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Abstract

Homogeneous nucleation rates of water between 10'* and 10'7 m~3s~! have been
measured in an expansion wave tube, at temperatures of 200-240 K, using helium
as a carrier gas at atmospheric pressure. At low temperature, a large discrepancy
between the experimental data and the predictions of the classical nucleation theory
(CNT) is found. To describe the measurements better, the temperature dependence
of the CNT is adjusted, the supersaturation dependence being corrected as well. The
corrected theory is found to agree both with our data and with the measurements of
Wolk ef al. [J. Wolk and R. Strey, J. Phys. Chem. B 105, 11683 (2001)].
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1. Introduction

The condensation of water is an everyday phenomenon. When water boils, a cloud of
tiny droplets is formed in the cold air above it. Clouds in the sky also contain liquid
water drops, even though their temperature can be far below 0 °C.

Condensation, the formation of droplets from a supersaturated vapour, consists of
two steps: first, a few dozen molecules have to form a cluster that is stable — small
clusters have a large probability of falling apart again. This is a statistical process,
called nucleation. If the cluster consists only of vapour molecules, then we call the
process homogeneous nucleation; if other substances — such as dust particles — induce
the nucleation, we have heterogeneous nucleation.

The second process is droplet growth: the growth of the molecular clusters to mac-
roscopic droplets. It is this process that allows us to see the condensation; nucleation
itself is an invisible process.

In this research we focus on the homogeneous nucleation rate: the speed of nucle-
ation, that is, the number of stable clusters that are formed per unit of space and time.
In this report we will present our experimental nucleation rate measurements as well
as various theoretical descriptions of this process.



2. Nucleation Theory

2.1 General

2.1.1 Capillarity approximation

Before quantities such as the nucleation rate can be derived, a model for the cluster
has to be adopted. Most theories are based on a very simplified model called the
‘capillarity approximation’. In this model, it is assumed that he cluster is spherical
and that it has a uniform density equal to that of the bulk liquid. The interface between
the liquid and the vapour is taken infinitely thin and the surface tension there is equal
to that of the interface between the bulk phases at equilibrium.

We expect a real cluster to have very different properties, and it seems likely that
not a single assumption of the capillarity approximation is satisfied. Nevertheless, it
is frequently used, at least in all theories we will encounter in this chapter.

We can simply take the volume of the cluster v, proportional to the number of
molecules n that are in it:

v, = Ry, 2.1

where v; is the average volume available for one molecule in the bulk liquid, i.e.,
v = M/(p¢N,) with p, the bulk liquid density (units mass per volume), M is the
molar mass and N, is the Avogadro constant.

The surface energy of the cluster is represented by the product o a,; o is the surface
energy per unit area and a, is the surface area of the drop. Using the geometry of a
sphere, the surface area is related to the volume:

a, = (36m)?v}? = qn?3. 2.2)

In the last step Eq. 2.1 was used, and a; = (36x)"/ 3vf/ 3 was introduced.

2.1.2 Cluster distribution
The Helmholtz free energy of a cluster is, by definition, '
F, =nu +oa, — p vy, (2.3)

where w, is the chemical potential (the Gibbs energy per molecule) of the liquid, and
p is the pressure of the surrounding vapour. The canonical partition function for a
cluster at rest is then, also by definition, !

gn = exp(—F,/kT), (2.4)

where k is the Boltzmann constant. The partition function of the total system (which
has a volume V') must include the molecular configurations of the surrounding vapour.

8



2.1 General

Assuming that the molecules in the vapour do not interact with those in the drop, the
total partition function can be written as a product

Ql = gnQN-n, 2.5)

where Qy_, is the partition function of the vapour and the ‘1’ in Q! denotes that the
cluster is at rest at a single position. Next, we have to account for the translational
freedom of the cluster, which means that we allow it to be anywhere in the volume
V. Simply multiplying Q' by V gives a dimension problem; instead, we have to
introduce a volume scale, which we will call ¢. The partition function of the total
system QV, allowing cluster translation, is then

Q" = 0! x %. (2.6)

It is not at all straightforward what value the volume scale should have. Since it has
to do with the translation of the cluster, we expect it to be related to, and dependent
on, cluster parameters such as it size. We could, for example, take the volume scale
equal to the average volume in which the centre of mass of the cluster fluctuates due
to collisions of vapour molecules. Regardless of the volume scale, it can be shown!
that (under the assumption that the vapour is an ideal gas) Eq. 2.6 leads to

Pn = %exp(—Wn/kT), (2.7)

where W, is the work of cluster formation, which will be derived in the next section.
The cluster distribution p, has the units of number per volume; it tells how many
clusters of a certain size n are present. The exponential factor exp(—W,/kT) can
be seen as the familiar Boltzmann factor, governing the occupation of states with
different energies.

2.1.3 Work of formation

The work of formation of a cluster is the difference in the Helmholtz free energy
between a system with and without the cluster. It is:?

W, =nAu —v,Ap +oa,. (2.8)

The quantity Apu is the difference in chemical potential between a drop and a vapour
molecule (Figure 2.1):

Ap = w(pr) — o (p). (2.9)

The pressure in the drop p; is higher than the pressure of the surrounding vapour p,
and Ap is defined as

pr=p+ Ap. (2.10)

The pressure difference, sometimes called the Laplace pressure, is caused by the
curved surface and the surface tension of the drop. If the drop is in mechanical
equilibrium, 3

ap =2, 2.11)
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vapour
phase

liquid
phase

ap Figure 2.1: Chemical potential of
the vapour and liquid phases as a
Ps 4 P function of pressure.

where r is the drop radius. Eq. 2.11 is called the Laplace equation.
Using a thermodynamic relation called the Gibbs-Duhem equation,* the chemical
potential of the drop at pressure p; can be related to the chemical potential at pressure

p:
mi(p) = wi(p + Ap) = w(p) + vi1&p. (2.12)

We define the supersaturation of the vapour § as:

kT InS = py(p) — po(ps)- (2.13)

The pressure p; is the saturated vapour pressure, the pressure that exists over a liquid
when it is in equilibrium with its vapour. At this pressure, the chemical potentials of
liquid and vapour are equal. For a perfect gas, Eq. 2.13 simplifies to:

S(p,T) = p/ps(T). (2.14)

Using the previous definitions, we are now ready to derive an expression for Apu.

Ap = py(pr) — 1u(p) (2.15)
= p(p1) — i (ps) + to(ps) — wo(p) (2.16)
~ w(p) — w(p) + ty(ps) — tu(p) (2.17)
=v;Ap — kT InS. (2.18)

The three steps here need explanation: (2.15)—(2.16) Here we used that u; = u,
at p = p;. (2.16)—(2.17) Because Ap > p — ps, we can make the approximation
wi(pr) — mi(ps) = pi(p) — pi(p)* (2.17)—(2.18) Here, (2.12) and (2.13) were
used.

Finally, substituting the expression for Au in the one for the work of formation,
Eq. 2.8, yields

W, =v,Ap—nkTInS —v,Ap +oa,

2.19
=ocan*?—nkTInS. ( )

*This is correct for pure vapours. If a carrier gas is present, no significant errors are introduced for
atmospheric conditions. For higher carrier gas pressures, corrections are needed. 2
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W_/kT

Figure 2.2: Work of formation of a cluster
| of water molecules as a function of
5 the number of molecules, according to
) ) ) . n] Eq. 2.20, at 220 K. The work is shown for
0 20 40 60 80 100 120 140  two saturations: 1 and 20.

For the purpose of shortening the notation, a dimensionless surface energy ® =
oay/kT is introduced, so that Eq. 2.19 simplifies to:

W,/ kT = ©®n*?* —nns. (2.20)

The work of formation can thus be described by two terms: one is proportional to
the surface area and represents the energy needed to form a new phase interface; the
other one is proportional to the volume and represents the energy gained by forming
an amount of the new phase (if S > 1); see Fig. 2.2.

The cluster size at which the work of formation is maximal is called the ‘critical
size’, or n*. Clusters smaller than this size have a high probability to shrink; clusters
that are larger tend to grow. We can determine n* by solving dW/9n|,» = 0; this

gives
20 )’
* = , 2.21
4 (3lnS> (2.21)

If the Aw in Eq. 2.18 is evaluated for a critical cluster, using the Laplace equation,
Eq. 2.21 and the relation nv; = %Jﬂ‘3, it can be shown that

Au=20 for a critical cluster, (2.22)

so that a critical cluster has the same chemical potential as the vapour.
Now that we know the work of formation, the only unknown on the right-hand
side of Eq. 2.7 is the volume scale, .

2.1.4 Volume scales

As already mentioned, it is not clear which value should be chosen for the volume
scale. In early theories the notion of such a scale never occurred. It was during the
“replacement free energy” controversy>~® in the 1960s and 70s that the confusion
started about the way the translational freedom of the cluster should be accounted
for. The issue was never really solved, until in 1997 Reiss, Kegel and Katz ' claimed
to have found a solution. Since the theories now called ‘classical’ are still the most
widely used, we will show their volume scales.

Standard theory

What is called ‘standard theory’ in this text is the classical theory by Becker and
Déring 19 of 1935 with an additional 1/S factor in the formula for the nucleation rate;



12

2. Nucleation Theory

a correction which is generally agreed to be required.! In the standard theory, the
volume scale is independent of the cluster size; it is the volume per vapour molecule,
at saturation:

§ = 1/p%, (2.23)

Girshick-Chiu theory

In 1990, Girshick and Chiu'! argued that at saturation (S = 1), the work of formation
of a monomer (n = 1) should be zero. In the standard theory, this is not the case since
W,/ kT = ©® n*?, at saturation. Girshick and Chiu corrected this as follows:

W=0m”?-1 aS=1, (2.24)
so that at general supersaturations

W =0®n”-1)-nhs

(2.25)
=W,/kT — ©,
To obtain the volume scale, we rewrite the cluster distribution:
P = o™ exp(=W,’/KT) 226)
= pi™ exp(®) exp(—W,/kT). '
so that
8#9C = exp(—~@®)/p™. (2.27)

An important property of this correction is that the cluster distribution now yields
the correct result for monomers (n = 1), namely pf’c = pi* S. Since it is this
consistency which distinguishes the Girshick-Chiu theory from the classical theory,
it is sometimes called the internally consistent classical theory (ICCT).

Reiss-Kegel-Katz theory

The volume scale of the RKK theory will be derived later in this chapter; here we
will already show the result:

ORKK — (kTienvy)'/?, (2.28)

where « is the compressibility of the liquid; ¥ = (3p¢/0p)7/p¢. Note that unlike the
previous volume scales, this volume scale does depend orn the cluster size n.
2.1.5 Nucleationrate

We want to keep the derivation of the nucleation rate as general as possible. That
is why we do not choose a specific volume scale at this point, but assume that it is
proportional to a power of n, i.e.,

Y, =an?, (2.29)
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where « and y are arbitrary constants independent of n. We further assume that the
volume scale does not depend on the supersaturation.

The derivation itself is based on the so-called ‘kinetic method’, concisely recaplt-
ulated by Girshick and Chiu.!! We start with an expression for the nucleation rate J
that follows from kinetic considerations

-1 o) ~1
J= = / e‘H(")dn] , (2.30)
l: 1 ﬁanpsa‘S" :l [ 1

where H (n) = In(Ba,p*S"). Here B is the impingement rate of monomers, which
is taken from ideal gas kinetic theory; an expression for 8 appears in Table 2.1. The
integral is written in this form because we expect the integrand to be a sharply peaked
function of n, with the peak around the critical size. This peak is approximated by a
Gaussian curve, similar to exp[—(n — n*)?], so that the integration becomes standard.
To write the integral in the desired form, H is expanded in a Taylor series around n*,
the critical size, where the derivative of H (n) is zero:

H(n) ~ H(n*) + i(n — n*)? H"(n%), (2.31)

where the double prime denotes the second derivative. Note that the critical size is
redefined here as the n for which H (n) has a minimum; this value may be different
from the n* of Eq. 2.21. When the expansion of H of Eq. 2.31 is substituted back
in Eq. 2.30 and the lower integration limit is shifted to —oo, the result is indeed a
standard integral, with solution

J= [H;:*)]l/z exp [H (n*)]. (2.32)
We write H using the definition of a, (Eq. 2.2) and the cluster distribution of Eq. 2.7:
H(n) = In(Bay) + m(n*?) = In(¥,) — ©n*> + nln S. (2.33)
To find the critical size, we use that H'(n*) = 0, which gives
™~y — 20 +InS =0, (2.34)

which leads to

o) *2/3 + 3., _ 1 3
& Y~ Zmns. (2.35)
n* 2

Similar to the approximation of Girshick and Chiu, we now assume that for most
cases ®@n**? > |3y — 1|. For our experiments ® n**/> = 0(100), so that the
approximation is justified. The critical size is then

2 @\

which is the same result as obtained before (Eq. 2.21). Apparently, the dependence
of the volume scale on the cluster size is too weak to influence the critical size, which
remains completely determined by the maximum of the work of formation.
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Table 2.1: Substitutions

® — ao/kT i — p/kT
a - (3671)1/31)12/3 my — M/N,
v > M/peNy4 ot = ps/kT
B — *kT/2rm)'Ppy | p - Sp;

To obtain J with Eq. 2.32 we also need the second derivative of H at the critical
size:

@n*2/3 + 9., _ 3 ® %x2/3 2
Hll(n*) — 5 22)/ o gn . — _@n*~4/3. (2.37)
o 9

In the second step the approximation ® n**® > |2y — 3| was made. For this approx-
imation to be allowed, |y | cannot be too large; if for example y = —2, the right-hand
side is already 12.

