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SU~rnARY

This report deals with a distributed linear model of the

aorta. It is a mathematical description of pressure-flow-relation

ship"in the vessel, represented in the frequency domain.

Some criteria are given for limiting the frequency range of the

model.

The model has been used to estimate the parameters of a

tubelike aorta, that are of physiological importance. The adjust

ments have been performed using hill-climbing techniques, viz.:

Gauss-Newton and Marquardt, in the frequency domain. It is shown

that the parameters, within a physiologically important region,

may be estimated well with Gauss-Newton; beyond this region the

method of Marquardt is a necessary and powerful tool.

Some suggestions for further work are given.
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1. INTRODUCTION

There have been made several attempts to develop models
for vessels, subsystems of the bloodcirculation and the entire
cardiovascular system.
In medical science they may be used as models for the patient;
for education purposes, to predict operative effects etc.
Among measurement and control engineers, however, modelbuilding
is a well known technique to estimate unmeasurable parameters
from measurable signals.
So modelling of the bloodcirculation may also be used to find
physiological relevant, in vivo unmeasurable, parameters from
measurable signals as pressure and flow.

Mostly the models of (parts of) the bloodcirculation are
based on linear differential equations, describing pressure and
flow relations in the system. Moreover they are in general rather
fine or coarse lumped e.g. one vessel is represented by many
sections or one section is the representation of several vessels,
parallel or in series.

In the case of one vessel, lumping means, that pressure and
flow are considered to be constant over a certain length along
the vessel. So, this is an approximation of the partial differen
tial equations describing that vessel.

This report deals with a mathematical model for the main vessel
in our body, the aorta. It is distributed in the parameters and
essentially linear, therefor a description in the frequency domain
is possible.
The advantage of this model over a lumped linear one is, that it
is an exact representation of the already simplified description
of the pressure-flow relations in the vessel, while the lumped
model is an approximation of that description. Moreover this
model needs no hybrid computer but only a digital one.
After some refinements this model may be used to estimate the
physiological important parameters of the aorta from pressure
and flow curves of a patient.
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For the present, the aorta is considered as a straight tube

with constant diameter and wall thickness, and we assume the

aorta has no branches. Because it is difficult to obtain good

patientsignals at our university and moreover because it is

impossible to find such an idealized aorta, the model will be

tested on a mechanical analogue of the aorta, namely a

cylindrical rubber tube, length 40 ern, driven by a mechanical

pump. Using the pressure and flow signals of this analogue,

its parameters will be estimated.

Chapter 2 of this report deals with the model bUilding:

the description of the model in the freQuency domain, the

search for a numerically stable model eQuation and the optimal

number of harmonics, that is admitted in the model.

In Chapter 3 some theoretical aspects of parameter estimation

in the freQuency domain are discussed.

Chapter 4 gives some results of parameter choice and sensitivity,

while Chapter 5 givesinformation about the estimation programs,

as well as estimation results.

These results are obtained from parameter estimations with the

distributed model on other models of the aorta viz. a

8-sections lumped parameter model implemented on an analogue

computer driven by a function generator and the rubber tube

already mentioned.
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2. THE MODEL BUILDING

This Chapter describes briefly the equations of motion of
rather idealized blood in an equally idealized aorta, and the
pressure-flow relations which can be derived from these
equations. Furthermore it shows why the model description is
in the frequency domain, it makes a choice from different model
equations, and it gives criteria for choosing the optimal number
of harmonics that will be admitted in the model.

For deriving the general equations of motion of the blood
in a vessel, the fluid is mostly considered as an incompres
sible Newtonian fluid. This property and the assumption that
the blood flow is laminar yields the Navier-Stokes equations:

e d~ ( \...dt + e ~. grad PI! = K - grad p +'1.,A v (2.1)

Here is v the velocity vector, K the force vector per unit

volume, p the pressure, A the Laplace operator,ethe mass
densi ty and II the visco£±-ty---e-f the fluid.

These equations may be linearized if the system (vessel +
blood) satisfies some conditions, e.g.: the maximal axial
material velocity is much smaller than the wave velocity, the
radial (material) velocity is much smaller than the axial

velocity, no influence of gravity (so! =Q).
Using these linearized equations, the equation of continuity

and by several restrictions (ref.l) one may find the pressure
flow relations in this rather idealized vessel.
These equations are:

~p di
- dZ = Ml dt + Wsl·i (2.2a)

ai oP 02 i
- 6Z = Cl dt +Cl,Wpl.~ (2.2b)
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Here p(z,t) is the pressure in the vessel on the spot z, and
at time t; i(z,t) the flow with same conditions, z the axial

direction, t the time, MI the inertance and Wsl the resistance
to flow. CI, the compliance, and Wpl represent the viscoelastic
effects of the vessel wall. All coefficients are per unit length.
(2.2a) en (2.2b) are the basis for both distributed and lumped
models of vessels. The lumped version approximates (2.2), a
distributed model provides an exact solution of (2.2).
There is no general analytic time-solution of (2.2) but there
is an harmonic solution. On this base and because (2.2) is
linear it is possible to make a model in the frequency domain.

One may also find a numerical solution in the time domain
using an iterating procedure on a digital computer, but this
is a very time-consuming task.

Using Fast Fourier Transform procedures one has a very
fast algorithm for the transformation of the pressure and
flow signals measured in the human aorta, the tube etc, from
time to frequency domain, and, if wanted, the model output back
to the time domain.

So a distributed model described in the frequency domain

will be much faster than one described in the time domain.It

has the disadvantage however, that implementation of non
linearities is inherently quite complicated.
The harmonic solution of (2.2) can be found by inserting in
the basic equations the following expressions for p(?~t) and
i(z,t):

p(z,t) = p(z) e jwt

'wti(z,t) = I(z) e J

(2.3a)

(2.3b)

This yields:

dP(z)
(2.4a)

dz - (Wsl + j~MI!I(z)

dI(z) dI(z)
(2.4b)= Wpl.j~CI. + jwCI.P(z)dz dz



-8-

Or with:

Zl = Wsl + jcJMl

Z2 = Wpl + l/j~Cl

One has to solve:
dP(z)

dz = Zl.1(z)

d1(z) 1
dz = 22 .p( z)

The general solution of (2.7) is:

1(z) = Aexp(-/z) + Bexp(! z)

(2.6)

(2.7a)

(2.7b)

(2.8a)

p(z) = ZO.A.exp(-~z) - ZO.B.exp(~z) (2.8b)

Here A and B are integration constants, z is the distance
along the vessel, ZO the characteristic impedance and~the

propagation exponent.

=VZ1.Z2
I

(2.9)So: ZO

I =V~~ , (2.10)

With 10 = A + B

PO = ZO(A -:- B)

One may find expressions for p(z) and 1(z)in terms of PO and
10 (2.11)

1
1(z) = 10.cosh(! z) - zo.PO.sinh(o'z)

.p(z) = -ZO.10.sinh(! z) + PO.COSh(!z)

(2.11a)

(2.11b)
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Interpretation of equation (2.11):

I(z) and p(z) are complex amplitudes of flow and pressure on

the spot z of the tube, which can be expressed by (2.11) in

terms of the amplitudes at the beginning of the vessel.

These equations are the basic equations for a variety of possiblE

model descriptions in the frequency domain.

Before giving a further description of the model in the

frequency domain, it is necessary to tell something about a

lumped model.

We used such a model to obtain some physiologically looking

signals with a low noise level. For, if one is starting with

a new model, for example (2.11) may be such a mathematical

description, it is very useful to test it for numerical

stability and necessary frequency band with "process-signals"

(PO and 10 in (2.11)) that are alike the physiological ones,

but with a low noise level.

The 8-sections model of Tomesen (ref.2) may serve as a "low noisE

signal generator", because it is a good approximation of (2.2)

and hence of a vessel.

A short derivation and set up of this model follows.

For easy reference we repeat (2.2).

dP(z,t) ai
dz = Ml dt + Wsl.i (2.2a)

di(z,t) OP ~ii
dZ = Cl at +Cl·Wpl "(hat (2.2b)

Actually, pressure p and flow i in the tube are continuously

dependent 0 f distance z along it (see fig 2 .la). When lumping

however, these signals are considered to be independent of the

distance along the vessel for a certain length.

The same situation is occuring in lumping a transmission line.

Fig 2.1a gives a segment of the vessel while fig 2.1b gives its

electrical lumped representation 1).

l)Note that this section is not equal to the L-section of a

real transmission line, !e!. and c. 4l are in series instead of
Ai!

parallel.
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This can easily be verified:

The electrical section in fig 2.1b is described by (2.12):

1
+ --- (i -i )Cl AZ z z+~z

Pz - PZ+4Z

dPZ+AZ
at

Let AZ 40 then:

"di z
= Rsl.AZ.i z + Ll.~z at

d . Rpl
= dt (iz-lz+~z) ~z

(2.12a)

(2.12b)

~p

-dZ"
"Oi

-dZ;

=

=

Rsl.i

(Jp
Cl at

(2.13a)

(2.13b)

Let Rsl ~ Wsl, Ll ~ Ml, Rpl ~ Wpl and Cl ~ Cl

Then (2.13) is exactly analogous to (2.2), and the harmonic

solution of (2.13) is (2.11).

From now on we shall use the electrical representation of the

vessel described by (2.13). Then Zl and Z2 of (2.5) and (2.6)

become:

Zl = Rsl + jwLl

22 = Rpl + l/jwCl

PI Pi +~'i
_ a,;oc-:--_--~-i-z-_-------,..() __

I
>1

OJ

(2.16)

fig 2.1 One segment of a blood vessel (a)

and its electrical lumped representation (b).
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Tomesen (ref. 2) has shown that a aorta segment of 40 cm

can be well approximated by 8 sections of fig 2.1b. Each

section has a length of 5 cm. The termination exists of two

resistances and one capacitance (fig 2.2).

Rset

CSet Rper

fig 2.2 The termination of the 8-sections model of Tomesen.

Rsa = resistance caused by systemic arteries, Rper = resistance

caused by periferal vessels, Gsa = capacitance of the systemic

arteries.

The model is driven by a function generator which produces

a pressure curve, similar to physiological pressure curves

measured behind the arcus aorta.

The parameter values of model and termination are those

used by Timmer (ref.3) and Leliveld (ref.4). They seem to be

reasonable physiological values ( see table 2.1).

parameter values in parameter values in

per unit length medical units per 5 cm medical units

Rsl 1.67xlO-4 Rs 8.35xlO-4

Ll 2.74xlO-4 L 1.37xlO-3

Rpl 1.37xlO-l Rp 2.74xlO-2

Gl 1.468xlO-2 G 7.34xlO-2

Rsa 8xlO-2 medical units:

resistance:l mmHg.s/ml

Gsa 1
inertia :1 mmHg.s 2 /ml

compliance:l ml/mmHg

Rper 1.58

table 2.1 Parameter values of the 8-sections model.



-12-

The 8-sections and the termination has been implemented on an

analog computer (Hitachi 350). Fig 2.3 gives the representation

of one 5 cm section on the computer.

