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Summary 

During the mechanical loading of heterogeneous materials, such as composites, 
wood,, micromechanical failure m.erhmism-s like m-i.trix crazhg er trucking, m i d  

polymer blends and 
femutie,n, &?cl fibre- - - 

matrix debonding occur. On the macroscopic level, these mechanisms may result in a decreasing stress 
with increasing strain. This is called strain softening. Experiments on polymer blends have shown 
that the influence of the microscopic configuration on the macroscopic behaviour is quite substantial. 
If the relation between the microscopic deformation and the macroscopic mechanical behaviour can be 
obtained, it will become possible to design new materials with desired properties such as high strength, 
high stiffness or high toughness. 

The method for obtaining this relation is called homogenization. The heterogeneous (macroscopic) 
medium is replaced by a homogeneous continuum. The macroscopic state variables (stresses and strains) 
are defined in terms of those of the microscopic model and the evolution of the macroscopic state is es- 
tablished. This results in the determination of the constitutive relations. 

Classical homogenization methods are based on the assumption that the material is statistically ho- 
mogeneous. This means that all characteristic lengths are large compared to a distance within which the 
material properties undergo considerable variations about their mean value. In addition, the character 
of the variations within that distance in one part of the sample is of the same sort as the variations in 
another part of the sample. Only then, it is possible to associate a representative volume element (RVE) 
with each material point. Under these assumptions, the state of a material point can be defined as an 
appropriate average of the state of the RVE associated with that point. This will result in a macroscopic 
local constitutive equation that relates averages of the stress to averages of the strain. However, if a ma- 
terial exhibits strain softening behaviour and localization of deformation, the assumption of statistically 
homogeneity is no longer valid. In addition, the local models are incapable of describing localization 
phenomena. When long range effects are incorporated into the continuum mechanical description of 
the material, in the form of supplementary degrees of freedom, these non-local models are capable of 
describing strain softening. The obvious solution is to extend the state of the material point with addi- 
tional statistical moments of the state of the RVE. Cosserat theory provides these additions in the form 
of rotational degrees of freedom. The relation between these degrees of freedom and the additional 
statistical moments have to be determined. 

In this report, a polycarbonate plate with holes is used as a model material. The size of these holes is 
assumed to be small. Then, it is possible to identify an RVE, whose dimensions are small compared to 
the macroscopic iength scaies. To obtain a relation between the macroscopic deformation variables and 
the macroscopic consitutitive quantities, appropriate boundary conditions will be applied to the RVE. 
These boundary conditions are displacement fields, formulated in terms of the macroscopic deforma- 
tion variables. From this, the constitutive equations can be established, presuming small macroscopic 
deformations and macroscopic isotropic elastic behaviour. The non-linearity of the material is taken into 
account by defining Young’s modulus as a function of some equivalent strain measure. The parameters 
in this function will be fitted onto finite element calculations. As applications, a tensile test, a shear test, 
and a tensile test on a single edge nodged specimen will be discussed. 



1 Introduction 

1.1 Heterogeneous Materials and Homogenization 
Composite materials are used more and more for load carrying components in structures, since their 
mechanical properties, such as strength, stiffness, and toughness are being improved continuously. On 
the microscopic level, these materials reveal a structure in which different components can be distin- 
guished. Examples of heterogeneous materials are composites, polymer blends, alloy systems, ceram- 
ics, paper, wood and bone. During loading of the material, micromechanical failure mechanisms, such 
as matrix crazing or cracking, void formation and fibre-matrix debonding, are frequently encountered, 
which may result in macroscopic so-called strain softening behaviour. This is a decreasing stress with 
increasing strain. The obvious influence of the microscopic deformation on the macroscopic behaviour 
was shown experimentally for polymer blends by Van der Sanden (1993) and Coomans (1995). The 
importance of parameters like the average distance between the heterogeneities, the diameter and the 
spatial distribution of the inclusions appeared to be quite substantial. 

When developing new materials, insight in these phenomena is therefore required. Relations be- 
tween the micromechanical failure mechanisms and the macroscopic deformation behaviour are nec- 
essary for predicting macroscopic properties from the microstructure. This will enable the material 
engineer to adapt the microstructure to obtain the desired mechanical properties, such as high stiffness, 
strength or toughness. This is called material design. Another application of this relation is the design 
of structures. Here, the macroscopic material model (i.e., the constitutive equations), serves as input of 
a simulation program or an analytical calculation. Complete structures, such as cars and bridges, then 
can be simulated yielding the desired overall response. 

The growing interest in material design has resulted in a increasing demand on robust analytical/nu- 
merical procedures for determining macroscopic material properties, relating the microstructural re- 
sponse with the overall macroscopic behaviour. This procedure is called homogenization (Vosbeek 
(1994) and this report, Chapter 2). The homogenization process aims at replacing the structural model 
with a continuum model that 'best' represents the structural model (Vosbeek 1996). This process can be 
summarized in the following two steps: 

1. the macroscopic state variables (e.g., stresses and strains) have to be defined in terms of those of 

2. the relation between the evolution of the global state and the evolution of the local state has to be 

the microscopic model; 

determined. 

Of course, the second step amounts to determining the constitutive relations. 
Regarding the first step, we have to investigate how the continuum state might be defined. To this 

end, we first define two Characteristic length scales: L, the diameter of the (macroscopic) specimen and 
A, the characteristic length of the variations of the state of the medium about its average. Now, let us 
assume that 

1. both L and X are large compared to a distance, a say within which the material properties undergo 
considerable variation about their mean value. This is usually referred to as the separation of scales 
principle (Auriault 1991); 

2. the character of the variations in an element of size a3 in one part of the sample is of the same sort 
as the variations in another part of the sample. 

A material that satisfies both these properties, is said to be statistically homogeneous (Beran 1968, Vos- 
beek 1996). 

From the second item, it follows that an element of size a3 can be identified whose mechanical be- 
haviour is representative for the heterogeneous medium as a whole. Such an element is called a repre- 
sentative volume element, or short, RVE. The first condition now states that a is much smaller than both 
L and A. The fact that a is much smaller than L implies that the RVE is small with respect to the medium 
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as a whole. So, as a first approximation, we neglect its size, associate with each material point an RVE, 
and identify its state with that of the RVE. The fact that a is much smaller than A implies that the state 
does not vary appreciably over the RVE, Fig.l.l(a). The state of a material point of the continuum, s, 
then can be defined as an appropriate average of the state, 3, of the RVE associated with that point. 

In literature, some methods have been proposed to derive models for statistically homogeneous me- 
dia. Most of these methods are based on elastic, isotropic matrix material behaviour. These models 
relate the average of the strain to the average of the stress. A large number of analytical micromechani- 
ca: models have been pïopvsed for predicting tiie constitutive respons ai- the macroscopic ievei. Some of 
those models are based on so-called self-consistent schemes. These methods provide reasonably good 
estimates for the overall macroscopic behaviour when the volume fraction of the heterogeneities is low. 
However, at higher volume fractions, these methods produce substantial discrepancies (e.g. for a cavity, 
the effective moduli approach zero, for a volume fraction larger than 20%, which is far from realistic). 
The reason for these discrepancies is importance of the strain gradients (i.e., the variations of the state 
variables, Fig.l.l(c)). Since these models only use the averages of the strain and the stress as deformation 
and constitutive variables, respectively, the description becomes inaccurate. In addition, these models 
are incapable of treating arbitrary distributions of shape, size and location of the heterogeneities, that are 
frequently encountered in real materials (Ghosh and Moorthy 1995). A more comprehensive overview 
of these and other methods is given in Nemat-Nasser and Hori (1993) and Mura (1987). Many con- 
tributions have been proposed for periodic structures using the asymptotic expansion technique, for 
elastic solids by Hollister and Kikuchi (1992), Ghosh, Lee, and Moorthy (1995) and Boutin (1996), and 
for elasto-plastic solids, by Ghosh and Moorthy (1995). The most important drawback of these methods 
is the assumption of periodicity of the microstructure and the state variables, which obviously will be 
disturbed in localization phenomena, where the separation of scales principle does not hold anymore. 

The separation of scales principle can be violated in two different ways. Either a is in the order of the 
size of the specimen L,  in which case a is also in the order of A, Fig.l.l@), or a < L,  but the variations of 
the state s of the RVE are large with respect to the average 3, that is, a - A, Fig.l.l(c). In the first case, we 
can no longer associate with each material point an RVE. Instead, each RVE has to be associated with a 
region of the continuum. Homogenization of this material therefore is inappropriate. In the second case, 
which is typical for problems dealing with localization phenomena, where large strain gradients occur, 
we are still allowed to associate with each material point an RVE, but we are not allowed to replace the 
state of the RVE by its average only. The latter simply does not contain enough information about the 
actual state of the RVE. 

The continuum mechanical description of strain softening materials poses another problem. The 
constitutive equations used generally obey the principle of local action. It can be shown that these 
models fail for strain softening (De Borst and Mühlhaus 1991 and (Vosbeek, 1994, Chapter 2)). For 
instance, Tvergaard and Needleman (1995) show that for shear bands in a local continuum, the post 
localization behaviour is strongly mesh dependent. An example of an infinite number of solutions 

I I I I I I I I  I I I I I  a I I I I I i I I I  

L L 
< > < t 
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when trying to describe strain softening with local models, and mesh dependent solutions, are given 
in De Borst (1990) and Vosbeek (1994). 

A remedy for the problems described above, given by various authors, is that when one allows long 
range effects to enter the constitutive equations, models can be obtained that do have a unique solution, 
in contrast to local models. One way of including long range effects is to introduce averages of stress 
and/or strain in the constitutive equations. This leads to non-local models (Tvergaard and Needleman 
1995). Another solution is to incorporate partial derivatives of stress and/or strain, leading to gradient 
mod& (Tïiar-ltafyllidis aid Aifarins 1986). A iliirci way is introducing rotational degrees of freedom in 
addition to the usual translational degrees of freedom. This leads to Cocserat continua. 

Hence, a solution is to extend the state of the material point with additional statistical moments of the 
state of the RVE. The supplementary degrees of freedom of the macroscopic models should be related 
to these statistical moments. In this report, a Cosserat continuum will be used as a macroscopic material 
model. 

