for the obtained assignment is close to the optimal value
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Figure 4.8. Example of the execution of Algorithm 2
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Figure 4.9. Interpretation of Lemma 4.
of (3.17).

In Figure 4.8, we also give the optimal assignment . For a’ Expression (3.17) equals 31. a

In the last iteration siep positions are assigned to the data blocks from the set Vi, ..;. In terms of the
sequence of a this comes down to assigning positions to the places kyp ~ 1,2k — 1,...,np — 1 — {ng mod
kub). In the next lemma we prove that each of these places is in a subsequence of length &y, for which it
holds that the sum of the transfer times differs at most o from the maximum sum of the transfer times over
all subsequences of length kyp, i.¢., from the value of (3.17), where o is the maximum difference in transfer
time between the positions of the same set G, 0 < m < kyp. Formally, for all p € Viw

kyp—~1 kg —1
max t(i+j)—o < (p) < i+ ). 4.9
0 BX ?;:D ai+i)-ashr(py s max }; tli+j) 4.9

By definition, maxey, _, RE0=Y(§) = maXpgicns—ky 2%  1.(i + j). Consequently, (4.9) holds for all p €
Vi—1 if and only if [hko=1 (p;) — phw=1(po)| < o for all py, ps € Vi,—1- Figure 4.9 visualizes the property
and is to be interpreted as follows. An arc is drawn over each place corresponding to a data block i € Vi,
and its position and indicates the subsequence of length &y, that contains data block i and for which the

sum of the transfer times is maximal. The property implies that the sum of the transfer times of two arcs
differ at most o,
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Because of (4.8) the definition of o is given by
a=_max (t(g(Gm,0)) —t(g(Gm,|Gm| - 1)))- (4.10)
0<m<ky,

Because the number of zones on a disk are relatively small (the Seagate Barracuda 9 drive consists of 7
zones as follows from Table 1.1), the value of . is for already for small values of ky, equal to the maximum
difference in transfer time between two successive zones.

Lemma 4. Let py,p; € Vi, 1 and a an assignment that is constructed by Algorithm 2. Then

|RE= (p1) — K= (py)| < @ (4.11)

where O is defined by (4.10).
Proof. We prove (4.11) by proving by induction to m that for all p;, p2 € Vi,

|A™(p1) — A" (p2)| < o 4.12)

As basis case we take m = 0. By definition, h1~! = 0 for all i € Vy. Hence, by Lemma 3, h!(i) = ,(i).
During the iteration, only places from Gyyq) are assigned to the sequence. Hence, by the definition of o it

holds that for all i, j € Vo |h%(i) — KO(j)| < a. Consequently, (4.12) holds in the case that m = 0.

Next, we prove (4.12) for m+1, m > 0. Let p1, p2 € Vit1. Assume that |h™(p;) — h™(p2)| < o.. Without
loss of generality, we may assume that A™(p;) > h™(p>). By construction, the position that is assigned to
data block p; during iteration m + 1 has at most the same transfer time than the position that is assigned
to data block p;. Furthermore, by the definition of o, we have that these transfer times differ at most o.
By Lemma 3, #™*1(i)) and W™*1(iy) are raised by t,(p;) and £,(p2) in relation to A™(p;) and A™(p2),
respectively. As a result, [F™+! (p)) — "+ (p,)| < a

Hence, if |h™(p1) — h™(p2)| < &, then [K™+!(p)) — ™+!(p3)| < o, which has to be proved. By assumption,
h™(p1) > h™(p2) and p) € Viuy1. Consequently, [h™(p)) — h™(p2)| < o is implied by
max h"(j)—h"(p2) <. (4.13)

J€V¥imi
By definition, maxey,,,, /" (i) = max;cy,, #"(i). Hence, (4.13) is equivalent to

max k" (j) — h™(p2) < o. (4.14)
J€EVin

By the induction hypothesis, |A™(i;) — #"'(i2)| < o for all i|,iz € V. By definition, p3 € Vj,y1 implies
p2 — 1 € V,,. Hence, maxjey, h"™(j) — k™ (p2 — 1) < a.. Consequently, (4.14) is implied by A™(p2 — 1) <
h"(p2).

It can be read from the definition of A that the only differences between h™(p; — 1) and h™(p,) are that if
P2 > kyb, then py — kyp is an element of the range of the maximum quantification of A™(p2 — 1) and not of
h(p2) and that if p» < ng — kyb, then p; is an element of the maximum quantification of A™(p,) and not of

h"(p2—1).

The above-mentioned has the following interpretation. If ky, < p3, then there is exactly one subsequence
of a that contains the (p; — 1)th place of the sequence and not the psth, namely the subsequence that starts
with data block p' — kyp, and there is no such sequence otherwise. Similarly, we have that if p; < np — ky,
then the subsequence that starts with data block pj is the only subsequence that contains the data block p3,
but not p2 — 1 and else such a sequence does not exist.

This implies that for proving that A™(pz — 1) <A™ (p2), we only have to show that if p; > kyp, then the sum
of the transfer times of the subsequence of a that starts at data block p2 — ky, is at most A™(p2), where the
subsequence is considered at the end of iteration m. Formally, this means that we have to prove that

kgp =1
ta(pz—kub-l-j) Shm(pg). (4.15)
J=0

a(py—kyn+7) iS deﬁl’led
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Figure 4.10. Outline of the proof of theorem 11

Consider the left-hand side of the equation. By definition we have that ps € Viuit. Hence, a(pz — kub)
and a(p;) are both defined during the iteration m + 1. Because the subsequence is considered the end of
iteration m, this means that a(p, — ky,) and a(pz) are both undefined. As a result, the sum of the transfer
times of the subsequence that starts with data block ps — ky, equals the sum of the transfer times of the
subsequence that starts with data block p; — ky, + 1. Formally, this means that the left-hand side of (4.15)
equals

kyp—1
)y ta(p2 —kup+ 1+ j).

=t
alpy—kap+1+5 18 defined

Because p; — kup -+ 1 is an element of the range of the maximum quantification in A”(p;) we have that
this expression is at most h”(p2), which means that (4.15) holds. Hence, #™(p2 — 1) is a lowerbound for

h™(p2). o

Using Lemma 4, we can prove the following theorem, which gives an upperbound on the value of (3.17)
for an assignment constructed by Algorithm 2, in the case that &, is a divisor of ng.

Theorem 11. Let a be an assignment constructed by Algorithm 2 for a windowsize kyp that is a divisor of
np. Then

kyty—1
L t(0) —t{ng— 1)
0B 2 B4 Skt ot TR, @16
where O. is defined according to (4.19).
Proof. Dividing both sides in (4.16) by &y, yields that proving (4.16) is equivalent to proving that
I
MaXo<i<ng—ky, Ljnp  tali+J) < o :(0) ~tnp—1) @.17)

T Sttt T

As mentioned in Section 3.2.2, the left-hand side gives the lowerbound on the value of #; for which (3.9)
holds. Therefore, we denote the expression in the left-hand side by I

We define X as the set containing the | 19-] =[3% h]) inner places of each set G;, 0 < i < kyp. Hence,
X = {8(Gi, NIOS i < ki AOL j < [32-1}
zkub

The proof strategy we will use to prove the theorem is outlined in Figure 4.10. We will first show that

avg:(X) >t — ;2= and next that the difference between avg,(X) and tayg is at most ‘—-————l(o)'z',f:f"l . Because
o > 0, this proves (4 .

Let m € Vi, —1. By Lemma 4 or, equivalently, (4.9), there exists a subsequence of length &, that contains
data block m, such that

L ies,t(i)

1b
< <t
ub ks ’

b
;-
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where S, is the set containing the positions in the subsequence. Because a subsequence is related to
kup successive data blocks and because a is a bijection, S, and Syy2:,, are disjoint sets. Hence, there
exist [|Vi,-11/2] (= [n/ Zkub]g sets, Skub-l ,Sgkuh_] +S5k,—1 - -+, that are all mutually disjoint and have a
average transfer time between td - Eu—' and ¢ - Clearly, the average transfer time of the union of these sets
is between these values, as well. We define the set ¥ as this union, Hence,

Y= U Sky-1+2ike
0si<[z-1

and 1? — & Savg(Y) < £, By construction, each subsequence of a of length ky contains one position
from each set G;, 0 < i < kyp. Consequently, Y contains f——&] positions from each set G, 0 < i < kyp.
Because the set X contains the {--5—] positions with the hlghest transfer rate, we obtain that avg,(Y) <

avg:(X). This and £/ — =< avg,(Y) yields that £ — }% < avg,(X). This completes the first part of the
proof.

The other part is

(0) —t(ns—1)

t
avg(X) < tayg + TR 4.18)

We first introduce a definition. We define G’“ as the [—"5—} inner places of G;, 0 < i < kyb, and G as the
| 5 L | outer places. Because GPUGH™ = G and G ﬂG"“‘ @, the value of 1,y is expressed by

(3t avs(G) 1221 + (i ava(o7) L
ey - (fz;: h.} -+ szub_')

Using that

ax+by

a+b)

gives that £,y equals

(i e (1)) (1 - B gD + (B2 v (GP) -0 - B THET)
kun

4.19)

Because, by assumption, kyy, is a divisor of ng, l_-ﬁ-_l and [J—} both equal —5‘3—- or are % smaller and larger

than 5—,25-, respectively. If we define x as O in the first case and as 2 in the second, then we can write (4.19)
as

(22 ave(G) -+ ) + (302 v G) - (4 - -
kub )

From the definitions of Gi* and G, 0 < i < kyp, it follows that avg,(GI") > avg,(GP"). Hence, removing
the term x- "ﬁ“h from the previous expression will not increase its value. Furthermore, it follows from

the deﬁmtxons of G; G, G™, 1 < i < kyp, that avg,(G™) > avg, (G ). Hence, T2~ 2 avg,(G™) >
Zf;"l avg:(G™). Consequently, favg is at least

f‘g‘ : (2&% ! an:(G-:‘“)) (Zk“h lanz(Gm> +ant(qu;- }))
kb .

(4.20)

The term avg,(Gy_,) is at least t(ng — 1). Moreover, ¢(0) > avg,(GI). As a result, the expression given
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by (4.20) plus (0~ ("B =) is at least

(2 aver (Gz-n})
kub ’
By the definition of G;, 0 < i < kyp, this expression equals avg,(X). Hence, (4.20), for which we derived

1
that it is at most #,vg, plus ~(t(0);—:éng ~1) i at least avg;(X). This yields that (4.18) holds, which we had to
prove. 0

4.21)

Theorem 11 assumes that &y, is a divisor of ng. However, using the same arguments as for Theorem 8, it
can be verified from the proof of Theorem 11 that the theorem also approximately holds in the case that kys
is not a divisor of ng.

As discussed in Section 3.2.2, an assignment constructed by Algorithm 2 is feasible, i.e., (3.9) holds, if
and only if the left-hand side of (4.16) is at most ky - ;. Hence, by Theorem 11, a feasible assignment is

guaranteed to be foundby Algorithm 2 ifty > tay5 + E%; + 5&%2%“%:—12. For a given B and n, the function? is

constant. Consequently, the expression 5@212’5%1—) is descending in k.. From the definition of «, it follows

that o will roughly decrease when kyy, increases. Consequently, k—i‘- is descending in kg, as well. Hence,
the lower bound on ;4 for which it is guaranteed that Algorithm 2 gives a feasible solution approaches fyvg
when ky), increases.

In Section 3.2.2, we presented Algorithm 1 as an heuristic for constructing the assignment according to
which the movie has tobe stored on the disk, such that the required buffer size is minimized. This algorithm
tries to find a an feasible assignment for an increasing ky; that is at most ng, where an assignment is feasible
if (3.9) holds or, equivalently, if (3.17) does not exceed kyy, - 5. The algorithm terminates whenever such
an assignment is encountered and subsequently outputs that assignment. The problem of finding a feasible
solution for a given ky;, has been discussed in this chapter. As discussed above, the upperbound on ¢4 for
which it is guaranteed that a feasible assignment is found approaches vy for an increasing &yy. Because,
by assumption, np is large, this implies that for all #; > t,vg, Algorithm 1 outputs a feasible assignment.
Furthermore, by Theorem 8, a feasible assignment does not exist if zy < fvg. Consequently, if a feasible
solution exist for any ky, our approach also finds one, except possibly if #y = favg. However, the value of
kyp, does not have to be minimal, which is the result of using a heuristic.

It can easily be verified that Theorem 9 also holds if the equations are strict inequalities. Hence, a video-on-
- demand system can be defined for a given number of users if and only if the equation B > ¢max (1 - 14 + (1))
can be fulfilled in the case that the buffer requirements are given by Theorem 1 and if and only if B >
cmax (124 + 52(n)) can be fulfilled in the case that the buffer requirements are given by Theorem 4. Clearly,
these equations can be fulfilled if and only if the maximum number of admitted users does not exceed ﬁ—:%

We still have the freedom in choosing permutation 7. With the choice of the permutation we aim at
preventing a accumulation of positions with a low transfer rate in the sequence of the assignment, because
this is at cost of required buffer size. In the simulation program, for which the results are presented in
Chapter 6, we define 7 such that sets with a large average transfer time are alternated by sets with a small
average transfer rate. Formally, we define 7 as follows.

i Lo
N i if imod2=0
) {ku.,-l-%' if imod2=1.

Hence, the ordering of the sets Go through Gy, -1 is Go, Gryp—1,G1,Glyp~2; - - - Note that the definition of
7t is similar to the definition of a;.

{4.22)

Example 1 revisited. Figure 4.11 gives the upperbound on the value of 4, denoted by 5", for which,
by Theorem 11, it is guaranteed that the heuristic gives a feasible assignment. Hence, tdar = fayg + ki‘h

-—_-'—(—'%’ll The figurealso depicts t,vg. The permutation 7t is defined by (4.22). Furthermore, it is assumed
that each of the six zone of the disk consists of 10000 positions, which implies a disk capacity of 9.8 GByte.
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Figure 4.11. Lower bounds on #; given by Theorem 11

The figure has the following interpretation. If ¢, lies below the line that indicates tavg, then a feasible
assignment does not exist. If ¢4 lies between the line indicating #,vg and the line indicating tf‘“f then a
feasible assignment may be found, but this is not guaranteed and if #; lies above the line indicating :5“' s
then it is guaranteed that a feasible assignment will be found.

We conclude with a quantification of the figure. The value of fimax, Which equals 22.27 ms, is 19.2% larger
than tavg. From the figure, it follows that for ky, = 10 the value of zﬁ“’ is 2,7% larger tayy and for &y, = 50
the value is 0.5% larger tayg. 0




Chapter 5

Response times

In Theorems 1, 3 and 4, sufficient buffer capacities are given for the case that users do not send requests
to the server. In Section 5.1, we present an algorithm for handling requests for the case that the buffer
requirements are given by Theorem 1. In Sections 5.2 and 5.3, we do the same for the case that the buffer
requirements are given by Theorems 3 and 4, respectively.

5.1 Handling requests for revised TB, unconditional solution

In this section, we present an algorithm for handling requests in the case that the buffer size of the users
is given by (2.7), such that safeness remains guaranteed. This means that the algorithm has to determine
when te first requested data block of a new user may be fetched and when the user may start consuming the
requested data.

Before we present the algorithm, we introduce some notation and we make some assumptions. We define
the functiond : {0,1,...,n} = LU {np}, where d(u) = i indicates that data block i is the next data block
that user u wants to be fetched. If user u does not want a data block, i.e. either the user does not want to
watch the movie or the last data block of the movie has just been fetched for the user, then d(i) = ng, by
definition. The value i, gives the first data block that has to be fetched for user u when no request arrives at
the server, i.e. i, is raised by one during a sweep in the case that a data block is fetched for u in that sweep
and does not change, otherwise. As long as user u does not send a request to the server d(u) = i, and at the
moment that the user sends a request d(4) becomes different from i,. If a request is sent by user u, then, by
assumption, the user stops consuming and the server flushes the corresponding buffer. The user may start
consuming the requested data, when a sign is given by the server. If in the meantime a data block other
than d(u) is placed in the buffer, because it takes time to respond to a request, this data block is flushed as
well.

The time required for handling a request consists of two parts, namely the time it takes before the first
requested data block may be fetched and the time it takes from this moment until the moment that the user
may start consuming (see Figure 5.1). We first discuss the first part. We say that the request of u is granted,
whenever it is allowed that the first requested data block of u is fetched. By assumption, no data block is
fetched for a user between the moment that his/her request arrives at the server and the moment that the
request is granted, except possibly for the data block that is fetched in the sweep that is executed at the
moment the request arrives at the server. As mentioned, this data block is flushed. When a data block is
fetched for user u, this is data block i,, by definition. Consequently, when a request of user 4 is granted,
the value d(u) must have been assigned to i,. We let the assignment iy, := d{u) indicate that the request of
u is granted, by definition.