Substituting the results, Eqs. 2.36 and 2.37, in the expression for the nucleation
rate, Eq. 2.32, and using Eqs 2.7 and 2.20, finally gives

1 a8 [0\ 4 @3
ak (2 2 . 2.38
O 3 (n) P17 27t )2 (2.38)

J =

Since the standard theory has ¢ = 1/p}*, we have

1/2 4 @3
stan satalﬁ S
— = —_—— ] 2.
JoE = pi 3 ( ) exp[ 27 (572 (2.39)

and generally

. sat
Py 1971*

x Jsen | (2.40)

To express the nucleation rate as a function of the physically measurable parameters
surface tension, density, vapour pressure and supersaturation, we employ the substi-
tutions summarized in Table 2.1.

2 1/2 2 3
A\ (20M\'? S 16 M
Jstan___(P> (C’ 2 exp| - ”( i) . (241)
kT ) \zNs) » 3 \NapelnS) \kT

For the RKK theory, the nucleation rate is

3p\? N, S
g = (2) 7 2 sy e .. | 242

where the exponential factor is the same as in Eq. 2.41. Note that the JR¥X given here
differs from the one shown by Wolk and Strey. !?
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2.2 Reiss-Kegel-Katz theory

The RKK theory!? is based on: (1) the correct counting of molecular cluster config-
urations; (2) finding the average volume of a fluctuating drop. Combining these leads
to the volume scale.

2.2.1 Volume scale

What is called ‘the drop’ in the original paper is a rigid, spherical container of volume
v, in which there are n molecules. Inside the container, the cluster of molecules can
have any shape and size, and it does not have to be in the centre of the container. The
only constraint is that the molecules must be in a single cluster, i.e., evaporation is
not allowed; see Fig. 2.3.

Allowed Not allowed

Figure 2.3: Molecular configurations that are allowed. The large circle is the spherical con-
tainer volume; the smaller ones are the molecules.

The partition function g, (v,) includes all configurations that are allowed as specified
above. The total system has a volume V and contains the drop and N — n vapour
molecules in the remaining volume V — v,. In the analysis to follow we will take
v, equal to the average liquid volume of n molecules v;; that is, v; = n/p, where
p¢ [m~3] is the density of the bulk liquid. For the moment, we will fix the drop (the
container) at a certain position in the system.

Having set the conditions, we will now look at the partition function (PF) of the
total system, Q,‘l. Here, the 1 denotes that this PF is fixed at a single position. Since
the molecules in the vapour do not interact with those in the drop, the total PF function

can be decoupled and written as
01 = 4n (V) Qu-n(V = v)) = g} Qhr_p» (2.43)

where Qny_,(V —v}) is the PF of the vapour molecules. The last equality in Eq. 2.43
is the result of a simplifying notation, summarized in Table 2.2. Generally, a star next
to a symbol means ‘evaluated at v;’.

Table 2.2: Definition of simplifying notation.
Notation Meaning

g, gn(vy)
Nen On-n(V —v))
1 dgu

n Bon [v;
% 30N-n

N-n (V—uy)

*
U"
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N-n
® e
° °
J L4 °
o)
[@)
Vi %%o
°
°® ™
V-y, L i L4 .

Figure 2.4: Left: System of volume V with the container of volume v,. Open circles are the
n drop molecules; filled ones are the N — n molecules in the vapour. Right: Second position
of the container, overlapping the original one (dashed). Non-overlapped volume is dv.

In the next important step we allow the drop to be in one other location. Again,
we wish to know the total partition function Q2 (where the 2 now indicates that this
PF includes two drop locations). In the simplest case

Q2= 0h+ 0 =q Qe+, O (2.44)

In our case, however, the second position is very close to the first one, so that the new
and the original drop volume partially overlap. Now, a redundancy problem occurs:
certain configurations are ‘counted’ twice. Figure 2.4 shows such a configuration, in
which all drop molecules are in the overlapped volume. An additional condition for a
configuration to be redundant is that there are no vapour molecules inside the volume
created by the two spherical drop volumes.

We will now calculate the partition function of the redundant configurations. The
non-overlapped volume is called dv, so the overlapped volume is v} — dv. The PF for
which all drop molecules are in the overlapped volume is

dgn
gn(v; — dv) = g, (vy;) — aq

dv, (2.45)

Up | »
nlys

using a first order approximation. Similarly, the PF for which all vapour molecules
are outside the two drop volumes is

dQN-n
Onn(V = (U +dv)) = Qnn(V =0 —dv) & Oy (V= v7) = —2N1_| gy,
oV —v,) ”
(2.46)
The total PF of the redundant configurations is then equal to the product
reun=nv:_dvx -—nV'—U;'—dU
Qredun = 4n( ) X QN-n( ) 2.47)

=gy ONn_n— 4 On_pndv — ON_,q, dv,

where (2.45) and (2.46) have been used and the term proportional to (dv)? was neg-
lected. The notation was again simplified according to Table 2.2.



2.2 Reiss-Kegel-Katz theory

17

Now the size of the redundancy has been found, we return to our task of evaluating
Q2. We can now correct Eq. 2.44 by subtracting the PF of all redundant configura-
tions:

02 = Q)+ Q) — Qredun

. . " (2.48)
= q:QN—n + q: /N*—n dv + QN—nqn dU,

where we used (2.43) and (2.47). We now continue the drop displacement process
and allow it to be in a third position. We keep the displacement distance the same, so
that the PF of redundant configurations is the same: '

Qi = Qi + erl - Qredun

* * * * * * (249)
=4, QN—n +2 [dv(qn /N—n + QN—an/I )]

By now it will be clear what happens: every displacement adds an amount Q ,1, — QO redun
to the PF; this amount is equal to the terms in square brackets in Eq. 2.49. Every
displacement also increases the covered volume of the PF by an amount dv, so that
when the entire volume V is covered the PF is given by

OF =qrOn_ + (V=g Qn_ + Ohendi)

* % * 1% (250)
~ V(qn N—n + QN—nqn )

In the last step it was assumed that v} < V.
For the purpose of rewriting Eq. 2.50, a quantity p, (which has the dimension of
pressure) is introduced:

3lng, kT (3,
pn=kr( a“q) =-—( q) . (2.51)
Un /a1 G \OUn/ .7

According to Kikuchi,? this p, may be seen as the outside pressure with which the
drop is in equilibrium or the pressure exerted on the container from inside, although
Koper and Reiss!? said that for small systems p, may not have the meaning of a

pressure.
The pressure of the surrounding vapour may be written in a similar form:
kT d0N-
p= ( Qs ) . (2.52)
On-n \O(V =)/, 1

Using the last two equations, the PF in Eq. 2.50 can be rewritten as

0V =q* 0" v(p—;+i)— 0t (——V ) (2.53)
n “qn N-n kT kT “qn N-n kT/(p;,“-i—p) . .

If we compare this with Q,‘[ = Q,ll V/0, (Eq. 2.6), we see that we have obtained the
volume scale
kT

S )
pr+p

n

(2.54)

We still need to find p;. This will be done in the next section.
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2.2.2 Fluctuation

Our aim is now to relate p¥ to the volume fluctuations of a drop. We will therefore
abandon the idea of a fixed v, and look at the PF which includes all possible drop
volumes. To make the analysis simpler we will fix the drop at a position (that means
we will study Q)).

To obtain a drop PF that includes configurations in all possible volumes, it might
seem sufficient to integrate:

gn = / gn (D) di,. (2.55)

n

However, this result is meaningless. Apart from dimension problems, the g,’s can’t
simply be summed because every g,(9,) also includes all configurations present in
a volume smaller than v,. Instead, we will construct a PF which can be summed

because it only contains configurations that have a volume between 9, and 9, + dv,:
dnﬁn = nﬁn"‘dvn - nﬁn
Gn(Un) q(A ) — qn(Vn) 2.56)
= Qn(vn) + BQn/avnlﬁ,,dvn - qn(vn) = aQn/avnlﬁndvn-

For every dg, (0,), the PF of vapour molecules is Qy_,(V — 1,,). The total PF of all
possible v, is’

pn(ﬁn)
kT

In the last step, (2.56) and (2.51) were used. Appendix E shows how Qn_,(V — 0,)
can be moved out of the integral, giving

0! = / 3 (Br) Onon(V — B) = / 4n(50) Orven (V = ) dip. (2.57)

Gu (D) e7P/ KT A5, (2.58)

Pn(Dn)
T

0! = QN-n(V)f -

At this point RKK point out that the integral in (2.58) is the PF for a constant pressure
ensemble, in the form as Koper and Reiss'? derived. The consequence of this is that
the integrand can be seen as a probability density of observing a certain v,. Our
goal is to determine p}, that is, p,(v}). The volume v} is the average volume of the
fluctuating droplet, which we will approximate by the most probable volume. By
definition, the probability density has a maximum at the most probable volume, so
the derivative of the integrand with respect to v, is zero there. This eventually gives

kT apn/avnlv,‘; +p:2 -pp: = 0. (2.59)

The authors now eliminate 8 p,/9v,|,» by defining the isothermal compressibility to

. 1 <8v,,)
K'Y = ——
v} \9pn

TThis can be derived more rigorously, with the overlapping method used in the previous section.
Instead of covering the volume V by translating the container, the volume is covered by expanding it.
If the sum of a PF with a cluster volume ¥, and a PF with a slightly larger one 3,, + dv, is calculated,
the number of additional, non-redundant configurations proves to be Qn—n(V = n) 3gn/8unl;, dvn,
the first integrand in Eq. 2.57.

be

) (2.60)

*
v"
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which leads to the quadratic equation
P —pp —kT/c*v) =0, (2.61)
with solution

*

pi=5+ =+

p? kT
L 2.62
7 (2.62)

(SRS

Foyk
K*v¥

For drops which are not too large, the second term under the square root is much
larger than the first, so that

kT

gk
K*v)

Py = > p. (2.63)

The aim of this section (finding an expression for p;) has now been achieved, so we
substitute the result Eq. 2.63 into the expression for the volume scale Eq. 2.54:

kT kT
o) = ~ — = /kTk*v}. (2.64)
pp+p P

2.2.3 Problems of the RKK theory

There are some difficulties in the RKK theory, which are related to the drop PF,
¢ (vy), and its constraints. By definition

g(n, v, T) =) e Blm/AT, (2.65)

where the sum is over all microstates v and the energy of a state with » molecules
1n a volume v is E,(n, v). Which microstates are allowed, and which ones are not,
makes a great difference in the behaviour of the PF, as we will see.

Free cluster To begin with, we will adopt the constraint that was used in the previous
section, namely that the drop molecules must be in a single cluster, but this cluster
may be anywhere inside the container. Now consider the PF of a compressible drop,
whose volume fluctuates around an average volume called v,. If we choose a volume
v, such that v} « ©, then the energies of the states in this volume, E, (n, v}), will be
very high and therefore g(n, v}, T) will be almost zero. Simply put, the drop cannot
be compressed to such a small volume. Conversely, if a volume v,% > v, 1s chosen,
the cluster of molecules can be in many positions inside the large container volume,
since we did not fix the position of the cluster inside the container. Because the
number of possible positions increases as the container volume grows, g, (v,) shows
a steep increase around v,; see Fig. 2.5a, dashed line.

Fixed cluster We will now look at a second case in which there is an additional
constraint: the cluster of drop molecules must be fixed inside the container. One way
to implement this is to fix the centre of mass of the cluster at the geometrical centre
of the container. Regardless of how it is done, this additional constraint has a great
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Figure 2.5: Properties of the drop as a function of the container volume vy, at constant 7 and n. Dashed line: free
cluster; solid line: cluster fixed at the container centre. a: drop partition function g,; b: derivative with respect to size;

¢: probability density.

effect on g, for volumes larger than the average volume: the number of additional
configurations available as the volume grows is now much less. Moreover, when v,
is much larger than the average volume, the few additional configurations have a very
high energy. The reason can again be stated simply: the drop cannot be ‘stretched’
to such a large volume. Returning to the overall shape of g,, it remains constant for
larger volumes (recall that g, is cumulative, i.e., configurations smaller than v, will
still be included); see Fig. 2.5a, solid line.