1.2 Scope of the Report 
A polycarbonate plate with macroscopic holes is taken as a model-material. As was already mentioned, 
experiments (i.e., tensile tests) of Coomans (1995) have shown the importance of some parameters like 
the hole stacking, hole size, hole distribution and strain rate on the mechanical behaviour of the plate. 
These experimental observations must be investigated in a more mathematical way, by using homoge- 
nization techniques and numerical methods. 

At this moment, we are already able to carry out numerical simulations, using the finite element 
method, of the polycarbonate model-material. The material properties are modelled making use of the 
finite element implementation of the compressible Leonov model (Smit 1994 and Smit and Timmermans 
1995). A typical stress-strain curve of this model, using polycarbonate parameters, is depicted in Fig.1.2. 
However, when the number of holes in the plate is increased, the finite element meshes will become 
very complex for obtaining accurate results, and, hence, the memory requirements and the CPU-times 
become infeasable. 

1 / 1 1 # 1 1 1 1 1  

'0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 

& 

Figure 1.2: A typical stresdstrain curve of the compressible Leonov model for polycarbonate parameters 

Thus, another way of describing the mechanical behaviour of the perforated plate is desired. In this 
report, we will use homogenization techniques. First, an RVE has to be defined. Clearly, when the 
global stacking of the holes is cubic, the RVE is a square with a hole in the centre. A typical result of a 
tensile test on the RVE are depicted in Fig.l.3. The tensile test is a symmetrical load so only a quarter 
of the RVE has to be modelled. The undeformed mesh is shown in Fig.1.3(a). The matrix material is 
modelled according to the compressible Leonov model using polycarbonate parameters. For the hole, 
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a very soft elastic material is used. On the right edge the displacements are prescribed resulting in a 
constant strain rate. On the bottom edge the vertical displacements are suppressed, whereas on the left 
edge the horizontal displacements are zero. Fig.l.3@) shows the deformed mesh with contourbands 
of the equivalent Von Mises stress. Here, a white color indicates high stresses, whereas dark colors 
correspond with low values. The values of the stresses lie between O [MPa] and 125 [MPa]. It can be 
concluded that the variations of the state variable in the deformed mesh are of the order of the RVE-size, 
hence, a N A, which is analogous to Fig.l.l(c). The resulting load-displacement curve is illustrated in 
Fig.î.3(cj. Vie may conclude Uiat we have to use homogenization techniques which resuit in non-iocai 
models, because additional statistical moments have to be included. 

O.’ u 0.06 0.08 

Figure 1.3: (a) The undeformed, (b) the deformed mesh and (c) the resulting force-displacement curve of a tensile 
test on the RVE 

This conclusion led to the use of Cosserat theory at the macroscopic level, which provides rotational 
degrees of freedom as additional quantities. For simplicity, some assumptions will be made in this 
report. First of all, we apply a constant strain rate to the RVE. In addition, small macroscopic deforma- 
tions on account of the used deformation measure and macroscopic isotropic elastic material behaviour 
on account of the used constitutive equations. 
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1.3 Outline of the Report 
The outline of this report is as follows. In the next Chapter, we will discuss the homogenization pro- 
cedure. First, for a better understanding, the notion of homogenization, the classical case is discussed. 
This approach will then be extended to non-local models. Boundary conditions which obey the defini- 
tions of the relations between the microscopic and macroscopic state variables, will be devised. Clearly, 
this can be identified as the first step of the homogenization prccedure, as was already discussed. With 
Lltcsc uuutudry colLulLlu1lb, w-ruu1 dW dpyiled io the ii’v’E Dy means oi a displacement fieici, examples 
are shown which elucidate the influence of the position of the RVE within the macroscopic medium, as 
well as the influence of the size of the RVE. Finally, an example of a non-local consitutive equation will 
be formulated, from which it will be made clear that a more heuristical approach in the formulation of 
the additional degrees of freedom is needed. It is obvious that this is conform the second step of the 
homogenization process. 

Chapter 3 deals with Cosserat mechanics which can be identified as a non-local model. The basic 
assumptions will be discussed, to gain more insight into the matter. Since the second step of the ho- 
mogenization will be carried out numerically using the finite element method, a new Cosserat finite 
element wil be developed. The implementation of the element will be validated on some test problems. 
Anticipating the strain softening behaviour resulting from the homogenization process of the Leonov 
model, Fig.l.2, a parameterized function of the E-modulus will be proposed. Some preliminary results 
are shown to prove the capability of the Cosserat element to describe strain softening, and to show that 
the element will converge to a unique solution upon mesh refinement. 

The homogenization towards Cosserat media will be described in Chapter 4. Actually, this Chap- 
ter can be seen as a combination of Chapter 2 and Chapter 3. Again, consistent boundary conditions 
will be derived, using relations between the local Leonov and global Cosserat deformation terms. The 
boundary conditions will then be applied to the RVE, which obviously will result in a stress field distri- 
bution on the microscopic level. Using a fitting procedure, the parameters used in the function for the 
E-modulus, are determined which then describe the desired overall constitutive equations. Some results 
will be shown subsequently. 

Finally, in the last Chapter, some conclusions will be drawn and some recommendations will be 
proposed. 

AL--- 1̂  2 --__ i 3 - L :  _.__ 1 -1- - - __. -1. 



2 Homogenization 

As pointed out in the Introduction, classical homogenization methods, which result in local models, 
are not able to describe localization phenomena properly. In contrast to local models, non-local models 
are able to describe localization, by including long-range effects in the form of additional degrees of 
freedom in the constitutive equation. These extra quantities can be explained as being the influence of 
the neighbourhood on an arbitrary located representative cell. 

So, the goal of this homogenization process is to establish a constitutive equation, which, by defini- 
tion, describes the relation between the macroscopic stresses on one hand and strains and some, yet to 
be determined, neighbourhood-parameters on the other hand. 

In the following, classical homogenization will be elaborated first. After that, this formulation will 
be extended to non-local models. Using the connection between microscopic and macroscopic deforma- 
tion quantities (this is the first step of the homogenization process, as has been stated in the Introduc- 
tion), a so called consistent boundary displacement field is derived. This displacement field, in terms 
of the macroscopic deformation quantities, will be applied as boundary conditions on the representa- 
tive volume element. This results in local stresses, which, after averaging, will be applied on the global 
level. Next, we will use this displacement formulation to give some preliminary results concerning ho- 
mogenization of a square RVE. Several macroscopic displacement fields are formulated, resulting in a 
microscopic displacement field on the RVE. In general, this latter field will depend on the RVE-size and 
the position of the RVE in the continuum. After that, a general non-local constitutive equation will be 
proposed. 

2.1 Classical Homogenization 
As was already seen in the Lntroduction, two levels can be distinguished, i.e. the microscopic, discrete 
level and the macroscopic, continuum level. The basic assumption here is the existence of an RVE 
(Fig. 2.1). At the microscopic level, the material is inherently heterogeneous (e.g. inclusions, cracks or, 
as in our case, holes can be distinguished). Clearly, the RVE is, by definition, also heterogeneous. 

Following Vosbeek (1994), the microscopic RVE is supposed to be in equilibrium, that is, if aij is the 
(microscopic) Cauchy stress tensor at position y in the RVE R, associated with point P at position x in 
the macroscopic material fl, we have 

x E o. 
Furthermore, the material behaviour in the RVE is assumed to be known in the form of a microscopic 
constitutive equation, by which the relation between the stress tensor u and the, yet to be defined, strain 
tensor E is established, 

d Z , Y )  E (Z ,Y) ,  Y E R. (2.2) 
A set of boundary conditions must be provid-ed to complete the mechanical problem for the RVE. These 
boundary conditions usually take the form of prescribed displacements and/or tractions. 

The macroscopic degrees of freedom are defined as averages of the microscopic corresponding quan- 
tities, 

C(Z) = (u) (z) and Ë(z) = ( E )  (x ) .  (2.3) 
The average of some arbitrary function $(z, y) over the region R, occupied by the RVE, is defined by: 

1 
(4)  (z) v 1 dz, Y) dy with v = 1 dy (2.4) 

R R 

The definitions of the stress and strain quantities yield the formulation of the boundary conditions on the 
RVE. To put it in other words, the boundary conditions will be formulated in terms of these macroscopic 
degrees of freedom. 
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I Heterogeneous medium 1 I Equivnlenf homogeneoiis medium I 

Figure 2.1 : Graphical representation of the RVE 

2.1.1 Derivation of the Consistent Boundary Conditions 
The applied boundary conditions may not be chosen randomly, but they must be consistent with (2.3). 
In this Section, consistent conditions will be derived. First, we use the chain rule and the equilibrium of 
the RVE, i.e. (2.1), to get the following expression: 

Integration this equation over R, applying Gad’  divergence theorem and taking into account the sym- 
metry of the stress tensor, yields the consistency relations for the boundary load vector p :  

where p ( z ,  y) = n(z, y)n(tc,  y) with n(z ,  y) is the outward normal on dR. 

tity, viz. the linear strain tensor which is defined as: 
To find consistent kinematical boundary conditions, we assume a definition of the used strain quan- 

Again, integrating this equation and using GauB’ divergence theorem on (2.7), we obtain the consistency 
relations for the boundary displacements, 
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The most simple kinematical boundary conditions which satisfy (2.8) are linear displacement fields (i.e., 
uniform strain fields), 

UO(Z,Y) = E(~)Y, Y E d R .  (2.10) 

Examples of the above consistent boundary conditions are illustrated in Fig. 2.2. 

quired to describe localization behaviour properly. 
Attention will now be focussed on non-local models, which, as has already been discussed, are re- 

2.2 Non-Local Models 
Classical homogenization can be applied when the separation of scales between the microscopic and 
macroscopic levels is good, i.e. a / L  << 1, where a is some characteristic microscopic size-parameter, and 
L its macroscopic equivalent. For localization phenomena, a / L  1, hence classical homogenization 
fails. Thus, we need so-called non-local models where the ratio a / L  is taken as a material parameter 
for the macroscopic constitutive equation. The term non-local represents the contribution from field 
quantities in the neighbourhood of that point (long-range effects). 