Next, we discuss the time that passes between the moment a request is granted and the moment that the

48
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request request user may start
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Figure 5.1. The handling of a request depicted on a time axis.

Algorithm 3 Algorithm for handling requests for the case that the buffer capacity is given by (A.1).

forall 1 <u<n /*granting each request*/
iy = d(u);
UY = {uliy, < ng}; [Finitialize UY*/
Ut = {uli, = ng}; [*initialize Ui*/
Ut =9, [¥initialize U®*/
while true
UY =U"U{ulix #d(w)}: /*updating U%*/
Ul = U\ {uli, # d(w)}: /*updating U*/
U = U\ {uli, # d{u)}; [*updating U*/
forall u € {uld(u) =ng} /*granting request of each user that wants to stop watching*/
iy i=d(u);
U= UtU{u);
determine A C U¥ such that /*determine users that may start consuming*/
Yuca u has at least I+ [Ycu %%) +{n—|U})- 51 data blocks in his/her buffer or i, = ng;
UY:=UY\4;
Ut .= U UA;

determine C C {uliy # d(u)} such that /*determine users whose request is granted*/

Vuev u has at least 1+ Zyepnc 2 + Suec 24 + (n— U UC]) - i data blocks in his/her buffer;
forall ucC

iy = d{u);
execute sweep;

corresponding user may start consuming. We divide the set of users into the sets U¥, U® and U'. The set
UY¥ contains the users whose request has arrived at the server and and who are waiting for a sign that they
can (re)start consuming. The set U/! contains the users that do not want to watch a movie and the set U®
contains the consuming users. The moment that a sign is sent to a user that he/she may start consuming
is now equivalent to the moment that u is transferred from UY to U°®. If a user has consumed the last data
block of a movie, then he/she is transferred from U€ to U'.

Algorithm 3 determines how requests of users can be handled, in the case that the buffer requirements are
given by Theorem 1, i.e., it determines for each user u when d(u) is assigned to i, which corresponds to
granting the request of , and when u may start consuming or stop watching the movie, which corresponds
to transferring u from U™ to U° and U', respectively. In the algorithm V is defined as the set of users that
are consuming and for whom the last data block of the movie still has not been fetched, i.e. V =U°NU.
Hence, the users from V are the only users whose buffer may underflow. Because U¥, U' and U® are
only used between the execution of two sweeps, the algorithm updates these sets at the end of each sweep
instead of during the sweeps. The response time is defined as the time between the arrival of a request at
the server and the moment the user may (re)start consuming, Hence, the response time is the time between
the arrival of a request and the moment the user is moved from U¥ to U¢ or from U¥ to U i (see Figure 5.1).

In the initialisation of Algorithm 3 the requests of all users are granted and each user who wants to consume
is put into UV, Hence, for each user who wants a data block, a data block may be fetched, but no user is
allowed to consume. Before the start of each sweep the algorithm determines a set of users that may start
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consuming and a set of users, for which a request is is granted. First the requests of each user that wants
to stop consuming is granted, which, by definition, implies that the user is also transferred from UY to U'.
Next, the set of users that may start consuming, in the algorithm denoted by A, is determined. The set
consists of the users, for whom the last data block of the movie has been fetched and the users that have
at least the number of data blocks given by Expression (2.6) in their buffer. For the interpretation of the
expression we refer to Section 2.1.1. Note that in the algorithm the ceiling is taken from the expression.
The reason is that only complete data blocks are fetched. Finally, a set C is determined which consists of
the users whose request is granted. The set is chosen such that after granting the requests, each user from
V still has at least the number of data blocks given by (2.6) in the corresponding buffer. The next theorem
states that safeness is guaranteed when Algorithm 3 is used.

Theorem 12. If the buffer capacity is given by (2.7), t; > t(ng — 1) and filling strategy TB is used for each
user whose request has been granted, then safeness is guaranteed whenever the requests of the users are
handled according to Algorithm 3.

Proof. From the definition of filling strategy TB, it follows that no buffer overflow occurs. Buffer underflow
can only occur for users from V, as follows from its definition. We prove by induction to the number of
executed sweeps, denoted by w, that just before the start of a sweep, i.., just before the server reaches
the last line of Algorithm 3, each user from V has at least the number of data blocks given by (2.6) in the
buffer. Because this number is sufficient to survive sweep w, as we showed in the proof of Theorem 1, this
proves the theorem.

We start with the case that w = 0. Just before the determination of A, U¢ = . Initially, all buffers are
empty. As aresult, A= . Hence, the assignment U® := U®U A does not affect U°. Consequently, U® = @
at the start of the firstsweep, which implies that V = @. Hence, the induction hypothesis trivially holds for
w=0,

We now prove the induction hypothesis for sweep w = m+ |, We may assume that at the start of sweep
m, the buffer of eachuser from V contains at least the number of data blocks given by (2.6). As showed in
the proof of Theorem 1, each user from V has again at least the number of data blocks given by (2.6) in the
buffer at the end of sweep w. Updating U¥, U' and U® does not affect this because this only reduces the
set V. We now prove that granting a request to stop consuming and putting the corresponding user into U/ i
does neither affect this. To prove that each user from V has still at least the number of data blocks given
by (2.6} in the bufferafter granting the request of user u, where d{u) = ng, it suffices to prove that i, := np,
1 € u < n does not increase Expression (2.6). From the definition of U, it follows that this corresponds to
proving that

o1 (i) T o1(iw) T
1+ et e gy e U} e > 1+ e b (- T [
DI LUl e e wh (O

If u ¢ U, then the equation clearly holds. Otherwise, it is implied by 6,(i,) > 1. By the definition of &,
O1(iy) > ta(iy) — t4. Since t is descending, 1,(i) — 1y > t(ng— 1) — t; = 7. Hence, i, := ng does not increase
Expression (2.6). Furthermore, because u ¢ U holds after the assignment i, == ng , u is not added to V.
Hence, each user of V has at least the number of data blocks in the buffer given by (2.6) if each request to
stop consuming has been granted and the corresponding users are put into U'. This is also true after the
users from A are put into U€, as follows from the definition of A.

Because the requests o stop consuming are granted before the determination of C, d(u) # ng forall u € C.
Hence, as a result of granting the requests of all users from C, the users from C are added to the set U.
Furthermore, because i, = d(u) for all u € U¢, CNU® = @. Consequently, the set V, which by definition is
U°NU, does not change after the requests have been granted. From these observations and the definition
of C, it follows that after the assignments the buffer of each user from V still contains at least the number
of data blocks given by (2.6). This proves the induction hypothesis and with that the theorem. b

The response time depends on how A and C are determined. From the proof of Theorem 12, it follows
that the safeness of Algorithm 3 is based on the property that at any moment between two sweeps each
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user from V has at least the number of data blocks given by (2.6) in the buffer. Between two arbitrary
successive sweeps, we define x,, u € V, as the number of data blocks that u has more in the buffer than
this expression, which is thus at least 0. Consider the moment that C is determined between two arbitrary
successive sweeps. Let u be the user from V with the least amount of data in the buffer at this moment.
Hence, u is the user for whom x, is minimal. As stated in Algorithm 3, C is determined such that u, and
with that each user from V, has at least

1+ Y i(iﬁz-i—zc—‘(:&ﬁﬂn—wucn-%

ucU\C sby ueC by

data blocks in the buffer. By the definition of x, this condition is equivalent to the condition that this
number minus Expression (2.6) is a lowerbound on x,,. Hence, the condition is equivalent to

X > Z 1! d(u})

ueC sby

Oy (iu) T
—— —|C\U| - —. 5.1
uegf"tﬂ sby A sby e
Consequently, the value x, gives a upperbound on how much Expression (2.6) may increase as a result of
granting a set of requests.

We define a(i') as the number of complete sweeps that user ' is waiting for his/her request being granted
since it arrived at the server. Moreover, we define W as the set of users that are waiting at least one
complete sweep. Hence, W = {u|o(u) > 1}. If (5.1) holds for C = W, then the request of each user from
W is granted, i.e. if

ggxuzzw y i) ALY (5.2)

wew  Sbu weWnt b“

By assumption, the minimum over an empty set is oo, Hence, if V = @, then (5.2) does always hold. If (5.2)
does not hold, then we have to choose which requests are granted and which requests are not granted. We
thereby aim at a low worst-case response time. We use the following selection criterion. The request of
user u’ € W is grantcd if and only if

o)
AT oy
The right-hand side gives the contribution of user «’ to the right-hand side of Equation (5.1) if ' € C, i.e. it
gives the increase of Expression (2.6) as a result of granting the request of user #’. For each user that wants
his/her request to be granted, a part of min,ey x, that is linear in the time the user is waiting is reserved.
Hence, the longer a user waits the more the user is privileged when the set of users is determined whose
request is granted.

> oy (d(u V) =i < npl- &—Il}g =n3l~§-;§:. 6.3

We want to prevent that the choice of the set of users that may start consuming, i.e., the choice of A, affects
the choice of C. It is easy to verify that this is the case if for each u € A it holds that either i, = np, which
implies that u ¢ V when u is added to US, or

xnzz&@.(i‘)l_ Y M—iW\UE'i (5.4)

ueW sby uewnu sby sby
or X, > minyey Xy,

We now investigate the worst-case response time of the presented approach. Before we give the lemma
that states how much time it maximally takes before a request is granted, we give insight in the correctness
of the lemma. By definition, a data block is large enough to survive a sweep in which for each user a data
block is fetched, such that the switch time is maximal and the transfer time required for each user is #,.
As discussed in Section 2.1.2 (see Expression (2.4)), the number of data blocks that is minimally saved by
fetching only n — 1 data blocks instead of n is given by

ty+s(n) —s(n—1)
shy ’

5.5
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When a request of a user arrives at the server, no data block is fetched for the user anymore until the
request is granted, except for the data block that is possibly fetched in the sweep during whose execution
the request arrives at the server (see Figure 5.1). Consequently, when a user is waiting for, say, m sweeps, at
least (m — 1) times the number of data blocks given by (5.5) is saved by the user. As proved in Theorem 12
01 (i) > =, for all i € L. Consequently, the increase of Expression (2.6) resulting from granting the request

of an arbitrary user, i.. the right hand side of Expression (5.3), is maximally m—axLT‘s'ﬁ’.ﬁf—‘@ — - Hence,
if a user waits 1 4y sweeps, where

_ [maMSi<ns o1(f) — T] (5.6)
T +sn)-sn-1) |’

then the number of data blocks that is saved during this sweeps is sufficient to compensate the increase of
the required degree of filling of the buffers of the consuming users resulting from granting his/her request,
i.e. the increase in Expression (2.6). The following lemma states that it takes indeed at most 1 4y sweeps
before a request is granted.

Lemma 8. Let t(np—1) <ty and t(ng — 1) < t(0). Then it takes at most 1 +Y sweeps before a request is
granted, where ' is defined by (5.6).

Proof. We first prove that y > 1. By the definition of G1, maxo<i<ap G1 () 2> 1(0) — 4. This and the definition
of 1 yields that the numerator in the definition of 1y is at least #(0) — #(ng — 1). Because, by assumption,
t{ng — 1) < 1(0} and because #; >> 0, this implies that y> 1.

We prove by induction to the number of executed sweeps, denoted by w, that just before C is determined
either

minx, > 3 of). 4TS =st= 1) (5.7)
uev uew Sb“

holds or (5.2} holds. First we show that this suffices to prove the lemma.

Let # be a user, who sends a request to the server. It takes at most one sweep before the next sweeps starts.
From Algorithm 3, it follows that the request is granted immediately if d(u) = ng. Hence, because ¥ > 1,
the lemma holds in the case that d(u) = ng.

Assume that d(u) < np and assume that the request is not granted after 1 + sweeps. This means that there
is a sweep w, such that between sweep w and w+ 1, o(u) = yand u ¢ C. We prove that this leads to a
contradiction. If (5.2) holds, just before C is determined, then each request from W is granted. Because
o(u) =yandy> 1, user u is in W. Consequently, the request of u is granted, which gives the contradiction.
Assume that (5.7) holds. This can be rewritten to

mingev X, S it s(n) ~s(n—1)
2uew Ol(u) - sby '
As aresult, (5.3) is implied by

by +s(n)sz—)—us(rz -1) 4> ay gcil)iu))

. O] (iu) . T
- X = nple — 5.8
Izu < ngi sby ftu Rgl by (5.8)
In the proof of Theorem 12 we showed that 6y (i,) > T. Consequently, the right-hand side is at most
MaXp<i<ng (61()/5by) — T/sby. This and the definition of y yields that (5.8) holds. Consequently, the
request of u is granted, which gives the contradiction.

Next, we prove by induction to the number of executed sweeps that either (5.2) or (5.7) holds just before
C is determined. If w=0then V = @. Hence, (5.7) holds trivially. Consider the case w=m+ 1, m > 0.
If V = A just before C is determined, then it follows from the definition of A that (5.2) holds. The same
holds if (5.2) holds for all # € V\ A. Assume that both cases do not hold. By the definition of A, this
means that there exist a user # from V \ A for which x, is minimal, i.e., x, = mincy x,». We have to prove
that either (5.2) or (5.7) holds, where the left-hand sides of the equations are replaced by x,. We make a
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distinction between whether or not a data block has been fetched for u in the last sweep, i.e. in the (m+ 1)th
sweep,

Assume that no data block has been fetched for u in the (m + 1)th sweep. In the proof of Theorem 1 we
showed that the buffer of u contains at least the number of data blocks given by (A.8) at the end of the
sweep. Updating iy and U yields that the buffer of u contains at least

o 200

01 (g“; ) ta(iy = 2) =
1 —_— 2
+ Z 0<:<:}3 Sbu

£+ (n-|D))-
«eDnU by u'eD\u sby

data blocks, where D is the set of users, for whom a data block has been fetched in the (m + 1)th sweep.
Subtracting Expression (2.6) gives an lowerbound for x,,. Hence,

ax 510 &1 (i) ' T
e — PRl s A —_ o —
% 2 (n=|D))- m 0<:<n3 “sby ue%@ sby (»—|UuD)) shy’

where we use that T > #,(i,y — 2) ~t for all ' € D\ U. Because a{«') > 1 foreach ' e W, WND =@.
As a result, x, is at least

o1(i) oy (i) 1
wi- e e —l —W\U|-—. 5.9
Wl ng‘iig shy ue%u sby IWAUI sby (5-9)

As showed in the proof of Theorem 12, granting the requests of users that want to stop consuming does
not increase the value of Expression (2.6). Hence, x, is still at least Expression (5.9), where W, i,, and U
reflect the situation before the requests are granted. Granting the request of, say, user &’ only affects the
expression if &' € W. Assume that this is the case. From the definition of W, it follows that if the the request
of u' is granted, «’ is removed from W. Hence, (5.9) increases by

— max i() !old ng|- 1(%’ _H-old

0<Li<ng Sb & " ‘ shy

bu

In the proof of Theorem 12 we also showed that (i) > 1, for all 0 < i < ng. Hence, the expression
is not positive. As a result, (5.9) is also a lowerbound for x, if the values occurring in it are updated.
Consequently, {5.2) holds just before C is determined and m + 1 sweeps have been executed.

Assume that a data block is fetched for u in the (m + 1)th sweep. By definition, # € V' \ A. Because a user
can only be added to V via A, « is also an element of V just before C is determined and w sweeps have been
executed. Consider this moment. Because u € V, x,, is defined. We first prove that just before the (m+ 1)th
sweep is executed (5.7) holds. By the induction hypothesis either (5.2) or (5.7) holds. If (5.2) holds, then
each request from W is granted. Hence, W = @ after the requests have been granted. Because x,, > 0 is
invariant, as we showed in Theorem 12, (5.7) holds at the start of the (m+ 1)th sweep. Assume that (5.7)
holds and (5.2) does not hold just before C is determined. As a result of granting the requests from C, x,
decreases exactly as much as Expression (2.6) increases, as follows from the definition of x,. Hence, x,
decreases by

ZEI_M_ Z M_!c\yt.i

uec b wechy  Sbu shy

data blocks. Because (5.2) does not hold, selection criterion {(5.3) is applied. Consequently, the expression
is at most
- zz:eC (I(u)
ZuEW a(“)
Hence, after the requests from the users from C have been granted, x, is at least x,, minus this expression.
Because (5.7) holds, x, > 3w o(u) - ’J—ijzb’;u—‘mil—) just before C is determined. Hence, after the requests
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have been granted x, is at least

(1_ zuECa(“") ) 2 a(u).td-{—s(n)—s(n—l)

’
zuGW"‘d a(l{} ue Wl Sb“

where WM is the set W before the requests are granted. This can be written to

S o) tg+s(n) —s(n— 1).
weWINC sbu
Because granting the requests results in the assignment W := W \ C, this implies that (5.7) holds at the start
of sweep w+ 1. As aresult, both if (5.2) holds and if (5.7) holds, then the buffer of u contains at least the
number of data blocks given by (5.7) just before the (m+ 1)th sweep is executed. We now prove that this
is also true after the execution of the sweep.