Fluctuation and most probable volume

What we try to do in the fluctuation analysis of section 2.2.2 is to find out how prob-
able a certain v, is. To do so, we construct a partition function dg, of all configura-
tions having a certain v, and not including smaller ones. The dg, is proportional to
9g,/0dv, (see Eq. 2.56). In the case of a free cluster, it is simply a steep function of v,
at v, 2 v,; see Fig. 2.5b, dashed line. The second case is much more physical, show-
ing a Gaussian-like curve centred on v, (Fig. 2.5b, solid line). This function already
looks like the probability of a certain v,, but we did not consider the influence of the
surrounding vapour, which is what we will do now.

In section 2.2.2 the constant pressure ensemble (CPE) was already mentioned and
we will now study it in more detail. In the form as derived by Koper and Reiss, the
normalized probability density F, of observing a certain v, is

F(vn’ n,p, T)
Js, Fpym, p, T)dD,’

Fp(vy, n, p, T) = (266)

where the denominator is the partition function of the constant pressure ensemble,
and F is the ‘non-normalized’ probability density:

n An ~ D 3gn o
p ('U )Qn(vn) e—pv,,/kT — i e-P”n/kT. (267)

F(Op,n,p,T) =
@n, o p T) = = Bv, |5,

Ine last step we used the definition of p, (Eq. 2.51).

Fixedcluster When p = 0, the probability density is simply equal to the derivative of
qn discussed before. For nonzero pressures, the probability density is this derivative
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multiplied by an exponential factor. The effect of this factor on the PF is that the most
probable volume is slightly less than the value in vacuum, i.e., the drop becomes
smaller. This is easily understandable if we realize that the drop is being hit by
vapour molecules from all sides, compressing it. Figure 2.5¢ shows the probability
density for this case (solid line).

Free cluster In the case of a free cluster the exponential factor creates a maximum
at some (probably large) volume (Figure 2.5¢, dashed line). This happens because
agn /v, rises typically with some power of v,, so the exponential term dominates in
the limit of v, — ©¢. The maximum, however, has no real physical meaning, and
may be far from the natural volume of the cluster.

The objective of the fluctuation analysis was to find the most probable volume of the
cluster of molecules, and then find the value of p, at that volume. It is clear that if
we allow the cluster to be anywhere, the p, evaluated at the maximum of F(v,) has
nothing to do with p,(v;) which we need. In contrast, when we fix the cluster, the
maximum of F(v,) does seem to be at the natural volume of the cluster.

Another way to visualize the problem is to look at the configurations that are
allowed. Recall that dg, (v,) should be a measure of configurations that have a volume
v,. But, if the cluster is not centred, configurations such as the second one from the
left in Fig. 2.3 are counted as having the container volume v,, although the cluster
itself is much smaller.

Compressibility

Even if we consider a partition function of centred configurations in the fluctuation
analysis, there is an additional problem in finding p,(v;). At the most probable
volume, Eq. 2.59 is valid. This equation, however, contains a derivative of p, (evalu-
ated at v;) which is unknown. RKK introduce a somewhat questionable interpretation
of the isothermal compressibility «, as shown in Eq. 2.60. Basically there is nothing
wrong with defining a new quantity as RKK do; the problem is that « is considered
constant and equal to the compressibility of the bulk liquid (even though this is never
explicitly stated).

Summary

In order to determine p,(v;;) where v} is the average volume of the bulk liquid, the PF
must be constrained to configurations that are centred in the container. In the case of
centred configurations, double counting does not occur, and it is therefore impossible
to determine the volume scale in the way presented here. Another way to put the
problem is that the first part gives the volume scale ¢, in terms of the ‘non-centred’
pn(vy), whereas the second part can only provide us with the ‘centred’ p,(v}). One
can of course proceed and just use the p, of the second part in the results of the first
part, hoping that the difference between the two p,’s is small. In that case it is unclear
what the error is that we make.



22

2. Nucleation Theory

2.3 Kashchiev’s thermodynamically consistent theory

The recent theory of Kashchiev!# does not result in a new volume scale or cluster
distribution, but is centred on the work of formation. Specifically, only the work of
formation of a critical cluster is considered. Kashchiev tried to find a better expres-
sion for this quantity by solving two problems of the classical approach.

The first problem is that the capillarity approximation uses the equilibrium surface
tension, even for very small clusters. The new theory is constructed in such a way that
for all cluster sizes, the surface energy is equal to its equilibrium value by definition.
A second problem that is solved is that the classical theory does not take into account
the influence of the spinodal, the stability limit of a phase.

We start the derivation with the general expression for the work of formation,
Eq. 2.8. Since a critical cluster has a chemical potential equal to that of the vapour,
that equation becomes

W, = —vAp + ga, (2.68)
or, as a function of the radius r
= —%nrg’ Ap +4nrio. (2.69)

The real cluster is a density fluctuation which does not have a sharp interface. The loc-
ation of the thought cluster interface is therefore arbitrary, and we are free to choose
it. Gibbs, who was the first to study models like this, called the hypothetical surface
the dividing surface (DS).

Besides the choice of the DS, there are two other parameters that need to be
defined: the density and pressure of the cluster. In the capillarity approximation,
both are uniform throughout the spherical cluster volume. One could question which
values we should take for those quantities. According to Gibbs, the density and pres-
sure must be chosen such that the bulk new phase has the same chemical potential
and temperature as the old phase. Returning to Eq. 2.69, we see that the previous
condition determines Ap. The work of formation itself, W, is a physical quantity and
does not depend on the choice of a DS. Therefore, the only free parameters are r and
o, and the relationship between them depends on the DS that we choose.

Surface of tension

This DS, indicated by subscript ¢, is chosen in such a way that the Laplace equation
(Eg. 2.11) is satisfied, which relates 7, to o, and Ap. The problem is that the exact
dependence of ¢, and r, on p and T cannot be directly derived, so that we have to
approximate one or both of these parameters. Classically, o, is approximated by gy,
the equilibrium surface tension.

Conservative dividing surface

The insight of Kashchiev is that if we choose a value for o, then Eq. 2.69 defines r.
Kashchiev chooses the most convenient definition:

do.
=0. (2.70)
dr,
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so that o is independent of r.. We are free to choose the value of o,, and take o, = oy.
However, since nucleation often takes place at conditions far from equilibrium, where
oo is known experimentally, the surface tension has to be extrapolated. Kashchiev
lists two possibilities:

o p, T)=oplps(T), T] : isothermal extrapolation, and 2.71)
oc(p, T) = oolp, Teq(p)] : isobaric extrapolation. (2.72)

Here, p,(T) is again the equilibrium vapour pressure, and Teq(p) is the inverse func-
tion of p,(T).

The next task is to find an expression for r.. Like the case with the surface of ten-
sion, the exact dependence of r. on p and T is unknown. However, we can construct
an expression for r, that is consistent with the known behaviour in two limiting cases.
Kashchiev proves that in the limit of a large drop, when Ap goes to zero, the Laplace
equation is valid:

2
reo = 2. @2.73)
Ap
At the spinodal (p = psp), thermodynamics requires that W vanishes. Setting W = 0
in Eq. 2.69 gives
30’0

Apsp ’

2.74)

Fesp =
in which Ap,p is Ap evaluated at the spinodal.

Interpolation

A formula for r, that interpolates between the limits Ap — 0 (Eq. 2.73) and Ap —
Apg, (Eq. 2.74) is

2
ro=220, %0 2.75)
Ap  Apgp
Substituting the interpolated r, in Eq. 2.69 gives
167 of 3Ap*  Ap?
Wwe—r% ((_22P 2P (2.76)
3 Ap? 4Apk,  4Apd,
1 3 Ap?®
~ 107 9% (AP 2.77)
3 Ap? Apg,

Both formulas for the energy to form a nucleus are thermodynamically consistent
because their behaviour is correct in the entire Ap range from 0 to Apg,, so for a
nucleus of any size.

Nucleation rate

Using the work of formation W from Eq. 2.77, Kashchiev shows that the nucleation
rate J = Aexp(—W/kT) is

7= Aexn [ 167 o} 16 o 278)
= X _— €X —_—— y .
P\ T3 krapz ) P\ 3 kTAp?
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where A is a kinetic factor. In the case of nucleation of a liquid in a vapour, Kashchiev
derives that

I Aex 167r< M 2<00)3 oo | 167 M 2(00>3
pnd — —_— x — \
P13 \Napeins ) T Pl 3"\ Namelns, ) \kT

(2.79)

where S;(T) = psp(T)/ps(T). The first exponential factor is the same as in classical
theory; the other exponential factor is a temperature-dependent correction.

Comments on Kashchiev’s theory

One of the important parameters in the thermodynamically consistent theory is the
spinodal pressure of the old phase; in our case the vapour spinodal pressure. A
spinodal line separates metastable regions [(dp/dV)r < 0] and unstable regions
[(6p/aV)r > 0]. In a p-V diagram, the points at which an isotherm has zero slope
form the spinodal line; the spinodal pressure is defined by (ap/dV)y = 0.

It is not entirely certain if we can speak about a spinodal in the case of nucleating
vapours. Since, as Kusaka !’ puts it, ‘sharply defined spinodal is an artifact of mean-
field theory’, e.g., van der Waals-like equations of state, it is uncertain if the notion of
a spinodal can be used in the description of non-ideal vapours. We could try to exper-
imentally define the spinodal by isothermally compressing a vapour and measuring
at which pressure and density dp/dp = 0. Unfortunately, nucleation sets in long
before we would arrive at the hypothetical spinodal, so it seems to be experimentally
unreachable.

Should the work at formation vanish at the spinodal? In model systems that can
reach spinodal (nucleation is impossible in such models) it is seen that relatively
large-scale fluctuations occur, with a diffuse boundary. This so-called ‘spinodal de-
composition’ appears to be very different from nucleation. Although the fluctuations
leading to spinodal decomposition probably have zero work of formation, it is unclear
whether this is also true for the formation of a critical cluster.

On a molecular level, the ultimate limit of stability could be better defined by the
conditions at which a single molecule becomes a critical cluster, so that the work
of formation as a function of the cluster size monotonically decreases and there is
no energy barrier towards the formation of the new phase. Since according to the
Nucleation Theorem?

alnJ\ -
~n*, 2.
(ams), " (2.80)

where n* is the number of molecules in the critical cluster, this stability limit would
be characterized by a very low slope of isotherms in the In J versus S plot.



3. Properties of water

In the previous chapter, we derived expressions for the nucleation rate as a function
of substance properties such as liquid density, surface tension and vapour pressure.
In this chapter we review the experimental data that is available for those properties
of water. We will also look at several models, including a recent one developed by
J. Hruby and the current author, which is described in section 3.5.

3.1 Density

It is well known that the density of water has a maximum value near 4 °C, and de-
creases from this maximum down to the freezing point. In fact, before 1964 this
maximum was used to define the millilitre as the volume of 1 gram of water at the
maximum density.'® What is not so well known is that the density of supercooled
water keeps decreasing as temperature goes down and that it becomes a very steep
function of temperature.

It is easy to imagine that it is quite difficult to perform experiments on liquid
water below the freezing point. Still, as early as the nineteenth century, experimenters
succeeded in measuring the density down to about —10 °C. In the following century,
the techniques to keep water liquid below 0 °C were improved; even so, not until in
the 1960s real progress was made.

In most modern experiments, water was boiled and distilled, then thoroughly
cleared capillaries were filled and flame sealed. After sealing, the tube contained
liquid water and a volume of water vapour. Then, the position of the meniscus was
measured at different temperatures. Usually, the tube was calibrated by making a
measurement at two or more temperatures above 0 °C for which the density was ac-
curately known.

It was found that the water could remain liquid at lower temperatures if the capil-
lary diameter was smaller, and it is not surprising that three of the early experiments
reaching —34 °C or lower were done using capillaries with an inside diameter of
4 pm. In the 1980s it became clear that the capillary diameter also influenced the
properties of water itself, including the density. Specifically, a small capillary resul-
ted in an excess density, when compared to the bulk value. C. M. Sorensen!” began
using larger capillaries, but was unable to reach temperatures under —25 °C. Finally,
Hare and Sorensen '® succeeded in cooling samples with an inside diameter of 300 um
down to —33 °C by using a special method to make very clean samples. They were
also able to estimate the magnitude of the excess density effect and showed that it
was within the experimental error, in their experiments.

At this time the Hare and Sorensen data seems to be the best available, representing
the bulk liquid water density down to the lowest possible temperature that can be
reached experimentally. For T < —33 °C we have to extrapolate the density, which
is not as easy as it seems. The problem is that when the temperature decreases, the
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Figure 3.1: Left: density of water as a function of temperature. Right: differences of the models relative to the to the
Hruby model.

density versus temperature curve becomes very steep. In fact, when the expansivity
a=—p13p/3T) p 18 extrapolated, it seems to become infinite at some temperature
near —45 °C. At this singular temperature (7;), the density would then of course be
an infinitely steep function of T, and extrapolation below T becomes impossible.
According to some workers, notably Speedy and Angell,!® T; is a limit of stability,
or spinodal, below which the normal form of liquid water simply does not exist. This
hypothesis is supported by the fact that many other properties of water also seem to
diverge at the same Tj.