In these non-local constitutive equations, additional degrees of freedom are introduced to describe 
the deformation state. Also, an internal length scale must be present in the description of the material. 
In this Section, the additional quantities of the macroscopic degrees of freedom are first and second 
order partial derivatives of the strain field. Derivatives of the macroscopic stress field are not taken into 
account, as in that case one requires additional equilibrium equations, which are not trivial to formulate. 
So, the macroscopic degrees of freedom at this point are the stress field ü(z), the strain field E(z) and 
first and second order partial derivatives of this strain field. Assuming ergodicity, these derivatives are 
defined in terms of their corresponding microscopic quantities: 

(2.11) 

(2.12) 

Here, the second equal-sign represents the application of the divergence theorem. It should also be noted 
that only first and second order derivatives of the strain field are taken into account. The consistency 
demands on the dynamical conditions remain the same, i.e. (2.6). But, for the kinematical boundary 
conditions, not only (2.8) must be satisfied, but also (2.11) and (2.12). Clearly, from these demands, the 
displacement field cannot be linear anymore, but must at least be cubic, or even of higher order. In the 
following, a consistent boundary displacement field is derived which obeys the demands (2.8), (2.11) 
and (2.12). 1% I I 

RVE 1 I 

Figure 2.2: Prescribed consistent boundary conditions 

RVE 1 
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2.2.1 Derivation of a Consistent Displacement Field 

To derive a displacement field, one can expand a general field into a Taylor series around the origin of 
the RVE y = O, disregarding the terms of order O( 1 1  y li4), and keeping IC constant, 

(2.13) 

Applying the definition of the strain tensor according to (2.7), and assuming symmetry conditions aij = 
a . .  p.. = p . .  - p .  . 

3 2 ,  z j k  jak - tkj, Ti jk1  = yjikz = T i i j k  = Y i k l j r  yields 

(2.16) 

To determine the corresponding macroscopic degrees of freedom of the above quantities, we apply (2.4) 
to get 

where 

(2.17) 

(2.18) 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

Note that in the case of a prescribed linear displacement field, (2.10), aij(s) equals Ë i j ( z ) ,  and subse- 
quently both p i j k  (IC) and T i j k l  (Z) vanish. 
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Because we need explicit expressions for aij, & k ,  ~ i j k l  and uoi, we have to invert the above relations: 

Now, we substitute these quantities in expression (2.13), yielding the general displacement field at the 
boundary on the RVE, 

(2.24) 

Obviously, the constants M!'), are geometry parameters, and as such can be calculated. 
As an example, we take a two-dimensional, square RVE, i.e. y1, y2 E [-a, a]. Consequently, we are able 
to calculate the constants: 

and 

(2.25) 

(2.26) 

where I is the unity-tensor, with components Ski, being Kronecker's delta. Because the integrand of 
Mii) is anti-symmetric in both y1 as well as y2, and the RVE is symmetric in this coordinate system, we 
can deduce that Mi:i = O .  Substituting these values in (2.24), we obtain the displacement field for a 
square RVE 

This equation is written out in Appendix A. 
It can be concluded that the displacement field is a function of the chosen position of the RVE within 

the macroscopic medium. Choosing the position (z), results in the determination of the parameters  ij, 
dEij/axk and d2ci j /dxkdzl .  Consequently, the RVE-size a characterizes the micro-scale of the coordi- 
nates y. 

To determine the effect of the a-size in advance, we will use a dimensionless form of the displacement 
field (2.27). Therefore, we introduce the dimensionless parameters, 6 = x / L  and 77 = y /a ,  from which 
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it follows that 

From this equation, i t s  easily seen that, when reducmg the ratio a /L ,  the higher order terms vanish 
gradually. So, a linear relation emanates from this, which is surely equal to the classical result (2.10). 

In Appendix B, some results are shown regarding the effect of the size and position of the RVE on the 
boundary fields, which will be applied on the edge of the RVE. First, two arbitrary displacement fields 
are postulated. From these examples, the influence of higher order gradients in relation to the RVE 
size and position will become more clear. Later on, the attention is been focussed on a more practical 
situation: a displacement field near a crack tip. 

2.3 A Non-Local Constitutive Equation 
The second step of the homogenization procedure implies the derivation of the relation between the 
kinematical and the dynamical quantities, i.e., the strains and the stresses, respectively, see the discus- 
sion in the Introduction. This relation is governed by the equilibrium of the RVE, the local constitutive 
equations, the boundary conditions applied on the RVE and the relation between the microscopic and 
macroscopic quantities. 

Two different approaches can be distinguished, 

o multi level method: 
given a macroscopic deformation state, appropriate boundary conditions are applied on the mi- 
croscopic cell. This will result in local stresses, after which global stresses over the RVE can be 
obtained. This procedure will be computationally expensive, since after each increment, a new 
simulation has to be started. 

o deriving a closed form constitutive equation: 

- analytical: considering the strongly non-linear and time-dependent local material behaviour, 
this is likely to be difficult; 

- expanding each stress component in a Taylor series: assuming the stress being a function 
of the strain m d  some of its gïadients, a e  stress can be expanded In a Taylor series, and 
the coefficients appearing in this relation have to be determined, e.g. by fitting. Below, this 
method will be discussed briefly. 

- choosing a more heuristical approach in the formulation of the constitutive equations, will 
greatly reduce computational times. This method will be elaborated in the next Chapter. 

To obtain a (macroscopic) non-local constitutive equations, we assume that the stress “ i j  isa function 
of the strain Ëkl and the Laplacian of the strain A&. This function f i j ( E k 1 ,  A&) may accordingly be 
expanded in a Taylor series round ( E k l ,  AËkl) = ( O ,  O ) ,  obtaining 

1 
+ - D i j k l m n A E k l A E m n  + E i j k l m n Ë k l A Ë m n  + O ( l l E k l  l i 3 ,  ~ ~ ~ ~ k l l ~ 3 ) ~  

2 

Because a strainless state may not result in stresses, it follows that fij ( O ,  O )  = O .  For the two-dimensional 
case, and assuming symmetry of the strain, that is, E12 = EZ1 and AZ12 = AËzi, we then have the 
following for each stress component. The number of constants in A i j k l  is three, in B i j k l  also three, in 
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Figure 2.3: Graphical representation of a stress component üij as a function of both a strain component Ë;~ as well 
as a component of the Laplacian of the strain A& 

Cz3klmn six, in Dz3klmn also six, and, finally, in Ezlklmn nine. Thus, the total number of constants which 
have to be determined, that is, the number of constants for one stresscomponent, is 27. In Fig.2.3, the 
above is illustrated graphically. Note that this surface, which only is represented by the cutting lines in 
the corresponding planes, is depicted for one stress component. The procedure will be as follows. The 
angle cp may be chosen incrementally (e.g. four values between O and 90 degrees). Then, for a fixed 
angle, several combinations of Ëz3 and A& must be taken. As an example, for a certain value of 9, the 
combinations are depicted as Ë~-AË% for i = 1, . . . , 4. These strain combinations are then applied on the 
RVE, by means of the displacement field, which is a function of these strain quantities, as was discussed 
in the previous Section. From this, a surface can be fitted for each stress component. This surface 
then represents a constitutive equation. In principle, when 27 independent simulations are done, the 
constants for each stress component may be derived. However, we may assume that the surface in the 
six dimensional space, that is, the (C11, Ë22, Ë12, A Ë ~ ~  , A&, AC12, )-space, is irregular, so when making 27 
other sixdations, the constants m2j7 very well be different from the first set obtained. To overcome this 
problem, a least squares fitting procedure will have to be used to determine the constants. A reasonable 
estimate for the number of divisions of an axis, e.g. in Fig.2.3 this number is four, will be ten, although 
this is, at this point, quite arbitrary. Then the number of simulations, when using the aforementioned 
least squares fitting procedure in the six dimenional space, will be lo6. This is quite large, for one stress 
component. Because this method then reduces to an ordinary fitting problem, and the insight gained 
using this method is negligible, we further abandon this procedure. 



3 Cosserat Theory 
In the Introduction, it was stated that non-local models are able to describe strain softening, by allowing 
long-range effects to enter the constitutive equations. One way to include these effects is to introduce 
averages of stress and/or strain. Another solution is to incorporate partial derivatives of stress and/or 
strain, leading to the so-called gradient models. In this work, however, we look at yet another possibility 
which results-in non-local models by introducing rotational degrees of freedom, which leads to a so- 
called Cosserat continuum. 

In classical continuum mechanics, a material point has three degrees of freedom: the displacements 
in three independent directions. Different displacements of two neighbouring points result in a defor- 
mation of the material, Fig.3.l(a). This deformation then can be characterised by three normal strains 
and three shear strains, assuming symmetry of the strain tensor. 

In Cosserat theory, a material point has six degrees of freedom, viz. three translational degrees of 
freedom (the displacements in three independent directions), and three rotational degrees of freedom 
(the rotations around three independent axes). The deformation is not only characterized by the differ- 
ence in displacements of the two neighbouring bodies, resulting in normal and shear strains, but also by 
the difference in rotations, resulting in so-called curvatures, Pig.S.l(b). This will be exemplified in the 
next Section. 

To determine the constitutive equations, we will use a homogenization process which uses the local 
microscopic properties of the material for the macroscopic constitutive behaviour (Fig. 3.2). The defor- 
mation of the macroscopic continuum will be applied on the RVE by means of appropriate boundary 
conditions. The deformation caused by these boundary conditions will result in a stress field in the RVE, 
which will be applied on the global level, after an appropriate averaging process. This homogenization 
procedure will be carried out numerically in the next Chapter, using the finite element method at the 
microscopic and the macroscopic level. Since we apply Cosserat mechanics on the global level, a new 
macroscopic finite element must be defined. This element will be tested on its capability, in conjunc- 
tion with the Leonov-model at the microscopic level, to provide a proper description of the macroscopic 
material behaviour. 

First, we give a concise overview of Cosserat mechanics, which can be found in a more comprehen- 
sive form in Nowacki (1986). Next, the formulation of the new element will be elaborated. Finally, the 
performance of this element will be validated on some test problems. 

3.1 Generai Theory 

As a starting point, we will give the balance laws of moment and moment of momentum, for both the 
classical continuum mechanics case as well as the Cosserat case. This comparison will be illuminating 
for understanding Cosserat mechanics. 

(4 (b) 

Figure 3.1 : Classical mechanics deformation (a) and Cosserat mechanics deformation (b) 
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I Macroscopic level I I Microscopic level I 

/ u = u ( Ë )  

Figure 3.2: Schematic representation of the homogenization procedure. The global strain field Z results in boundary 
conditions u(@), which lead to stresses on the RVE. After an appropriate averaging process, yielding the 
global stresses ü, these stresses will be applied on the macroscopic level. 