In the proof of Theorem 1 if the buffer of a user contains the number of data blocks given by (2.6) at the
start of the sweep and if a data block is fetched for the user, then the buffer contains at least the number of
data blocks given by {A.4) at the end of the sweep. In terms of x,, 4 € V, this means that if x,, = 0 at the
start of the sweep, then x, is at least &“JQJ'_‘_«[%%Q“_FSLD_D at the end of the sweep. Similarly, it can be proved
that for an arbitrary starting value of x,, x, is raised by this fraction. By definition, &' € W implies that
o(u') > 1. Hence, in the (m + 1)th sweep no data block is fetched for a user from W, where W is based
on the situation just before C is determined and (m + 1) sweeps have been executed, i.e. DNW = @. Asa
result, x,, is raised by at least

g+ minigicn(s() —s(i— 1)) (5.10)

w
W] 5

It can be shown that min; <i<u(s(i) ~ s(i — 1)) = s{n) — s(n ~ 1). Hence, Expression (5.10) gives exactly
the increase of the right-hand side of Equation (5.7). Consequently, (5.7) holds at the end of the (w+ 1)th
sweep. As mentioned above, granting the requests of users that want to stop consuming, does not decrease
xy. Furthermore, no users are added to W, because W only contains users whose request has not been
granted. Consequently, the right-hand side of (5.7) does not increase. Hence, (5.7) holds just before C is
determined and w + | sweeps have been executed. O

From the definition of x,, it follows that whenever a user has at least 1 + n-maxXo<i<n, O1{i)/sby data blocks
in the buffer, (5.4) holds, which means that the user may start consuming. Consequently, the time between
the moment that a request is granted and the moment that the user may start consuming is at most the time
that is maximally required for fetching 1+ n-maxoci<ay 01 (i) data blocks. By the used filling strategy, this
takes 1+ 1 sweeps, where

10]

= n. , 5.11
n=lnmax G10

Lemma 5 and this observation are the key of the following theorem.

Theorem 13. Let t(ng— 1) <ty and 1(ng — 1) < 1(0). Then the worst-case response time is bounded by
the time that is maximally required for 2 + Y+ 1 successive sweeps, where Y and 1\ are defined according
to (5.6) and (5.11), respectively.

Proof. Assume that user u sends a request to the server. By Lemma 5, it takes at most 14y sweeps
before the request is granted. Hence, we have to prove that it takes at most 1 41} sweeps before u can start
consuming after the request has been granted. By definition, the request is granted between the execution
of two sweeps, say w and w -+ 1. We have to prove that user u can start consuming the requested data at
the latest at the start of sweep w+1 + 2. Assume that this is not the case. We show that this leads to a
contradiction. If a data block is fetched for u in each sweep from w + 1 through w-+m+ 1, then u has
1 4+ data blocks in the corresponding buffer. By the definition of x,, this means that (5.4) holds at the
moment that A is determined. As aresult, # € A, which means that & can start consuming. This gives the
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contradiction. What remains is the proof that u fetches a data blocks in each sweep from w1 through
w1+ 1. Because 1 may start consuming if the last data block of the movie has been fetched, the last
data block is not fetched in any of these sweeps. From the definition of fiiling strategy TB, it now follows
that, because the buffer of u is empty at the start of sweep w+ 1, a data block is fetched in each sweep from
w1 through w+ 17+ 1 if and only if the buffer of u is large enough to store 1+ 1 data blocks. Because
[x] < x+1, for an arbitrary real value x, | < 1+ n-maxo<icng O1 (i) /sby. Consequently, the buffer of u is
large enough if
1+ (1+n- max 01_(5)) <3+4+n- max 62—(‘)—8.
o<i<ng shy o<i<ng shy

Using the definitions of 8 and &,, and multiplying both sides with sby, gives that the equation is equivalent
o

(n—1)- max 61(i) <sby+(n~1)- max 62(i) —ty+s(n) —s(n—1). (5.12)
0Li<ng OLi<ng

By the definition of sby, sby — (17 + s(n) —s(n— 1)) equals (n— 1) .14+ s(r—1). Hence, if maxo<i<ny G1(f) =
maxpgicng 02(i) or n =1 then the equation is clearly true. Assume that the equation does not hold. Then,
by the definition of Gy, Maxo<icng 01 (i) =1(0) — 14. Furthermore, maXogi<ny 62(i) > 1(0) +#(ng— 1) —2t4.
Using this and dividing both sides by n — 1 yield that (5.12) is implied by

t(0) — 1y <ty +1(0) +t(ng— 1) — 21y,

which trivially holds. (

If we want to express the worst-case response time in time units we have to determine the time that is
maximally required for a number of successive sweeps. The following theorem states that in the worst-
case situation, each sweep of an arbitrary set of successive sweeps can be worst-case, i.e., in each sweep a
data block can be fetched for all users at a minimum transfer rate, such that the switch time is maximal.

Theorem 14. The worst-case time required for m successive sweeps is n- (n-t(0) + s(n)).

Proof. If during a given sweep w each user requests the data block that is stored on position 0, then each
user is put into U" at the end of the sweep. Consequently, V becomes @, which implies that all requests
are granted. As a result, the time required sweep w+ 1 can be n-#(0) +s(n). If during this sweep, each
user requests again the data block that is stored on position 0, the situation at the start of sweep w+2 is
similar to the situation at the start of sweep w+ 1. Hence, the time required for sweep w+ 1 is, again,
n-t{0) + s(n). If this scenario is repeated m times, we get m successive sweeps with a total execution
time of m- {n-1(0) + s(n)) time units. Hence, this expression is a lowerbound on the time required for m
successive sweeps. Clearly, it is also an upperbound, which proves the theorem. 0

We give an example of the meaning of the discussed theorems.

Example 1 revisited. As stated by Theorem 13, the worst-case response time is bounded by the time that
is in the worst-case situation required for 2 + Y-+ 1 successive sweeps. As mentioned, maXg<icny 01 (f) = x.
Consequently, the value of v is given by [M'LL"I)], which equals [0.1525] = 1. Furthermore, the
value of 1 is [0.2096] = 1. As a result, the worst-case response time is bounded by the time time that is
maximally required for four successive sweeps. By Theorem 14, this time is maximally 4 - (n-£(0) + s(n)),
which is 1.51 seconds. For TB the worst-case response time is the time that is maximally required for two
successive sweeps, which is 2+ (n- tyin +5(n)), where fmin = 222, This yields that the worst-case response
time is 1.09 seconds. o

Consequently, opposite to a saving in the buffer requirements of 36%, we have an increase of the worst-case
response time by 39%.
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Algorithm 4 Algorithm for handling requests for the case that the buffer capacity is 3 — ;.

forall | <u<n
iy =d(u);
UY = {uliy < ng};
U= {uli, = npg};
e =g
while true
UY = U%Uduli, # du)}
U' = Ui\ {uliu # d(u)};
U= U\ {uliy # d(u)}:
forall u € {u|d(u) = np}
iy o= d{u);
U= Uiu{u):
A:={u€ U%}i,=npV"u has two data blocks in his/her buffer"}
U¥ :=UY\4; ’
Ut:=USUA;
Cy = {ug Ui, # d(u) A"in the previous two sweeps no data block has been fetched for " }
Cy = {u e U¥i, # d(u) A"in the previous sweep no data block has been fetched for "
Ata(lasty) +ta(d(u)) < 24}
forall uc C UG,
iy = d{u};
execute sweep;

5.2 Handling requests for revised TB, conditional solution

In this section we present an algorithm for handling requests for the case that the buffer requirements are
given by Theorem 3. We use the same notation and assumptions as in the previous section. The pseudo
code of the algorithm given by Algorithm 4. Because of its similarity with Algorithm 3, the comments are
omitted in the algorithm.

As in Algorithm 3, the initialisation consists of granting the requests of all users. Before the start of a
sweep, the request of each user who wants to stop consuming is granted. The set A, i.e. the set of users that
may start consuming, consists of the users that either have two data blocks in their buffer or have received
the last data block of the movie. A request of, say, user u can be granted on the basis of two criteria. Either
no data block has been fetched for # for at least two sweeps or no data block has been fetched for one
sweep, but t,(last,) +1.(d(u)) < 2t,, where last, is the most recently fetched data block of user u. The
equation is to be interpreted as follows. The average transfer time of the most recently transferred data
block and the desired next data block does not exceed 74. If still no data block has been fetched for user
u, then last, is the data block that is stored on position ng — 1, by definition. Since ¢ is descending and
because (2.10) holds, this implies that 7, (last,) +1,(d(u)) < 2t4 regardless of the value of d(u) in that case.

Theorem 15. If Equation (2.10) holds, the capacity of the buffers is at least 3 — 8, where &; is given
by (2.12), filling strategy TB is used for each user whose request has been granted and the requests of the
users are handled according 1o Algorithm 4, then safeness is guaranteed.

Proof. From the proof of Theorem 3, it follows that safeness is guaranteed, if a user from U does not start
consuming before he/she has room for strictly less than one data block, if (2.13) remains valid and if in
three successive sweeps at most two data blocks are fetched for the same user. We start with proving the
first condition. By the definition of A and the assumed buffer size, which is at least 3 — 8, data blocks,
the first requirements is satisfied if & > 0. By the definition of 87, 8; > 0 is equivalent to 2 -1y > #(0) —

53(2n) + 53(2n — 1). Because s3(2n) > 5,(2n — 1), this is implied by 7, > gg)-. This follows from (2.10).

From the definition of C; and C;, it follows that two data blocks that are not successive are never fetched
for the same user in two successive sweeps. As a result, (2.13) remains valid, which is our second proof
obligation. Finally we prove by contradiction that in three successive sweeps at most two data blocks are
fetched for the same user. Let w be the first sweep, such that in the sweeps w, w+ 1 and w+ 2 three data
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blocks are fetched for the same user, say 1. As mentioned, these data blocks have to be successive. Because
a data block is only fetched for a user if i, = d(u) at the start of the sweep this implies that from the start
of sweep w until the start of sweep w <+ 2 no request from u arrives at the server.

Consider the start of sweep w+ 2. If u ¢ U, then no data block is fetched for « in sweep w +2 which
contradicts our assumption that a data block is fetched in sweeps w, w+ 1 and w + 2.

Assume that u ¢ U°€ at the start of sweep w2, 1.e., 4 is not a consuming user at the start of sweep w+ 1.
As aresult, u ¢ A, which, by definition, means that u has less than two data blocks in the buffer and that
iy < ng. Because the server receives no request from u from the start of sweep w until the start of sweep
w + 2, the buffer is not flushed during this period and 4 ¢ U°® also holds at the start of sweep w and w+ 1.
By assumption, a data block is fetched for u in sweep w and w+ 1. Hence, u has at least two data blocks in
the buffer at the start of sweep w + 2, which gives the contradiction.

Assume that u € U° at the start of sweep w+ 2. Because, by assumption, a data block is fetched in sweep
w+2, iy, < ng at the start of this sweep. We define v as the sweep, at the start of which u starts consuming
for the last time, i.e. at the start of which u is moved from UV to U* for the last time. As proved above, the
buffer of u has room for strictly less than one data block at the start of sweep v. Consequently, in sweep v
no data block is fetched for user 4, which implies that w > v. Hence, u € U€ at the start of sweep w — 1.
Because w is chosen minimal, no data block is fetched for user u in w — 1. As a result, at the start of
sweep w — | the buffer of u does not have room for a data block. Another consequence of the minimality
of w is that the sweeps w — 1, w and w+ 1 contain at most two data blocks for the same user. If for a
user, say ', two data blocks are fetched in these sweeps that are not successive, then the request to fetch
the second block must have been granted between the start of the sweep in which the first data block is
fetched and the start of the sweep in which the second is fetched. By the definitions Cy and C, this can
only be the case if the first data block is fetched in sweep w— 1 and the second in sweep w1 and if
t.(lasty) + t,(d(u)) < 2t4. Consequently, the total transfer time required for the two data blocks for ' is
bounded by 2t,. Furthermore, by (2.10), the transfer time required for a user u” for who either a single
data block or two successive data blocks is fetched during sweeps w — 1, w and w+ 1 is bounded by 2z,
as well. As a result, the time required for these sweeps is bounded by 2n -1y + 53(2n). Similarly as for the
case that w = m + 1 in the proof of Lemma 1, this leads to a contradiction. ]

The next theorem states the worst-case response time of Algorithm 4.

Theorem 16. In the case that Algorithm 4 is used, the worst-case response time is the time that is maxi-
mally required for five successive sweeps, which is at most 4n - 14+ s5(4n).

Proof. Assume that user u sends a request to the server to jump to data block d(u). We are interested in the
maximum time it takes before u can start consuming. If d(u) = np, u does not want to consume. Hence,
we assume that d(u) < np. It takes at most one sweep from the arrival of the request of u to the start of a
sweep. By assumption, no data block is fetched for u, before the request is granted. By the definition of Cj,
this takes at most two sweeps. Two sweeps after that, u has two data blocks in the buffer, unless the buffer
is not large enough to store two data blocks. Therefore, we have to prove that 3 — 8, > 2, i.e. 83 < 1. Using
the definition of &, gives that 8, < 1 is equivalent to 2t — £(0) + 53(2n) — 52(2n — 1) < n-t4 + 353(2n).
Because #; < t(0), which follows from (2.10), and because n > 1, this is implied by 5s3(2n) < 25,(2n - 1).
Using (1.1), yields that 25(2n — 1) = s4(4n—2). Again, n > 1, gives that s4(4n — 2) is at least s4(2n), which
is at least s3(2#n). Hence, §; < 1.

By the definition of A, u may start consuming if he/she has two data blocks in the buffer at the start of a
sweep. As a result, the worst-case response time is 5 sweeps. We now prove that five sweeps take at most
4n -ty + s5(4n) time units. We showed in the proof of Theorem 15 that at most two data blocks are fetched
for the same user in three successive sweeps. Hence, in five sweeps at most four data blocks are fetched per
user. The data blocks fetched for a user are successive, unless he/she sends a request during the sweeps,
which is also granted. If the data blocks are successive the maximum transfer time spent for the user is 4z,
as follows from the assumption that (2.10) holds. If the data blocks are not successive, but each request is
granted via C;, then the maximum transfer time does not exceed 4¢,, as well. If two fetched data blocks
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are not successive because of a request that is granted via C, then, by the definition of C), at most three
data blocks are fetched for the user, Furthermore, the number of fetched data blocks can only be three if
two of them are successive, as follows from the definition of C) and C;. Since ¢ is descending and because
of (2.10), we get that the maximum transfer time required for the user is bounded by #(0) + 214. From (2.10)
it also follows that 1(0) < 2t;. Hence, the maximum transfer time is bounded by 4. The maximum time
required for five successive sweeps is given by the sum of the maximum transfer times spent for each user
plus the maximum switch time. Hence, the time that is maximal required for five sweeps is 4n-#; + s5(4n).

O

From the proof of Theorem 16, it follows that in the worst-case scenario a request arrives just after the
start of a sweep in which a data block is fetched for the user who sends the request. Hence, the user is
consuming and want to make a jump in the movie. If no data block is fetched for a user in at least the last
two sweeps at the moment he/she sends the request, because, for example, the user was not watching the
movie, then the request is granted at the start of the first sweep after the sweep in which the request arrives,
as follows from the definition of C;. Hence, in this case the request is granted two sweeps earlier than in
the worst-case scenario. As a result, the worst-case response time in the case that no data block is fetched
for the user that sends the request for at least two sweeps, is three instead of five sweeps. Similarly as for
five sweeps, it can be showed that the time that is maximally required for these three sweeps is bounded by
2n -ty 4 51(2n).