The IAPWS95 formulation? is an extensive equation of state for water, that re-
produces many properties to within the experimental error, in the entire temperat-
ure range where measurements have been made. It even reproduces the Hare and
Sorensen data, although the equation of state is then used far below its lower limit of
validity, which is the freezing point. The lowest temperature at which it can be evalu-
ated is 233.56 K, several degrees below the lowest temperature of experimental data.
An investigation by this author showed that this limit is caused by a spinodal; the
slope of the density versus temperature curve is infinitely high. Another way to put
this is that according to the IAPWS model, the spinodal pressure of water increases
as temperature goes down, reaching atmospheric pressure at 233.56 K. Therefore, the
IAPWS equation seems to support Speedy and Angell’s stability limit conjecture.

However, there is some doubt whether this limit of stability really exists. There
are nucleation experiments in which liquid water is believed to be formed, at temper-
atures far below T;.'%>?! There are theories in which it is assumed that liquid water is
connected to an amorphous form of ice, also called ‘glassy water’, that exists below
130 K. 2

A physically reasonable assumption is then that as water is cooled, it becomes
more and more ice-like, and approaches a state similar to amorphous ice. Among the
models based on this assumption are the ‘mixture models’, in which it is assumed
that water is a mixture of two components with different partial volumes (by mass)
v1(T) and v,(T). In the mixture model by Vedamuthu et al.,?* the specific volume
is then v(T) = f(THvi(T) + [1 — f(T)]v2(T). Here f(T) is the mass fraction of
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one component, whose value was determined by fitting the model to accurate density
measurements by Kell?*, Unfortunately, the model was not meant to be used below
225 K, where the mass fraction f becomes larger than unity.

Another model that has been used frequently>?>-28 is the fit given by Pruppacher
and Klett?® at temperatures as low as 200 K. Pruppacher and Klett mention that they
fitted their function, which is a parabola, ‘to the experimental data of Dorsch and
Boyd (1951)’, and give a validity range of —50 °C to 0 °C. An investigation by the
current author revealed that Dorsch and Boyd*° did not measure density, but included
a graph of Mohler’s data3! of 1912; second, Mohler’s data only go down to —13 °C.
Furthermore, Kell'® mentions that Mohler’s results are high relative to values found
by others and that they have therefore ‘been eliminated from further consideration’.
Figure 3.1 shows that the Pruppacher and Klett fit is indeed higher than the IAPWS
data for temperatures lower than 255 K. Apparently, the fit by Pruppacher and Klett
is of limited value.

Like the two-state models, the density fit employed by Wolk et al.!? tries to ac-
count for the ice-like behaviour of supercooled water at low temperatures. Their
fit includes a term which scales the density depending on how far the temperature is
from the critical temperature, and a tanh term which accounts for the step-like change
from liquid water to amorphous ice. In Figure 3.1, the Wolk model is seen to decrease
strongly — although not as steeply as the IAPWS model — and then reaches a constant
value at about 165 K.

Finally, we note that the differences between the models are quite large in the range
where we will need them, 200-240 K. For the evaluation of nucleation theories, we
choose the Hruby model.

3.2 Surface tension

The surface tension of supercooled water is about as difficult to measure as its density.
Despite the importance of accurate surface tension data for the validation of nucle-
ation theories, only two measurements series have been published: one in 1951 by
Hacker3? and the second in 1990 by Floriano and Angell.33

In his report, Hacker mentions two problems which complicate surface tension
measurements: First, most methods require a knowledge of the liquid density (which,
at that time, was not known for highly supercooled water) and second, some methods
need a large value of liquid to be supercooled, which increases the probability of
freezing. The method Hacker used circumvents both problems. He placed water at
the end of an open capillary (diameter 364 um) and measured the pressure that was
needed to flatten the meniscus at that end. The applied pressure is proportional to the
surface tension. Because of the amount of data collected (702 measurements in the
temperature range 27 °C to —22.2 °C), the uncertainty in Hackers final (averaged)
results is quite low: 0.08%.

Nearly forty years later, Floriano and Angell®* measured the surface tension of
supercooled water, mainly because they were unaware of Hacker’s results and wanted
to ‘remove a deficiency’ in the knowledge of water. These authors used a method
that was totally different from Hacker’s, namely the capillary rise effect. This well-
known effect (the rise of water inside a small vertically placed capillary) is caused by
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Figure 3.2: Surface tension of water; experimental data and models.

the pressure difference that exists across a curved meniscus. The amount the water
rises is proportional to the surface tension and also depends on the density. The
latter parameter was known with sufficient accuracy by 1990, solving Hacker’s first
problem. The second problem was solved by only cooling the uppermost 1 cm of
the water column (this can be done because the force producing the capillary rise is
located at the water surface).

Floriano and Angell made much fewer measurements than Hacker (63 in the tem-
perature range 60 °C to —27.2 °C) and used capillaries with an inside diameter ran-
ging from 73 pum to 299 um. The resuits of Hacker and of Floriano and Angell are
shown in Figure 3.2.

In Hacker’s data there seems to be a point near —5 °C where the slope abruptly
changes. Floriano and Angell’s results do not seem to support this ‘kink’ although
the scatter is too large to draw a definitive conclusion.

The IAPWS release on Surface Tension of Ordinary Water Substance* recom-
mends an equation for the temperature range of 0.01 °C to the critical temperature. It
can be seen that down to —5 °C there is agreement with both experimental data sets.
Below —5 °C, Hacker’s data clearly deviates from the IAPWS equation. Luijten?
assumed that the surface tension would continue to increase with decreasing tem-
perature, with the same slope as the part of Hacker’s results below —~5 °C. Luijten’s
linear fit is also shown in Figure 3.2. It appears that Luijten’s fit leads to unlikely
large surface tension values at low temperature. Furthermore, it does not satisfy the
thermodynamic constraint of a vanishing temperature derivative at 0 K, which was
proposed by Lamanna.?’ In contrast, the fit used by Wolk et al.'? does satisfy the
constraint and agrees well with the IAPWS data above 240 K (Fig. 3.2), but like the
IAPWS equation it does not reproduce the change of slope of Hacker’s data.

In our experimental temperature range, 200-240 K, there is not much difference
between Luijten’s fit and the values from the Hruby model. To be consistent, we
choose the latter for the evaluation of nucleation theories.
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Figure 3.3: Vapour pressure as a function of temperature. Left: vapour pressure according to all models (differences
are not visible on this scale). Right: differences of the models, relative to the Hruby model.

3.3 Vapour pressure

The vapour pressure is the pressure that exists over a liquid when it is in equilibrium
with its vapour; the vapour pressure is a function only of temperature; see Fig. 3.3.
Although it can be measured directly, some expressions are based on the Clausius-
Clapeyron equation, which reads

dpo(T) _ L(T)
a =P Dw5s

3.1)

when ideal gas behaviour is assumed. Here p, is the vapour pressure, L [J mol~!]is
the latent heat of phase change and R is the gas constant. Muitjens and Looijmans, >3
who used this equatioh to obtain the vapour pressure, further assumed that dL/dT is
constant and equal to ¢, , — ¢;. Eq. 3.1 can then be integrated, yielding

po(T) = pi' expll(cp,u — ) IN(T/ Trer) — Lo(1/T = 1/ Teer)1/ R). (3.2

Many authors?-28 have used Eq. 3.2 with the constants that were determined by
Muitjens and Looijmans, but citing Vargaftik3® as the source. In reality, Vargaftik’s
book was only used to obtain p™ = p, (Tier). Wolk ez al.'? used an equation origin-
ally given by Wagner®’, which is similar to Eq. 3.2, but additionally includes a term
proportional to the temperature in the exponent.

In their book, Pruppacher and Klett?® show the expression of Lowe and Ficke3®
of 1974, which is a sixth degree polynomial fit of an integration of the Clausius-
Clapeyron equation in which the virial equation of state for water vapour was used.
The validity range is —50 °C to 50 °C; because of the nature of polynomial fits the
expression cannot be extrapolated (it diverges already slightly below —50 °C).

The vapour pressure values that we will use are based on an extended version of
the Hruby model; an extension which is not shown in section 3.5. Therefore, a table
of vapour pressure values is given in appendix C. Figure 3.3 shows that in the range
where IAPWS vapour pressure data is available, all models agree to within 0.3% with
the IAPWS data. Below 234 K, the differences become larger; at 200 K, the deviation
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Figure 3.4: Index of refraction of water as a function of temperature, for a wavelength of
514.2 nm. Solid line: using IAPWS density, 101325 Pa; dotted line: IAPWS density, 1 MPa.
Dashed line: Hruby model density, 101325 Pa.

of the Hruby model from the Wolk fit is 1.3%; the difference with the Muitjens and
Looijmans fit is 1% higher. Such differences might seem small, but if the error in the
vapour pressure (and therefore also in the supersaturation) is 2.3%, the error in the
theoretical nucleation rate can be as high as 70%.

3.4 Index of refraction

Knowledge of the index of refraction is required to calculate theoretical light scatter-
ing and extinction by water droplets, quantities that we will need later. Since these
processes take place at temperatures at which the refractive index has never been
measured, this quantity must be extrapolated.

Although the index of refraction depends on temperature (and also on pressure)
most authors?%2%28 simply took a constant value of 1.334. We will now see if this
approach is justified.

The IAPWS published a release® in 1997 that gives the refractive index as a func-
tion of temperature and density, valid for temperatures between —12 °C and 500 °C.
To include the dependence of density on temperature and pressure, it must be used in
combination with the density values of the IAPWS 95 formulation.?°

In Figure 3.4 the refractive index of water is shown, at atmospheric pressure
(101325 Pa), for a wavelength of 514.2 nm, and using the IAPWS density (solid
curve). The IAPWS relation for obtaining the refractive index was used partially
outside its validity range. The behaviour looks similar to the IAPWS density curve
(Figure 3.1), including the steep decrease at low temperatures.

If the Hruby model for density is used, the decrease is more gradual (dashed
curve), and the refractive index reaches a value of about 1.324 at 200 K, only about
1% lower than the maximum value near 273 K. The influence of pressure is also de-
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picted in Figure 3.4; the refractive index has been calculated using IAPWS density
values at a pressure of 10 MPa (dotted curve). The difference with the values at atmo-
spheric pressure is only 0.1% to 0.3%, so that the pressure dependence can be safely
ignored.

In section 5.4 we will further investigate the effect of the recreative index on the
scattering.

3.5 A model for density and surface tension of supercooled
water®

A thermodynamic model was developed to predict the density and surface tension of
supercooled water (down to the glass transition at 130 K) and amorphous ice (down
to 0 K), based on the hypothesis that water is a mixture of a low-density structure and
a high-density structure. Below 224 K density and surface tension are predicted for
a second liquid/amorphous phase. At 77 K, the computed densities agree with meas-
urements for low- and high-density amorphous ices. A first theoretical interpretation
of the surface tension anomaly is given. The observed dependencies of the apparent
density and surface tension on the capillary radius are explained qualitatively.

Recent experimental studies '>214? indicate that water nucleates from the vapor phase

in the form of liquid nanodroplets at least down to 205 K. The observed dependence
of the nucleation rate on temperature is very smooth?, thus excluding a transition
from vapor—liquid to vapor— crystal nucleation. To analyze results by applying
nucleation theory, density and surface tension have to be estimated deep in the su-
percooled regime. Density measurements'® exist only down to 240 K at atmospheric
pressure. Experimental values of the surface tension exist down to 246 K.3

The existing accurate analytical representation of thermodynamic properties of
water?®4! (further referred to as IAPWS-95) cannot be used at low temperatures,
because it predicts an ultimate lower limit of stability of the liquid phase: the liquid-
vapor spinodal retraces the region of positive pressures. At normal pressure (p, =
101325 Pa), the lower (anomalous) spinodal point is located at 233.6 K and 0.9588
g cm™ (see Fig. 3.5). For the surface tension, the IAPWS also developed an equa-
tion3442 which is valid only above the triple point (7; = 273.16 K) and does not agree
with some experimental data? below that temperature.

One of the explanations?? of the anomalous behavior of supercooled water is that
it can exist in two phases: a low-density liquid (LDL), existing at low pressures, and a
high-density liquid (HDL), stable at high pressures. Both liquid phases are metastable
with respect to hexagonal ice Ih. The phase separation can occur below the hypothes-
ized liquid-liquid critical point (estimated coordinates 220 K and 100 MPa??). It is
further assumed that LDL is a liquid form of the low-density amorphous ice (LDA);
the glass transition occurs at T, & 130 K*. Analogously, HDL is a hypothetical liquid

*This section contains the text of an article, written by J. Hruby and the present author, and has been
submitted for publication in Physical Review Letters.
TThe opposite conclusion of Peeters et al. 21 was due to an error in data processing; see Labetski et
40
al.

Recent simulations*® lead to a suspicion that LDA and LDL are different phases, rather than a
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form of the high-density amorphous ice (HDA).