Classical Continuum Mechanics Approach 

Consider a material body that occupies a bounded region R. Each point can be identified with a position 
vector x. The displacements of a point in that body are given by a displacement vector u while the strain 
tensor is defined as &ij = (dui/dxj + duj/dxi)/2. External loads are represented by a stress vector t, 
defined on the boundary d r  of the region r, which is an arbitrary subdomain of R, and by a volume 
load vector b, defined on T (Fig.3.3(a)). The physical dimension of t is force per unit area, whereas the 
dimension of b equals force per unit volume. For each subdomain r, the quasi-static force and moment 
balance equations can then be written as, respectively, 

J'(x x t )  ds + (x x b) dx = O .  
/ t d s + / b d x = O ,  and / (3.1) 
ûr r ûr T 

According to Cauchy, the stress vector t is assumed to depend continuously upon n, the outward normal 
to dr, i.e., ti = ojinj. Substituting Cauchy and using GauB' divergence theorem, we get for the force 
balance equations 

and, when applying Cauchy for the moment balance equations, we get 

Eijkxjolknl ds + E i j k Z j b k  dx = O ,  
ûr J I (3-3) 

where &ijk  is the antisymmetric Levi-Civita tensor: & i j k  = 1 when the sequence of indices (i, j ,  S) is 
an even permutation of the sequence (1,2,3), i.e. (1,2,3), (3,1,2) and (2,3,1), while &ijk  = -1 for an odd 
permutation, i.e. (3,2,1), (1,3,2) and (2,1,3). If any two indices are equal, = O. 
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t m  

Figure 3.3: Definition of area quantities: classical (a) and Cosserat mechanics (b) 

When we define ,uji = ~ i l k x l g j j k ,  and use GauB' theorem, this results in 

since E i j k x j o l k  = ~ i l k x l g j j k .  Notice that these are the classical balance laws, and that the result of the 
second equation is obtained by using the first balance law. 

Cosserat Mechanics Approach 

Here also, a material body that occupies a bounded region R is considered. The position vector is x, and 
the displacements of a point are given by the vector u, whereas the rotations are given by the vector cp. 
The strain tensor will be defined as 

(3.5) 

Notice that, in contrast to classical elasticity, the strain tensor is asymmetric, whilst the diagonals are the 
usual normal strains. Also, it can be observed that a constant rotation results in shear strains. In addition 
to these normal and shear strains, Cosserat theory requires the introduction of curvatures, which can be 
explahec! as being &e 'strains' related to the difference in rotation (pi of two points. The curvatures are 
defined as components of the torsion tensor 

As will be illustrated in the next Section, the definitions for the strains and the curvatures follow nat- 
urally from the weak form of the equilibrium equations. To give an interpretation of these kinematical 
quantities, they are split up into a symmetric and a skew-symmetric part, 

1 1 dui 
&(?i) = - 2 (&jZ + &ij) = - 2 ( 6 + 2 ) 7  

Here, (.) denotes the symmetric part, whereas (.) represents the skew-symmetric part of a tensor. One 
may conclude that the symmetric part equals the classical strain definition, whereas the skew-symmetric 
part includes the influence of the rotations, and the skew-symmetric part of the gradients of the displace- 
ments (i.e., the linear rotation tensor). 
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The external loads are represented by three vectors, a stress vector t, a volume load vector b, a 
moment vector m, which is independent of t, and a volume moment vector c, Fig.3.3(b). For each 
subdomain T, the balance laws can be written as 

( m + x x t ) d s +  ( c + z x b ) d x = O .  
/ t d s + / b d z = O  and I J (3.9) 

Vr daji +bi  = O in R. (3.10) 
a j i n j  ds + bi dx = O + J ( z + b i )  d x = O  + - J' s dXj 

ar T r 

For the moment balance equation, we also apply Cauchy, mi = p j in j ,  where pji is defined as the couple 
stress tensor (Fig.3.4), and using Gaup divergence theorem, we get 

( p j i n j  + e i j k z j f f l k n l )  ds + (ei f E i j k x j b k )  dx = 0 
ûT J 

(3.11) 

The most noticable difference in the constitutive quantities, is the presence of independent moments, 
that is, independent of the stress tensor. These moments are inherent to the rotations as (independent) 
degrees of freedom. Note also that in the last equation, the volume load vector is absent as a result of 
using the first balance equation, and that the stress tensor now is not symmetric. 

To complete the mechanical problem, constitutive equations and boundary conditions are needed. 
The constitutive equations can be formulated as follows, assuming isotropic, elastic material behaviour, 
according to Nowacki (1986), 

I/ 
E@) + 6E(ji) + - E k k d j i ]  i f f . .  - - 

J 2 -  l + v  1 - 2v 
(3.12) 

(3.13) 

where E is Young's modulus, v Poisson's ratio, 6 a parameter which defines the influence of the anti- 
symmetric part of the strains, D the equivalent of Young's modulus for the couple stresses, p the equiv- 
alent of Poisson's ratio for the couple stresses and r/ similar to 6. Analog to the strains, the equation for 
the stresses can also be split up into a symmetric and anti-symmetric part to interpret them, 

(3.14) 

(3.15) 

It is evident that the constitutive equations for the symmetric part are equal to the classical isotropic 
elastic case. i.e. Hooke's law. The anti-symmetric part of the constitutive equations clearly relates the 
anti-symmetric parts of the strains to the stresses. 

The boundary r of the material is assumed to be divided into two disjoint parts rU and rt. On PU,  
the displacements are prescribed, while on ït the tractions are given. We also assume that a second 
partition of the boundary exists, consisting of the disjoint parts rv and Tm. On I?<p, the rotations are 
prescribed and on rm the moments are provided. The boundary conditions on r now read 

ejinj = t o i ,  on rt (3.16) 
p j i n j  = mei, on rm (3.17) 
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The Plane Strain Case 

Assuming now that the deformation in one direction, x3 say, is zero, that is, assuming that u3 = 
O, d/dx3 = O and = 9 2  = O, the three-dimensional model reduces to a two-dimensional model, 
which is the analogon of the classic plane strain case. The strain components can be written as 

For convenience, the index 3 in 'p will be omitted. The curvature components read 

and 

Finally, the equilibrium equitions can be written as 

= o, 

= o, 

doll aff21 

ax1 ax2 
aff12 a f f a 2  

ax1 ax2 

ax1 ax2 

-+- 
-+- 

dp23 + - + (0.12 - 021) = o. 

A graphical representation of the stress components and the couple stresses is given in Fig.3.4. 

ff22 

t 

Figure 3.4: Definition of kinematical quantities of a Cosserat medium 

We define the following quantities, 

(3.îûj 

(3.19) 

(3.20) 

(3.21) 

(3.22) 

(3.23) 

(3.24) 
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Using this, the constitutive equations (3.12) and (3.13), can be written in matrix form, 

l - u  
1 - 2u 

1 - 2u 
O 

O 

O 

O 

U 

u 
1 - 2v 
l - V  

1 - 2v 
O 

O 

O 

O 

O 

O 
1+6 

2 
i - 6  

2 
O 

O 

- 

~ 

O 

O 
1-6 

2 
it6 

2 
O 

O 

- 

- 

O 

O 

O 

O 
D P  
E -(l+ u) 

O 

O 

O 

O 

O 

O 
D P  
E -(i + v) 

? (3.25) 

where we define the constant P = (1 + q)/2(1+ p).  Note that in the stress and strain columns, both the 
translational as well as the rotational components are included, clearly to arrive at one stiffness matrix. 
Note also that by choosing the plane strain conditions, p31 is dependent on 1113 and subsequently, p32 is 
dependent on p 2 3 .  This can be recognized as the likewise dependency which, in the plane strain case, 
exists between g 3 3  on one hand, and ~ 1 1  and 0 2 2  on the other hand. 

3.2 Weak Form of the Equilibrium Equations 
The basis of the finite element method is formed by the weak formulation of the problem, that is obtained 
by multiplying the equilibrium equations with weighting functions and integrating over the domain R. 
In the sequel, we will neglect the volume forces and volume moments, which results in the following 
integral equation 

(3.26) 

where ui and $i are weighting functions. Integrating by parts yields 

(3.27) 

It is important to notice that the term between brackets in front of crji  can be identified with the definition 
of the strains, (3.5). The term in front of pji is analogous to the definition oi the curvatures, (3.6). Co, the 
definitions of the strain and curvature components follow in a natural way from the weak form of the 
equilibrium equations. 

For the two-dimensional plane strain case, we define a matrix with differential operators (see also 
Appendix C), 

- L =  

d 
8x1 

O 

O 

~ O 

d 
8x2 

O 

- 

O 

d 
8x1 
- 

-1 

d 
8x2 

O 

1 

- O 

O 

d 
8x1 
- 

O 

O 

d 
(3x2 
__ 

T 

(3.28) 

With this definition, it follows that = &g and 0 = sk), the latter representing the constitutive equa- 
tions. Using (3.24) and (3.28) accompanied with the definitions g = (ul u2 9b3)s a n d t  = (tl t 2  ~ n 3 ) ~ ,  we 
obtain the weak form in matrix notation 

J'(&g)Ts(&g) dR = J'gTLdï. 
R r 

(3.29) 
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In general, (3.29) is a non-linear relation for the displacement field g, so we have to use an iterative 
procedure to solve it. Using a standard Newton-Rhapson iteration procedure, we decompose g in u* + 
Sg, where g* is the displacement estimation and 6% the correction of this estimation. Linearising the 
constitutive equation, with respect to óg, 

(3.30) 
dS 
dg - 2 (Lu) = s (Lu*) + -L 62, 

yields the linearised weak, iterative formulation of the equilibrium equations 

(3.31) 

where o* represents the estimation of the stress, as a result of the estimation of the displacement field, 
acoording to o* = 3 (Lu*). 

3.3 Finite Element Discretization 

I L 

Figure 3.5: 4 Noded isoparametric element with three degrees of freedom at each node 

In this Section, we will formulate the discretized equilibrium equations for a four noded quadrilateral, 
isoparametric Cosserat element, with 3 degrees of freedom at each node, being two displacements and 
one rotation (Fig. 3.5). 