5.3 Handling requests for revised dual sweep

Algorithm 5 gives the psendo code for handling requests in the case that the buffer requirements are given
by Theorem 4. The algorithm is similar to Algorithm 3, except for the determination of A and C, which give
the set of users that may start consuming and whose requests are granted, respectively. The determination
of both sets is based on Expression (2.20) and Expression (2.21), for which we gave the interpretation in
Section 2.2, In Algorithm 5, X,, is defined as the set of users for whom no data block has been fetched in
sweep w, where the sweeps are numbered from 1 onwards. Furthermore, for any moment between sweep
w— | and sweep w, U, is defined as

{ulix € U Aue€X,_y Aiy=d(u) A”u has room for a data block in the buffer”}

if w> L. If w=1 then the second conjunct in the definition is removed. The set U, can be interpreted as
the set of users for whom a data block is fetched in sweep w if the situation does not change anymore from
the moment under consideration until the start of sweep w. This definition corresponds to the meaning
of U,, in the proof of Theorem 4. Furthermore, U, is only meaningful in combination with a moment in
time between sweep w— 1 and sweep w. The following theorem states that safeness is guaranteed when
Algorithm 5 is used.

Theorem 17. If the buffer capacity is given by (2.22), n > 2, t(0) > t4 > t(ng — 1), filling strategy DS is
used for each user whose request has been granted and the requests of the users are handled according to
Algorithm 5 then safeness is guaranteed.

Proof. As in Theorem 12, we only have to prove that no buffer underflow occurs for any user from V. We
define the predicate P(w) as the property that for all u € V it holds that user u has has at least the number
of data blocks given by (2.21) in the buffer if u ¢ U}, and at least the number given by (2.20), otherwise.
We prove by induction to w that P(w) holds at the start of sweep w. Because no buffer underflow occurs in
sweep w if P(w) holds at the start of it, as we showed in the proof of Theorem 4, this proves the theorem.

As basis we take the case that w = 1. Similarly as in the basis case of the proof of Theorem 12, it can be
showed that V = ¢ at the start of the first sweep. Hence, P(1) holds at the start of the first sweep.

Consider the start of sweep m+ 1, m > 1. By the induction hypothesis, P(m) holds at the start of sweep
m. We showed in the proof of Theorem 4 that at the end of the sweep P(m + 1) holds. Updating U, U?
and U*® does not affect this because this only reduces the set V. Let u be a user who want to stop watching
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Algorithm S Algorithm for handling requests for the case that the buffer capacity is given by (A.9).
forall 1 <u<n
iy =d(u);
UY = {uliy <ng};
U= {uliy =g}
Ue =g,
while true
U¥ = UYU{uli, #du)};
U = U\ {uliy # d(u)};
€=U\ {uliy #d(W)};
foralt u € {u|d(u) =npg}
iy =d(u);
Ut = Ui U{u};
determine A C UV such that V,e4 either u has at least
1+ { ey Do) ] data blocks in his/her buffer if u € Uy, and at least

l‘lz;,‘ A+ (U] +E“€ ﬂ&}s&)_l.[ fug Uy

or lu--ng,
W =UW\A;
¢:=UUA;

determine C C {uliy # d(u)} such that ¥,cy u has at least
1+3 e \ max(01 (i) 0) + YueC max(dy (j(")) 9 data blocks in the buffer if « ¢ U, and at least

GGt [y e 6)0) |y e )0 i g

forall uc C
.’:u = d(“):
execute sweep;

the movie. After the request is granted, i.e. after i, := np, and after u is put into U', 6(i,) is —c0, u ¢ V
and u is removed from Uy,41. As a result, both (2.21) and (2.20) do not increase and « is not added to V.
Consequently, P(m+ 1) still holds after granting the request of each user who wants to stop watching the
movie and putting the user into U'. By the definition of A and because Uy,41 is not affected by letting users
start consuming, P(m + 1) also holds after the users of A are put into U°.

Because C C UY, granting the requests of the users from C does not affect V. The requests to stop watching
the movie have already been granted when C is determined. Consequently, d{u) < np for all u € C. Hence,
as a result of granting the requests of all users from C, U becomes U UC. Furthermore, because, by
assumption, the buffer of each user whose request has not been granted is empty, Un+1 becomes Uppi U
(CNX,,) after granting the requests. From these observations and the definition of C, it follows that
P(m+1) also holds after the requests of C are granted. Hence, the induction hypothesis holds form+ 1. O

For the determination of A and C we use the same idea as for Algorithm 3. Consider 2 moment between
the end of sweep w — 1 and the start of sweep w. The safeness of Theorem 17 is based on the property that
at any moment between two successive sweeps the buffer of each user from V contains at least the number
of data blocks given by (2.21) if u ¢ U,, and at least the number given by (2.20), otherwise. We define
Yu» 4 € V, as the number of data blocks in the buffer of « minus Expression (2.21) if u ¢ U,, and minus
Expression (2.20), with U,, replaced by X,,..;, otherwise. Note that by the definition of C and because U,
can be a strict subset of X, unlike x,, y, can be negative. Similarly as the condition that C has to answer
for each u € V in Algorithm 3 can be written as condition (5.1), the condition that C has to answer for each
u € VU, in Algorithm 5 is equivalent to

max (G (d{v)),0) max{c;{iy),0)
> 014dv)),0) 5 max(o1i),0) 5.13
= g‘: sba vegr:\{} sbq 19

Because, by definition, U,, C X,,_1, we have that

[Un U(CNAXw-1)[ - ta+s(Un V(CO Xy 1)]) o [Xomi] -ta + (X ])
sby - sbq '
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By this and the definition of y,, the condition that C has to answer for each u € V\ U,, is implied by (5.13)
as well.

We define o(u), 1 <u< n, as ﬂ‘%i, where o{u) is, again, defined as the number of complete sweeps
that u is waiting for histher request being granted since it arrived at the server. Furthermore, we redefine W
as W = {ul||op(u)] > 1}. In terms of o we can write W = {u|o(u} > 3}, as follows from the definition of
0. Hence, W contains the users that are waiting for at least three complete sweeps.

If (5.13) holds for all u € V, where C = W, then the request of each user from W is granted. Otherwise, the
request of ' € W is granted if and only if

, loa(«)]  max(01(d(«)),0) max(0i(iv),0)
miny, > -
vV Yew|0a(u)] shy sbg
holds. The meaning is similar to the meaning of Equation (5.3). The right-hand side gives the contribution

of user &' to the right-hand side of Equation (5.13) and for each user a part of min,cy y, is reserved that is
linear in the number of complete pair of sweeps the user is waiting for his/her request being granted.

(5.14)

Again, we do not want the choice of C to be affected by the choice of A. Let ' be a user whose request has
been granted and who is waiting for a sign to start consuming. Adding #' to A does not affect the choice
of C in the case that &' ¢ U, because then «’ ¢ V. The choice is neither affected whenever (5.13) holds for
C =W or minyev yu < y»

Next, we discuss the worst-case response time of the presented algorithm. By definition, a data block is
large enough to survive two successive sweeps in which a data block is fetched for each user at a transfer
time of 1; and the switch time is maximal. Consequently, if no data block is fetched for, say, user u, in two
successive sweeps because the user is waiting for a request being granted, then ty + 52(n) ~ s2(n — 1) time
units are saved. Hence, during the sweeps the consuming users have consumed minimally

ta+s2(n) — s2(n—1)

5.15
sba (5-15)

data blocks less than would have been the case when the time that is reserved for user # in the two sweeps
would have been spent for u. The request of u can arrive at the server just after the start of a sweep in which
a data block is fetched for the user. Consequently, when the user is waiting for 2m sweeps, at least 2(m — 1)
times the number of data blocks given by (5.15) are saved. The increase of (2.20) and (2.21) resulting from
granting the request of u, i.e. the right-hand side of (5.14) is at most maxg<i<ng O1 (i) /sbg. Furthermore, it
can be shown that s3(n) — s3(n — 1) < s(n) — s(n — 1). Consequently, if a user waits 2 + 2y, sweeps, where

Y= [maX0£i<nscl (’)-l , (5.16)
de

then the number of data blocks that is saved during these sweeps is at least the increase of the minimum
number of data blocks that have to be in the buffer at the start of the sweep resulting from granting the
request of u, i.e. the increase of (2.20) and (2.21). The next lemma states that 2 + 27y, is indeed the
maximum number of sweeps that is required for a request being granted.

Lemma 6. Letty <t(0)and n > 2. Then it takes at most 2+ 2y, sweeps before a request is granted, where
Y2 is defined by (5.16).

Proof. We prove by induction to the number of executed sweeps, denoted by w, that just before C is
determined, for all u € V either

fs Suewlon(u)] - etz e ey 517
o s{n)—s{n— . -
Ei‘ewwz{az(uﬂ.w it ug Xt

.s’bd

holds, where V; = {ujafu) = 2}, or (5.13) holds, where C = W. In the remainder of the proof we mean the
case that C = W when we refer to (5.13). We first prove that this proves the lemma,
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Let u be a user who sends a request to the server. It takes at most one sweep before the next sweep starts.
If it is a request to stop consuming, then the request is granted immediately. Because #; < 1(0), 72 > 1.
Hence, the lemma holds in the case that d(u) = ng.

Assume that d(u) < ng and assume that the lemma does not hold. We show that this leads to a contradiction.
Because the lemma does not hold, there is a sweep w, such that between the end of sweep w and the start
of sweepw+1o(u)=1+2yand ué C. Let i/, ' €V, be the user for whom y,s is minimal. We may
assume that either (5.17) or (5.13) holds. Because y; > 1, u € W. Hence, if (5.13) holds, the request of u’
is granted, which gives the contradiction. Assume that (5.17) holds. This implies that

Yu S ta+s(n) —s(n—1)
Yoew|02(u)| ~ sbq )

Consequently, according to (5.14) the request of u is granted if

max(c; (d(u’)),()) max(ol (iul),O)
de - de )

ty+s(n) —s{n—

shq D -loa(u)] >

Because o(') = 1+ 272, |02(#’) | = ;. From the definition of 1, it follows that the previous equation is
valid. Consequently, the request of «’ is granted, which gives the contradiction.

We now prove by induction to the number of executed sweeps that just before C is determined either (5.17)
or {5.13) holds. From the proof of Theorem 4, it follows that whenever y,, u € V, is non-negative at the
start of a sweep, this is also the case at the end of the sweep. Furthermore, by the definitions of A and C, y,
does not become negative as a result of Algorithm 5. Consequently, y, > 0 is invariant.

As basis of the induction we take the case w = 0. In that case, V = @ when C is determined. Hence, the
induction hypothesis holds for w = 0.

Assume thatw=m+ 1, m > 0. By the definition of A, (5.13) holds just before C is determined both if V = A
and if Equation (5.13) holds for all u € V\ A. Assume that both cases do not hold. By the definition of 4,
there consequently exist a user u from V \ 4, such that y, is minimal. As long as the buffer of a user remains
empty after the start-up of the system, u ¢ V holds, as follows from the definition of V and A. Consequently,
because u ¢ A, sweep m+ 1 can not be the first sweep, i.e. m > |. By the induction hypothesis, we may
assume that just before C is determined and m sweeps have been executed, either (5.17) or (5.13) holds.
Similarly as in the proof of Lemma 5 it can be showed that if it holds at the end of sweep m+ 1, it also
holds just before C is determined. Hence, proving that the induction hypothesis holds for m -+ | comes
down to proving that it holds just after the execution of sweep m + 1 under the assumption that it holds just
before C is determined between sweep m and m + 1.

Assume that a data block has been fetched for u in sweep m + 1. Similarly as in the proof of Lemma 5, it
can be showed that just before the start of sweep m + 1 Equation (5.17) holds. We prove that it also holds
at the end of the sweep. We use the convention that if a tilde above a variable indicates that the value of is
based on the situation just before the start of sweep m+ 1 and on the situation just after the end of sweep
m+ 1, otherwise. As mentioned in the proof of Theorem 4, the number of data blocks in the buffer of « at
the end of sweep m -+ 1 is given by 1 plus the number of data blocks in the buffer at the start of the sweep
minus {A.10). By the definition of y,,, we have that the buffer contains at least

_ |Unt]-ta+ s(Uns1]) ta(iv) = ta
de VeUm-H de

1+ [Xon| - 24+ 5(|Xim]) +Y max (0 (i,,),0) +Hh
de vell de
data blocks at the end of the sweep. Using that Upyyy C X, and the same arguments as in the proof of

Theorem 4 after Expression (A.15), we get that the expression is at least

| o\ U] 10+ ) = U | 5 man(©166,0)

shy vev sby
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By definition, a(u’) >3, for all ' € W. Furthermore, (') > 2, 1 < u < n, implies that 4’ € X,,. Hence,
WUV, C X,y and (WUV)NUpyy = @. Consequently, | X, \ Unt1| > |WUV,| and s(|Upns1]) < (|1 Xm| —
|W U V1]}, which implies that y, is at least ¥, plus

(WU Va| -t + 5({Xn]) ~ s(1 Xl ~ [WUVa])
de

It can be showed that s(|X;|) — (| Xn| — (WU V|) > |[WU V|- (s(n) —~ s(n — 1)). Because a data block is
fetched for u in sweep m+ 1, no data block is fetched for u in sweep m. Hence, u ¢ Xy and u € X,,. We
have that (5.17) holds before the start of sweep m + 1. To prove that it also holds at the end of the sweep it
suffices to prove that

WUV - (24 +s(n) — s(n—1)) > (

de

2 ()= 2 [620)]

VEWUY; veWw

) ’tar—}-s(n)—-s(n-— 1)
sba " 5.18)

which can be written as iW UVa| > Suewuw, [02(0)] — Zoew {_ocz(u)J It can be verified that W C W and
that ot(u’) = &(u') -+ 1, u’ € WU V5. Hence, (5.18) holds if for all &’ € WUV,

1>[°‘(“)1 W e Wl [“(“) | (5.19)

holds. Let ' € WUV4. If u' ¢ W, then, by the definition of W, &(u') = 2. Hence, (5.19) is valid. Assume
that ' € W. If &(u') mod 2 = 0, then (5.19) can be written as 1 < 9‘-{1‘—2 (—-J» 1), which is clearly true.

If, on the other hand, &(i) mod 2 = 1, then (5.19) equivales 1 < —°—‘E~ +1- “) , which is also true. This
completes the proof for the case that a data block is fetched for user u.

Assume that neither a data block is fetched for 1 in sweep m nor in sweep m+1. We getthat u € X, N Xyt
and u ¢ Upny1. By the definition of filling strategy DS and because, by assumption, u € V, u has room for
less than one data block in the buffer at the start of sweep w+ 1, i.e. u has atleast 1 +7-max;<icng G1(£)/5bq
data blocks in the buffer. A lowerbound for the number of data blocks in the buffer at the end of the sweep
is given by this number minus (A.10). Hence, the buffer of u contains at least

14n. max O _ [Unirl - ta+ s(Unei]) ta(ly) = ta

I<i<ng de shg v&Unsy shy

data blocks. By the same arguments as from Expression (A.12), we can rewrite to expression to

(n"lUm Dt +5 (n)"SUUm D 01(1) max(ci(év},())
e A (= Uil max 2 B e

vEUp 4t

From the definition of X, it follows that X,41 NUw41 = @. Consequently, n— |[Up1| > | Xms1] and s2(n) ~
5()Um+1]) 2 $(}Xns-1])- By the definition of y, we consequently have that

Yu> X max 2D _ max(0 (i), 0)

O<i<ng de VEXy P de

Because W C X1, this implies (5.13).

Finally, we consider the case that a data block is fetched for u in sweep m and no data block is fetched
in sweep m~+ 1. Hence, u € X,, and u € X;n4;. By the induction hypothesis, we have that just before C
is determined and m sweeps have been executed, either (5.17) or (5.13) holds. Again, we can prove in a
similar way as in the proof of Lemma 5, that just before the start of sweep m + 1 equation (5.17) holds. By
the definition of y,, this means that the buffer of u contains at the start of sweep m + 1 at least

1+Zmax(<n(?v),0)+ ¥ f6p(y)] . LS =s(i= D)

de de

vell veWuv,
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data blocks. At the end of the sweep the buffer contains at least this number minus (A.10). Similar as from
Expression (A.12), we can prove that this equals

n—|Un . s —5(|Un X iy),0 - n)—sn—1
(r= Ut ta - 50) = s , 5 B0 | 5 g ek str)—slr=)

vel

By the definition of y, and because u € X,,.+1, proving
. ty+s(n)—s{n—1 ti+s(n)—sn—1

Z I’az(v)'l . ( )de ( ) Z 2 I_Q'Z(V)J . d ( ) ( )

veWuv, veWw sby

suffices to prove that (5.17) holds at the end of sweep m+ 1. Because W C W and because o) = &(u) + 1,
u € W, the equation is true if for all &' € W, it holds that

- . ~ ! _1 ~ !
W ey (A=l |8 (5.20
If u' ¢ WUV, then it follows from the definition of W that &(u’) < 1. Hence, (5.20) holds. Assume that
u' € WUV, If &(u') mod 2 = 0, then both the left hand side and the right hand side of (5.20) equal %—‘"—1.