. i-1

1 Pn - 10 Pn+l
1 Rs

d. = 1000 L = •73 J,1 = 10 L = .061

o{3 = 36 C = .45 d.. 11 = 10 Rp = .274

fig 2.3 The representation of one section (5 cm) on the

analog computer~

The termination is represented in fig 2.4

(3, 1
Rsa=·l~= 100

I3z
1

1= Csa =

fiJ 1
.63~= Rper =

fig 2.4 Termination of the 8-sections model.

Ap~endix 1 gives the complete analog

model and termination.

representation of
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Before making a choice from possible output pressure formulas,

derived from (2.11), it is better to see after wishes, possibilitie

and the intention of the model.

The intention is to use the model for estimating the parameters

of the process, viz. tube, aorta. Then a good agreement of model

and process is necessary. It is clear that this depends greatly on

the restrictions and approximations used by De Pater (ref.l) for

deriving equation (2.2). For, these equations are also the basis

for this distributed model. We shall assume that this is a good

description of the pressure flow relations in the aorta and rubber

tube.

There is a practical wish to use a minimal number of signals

in the estimating process, on the other hand we can only obtain

three signals from the rubber tube (ref.4), because there are only

two pressure transducers and one flow transducer. So the model

description may use input ~g£ output pressure and input ~E output

flow.

Because there is very little known about the termination of the

aorta it is preferable to make no use of an approximation of the

structure of it.

We have chosen for model parameter adjustment by comparing

model and process ~~~E~~_EE~~~~E~, where the model is the distri

buted one based on (2.11).

I(z) = 10 COSh(r/Z) - t; Po sinh(!z)

P ( z) = - Z0 lOsinh (cf z) + Po cosh ( I z )

(2.lla)

(2.llb)

The aorta and rubber tube,we consider, have a length of 40 cm, so

z = d = 40 cm. From now on, we will write for input pressure and

flow of the process: Pin and lin instead of f O and 10 respectively,

and for these quantities at the end of the tube: Pout and lout

instead of p(z) and I(z).
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So (2.11) becomes:

(2.171

m denotes model output, k the k-th harmonic.
Note that (2.17) gives an expression, in which the output signals
are considered to be unknown, while the input signals are known
(measured from the process). Of course other combinations of two
signals can be measured and then modified expressions relate un
known and known signals. With the requirement that the measured

signals must be a pressure and a flow (because of the available
transducers) and because we want to adjust on the output pressure,
fo~ows that there is just one another model description, namely

if lin and lout are known:

Poutm[k]={Pin[k] - ZO[k] .sinh(!rkJd).lout[kJ}/coSh( ![kld)

Iinm[k] ={~~r~fJ .Sinh(/[k}d) + Iout[k] }/cOSh(/[kJd)

(2.18a

(2.18b

So (2.17b) and (2.18a) are two formulas to compute model ouput
pressure.

a Formula (2.17b) appears to be numerically unstable, especiall;
for higher k or frequency.

Because the model has a low pass character Poutm[k) must be
smaller than Pin[k] for higher k (the tube is passive), howeve:

on the same moment k becomes greater (see (2.10)).
Hence, for k-..C/.l, (2.17b) goes to:

and e/[k].d becomes very great (with respect to Pin and lin).

So for higher k, Pin[k] and ZO[k].lin[k] must be almost the
same, to make Poutm[k] small, and when these terms are sub
tracted great loss of digits happens.
As stated Zo [k] • lin [k] -... Pin [k] for k ........ ca because

_ Pin[k] ~Zin[k] - Th,rlrl Zo[k]for k--c.o:
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Zin[k] = Z [k] ZA cosh d ~o ZA. sinh tid

I'd + Zo.e/d Z ZO[k].zA.e/d (fa· =ZA. e + ZO.e 0

Here ZA is the terminal impedance.
Fig. 2.5 gives the outpu~ pressure in the time domain of the
8-sections model (flat-curve) and of the model with frequency

band 0 - 13 Hz based on (2.17) (rough curve). The numerical
unstabillity has the greatest effect on the flat part of the
output pressure, as can be seen on the oscillations there.

Fig.2.6 shows the same pressure curves, but now the frequency
range of the model is 30 Hz. Moreover the output pressures
in fig 2.5 have been shifted over a half period with respect
to fig 2.6. This has no further meaning. It is clear that in

fig 2.6 the effect of the numerical unstabillity is greater,
the oscillations are heavier.

The 8-sections model has served as process for the distributee
model, so it delivers the necessary signals lin and Pin.

b Formula (2.18a) appears also to be unstable, but now especial]

for low k. Then,namely Pin[k] and Zo[k].sinh~d(.Iout[kJare

nearly the same and when subtracted, loss of digits happens.
We have checked this for k = 3 and we found that a disturbance
of 5 % in the input signals of the model output equation:
Pin and lout delivers a deviation in Poutm of 100 %.
Fig 2.7 gives again the output pressure of the 8-sections
model (x-curve) and of the model with frequency band 0 - 15 H~

based on (2.18a). This figure makes it visible that the lower
harmonics have been determined badly.

Another expression for the model output pressure is possible, if
we use the terminal admittance:

lout[k
= :Pout k

With (2.18a) follows:

Bringing Pout to the left gives:
,.. ~pp n~.CJ'p lq
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- 01:J:
E
E.

J__ .j I J_ I I~ I I I I----L-J
c' 0 Ci C' 0 0 0 Cl 0 0 0 0 0 0 0 0
C\J 0 co CD .q- C\J C\J '" to co 0 C\J '" CD co

I I I I

(1) Gpd 6 (1 ) lpd



-17-
o

n

, t
fig 2.6

o
o
N

I

o
co

o
ill

x-curve ~Pout(t) of
8-sections model

full line --+P ut (t)
o m

of distributed model
Fourier coefficients Pout [k]m
computed with (2.17).
See text.

(Y)

"

0J
D

I I
0 0 c:' 0 0

N ~ ill CD
I I I I

o
N

L.J-l-L-J_L-LJ----l----,----,--,-----.J'-e'-----'--.l....-- I_L...-.L..---'----'--_L-*'""
.~__ 0 0 U 0
C', C co to '"

_Cl"'l
::t:

E
E



-18-

co

fig 2.7

x-curve--+pout(t) of

8-sections model

C
r

_> __L_l

Cl
co

.._..L _ ;---.1.
lj l i U C~.· CJ 0
CD C() D C\J ~ CD

I I

full line -+Pout (t)
m

of distributed model

Fourier coefficients Poutm[k]

computed with (2.18).

See text.
Y.

co

L. _l .._l . 1 .L. _L _.1 __" . L
L] cO)
~ l'J
~~<--

E
E

I.X i



-19-

[ ] p iIJlk]--:--:--r...,.. o::-:;-::-o:~~
c Poutm k = COShe;[k}d) + Zo~sinheJrk}d).YArk]

Formula (2.19) appears to be stable for relevant k. It is

necessary to emphasize that it is very difficult to prove

if a particular ££~£!~~ formula is numerically stable or un

stable, because not only additions and subtractions may cause

unstability, but also complex multiplications and divisions.

Actually,these complex operators are additions, subtractions,

multiplications and divisions of real numbers.

For instance the multiplication of

sinh(![k].d).YA[k] = (a + jb).(c + je) = ac - be + j(ae + bc)

may give rise to loss of digits if ac and be are nearly the

same, but a = re(sinh(/d)) depends on the frequency k, the

setting of Rsl,Ll,Rpl and Cl which determine;, the length

of the tube d;

and c depends on the kind of termination and the frequencJ

So, it will be clear that it is hardly to say if a formula

stays stable for different settings, terminations, frequencies

etc.

We have checked (2.19) for values of Rsl, Ll, Rpl and Cl

as printed in table 2.1, for the termination of the 8-sections

model and for a frequency range 0 - 64 Hz. It appears that

formula (2.19) is the most stable one.

Fig 2.8 shows again output pressure curves of the 8-sections

model and the model based on (2.19), with frequency band

o - 13 Hz and the terminal admittance computed from the

structure of fig 2.2 and element values of table 2.1.

If we determine Ya[~from the measured process output flow

and pressure, then the structure of the termination has not

to be known and (2.19) can be replaced by (2.20):

rin k
(2.20)
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Note that the ratio lout/lout is independent of the process,

so there is no coupling between process and model. This is

very important with regard to bias in estimated parameters,

for in the case there is coupling it will presumably cause

bias.

Fig 2.9 gives again the output pressure curves, but now

the computation of model output pressure is done with (2.20),

while the frequency band of the model is 0 - 13 Hz.

This figure shows a very good agreement between the two curves.

From now on we shall use (2.20) as model output pressure formula.

Remark:

It m1Jst be emphasized here that we have not strived after

completeness with respect to all possible descriptions of

a particular output pressure formula ((2.17b) and (2.l8a)),

to see if there is a description which will be numerically

stable. However, more extended information about the way we

checked some formulas on stability can be found in the logbook

of this work, which is at the Measurement and Oontrol Group

of the Eindhoven University of Technology.

For instance we have tried:

I d ~d
Poutm = (Pin - ZO.Iin).e + (Pin + ZO.Iin).e,

instead of (2.17b). This description gave no further improve

ment, as will be clear from page 14.For k = 500, for instance,

(Pin - Zo.Iin).e!d is of the order of magnitude of 10+22 ,

while the secon1 term is about 10-19 and Pout[50~ about 10-4 •
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The diagram of fi~ 2.10 shows the set up for comparing the
output pressures i'out and lout. The process is excited by am
function generator (basic frequency 1 Hz), it is terminated by

impedance ZA.

Pressure and flow of input and output: Pin(t), Pout(t) and iout(t)
respectively are sampled with a PDP-8 computer with sampling
frequency f s =1024 Hz (This is very high for physiological signals).
After the sampling, one period (1024 samples) of each signal is

sent into the Fast Fourier Transform procedure. Then we obtain

fs/2=512 frequency components of each signal, viz: Pin[k], Poutlk]

and lout[kJ. The terminal admittance is by definition:

YA [k] =lout [k] II-out [k]. Now, Pin [k] and YA [k] are the arrays of
input for the model. The model equation computes poutm[kk where

o <kmaxK 512. vlfe have chosen for kmax=12,13 and 30 respectively.
This gives 12,13 and 30 model pressure components, these can be

compared with the corresponding process components: Pout[k]. By

adding zero's to the l'outm-spectrum, namely for k>kmax until 64,

one is always able to transform PoutmlkJ to 128 time samples.

Then one may compare these samples with the corresponding process

ouput samples. The differences between the comparison of frequency

components and time samples will be discussed in Chapter 3 the

first paragraph.

1" -p ~ Cn l')
OUI.,

lout lk]

FFT

sampling

e f [k]

FFT

Pout[kJ--·-·

Model, Poutm[k]

computed with
(2.17) - (2.20)

Yrocess:

aorta

P t (n r)
ou m

fig 2.10 Block-diagram of set up for comparing process and

model output pressure.
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Summarizing th0 previous sections: there is a distributed

model, described by (2.11) in the frequency domain; it com
putes h frequency components of the model output pressure Poutm
with (2.20). The Inverse Fourier Transformation yields the

model output in the time domain.
Here h is the highest relevant harmonic.