Now, when defining a new element, the element stiffness matrix and the right hand side must be 
formulated, following from the weak form of the equilibrium equations. The discretized form of (3.31) 
can be written as follows, when the total domain R is subdivided into e elements with area Re, 

(3.32) 

This equation will now be interpolated, making use of an isoparametric formulation and Galerkin's 
method, see e.g. Zienkiewicz (1977) and Baaijens (1994). 

The term isoparametric indicates tliat the same shape functions (interpolation functions) are used 
to define the element's geometric shape as are used to define the displacements within the element. 
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The element contributions are formulated using a natural coordinate system (5, v) that is defined by the 
element geometry and not by the element orientation in the global coordinate system. A relation (trans- 
formation mapping) exists between the natural coordinate system and the global coordinate system for 
each element of a specific structure. 

Following Logan (1992), we can write the natural (local) coordinates 

a=l 
n, d 

(3.33) 

(3.34) 
a=l 

In these equations, n,d is the number of nodes per element, Na is defined as the shape function for 
each node a, whereas (xu, ya)  are the node coordinates. Hence, we can establish expressions for the 
individual shape functions, 

(3.35) 

N3 = :(i + r)(l + v), N4 = :(i - [)(i + 17). 4 4 

Thus, this bilinear relation maps the ( E ,  7) coordinates of any point in the element to the global (2, Y )  
coordinates. For other element classes, shape functions can be found in Zienkiewicz (1977). 

The definition of an isoparametric element enables us to interpolate the displacements and rotation 
using the same shape functions Nu, 

g(E,rl) = EYE, 7 )  ue (3.36) 

where ge contains the nodal values of the degrees of freedom, and ET the matrix with the nodal values 
of the shape functions, 

(3.37) 
O O N 1 0  O N 2 0  O N 3 0  O N 4  "1 N i 0  O N 2 0  O N 3 0  O N 4 0  

- N T =  [ O  Ni O O N2 O O N3 O O N4 

Adopting Galerkin's method, which states that the interpolation functions used with the displacements 
and the weighting functions may be chosen equally, 

d E ,  v) = KT(& r l )  ge, (3.38) 

with g = (wl u2 +3)T a column of test functions, and ge a column containing the values of the test 
functions at the nodes. 

Writing E(%) = Ege (see Appendix C for the expression of the Bmatrix), we are able to rewrite (3.32) 
as 

e Re e re e J' dS 
(ge)T /(E)TzBdRe 6ge = x(ge)T i NLdre  - (ge)T ( B ) s ~ *  doe. (3.39) 

R' 
J -  

We now define the element stiffness matrix 

(3.40) 

Re 

The resulting matrix has the dimensions 12 x 12, which can be subdivided in 16 submatrices, K:j, with 
dimensions 3 x 3, 

K1, ... K14 

G, . . .  
(3.41) 
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The intended 3 x 3 submatrices Kti reads, 

The right hand side in matrix form can be written as 

(3.42) 

(3.43) 

The characteristic finite element equations to be solved, may now be formulated as 

To check these results, the element has been implemented in the programming environment Matlab and 
some tests have been performed. 

3.4 Element Validation 
The verification of the element is essential and will be shown here. The used constitutive equations are 
given by (3.25). 

Tensile test Shear test Dilatation test Bending test 

Figure 3.6: Test configurations: dotted lines=undeformed; solid lines=deformed 

The Cosserat element has been subjected to some test problems (Fig. 3.6): a tensile test, a shear test, 
a dilatation test and a bending test. These tests are compared with analytical solutions. The relevant 
deformation measures (stresses and strains) can be found in Table 3.1. We may conclude from these 
values, that the element is implemented correctly. 

Anticipating the strain softening behaviour resulting from our homogenization process described in 
the next Chapter and in Vosbeek (1994), we will define a function for the E-modulus of the macroscopic 
medium. This function is given in terms of a, yet to be determined, equivalent strain measure. In 
principle, the above described element does not suffer from mesh dependency (De Borst 1990), and can 
be used to simulate localization of deformation, or, more generally, strain softening behaviour. 

3.5 Strain Softening using Cosserat Mechanics 

In this Section, first we assume an E-modulus as a function of an equivalent strain measure. Next, we 
show results of some 'benchmark' problems and the effect of mesh-size. 
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TEST 
tensile 

shear 

dilatafion 

MATLAB ANALYTICAL 
cll 0.1 0.1 
~ 2 2  -0.0429 -0.0429 
011 0.1099 0.1099 
E12 0.2 0.2 
E21 0.2 0.2 
g12 0.154 0.154 
~ 2 1  0.154 0.154 
~ 1 1  0.1 0.1 

bending 

3.5.1 The Definition of the E-modulus 
The definition of the E-modulus as function of the equivalent strain, Fig.3.7, is given by 

022 0.192 0.192 
~ 1 3  -0.1 -0.1 
p13 -0.2 -0.2 

Here, Eo is the initial (elastic) modulus, EO is the strain at which softening occurs, C is the slope of the 
softening branch, €1 is the strain at which hardening occurs, and x is the slope of the hardening branch. 

3.5.2 Implementation of the E-modulus 
Again, the constitutive equations are given by (3.12) and (3.13). From dimension analysis, it follows that 
the ratio of D and E has the dimension [rn']. The obvious choice then is to relate E and D by introducing 
a length scale parameter l, 

D ( E e q )  = E ( E e q )  12. (3.46) 

Figure 3.7: The equivalent stress versus equivalent strain for the given definition of the E-modulus 
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The relation between the stresses and strains can then be written as 

6. - Cik Êk fori,k = l , . .  . , 6 ,  
2 -  l + v  

where Cij is the matrix 

' l - v  v 
1 - 2v 

I/ 
1 - 2v 
l - v  

1 - 2v 
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2 
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O 
e 2 q i  + 

(3.47) 

(3.48) 

and Ui and Ek according to the i-th and k-th component of the columns defined in (3.24), respectively. 
The derivatives of 6i with respect to Ek are needed to formulate the element stiffness matrix, 

(3.49) 

To calculate 6keq/d&jr we need a definition of the equivalent strain. De Borst (1990) proposed E , ~  = 
in which J ,  for a micro-polar continuum, is given by 

(3.50) 

where the superscript d represents the deviatoric part of a tensor. For the two-dimensional plane strain 
case, we then have 

(3.51) 

The derivatives of 
shown. 

with respect to ~j are given in Appendix C. In the next Section, some results are 

3.6 Strain Softening Results 
Some benchmark problems will be shown in this Section, to prove the capability of the element to de- 
scribe strain softening, and to show the mesh-size dependency. First a tensile test will be executed, 
Fig.3.8(a). The displacements will be prescribed, and at the upper left corner, an imperfection in the 
cross-section will be used to initiate a stress concentration. This will resuit in a localization zone. After 
that, a shear test is simulated, Fig.3.8(b). Here, a displacement will be prescribed at the upper right 
comer of the specimen. An imperfection is not needed to trigger localization. 

3.6.1 Tensile Test 
The first benchmark problem is an tensile test. A geometric imperfection, with a value of 1% of the 
original cross-section, is used to trigger localization at the upper left corner of the test specimen. Sym- 
metry is assumed, so the boundary conditions depicted in Fig.3.8(a) may be applied. At the edges of 
symmetry, in addition, the rotations will be suppressed, also in view of symmetry. In Fig.3.9, some 
deformation stages are shown as well as the resulting force-displacement curve. This shows the capa- 
bility of the element to describe strain softening. The used material parameters are: Eo = 100 [MI%], 
~ = 0 . 3 , ~ = 0 . 0 2 , ~ = 0 . 0 4 , ~ ~ = 0 . 0 0 5 , ~ ~  = 0 . 0 3 , 6 = 0 . 8 , P = 0 . 5 , a n d l = O . l [ ~ ~ ] .  
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(a) 
Figure 3.8: The test configurations: (a) tensile test and (b) shear test 
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Figure 3.9: Deformation stages of the tensile specimen and the resulting load-displacement curve 

3.6.2 Shear Test 
The next problem is an infinitely long shear layer. The bottom of the shear layer is b e d  (ui = u2 = O) 
and the upper boundary is subjected to a horizontal displacement U ,  Fig.3.8(b). The condition ip = O has 
been enforced at the upper and lower boundaries. Conventional continua show snap-back behaviour 
upon mesh refinement and a localization zone which is dependent of the element size (De Borst 1990). 
Using a Cosserat element, an imperfection is not necessary to trigger localization, since the boundary 
conditions result in a non-homogeneous strain distribution. Fig.3.10 shows some deformation stages 
of three different discretizations of the problem, i.e., a finite element mesh of 20, 40 and 80 elements, 
respectively. In Fig.3.11, the resulting load displacement curves are depicted. From these results, it is 
obvious that the solution is mesh-independent, as was expected. 

It should be noticed that the initiation of the localization is influenced by the choice of the material 
parameters. For some specific values, localization did not occw at all. A reason for this may be that 
the number of degrees of freedom of the material is not quite enough in these situations. In the next 
Chapter, we will determine the parameters of the E-modulus by a homogenization procedure. The 
obtained constitutive equations will be used on some finite element calculations. 
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Figure 3.1 O: Deformation stages of the shear test for the different finite element meshes of 20, 40 and 80 elements 
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Figure 3.1 1: The load-displacement curve for the different meshes. 20 elements (solid), 40 elements (dotted) and 
80 element (dashed) 



4 Homogenization towards Cosserat Media 

In the introductory Chapter, it was argued that the model material is not statistically homogeneous since 
this material exhibits localization of deformation. Hence, homogenization methods must be used which 
result in non-local models. In Chapter 2, homogenization theory was discussed. A non-local constitutive 
equation was derived using derivatives of the macroscopic strain as additional quantities. The physical 
interpretation of these quantities is not clear. Cosserat theory provides additional quantities in terms 
of rotational degrees of freedom. In the preceding Chapter, this theory was elucidated. As was seen in 
the Introduction, the first step of the homogenization process is the definition of the relation between 
the macroscopic and microscopic state variables. Since the macroscopic deformation variables will be 
prescribed on the boundary on the RVE using these definitions, the relation between the macroscopic 
deformation and constitutive quantities can be obtained. 