If, on the other hand, G(«') mod 2 = 1, then they both equal ﬂi’zl———l. Consequently, (5.20) holds. 0O

Whenever an arbitrary user  has at least 1+ 7 - maxo<i<y, 01(i)/sbq data blocks in the buffer, then (5.13)
holds for C = W. which, by the definition of A, implies that # may start consuming. Because, by the used
filling strategy, only one data block can be fetched in two successive sweeps, it takes 1 + 212 sweeps to
fetch this number of data blocks, where

M= fn max 2, (5.21)

O<i<ng sby '

The following theorem combines this observation with Lemma 6.

Theorem 18. Let t; < t(0) and n > 2. Then the worst-case response time is bounded by time that is
maximally required for 3 + 2Y; + 21, successive sweeps, where ¥, and 13 are defined according to (5.16)
and (5.21).

Proof. By the definition of filling strategy DS, the sweep in which the first requested data block of u if
fetched must be preceded by a sweep in which no data block is fetched for u. At most one sweep after the
arrival of the request of u at the server, the next sweep starts. From this moment, no data block is fetched
for u, until the request is granted. Consequently, after two sweeps the first requested data block of u may
be fetched as far as the used filling strategy is concerned. From Lemma 6, it follows that it takes at most
2 + 2y, sweeps before the request of, say, user u is granted. Because 2 + 2y, > 2, it takes at most 242y,
sweeps before the start of, say, sweep w in which the first requested data block can be fetched.

To prove the theorem, it now suffices to show that it takes at most 1+ 21} sweeps from sweep w before u
can start consuming. We prove it by contradiction. Hence, assume that user u is still not consuming at the
start of sweep w+ 212 + 1, while user # wants to watch a movie. Because the buffers are large enough to
store 1+ 1 data blocks, 1 + 1), data blocks are fetched for u during sweep w through w+21),. Furthermore,
u € X421, at the end of sweep w + 212. From the definition of N2 and y, it now follows that (5.13) holds
for C = W. Hence, u € A between sweep w + 213 and w+ 212 + 1, which gives the contradiction. ]

In order to express the worst-case response time in time units, we investigate the time that is worst-case
required for, say, m successive sweeps. By the used filling strategy, the worst-case time for two successive
sweeps is n-#(0) + s2(n). Furthermore, the worst-case time for one sweep is n-#(0) + s(n). The next
theorem states that if m is divisible by two, then the time that is maximally required for m successive
sweeps is given by 3 times the time that is maximally required for two successive sweeps, i.e. the time
required for each successive pair of sweeps is maximal. For the case that m is not divisible by two, the
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theorem only states an upperbound on the time that is maximally required for m successive sweeps. The
upperbound is given by the time that is maximally required for m — 1 sweeps, which is ﬂg—‘- times the time
that is maximally required for two successive sweeps because m— 1 is even, plus the time that is maximally
required for one sweep. '

Theorem 19. The time that is maximally required for m successive sweeps equals G - (n-1(0) + s2(n)) if m
is divisible by two and is bounded by "5 - (n-t(0) + 52(n)) 4 n - £(0) + s(n) if m is not divisible by two.
Proof. Let w be an arbitrary sweep. We investigate the time that is maximally required for the sweeps
w through w+ m — 1. Assume that m is divisible by two. By the definition of filling strategy DS, at
most one data block can be fetched per user in two successive sweeps. A possible scenario is that in the
sweeps w,w+2,...,w+m— 2 a data block is fetched for the users 1 through [4] — 1 and in the sweeps
w4+ 1,w+3,...,w+m—1 a data block is fetched for the other users. By the same arguments as we used
in the proof of Theorem 14, we can show only the data block is fetched that is stored on position 0. This
and (1.1) gives that the required time for the m sweeps can be % - (n-£(0) + 52(n)). Clearly, the time is also
an upperbound on the time required for m successive sweeps.

Assume that m is not divisible by two. Because m — 1 is divisible by two, the time required for the first
m — 1 sweeps is maximal Z5% - (n-£(0) + 52(n)), as we showed above. Furthermore, the time required for
the mth sweep does not exceed n -1(0) + s{n). Hence, the time required for m sweeps does not exceed
i”—;—l -(n-t{0) + s2(n)) + n -1(0) + s(n). This time is not a strict upperbound, because the only scenario
according to which ”’—5-“’ + 1 data blocks are fetched for each user in m sweeps, is the scenario that a data
block is fetched for each user in the sweeps w,w+2,...,w+m—1 and no data block is fetched in the
sweeps w+ 1,w+3,...,w-+m -2, As aresult, the required time equals (%’—1 + 1)« (n-t{0) + 5(n)), which
is strictly less than the derived upperbound because s2(n) > s{n). O

In the next example we illustrate the meaning of the discussed theorems.

Example 2 revisited By Theorem 18 the worst-case response time is bounded by 3 + 272 + 212 sweeps. By
definition, Y, = [m_—lﬂ Because s(n) = 109.45 ms and s(n— 1) = 101.17 ms, 12 = [0.2223] = 1.
Furthermore, 1, = [0.2095] = 1. Hence, the worst-case response time is seven sweeps. By Theorem 19,
the time required for seven successive sweeps is bounded by 5L - (n-£(0) + s2(n)) +n£(0) + s(n), which
equals 1.65 seconds.

For DS the worst-case response time is the time that is maximally required for three successive sweeps.
From the proof of Theorem 19, it follows that the theorem also holds for DS. Hence, the time required for
three successive sweeps does not exceed n - tmip + $2(1) + 1 - tyin + 5(n), where tip = 3?8‘_:‘ . Hence, the
worst case response time does not exceed 1.19 seconds. As a result, the worst-case responé“é time increases

by 39%. 0




Chapter 6

Results

In this thesis we presented an approach for utilizing the different transfer rates of the disk, such that the
relation between the block size and the maximum number of admitted users can be based on a higher
transfer rate than the minimum transfer rate, as is the case in TB and DS. It was thereby our aim to
minimize the cost per user. In this chapter we quantify for a practical example the reduction in the cost per
user resulting from our approach in relation to TB and DS. Furthermore, we compare the cost per user of
our approach with track pairing [1]. Before we discuss the results in Section 6.2, we discuss track pairing
in more detail in Section 6.1.

6.1 Track Pairing

We first discuss track pairing, as it is presented in [1]. At the end of the section we give an improvement
of the approach. As discussed in Section 1.2, the length of a track grows linearly with its distance to the
spindle. Furthermore, a disk rotates at a constant angular velocity. Consequently, by conceptually pairing
the innermost track with the outermost one, the second innermost with the second outermost, and so on,
both the total length of each pair of tracks as their read time is constant (see Figure 6.1). Although the
length of a track grows linearly with its distance to the spindle, the capacity and, correspondingly, the
transfer rate do not, because in the same zone each track has the same capacity. However, the capacity per
track in a zone does grow linearly with the distance of the zone to the spindle. Consequently, the capacity
and the transfer rate of a pair of tracks comes within a few percent of a constant. We denote the minimum
transfer rate of any pair of tracks by r;‘:in. Hence, ’:f.in = Favg — €, Where € is a small positive number.

Hence, when a movie is recorded alternately on a range of contiguous outer tracks and their inner counter-

parts, the guaranteed transfer rate when reading a data block is r;‘;in. Consequently, the transfer time that

is maximally required for reading a data block is given by -E-. However, because the data blocks are split
Twmin

into two, a sweep in which n data block have to be fetched contains 2n disk accesses. Consequently, the

time required for a sweep in which a data block is fetched for each user is maximally

B
ne =5 +5(2n)
min
time units. As proved for TB [11], safeness is guaranteed if filling strategy TB is used, a data block is large

enough to survive one worst-case sweep and the buffers have room for three data blocks. Hence, if filling
strategy TB is used, if the block size satisfies

B
BZCmm((fl‘T-{“S(zn)) (6.1)
min

and if the buffers have room for three data blocks, then safeness is guaranteed. This algorithm will be

65
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Figure 6.1. Track Pairing

denoted by TB'P. Because rfﬁin % Iavg, the relation between the block size and the maximum number
of admitted users is based on approximately the average transfer rate of the disk instead of the minimum
transfer rate, as was the case for the original TB algorithm. However, this is at the cost of a larger worst-case
switching overhead. Hence, whether or not the required buffer size for a given number of users decreases
in relation to TB, depends on whether the gain in the required worst-case transfer time exceeds the increase

in the worst-case switching overhead.

As proved for DS, when filling strategy DS is used, safeness is guaranteed if a data block is large enough to
survive two sweeps and the buffers have room for two data blocks. In the case that track pairing is applied,
the condition on the block size can be formalized as

B> cmax(n- —f- +52(2n)). (6.2)

min
We denote this algorithm by DS',

As a result of applying track pairing, the maximum number of users for whom a video-on-demand system
can be designed with a given hard disk increases, as we will show. The Equations (6.1) and (6.2) can be
fulfilled if and only if cpax -7 < rg:m. Consequently, by using track pairing we can design our video-on-

i
demand system for each number of users up to fﬁg From Section 1.4.1 and 1.4.2, it follows that for the
original TB and DS algorithm, this number is bounded by L—'.fﬁ, which is generally less.

When the discussed approach is slightly altered, the block size can be based on the average transfer rate
instead of ’:gm- Instead of pairing complete tracks, we pair the tracks such that the total length of a pair is
still two tracks but the part from the inside and the outside have not necessarily an equal size. Moreover,
the tracks are paired such that each pair has an equal capacity, which equals two times the average capacity
of a track. Consequently, each pair has an equal transfer rate. It can be proved that such a subdivision
always exists. However, we will not give the proof in this thesis. Storing the data blocks on contiguous
pairs yields a guaranteed transfer rate of r,yg instead of rfg Using this altered version of track pairing, the
conditions on the block size for TB' and DS' become

in*

B
B > cmax(n- — +s(2n)) 6.3)
Tavg
and
B
B> cmax(n- " +52(2n)), 6.4)
avg

respectively.
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6.2 Comparison of the approaches

In this section we compare the cost per user resulting from our approach with track pairing and the original
TB and DS algorithms, where the minimum transfer rate is assumed. Because the cost per user only differ
in the relation between the maximum number of admitted users and the minimum required buffer size, we
discuss this relation.

We define DA as the disk scheduling algorithm, where filling strategy TB is used, the buffer sizes are
given by Theorem 1, Algorithm 1 is used for minimizing the buffer sizes and Algorithm 3 is used for
handling the requests. Similarly, we define DA2 and DADS as the disk scheduling algorithms which are
based on Theorems 3 and 4, respectively.

As stated in [11], TB is safe if and only if there is room for three data blocks. However, this is not exactly
the case as can be inferred as follows. We showed in Section 2.1.1 that safeness is guaranteed if a buffer is
large enough to guarantee that whenever no data block is fetched for the user in a given sweep w, the user
has at least one data block in the buffer at the start of sweep w4 1. If no data block is fetched for a user in
a sweep w, then at most (n — 1) data blocks are fetched in that sweep. Consequently, the time required for
the sweep is bounded by (n — 1) - tiax + (1 — 1). Dividing this by the time that can minimally be survived
with a data block, i.e., 11+ tyax + s(n), gives the number of data blocks that is maximally consumed during
the sweep. Hence, if no data block is fetched for a user, which means that the buffer has room for strictly
less than one data block, the buffer has to contain at least one data block plus this number. As a result,
safeness is guaranteed if each buffer has room for at least

(n—1) tyax+s(n—1)

2+
n'tmax+s(n)

data blocks, which can be rewritten to

3_tm,«m+s(n)—-s(n— 1).

6.5
R tmax + s(n) 6.5)
We will assume this buffer size for TB. Similarly, the minimum buffer size for TB' is given by
3_ tavg +5(2n) —5(2(n - 1)) 6.6)

n-tayg + 5(2n)

data blocks, instead of three. We now discuss how for each disk scheduling algorithm the minimum buffer
size can be determined for a given maximum number of admitted users.

For TB and TB'" the minimum buffer size for a given number of users is given by the minimum block
size multiplied by (6.5) and (6.6), respectively. The block size for these algorithms is minimal whenever
equality holds in (1.2) and (6.3), respectively. Analogously, for DS and DS' the minimum buffer size is
given by two times the block size for which (1.3) and (6.4) are equalities. As for TB, TB'P, DS and DS'",
the buffer requirements in DA2 are minimized once the block size is minimized. Clearly, the minimum
block size will be at most the minimum block size given by TB. The minimum block size can be calculated
by checking for an increasing block size whether (2.10) holds for a;. We can not use binary search, because
a different block size possibly results in an essentially different composition of the set of positions. Hence,
although for a particular block size a; does not satisfy (2.10), this can be the case when the block size is
decreased.

For DA1 and DADS the required buffer size is not necessarily minimized once the block size is minized
because the number of data blocks a buffer has to contain generally increases when the block size decreases.
Again, we calculate the minimum buffer size by comparing the buffer requirements for an increasing block
size.

By Theorem 9, we can start at a block size that is based on the average transfer rate of the disk, i.e., for
DA1 and DA2 we can start at the block size that satisfies B = cax (- ﬁ + s(n)) and for DADS we can
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Zone | Transfer rate | Capacity
{Mbit/s} (MByte)
0 59 598
1 64 776
2 70 1163
3 77 1363
4 83 1606
5 89 1080
6 92 2285

Table 6.1. Arrangement of the zones

start at the block size that satisfies B = cpax(n- }Tﬁ“ + 52(n)). For DA2, we stop whenever a block size is

encounterend for which a, satisfies (2.10) or when we consider a block size as not interesting anymore,
because it has become too large. The second criterion is also used for DA2 and DADS. A buffer must be
at least large enough to store one data block, because otherwise no data block can be fetched for a user.
Consequently, when the block size exceeds the buffer size that has already been derived to be safe, the
program can stop as well. Some stricter upperbounds can be derived, but we will not discuss this problem
in this thesis.

We have analyzed the cost per user for the case that a single Seagate Barracuda 9 drive is used (see Ta-
ble 1.1) and the users consume at a bit rate that varies between 0 and 4 Mbit/s. The arrangement of the
zones is given in Table 6.1. Table 6.2 and Figure 6.2 show the results for the different disk scheduling
algorithms that are based on filling strategy TB. In Table 6.3 and Figure 6.3 this is done for disk schedul-
ing algorithms that are based on filling strategy DS. In Tables 6.2 and 6.3 the columns denoted by "Mem’
give the buffer size per user in MByte. The columns denoted by '%Mem’ give the buffer size per user as
percentage of the buffer size per user for TB in Table 6.2 and as percentage of the buffer size per user for
DS in Table 6.3.

It follows that the cost per user for (especially) DA1 and DADS are considerably smaller than for TB and
TB' and DS and DSY, respectively. For example, if maximally 10 users have to be serviced, the buffer
requirements in DA are roughly one third of the buffer requirements given by TB and almost half of the
buffer requirements given by TB'.

It can be read from the tables that at most 16 users can be serviced with the disk. As mentioned, with
TB®, DAL, DS and DADS any number up to % can be serviced with a given disk. However, it follows

from (6.1) that rayg =78.6 Mbit/s and cmax = 4 MBit/s. Consequently, %"i = 19.65, which is considerably
larger than 16. The reason is that we combined in this thesis the transfer rate, the track switch time and the
head switch time into one (lower) transfer rate, while Table 6.1 gives the real transfer rate.

In Tables 6.4 and 6.5, the worst-case response times are presented for the different disk scheduling afgo-
rithms. In the tables, the column 'resp’ denotes the worst-case response time and the column ’%resp’ gives
the worst-case response time as percentage of the worst-case response time of TB and DS. The results
are visualized in Figure 6.4 and 6.5. From the tables and figures it follows that although the worst-case
response times for DAl, DA2 and DADS are higher than for the other disk scheduling algorithms, they are
still reasonable for many applications.



6.2. COMPARISON OF THE APPROACHES

TB TR DAl DA2
Mem | %Mem | Mem | %Mem | Mem | %Mem | Mem | %Mem

n
5| 0219 100 | 0.195 89 0.116 53 0.124 57
6 | 0.290 100 | 0.261 90 0.145 50 0.153 53
7 | 0.395 100 | 0.327 83 0.192 49 0.197 50
8 | 0.518 100 | 0.405 78 0.233 45 0.243 47
9 1 0709 100 | 0.517 73 0.287 40 0.313 44
10 | 1.029 100 | 0.632 61 0.364 35 0.399 39
11 | 1.578 100 | 0.797 51 0.455 29 0.498 32
12
13
14
15
16

2973 100 1.020 34 0.579 19 0.674 23
11.668 100 1.313 11 0.764 7 0.956 8
1.779 1.042 1.470
2.538 1.505 2.641
4.045 2.521 10.445
17 8.910 5.845

Table 6.2. The buffer size per user (in MBytes) as a function of the maximum number of users for the case
that filling strategy TB is used.