There are various criteria to determine the limit of the optimal
frequency band. These criteria are:

1 That harmonic who's amplitude is less than 1% of the maximum

harmonic sets the cut-off frequency.

2 That frequency where the noise is equally big as the signal

determines the cut-off frequency.

2 The model computes components using (2.20). When, from a
certain k, the error propagation is such,or when the model

and process Fourier coefficients, from a certain k, are so

different, that no further improvement with regard to

Least-Squares agreement of process and model output can be

expected, then the cut-off frequency is reached.

1 It appears that the number of harmonics has influence on the

place of the optimal parameter set; in other words, it is
possible that minimal difference, in Least Squares sense,
between model and process output pressure is reached for
other parameter values by a model with a smalleTI frequency

band than by a model with a greater frequency band.

So the model frequency range has to be such, that with more

frequencies included no other "optimal" parameter set will

be found.

We have chosen for the first criterion; this choice, however,

has relations with criteria 3 and 4.
Analysis of the Four.:.....ier spectrum of the output pressure of

the 8-sections model makes it clear that the 13th harmonic
is the first one that is smaller than 1% of the greatest

(the first one). See appendix 2.
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With respect to the second criterion, it may be shown that the
noise level (sampling noise) in 22th harmonic of Pout is about

50%. So according to the second criterion the cut-off frequency

would be 21Hz (when the basic frequency is 1Hz).

Lodel equation (2.20) uses YA [k] =lout[k] /l'out [kJ and Pin [k] ,
so error propagation may be expected. Table 2.2 gives the absolute
value of the admittance of the termination, in column 2 computed

with the known structure and element values as implemented on

the analog computer (fig 2.2);in column 3 computed from the

8-sections ouput; in column 4 is the relative error IYAi1-'AIIY.A1xI00%,

frequency \YA [kJ\ from (yA[ kJ/ from relative
structure lout and llout error

1 5.42205 5.43563 .26

2 8.65284 8.70618 .61

3 10,.2619 10.3323 .69

4 11.0822 11.1550 .68

5 11.5352 11.7204 1.6
6 11.8059 11.9660 1.4

7 11.9787 11.9369 .35
8 12.0950 11.9344 1.3

9 12.1767 12.0619 .94
10 12.2362 12.1372 .81

11 12.2808 12.1253 1.,3
12 12.3150 12.2251 .73
13 12.3419 12.7157 3.0

14 12.3633 12.7084 2.8

15 12.3807 12.2207 1.3
16 12.3949 12.4912 .78
17 12.4608 12.9671 4.5
18 12.4168 11.6350 6.3

19 12.4252 12.3570 .55
20 12.4324 15.7687 27.
21 12.4387 12.6596 1.8
22 12.4441 9.60721 23
2'3 12.4488 28.0420 125

24 12.4530 48.0254 286

Table 2.2 Admittance of termination of 8-sections model computed

from structure and from output signals.
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Above 22Hz the errors are greater than 100% and they are less

than 10% for frequencies under 20 Hz.

Furthermore the error in Pin[k]will be less than 10% of the

signal amplitude for frequencies under 18 Hz.