In this Chapter, we first derive microscopic boundary conditions which may be applied to a rep- 
resentative volume element. The boundary conditions will be formulated in terms of displacements, 
which are parameterized by the macroscopic deformation quantities. These quantities are identified by 
the Cosserat theory. Next, we apply these boundary conditions to get the averaged microscopic consti- 
tutive quantities. The obtained curves of these quantities then will be fitted onto the chosen function 
of the E-modulus, given in the preceding Chapter. Some finite element calculations will be performed 
using these parameters. 

4.1 Displacement Field I 
Let x be the position of a material point of the macroscopic continuum, and let y be the position of 
a material point in the RVE associated with the material point x. In the sequel, the symbols with an 
overstrike character represent the macroscopic quantities, and the symbols without these overstrike 
characters are the microscopic quantities. Let us now split up the microscopic displacement field into a 
rigid body motion and a part representing the actual deformation, 

u(x,y) = 210 + (p x y +v(x,y), v(z,O) = o, (4.1) 

where the first two terms represent the rigid macroscopic motion (rigid translation and rigid rotation) 
and the last term symbolises the (true) deformation which ultimatively causes stresses and strains in the 
material. 

This form of u can be written out in two dimensions 

Now, some relations between the microscopic and macroscopic deformation quantities have to be de- 
fined. 

4.1.1 
Since the first step of the homogenization process is defining the relation between the macroscopic and 
microscopic quantities, we define the macroscopic gradient of the displacement field as the average of 
the gradient of the microscopic displacement field, 

The Relation between Microscopic and Macroscopic Quantities 

”=(%) axj (4.3) 

With (3.5) and (4.2), we then have 
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Thus, we have established a relation between the microscopic deformation field z> and the macroscopic 
deformation quantities E .  Continuing this strategy, we now have to define relations between the macro- 
scopic curvatures ic. and the microscopic quantities. For this purpose, we define the local rotation tensor 
to be the anti-symmetric part of the gradient of the displacement field, 

For example, the (2,l)-component of this tensor is equal to 

Note that wal, which in fact is the total rotation of the material point at position y around the origin, 
now is split up into a rigid rotation, 'p3, and a rotation w& caused by the true deformation o. Since (p3 is 
constant, we define the microscopic curvatures as the gradients of rotation component w21, 

Finally, we may define the micro-macro relations of the curvatures 

au2 1 
E13 = (613) = (2) and E23 = (623) = (x) . (4.8) 

Next, these definitions can be used to obtain the constitutive equations by applying boundary condi- 
tions, in terms of the macroscopic deformation quantities, to the RVE. 

4.1.2 The Displacement Field 
To obtain an expression for w, we follow the same strategy as in Chapter 2. We expand o into a Taylor 
series around the origin of the RVE, y = O ,  disregarding terms of order O( lly113), and keeping 17: constant, 

where, according to (4.1), we have VO~(Z) = O. Taking the first and second order gradients of this 
expression, and averaging these expressions over the RVE volume V ,  yields 

(4.10) 

(4.11) 

where Ad!') is a geometry parameter, as discussed in Chapter 2. Taking a square RVE, i.e. y1, y2 E [-a, a], 

thus Mi1) = O, results with (4.4) in the equality aij = Ëji. Using (4.8), we have 

Finally, we have obtained the formulation of the displacement field in terms of macroscopic deformation 
quantities, 
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To validate this displacement field, we define the macroscopic potential energy G = G(Cj i ,  kj i)  as 
the volume average of its microscopic equivalent Q = @ ( ( ~ j i ) ,  

Then, the macroscopic stress and the macroscopic couple stress are, by definition, 

(4.16) 

(4.17) 

(4.18) 

When ~ j i  is the local strain according to the displacement field of (4.14) and (4.15), then d & j i / d Ë k l  = I .  
Because the local stress o j i  is symmetric, the macroscopic stress will also be symmetric, which is in con- 
flict with Cosserat theory. Hence, the boundary conditions, (4.14) and (4.15) are not in concurrence with 
the imposed requirements. In the next Section, we will derive a displacement field, which is consis- 
tent with the definitions concerning the relation between macroscopic and microscopic variables. The 
difference in approach lies in the splitting up of the variables in symmetric and skew-symmetric parts. 

4.2 Displacement Field I1 
As mentioned already the macroscopic variables will be split up into a symmetric and anti-symmetric 
part. This was also done in the previous Chapter, and from that it was seen that the symmetric part of 
the strain is the classical linear strain tensor (3.7). Regarding the stresses, it was clear that for isotropic 
elastic material behaviour, the symmetric part of the stress tensor is related to symmetric part of the 
strain tensor via Hooke’s law (3.14). First, the definitions between the macroscopic and microscopic 
quantities are given. Then, the displacement field is derived using a potential energy approach. 

4.2.1 
Again, definitions must be given from which the relation between the macroscopic stresses and strains 
can be obtained. These definitions are 

The Relation between Microscopic and Macroscopic Quantities 

(4.19) 
Ir.--J’uidy, 1 

R 
“ V  

1 1 
5 ( E j i  f E i j )  = - J’ V dy, 

R 

1 1 
~ ( @ j i  + O i j )  = - V 1 c ~ j i  dy, 

R 

(4.20) 

(4.21) 

(4.22) 

(4.23) 

p . . - -  j a  - 1 p . . d  3% Y, with I* j i  = f i l k y l n j k .  (4.24) 
R 

To arrive at a displacement field, we will start with the definitions of the macroscopic stresses and 
couple-stresses using the potential energy. Note that the boundary conditions will be a result of the 
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definitions given above. At this moment, we do not have any definitions regarding the skew-symmetric 
parts of the stress and strain tensors. 

4.2.2 Potential Energy Approach 
The definition of the macroscopic potential energy (4.16) allows us to relate the macroscopic stress and 
c o q k  stresses to the microscopic stresses and 'couple stresses'. These relations then can be used to 
obtain relations between the macroscopic and îïiicïosc@r deformation quantities. This can be achieved 
by writing out the equations for the stresses and couple stresses, which hold for all stress vaiues. Triese 
obtained partial differential equations then can be solved for the microscopic strains. These strains 
subsequently will be used to arrive at the displacement fields. 

As a starting point, we use expression (4.17) for the macroscopic stress. Then, with (4.23), we have 

(4.25) 

Note that both ~ . r j i  and ~ j i  are symmetric. For the couple stresses, we use (4.18) with the definition (4.24), 

(4.26) 

Note that these equations hold for all values of the stresses oji. We will write out these equations for 
the two-dimensional case, taking the sum over repeated indices. The three equations for the stresses for 
( j ,  i)= (1,1), (1,2) and (2,2), and the two equations for ( j ,  i) = (1,3) and (2,3) for the couple stresses are 
given by, respectively, 

dy = O, +o22 - 
dell 

(4.27) 

+oz2 (5 dE22 - l)! dy = o, (4.29) 

(4.30) 

(4.31) 

Because these five equations hold for all stresses, the coefficients of ~ 1 1 ,  a12 and 022 have to vanish. This 
results in 

Integrating (4.32) with respect to y1 and (4.33) with respect to y2, yields 

(4.35) 
(4.36) 
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When we calculate ~ 1 2  of these displacements and equal this result with (4.34), we have 

-E13yl + g'(Y2) f E23y2 f f ' ( Y 1 )  = E12 + c21 + El391 - E23y2, (4.37) 

where ' represents differentiation with respect to its argument. Rearranging this equation with y1-terms 
to the left-hand side of the equal sign, and y2-terms to the right-hand side, and noting that the left-hand 
side can only be equal to the same constant, a say, and integrating, we have, 

1 
f(Yd = 2102 + cry1 + -(El2 2 + E21)y1 + &$J;, (4.38) 

(4.39) 
1 

g(Y2) zz u01 - ay2 + 5 (El2 f E21)y2 - E23&, 

where u01 and u02 are integration constants. Finally, substituting these results in (4.35) and (4.36), we 
obtain the expressions for the boundary conditions, which are consistent with the definitions of the 
symmetric part of the stress tensor and the strain tensor, 

(4.40) 

(4.41) 

Note that O can be explained as a rigid rotation, and u01 and u02 as rigid displacements. Note also, 
that these boundary conditions are quite simular to those given in the preceding Section. In the next 
Section, the parameters in the proposed constitutive equations will be fitted using the derived boundary 
conditions. 

1 
2 
1 

u1 = u01 - a y 2  + E11Y1 + -(E12 + S21)Y2 -K13?Jly2 - E23212, 

u2 = u02 + OYl + E22Y2 + -(E12 2 + E2i)Yl+~13y~+r;23Yly2.  

4.3 Determining the Macroscopic Constitutive Equations 
A study was carried out regarding the isotropy of the RVE. A tensile test and a shear test were applied 
to the RVE. From both tests, the shear modulus was calculated, using the appropriate plane strain equa- 
tions for isotropic elastic material behaviour. The deviation between both results for the shear modulus 
was well within 1%, so the RVE can be modelled as isotropic, which justifies choosing the constitutive 
equations given in the preceding Chapter. By defining Young's modulus as a non-linear function of 
an equivalent strain measure, strain softening behaviour can be incorporated. The parameters used in 
these equations now have to be fitted onto finite element calculations on the RVE, which is depicted in 
Pig.L3(a). AFpIying the boundary conditions derived in the preceding Section on the RVE, will result in 
stresses and moments in the RVE, which will be averaged over the RVE. The evolutions of the averaged 
values which, by definition, correspond to the macroscopic quantities, are used to fit the macroscopic 
parameters. Note that the parameter 6 can not be fitted, since the anti-symmetric part is not included in 
the formulation. 

The matrix material is modelled using the compressible Leonov model with polycarbonate parame- 
ters, as was mentioned in the Introduction, whereas the 'hole' is assumed isotropic elastic with a modu- 
lus of E = 1 and v = 0.03. 

Two tests have to be performed on the RVE to fit the parameters. The first is a true tensile test and 
the second is a bending test. 

Tensile Test 

This test is applied to the RVE for fitting Poission's ratio and Young's modulus. The boundary conditions 
result in 5 2 2  = O. Using this in the constitutive equations, an expression for Poisson's ratio will be 
obtained. Substitution of this equation into the constitutive equations will result in an expression for 
Young's modulus. 