The present model is related to the family of two-state models.2>#6-4% We assume
that liquid and amorphous water consist of two incompatible structures: a low-density
structure (LDS) and a high-density structure (HDS). The LDA/LDL phase is rich in
LDS, and the HDA/HDL phase is rich in HDS. At any instant of time, a molecule
is a member of either the low-density structure or the high-density structure. The
composition can be given by the structural fraction x, defined as

Nups __ number of HDS members

X = = . (33)
Nips + Ngps  total number of molecules

We adopt the simplest model for the specific volume, namely, a molar average of
the “components’:

v = (I = X)vLps + X Vups - (3.4)

We assume that the structures resemble some crystalline forms of ice on the local
scale. In particular, we expect that LDS is related to hexagonal ice 1k and cubic ice
Ic (0.9313 g cm™3 and 0.9343 g cm ™3, respectively, 40 at 143.15 K). The proximity
of LDA and Ic is supported by the fact that LDA relaxes spontaneously into the cubic
ice, which relaxes further into the stable I# ice.’° However, only for Ik sufficiently
accurate data exist. Therefore, we approximate the specific volume of the LDS as the
volume of ice 1h: v ps = vy,. We developed a new equation for the volume of ice 1h
based on the lattice constants by Rottger et al.:*°

Ve = a1+ at(l -y —1y) + at’(1—-y)
+as(1+1t+ D)y + ast’y, (3.5)

where t = T/ag and y = exp(—t); the values of a; to ag are given in Table 3.1.
Eq. (3.5) is plotted in Fig. 3.5 (labeled LDS). It satisfies the theoretical requirement

glassy and liquid form of a single phase.
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of vanishing first and second derivatives with respect to T at 0 K. Furthermore, at 71 K
it reproduces the experimentally observed weak minimum of the specific volume of
ice In (in Rottger et al.*® located at 73 K). At high temperatures Eq. (3.5) reduces
into a parabola, enabling a plausible extrapolation.

We expect the high-density structure to be related to some high-pressure crystal-
line ices. Because it is not clear which particular crystalline structure (if any) cor-
responds to HDS, no a priori choice was made for the specific volume of HDS. We
assumed it in the form

vapsa /b1 = 1+ (T/b)", (3.6)

where by, b,, by are unknown parameters.

The water molecules are free to join LDS or HDS. For a given temperature 7 and
pressure p, the structural fraction x, corresponding to a thermodynamic phase ¢ can
be found as a local minimum of a Gibbs function:

88(p, T,x)/dx|, =0, 8(p,T,x)/8x%|, >0, (3.7)

where ¢ = LDA/LDL or HDA/HDL.. We developed an approximate Gibbs function
g(T, p, x) based on the following arguments: (i.) The molecules can be considered as
N = Nyps + Nups sites of a lattice, occupied by either LDS or HDS members. The
number of different configurations is N!/(NLps!Ngps!). (ii.) The probability that a
molecule is a HDS member does not depend on the memberships of the neighbors.
(This is a crude approximation, because we expect that especially at low temperatures
clusters or networks of the dislike structures exist.) Then the mean potential energy
of the system is Nc[(1 — x)?u1y + 2(1 — x)xu1z + x?uz,], where c is the number of
neighbors and u,;, 43, Uz, are mean energies of the LDS-LDS, LDS-HDS, and HDS-
HDS interactions, respectively. At normal pressure, the resulting Gibbs function can
be written as

gn(T.x) = gosa(T) + R (hinx + hax?)
+RT[(1-x)In(l —x)+ xlnx]. 3.8)

The function gy psa(T) (Gibbs free energy of pure LDS at normal pressure) has no
significance for this study. For a general pressure the Gibbs function is obtained as

P
gp,T,x) — (T, x) = / vdp' = vy (T, x) (p — pn) - (3.9)

Pn

The last approximation neglects the compressibility of the structures.

A comprehensive study based on a Gibbs function similar to Eq. (3.8) has been
elaborated by Ponyatovsky et al.*® Their model is more complex by considering a
finite entropy difference between the HDS and LDS (in their terminology excited and
ground states; entropy is given as —3g(p, T, x)/37T). In our derivation we do not find
a justification for a considerable entropy difference. In future work, rather a nonideal
entropy of mixing should be considered due to a temperature-dependent correlation
(weakening with increasing 7') of the memberships of neigboring molecules in LDS
or HDS.
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Condition (3.7) was applied to equation (3.8) to find the structural fraction x, of
the metastable phases. The solution, shown in Fig. 3.6, can be found by iterating
equation

xg = {1+ expl(hin + 2xsh2)/ T1} (3.10)

starting from x = 0 for LDA/LDL and x = 1 for HDA/HDL. For a general pressure,
the same method can be used with & = hj, + (vapsa — ULps.n)(P — Pn)-

The values of the five unknown parameters by, by, bz, hq,, and A, were obtained
by fitting to densities (o = 1/v) computed from the IAPWS-95 equation of state?® by
Wagner and PruB*’ in the range 240 to 500 K; see Table 3.1. The fit is within 0.05%
except at 240 K where the volume is by 0.1% below IAPWS-95 (Fig. 3.5). The
model provides an unexpectedly good approximation of densities at 77 K of the LDA
(experiment“? 0.94+0.02 g cm™3/ model 0.934) and HDA* (1.17£0.02 / 1.172).

The above given thermodynamic model is able to represent the main physical
features: (a.) The high-density structure has a higher potential energy than the low-
density structure. Therefore, LDS is more frequent at low pressures. (b.) Because
vgps < VLps, increasing the pressure leads to a higher population of the high-density
structure. (c.) The states for which the structures are mixed have a high potential
energy, forming a barrier separating basins (in the configuration space) rich in LDS
and rich in HDS. This represents the hypothesis that the two competing structures
cannot be combined in some “elegant” manner and that the interface between the
microscopic domains, occupied by LDS or HDS, contains unsaturated H-bonds and
other defects increasing the potential energy. (d.) At high temperatures, the mixed
states are probable because of the combinatorial effect. (The negative of the term
in the second line of Eq. (3.8) is T x entropy of mixing.) At low temperatures, the
potential energy prevails, leading to a phase separation.

Above the triple point, the surface tension ¢ of water is accurately described by
the IAPWS correlation. **4? Early measurements®! down to 265 K indicated, that the
o vs. T curve has a second inflection close to the triple point (the first is at 530 K34),
In 1951, Hacker3? performed detailed measurements of the surface tension of su-
percooled water down to 250.95 K. The average values of individual measurements
(in total 702) for 1 K intervals as given in Hacker? are shown in Fig. 3.7. These
measurements indicate an almost sudden change of slope, a “kink”, at about 267 K.
More recently, Floriano and Angell®* measured down to 254.35 K using a capillary
of internal diameter 0.298 mm (comparable with 0.364 mm of Hacker) and down to
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245.95 K with a 0.077 mm capillary. The scatter of the individual 0.298 mm meas-
urements is about the same as the scatter in Hacker’s data. However, Hacker averaged
the very high number of individual measurements. His averaged data is in excellent
agreement with earlier measurements>! and with the IAPWS correlation above T..

Considering water as a mixture of two structures, “components” LDS and HDS,
the surface tension can be described with the Macleod-Sugden correlation.? Because
the density of saturated vapor is much smaller than the density of liquid in the tem-
perature range considered, this relation can be written in the form:

o(T,x) [e1 = [P(x) / cu(T,x)]" . (3.11)

Here, x and v are computed for a given temperature using Egs. (3.4) and (3.10). The
normalizing factors ¢, ¢, ensure dimensional consistency of the equation and enable
comparison with engineering literature. P is a parameter called parachor. For simple
mixtures, we can assume

P(x) = (1 — x)P.ps + xPups - (3.12)

The values of n, Prps, and Pyps as shown in Table 3.1 were obtained by fitting
the model to data by Hacker (251 to 273 K) and IAPWS (273 K to 373 K). It is
remarkable that just three parameters fit the relatively complex curve well within the
experimental accuracy.

The model gives the second inflection point at 287.7 K. In addition, there is a
third inflection at 248 K. The tangents at the inflection points intersect at 263 K,
which can be considered as the location of the kink. The interpretation of the kink is
that (i.) the hypothetical pure HDS has a significantly lower surface tension than the
hypothetical pure LDS, (ii.) the structural fraction rapidly changes in favor of LDS
upon cooling. Fig. 3.8 shows the extrapolation of the surface tension down to 0 K,
where it becomes flat. Also shown is the prediction of the surface tension for the
dense phase HDL/HDA.

As shown in Fig. 3.7, the 0.077 mm data by Floriano and Angell follow the smooth
extrapolation of the IAPWS correlation. Although this data is not quite conclusive,
it seems that this observation is related to the so far unexplained dependence of the

Figure 3.7: Surface tension of water. Solid line: present
model. Filled circles: data by Hacker.3? Squares and
triangles: data by Floriano and Angell3? (capillary dia-
meter 0.077 and 0.298 mm, respectively). Open circles:
data from the International Critical Tables.3! Dash-
dotted line: IAPWS equation 34 (valid for T>273 K).
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Table 3.1: Model parameters.
a; (m’kg™") 1.21779 x 1073 b; (m*kg™!) 8.5266 x 10~*
a; (m*kg™") —4.33629 x 107> b, (K) 607.66
a3 (m’kg™) 438031 x 1078 b 4.1571
as (m*kg™!) —1.46258 x 10™*  Pypg 52.9316
as (m*kg=") —9.88480 x 107  Pyps 39.4034
ag (K) 55.83 n 4.511
hia (K) 493.99 ct (Nm™) 1073
hy (K) —486.47 cy (kgm™3) 18015.268

Note: ¢ is numerically equal to 103M, M = 18.015268 kg/kmol‘”

apparent density on the capillary diameter. Hare and Sorensen'® indicated that this
dependence could be explained by a surface layer of higher density, whose thickness
increases as temperature is decreased.

Using Gibbsian surface thermodynamics’3 we found that (according to the present
model) the surface layer is indeed enriched with the dense structure (HDS). Although
this was computed for the liquid-vapor interface, we assume that the results are also
applicable to the liquid-glass interface, because the thickness of the surface layer
would be much larger than the reach of intermolecular forces. The surface enrichment
explains qualitatively the apparent dependencies of both density and surface tension
on the capillary diameter. A quantitative explanation was not achieved; the computed
effects are too small. The “watery” (x = 0.5) surface layer of the “icy” (x — 0)
supercooled water might be related to the phenomenon of liquid-like surface of ice
Ih.5
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Our experiments were based on the nucleation pulse method, which limits the forma-
tion of droplets to a short period of time (10™* s) with known thermodynamic condi-
tions, called the pulse. After the pulse, the droplets grow to a detectable size (d 2 0.5
um); during this growth period the conditions are such that no new droplets are
formed.

The separation of nucleation and growth ensures that a monodispersed droplet
cloud is formed; that is, a collection of droplets which all have the same size. For
such a droplet cloud, the number density n can be determined; the nucleation rate
during the pulse is then found by

n

J = ,
At

4.1)

where At is the pulse duration.

4.1 Expansion wave tube

One of the ways to realize the nucleation pulse method experimentally is in a shock
tube, that consists in its most basic form of a high-pressure section (HPS) and a low-
pressure section (LPS), initially separated by a diaphragm; see Figure 4.1. The test
gas mixture, which consists of one or more vapours in a carrier gas, is placed in the
HPS; the LPS contains gas without any vapour. When the diaphragm is broken, an
expansion wave (indicated by 1 in Fig. 4.1) travels into the HPS and a compression
wave or shock wave (2) travels into the LPS. Our shock tube has a locally widened
LPS; the interaction of the shock wave with this geometry results in a weak expansion
wave (3) and an equally weak compression wave (4) which are sent in the direction
of the HPS. When the shock wave reaches the end of the LPS, it reflects back (not
shown).

Near the end wall of the HPS, a pressure history shown in the centre of Fig. 4.1
is realized. When the expansion wave arrives, the pressure decreases rapidly (a—Db).
A short time after the pressure drop ends, the weak expansion and compression wave
cause a small dip in the pressure (c—d—e); this is the pulse. After that, the pressure
remains approximately constant, until the reflection of the shock wave arrives.

Schematically, the temperature profile looks the same as the pressure profile. The
changes in temperature cause the supersaturation to increase from its initial value to
a larger value (shown at the left side of Fig. 4.1), which is however still too small
to result in the formation a large amount of droplets. The small temperature dip
during the pulse is enough to increase the supersaturation by a substantial factor; the
nucleation rate then becomes several orders of magnitude higher. After the pulse, the
nucleation process is quenched; the droplets that have been formed will be able to
grow since the supersaturation remains larger than unity.

37
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Figure 4.1: Right: schematic x-t plot of the waves in the expansion tube. Centre: pressure at
the end wall of the HPS. Left: supersaturation at the end wall.

4.1.1 Setup

The HPS was made of stainless steel, had a length of 1.25 m and an inner diameter of
36 mm. The LPS, which was made of aluminium, was much longer; it had a length
of 9.23 m. The pressure at the end wall of the HPS was recorded by a piezo-electric
pressure transducer attached to a charge amplifier. The initial wall temperature of the
HPS was measured with a thermocouple.