So to get a small error propagation,we admit in accordance

of criterion 1, only 13 harmonics.

~~~~E~: The basis of criterion 4 is a strange experience we

had, studying the parameter sensitivity of the 8,.sections

model. It appears that the minimal PI-value 1) is found for

other values of Rpl and Cl when the model frequency range is

7 instead of 13 or 18 harmonics (in this case the variable

parameters are Rpl and Cl; Ll and Rsl are constant). See table 2.3

number of minimal PI reached minimal PI reached

harmonics for Rpl in med. un.: for Cl in med.un.:

7 .205 .0156

13 .151 .0156

18 .151 .0156

-_ 1.67xlO-4 mm HIn the 3 situations were Rsl ~ml/sec

Table 2.3 Dependance of optimal parameter set on the number

of harmonics in the model.

This phenomenon may have some relation with the following effect:
Say the distributed model includes p harmonics:

Then:

+p -(p+l) c/.)

PIp= £jPout[k] - IJoutm[kJ/
2

+ ~Jrout[kJI2+ 2...- jPout[kJl2 (2.21)
k=-p k=- c./.) k=p+1

_____ I II III

l)PI is the Performance Index, a measure for the disagreement

of process output and model output. See Chapter 3 and 4.
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II and III of (2.21) are independent of the model parameters.

Hence:

II + III = c l

set, where Pout [k] S
m

will also be the optimal

If the model is an exact description of the process it is possible

to find ~g~ optimal parameter set (this appears from the PI-surfaces

see Chapter 4), where Poutm[k]:: Pout lid for -p,{k (p. Then the

PI-minimum will be c l for this optimal set.

A model with q harmonics (q>p) leads to a minimal

-(fo+l) C/o) I'
PIq = c 2 = Z ~out[k]12 + ~ jpout[k] 2 .( c l '

k=-C4 ~=i+'

when poutm[k] =Pout [k] for -q (k ~ q.

Because q>p and there is only ~g~ parameter

Pout[k]for all k between -p and p, this set

one in the case of q harmonics.

However if the model is no exact description of the process

it will never be possible to find a set where Pout [k] =Pout[kJm
for -p ~ k ~ p. Then holds for the optimal set:

min PIp =;IIPout lk] - Poutm[k]12 + c1
~=-p

I
with I is minimal.

But with q harmonics: (q>p)

min PI q
+-!i I= ~ J'out [kJ
k: -i

t-P I=:f!£ lout [k]
k:::-F

I !L I+.z... Pout lk]
~::f+l

III

poutm[kJ/ 2

- poutm [kJ/
2

- :Fou t mIkJI 2

+ c 2 =
-CP+I)

+ .:£ Il)Out [k]
k:: -i-
II

+ c 2

It is possible that for the parameter set where I is minimal

(and so (2.23)), sum II and III together with c 2 is larger than

cl ' namely when Pout[k] and Poutm[k] have for some
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p + 1 ~k (q and -q / k {-(p + 1), a phase difference 900 < at. ( 2700 •

So one could imagine there will be a set of parameters, where I

is not exactly minimal but where the total sum I + II + III is

minimal.

It is clear that this effect only happens when the model is

no exact description of the process.

As may be seen from table 2.3, 13 harmonics leads to the same

optimal set as the model with 18 harmonics does.
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3. l)AHAN~TLR :G::::;TIl~iATION IN TH:;.:j :FRi'::QUl.<.;NCY DOI\1AIN

As said before, the model will be used to estimate physio

logical relevant process parameters, e.g. Rsl, Ll, Rpl and Cl

or combinations from these; see (411), (2.15) and (2.16).
However, the process is non-linear in these parameters.

So the minimum of a error function PI (Performance Index),

which is a measure for the disagreement between model and

process output pressure, will be searched with hill-climbing

techniques.

Because there is lack of knowledge concerning statistical

parameters of noise, we have chosen for Least-Squares estimators,

so the error function will in general have the form:

PI T ~ 2= e e = .z:.. e.
- - ,'em 1

where ~ = ~-! = process

vector (fig 3.1~

(3.1)
output vector minus model output

This holds if e is a vector with only real elements, e.g.:

a vector of time samples of a real function. In the case that

~ is a complex vector, e.g.: a vector of Fourier coefficients,

the next expression has to be used:

H n, 2. 1)
1'1 = e e = £/e.1

- - . 1
L~m

Because the model is a description of pressure flow relations

in the frequency domain we will use equation (3.2). Then there

is no need for transforming the frequency components Pout of
m

the model to the time domain, each time when a new parameter

updating fi N-'-+ fiN has been performed~)So,with this model,

frequency domain estimators have the profit of using less

computer time in comparison with estimators in the time domain

( at least when we consider only the computing time of the

estimation part).

1) He means the PPTmitian of vector e.
s\-
LJln general W8 mean with fi the set of model parameters,

l~ indicates the number of iterations~ see paragraph 3.2.
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The Least-Squares estimators in time and frequency domain
gave rise to same estimates as can be seen in the first following
paragraph. The second paragraph gives a derivation of the

Gauss-Newton hill-climbing algorithm in the frequency domain.
MarQuardts method is subject in the third paragraph.

3.1 ~~~_~g~~y~±~gQ~_E~!~~~g_~~~~!=§g~~E~~_~~!~~~!~~_~g_!~~~_~g£

!E~g~~g£~_~2~~!g

u y- ..... Process

~
+ ©.

l·aJ.. •

~
~ .... updating
'>'

Nodel :1f
~

fJ
1~

fig 3.1 Block diagram of model adjustment.

of the n samples of one

~ - {y(O),y(r), ...•• ,y«n-l)l:)]T

x = {x(O),x(t), ••••• ,x«n-l)[)}T

{e(o) ,e(l:), ••••• ,e( (n-l)f)}T

Time domain approach:

~, ~, ! and £ are vectors consisting
period of the corresponding signals.
So:

(3.6b)

1)

Here is r. the time between two succeeding sample moments,
and T = nt is one period.
The Least~Squares error function PI has the form:

lorT

PI = Je~ dt

~o

where et(t) is a continuous function of time, indicating the
difference y(t)-x(t) (not sampled output ).

1)r3:ba; may be approximated by (3.6b):
Tn-I 2 n-' J } 2

PI~ ~t£t = £- et(ir) =~ ly (il:) - x(il")
t=o L=o
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Frequency domain approach:

~' X,! and ~f are, in this case, vectors consisting of

Fourier coefficients of the corresponding periodic signals.

In the case that the basic frequency is 1Hz the kth harmonic

agrees with kHz.

Then:

y =1y ( - h) , •••••• , Y ( 0 ) , ••••• , Y (h)1 T

X = {X(-h), •••••• ,X(O), ••••• ,X(h)}T

~ f= {e f ( - h) , • • • . . , e f ( 0 ) , • • • • , e f ( h )} T

Here is h the highest relevant frequency component in the

signals.

Least-Squares means here:

thL [2
= ,£p: ( i) - X ( i )

i:. -h
(3.8)

The theorem of Parseval gives the relation between (3.6a) and

(3.8). In the discrete version it has the form:

(3.9)
fo+T
je/d~

~o
the minimum in

tofT +h

~ jet
2
dt =£lef (i)12

6 (::-h
Because ~f (3.9), it is clear that the minimum of

1\
will be reached for the same parameterset fi as

~fH~f(fi) •
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').? rp"he Gnu,;r;-Np.wton method

This method is based on the linear approximation of the model

output X[k}.A short derivation follows:

vector.

The criterion function:PI = ~fH~f = (!_~)H(!_~) dPI

has to be minimized. The minimum is reached when d~ =

Here: T
{l :0 (pI, ..... )Pp)

is the model parameter

(3.10)

o.

is the vector of frequency components of the process output.

is the vector of frequency components of the model output.

So:

o (3.11)

H means Hermitian,T =transposed,*= complex conjungate.

We may approximate (3.11) by using a linear approximation for X:

dX
~ (fi-N+1 ) = XN+l-y XN + - ( r-N+1_ p-N)

'a/lr N - -

N ~
X means model output obtained in the N-th iteration.

When inserting (3.12) into (3.11) we obtain:

o~ (f~N+l_~N~+
dP..7' I:' t=-

f::' N

P-

d~if N+l N}
- - ( P.> - ~ ) =0OfJ..r ,.. ,= -

f= "
1(2

(3.12)



(3.16)
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Rearranging (3.13) yields:

""::)x
H dXT

[a N xN)*-_-=- (y - X ) + -=- (y-di< - - d~ -
1= ~'" 1= (IN

i
d~H CJ~ d~T ~Jj- ~1 N+l N

= C(Jf1"dif') ,/df! ' ~1.r Cj1 - ft )
So the updated parameter set AN+l can be obtained by adding

N ;=
a correction term to /l :

N+l N \all:H dll: dll:T Oll:jJ-1
J dll:1N dll:T

P- ={! + 0[1 'djf' '(l"- 'J~ "0/1 _ "/ dfi C:,,-lI: )+d~

Because the sum of a matrix and its complex conjungate is two

times the real part of this matrix, (3.15) may be rearranged to~

~N+l=f+rel;r~;7~Jr ·[2rel~~: rC!

This is the correction obtained with the Gauss -Newton method,

the physical interpretation of this method can be found in ref.5.

Starting from a point ~ N, this method tries to minimize PI

on a circle, (hyper)-sphere respectively.

The idea behind this method is that, as the convergence of the

Gauss-Rewton method is not assured (certainly not when the PI

surfac~o~~ highly non-quadratic), while the Steepest-Descent

method 80nverge, one better can combine these methods, to

have the speed of convergence of Gauss-Newton (quadratic

convergent in the neighbourhood of the minimum) and the assured

convergence of the Steepest-Descent.

As will be shown in the next chapter , the PI surfaces have

10r.g.l maxima at the left and right hand side of the absolute

minimum. In the method of Gauss-Newton, the parameters may not

vary beyond the region bounded by the parameter values corres-"

ponding with the inflection points of the PI-curve, while in the
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case of Steepest-Descent the parameter region is bounded by

the local maxima themselves (see fig 3.2). This means a

considerable enlargement of the admissable parameter region.

In the next chapter this will be related with physiological

parameter bounds.

~dmlsslble parameter regl~n
when using Gauss-Newton

,.
I
I

~l

admissible parameter region when using
Marquardt

fig 3.2 Performance Index as function of parameter

Remark.

The convergence of the Gauss~Newton method towards the

minimum is restricted because it actually solves (3.11),

viz.: a~~_~, with a tangent method (fig 3.3).

PI
I

I
I
I
iDeaL

"dPI
~

d 1- I
fig 3.3 PI and ~ as

Starting at the right of

inflection point 1 means

""·\111 ......."""
I

function of ftc'.
inflection point 2 or at the left of

that the Gauss-Newton method finds
. - _. .J.. .: __ ...... ' __
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A short derivation of Narquardt~ method in the frequency domain

is given.

In order to find a correction step t1f?. = fi N+l - fiN which will

minimize PI(~N+l) under the constraint jftT~ffi = r 2,(r is the radius

of the (hyper-) sphere} we have to optimize, in accordance to the

method of Lagrange, an extended function q (r-, r):

~(p,r) = (!_~)H(!_~) + iA(~f-T~~ _ r 2) =

= PI + i)(L1fiTllfi - r 2 )

For the optimization with respect to ~p holds:

af = dPI +) ~ B= 0
d1JfJ. dl1ll /- (3.18)

With the linearization of X:

aX
xN+l = XN + -=- . ~n- - 0 f3T N ;=

/- P-
N+l N

where /J/1 = f}. - j} (3.20)

and because of:

()~N+l Cjx---- - -=-1 (follows from (3.19))Ol1p-T - (J(1T N
(3.21)

it follows that:

to the Gauss-Newton method one may derive an expression

dXH

- { N- - y-X-o[i --
N

is the

J T ~

X } (]x I{ IiI aX }apT I !J.~ - ip !-~ - a~T lL/l + )./lft-= Q
N N r 'N

only difference between (3.13) and (3.22)

N+l
.B

Note that the

term Ail/}..

In analogy

for ilfi:

matrix A



i

-34-

It is even possible to compute an optimal A per iteration,

but this consumes to much time, and moreover) depends on the
more or less arbitrary choice of r. So the exact computation of
Ais not relevant.

The algorithm of Marquardt gives a powerful solution to this

problem (ref.6).

Let s > 1; let 1(N) denote the value of ) of the previous
iteration; initially let "A(O) = 0.01 (This depends on the

non-linearity of ~, with regard to the parameters, and on the

scalinf of matrix A).
Let PI N) be the value of (Y-X)H(Y-XJ' if X is the output of
the model with parameter set fi(N)~ ~nd let-PI(~) be the

Performance Index, which follows if the model parameter set
equals fi(N) + a correction step, computed from (3.23).

Then:

if PI( ~N) Is) .( PI(N), then ;..(N+l) = "A(N) /s

ii if PIC A(N) Is) > PI(N) and llI(t,(N)) <I)I(N)

then A(N+l) = ~(N)

a ..
lJscaled

iii !f PI (.:1( N)) > PI (N) increase Aby successive rnul ti

plication with s until for some smallest (integer) w holds:
PIC ).(N~sW) <PlOT)

then let: ). (N+l) = ~OJ) .sw (3.26)

Remarks:

lOne may find in ref.6 and 7 more extended information on

Marquardt's method. Ref.7 gives some graphical interpretations

of the method.