The tensile test is applied to the RVE by prescribing uniform displacements on yi = Ata. The applied 
(constant) strain rate is i = 10F2s-l. Because of symmetry, only one quarter of the RVE has to be 
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modelled (Fig.l.3). The tractions t on y2 = a vanish. The boundary conditions now read 

u1 (a, ~ 2 )  = a, on yl = U ,  

ta(y1,a) = o  ony2 = U. 

(4.42) 
(4.43) 

The deformed RVE is depicted in Fig.1.3@). The averaged stresses ail and 8 2 2  can be determined from 
the reaction forces on the boundaries. The averaged strains and ~ 2 2  can be determined from the 
displacements on the boundaries. Since the E-modulus is a function oi the equivaieïit s t ï z h  iïi the 
macroscopic model defined by (3.45), the averaged equivalent strain also has to be calculated from the 
values of the averaged strains, according to (3.51). 

In Fig.4.1, the averaged strains and stresses are depicted as functions of the equivalent strain. 

/ 

Figure 4.1 : The averaged normal strain(a), transversal strain(b) and stresses in [MPa](c) during deformation 

From FigA.l(c), the typical strain softening behaviour of 811 can be noticed, whereas it can be seen 
that a22= O is confirmed. Then, the constitutive equation (3.47) for 5 2 2  = O yields the following expression 
for Poisson's ratio, 

- E22 (4.44) 
,y=- 

Fl1 - a 2  

This relation can be used to determine i as a function of Eeq and is depicted in the solid line in Fig.4.2(a). 
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Figure 4.2: The calculated (solid lines) and the fitted (dashed lines) values of (a) Poission's ratio and (b) Young's 
modulus as functions of the  equivalent strain 
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When substituting (4.44) into (3.47) for Oil, we obtain a relation for the E-modulus, 

(4.45) 

This relation can be used to determine Ë as a function of the equivalent strain and is depicted in 
Fig.4.2@). The fitted (dashed) lines are also shown for I/ and E .  

h udditi~n~ it can be observed that the variation of i is small ( a value between 0.288 and 0.26), so the 
influence of this variation seems quite negligible. The dashed line in Fig.4.2(a) shows that 9 is iitted as a 
constant value. The reason for this is that in the proposed constitutive equations, li is also constant. This 
justifies the choice of a constant value for i = 0.2814, which is obtained from a least squares algorithm. 
The averaged function of the E-modulus is fitted, as illustrated in Fig.4.2(b). The fitted function is given 
by (3.45) with unknown values for Eo, < and EO.  These values are also obtained from a least squares 
fitting procedure, which resulted in the values: Eo = 1393.57 [MPn], < = 0.0464 and EO = 0.0409. 

Bending Test 

The purpose of the bending test is to determine the parameter p .  The curvature E13 will be used to 
prescribe the displacements on the boundaries y1 = f a .  For the same purpose, E23 could be prescribed, 
since the RVE is assumed isotropic. In addition, the tractions on yz = f a  vanish. 

Figure 4.3: (a) The undeformed and (b) the deformed mesh of the bending test on the RVE 

The boundary conditions now read 

(4.46) 

(4.47) 
(4.48) 

I 

The undeformed mesh and the deformed mesh of the RVE are depicted in Fig.4.3(a) and (b), respectively. 
Note that the used mesh is more coarse than the one depicted in Fig.l.3. The reason for this is minimizing 
the CPU-time, while still obtaining accurate results. A comparison study, where some displacement 
fields were applied on the RVE, revealed that the results from the two different meshes differ at most 
10%. 

The calculations showed that cll equals zero. The transversal strain does not vanish (Fig.4.4(a)). 
More specifically, this value of E22 and of Cll (Fig.4.4@)), which should vanish as well since ideally, 811 
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is linear in y2, are an indication of the error made by the application of the proposed constitutive model. 
From this model, it is expected that, when both CZ2 and vanish, E22 should vanish too (3.47). The 
typical strain softening behaviour can be recognized in Fig.4.4(c). 

- O i  t \I I 

Figure 4.4: The averaged transversal strain (a), normal stress in [MPa] (b) and couple stress in [MPa.m] (c) during 
deformation 
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Figure 4.5: (a) The relation between the moauius (dashed line) and the bendincj modu!us (sokd line) and (b) the 
calculated bending modulus (solid line) with the fitted curve of the bending modulus (dashed line) 

Observing the resemblance between Fig.4.5(c) and Fig.4.2(c), and more specifically, between the two 
curves of Fig.4.5(a), we may fit P using the equation for the E-modulus. From (3.47), it holds that 

where we define D as the bending modulus. Thus, the relations between the stresses and strains on one 
hand, and the couple stresses and curvatures on the other hand, are identical, except for a constant t2P, 
where i? equals the size of the RVE (=i). This is illustrated in Fig.4.5(a), where both the bending modulus 
from the bending test and the E-modulus from the tensile test are depicted. Note that these curves are 
the results of the finite element calculations on the RVE. The resemblance between the two curves is 
evident. Thus, we may fit D with the same function as the one we used for Ë. The fitted result is given 
in Fig.4.5@). The fitted curve is obtained by using the given relation of the E-modulus, with the values 
for [ and EO from the fitting results of the tensile test. However, instead of using Eo, we fitted P (4.49). 
Again, using a least squares algorithm, we obtain the value for this constant: 0.9334. In the next Section 
we substitute these values into the existing finite element program. For clearance, we give an overview 
of the fitted results in Table 4.1. 
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[-I I P [-I 
0.2814 I 0.9334 

E = Eo [(1+ p- - c] 
Eeq 

Eo IMpal I C [-I I EO [-I 
1393.57 I 0.0464 I 0.0409 

Table 4.1 : Results of the fitting procedure 

4.4 Appbicatisns 
In this Section, we will discuss three applications, a tensile test, a shear test, both similar to the tests of 
the previous Chapter, and a tensile test on a nodged specimen. In these simulations, the parameters used 
in the constitutive equations are the values obtained from the fitting procedures, i.e. the homogenized 
values (Table 4.1). The chosen value for .U in all simulations equals 0.8. 

4.4.1 Tensile Test 
First, a tensile test is carried out on a specimen with dimensions 20a x 2a, with a the size of the RVE. 
The specimen and the boundary conditions have already been shown in Fig.3.8(a). Results from this 
test for two different finite element discretizations are shown in Fig.4.6. It appears that the solution is 
mesh-independent. 
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Figure 4.6: Two deformation stages for the meshes of 80 and 160 elements and the resulting load-displacement - 
curves (solid: 80 elements; dotted: 160 elements) 

To illustrate the effect of strain hardening, we will artificially set the hardening parameter, x = +(' 
and = 0.25. Note that these values do not result from the fitting procedure. The deformation stages 
are depicted in Fig.4.7, and to illustrate the typical hardening behaviour, the equivalent stress versus 
equivalent strain is also shown. 

4.4.2 Shear Test 
As a second application, a shear test, similar to the one in the preceding Chapter, will be described. The 
dimensions of the specimen are a x  40a, where a represents the size of the RVE. The boundary conditions 
are analog to the test in the preceding Chapter. 

Here also, the fitted parameters are used in the constitutive model, which results in the deformation 
stages and a load-displacement curve depicted in Fig.4.8 and Fig.4.9, respectively. A localization zone 
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Figure 4.7: Deformation stages of the macroscopic tensile specimen with hardening and the equivalent stress ver- 
sus equivalent strain 

emerges in the centre of the specimen, caused by the non-homogeneous strain distribution over the test 
specimen. It appears that this localization zone is mesh-independent. 

4.4.3 

As a final application, we will show a tensile test on a single-edged nodged strip. The specimen and the 
boundary conditions are shown in Fig.4.10. The resulting force-displacement curves for two different 
discretizations are shown in FigA.11. Two deformation stages of the different meshes are illustrated in 
Fig.4.12. 

It is necessary to validate these results with results obtained from macroscopic simulations and ex- 
isting homogenization methods. Only then, it will be possible to draw conclusions about the correctness 
of the obtained results. 

Tensile Test on a Nodged Specimen 
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Figure 4.8: Deformation stages of the shear test for the different finite element meshes of 20, 40 and 80 elements 

307 

O V  I I I I I 

1 O 0.5 
U 

Figure 4.9: The load-displacement curve for the different meshes: 20 elements (solid), 40 elements (dotted) and 80 
element (dashed) 
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Figure 4.10: The single edge nodged specimen loaded in tensile 
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Figure 4.1 1: The resulting load-displacement curves for the coarse (solid) and the fine (dotted) mesh 
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Figure 4.12: Deformation stages of the tensile test on a nodged specimen for two finite element meshes 



5 Discussion 
The objective of this report was to devise constitutive equations for heterogeneous polymers based on 
rnicromechanics using homogenization procedures. For this purpose, a polycarbonate plate with holes 
was taken as a model material. The mechanical behaviour of the polycarbonate was modelled using a 
compressible Leonov model. Since this material exhibits localization of deformation, standard homog- 
enization methods which relate averages of the stress to averages of the stram over a representative 
part of the material (RVE), cannot be applied to derive a macroscopic constitutive equation. Instead, the 
material description has to be supplemented with additional information. 

In Chapter 2, the homogenization process was discussed. The additional degrees of freedom dis- 
cussed in this Chapter were partial derivatives of the macroscopic strain field. These were defined 
as averages of partial derivatives of the microscopic strain field. To obtain the relation between these 
macroscopic deformation quantities and the macroscopic stresses, which were defined as averages of 
the microscopic stresses, the former had to be applied to the RVE by means of appropriate boundary 
conditions. The influence of the size of the RVE and its position in the macroscopic material on these 
boundary conditions was illustrated with some examples. 

To arrive at a closed form constitutive equation, the macroscopic stress was assumed to be a function 
of the macroscopic strain and the Laplacian of the macroscopic strain only. This function was obtained 
by expanding the stress into a Taylor series of which the parameters have to be determined. To this end, 
a large number of simulations should have to be carried out. Since this will result in large CPU-times, 
a more heuristical approach in the formulation of the constitutive equations is desired. It appeared that 
Cosserat theory provides the desired additional quantities being rotational degrees of freedom. 