The test gas mixture consisted of the carrier gas helium, and a small but accurately
known amount of water vapour (molar fraction 0.02%-0.5%). The helium gas had a
purity of 99.999%.

Our aim was to obtain nucleation pulse pressures of about 1 bar (10° Pa), and
pulse temperatures in the range 200-240 K. The initial temperature of the setup was
laboratory temperature, ranging from 22.6 °C to 24.1 °C. For these conditions, the
initial HPS pressure needed to be between 1.8 bar and 2.7 bar, while the initial LPS
pressure was about 1.1 bar.

4.1.2 Thermodynamic state

It is impossible to measure the temperature directly because it changes too rapidly.
Therefore, the temperature was calculated from the pressure, assuming an isentropic
expansion:

T p )“
—=|=] . 4.2)
Ty <P0
The gas mixture is assumed to behave ideally. In that case the exponent « is given
by @« = (y — 1)/y, with y the ratio of the isobaric and isochoric heat capacities:

¥ = cp/cy. The y of the gas mixture deviates somewhat from the y of the carrier gas
because of the vapour in the mixture.
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To find the size of this deviation, we first consider the general case: a gas mixture
with any number of components. We assume that one of the heat capacities of the
mixture can be calculated by weighted averaging, where the weight factor is the molar
fraction, if we use molar heat capacities:

Com = Z YiCy,i or Cp,m = Z y,-c,,,i. (43)
i i

Here the subscripts m and i indicate properties of the mixture and of component i,
respectively, and y; is the molar fraction. When we further assume that the relation
¢p = ¢, + R is valid, both for the mixture and for the individual components, it can
be easily derived that

-1
Y =1+ 1:2 <'yi_l—1->:] , 4.4)

where y,, is the ¥ of the mixture. In the case of a single vapour in a carrier gas, this
relation simplifies to
-1
Yv 1 — yu:l

=1
Yim +[yu—1+yg—1

4.5)

where y, belongs to the vapour and y, belongs to the carrier gas. Similar formulas
were used by several authors.?!%2355 For helium, the ideal value yy = 5/3 was
taken. The yy,0 value of water depends on the temperature and therefore changes
during the expansion. However, the effect of the water vapour on the y,, value of the
mixture is quite small (in our experiment with the highest amount of water vapour,
the y changed only by 0.2%), so that an average value of yu,0 = 1.33 could be used.
The final temperature correction due to the y,, correction was only 0.15 K at most.

4.2 Mixture preparation

Because the nucleation rate strongly depends on the supersaturation, it is essential to
know the vapour fraction of the test gas mixture with the highest accuracy. Therefore,
a large part of the setup, called the mixture preparation device (MPD), was dedicated
to producing the mixture.

The MPD consisted of three parts: a mass flow control part, a saturation part,
and a heated part. We will first discuss the saturation section. Here, the carrier gas
was saturated with water vapour by bubbling it through liquid water in a vessel at a
constant temperature T, and pressure ps,. The vessel, which we will call saturator,
was fully filled with glass beads and partially with high-purity water. We used two
of these saturators, connected in series. The vessels themselves were immersed in a
water bath which was kept at a constant temperature (Fig. 4.4).

In the saturators, the saturated vapour fraction y; is given by

Ps (Tsat)

sat

fe(psat, Tsat)a (4.6)

Vs

Here the subscript ‘sat’ denotes a condition (pressure or temperature) inside the sat-
urator, while subscript ‘s’ indicates saturation: p; is the saturated vapour pressure
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Qv
—->
—Qg————> S Q Figure 4.2: Gas flows (Q,) and vapour flow
(Qy) entering and leaving a saturator.
Q, S c)z/g+ Q,
' —%igﬁ» Figure 4.3: Mixing of the gas/vapour mix-
Q ture and a dry gas stream.

of water without the presence of a carrier gas. The quantity f,, called enhancement
factor, is a factor that accounts for the influence of the carrier gas on the vapour-liquid
equilibrium, and is usually slightly larger than unity. It is taken from Luijten?:

Mip — ps(T)]}

4.7
peRT “.7)

fe(p, T) = exp{

Consider the saturator unit S which is shown schematically in Fig. 4.2. Carrier gas
enters the saturator at a molar flow rate Q,. If there is no accumulation, the carrier
gas leaves the saturator at the same rate Q,, together with the vapour at a rate of Q,.
Since the vapour fraction of the mixture y; is by definition equal to Q,/(Q, + Q.),
the flow rate of the vapour is

Qv = Ys

=1 Q, = Y. Q,, (4.8)

where Y, = y;/(1 — y,) is introduced to simplify the notation. To increase the range
of achievable vapour fractions, the vapour/gas mixture can be diluted with a second
pure carrier gas stream which has a flow rate Qg (see Fig. 4.3). After mixing, the
final vapour fraction y is given by

y= ys(Qg+Qv) _ _¥(A+¥)Q,
Qo+ Qe+ Qv Qo+ (1+Y)Q,

4.9)

where Eq. 4.8 was used in the second step. Using the definition of Y, the result can
be simplified to:

_ Ys
- 1+ (1 —ys)QO/Qg’

which shows that it is the ratio of the two carrier gas flow rates that determines the
final vapour fraction. This ratio is determined before the start of the mixing process
and it is kept constant during it. If y is the desired vapour fraction, Eq. 4.10 can be
rewritten to find the flow rate ratio:

Q _ y1 -y
QO Ys =Y '

y (4.10)

(4.11)

Before the experiment, the saturated fraction y; is known from the saturator pressure
and temperature in combination with Eq. 4.6.

In the MPD, the mass flow controllers (MFCs, see Fig. 4.4) were used to control
both the vapour fraction and the pressure. If, for example, the pressure pg, decreased,
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Figure 4.4: Schematic view of the mixture preparation device and the flushing section. MFC:
mass flow controller; UPC: upstream pressure controller; RH: relative humidity sensor. The
numbering of MFCs and valves follows Hruby.>%

the MFCs increased the gas flow rates slightly, while the ratio of the rates was kept
constant.

In the heated part of the MPD (‘heated box’ in Fig. 4.4) the pressure was reduced
from the saturator pressure to the desired HPS pressure. This was done by means
of metering valve M, with which the flow rate could be accurately adjusted. The
heated box also contained a static mixer, a cylindrical vessel in which fluctuations
in the mixture composition were smoothed out. This vessel was heated to 80 °C to
minimize wall adsorption.

4.3 Optical detection

To measure the droplet density at the end wall of the HPS, we used optical methods.
If a light bearn passes through a droplet cloud, part of the light is scattered, so that the
main beam is attenuated. The amount of attenuation depends on the droplet density,
so it might seem sufficient to measure the intensity change of the transmitted light
to find the droplet density. However, the attenuation also depends on the size of the
droplets, which is not known. The intensity of the scattered light does provide this
information; if the wavelength of the light is of the same order as the droplet size, the
scattered light intensity shows peaks and valleys as a function of the droplet size. For
any droplet density, these extrema occur at the same droplet size.

Summarizing, the droplet density is found as follows: While the droplets grow,
the scattered intensity shows extrema at certain times, which are used to determine
the droplet size at those times. The size and the extinction together are sufficient to
obtain the density.

Figure 4.5 shows how the extinction and scattering signals look during an exper-
iment; the pressure at the end wall is also shown. We see that after the end of the
pressure pulse (¢ &~ 7 ms) droplets are detected: the extinction / /I, curve decreases,
while the scattered light shows peaks and valleys as the droplets grow.
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Pressure (bar)

Figure 4.5: Example of pressure
and optical signals during an ex-
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4.3.1 Mie theory

The theory that describes the scattering of light by small particles was first derived by
G. Mie in 1908.57 Here we will only show the basic part of the theory.>®

We will first look at the scattering by a single particle illuminated by a light source.
The intensity of the incident light is called Iy (energy per unit time and area), the
intensity of the scattered light at a distance r form the particle is called /. The incident
light is a plane wave travelling in the positive z direction. Since [ is proportional to
I and inversely proportional to 2, it can be written as

F(6,¢)
I = WIO’ (4.12)
where k is the wave number £ = 2 /A with A the wavelength of the incident light,
and F (8, ¢) a dimensionless function that describes the dependence of the intensity
on the angle.

Generally, the scattering by an object can be described by

EI _ S2 S3 e—l"kr-H'kZ ElO ' (4 13)
E, S4 S} ikr E,O

E, is the amplitude parallel with the scattering plane and E, is the amplitude perpen-
dicular to it; see Fig. 4.6. The amplitude functions S; to S, generally depend on 8
and ¢. For a spherical particle, however, S5 and S, are zero, so that
e—ikr+ikz e—ikr+ikz
E,-() and El = S](G)'—T-——'Elo. (414)
ikr

S and S, are independent of ¢ because the geometry is now axially symmetric around
the z axis. The intensity of the scattered light is found by the square of the absolute
value of the amplitude:

I=|E|+|E
|516)1° 1S, (4.15)
= k2r2 k2r2 |E10| .
We now define the incident light to be linearly polarized in the x direction, so at

an angle of ¢ with the plane of scattering. Then E;g = Egcos ¢ and E,g = Ejsin ¢,
so that

E, = 5:(0)

ikr

|Eol* +

i1(6) sin® ¢ + i(#) cos? ¢ ;
0

I'= X2r2 ’

(4.16)
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Figure 4.6: Scattering of light by a particle.
Light travels in the positive z direction and
is scattered by a particle in the origin. The
angle of the scattering plane with the x-z
plane is ¢; the angle of the scattered light
with the z-axis is 6.

where i;(8) = |S5,(8)|? and i,(8) = |S2(0)|%. By comparing this result with Eq. 4.12,
we see that

F(8, ¢) = i1(0) sin® ¢ + i(8) cos® ¢. (4.17)

The total energy flux in a solid angle given by 6, < 6 < 6, and ¢; < ¢ < ¢ is found
by integrating the intensity:

62 po2
P=// 1(8, ¢) r’sin6 do do
b (4.18)

I 62 p2
=2 f F(8, ¢) sin 6 d6 do
k 6, v ¢

In the last step, Eq. 4.12 was used. We see that P is independent of r, as it should be.
For the spherical particle, the integration can be simplified using Eq. 4.16:

Iy (%
P= Z% [i,(8) fi + i2(6) f] sin 6 d6, (4.19)
6y

with fi = [ sin’ ¢ dg and f, = [? cos? ¢ dg.

Extinction

If light travels through a cloud of identical particles, the attenuated light intensity is
given by the law of Lambert-Beer:

I = Iy exp(—fd), (4.20)

where d is the extinction length and £ is the extinction coefficient, which is in the
case of spherical particles equal to

B =nrriQex. (4.21)

Here, r; is the radius of a particle and » is the droplet density (number per unit of
volume). The parameter Q.y,, called the extinction efficiency, is

4
Oext = ;RC{S 0)}. (4.22)

where §(0) = §;(0) = S,(0) and « is defined in the next section.
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Size parameter

The functions that depend on the size of the particle can be expressed as a function
of the dimensionless quantity o, the so-called size parameter, defined as

2
o= ”k"’ = kry. (4.23)

In section 5.4, where we will show scattering graphs, the scattering intensity [or rather
the function F ()] is shown as a function of the size parameter.

4.3.2 Setup

See Figure 4.7 for illustration. An Ar-ion laser produced a vertically polarized light
beam with a total power of 200 mW at several wavelengths; the two lines with the
highest amount of power were at 488.0 and 514.5 nm. The filter F was used to remove
all wavelengths except the 514.5 nm line. To be certain of the polarization, the beam
passed through a polarizer P with a vertical plane of polarization.

A small part of the light was deflected and recorded by photodiode D;; this signal
is called the reference signal, because it showed the intensity fluctuations of the beam,
which were about 3.5%. The beam crossed the tube through windows in the side wall,
which were slightly inclined to prevent internal reflections. The distance from the
beam to the end wall of the HPS was 5 mm. The end wall contained a larger window,
which allowed the scattered light to be measured by photomultiplier PM. The lens L,
and the diaphragm d; ensured that only light scattered at 90° was recorded.

The main beam which left the tube passed through pinhole d; to remove the for-
ward scattered light. Lenses L, and L3 focused the beam on photodiode D,. Before
the light reached this photodiode, it was attenuated by recording only the second in-
ternal reflection of a glass plate, which was required because of the high intensity of
the main beam.

4.4 Experimental procedure

All devices were switched on, including the laser and its cooling fan. The ventila-
tion of the laser created an air circulation which had a considerable influence on the
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temperature of the test section. Apart from that, it was found that the vibrations of
the ventilation system could cause a 50 Hz fluctuation in the laser beam position;
therefore, the ventilation tube was tightly fastened.

A new diaphragm was placed in the tube, and the tube was closed. Then both the
LPS and HPS were evacuated; the HPS down to about 10 Pa. After the flow rate
ratio of the mass flow controllers had been chosen, metering valve M was opened
(Fig. 4.4). As the pressure in the MPD started decreasing, the MFCs slowly opened
to supply gas. Valves 19 and 22 were initially closed; 23, B1 and B2 were open, so
that the gas mixture flowed through the HPS, then trough the humidity sensor RH and
finally reached the pressure controller (UPC). This device could control the gas flow
to maintain a constant pressure in the HPS, and was initially closed.