2 Marquardt scales in each iteration matrix A by replacing for
each term aij of the A matrix:

a ..
= ~J

Vaii • a j j i



(3.28)

'rhis may

aspects.

A =

Then a ii
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have some advantages with regard to numerical

Let us see:

2rera~.~f-J (follows from(3.23))

= 2 ~ JXk 2

k.. -h dPi
For the non-diagonal.. terms of A we may write:

And with the inequality of Schwartz follows:

(3.30)

(3.31)

Hence, after scaling of matrix A (see (3.27)), the terms

of Ascaled will be, in absolute value, smaller than or equal to I,

Because of the way of scaling the diagonal elements a ii are

always 1. The whole scaling manipulation gives a numerically

good conditioned matrix. Thereby it has the particular

advantage that in:

A + A Iscaled

~I is compared with a matrix which is in each iteration about

the same and has diagonal elements equal 1.

So one is able to see if the PI-surface is in a certain

region of the parameter space quadratic or not; namely if

it is quadratic Awill decrease and otherwise it will increase.
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4. FARAMETER SENSITIVITY AND PHYSIOLOGICAL RELEVANT CONSTRAINTS

This chapter deals with the parameter choice, the sensiti

vity of the 8-sections model ( section 2.2) for these parameters

and the parameter scaling resulting from the se~itivity investi

gation.

Moreover it derives physiological relevant boundary values with

respect to the parameters.

In model equation (2.11) I and 20 are the most obvious

parameters. But ~and 20 are frequency dependent and therefore

they are not suited to be the parameters which will be adjusted

to bring Pout [k] for all k as good as possible in accordance

with fout[k] ~) (in Least-Squares sense).

In other words, parameters are necessary, which are constant

with respect to k.

Repeating (2.9), (2.10), (2.15) and (2.16), it is clear that:

2
0

= V2122' = V(RSI + jCJLl) (Hpl + 1/ jWCl)'

_jZl '_ Itsl + jWLl!- 22 - Rpl - j/wCl

Rsl, Ll, Rpl and C1 satisfy this requirement.

So the last are suited as parameters, when the error criterion PI

is not too wild a function of this parameter set, for then the

adjustment with hill climbing techniques will be very difficult

(see section 3.3). }Jarameter sensitivity studies and parameter

estimation results have proved that it is not necessary to choose

other parameters.

Hence, from now on when we speak about "the parameters", we

mean:

Rsl, Ll, Rpl and Cl.

l)Note that Pout [~ is the kth harmonic of the model outputIII .

pressure just as }'out [k] the kth harmonic of the process output

pressure.
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It is very important to investigate the sensitivity of the

model for the different parameters. Great difference for example

may cause a very slow convergence of the estimation procedure.

This is very clear in the case of Steepest-Descent~ See fig 4.la

and 4.lb.

Moreover, when the contour lines are very narrow and long

ellipsoids, it is possible that the minimum can not be found by

an estimation procedure. The truncation errors made by the

digital computer namely, may cause such stepsizes \~p-l that each

time the method will jump over the minimum.

Hence it is sensible to scale the parameters, on the base of

the sensitivity investigation, in such a way, that the sensiti

vity for these scaled parameters is about the same.

fit -(3,

fig 4.la Map of iI-contour

lines before scaling

fig 4.lb Map of PI-contour

lines after scaling

When the parameters are not scaled the Steepest-Descent adjust

ment path will be very long and the adjustment very slow (fig 4.la)

But when the ellips axes are parallel with the parameter axes, it

is possible to transform b~ proper scaling, the contour lines

to circles. In that case (fig 4.lb) the Steepest-Descent method
" 1\

reaches tbe minimum (Pi ,fi2) in one step.
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The se"sitivity investigation gives,besides informatJon
about the way of scaling, information about the shape of the

PI-surface. This will become clear in the following discussion.
In the s!sitivity study subsequently all possible combinations

of two parameters, so RsI-Ll, RsI-Rpl, RsI-Cl, Ll-Rpl, LI-Cl,
Rpl-Cl, are chosen to be the variable parameters. The other two

then are fixed •. The variable ones, /3t.-and 0' , then are varied
with step kxllfii., lxLl~'respectivelY, for k =0, :tl, :t2, .••• :t n

+ + +and 1 = 0, -1, -2, ~ ••• , -me The corresponding PI-values are
computed. This yields a matrix(fig 4.2) or when plotted
3-dimensionally, the PI_surface. When properly placed in the
matrix, it is possible to draw contourlines through the PI-values
of equal size. These lines are more or less ellipsoids, the
lengths of their short and long axes depend on the size of !Jj3,'
and LJ~i.

It is the intention of this sensitivity study to find the
scaling factors for the paramters, so that the contourlines
of PI as function of [':1/ and f3/~ 1) are almost circles, and the

PI(~:'Pj*)-surface almost a symmetrical beehive. In that case
namely, the model is equally sensitive' for ~/.and ff*.
We have searched for these scaling factors varying iJ/3" and L2i)' ;
for all possible combinations of fi and ~j' until we had a
step( fj ~I', Li Pi) where a change !l(3i in parameter j3i gave about
an equal change ~ 1)1 in PI as a step 11 f3J in Ij'does. Those sets

Ci~i ,IJ.~-) depend on the value of Pi and f?J' and of the others.
However in the neighbourhood of the PI-minimum, a step ~Ll in Ll
gives about an equal change in PI as a step!J. Rsl = 6L1Ll in Rsl,
a step ARpl = 25000AI,l in Rpl and a step ACI = 200ALI in Cl.
Or expressed in percents with respect to nominal parameter

values 2) : L1 Ll = l~~ of Ll , 1 agrees with L1 Rsl = 9,8% ofnomlna. .
P,slnoml'nal' with ARpl = 50% of Rpl " 1 and' Ll Cl = 3,7% of. . . . nomlna . .
Clnominal·

1) ~,,* means scaled parameter f3l' •
2) The investigation has been performed with respect to the

8-sections model. One may find the nominal values in the
left column oftallle 2.1.
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42

31 4039

32

41

"P,+SAfIa
/I

~l -+J(fjpl.

"fil t5APt
II

~ +lA/\

"
f3a tAfla,.

~.t
"($, -~J\
"r;.-2/jA.
"A-3AJ\
...
A-fAA.

FIG 4.2 Example of a printed matrix of PI-values as function

of fi, and ~1. In this case the contour lines may be
transformed into circles by increasing 1Jf11..0r decreasing fJ[3,.

So with this definition, the model is most sensitive for Ll,
subsequently followed by Rsl, Cl, and Rpl. The model is very
insensitive for Rpl.

With this knowl~ge parameter scaling is possible:
We have chosen for scaling without origin displacement. This
has the advantage that the relative errors Pi-optimal - A:no"'iOcrl and
~ .,. (3inominaL

(''opt-I'ma{ - ~"~o-"I?al 1 )
- '-.,. l. are the same.

p7noWlc,,.a (

1)[3; is the scaled parameterfii.
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QUlxRsl
oil-

(4.1)With proportional scaling: Rsl =

Ll = QU2x Lllf- (4.2)
Rpl * (4.3)= QU3xRpl

Cl = QU4x Cl*' (4.4)

setting
and with the results

QU4 respectively:

'*Llnominal = 1000, (4.5)
above mentioned, holds for QUI, QU2, QU3,

1)QU2 Llnominal • 274xlO-3
2.74xlO-7 (4.6)= Ll* . 1000 =

nomlnal

QUI = 6xQU2 (4.7)

QU3 = 25000xQU2 (4.8)

QU4 = 200xQU2 (4.9)

The nominal values of these scaled parameters are ( see table 2.1):

*Rsl . 1 = 101.58nomlna

Ll~ = 1000nominal

if
Rpl . 1 = 20nomlna

Cl:ominal = 267.88

To see the effect of the scaling, and the shape of the surface,

PI (fit, !5J'*) has been plotted and printed for all combinations

of 'L:+ and (3/1 .
parI par2 step- min. max. min. max.

fig hori- back- size value value value value
zontal v/ard[~ in parl,2 parI parI par2 par2

Lf *4.3 Rsl 10 940 1080 41.58 181.58

4.4 Rpl';' RsIJt- 10 10 150 10 . - 150

4.5 Cl* Rsl'* 10 177.9 317.9 10 150

4.6 Rpl"Jf- Ll* 10 10 150 S40 1080

4.7 H.pl*" Ll* 1 13 27 tlOll 10~5

4.8 Cl.,e Ll* 10 210 350 940 1080

4.9 Cl"'" Rpl* 10 210 350 10 150
Table 4.1 List of figures of PI-surfaces after scaling of the

parameters
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fig 4.4 See text.
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ltpJ.-. -£!-<:::-".9 .... '.'••1."' .. f.'-I1'''' "' ••.

10 20 ~ 40 50 60 70 eO r[) 100 li) 120 1:{) 140 15 0
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30 35 31) ;:17 :?6 26 27 28 29 31 32 34 35 37 38 40

40 25 21 :til 11l 18 19 20 2? 24 26 27 29 31 33 35

50 17 13 H 11 12 13 15 17 19 21 23 25 27 29 32

6() 13 15 18 20 23 25 28 30

if' 70 11 14 16 19 22 25 27 30

Rsl

• sO 10 13 16 20 23 26 29 32

90 12 15 18 22 25 28 32 3:5

100 14 H\ 22 25 29 33 36 40

110 :1,9 23 26 30 34 38 42 46

120 24 29 33 37 41 45 50 54

130 14 13 14 16 19 23 27 32 36 40 45 49 54 59 63

1 40 21 2n ::'1 24 27 31 36 40 45 49 54 59 64 69 13

150 29 28 ::,q 32 36 40 45 50 55 60 65 70 15 80 8B
---_._----

PI-surface
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4 t<, ~ 6 8 10 fig 4.5 See text.
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8 10 fig 4.6 See text.
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2 4 8 10 fig 4.8 See text.
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aJ:.' * -47-m )"IX ~f scaiPd PI~~C1-------+
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2 0 80 60 4~ 21'. 17 17 26 42 SA

::5 0 76 57 41 2'1 16 17 28 41 56

4 0 74 56 411 '21 17 18 28 41 56
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9 0 75 60 47 :56 28 22 18 j,6 17 20 25 3~ 41 52 65

10 0 76 61 4Q :58 3(1 25 21 20 20 23 28 3<; 44 55 66

11 0 78 6~ 'i1 41 :53 28 :>4 23 ::'4 27 32 39 47 58 71

12 0 79 65 'i3 44 36 31 28 27 27 30 35 42 51 6i! 14

13 0 81 67 1)6 46 39 34 31 30 31 34 39 46 54 65 7?

14 0 63 70 11I8 49 42 37 34 33 34 3' 4a 49 56 68 81

15 0 85 72 61 ")2 45 40 38 37 38 41 46 53 61 72 64
----_.._----

};I-surface
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From these figures, it is clear, that the sensitivity of the

model for the four scaled parameters is about the same, at

least in the neighbourhood of the optim~l parameter set

(corresponding with minimal PI value).

There are several figures e.g.: fig 4.5 and fig 4.8, where

the PI contourlines still are ellipsoids, but it is clear

that it is not possible by only properly scaling to convert

these contour lines in circles, because the axes of the ellipses

are not parallel to the parameter axes.

From e.g.: fig 4.6 in comparison with fig 4.7 it is clear that

this sensitivity is a function of the parameters, because

further away from the minimum the sensitivity for Rpl* is much

lower than for Ll~in this case.

In spite of this, we want to scale just once, using the trans

formation given by (4.1) - (4.~). We will use this scaling too,

estimating on the rubber tube. From now on there is a new set

of parameters:
K *' * .JfRsl, Ll, Rpl and Cl.

Of course, the most optimal parameter set varies from process

to process, from patient to patient. Fig 4.3 till 4.9 show

the PI surface (2-variable parameters) for a limited region

around the optimal parameter set of the 8-sections model, and

in those drawings the surface appears to be good for estimation

with the Gauss-Newton method (almost quadratic surface).

PI curves (of one variable parameter) of a parameter region

with a greater extent, show however, that there are local

maxima in these curves. See for instance fig 4.10. We have

plot many of these curves and it appears that only those curves

where Ll, respectively Cl is the variable parameter, have

local maxima.

~rom these curves one may gain some insight in the position

of these local maxima and intermediate inflection points(see fig3.~

but this position depends greatly on the values of the other

3 parameters and on the position of the optimal parameter set,

so it depends on the kind of process.
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lor Gauss-Newton one has to constrain to a parameter region

between the two inflection points. For Marquardt, however, the

parameter space has to be limited by the local maxima. Because

we do not know the exact position of these points, we may only

hope, that a physiological relevant parameter region will be

positioned between these two inflection points, maxima respective1y

so that parameter estimation with Gauss-Newton or Marquardt will

be possible.

To find physiologicallyrelevantbounds tothe parameter space,