DS Dstp DADS

[ n | Mem | %Mem | Mem | %Mem | Mem | %Mem
5 | 0.154 100 0.154 100 0.107 69
6 | 0.203 100 0.199 98 0.125 62
7 1 0275 100 0.244 89 0.155 56
8 | 0.359 100 0.299 83 0.191 53
9 | 0490 100 0.375 71 0.235 48
10 | 0.709 100 0455 64 0.290 41
11| 1.084 100 0.574 53 0.353 33
12 | 2.037 100 0.729 36 0.462 23
13 | 7.980 100 0934 12 0.588 7
14 1.256 0.796
15 1777 1.167
16 2.883 1.921
17 6.242 4.553

Table 6.3. The buffer size per user {in MBytes) as a function of the maximum number of users for the case
that filling strategy DS is used.
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Figure 6.3. Relation between maximum number of admitted users and the buffer requirements in the case that
filling strategy DS is used




6.2. COMPARISON OF THE APPROACHES

TB TB' DAl DA2
n | resp | %resp | resp | %resp | resp | Yoresp | resp | %resp
5| 022 100 0.19 86 0.34 155 0.35 159
6 | 030 100 0.26 87 0.43 143 0.43 143
7 | 043 160 0.33 77 0.57 133 0.57 128
8 | 058 160 | 041 71 0.71 122 0.71 117
9 | 081 100 | 0.55 68 0.87 107 0.87 106
101 1.21 100 | 0.68 56 1.10 91 1.10 91
11} 1.89 100 | 0.89 47 1.39 74 1.36 72
12| 3.63 100 1.18 33 1.78 49 1.84 51
13| 1449 | 100 1.56 11 2.35 16 2.61 18
14 2.17 3.25 4.00
15 3.18 473 7.17
16 5.21 7.96 28.32
17 11.80 16.96

Table 6.4. The worst-case response time per user (in seconds) as a function of the maximum number of users

for the case that the buffer requirements are given by Table 6.2

71

Table 6.3. The worst-case response time per user (in seconds) as a function of the maximum number of users

DS DSYP DADS
n | resp | %resp | resp | %resp | resp | %resp
51025 100 0.29 116 042 168
6 | 032 100 038 | 119 0.51 159
7 | 045 100 0.46 102 0.65 144
8 | 0.60 100 0.57 95 0.80 133
9 | 085 100 0.72 85 0.97 114
10 | 1.27 100 0.88 69 1.24 98
11 | 2.00 100 1.11 56 1.53 77
12| 3.89 100 1.42 37 2.01 52
1311576 | 100 1.83 12 2.56 16
14 2.47 346
15 3.51 5.12
16 5.72 8.26
17 12.44 18.31

for the case that the buffer requirements are given by Table 6.3
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Figure 6.4. Relation between maximum number of admitted users and the worst-case response time in the case
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Figure 6.5. Relation between maximum number of admitted users and the worst-case response time in the case
that the buffer requirements are given by Table 6.3



Chapter 7

Generalization to multiple disks and
more than one movie

In this thesis we assumed that the collection of movies is stored on a single hard disk. However, when
more, possibly different, disks are used, both the total storage capacity and the throughput are increased.
Several approaches are presented in literature for increasing the guaranteed throughput of the disk array,
for example striping [2] and random duplicated assignment (RDA) [9]. In Section 7.1 we show how our
approach for utilizing the different transfer rates of a single disks can be combined with full striping.
Throughout this thesis, we assumed that only one single movie is stored on the hard disk and that the
movie covers the entire disk. In Section 7.2, we show that these assumptions are not restrictive, i.c., we
show that whenever the video-on-demand system is designed under these assumptions, it is also possible
to store a set of movies that does not necessarily cover the entire disk.

7.1 Multi-disk model

In full striping each data block is striped across all disks in the disk array. Hence, if the video server
contains m disks, then each data block is partitioned into m sub-blocks, where the ith sub-block is stored
on disk i. Furthermore, all sub-blocks have the same size.

We first show how TB and DS can be adapted for the case that striping is used. As proved for TB [11],
safeness is guaranteed if a data block is large enough to survive a worst-case sweep, if filling strategy TB is
used and if a buffer is large enough to store three data blocks. When striping is used, at most one sub-block
per user has to be fetched in a sweep. Hence, the time that is maximally required for a sweep is given by
n- ;—'1!; + s{n), where b is the size of a sub-block, i.e., b= %. Consequently, safeness is guaranteed if the
block size satisfies

3
B 2 cmax(n- ===+ s(n)),

Tmin

if filling strategy TB is used and if a buffer is large enough to store three data blocks.
Likewise, it follows from the safeness of DS that safeness of filling strategy DS is guaranteed in combina-
tion with striping if the block size satisfies

B

B2 cuax(n- 2= + 55(n))
Fmin

and a buffer is large enough to store two data blocks.
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Before we discuss how the disk scheduling algorithms DA1, DA2 and DADS can be used in combination
with full striping, we show that we may assume that each disk can store an equal number of data blocks and
we impose requirements on the way that the data is striped across the disks. Let i be the disk with minimum
capacity and assume that there is a disk j, such that nj < nj, where the index indicates the disk for which
the variable is defined. Because in full striping data is equally distributed over all disks, at any moment at
least nj — n; positions of disk j are left unused. For the sake of a high throughput, it is preferred to let the
inner positions of the disk unused. As a result, we can consider disk j as a disk with only ng positions,
namely the outer nf positions, Hence, we can assume that each disk can store an equal number of data
blocks, denoted by np. We define the numbering of the positions on each disk similarly as in Section 1.3,
i.e., we define the numbering as depicted in Figure 1.4.

In the original form, the position to which a sub-block is assigned is independent of the positions to which
the other sub-blocks of the same data block are assigned. However, we now assign each data block on
positions with the same number. Hence, a/(x') = a/(x/) forall 1 < i < j < m and x € L. Consequently, we
can omit the index in the assignment.

We define a single disk on which the algorithms are based, such that the time required for a sweep in the
system with the virtual single disk is an upperbound on the time required for a sweep in the system with
the disk array, where the described striping technique is applied. If the difference between these times
is compensated by idle time!, then the behaviour of the system with the single disk is equivalent to the
behaviour of the system with the disk array. As a result, safeness is guaranteed when we use DA1, DA2 or
DADS and base the disk scheduling algorithm on the defined imaginary single disk.

We define the transfer time function 1, such that #(x) gives the maximum required transfer time required
for transferring a sub-block from position x Hence, ¢(x) = max;<j<mt'(x'). By definition, the transfer rate
on position x, i.e., 7(x), is now given by -2 iy~ Because t(x) is the transfer time required for reading ; —th

data block, r(x) = m - min| <i<n (‘). Similarly, we define s(j) as the maximum switch time required for
fetching j data blocks in a sweep. Formally, s(j) = max;<j<ss'(j). Consider a sweep in which the data
blocks yi,v2,...,y1, 0 <1< n, have to be fetched in the multi-disk model. The time required for the sweep
is given by the maximum required time of any disk. Hence, the sweep takes maximally

max. (Zt o)) +s(l)) (7.1)

time units. We have to show that this time is bounded by the time that is required for the sweep in our single
disk model in which the same data blocks have to be fetched. In the single disk model the time required
for the sweep is given by

i tu(y;) + s().
=
Using the definitions of 7 and s this can be written to
! o '
2, max () + max s ).

This is clearly at most (7.1). As a result, if DAI, DA2 or DADS is used and if the algorithm is based on
the virtual single disk, then safeness is guaranteed. As mentioned at the end of Section 4.2, if a single disk
is used, then our approach can be used to design the system for all users up to Lﬂ and for each block size
that is based on maximally the average transfer rate. However, if different disks are used, then the value of
ravg depends on the composition of the set of positions on each disk and correspondingly on the block size.

!The introduction of idle time is not necessary to guarantee safeness. However, if we do not introduce idle time, then the proves
of some theorems have to be changed slightly because the behaviours of the imaginary disk-model and the multi-disk mode} are not
equivalent anymore.
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Hence, we can not give such a statement anymore. Nevertheless, because generally the value of ryyg will
be within a few percent of a constant, the statement will still approximately be valid.

7.2 Storing more than one movie

So far, we assumed that only one single movie is stored on the hard disk and that the movie consists of
exactly np data blocks. We will show that these assumptions are not restrictive. Hence, we show that
whenever the video-on-demand system is designed under these assumptions, we can also store multiple
movies on the disk that not necessarily cover the entire disk, such that safeness remains guaranteed. We
first introduce some notation.

Let m be the number of movies that have to be stored on the disk. We number these movies from 0 through

— 1. Furthermore, we define ni as the number of data block of movie i and number these data blocks
from 0 through nj — 1. As a result, the set of data blocks, denoted by L', is defined as {0/, 1',...,n} — 1}.
Finally, we define @' : L' — F as the injective function that indicates how the movie is stored on the hard
disk. Note that &' is no longer a bijection.

In order to show that multiple movies can be stored on a disk, such that safeness is guaranteed, we give
conditions under which the muitiple movies can be stored such that safeness is guaranteed and we show
that it is always possible to satisfy these conditions. Assume that the buffer sizes are based on assignment
a. Before we discuss the conditions under which multiple movies can be stored, we discuss under which
conditions safeness is guaranteed when the single movie that covers the entire disk is stored according to
another assignment, say, @’

Let the buffer sizes be given by Theorem 1. Assume that the assignment 4’ satisfies

Og}gx o1{d,i) < (ax U;(a,z) and max (Sz(a iy < < max Gz(a i}, (1.2)
<n,

where Oy, (a,i) is defined as 0,,(i), where the assignment to which G,,(i) is related is parameterized. Be-
cause Theorem 1 states that a buffer size larger than (2.7) is safe as well, (7.2) implies that the assumed
buffer sizes and, correspondingly, Algorithm 3 are also safe if the movie is stored according to assignment
' instead of a. -

Assume that the buffer size is given by Theorem 3. From the theorem, it follows that this buffer size is
safe for any assignment that satisfies (2.10). Hence, if o satisfies (2.10), then safeness is guaranteed for
the assumed buffer size in combination with Algorithm 4.

Similarly as in the case of Theorem 1, it can be verified that if the buffer sizes are given by Theorem 4,
then safeness is guaranteed in the case that the movie is stored according to assignment &’ when

max o{d,i) < (Jax o, (a,i).
0<i<ng <i<ng
This inspires us to the following conditions on the assignments of the multiple movies, such that safeness
is guaranteed when the buffer requirements are given by Theorems 1, 3 and 4 and the requests are handled
by the corresponding algorithms. If buffer sizes are given by Theorem 1, then safeness is guaranteed when
for each assignment a/, 0 < j < m,

max o{a’,i) < max Gl(a iyand max Gg(af )< < max Gz(a,t) (7.3)
0<‘<“8 0<¢<n}';-l

holds. If the buffer requirements are given by Theorem 3, then safeness is guaranteed when each assignment
@/, 0 < j < m, satisfies

1By + (i +1
g 2 0<,<n ]( ;( ) 3(" )) (74)
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Figure 7.1. Assignments for multiple movies

and in the case that the buffer requirements are given by Theorem 4 safeness is guaranteed when

max o{a’,i) < max o(a,i) 1.5
Ogi<n} Ogi<ng

foralla/,0< j < m.

We formalize the second case in the next theorem. For the proof of the theorem, we refer to Appendix A.
The other two statements can be proved by the same strategy. However, we will not include the proves in
this thesis.

Theorem 20. Iffor alli, 0 < i < m, (7.4) holds, filling strategy TB is used and the requests of the users are
handled by Algorithm 4, then safeness is guaranteed if the buffers have room for 3 — &, data blocks, with
& defined by (2.12). O

We still have to show that it is possible to satisfy the given conditions for the multiple movies. This is the
case when the assignments are defined as depicted in Figure 7.1.

Finally, we briefly discuss the maintenance of the video-on-demand system. In the case that the buffer
requirements are given by Theorems 1, 3 or 4, it can be the case that almost the only way to store a given
collection of movies on disk such that safeness is guaranteed, is as depicted in Figure 7.1, i.e. by letting
each assignment a’ be a subsequence of a. When this is the case, frequently adding and deleting files can
lead to a considerable fragmentation of the disk space. This yields a considerable loss of storage capacity,
which can only be avoided by defragmentation. Therefore, it may be preferred that the buffer requirements
are not fully minimized, such that it is easier to fulfill Equations (7.3), (7.4) and (7.5).




Chapter 8

Conclusion

In a video-on-demand system, the video data is often stored on hard disks, due to their large storage capacity
and the possibility of random access. The system offers the users a continuous data stream by periodically
placing a data block in the buffer of each user. A disk scheduling algorithm is used for scheduling the disk
accesses, such that the buffers neither underflow nor overflow. In addition, the disk scheduling algorithm
also has to handle user requests. The choice of the disk scheduling algorithm depends on whether the users
consume at a variable or constant bit rate and whether data blocks of constant or variable size are being
retrieved. In this thesis we focussed on the case that users consume at a variable bit rate and the data blocks
are of constant size. Furthermore, we mainly focussed on the case that the movies are stored on a single
disk. Although we assumed that only one movie is stored on the disk that covers the entire disk, we showed
that these assumptions are not restrictive.

The cost per user of the system is affected by the disk scheduling algorithm by defining a relation between
the maximum number of admitted users and the block size and by giving a minimum number of data blocks
that have to fit in the buffer. In most disk scheduling algorithms presented in literature, the relation between
the maximum number of admitted users and the block size is determined by the guaranteed throughput of
the disk. Nowadays, a hard disk often consists of several zones that each have a different transfer rate. As
a result, the guaranteed throughput differs considerably from the average throughput of the disk. In this
thesis we focussed on defining a placement of the data blocks of the movie on the hard disk, such that a
higher throughput can be guaranteed over a period of time. In addition, we revised the buffer requirements
of two disk scheduling algorithms, namely the triple buffering algorithm and the dual sweep algorithm [11],
such that the relation between the maximum number of users and the size of a data block can be based on
this higher guaranteed throughput, With the placement and the revision we aimed at minimizing the cost
per user.

In the triple buffering algorithm and the dual sweep algorithm, a request of a user is granted immediately
after the request arrives at the server. However, when we allow this, then it can be the case that the users
only request data blocks from the inner zone, which implies that we cannot guarantee a higher throughput
than the minimum throughput. Therefore, we assumed that no requests are sent by the user for designing
the video-on-demand system and we investigated how requests can be handled such that the system remains
safe.

First, we revised the buffer requirements of the triple buffering algorithm and the dual sweep algorithm,
such that the block size can be based on a higher throughput than the minimum throughput. We derived a
sufficient buffer size for the case that the same strategy for scheduling the disk accesses is used as in the
triple buffering algorithm and that the relation between the maximum number of admitted users and the
block size is based on the guaranteed throughput over a period in which maximally two data blocks are
fetched per user. Furthermore, we derived a sufficient buffer size for the case that the second condition
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does not hold and we derived a necessary and sufficient buffer size for the case that the same strategy is
used as in dual sweep.

Except for the first case, called the conditional solution, the number of data blocks that have to fit in
the buffer increases with the maximum cumulative difference between the actual transfer time and the
dimension time, i.e., the transfer time on which the block size is based, over any subset of successive data
blocks of the movie. We proved that the problem of finding an assignment such that the maximum is
minimized is NP-hard in the strong sense. We relaxed the problem to finding an assignment for which the
number of subsets over which we have to maximize is minimized. We proved that if the dimension time is
at least the average transfer time of any, say, &y, successive data blocks, then we only have to maximize over
all subsequences with length at most ky,. Consequently, we relaxed the problem to finding an assignment
for which ky, is minimized. We showed that this problem is still NP-hard. Furthermore, we proved that the
relaxation does not lead to an assignment if the dimension time is smaller than the average transfer time
over all data blocks of the movie.

The approach we presented to solve the relaxed problem is that, for an increasing &y, we try to find an
assignment for which the dimension time is at least the average transfer time of any kup successive data
blocks, until it is found. For a given kg, this comes down to minimizing the maximum sum of the transfer
times of &y, successive data blocks and checking whether the maximum exceed kyp times the dimension
time. Hence, our new problem is to minimize the total sum of the transfer times of a given number of
successive data blocks.