While the pressure in the HPS increased, we slowly filled the LPS with helium
to minimize the force on the diaphragm. In the HPS, when the pressure reached
the preset value, the UPC opened to let gas out, which started the flushing process.
Flushing means that the gas mixture flows through the HPS for some time at constant
pressure, which was required to establish adsorption equilibrium with the tube walls
and to remove foreign particles. As gas flowed through the RH sensor, the humidity

" could be monitored. Usually, its value was observed to strongly oscillate while the
system of pressure and flow controllers equilibrated. We flushed the HPS at a rate of
roughly 3.5 normal litre per minute, for about one hour, so that about 200 normal litre
of gas was used.

After the entire system had stabilized, the gas flow was determined by the pressure
difference over the metering valve (psa — puyps) and the amount this valve had been
opened. Valve 19 was opened and 23 was closed, so that the gas flow bypassed the
HPS and flowed directly to waste. Then the valves B1 and B2 were closed, isolating
the HPS. The laser was set to a power of 200 mW and the amplifier of the dynamic
pressure transducer was set in the ‘operate’ mode. Finally, the trigger was armed and
the diaphragm was broken.

The data acquisition system that we used (LeCroy, type 6810) recorded the signals
from the pressure transducer, the photomultiplier and the two photodiodes. All sig-
nals were sampled at a frequency of 100 kHz. The data acquisition system was used
with a so-called pre-trigger operation of 5 ms, which means that after the experiment,
the initial values of the signals (as they were during the 5 ms before the trigger oc-
curred) were available. This was required to obtain the initial output voltages of the
pressure transducer and photodiodes.

After the experiment, the offsets of the photodiodes were recorded by measuring
their output voltage in the dark.

4.5 Accuracy

In this section, we will calculate the accuracy of the measurements, and the accuracy
of quantities that are based on the measurements, such as temperature and vapour
fraction. First, we introduce some notation, which is taken from Hruby.>®

E(y) means the uncertainty in the quantity y. Hereafter, we will frequently use
the word error for the uncertainty, although these terms are not exactly the same. The
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notation E(y|x) means the error in y caused by the error in x, and can be found by:
E(y|x) = |0y/9x|E(x). (4.24)

We will also use the relative error, defined by (y) = E(y)/|y|. A relative error
caused by the (relative) error in another quantity can be found by

dlny

e(ylx) = Ii"’_yl e(x) = | £(x). (4.25)
y 9x

dlnx

4.5.1 Thermodynamic state

Accuracy of temperature and pressure measurements

The initial pressure of the HPS, py, was measured by the Druck PMP4070, range
0-10 bar. This pressure transducer was compared with a more accurate one of the
same type (range 0-3.5 bar); it was found that the maximum error was 0.3%.

The initial temperature of the HPS, Ty, was determined by a thermocouple (NiCr-
NiAl) in good thermal contact with the wall, connected to a Keithley 871A digital
thermometer. We assume that the maximum error is 0.1 K.

The pressure changes in the HPS, Ap(z), were recorded by a Kistler 603B piezo-
electric pressure transducer, connected to a Kistler 5001 charge amplifier. The accur-
acy is 0.5%2.

Accuracy of the pulse temperature

To find the error in the temperature, we rewrite Eq. 4.2 as a function of the three
measured quantities specified above:

=1, (PO - AP) , (4.26)
Po

where Ap is defined such that p = py — Ap. Applying the formula for relative error
propagation, Eq. 4.25, we find:

e(T|To) = e(To); 4.27)
A

e(T|po) = a—fe(po); (4.28)

e(T\|Ap) = aépl—)-s(Ap). (4.29)

The initial temperature T was approximately the same for all experiments, so the
error in T caused by Tj is always the same. The last two equations show that the
errors in pg and Ap propagate by the same factor ¢« Ap/p. Both « and p had nearly
the same values in all experiments; in contrast, Ap differed much. The experiments
in which Ap was large, so the ones with a low nucleation temperature, will have the
largest error in the temperature. The total relative error in the temperature is

e(T) = [¢X(T|Ty) + eX(Tpo) + £X(T1Ap)] 2. (4.30)
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Accuracy of the pulse pressure
Because p = py — Ap, the error in the pressure can be written immediately as:

]1/2

E(p) = [E*(po) + E*(Ap) (4.31)

For low temperatures, pg, Ap and their errors are all higher, and so is therefore the
error in p.

4.5.2 Vapour fraction

For error analysis, we can use the approximation y <« 1, so that Eq. 4.10 simplifies
to:

Qs

; 4.32
Qg + QO ( )

Y = ys(Psat> Tsar)

which shows that a relative error in y, causes the same relative error in y, that is,
e(ylys) = &(ys)-

Saturator pressure

We measured the pressure after the saturators pg, with a Druck PMP1400, range 0—
100 bar. After calibration, the accuracy is assumed to be equal to a difference of %1
in the last digit of the display, which corresponds to 0.02 bar. Using Eq. 4.6, we find:

a ln fe(p’ Tsat)
ap

g(ylpsat) = S(yslpsat) =|-1+ DPsat s(psat)- (433)

Psat

Using Eq. 4.7, it was found that 3 f,/8p ~ 1078 Pa~!, so that we can safely make the
approximation

£V Psat) = €(Psar)- (4.34)

Saturator temperature

The temperature inside the saturators Tg, was measured by a platina resistor thermo-
meter with an accuracy of 0.02 K. Eq. 4.6 gives

1 dp,(T) +8In Je(psar, T)
Ds (Tsa[) dT Tsat a T

8(y|Tsat) = g(yslTsat) = E(T). (4.35)

sat

The derivative of In f, with respect to temperature was found to be much smaller than
the other term between the modulus lines, so that

Ps(Tsa)

E(Te). 4.36
Ps (Tsar) (Ton) *-39

ey Ta) =

In the range of saturator temperatures that we used, we could make the approximation
p;(Tsat)/Ps(Tsat) ~ 0.06 K1
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Mass flow controliers

After calibration of an MFC, the accuracy is given by>®
(@) = 0.002Q¢1/0 + 0.007, 4.37)

where Qpgy is the flow rate of the MFC at full scale (the flow rate at the maximum
output voltage). Applying Eq. 4.25 to Eq. 4.32, the error in the fraction due to the
error in the flow rates is eventually found to be

_ 2 0

e(ylQ,) = Qg+Q08(Qg), (4.38)
Qo

e(y|Qo) = ———'—Qg n QOE(QO)- (4.39)

The error propagation is determined by the fraction Qo/(Qg + Qo), which is a meas-
ure of the amount of dilution. It appears that a large amount of dilution will increase
the error in the vapour fraction.

Total error

The total error in the vapour fraction is

() = [20Ipsa) + £ GITea) + £2(31Q,) + £2(3100)] 2. (4.40)

A complete numerical evaluation of the error in the vapour fraction of all experiments
is shown in appendix B.1.

4.5.3 Nucleationrate

Theoretical nucleation rate

We already know the uncertainties of p, T and y, and since the theoretical nucleation
rate J can be written as a function of those quantities, we could use the error propaga-
tion formulas to calculate the error in J. However, it is not correct to do so, because
the errors in p and T are not independent; both p and T depend on py and Ap.

The correct way to proceed is to write J as a function of the independent, measured
quantities pg, Ap, Tp and y. We could then use the error propagation formulas, but
this resulted in complicated expressions which did not give new insights. Instead, we
used a simpler way to find the error:

EmjmﬁﬁmUun—mUu+EumL (4.41)

The error in In J caused by a quantity X was calculated by substituting the expected
value of X and the value of X with the maximum error, and then subtracting the two
results. We chose to express the error as an error in In J, not in J, because J and its
error were quite large numerically. As a result, the error in J could be described by
an error factor fe, in the following way:

InJ-—E(nJ)<InJ <InJ + E(nJ), (4.42)
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where J is the real nucleation rate and J is the measured value. Exponentiating yields

Jf < <J fom | (4.43)

with fer = exp [E (InJ )]. A complete numerical evaluation of the error in the theor-
etical nucleation rate J*2" of all experiments is shown in appendix B.2.

Experimental nucleation rate

Because J = n/At, the error in the experimental nucleation rate is caused by the
errors in the density n and pulse duration At. In the next chapter we will see that
n can be determined quite accurately, but Az cannot. The error in J is therefore
completely determined by the error in At, which is about 30%.



5. Data analysis

5.1 General
First the voltage recorded by the charge amplifier V (¢) is converted to a pressure p(#):
p@) = «k[V(t) — Vol + po, (5.1

where pg is the known pressure in the HPS before the start of the experiment, and
Vo is the voltage at that time. The constant x, with units of pressure per voltage,
is determined by the settings of the charge amplifier; its value must be found by
calibration.

The offsets of the extinction and reference signals are taken into account, and the
extinction signal I (¢) is normalized with respect to the reference signal R(z).

R(0) — Rogr
Leon(t) = [1(2) — Lo RG) — R’ (5.2)
Note that the time-independent value in the numerator R(0) — R,g is not important
since only the relative changes from the initial value are important. To obtain this
initial value, the signal that has been recorded right before the start of the experiment
(about 5 ms) is averaged. Next, the extinction and scattering signals are filtered, by
means of a running average over 11 points.

To assign a single thermodynamic state to the nucleation pulse, the pressure signal
during the pulse must be averaged. The beginning and ending time of the pulse are
determined by the experimenter. There is some ambiguity in the choice of these
times, especially the beginning time. Luijten? has shown that the final results are
‘quite insensitive’ to this choice. Still, the uncertainty in the total pulse duration can
be as much as 30%.

In the next step, the temperature is calculated using the isentropic expansion rela-
tions as described in section 4.1.2.

Finally, the positions of the extrema in the scattering signal must be identified.
This procedure is currently not automated; the experimenter can best distinguish the
peaks from the noise. To obtain the droplet density, two methods are available. The
one that has been used in the past??>28 will be called the ‘old method’.

5.2 Old method

Denoting the scattering extremum number with i, the time at which it is observed
with #;, and the corresponding size with «;, we derive from the extinction formulas
Egs. 4.20 and 4.21 that

4 Inllo/1(1)]

i — W (53)

50
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Figure 5.1: Scattered light intensity of experiment 35. Left: theoretical, right: experimental.

The extinction length d is approximated by the internal diameter of the high pressure
section, which is 36 mm.

The measured droplet densities during the droplet growth period differ from the
density at the end of the nucleation pulse, because the gas mixture is compressed after
the end of the pulse, and so is the droplet cloud. Assuming isentropic behaviour, we
can relate a density change of a gas to a pressure change:

1%5%
-ﬂ=(ﬁ) . (5.4)
Po Po
We assume that the droplet density changes in the same way as the gas density, so
that the droplet density at the end of the pulse can be found by

Ay
pOJ] o1

Ppulse

n;
Npulse,i = 5
P! Ci

with C = I: (5.9)
The nucleation rate is then J; = npuee,i/At, where At is the pulse duration. Con-
cluding: with this method we obtain a value for the nucleation rate for every Mie
extremum that we can identify.

5.3 New method

Although the method described above looks perfect theoretically — and provides ex-
cellent results in some cases — it has a practical drawback. Generally, because of
the very small amount of light extinction, there is much noise on the intensity sig-
nal. Since the old method only takes one sample of the extinction signal per Mie
extremum, the resulting droplet density might be far from the real value. The present
author looked for a way in which the entire extinction signal could be used, instead of
~ selecting just several data points. Specifically, applying Eq. 5.3 on the whole signal
would be an improvement. This is impossible in principle because the size parameter
« is only known at times when scattering extrema are observed, not in between. How-
- ever, if we assume the droplet growth to be well-behaved — which is the case in all
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Figure 5.2: Droplet growth of experiment
35: square of the size parameter a versus
time. Circles: values obtained from the ex-
trema in the scattered light; line: fourth-
t(ms) order polynomial fit.
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experiments — we can interpolate the droplet size between the known values. Even
better, we can fit the points in the «-¢ diagram with some appropriate curve.

Fitting the data points requires knowledge of the underlying physical relations. We
know from droplet growth theory that in the diffusion-controlled regime, the square
of the droplet radius grows proportional to time, so that a2 is also proportional to the
time. It seems therefore appropriate to fit the points in an a?-t diagram with a line,
as a first approximation. For most experiments the points were observed to deviate
somewhat from this ideal behaviour and finally it was found that a fourth-order poly-
nomial was necessary to reproduce the a2-¢ curve accurately. As an example, Fig. 5.1
shows the theoretical scattered intensity as a function of «, and the experimental in-
tensity as a function of time. By matching the extrema, the a-¢ plot of Fig. 5.2 is
obtained (circles). The polynomial fit is shown as a line.