the following expressions for Rsl, 11, Rpl and 01 may be derived

(ref.l) :

Rsl =

Ll =

Hpl =

01 =

K §lL4 (4.10)211' r O

e (4.11)Kl--2
rrrO

2 noh
31fr 3 (4.12)

0

311'r03
(4.13)

2El h
I

:{here r O = inne*adius of the vessel, e = mass density of the blood

~ = viscosity of the blood, El = elasticity modulus of the

wall, ~o = viscosity of the wall, h = the thickness of the

wall and Kl and K2 are functions of a l r O where a
1

= C&Jn.e
and lJ) = angular frequency.

When it is possible to find physiologically justified bounds

to these new variables, it is possible to compute with

(4.10)-(4.13), the corresponding bounds in Rsl, Ll, Rpl and 01.

Stating:

.75 (.rO '( 1.5
Kl = 1.1 is constant

e = 1.05 g/cm3 and constant

.02 ( 'Yl ~ .06 dyne. secl cm2

K2 = 2.25 when r O = .75 em

K2 = 4.20 when r O = 1.5 em

(4.14)
(4.15)
(4.16)
(4.17)
(4.188.)
(4.l8b)



-52-

Then the constraints for j sl and Ll are:

3 17 5 4.20 8x.02 4 /l~ol
• 10- 1334.6x (1.5) ~ .\.0

(4.20)

These values are for the unsealed parameters and are expressed

in ~edical units (thereforefactor 1334.6 in (4.19) and (4.20),
for converting from giorgi system to medical units).

Justification of (4.14) till (4.18b):
1 The human aorta radius will vary from person to person from

.75 - 1.5 em.
2 K1 is almost constant for these rO's (see De Pater, ref. 1).
3 The mass density of the erythrocytes is almost the same

as that of water. The mass density of blood with 50%

erythrocytes disagrees with only .05 g/cm3 from water.
So we are stating that estays the same.

1 The visco elasticity of the blood depends on the hematocrit~

When this quantity varies from 15 till 65%,~ will vary from

2 till 6 centipoise (fig 4.11).

/

.,//hindlimb

of a dog

relative
viscosity 8

6

4

2

o

/
.,/

~

---- -.7" --:-::::. -
0 10 20 30 40 50

/
I

I
I

/
/

-;;(

/l
I
.1- ..........

...- I
I
I
I

I I

60 70

viscometer

Hematocrit in %

fig 4.11 Blood viscosity as function of the hematocrit

measured with a viscometer and the line below is

measured using the vascular bed of the hind limb

of a dofT, (from A. C. 15urton, ref. 8) •

2 K2 varies with r O (see De Pater,ref. 1 page 86).
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Because very little is known about the elasticity of the wall

it is difficult to compute bounds for Cl with formula (4.12).

Instead of (4.12) we will use:

c ~ 1 cm/sec
pO JLl. Cli

Here, cpO is the pulse wave velocity.

Actually, this equation is not right, but the attenuation has

no great effect on cpO (ref~l, page 67).

Following Burton (ref.8), the pulse wave velocity may vary

from 400 till 1000 cm/sec. So the lower bound of Cl is given

by: 1 cm2/mmHgCl =
Ll'l06

and the upper bound by:

Cl 1 cm2/mm Hg=
Llx16104

(4.21a)

(4.21b)

So these bounds are functions of Ll, namely hyperbolas.

The only constraint on Rpl is, that this parameter may not be

negative.
rounded off

• ..... ...

unscaled lOVier upper scaled lower upper
parameter bound bound parameter bound bound

*Rsl 3. 1 710-5 8.1410-4 Hsl 19 495

Ll 1.2210-4 4.9010-4 Li*' 445 1800

BpI 6.7810-4 Rpl* 1 -------
Cl 1 1 cl 1) 2)LII06 Llx16104

~able 4.2 5ummary of the respective bounds.

These bounds are implemented in the estimation procedure. It

appears that estimations with Gauss-Newton from several start

points (of the ~arameters) are possible (see chapter 4).
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However.the parameters of the rubber tube will J.ay beyond this

region (see chapter 5). Because we just want to test the

estimation procedure on this tube"we had to change these bounds.

1Ji th
0,6 (r0 ~ 1,5 cm (4.22)

e = 1 (4.24)

K2 = 1.95 when r O = .6 cm

K2 = 4.20 when r O = 1.5 cm

200 ( cpO ,< 1000 cm/ sec

we obtain the bounds summarized in table 4.3

(4.26a)

(4.26b)

(4.27)

Justification of (4.22)-(4.27)

1 The inne~adius r O of the tube is .65 cm

2 The fluid in the rubber tube is water, hencee=l

3 K2 = 1.95 when r O = .6 cm (see De Pater ref.l page 86)

1 The lower bound of cpO has decreased because at the

beginning of the tube a lumped C is placed and this C

has a value which in combination with L of the tube will

give a cpO (see(4.2~) of about 250 cm/sec.

unscaled lower upper scaled lower upper

parameter bound bound parameter bound bound

Rsl 1.5810-5 1.7210-3 Rsl"" 10 1050

Ll 1.1610-4 8.5910-4 Ll* 420 2640

*}\pl 6.7810-3 ---- hpl 1 ---
01 (4.21a) (4.21b) ci'" 1) 2)

1 1
1) Ll'QU3:-:U4

10
6 2) Ll!QU2.QU4. 4

10
4

Table 4.3 Pa:rarneter bounds to LJe able to estimate the tube

parameters.

These bounds are implemented in the Marquardt estimation procedure.
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5. ADJUSTl/iENT PEOCEDUHES AND ~STIrvIATION RESULTS

The last chapter summarizes some practical information about

the programming of the methods of Gauss-Newton and Harquardt. It

describes the results of these methods applied to model-to-model,

model-to-8-sections model and model-to-tube adjustments.

Fig 5.1 gives the scheme for the Gauss-Newton estimation

procedure. It will be explained in the next pages.

(

D
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(~~f It)

'l). etlc)kM
It

Four Ie.,.
TI" an~ for mQbcor

Fo~,.;e. r
lra n5 for ma Hot'!
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TOlLe

TI"'d."'siorm~ h'ol1
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oJ"

~ Modet t, ltE~~

~N ~eN: ~H~
,

OLlt: -

11
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Fig 5.1 Diagram for lJrocess parameter estimation with Gauss-Newton.
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In tlti~: cliaPTalll p. (t), I) t(t) and i t(t) are continuouf3 r)J'OCe['1H" In ou ou r

signals. The Analo~ -Di~±tal-Convertergives the sam~les p. (n~),- ., - - .. . In

P t (nr) and i t(nr); here ~= rl is the sampling frequency.·ou ou J. . ... . .
These samples punched on data cards are the input of the estimation

program.

The basic frequency of "the heart", viz.: the function generator

of the 8-sections model and the pump of the rubber tube, is very

accurately adjustable; in our case it is adjusted to 1 Hz. This

property enables us to choose the number of samples in one period.

This number, namely, is then very well matched with the sampling

frequency.

Fourier transformation performed on the samples of one period

(250 when js = 250Hz) delivers the vectors ~in, Pout and lout with:

!:in ~ {Pin[-h] •...• pin[O] •..••Pin[h]}T

Pout= {pout [-h) , ••• , Pout[oJ , ••• , })Out[hJ}T

Iout= {lout[-h], ••• , loutfo], ••• , lout[h]}T

~he elements of these vectors are the complex Fourier coefficients

of the respective signalsl ). Here h is the ~ighest relevant

harmonic (13 in our case).

After this transformation XA is determined from ~out and ~out,

and then ~in and XA are the input of the "model". This is a

procedure which computes the model output pressure Pout for a- m
certain parameter set pN(N indicates the Nth iteration) with

equation (2.20).

According to paragraph 3.2 we will write X instead of ~outm and

Y instead of ~out (process output).

1) The coefficients for positive and negative frequency are

related, because Lheir inverse transform, the original time

signals, are real.

Hence, it is required that F* [-k] = P [k] •
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The following step is the comparison of process and model output.

This pives the error vector:

Ne = Pout P t N Y XN
_ou m = -

N N H NThen the Performance Index is determined: PI = (~ ) ~ (see (3.2»

and compared with MINEI; the minimal PI-value within (N - 1)
iterations. When l'IN is smaller than MINPI, and there are no

local PI-minima besides the global one in the admitted parameter

region, then the set fiNiS closer to the optimal one, than all

others. In that case fiN will be stored.

According to (3.16), repeated on the next page, a correction

step t:.f1is computed from rf. It is possible that the new set, viz.:

(iN+'= f1N +/lfj is worse than fiN itself. But one has to accept this

"wrong" step, because the Gauss-Newton method according to formula

(3.16)1), can find from a certain set pNonly one new set ~N+I 2).
With this new parameter set again the model output XN+l is

~ N~ -
computed, as well as the e and the PI etc. One such a cycle:

~1odel output~error-+}'I~parameter updating.-.-.. J'vlodel output, is

called one evaluation.

The stop criterion of the estimation procedure is determined

by Imax; the maximum number of evaluations. After some estimations

on the same process, it is possible to choose a reasonable Imax.

After the Imax evaluations the model output ~optimal with the

best set is computed and after this,!optimal is converted with

~ast ~ourier !ransform to 128 samples in the time domain.

Because we want to compare model and process output graphically,

it is useful to give the process output Pout(t) also in 128 time

samples. This can easily be done, limiting the frequency spectrum

of Pout(t) with a digital filter at 64Hz.

Hence, the block "Transformation to 128 time samples" in fig 5.1,

which performs the inverse transformation of Pout[~ , the Fourier

coefficients of p t(t), with only 64 components.ou
If f

0
is smaller than 128Hz, the frequency spectrum Pout[~ is

fill~d up with zero I s from k =i +1 until 64; if f s is greater than

128Hz, the digital filter sets component 64 on zero, while the

higher ones are cut off.

l)Hote that we have not used a Gauss-Newton version with an extra
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For easy reference we repeat (3.16): the Gauss-Newton correction

step:

N 1 IiI [ 'OX
H

dX 1-1
[ JoX H IiI 1]t1fi- =~ + - r- = 2re (-op · -;prr) x 2rel a~ (r-~)f

~N ~~

(3.16)

The following discussion deals with the determination of the

matrix of partial derivates

and

Because the second matrix equals the transposed and complex

conjungated first matrix, we want to restrict the discussion to

1)

(5.6)

Since x(t) is real it is required that:

X..[ -k] = X [k] or X""[k] = X (-k] •

Continuation of remark 2)
2) NH

In the case that ~

(table 4.2 and table 4.3)

on page 57.

is outside the admitted

"'-I-'~ becomes the border

parameter region

value.

1) The *-symbol indicates the complex conjungate.
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With this relation the number of the partial derivatives, that must

be determined, may elegantly be restricted.

In virtue of (5.7) namely holds:

(5.8)

4x27=108.

So the number of different derivatives is 4x14=56 instead of

aXIt
There are various ways for determining ~. ,

First there is the analytic expression for it,~erived from (2.20)1)

For the 4 parameters the analytic expressions are given in (5.9)

until (5 .12 ) •

- ~. sinh d )+YA[t-. sinh(/d)+ ~. cosh(/d) J} lin[k]

tCOSh(/d) + Zo·sinh(!d),YA}2

OX
k

dXk= jw-
OLl ORsl

OXk -{- ~.sinh(Jd)+YA[fsinh(/dl-m.COSh(jdl]}Pin[k]

ORpl tcoShC/d) + Zo.sinh(/d).Y4
2

dX
k

. C)x
k--~~;:;.;:.....-

dOl - GV01 2 ·ORpl

(5.10)

(5.11)

These are very troublesome expressions, especially when we have

in mind the numerical unstability of the less complicated formulas

of paragraph 2.3.

1 JUf course one may derive such expressions also from (2.17)

or (2.18).



-60-

X
k

(a .+LlR .) - X
k

(n.r J t-J YJ

approximate:"\,.
OX

k

'df3j

Xk (fi j + .1ti) - Xk (13 j )

fj f3j

or, by:

by:

We have used (5.9) - (5.l2)in this form in combination with
the method of Marquardt (the subject in paragraph 5.4), applied

to model-to-model adjustments. The results were very bad.

~e think this happens because of numerical instability. Maybe

the equations must be written in another way, maybe approximated.

We have not investigated this an~~urther.
I

It is more clever to make use of formula (2.20) from which
we know that it will be stable in the relevant fr'equency range.

If we

then we only have to perform some function evaluations.

Of course (5.14) is a better approximation than (5.13) because

it is symmetrical. And it is also clear that !J ~j must be as small
as possible for a good approximation. On the other hand, a very

small IJ. fJ' may cause such a little difference in the two terms

of the numerator of (5.13) and (5.14) that there will be a great
loss of digits. It is clear that the computed correction steps

will be very badly determined, if the remaining digits after the

sub_traction of the two terms are affected by truncation errors.

If ~ means the scaled parameter vector, in accordance with