Because we assumed that the size of a data block is based on a higher throughput than the minimum
throughput, we only have to consider the case that &y, is at least two. For &y, = 2, we gave an optimal
assignment, i.e., an assignment for which the maximum sum of the transfer times of two successive data
blocks is minimal. This also optimally solves the problem of finding an assignment, such that the buffer
requirements given by the conditional solution are safe. For larger values of ky, we presented an heuristic.

We showed that for each dimension time larger than the average transfer time, our approach to solve the
relaxed problem outputs a feasible assignment, i.e., it finds a &y, and an assignment, such that the average
sum of any ky, successive data blocks does not exceed the dimension time. However, as a result of using a
heuristic for minimizing the sum of the transfer times of three or more successive data blocks, kyp, does not
have to be minimal.

For each of the three derived and minimized buffer requirements, we defined an algorithm for handling
user requests. For each of these algorithms, we gave the worst-case response time. The combination of
the buffer requirements and the algorithms for handling requests gives three disk scheduling algorithms,
namely DA1, DA2 and DADS.

We evaluated the results by means of a practical example. Thereby we compared DA1, DA2 and DADS
with the original triple buffering algorithm and the original dual sweep algorithm and with these algorithms
combined with track pairing [1]. The required buffer size for a given number of users is reduced consid-
erably by our disk scheduling algorithms in comparison with the other algorithms. Furthermore, more
users can be serviced with a given buffer size. Consequently, our disk scheduling algorithms result in a
considerable reduction in the cost per user. The reduction is at the cost of a higher worst-case response
time. However, the worst-case response time is still reasonable for many applications.

Finally, we also discussed how our disk scheduling algorithms can be used in combination with full striping.
Despite of this, more research can be done in combining our theory with several other techniques for storing
and retrieving data from a disk array. Secondly, some more attention can be paid on handling requests,
which we did not discuss thoroughly because our focus was on reducing the cost per user. Especially in the
field of the average response times some improvements can be achieved. We briefly discussed the problem
of adding and deleting movies. The problem how this can be done best is an interesting research area, as
well. Moreover, some research can be done in basing our theory on other disk scheduling algorithms than
the triple buffering algorithm and the dual sweep algorithm. Our theory is for example also applicable to
n-EDFC [11].



Appendix A

Proofs buffer capacities

Theorem 1. If ty > t(ng — 1), where ty = M , if no requests are sent by the users and if each user
Jrom U has initially at least the number of dara blocks given by (2.6) in the corresponding buffer, then
filling strategy TB is safe if there is room for at least

%2() g (A1)

34n-
O<i<ng—1 shy

data blocks, where o, and 8 are defined by (2.3) and (2.8), respectively.

Proof. Because a data block is only fetched for a user if the buffer has room for it, no buffer overflow
occurs. Furthermore, buffer underflow can only occur for users from U, as follows from its definition.
Assume that at the start of a given sweep w, the buffer of each user from U contains at least the number
of data blocks given by (2.6). By assumption, this holds initially. For proving that no buffer underflow
occurs, it suffices to show for an arbitrary u € U (1) that the number of data blocks given by (2.6) fits in the
buffer of «, (2) that it is sufficient to survive sweep w and (3) that at the end of the sweep the buffer contains
(again) at least the number of data blocks given by (2.6), where U and iy, 1 < # < n, have been updated.
Updating U comes down to removing user u, 1 < # < n, from U if and only if data block ng — 1, i.e., the
last data block of the movie, has been fetched for u in sweep w. Updating i, comes down to an increase
by one if and only if a data block has been fetched for user u in sweep w. The proof that the number of
data blocks given by (2.6) fits in a buffer is discussed later on. We first prove that it is sufficient to survive
sweep w.

Proofof (2):

Expression (2.6) is at least [ + ¥,¢y "')“’ +(n—|U|)- 7, as follows from the definition of 6. By
definition, sby is the time that can mnmmaﬂy be survived with a single data block. Hence, the buffer of u
contains enough data to survive

sby + Z(tu(iu)-td)'\l‘(n"JU')'T (A2)

ucl

time units. By definition, sb, = n -1y + s(n) and T = t{ng — 1) — ;. Consequently, {A.2) can be rewritten to
Sucv taliu) + (n—|U|) -1(ng — 1). From n > |U| and t(ng — 1) > O, it follows that the expression is at least
Y.ucv taliu) + 5(n). Because the users from U are the only users, for whom possibly a data block is fetched
in sweep w, this expression gives the time that is maximally required for sweep w. Consequently, no buffer
underflow occurs during sweep w.

Proof of (3):
Proving that at the end of sweep w the buffer of u contains at least the number of data blocks given by (2.6),
where U and iy, 1 < #' < n, have been updated, comes down to proving that if u € U\ {ulu € DA, =
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ng~1}, i.e., if the last data block of the movie is not fetched for u in sweep w, then the buffer contains at
least

. ) T
1y St o5 9l 0 o) o {ulue DAL= ns—1}]) e (A3)
-';2601 shy YED\D sby
al e

data blocks at the end of sweep w, where D is defined as the set of users, for whom a data block is fetched
in sweep w. Hence,

D = {u|u € U Athe buffer of 4 has room for at least one data block}.

Consequently, the time required for w is bounded by ¥, cptu(i) + s(|D}). Dividing by sby gives the
maximum number of data blocks that are consumed during sweep w. For proving that the buffer of u
contains at least the number of data blocks given by (A.3) at the end of the sweep, we distinguish the cases
thatu€ Dandu ¢ D.

Assume that # € D. The minimum filling of the buffer of  at the end of the sweep, expressed in data
blocks, is given by the initial content, which is given by (2.6) minus the maximum number of data blocks
that can be consumed during the sweep plus the fetched data block. Hence, the buffer contains at least

l+ z Gl(lu (n"lUD'S EI/EDta(;I;,')+S(iD!)
dey  Sbu 4

data blocks. We split the range of the ' in the second term. Furthermore, we use that ¥.scpt.{iyy ) equals
Zwep(ta(iy) —ta) +|D}-t4 and | equals 5%&‘@ This yields

1+ Ci1liw) y o) ¥ GI(’u’)_Zwea(faélu')—td)
B shy S sba WEUAD sby sby
f",fng-l iy =ng—1
n-ty+s(n)—|D| 14— s(|D}) T
+ o +n=|UD)- o

We put the fifth term together with the second and third terms and use that 61{iy) = t,(iy) —tg, if iy =
np— 1. This gives that the buffer of « contains at least

Zoltaliv +0) ~t0)  (tali) = td)) )
1+ Zi + > o
% sl Py

= \IskSnp—iy sby shy sby
i"/%n3~l
(n— D) -ty + s(n) — s(|D]) T
+ ™ +n=UD 5

data blocks. By definition, 4’ € U implies iy < ng. Hence, the domain of £ in the second term is not

A ali e+ ) .
empty. Consequently, we can simplify the second term to ¥y epmaxi<k<ng—i, EL‘(-({:—Z:-M Applying
the dummy transformations j := j+ 1 and k := k — 1 on this term yields

Ot(le) | (n—|D]) -ts+s(n) - s({D])
z ;b: + sby,

WEU\D

,_o(ta('u + 1+ ) —14)
+

1+
O<hk<Sng={i,g+1) shy
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ig#Fng—1

A4
(= |U]) - —. Ao
SOy
A restriction of the range of £ will not increase the value of the maximum. As a result, we can omit £ = 0
from the range of k in the second term without increasing the value of the complete expression. Because the
cardinality of D is at most n and s is ascending, as follows from its meaning, s(}D|) < s(n). Furthermore,
tg > 0. Consequently, deleting the fourth term does not increase the value of the expression. From the




assumption ty > t(ng — 1), it follows that T < 0. As aresult, (n~|U]) -t > (n— |[Uj+ |[{ulu € DA, =
ng — 1}|) - 7. This completes the proof of (A.3) for the case that u € D.

Assume that u ¢ D. By the used filling strategy, this implies that the buffer of # has no room for a data
block at the start of sweep w. Hence, by (A.1), the buffer contains at least 2 + n- maXo<i<ny—102(1)/sby
data blocks at the start of sweep w. Because the time required for sweep w is at most 3 sep (i) + 5(|D|)
and because the time that can minimally be survived with a single data block is sby, the buffer of u contains
at the end of sweep w at least

02(i) & Zwenlaliv)+s(|D))

24+n-
O<i<ng-1 shy sy

data blocks, which is at least

o (i 1 ] ta(ig) -1,
24 Z z(tu) + Z 62(‘ ) + (ﬂ [D]) 02(5) S Zu'GD( a(lu') d)
= sbu frrd sb 0<:<n3-1 sby sh,
iyg%nB-—-l ‘,J'"S‘
_ 1D|-2+s(DJ)
sby )
Similarly as above, we put the sixth term together with the second and third terms. This gives
o1(iy +1 taiy ~ 1) — o2 (i D12 +s(ID])
2+ z (u’ ) Z a(“?sb) =12 o<ieng-1 3;() 8- sb
veb wen u <i<na—1 “sbu u
!ujfngw i”; =ng-1

Writing down the definition of § and writing 1 as "—"’ﬂﬂ yields

1+ 2 Gl(‘z:‘*"‘l) 2 ta(‘u's‘bl)"fd_t_(n_lDl_l) max 02(’)+ max 0]
u

deD bu wen 0<i<ng—1 sby 0<i<ng Sbu
lul‘,én,;m =ng-l )
4 (n—=|D|—=1)-ty—s(|D|) = s(n) +s(n—1) +s(n) (A.5)
shy

From u ¢ D it follows that the cardinality of D is strictly less than n. This and the ascendingness of s yield
that s(|D]) is at most s(n ~ 1). Hence, —s(|D|) — s(n) + s(n — 1) + s(n) > 0. As a result, we can delete this
expression from the numerator of the last term without increasing the value of the complete expression.

Next, we prove that

> A.
0<1;23§ aa(i) 14> ommax 61(1) (A.6)

Let ip be the block number for which ¢ (i) is maximal. We distinguish the cases iy < ng — 1 and ig =np—1.
Assume that iy < nz — 1. From the definition of 67 and o it follows that 6, (ip) = max (2(ig),2a(io) — 14).
Consequently, because 1y > 0 Equation (A.6) is implied by

Ga(ip) +ta > tu(io) — ta. (A7)

From iy < ng — 1 we obtain that 62(ip) > 2}=0(za(£g — 1+ j) —t4). Hence, Equation (A.7) follows from
1
Y (talio+ J) — ta) + 14 > talio) — 1a.
=0
This can be written as #,{io + 1} > 0, which holds because the range of ¢, is positive.

Assume that i = ng — 1. Then, 6 (ip) = t.{ip) —ty and 62(ip — 1) > 2‘,}20(:“(50 — 1+ j} —14). Hence, (A.6)




is implied by
1
> (talio = 1+ j) = ta) + ta 2 t,(io) ~ ta-
v
This can be rewritten to 2,{ig — 1) > 0, which is true. As a result, Equation (A.6) holds.

Using (A.6) we get that (A.5) is at least

- oii
1+ ¥ = ’“'H) b 3 WDl Gy e 20 (A8)
WeD Web sby 0<x<n3 sby
i &#n[;«» f=ng—1

Because maxo<icn, 01 (i) > 01{iy), 1 < < n, this expression is at least

. . ta(iy — 1) — 14 ,
1+ ailiy+1)+ o)+ Lx __L__L4(n—|U) max o)(i).
u,ze;) i+ 1) u,g’\v (i) s% n-ty+s(n) ( 0<i<np
",,t?é“B" ig=ng=1
From the definition of 7 and the descendingness of ¢ it follows that the numerator in the fourth term as well
as maxo<i<ng O1(7) are at least 7. Hence, the expression is at least (A.3).

Proofof {1}:

As mentioned in the beginning of the proof, we still have to prove that the number of data blocks given
by (2.6) fits in a buffer. We have just proved that, if there is room for less than one data block at the start
of a sweep, the buffer contains at least the number of data blocks given by (A.3) at the end of the sweep,
regardless of the composition of D. We thereby did not use the assumption that the buffer contains initially
the number of data blocks given by (2.6). Taking D = @ gives that at the end of the sweep the buffer
contains at least 1 + Yi_, 6(i,)/shy data blocks. Hence, it fits in the buffer. a

Theorem 4. If n > 2 and t(0) > t; > t(ng — 1), where t; = -—:%"M"jfﬁ if the users do not send requests
to the server and if each user from U has initially at least the number of data blocks given by (2.21) in the

buffer, then filling strategy DS is safe if and only if there is room for at least

2+ n- max Q—(ﬁ (A.9)
O<i<ng shy

data blocks, where 6y, is defined by (2.3).
Proof. We first prove the sufficient condition. By the used filling strategy, a data block is only placed in
a buffer whenever there is room for it. Hence, no buffer overflow occurs. We prove that neither buffer
underflow occurs. Let «' be an arbitrary user from U. Assume that at the start of a given sweep w the
buffer of ¥’ contains at least the number of data block given by (2.21) if ' ¢ U,, and at least the number
given by (2.20) otherwise. By assumption, this holds initially. To prove that no buffer underflow occurs it
suffices to prove (1) that the number of data blocks given by (2.20) and (2.21) fit in the buffer of &/, (2) that
it is sufficient to survive sweep w and (3) that at the end of the sweep a buffer contains (again) at least the
number of data blacks given by (2.21) if &’ ¢ U,, and at least the number given by (2.20) otherwise, where
w, iy, and U are updated in (2.20) and (2.21), i.e. w is replaced bye w+ 1, i, is raised by one if and only if
u € U,, and u is removed from U if and only if the last data block of the movie has been fetched for u in
sweep w. Clearly, condition (1) is satisfied.

Proof of (2):
The time required for sweep w is maximally 3¢y, fa(iu) + s(|U,[), which can be written as [U,|-ts +
s(|Uw]) + Zuev, (ta(iu) ~t4). Dividing it by sby gives the number of data blocks that is maximally consumed
during this time. Hence, during sweep w maximally
|Us| - ta + s({Us]) + 2 ta(iu) — 14
de wel,, sbd

(A.10)




data blocks are consumed. This is clearly less than (2.20) and (2.21). Hence, the number of data blocks
given by (2.20) and (2.21) is sufficient to survive sweep w.

Proofof (3):

We have to prove that at the end of sweep w the buffer of &' contains at least the number of data blocks
given by (2.21) if u’' ¢ Uy,+1 and at least the number given by (2.20) otherwise, where w, i, and U are
updated in (2.20) and (2.21). We distinguish the cases that &’ ¢ U, and that &’ € U,,.

Assume that u' ¢ U,,. We will prove that if ' ¢ Uy, then (2.21) holds and that if &' € U,, then (2.20)
holds. We start with the first case. So assume that &’ ¢ U, and &’ ¢ U,,.1. This implies that the buffer of »’
does not have room for a data block at the start of sweep w + 1, because otherwise a data block is fetched
for ' in that sweep w1, as follows from the definition of filling strategy DS. Consequently, the buffer of
' contains at least

1+n max 20 (A.11)
0<i<ng de

data blocks at the start of sweep w+ 1. By assumption, #; < #(0). Hence, maxo<i<nz 61(f) > 0. Conse-
quently, (A.11) is at least (2.21).

Assume that u’ ¢ U, and that &' € U,4+;. We have to prove that (2.20) holds at the end of sweep w.
By assumption, the buffer of &/ contains at the start of sweep w at least the number of data blocks given
by (2.21). Furthermore, we have derived that the number of data blocks that is maximally consumed during
sweep w is given by (A.10). Hence, at the end of sweep w the buffer of «’ contains at least

1+3 max (01(i),0) U -ta+s(|Us]) D A (A.12)

e, sbq sby uel, Sba

data blocks. Because U,, C U, this can be rewritten to

(n—-|UW|)-td+sz(n)-s(|UW|)+ 2 max (o) (i,),0)

sbd ueU\Uy sbq
+ Z (max(al(iu),()) _ ta(i) _td) '
uEUw de de

Because at most one data block is fetched for each user in two successive sweeps n — |Uy| > |Ui41| and
s2(n) = s(|Uy]) 2 s(|Uw+1]). Hence, the first term in the previous expression is at least the first term in
Expression (2.20). Because i, does not change if u ¢ U,, and because i, is raised by one if u € U,,, proving
that the previous expression is at least (2.20) comes down to showing that

Y, (max(0(in),0) ~tu(iu) ~ta) > Y, max(oy(ix+1),0), (A.13)
u€ly ugU Nl

where U is U at the end of sweep w, i.e. U = U\ {u|u € U, Ai, = ng — 1}. By the definition of Gy, the
left-hand side of (A.13) equals

k-1
2 (max (lgl?sliﬁwi go{ta(zu +j)— td),O) —taiy) — td) . (A.14)

u€ly, # Jusi

Because u € U,, implies that i, < ng, maXy<i<nz—i, Eiﬁ;é(ra(iu + /Y —t4) is at least t,(i,) —ta. Hence,
replacing the 0 in the maximum operator by #,{i,) — 17 does not increase its value. When we also put
to(iy) — tq inside the maximum operator, we get that (A.14) is at least

k=1
Y max ( max Y (ta(iu+ j) = ta) = (talis) -tu'))o) .

wel, 1<kSng—iy i=0




Putting #,(i,) — 14 inside the sum-quantification, applying the dummy transformation j = j+ 1 and using
the definition of G, give that the expression equals ¥,cy, max(0y(iy+1),0). Ifu € U\ U, then i, = ng — 1.
Hence, 61(iy + 1) = ~. Consequently, the contribution of u to the sum quantification is 0. Hence, the
sum quantification equals the right-hand side of (A.13), which had to be proved.