In Chapter 3 Cosserat theory was described. The deformation and constitutive variables appeared to 
be nÓt symmetric. It was shown that the symmetric part of the Cosserat strain tensor was identical to the 
classical linear strain tensor. The finite element formulation of the Cosserat theory was devised assum- 
ing the two-dimensional plane strain case. As an example of strain softening behaviour, the constitutive 
equations were formulated as a non-linear function of the deformation. This was achieved by defining 
the elasticity modulus as a function of an equivalent strain. The simulations with this model showed 
that the element was capable of describing strain softening behaviour in a proper way. However, this 
capability strongly depended on the choice of the material parameters. It might be worthwile expanding 
the formulation to three dimensions. This will add more degrees of freedom of the macroscopic model 
and therefore its capability of describing strain softening behaviour might improve. 

The homogenization of the model material was discussed in Chapter 4. Here, definitions were made 
relating the macroscopic Cosserat and microscopic deformation variables on one hand, and the micro- 
scopic m d  ma.croscopic constitutive quantities on the other hand. The definitions of the symmetrical 
parts of the stress and strain tensor were given. In addition, the definitions of the curvatures and couple 
stresses were shown. These relations between the microscopic and macroscopic quantities have an in- 
fluence on the result of the homogenization process, that is, on the macroscopic constitutive equations. 
In order to obtain the macroscopic constitutive equations, consistent boundary conditions in terms of 
the macroscopic deformation quantities, are applied to the RVE by means of a derived displacement 
field. These boundary conditions resulted in a non-periodic deformation of the RVE. 

The parameters used in the macroscopic constitutive equations were fitted onto finite element cal- 
culations by applying two different displacement fields to the RVE. The parameter defining the skew- 
symmetric part could not be determined by the lack of definitions of this part. The averaging of the 
microscopic quantities in the bending test revealed that some variables did not vanish, which was in 
conflict with the prescribed boundary conditions. This can be seen as an indication of the error of the 
chosen macroscopic constitutive model. 

Since the RVE was loaded to a strain at which no hardening occured, strain hardening behaviour of 
the macroscopic model was excluded. However, this can be included by applying a sufficient load to 
the RVE. It was shown by including artificial strain hardening, which was not the result of the fitting 
procedure, that the localization of deformation and the consequent neck propagation was described 
properly. To arrive at more realistic results, the macroscopic formulation has to be extended to large de- 
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formations. In addition, an elasto-plastic formulation has to be included. Since the microscopic Leonov 
model is history dependent, the macroscopic model should also be able of capturing this characteristic 
behaviour. The possibility of expanding the description to so-called micro-morphic models should also 
be mentioned. This can be explained as an extension of the Cosserat theory. 

The results of the applications should be validated with macroscopic simulations or with results 
from other homogenization techniques. As a h a l  recommendation, the influence of the RVE, like hole 
radius, hole stacking and hole size, on the macroscopic behaviour should be studied. 
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A Component Form of the Displacement Field 

The displacement field (2.27) can be written out as follows: 

aË22 ax2 2, 

1 d Ë 2 1  2 d Ë 2 1  d E 2 2  
u 2  = u 0 1  + Ë 2 l Y l  + Ë22Y2 + - -y1 + -YiY2 + -yiy2 + -Y2 

2 ( ax1 8 x 2  8x1 



B Resulting Microscopic Displacement Fields 

For clearness, some equations will be repeated here. The used linear strain measure is defined as 

The first derivative, which we also need to formulate the displacement field, can be 'visualised' as a 
three-dimensional matrix, or a third-order tensor: d Ë ; j / d x k .  This matrix consists of two different 'lay- 
ers', viz. 

Next, we need second order derivatives of the strain, d 2 Ë ; j / a x k d x z .  This is a four dimensional matrix, 
or, a fourth order tensor: 

1. Linear Field: 

The linear form of Fig. B.l is plane shear deformation, according to 

u ( x )  = [ "0") 
In this Figure, the position of the RVE in the macroscopic medium, is x = O .  According to the above 

Macroscopic 

.I5 -1 4 5  O 0.5 1 

Microscopic, a=l Microscopic, a=05 

i " "  " ' 

Figure B.l: Linear macroscopic displacement field 

Microscopic, a=o.1 

o 15- 

Q!8,s .o:, -085 o 0.0; o ,  

description: 
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Clearly, a macroscopic linear displacement field results in a microscopic linear displacement field, ex- 
cluding influences of the chosen position of the RVE (because in the expression for u, no macroscopic 
coordinates are present). Next, a cubic field will he applied on the macroscopic m.eriium- 

2. Cubic field: 
A cubic displacement field can be formulated as follows: 

Following the same line as above: 

&jb: + x; + X l Y l  + X2YZ)Y2 + & ($y2 + y; - uy.2 + 2y2)) 

&(x? + x; + X l Y l  + X2Y2)Yl  + & (Illy; + y; - a2(.1 + %I)) -+ U(Z,Y) = 

This expression is depicted in the Figs. B.2 and B.3. Fig. B.2 shows the dependency of the microscopic 

Microscopic, a=l Microscopic, ad.5 Microscopic, a=O 1 

Figure B.2: Cubic displacement field, with RVE at 2 = o ( O )  

scale parameter a. Hence, a decreasing RVE-size yields a gradually decreasing influence. This conclu- 
sion only is valid if the products (u x d Ë i j / d l c k )  and (a2 x d 2 Ë i j / d l c k a x l )  are small enough. 

The macroscopic position dependency of the RVE on the microscopic displacements can be seen 
when comparing Fig. B.2 with Fig. B.3. Indeed, different microscopic fields follow from different posi- 
tions in the continuum. 
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Macroscopic Microscopic, a=l 

.I 4.5 o 0.5 1 

4 
Micmicopic, a=0.1 Microscopic, a=05 

1, , 0.2, . . , . , . . 

Figure B.3: Cubic displacement field, with RVE at 2 = (a ,  a )  ( 0 )  

Displacement field near a crack tip 

In contrast to the preceding Section, we now turn our attention to a practical problem, viz. a crack tip. 
For this crack tip, an analytical displacement field is known and will be used here. This displacement 
field is derived under the assumption of linear elasticity. For further analytical treatment, we refer 
to Gdoutos (1993). We will look at both Mode I (i.e. tensile) as well as Mode II (i.e. shear) loadings. 

Mode I loading 

Here, we will turn our attention to the mode I loading case, i.e. a tensile test is executed on a specimen 
with an initial crack located at the edge. The analytical equations for that particular displacement field 
are given by: 

.ul(.,9) = - - cos - (K -cos9 )  
21.1 2 

In these equations, the appropriate fracture mechanics parameters are being used, i.e.: 

- K:  fracture toughness; 

- T :  distance from the crack tip; 

- 9: angle with the horizontal; 

3 - 4v, for plane strain with v Poisson's ratio; 
(3 - .)/(i + v), for plane stress; 

- 

with E Young's modulus. 
E 

- p =  
2(1+ v) 

This displacement field is shown graphically in the left-hand picture of Fig. B.4. Typical microscopic 
responses can also be found in this Figure, with the location of the RVE in the macroscopic specimen 
represented by o. From this Figure, again, it can be seen that the microscopic fields are functions of the 
size of the RVE (a-size). In Fig. B.5, the RVE position is (XI ,  1c2) = (a/32, O). Comparing this Figure with 
Fig. B.4, we can, again, conclude that a smaller RVE-size reduces the influence of the strain gradients. 
More meticulously, reducing the products ( a  xfirst strain derivative) and (a2 xsecond strain derivative), re- 
sults in a smaller impact of these terms on the deformation behaviour of the RVE. These analyses can 
also be performed for mode Ií loading. 
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Figure B.4: Mode I loading, with the RVE at IC = (a /5 ,  O )  (o) 

Microscopic, a=0.1 Microscopic, a4.05 Macroscopic 

1.5 

I 0 5  O 0 5  1 
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15 

Figure 8.5: Mode I loading, with the RVE at IC = (a /32 ,  O )  (o) 

Mode II loading 

The mode 11 loading case is a shear loading on a test specimen with an initial crack located at the edge, 
which can be observed in the left-hand picture of Fig. B.6. The equations for the displacement field are 
given by 

In this loading case we too approach the cracktip by reducing T,  resulting in larger strain gradients, as 
was the case in the mode I loading, see Fig. B.7. 
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Figure B.6: Mode II loading, with the RVE at 2 = (a /5 ,  O) (o) 
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Figure B.7: Mode II loading, with the RVE at z = (a /8 ,  O) (o) 



C The Global Strain-Displacement Matrix 
The relation between the displacements and the strains can be put in matrix notation 

- E = & % .  

Looking at equation (3.5), we can write the following 

d o  o 
8x1 

0 -  
3x2 
d 

0 -  
8x1 

-1 

L o  1 
8x2 

d o 0 -  
8x1 

d o 0 -  
8x2 

Using the discretizations of (3.36), we now obtain the following, 

- E(%) = BEe 

With the aid of the Jacobian matrix, we can transform this matrix in terms of local quantities, that is, 
quantities in terms of <, v. The Jacobian matrix in interpolated notation is 

Here, the index a represents the nodenumber, the index i the integration point number of the element, 
and n,d is the number of nodes of one element. 

When we calculate the matrix 

N -  - ,E - 
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we are able to calculate the following matrix, with the aid of the inverse of the Jacobian matrix, 

With these components, we can 'assemble' the matrix, 

- B =  

O 

O 

O 

o . . .  o 

The Derivatives of the Shape Functions 
The derivatives of the shape functions, necessary to calculate the -matrix,  are given by 

8 N 1  1 d N 2  1 alv, 1 8 N 4  1 
- = -4(1+ d ,  

- = -1(1 - E ) .  
at 

877 

- = z(r, - 11, 

= ,(E - 1)' 

= z(1 - 771, al = z(1 + T I '  at 
8 N 4  1 8 N 1  1 Ó'N2 1 8 N 3  1 

- = -(i + E 1 7  

877 4 
- = -4(1 +o ,  
87 

The Derivatives of the Equivalent Strain 
The derivatives of the equivalent strain, necessary to calculate the element stiffness matrix, are given by 

8 E e q  - 3 E i 2  + E 2 1  - 
7 

~ d E e q  - 2 ~ 2 2  - & i 1  - 
7 

~ 

d e 1 1  &eq de22 &eq d E l 2  4 ~ e p  ' 
8 E e q  - 2 ~ 1 1  - ~ 2 2  - - 
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