paragraph 4.1, we lilay take the value of A~·the same for all j.

Then the sensitivi ty i. s almo st the same for all parameters.

It appears from the Gauss-Newton method, applied to model-to
model and model-to-8-sections model estimations that the choice

L1 ~i = 1 is a reasonable one.
In the case that t1P.J' <1, more wrong steps (see page 57) have to
be aCl.;epted. Vlitht1f3J'>l and using (5.13), it appears that the
parameters do not want to stay "at the minimum", once coming there.
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I~odel-to model adjustments have the advantage that the esti

mation procedure is not affected by the sampling noise, the noise

of the process, the measurement noise etc. Moreover the model is

an exact representation of the process, because the last one is

the model with a certain parameter set fi. = :2, the "patient parameter

set".

In this situation ~in and !A (see fig 5.1) are obtained from

the 8-sections model, because those signals, which are similar

to physiological ones, are already at our disposal.

The process output equals X(b) =Pout (bJ.- - - m-
The intention is to find patient~et b with Gauss-Newton,

I -

starting from fiO. Table 5.1 gives the estimation results for 6
different situations.

In the first three situations, the "patient set" E has been

chosen on the borders of the admitted parameter region, which is

bounded according to the constraints given in table 4.2. The

starting points fie are the same in these situations, namely the

parameter set of the 8-sections model (see table 2.1).

In situation 4 and 5, b is a border setting, while the starting
o - I

points fi are positioned at th~opposite bounds. In situation 6

patient set E equals the parameter set of the 8-sections model,
o

while ~ now is on the border of the admitted region.

no FATIENT VA1U:;:;S START VAI~UES START MINPI
*) after 20

Rsl Ll Hpl 01 11.s1 Ll Hpl 01 PI evaluatiOJ

1 3.11'"1'°.5 Ff.g32,.-'f 6.~SO,0-i 2.192/0-3 /.61 0 ,,-'1' Zj'f(),o·1( /'SjO I/J-I /.'168,0"1. 9 /.J1,03 b'b 10-11(

2 3.12 If/D-' ,.2 19,0-11 b. 8liO '0-] 8· '19'1,o~ ,.61°/p·v t!I(O m-'" /. 3J0 10·' /.'168,0·1. 6 '-j3 /0"1 I(.S" /0-20

3 3.11 'I,o·S "'·932 '0-'( 3. '1H 2..lgL ,oJ ,.6;0ID-t( 1j'/ol()-v f. 3JOID"' ,."I8
"

j1. 7 1.36 (03 /./ 10-/~

4 8:110'0-'1 If· 932/;" 3.0f?3 ,.2 6010~ 3./ll( /0 -s /.lJJ610 -y 6.8ro(/J-J B· '1S"to"3 9 I.(·S2 10 J S".f) /0-2.0

h ~./~'" /o-s;- 1.1.19/0-'1 6.8[;%.3 &'o/fJ'I ~J 8.l2.0 /0-1( 'f.g.12. 10-1( 3.06"..3 Iq60,0-1. 8 "I.~o 10:3 b.' IO-~Y./ 10

6 1.6/° /0-
11 2.1i O/o·'1 /..yo/0.

' /'1(6~/J-2. 3. 2. 8fl/0-s /. 21fJ 10-1( 6.fJ~D-1 %"fl(~
11

I. !I ' 102 1(. 1 -.I 0
'D

*) 1)patient set ~ is reached in ••• iterations •

Table 5.1 Estimatjnn results mOdel-to-model, the estimated values

are exactly the same as the " va tient values".
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Fig 5.2 shows those situations, indicated by a "cross" and

subscript "~:,~ .... " or "hsl'~ ...." in the case we mean a starting point
or patientset of situation•••• respectively. The admitted parameter

region is given in two diagrams.

b.8'iO -J
'0

J
10

5

1

O..-----...."O....-----2'O--,---J·O----yr"iO----G....,~r---IO-.J

Fig 5.2 The 6 situations of table 5.1. Start and patient values
are indicated by a "cross".

Continuation of remark 1) of page 61.

an evaluation is every computing cycle which leads to a updated

parameter se~, while an evaluation which yields a new set
closer to the minimum than all the others, is called an iteration.
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In all situations the estimated parameter values are, within

the 5 printed digits, the same as the "patient parameters",

Appendix 3 shows the path followed by the Gauss-Newton

procedure in situation number 1.

According to these very good results, Gauss-Newton appears to be

very suited for the parameter estimation within the constraint

region.

Instead of using the model output ~outm(~),whenfi.=l?, is a

certain "patient-set", as "patient signal", we consider now the

8-sections model output as process output. So this 8-sections

model will serve as "patient aorta", while its parameters (see

paragraph 2'.2) are the "patient parameters".

In this set-up, the model is no exact des~cription of the

process, and the sampling noise on the signals may effect the

estimations.

We have performed estimations on this "patient", again with

Gauss-Newton, while the parameters had to stay within the admitted

parameter region of table 4.2 (see fig 5.2).

Table 5.2 gives the results of these adjustments.

There is one "patient-set" l?" printed in the first four colurnns

of the lowest line of the table, and there are 17 different

starting points. In the first 16 situations, these points are

positioned on all different boundary points of the admitted region

(see fig 5.2). In the 17th situation, the starting point is on

the "patient-set" itself.

The results of these estimations are in all 17 situations the

same, they are once printed in this table.
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oint~~

ITO STARTING VALUES ~) :PI at the I
starting p

Rsl Ll Rpl Cl

1 3.1 2410-5 1.21910-4 6.85010-3 8.49410-3 9 2.11103

2 3.12410-5 1.21910-4 6.85010-3 5.06 910-2 9 2.2 8103

3 3.12410-5 1.21910-4 3.425 8.49410- 3 ' 8 1. 86103

4 3.12410-5 1.21910-4 3.425 5. 0 6910-2 7 1.01103

5 3.12410-5 . 4.93210-4 6.85°10-3 2.19 210-3 7 1.29103

6 3.12410-5 4.93210-4 6.85°10-3 1.26°10-2 6 3.7°103

7 3.12410-5 4.93210-4 3.425 2.19210-3 7 1.28103

8 3.12410-5 4.93 210-4 3.425 1.26°10-2 9 3.48103

9 8.22°10-4 1.21910-4 6.85°10-3 8.49410-3 7 1.67103

10 8.22°10-4 1.21910-4 6.85010-3 5. 06 910-2 9 7.15102

11 8.22°10-4 1.21910-4 3.425 8.49410-3 10 1.59103

12 8.22°10-4 1.21910-4 3.425 :i.06910-2 10 1.5810 3

13 8.22°10-4 4.93210-3 6.85°10-3 2.19 210-3 9 1.37103

14 8.22°10-4 4.93210-4 6.85°10-3 1.26°10-2 8 2.39103

l t=: 8.22°10-4 4.93210-4 3.425 2.19 210-3 11 1.36103~.-J

16 8.22°10-4 4.93210-4 3.425 1.26°10-2 9 2.48103

17 1.67°10-4 2.74°10-4 1.37°10-2 1.46810-2 3 6.14

TJI:= E:~ TI Eli rrED }'AR/U'i} T;;TI;; 1. VAJ-,UES

B.sl Ll Hpl Cl

1.58°10-4 2.78610-4 1.69110- 1 1.53610-2

8-SECTION~~ fJIODEL PARAIiIBTER VA1~UES

1.67°10-4 I2. 74°10- 4 11.37°10-1 )1.46810-2

The I'I-value after 20 evaluations, is the same for all 17

0ituations: 1.14057.

Table 5.2 Estimation results of model-to-8-sections model adjustment.

The optimal parameter values are the same, starting from

17 different starting points.

*)Optimal set reached in •••• iterations.
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Prom those results, it is clear that the minimum of the }'I

surface can be found fast and inambiguous with the Gauss-Newton

procedure. The values of the optimal parameter set, however, do

not agree exactly with the "patient values".

This may be caused by the following effects:

1. Bias in the estimations due to sampling noise on the signals.

It must be mentioned here that we used in the 17 situations

just one series of signals of the 8-sections model, so we

had the same noise contribution in all 17 situations.

2. The model is no exact description of the process.

3. fo a lesser extent because of the inaccurate potmeter

settings on the analog computer.

The investigation of the effect of noise on the estimations is a

good suggestion for further work.

Appendix 4 gives the path followed by the estimation procedure,

performed in situation no.l.The table in that appendiX shows in

the first three lines the heading and the starting values of the

parameters and the Ierformance Ind ex. DEJJI AR is the stepsize Af3.J',
used in the determination of the partial derivates ~. In the

o 13.'
next lines the scaled and unsealed updated parametersUare printed.

The ":IF" character means that the parameter under this symbol has

exceeded the bounds. In that case that parameter becomes the

boundary value. When a "wrong" step is done, in other words when

a PI(N+l) is found which is larger than MINPI (the minimal

PI-value up to the Nth iteration), this has been indicated by

omission of the words "ITER" and "DELI'1\. R'.
Furthermore appendix 4 gives, on 3 pages, the process and model

output as function of time; "*"-character indicates the process

or "patient"signal, the '#"-character indicates the model output

after optimal parameter setting. The "S"-symbol is used when for

a certain t = nl, model and process output are the same.
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The expression for the correction step in the case of Marquardt's

method is almost the same as it is by the Gauss-Newton method.

See (3.23) and (3.16), which are repeated here:

The only difference is the matrix AI, which is added to matrix A

before the inversion takes place.

The extra parameter A, however, makes it possible to vary the

correction step !l~, from a Gauss-Newton step, if;l. =0, to a very

small Steepest-Descent step if A is very large.

Hence, in contrast with Gauss-Newton, it is possible with

Marquardt's method to compute from ~g~ parameter point flM more

then one new point ~/N~ , and, following paragraph 3.3, it is
. • N /til-I

even posslble, to flnd from fi always a "better" set fi ,that

means a set closer to the optimal one, if Ais large enough.

So we do not have to admit wrong steps.

Fig 5.3 gives a flow diagram of Marquardt's procedure. One can

see in this figure, that a new set fi.,N+lp.. ,fiN) only is accepted 1'.T

if it is closer to the minimum. Only in that case setfibecomes ~~+l.

Tr:e stop criterion is determined by the total number of admitted

evaluations Imax (see section 5.1). The partial derivatives are

determined in the same way as they were using Gauss Newton's

method.

In section 3.3 a remark is made about the scaling, advised

by IJlarquardt. In our procedure we only apply the parameter scaling

in accordance with paragraph 4.1, for, after this scaling, Marquardt.1

method gives no further improvement.
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Computation of
~----------------~--~correctionstep

11f). (A) (iN)
t

~IN+1(\ fi N) :: (J" f 11/l

t
/'1-1-/

if P'l >upper bound i thenAi= upper- bound i

iffl{N"'/(lOWer boundi thenAi = lower bound i

t

t
ye.--s_~if PI(a N+l)< MINPI t--~_n_o ___

I 'f'::' I I

MIllPI := PI

pN+l := PIN+l

write out instructions

A:== '>./s

t
1 1 .- 1+11

t
I-- --<i--_II I ~ IHJ\X I

fig 5.3 Flow diagram the Marquardt procedure.

Nfl stays r-
write out instructions

.A:=,\.s

In analogy with the Gauss-Newton procedure, one evaluation is

defined as the cycle:

1 . N+l(\ N)Uomputatlon of the new set~, A,&
2 Computation of model ouput and PI-value

~ Determinatiull v/hether J.I(P~+l) is smaller or lager than MINPI

. updating of A, andlor fl. and I'HNPI.
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The Larquardt ef:,timation procedure is first applied to

model-to-8-sections model adjustment. Starting from ~oOf

of situation 1 of table 5.2, with the same constraints to the
parameter region as in that situation, this method gives the

same optimal set as Gauss-Newton does.
Remarkable however, is the difference in the numbers of boundary

transgressions. When using Marquardt's method, this number is

much lower than in the case of the Gauss-Newton adjustment. See

for example, appendix 4 and 5. Appendix 4 gives the estimation

path follwed by the Gauss-Newton method, and appendix 5 the path
followed by Marquardt's procedure. Starting points and constraints

in both situations are equal. Gauss-Newton gives 10 boundary

transgressions (number of "'#,, symbols) , Marquardt only 4

(indicated by "bg" or "og" before the parameter value; bg= u:pper

bound, og = lower bound). Of course,this effect is originated by

the extra constraint to the parameter space in the case of

l'/Iarquard t 's method. For, with a choice of;t a I' is connected,
that means the radius of the hypersphere, in which the method

will search after a minimal PI-value (paragraph 3.3).
Furthermore the Marquardt method is applied to model-to-tube

adjustment. So the necessary signals Pin, YA and Pout for the- - -
estimating procedure have been measured on the rubber tube.

The set up of this physical aorta model has been made by

Leliveld (ref.4). It consist of a mechanical pump, a bottle

at the beginning of the tube as lumped capacitance and a rather

stiff rubber tube. Because our distributed model is excited

by the input EE~~~~E~ of the rubber tube, although measured