Assume that i’ € U,,. Because at most one data block is fetched for each user in two successive sweeps,
we have to prove that at the end of sweep w the buffer of 4’ contains the number of data blocks given by
(2.21). We may thereby assume that the buffer contains at the start of the sweep at least the number of
data blocks given by (2.20). We have already showed that the number of data blocks that is maximally
consumed during sweep w is given by (A.10). Hence, at the end of the sweep the number of data blocks
that the buffer of u’ contains is at least 1 plus (2.20) minus (A.10). This means that the buffer contains at
least

L+ z max (61(iy),0) _ Z tq(iu) — ta (A.15)
ucl de wely sbq

data blocks. This expression equals

1+ Z max(cl(iu),0)+ 2 (max(m(i,,),())_ta(z‘u)-td).

shq shy shy

wEU\Uy, uely,

As proved above, the last quantification is at least ¥y, max (G (i, + 1),0) /sbqg. This completes the proof
that in the case that ' € U, and ' ¢ U,,.1, &’ has at least the number of data blocks given by (2.21) in the
buffer at the end of sweep w. This completes the proof of the sufficient condition.

Proof of necessary condition:
We prove the necessary condition by contradiction. Assume that the buffer of each user has room for

2+ n-Maxegicng %%2 - x data blocks for some x > 0. We will prove that buffer underflow can occur. Let

ig, ko be such that Xﬁ‘;’{)l (ta(io + j) —14), i.e. G1(dp), is maximal. Suppose that at the start of a given sweep
w all users are about to fetch data block #p. Furthermore, there are | %1 users that have room for at least

1 + ¢ data blocks, 0 <¢ < 7 - ‘-5—”.\.‘7;:9 and € < x, and there are | 7| users that have room for less than one
and more than [ — € data blocks. \ﬂfe define Geven and Gogq as the sets that contain the users of the first and
second category, respectively. Finally, we assume that for none of the users from Geyen a data block has
been fetched in sweep w— 1 and that all users consume at maximum bit rate. That the described situation
can occur can be inferred as follows. If all users have room for less than one data block, no sweep will be
executed. If the buffers of the users are inspected again, it can be the case that the buffers of some users
have a little more room than one data block. Hence, the above described situation occurs.

We now prove the property that alternately data blocks are fetched for users from Geven and Gogg. Formally,
if p mod 2 = 0, where p is an arbitrary integer between 0 and 2 - kp — 1, then a data block is fetched for all
users from Geven in sweep w+ p and if p mod 2 = 1 then a data block is fetched for all users from Gogq.
We prove this property, denoted by Q{p) by induction. As basis we take p = 0 and p = 1. Because, by
assumption, all users of Geven have at the start of sweep w room for at least 1 data block and there has not
been fetched a data block for these users in sweep w— 1, a data block is fetched for all these users in sweep
w. Consequently, Q(0) holds. By assumption, we also have that the users from Goag do not have room for a
data block at the start of sweep w. Hence, there will not be fetched a data block for them. The time required
for sweep w is |Geven| 2u(io) + S(|Geven|). Dividing by sby gives the number of data blocks that is consumed
during this sweep, because, by assumplion, the users consume at maximum bit rate. When we use that the
cardinality of Geven is [ we get that during sweep w ﬁ&%ﬂ([ﬂ—) data blocks are consumed. This is
strictly larger than the upperbound of £. Hence, there are more than € data blocks consumed. As a result,
the users of Gogq have roorn for more than one data block at the start of sweep w + 1. Consequently, there
will be fetched a data block for all these users in sweep w+ 1. Hence, Q(1) holds as well.

Next, we prove the induction step. Let p be any integer between 2 and 2- kg — 1. We have to prove that Q(p)
holds under the assumption that Q(p') holds for p’ < p. We first discuss the case that p is even. Because



the property holds for 0,1,..., p — 1, there are exactly & sweeps from sweep w through w+ p — 1 in which
a data block is fetched for the users from Geven and for none of the users from Gogq. Likewise, we have
that there are exactly ‘23 sweeps in which a data block is fetched for each user from Goq9. Consequently, the
time required for sweep w throughw+p—11is

£—1

% ([5] ttio+ n+s([3 ]>)+ Z |5 -taio+ 1+ 3.

Jj=
From (1.1), it follows that s5(n) = s([%1) +35(| 3]). This and rewriting yields that the previous expression
equals

p L

7 (n-ta+s52(n)) +n- Y, (talio+ j) —ta).

=0

Dividing by sby, which, by definition, equals n- 17+ s2(n), gives

P 215;01 (taio+ J) - td)'

Al
2 sby (A.16)

which is the number of data blocks that is consumed during the first p sweeps. We will show by contradic-
tion that the last fraction is at least 0. Hence, assume that the fraction is strictly smaller than 0. Because
2 < p <2 kywehave

kg1 kg1
26 (talio+ ) —ta) = Z (alio+ ) =ta)+ 3, (talio+ j) —1ta)-
j= j=f-1

Because the first sum-quantification in the right-hand side is strictly less than 0, the second sum-fraction in
the right hand-side of the equation has to be strictly larger than the left-hand side. This is in contradiction
with the definitions of ip and kp. Hence, we can remove the fraction from (A.16) without increasing its
value. This yields that during the first p sweeps each user consumes at least § data blocks. Moreover,
as mentioned, exactly £ data blocks have been fetched for each user from the start of sweep w. Hence,
after p sweeps the buffer of the users contain at most as much data as at the start of sweep w. Because,
by assumption, the users from Geyen have room for minimally one data block at the start of sweep w, this
is also true at the start of sweep w + p. Furthermore, there has not been fetched a data block in sweep
w+ p — | for any of these users, because by the induction hypothesis Q(p — 1) holds. Consequently, there
will be fetched a data block for them in sweep w+ p. This proves the induction hypothesis for the case that
pis even.

We will now discuss the case that p is odd. Again, it follows from the induction hypothesxs that there are
exactly % + 1 sweeps in which a data block is fetched for each user from Geyen and L— sweeps in which
a data block is fetched for each user from Gggg from sweep w through sweep w+ p — 1 Hence, the time
required for sweep w through sweep w+ p — 1 equals

Ly n n el " .
23] o5+ 5, (5] utor s3]
Similarly as above we can derive that during this time

=L
p—1 foo (talio+j) — ta) (2] talio+Jj) +s [ 1)
+n-
2 sbq de
data blocks are consumed and that the second term is at least 0. The last term is clearly strictly larger than
the upperbound of €. Hence, from the start of sweep w the users of Gy have consumed strictly more
than Ef— + ¢ data blocks. Furthermore, exactly L data blocks are retrieved, because, by the induction




hypothesis Q(0) through Q{p — 1) hold. From the initial buffer content of the users from Gogq, it follows
that they have room for at least one data block at the start of sweep w+ p. Furthermore, no data block has
been retrieved for any of these users in sweep w+ p — 1, because Q(p — 1) holds. This means that a data
block is fetched for all users from Ggaq in sweep w+ p, which has to be proved.

We will use the property to show that buffer underflow can occur. From the property it follows that during
sweep w+2-ky — 1 the kgth data block, counted from the start of sweep w, is fetched for each user from
Goaq and that for each user of Geyen exactly ko data blocks have been fetched from sweep w through sweep
w+2-ky~ 1. It can be the case that the kgth data block for a user from Goqq arrives at the end of sweep
w+2- ko — 1. From these observations it follows that the time between the start of sweep w and the arrival
of the kgth data block for a user from Gggq can be

k‘g ([5] ttio+ ) +s([3]) +kg<[§ | tlio+ i) +s([5 ]

As above, we can derive that during this time

ky—1 ; N
ko+n~2j’"° (talio + J) —ta) (A.17)
shyq

data blocks are consumed. This number has to be at least the number of data blocks that an arbitrary user
from Gogq has in the buffer at the start of sweep w plus the number of data blocks that are placed in the
buffer from the start of sweep w. This number is given by

S (talio + ) ~ 1)
n-ty+s2(n)

1+n —X+E4ky—1.
Because, by assumption, € < x this expression is strictly smaller than Expression (A.17). Hence, buffer
underflow can occur. o

Theorem 20. Iffor alli, 0 < i < m, (7.4) holds, filling strategy TB is used and the requests of the users are
handled by Algorithm 4, then safeness is guaranteed if the buffers have room for 3 — &, data blocks, with
8, defined by (2.12),

Proof. By the used filling strategy, no buffer overflow can occur. We have to prove that neither buffer
underflow occurs. The outline of the prove is as follows. We define for an arbitrary video-on-demand
system /, where multiple movies are stored on a disk that not necessarily cover the entire disk, a video-on-
demand system /' that satisfies our assumptions, such that if buffer underflow occurs in /, then it also can
occur in I, where in both systems filling strategy TB and Algorithm 4 are used and where in both systems
the buffers can contain an equal number of data blocks that is at least 3 — 8;. By Theorems 3 and 15,
safeness is guaranteed for /' if (2.10) holds. Consequently, if we prove that if (7.4) holds for I’, then (2.10)
holds for 1, then safeness is also guaranteed for /.

Definition of I':

We let the movie of I consist of E?LBI ni +m— | data blocks. Hence, the number of data blocks of the
movie equals the sum of the data blocks of all movies from I plus m — 1. We number the data blocks
from O through ng. Furthermore, we define the set of positions, i.e. Fy, as FU {xi|0 < i < m—2}, where
xi ¢ F,0<i<m~—2,and F; is the set of positions from Fy on which a data block is stored. Consequently,
|Ly| = |Fp|. We define tp (i), i € Fpr, as 4;(i) if i € Fy and as 1 otherwise. All other values, such as the
switch time function s, the block size B and the maximum number of admitted users n are chosen similarly
to these values in /.

We define the assignment of the data blocks to the movie, such that its sequence is given by
seq(a®) ++xo +seq(a') +x; ++- - 22 ++seq(a™ 1),

where seq(a') is the sequence of a’. Hence, the sequence of &' is the concatenation of the sequences of the



assignments of all movies separated by positions that are not in /7. This assignment is clearly a bijection.
Before we prove that if buffer underflow occurs in /, then buffer underflow can also occur in I, we introduce
some definitions.

Introducing definitions:

We say that a data block in / equals a data block in I’ if and only if it is stored on the same position. By
the definition of the assignment, this means for example that watching the Oth movie in I is equivalent
to watching the first n data blocks from the movie in I’. From this, it follows that we can the compare
the value of i, in I with the value of i, in I, ¢xcept for the case that i, = né or i, = ng, which has the
interpretation that user u does not want to watch a movie or that the last data block of a movie has already

been fetched for user u. By definition, these valLes are equal, i.e., n’B =ng, 0<j<m

We define the status of user u at a given moment as the triple (f,req,i,), where f is the number of data
blocks in the buffer of u and req is the data block that user « has most recently requested and that has not
been handled completely. If there is no non-handled request for user u, then req = L, by definition. The
status of user u at the start of sweep w in instance J is denoted by st; (u,w). If the last data block of a movie
is fetched, then the number of data blocks in the buffer is irrelevant for the status, i.e. if the last data block
has both been fetched for user « and user 4’ in sweep w then st;(u,w+ 1) = st;(u’,w+ 1), regardless of the
content of their buffer.

Buffer underflow in I = buffer underflow in I':

We now prove by induction to the number of sweeps, denoted by w, that just before the start of sweep
w the status of the users in / can also occur in /’. Hence, for each run in video-on-demand system /
resulting in a given status for all users before the start of sweep w, there is a run of system I, such that
Vi<u<n(st:(u,w) = sty (u,w)). Because the users have in both systems the same buffer size and because
the same strategy is used in both system for scheduling disk accesses, this proves that whenever buffer
underflow occurs in /, it also can occur in 7'.

As basis we take w = 1. Hence, there has no sweep been executed. Initially, the buffers of all n users are
empty. Consequently, letting the users initially request the same data blocks results in st;(u,0) = sty (u,0).

|
Consider the case that w = v+ 1. Assume that the status of each user in / at the start of sweep v equals the
status of the same user in I’ at the start of sweeﬂ) v. By the induction hypothesis, for proving the induction
step it suffices to prove that under this assumption this can also be the case at the start of sweep v+ 1.
Because each user has the same status in [ and I’ at the start of sweep v, the same data blocks are fetched
for the same users in sweep v.

Let each user consume at the same consumption rate during sweep v in both 7 and I'. Moreover, if &' sends
a request in /, then the same request is sent by &’ in I'. Let u be an arbitrary user. We have to prove that is
possible that st;(u,v+ 1) = sty (u,v+ 1). We prove this by distinguishing several cases. By the assumption
that when u sends a request in /, u sends the same request in I, we only have to discuss whether req is
equal in both / and I’ at the start of sweep v+ 1 if we let u send a request in ', while no request is sent by
uinl.

Assume that no request is sent by u« during sweep v and that no data block is fetched. Consequently, the
value of i, does neither change in / norin I'. Moreover, the buffer contains as many data blocks in / asin 7',
because this is the case at the start of the sweep. Hence, if no data block is fetched for « because he/she has
no room for it in the buffer, then st;(u,v+ 1) = sty (4, v+ 1). Otherwise, no data block is fetched because u
is waiting for its request being granted. From Algorithm 4 it follows that the number of sweeps u has to wait
before its request being granted only depends on the number of sweeps he/she is waiting and the last data
block that has been fetched for u. Consequently, by the induction hypothesis, the request of u is granted
between sweep v and v+ 1 in [ if and only if this is the case in I’. Moreover, because st;(u,v) = stp(u,v),

the same request is granted in 7 and I’ if a request is granted. As a result, st;(u,v+ 1) = stp(u,v+1).
!

Assume that no request is sent by the user and that a data block other than the last data block is fetched




for the user, i.e., iy, < n{,, where j is the movie to which user u is watching. Then i, is raised by one in
both cases and a data block is places in both buffers. Note that if i, < né in I then also i, < npg in I'.
Consequently, sty(u,v+1) = stp(u,v+1).

Assume that no request is sent by the user and the last data block of the movie is fetched for u in /, i.e.
iy =np,0< j<m.If j=m—1, then i, = ng in I'. However, if j <m — 1, then i,, = x;. We then let user
u send a request during sweep w + 1 to stop watching the movie. By Algorithm 4, this request is granted
immediately, which implies that i, = np at the start of the next sweep and that req = L in both { and I'.
Hence, stj(u,v+1) = stp(u,v+1).

Assume that a request is sent by u. Then both in [ and I, the buffer of u is flushed. If d(u) = n{; in I, then
d(u) = ng in I'. Consequently, both requests are granted. Hence, sty(u,v + 1) = stp(u,v + 1). Otherwise,
the user has to wait at least one sweep before the request being granted. Consequently, the value of i, is
equal in both I and I'. Which, again, means that the status is similar in both / and I’.

These case cover all possibilities. Hence, we have proved the induction hypothesis, i.e., we have proved
that if buffer underflow occurs in I, then buffer underflow can also occur in I’. Finally, we have to prove
that if (7.4) holds for /, then (2.10) holds for I'.

Equation (7.4) holds for [ = equation (2.10) holds for I':

By the definition of a, (2.10) holds for I', if t7 0 a'(nf — 1) +tp (x;) < 2ty and tp(x;) + 1 0 & (07F}) < 21,
0 < i< m—1. We prove the first equation. The second can be proved similarly. Let i be arbitrary. By
assumption nﬂ; >> 1. Consequently, data block ng — 2 also exists. Because (7.4) holds, we have that
toai(niy —2) +1; 0 d'(n — 2) < 2t,. By definition, #;(x;) = 1 and by assumption #;(j) > 1. Consequently,
tp(x;) < froai(ny — 2). As aresult, 4 o a’(n — 1) +1#(x;) < 2. This proves the theorem. o
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