before the bottle, it is not possible in our case to consider

the lumped C as distributed over the tube, for, our method

can not "see" this capacitance with the pressure as ~gE~!.

The opposite was true if flow had been used as input signal.

In this situation of model-to-tube adjustment, the parameter

space is bounded by the border values of the parameters, printed

in table 4.3, with the exception of the lower bound of Cl. We

expect namely a very low Cl-value, because the tube is stiff,
and that is why we have chosen a constant Cl lower bound on

5 48 7 ml.l .
• 10- mmHg CID' In stead of the hyperbola function.
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Table 5.3 gives the estimation results of 4 situations; the

model parameters, namely, have been adjusted with the Harquardt

procedure, starting from the parameter values of the 8-sections

model, using four different sample series of signals, i.e. with

signals with various noise contribution. Fig 5.4 gives in two

maps Rsl - Rpl and Ll - 01 the starting pointsfiOand the optimal,..
sets'~ of these situations.

R.SI

/

"?per
bOlM'ld e,f I

L, ·Yolo'"

• ! • • 8 IO-G
/00 /20 l'tO 160 I 0

~

I
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~AETING rOIlJT: Hsl=1.6710-4, Ll=2.7410-4, Rpl=1.3710-1,Cl=1.46810-2

Ltu- Estimated parameter values within 30 START HINPI in 30

~ion evaluations PI evaluations

) Rsl Ll Rpl Cl

L 1.17310-3 6.87310-4 3.34310+1 1.27810-3 1.1310+2 3.0610-1

) 1.11810-3 6.85710-4 4.83610+1 9.51210-4 8.0410+1 3.2910- 1

5 1.14710-3 6.80610-4 3.31310+1 1.44310-3 6.4110+1 3.5110-1

~ 1.10610.1.3 6.84410-4 4.13410+1 1.22810-3 6.5110+1 3.4010-1

Table 5.3 ~~stimation results of model to tube adjustment, using

4 different sample series of the signals p. p t and i out •In, ou

The adjustment paths, followed by the estimation proeedure, in

the 4 situations are given in Appendix 6,7,8,9 respectively.

The table in those appendices shows: the PI-value, A, scaled and

unsealed parameters (paragraph 4.1) of each evaluation.

When a new parameter updating leads to a worse PI, this is

indicated by the omission of the words ITER and LAJVIBDA. In

those cases the performance of the method of Marquardt becomes

quite clear.

See for instance Appendix 6 after ITER 10. A worse set is found

wi th A= 10-12 , the Aincreases, ti11 A is large enough to give,
a better set. So between ITER 10 an~ll, 5 evaluations have been.
performed, before a better set was found.

In those appendices also are given the process and model output

after the adjustment as function of time. "."-symbols indicates

process output pressure, while "".."-symbolindicates the optimal

model output. The "SI'-character was printed when the two outputs

were equally large.

The meanD and standard deviations of the four estimations

a~d given in table 5.4. One may also find there Rsl and Ll values

measured at the tube by Leliveld (ref.4), all in medical units.
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mean of measured values standard

estimations deviations

Rsl 1.13610-3 1.3010-3 2.610-5

Ll 6.84510-4 6.7510-4 2.510-6

Rpl 3.90710+1 ----- 6.3

Cl 1.22510-3 ----- 1.810-4

Table 5.4 Mean and standard deviation and measured parameter

values.

With regard to Rsl and Ll the results appears to be very reasonable.
The estimations of Rpl and Cl, however, are very inaccurate. This
becomes quite clear, comparing the results of situation no.l in

table 5.3 and those given in table 5.5. There a situation is given,
where the same data set is used, but where another starting point

is chosen. Appendix 10 gives the estimation path and time signals.

Rsl Ll Rpl Cl PI

START: 3.12410-5 1.21910-4 6.85010-3 8.49410-3 7.7510+1

OPTH1U...L: 1.13310-3 6.40910-4 4.34810+1 3.9011,0-2 2.7410-1

Table 5.5 J'::stimation result when the same data set is used as in

sit.no.l of table :;.3, but starting from another point.

From the MIN?I value (2.7410-1) it appears that the optimal set

must be closer to the "patient" set (=parameter set of the tube)

in this case, than ill the situation 1 of table 5.3. In the best

iteration (ITZR 18) , however, parameter Cl is bounded by the

upper bound, although we expect a small Cl, on account of the stiff
tube. }urthermo~e the optimal Cl-value in this case is very

different from the one in table 5.3, in spite of the little

difference in MINII-value. So it appears that,· in spite of the

pE::rfUL'Tiled scaling, here the sensitivi ty for Cl and in a lesser
d2gree for Rpl is much smaller.
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This last remark becomes clearer by looking at appendix 10.

It appears that the correction steps, especially witll regard to

2pl and CI, sometimes are very badly determined. See for instance

IT,~R 17: in the following updating, Rpl jumps from a large value

to the lower bound, while Cl jumps from upper bound to lower

bound.

The correction steps are greatly dependent on the determination

of the partial derivative (see(3.23D. Having in mind the way we

approximate these derivatives (5.14), then these bad correction

steps can only be explained with the occurence of a great loss

of digits, what happens when the computer subtracts two almost

equal numbers. This means that the LjI~J' for determining the derivati.v

is too small for Rpl and Cl, and presumably not for Rsl and Ll.

This means however, that the scaling, based on the sensitivity

studies, which worked well in the model-to-8-sections model

adjustment, is not sufficient for this problem. Of course, this

is very well possible, for, the sensitivity of the model for the

parameters is a function of these parameters, and it was investi.

gated in the neighbourhood of the parameter setting of the

8-sections model.

The parameters of the tUbe, however, are far away from this set.

This problem may be solved in two ways:

1. Check the relative difference

v = Xk (~ j + Aft j) - Xk (~ j - tJ f3 j )

Xk(fi j )

in every iteration. I'!lake J~j larger, if v is, for instance

smaller than 10-8 • In fact this means, if wanted, a new

scaling every iteration. An unlimited enlargement of !Jfij ,
however, is not always desirable, because it may give rise

to a worse derivative approximation. Because there are

some estimations for the tube parameters, it is also possible

to investigate the sensitivity of the model for parameter

values in tne neighbourhood of these tube parameters, and to

base on this investigation a new scaling.
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~2. Computation of XkCfi j .:t tJPj) in double precision.

'll:hen !JfJ' may still stay small enough.

We think that a com')ination of both methods will give the best

solution; however, it is possible that only double precision

computation is sufficient.

:here is another possibility, namely, the search for other,

more sensitive parameters.
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6. CONCLUSIONS

This report deals with a linear model of a tubelike aorta.

It is a mathematical description of the pressure-flow relations

in the vessel, represented in the frequency domain.

Properties of this model are:

1. The model is not lumped but distributed in the parameters.

So, the already highly simplified description, derived

e.g. by De Pater, of the pressure-flow relationships in

the vessel, is not further approximated.

2. The model output pressure equation uses a known terminal

admittance. Its structure needs not to be known, because

the admittance can be determined by simply dividing the

process output flow through the pressure.

3. The model output pressure equation needs two inputs:

input pressure and terminal admittance. This means that three

process signals have to be measured (see 2.).

These signals are sufficient for the model adjustment.

4. The frequency range is important. Because, in general,

the model is not an exact representation of the process,

the frequency range may affect the position of the

minimum of the Performance Index.

In our case a frequency range 0 - 13Hz seems to be enough,

i.e. a frequency band of 13Hz will give no other estimates,

than a model with a frequency range of more than 13Hz.

5. The model can be programmed on a digital computer.

Because of Parseval's theorem, there is a simple relation

between Least-Squares estimators in time and Least-Squares

estimators in frequency domain. This makes the estimations in time

and frequency domain equivalent. The expressions of Gauss-Newton

and Marquardt parameter correction steps in the frequency domain

are not essentially more dj.fficult then those with regard to

the time domain.

Conclusions concerning the estimation results:

J. .'Tom model-to-model and model...;.to-8-sections model

estimation results, Gauss-Newton appears to be a suited

method for J.i.nding the PI-minimum, when only a strictly

bounded parameter region is admitted.

lhysiological relevant values are within this admitted region.
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2. From model-to-tube estimations it appears that it is very

important to test a new set up in a more realistic

"situation", realistic in the sense of more measurement

noise, more disagreement between model and process etc.

The disadvantage of the tube we used, however, is, that

its parameters are beyond the physiological important region.

This has caused a far reaching change in the estimation

Drocedure.

At first the admitted parameter region had to be enlarged

and at the second place Gauss-Newton's method had to be

replaced by the method of Marquardt. Moreover, it appeared

that in the case that Rpl andCl are far away from the

8-sections parameter set, the sensitivity of the model

for these parameters is much lower, then has been found

in paragraph 4.1.

3. Because of the inaccurate determination of the derivative,

due to the lower sensitivity, model-to-tube estimations

do not give the same optimal sets, when starting in different

points of the parameter space, although they use the same

signal samples.

This is contrary to the model-to-8-sections model adjustments.

This remark refers mainly to the estimation of Rpl and Cl.

4. The estimation with this model is very fast. In 80 seconds

30 evaluations (parameter updating -+ model output .... parameter

updating)have been performed.

From this investigation we are now in a position to give some

suggestions for further work:

1. The approximation of~Ak. may be refined and more accurately

computed, when working ~n double precision.

Note, however, that only the model output has to be

computed in double precision. After subtraction of the

Xk(~j +A.flJ) with Xk(~j' - lJ f3J)' single precision computation

is sufficient.

'_~his operation may give much better results.

2. The above mentioned method may be combined with a

sensitivity dependent scaling.
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3. It may be useful to 8tu~y the sensitivity of the model for

the parameters in a region around the tube parameter set.

It is probable, that for those parameter values, and vIi th

the tube as process, the PI-curves and surfaces are different,

from those obtained in the case that the 8-sections model

serves as process and only a restricted region around the

8-sections parameter set is investigated.

Maybe it will be possible to conclude from these curves,

how accurate Rsl,Ll, Rpl and 01 may be estimated. When

only inaccurate estimations are possible, perhaps combinations

of Rsl, Ll, Rpl and 01 have to be chosen as "the parameters".

It must be mentioned again, however, that the tube we

used, has no physiological relevant parameter values.

4. After these refinements an investigation of the effect of

noise on the signals, on the parameter estimations will

be useful, to get an idea about possible bias on the estimates.

This will be important when the model will be used to

estimate parameters from real physiological signals, or in

general from signals with much noise.

After these improvements, it will be possible to estimate on a

human aorta with this model, or on another vessel, if it is well

described by the linear pressure-flow relations, which were the

basis for this model. Furthermore it will be possible to

describe a model, based on the same principles, but including

the tapering of the vessel (ref.g).
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