Now that the droplet size can be approximated at any instant of time by means of
the o?(z) fit, it is in principle possible to apply Eq. 5.3 at every data point and get a
value for n at all those points. The final value of # could then be obtained by simply
taking the average. There is, however, a better way to find n. We first rewrite Eq. 5.3,
including the density correction:

_ 4m In[ly/1 ()]
b A Ol IC N

(5.6)

We make a graph, in which we plot a point for each time 7, with the vertical co-
ordinate equal to the numerator in Eq. 5.6, and the horizontal coordinate equal to the
denominator. We then obtain n as the slope of the best fitting line, going through
the origin.* In practice, the time-independent quantities can be left out, and what is
plotted is

on the vertical axis: Y (@) =Inlly/I()], (5.7
on the horizontal axis: X (¢) = @?(t) Qexc[a ()1C(1); (5.8)

*The result obtained by fitting a line is different from taking the average. If a quantity a is found by
a = y/x, the simple average is @ = Y_ yn/xn. The slope of the line of best fit is ag, = 3 xnyn/ 3 x2.
If this is written as ag; = [Zx,%(y,, /x,,)] / fo, we see that the slope is a weighted average with

weight factor x,%.
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Figure 5.3: Plot of the quantities of Egs. 5.7 and 5.8. Circles: experimental values; line: best
fitting line through the origin. a: experiment 35; b: experiment 25.
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see Fig. 5.3a. To illustrate the advantages of the new method, an experiment with a
particularly noisy extinction signal was selected. In other cases the deviations from
the line are much smaller (Fig. 5.3b).

If the slope of the best fitting line is called s, the droplet density sy, is found by

4
2d’
Based on the value of » that has been obtained and the droplet growth «(z) fit that

was found earlier, it is possible to calculate the intensity signal from Eq. 5.6 that we
would expect when n is assumed to be constant:

5.9

nge =

A\
Texpected(t) = Ipexp <—Z;nﬁta2QextC> = lyexp[—s X (1)]. (5.10)

This expected signal can be visually compared with the observed one; for the example
this is shown in Fig. 5.4. We will see that this feature can be an aid to the identification
of extrema in the scattering signal, which we will illustrate in the next section.

5.3.1 Example of the new method

In experiment 25 the scattering signal shown in Fig. 5.5 was observed; for comparison
the theoretical scattering versus size diagram is shown next to it. In Fig. 5.5 we can
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Figure 5.5: Scattered light intensity of experiment 25. Left: theoretical, right: experimental.

clearly see several Mie extrema, which have been marked by letters. A problem of
this experiment was that it was unclear to which theoretical extrema — and to which
droplet sizes — they corresponded. Three identifications that were considered are
shown in Table 5.1.

Table 5.1: Identification of extrema in the scattered light of Fig. 5.5.
a b c d e f g h i
I 345 6 7 8 9 11 13
m|s 6 7 8 9 10 11 13 15
mi7 8 9 10 11 12 13 15 17

Using the old data analysis method, it was not easy to choose an identification. In
this case, III was chosen, based on the shapes of the observed peaks.

When this experiment was later reanalyzed with the new data analysis method, it
was clear which identification was the correct one. Figure 5.6 shows the expected
intensity superimposed on the experimental signal, for the three options. It is clear
that option II gives the best match, and is very likely the correct one.

In some cases the fit was not that good, and the amount of light extinction gradu-
ally decreased below the expected value. One way to explain this is that the droplet
density decreases during the measurement period. A second explanation is that the
extinction length (d in Eq. 5.10) decreases, which would occur if the cloud of droplets
shrunk. A decrease like this is possible if the thermal boundary layers at both win-
dows grow during the experiment and cause droplets at the boundaries of the cloud
to evaporate.

5.4 Scattering

In this section we will investigate the influence of several parameters on the scattered
intensity as a function of the droplet size. We will use the formulas from section 4.3.1
to calculate the theoretical scattering, and we will try to match the experimental scat-
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Figure 5.6: Extinction of experiment 25. Thin line: experimental scaled intensity //lp; thick line: expected intensity
from Eq. 5.10. The three figures show the expected intensity for identifications I, IT and III of Table 5.1. Dotted vertical

lines: begin and end time of the nucleation pulse.

tering signals as well as possible. Obtaining the correct theoretical scattering diagram
is important for the data analysis, since it is the only way to identify the experi-
mental extrema and to obtain the right droplet size, corresponding to an extremum.
Figure 5.7 shows two experimental scattering signals in which many extrema were
observed, and which are therefore suitable for comparison with the theory.

5.4.1 Angle

The setup has been designed such that the light that is scattered at an angle of 90° is
recorded. In practice, the optical alignment is never perfect, and the horizontal scat-
tering angle will always deviate slightly from 90°. It was found that differences as
small as 0.5° will make a difference in the observed pattern of peaks, so that know-
ledge of the exact angle is required for an accurate analysis.

A convenient way to determine the scattering angle is to adjust the angle that is
used to make a theoretical plot, until it matches the result obtained experimentally.
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Figure 5.7: Experimental scattered intensity signal of experiments 29 (left) and 39 (right). The extrema have been

numbered.
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Figure 5.8: Scattering as a function of the size parameter for three scattering angles: 89.3°,
90.0° and 90.7°. Width of size distribution: 0.25; refractive index: 1.33.

Figure 5.8 shows the scattering intensity for three angles: 89.3°, 90.0° and 90.7°. We
see that the change of angle modifies the valleys, notably near « = 14 and @ = 15.
The region between o = 17 and « = 21 is most sensitive to changes in the angle, and
it is this region which was compared with the experimental signal to find the angle.

Based on a comparison with the experimental scattering (Fig. 5.7) an angle of
89.3° was chosen, except for experiment 25, which was analyzed using the 90.0°
scattering. (After experiment 25, changes were made to the optical setup, resulting in
a different angle.) The advantage of a slight deviation from 90° is that smaller peaks
appear in some valleys (e.g., those indicated by numbers 15 and 19 in Fig. 5.7), which
makes it easier to identify the extrema in the experimental signals.

The influence of the other scattering angle, the angle of the scattering plane with
the horizontal plane, is much smaller. In fact, even for a deviation of 10° from the
horizontal plane, there is almost no difference with the case of horizontal scattering.
Eq. 4.17 shows why the effects are so small: for ¢ close to 90°, the factor cos? ¢
is very small (e.g., cos® 80° ~ 0.03), so that F (8, ¢) is very insensitive to ¢ in this
region.

5.4.2 Refractive index

The analysis in section 3.4 showed that we can safely assume that the refractive index
is always between 1.32 and 1.34. Figure 5.9 shows the theoretical scattering patterns
for refractive indices of 1.32, 1.33 and 1.34. The differences between them are most
apparent at high « values; above o = 17, the shapes of the peaks and valleys clearly
change. At lower o values the heights of the peaks change; the o positions of the
peaks are also slightly different.

The only significant changes are at high « values. But at low temperatures, where
we expect the refractive index to be lower, this region of the scattering curve is never
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Figure 5.9: Scattering as a function of the size parameter for three values of the refractive
index: 1.32, 1.33 and 1.34. Scattering angle: 89.3°; width of size distribution: 0.25.

obse’rved - below 220 K, the highest o value seen was only ¢ =~ 7. Therefore, a
refractive index of 1.33 was used for all experiments.

5.4.3 Size distribution

We generally assume that the droplet cloud is monodispersed, that is, that all droplets
have the same size. In reality, there is at any time in the experiment a distribution of
droplet sizes, because of the finite duration of the nucleation pulse. The result of this
is that the diagram of scattering versus time looks smoother, due to the contribution
of the different droplet sizes at each time. The size distribution can be described by a
function n(r), which has a unit of m~! and is normalized such that f0°° n(rydr = 1.
The observed scattered light intensity is then

F = /oon(r)FO(r) dr. (5.11)
0

Here Fy(r) is the F of a particle with a certain radius r. Looijmans?’ already investig-
ated the effect of a size distribution on F; he used a so-called lognormal distribution.
We will take a much simpler distribution

1 .
= 1frpg—A Ar,
n(r. ro) = s~ Uro . r<r<ry+ Ar (5.12)
0 otherwise,

which is a constant distribution centred about r¢ and with a width of 2Ar. The
scattered intensity is then
ro+Ar

F(ro) = Ay Fo(r)dr, (5.13)
ro—Ar

which is simply a moving average over a width of 2Ar.
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Figure 5.10: Scattering as a function of the size parameter for three values of the size distri-
bution: 0, 0.25 and 0.50. Scattering angle: 89.3°; refractive index: 1.33.

Figure 5.10 shows the smoothed scattered intensity F(rp) for size distributions
with widths of 0, 0.25 and 0.50, in « units. For the analysis of all experiments, a
width of 0.25 was chosen since it matches the experimental signal best, although
the the monodispersity varies slightly from one experiment to another, and generally
decreases during the droplet growth.



6. Results

In this chapter we present the results of our nucleation experiments, and we compare
them to measurements by Peeters and by Wolk ef al. Peeters’s data was obtained
in 2001 using the same setup as we used. This data was corrected by the current
author, see appendix A.1. Wolk er al. measured nucleation rates of water in argon
between 10!! and 10> m~3s~! in a nucleation pulse chamber, in which the nucleation
pulse method was realized by means of valves which connected pressure-controlled
volumes to the main chamber volume. }? With this method well-reproducible pressure
pulses could be obtained. For more information about the data by Wolk ef al., see
appendix A.2.

Figure 6.1 shows the experimental conditions as a function of the temperature.
Note that to obtain a constant nucleation rate at low temperature, the vapour pressure
must be decreased, while the supersaturation must be increased. The new experiments
are at somewhat higher supersaturations than those of Peeters, and are also higher
than Wolk’s. Each of the three measurement sets has a temperature range of 40 K,
but the temperature interval of Wolk’s data is located 20 K higher. A feature of
Wolk’s data is that it consists of five isothermal sets; a deliberate division, which was
made possible by the reproducibility of the experimental nucleation temperatures.

In Figure 6.2, the experimental nucleation rates are shown as a function of tem-
perature, scaled with the theoretical predictions of the standard theory. The lower the
temperature, the higher the deviation from the theoretical predictions. At 200 K, the
experimental nucleation rate is about six orders of magnitude higher than predicted.
Although all three data sets show this trend, there are some differences between them.
The new data is about one to two orders below Peeters’s results, while the data of
Wolk lie exactly in between them. The scatter in the new data and those of Peeters is
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Figure 6.1: Vapour pressure (left) and supersaturation (right) of the nucleation pulse in the experiments, as a function

of the temperature. In the vapour pressure graph, the lines are lines of constant supersaturation.
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Temperature (K) exp(A1 + B1/T); see Eq. 6.5.

about the same and seems to increase at low temperatures.

6.1 Empirical correction

At this time, there is no theory which correctly predicts nucleation rates for an ex-
tended range of conditions. An equation capable of doing so would be valuable for
the analysis of all kinds of industrial and natural processes, and — until better theor-
ies are found — such expressions can be obtained by modification of the theoretical
expressions we do have. Commonly, the nucleation rate prediction is corrected by an
additional factor:

]corr(Ta S) = f(Ta S) Jtheo(Ts S) (61)

Here and everywhere else we express J as a function of T and S (another option is
to write it as a function of T and p,). We will assume that the correction can always
be written as a product:

Jeorr(T', 8§) = f1(T) f5(S) JneolT, S). (6.2)

6.1.1 Temperature correction

The most obvious problem of all nucleation theories is their failure to predict the
temperature dependence of the rates: they may be correct at some temperature, but
several orders off at another. Wolk et al.>° suggested, on the basis of theoretical and
experimental grounds, that the discrepancy could be described by

J B

In (—") =A+ =, (6.3)
class T

where J a5s 18 the classical nucleation théory, without the 1/S correction; it is Jjass =

S X Jstan, Where Jgay 1s given by Eq. 2.41. An appropriate correction is then

chm(T, S) = exp(A + B/ T)Jaass (T, S). (6.4)
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Wolk et al. determined the constants A and B based on their experimental data of the
nucleation of water. By comparing the corrected predictions with a large amount of
measurements by others, they found that their new expression worked well in a large
temperature range.

We chose to use Jga, instead of Jgae, SO that our corrected nucleation rate is

JT (T, S) = exp(A; + B1/T) Jan(T, S). (6.5)

We used different expressions for the properties of water, which is another reason that
we found different values for the constants A; and B;. To obtain them, we fitted the
data by Wolk with a line Ay + By/T in a diagram of In(Jexp/ Jstan) versus T'. The
resulting values are given in Table 6.2, and Fig. 6.2 shows the fit graphically. The
fitted function appears to represent the temperature dependence of Wolk’s data well.
There is still some scatter in the vertical direction; one of its causes will be explained
in the next section.

6.1.2 Supersaturation correction

In the diagrams by Wolk er al. that are similar to Fig. 6.2, the deviation of the data
from the fit is shown as an error bar, leading to the assumption that the deviation
is caused by random experimental scatter. This is, however, not the case. At each
nucleation temperature, experiments were performed in a range of supersaturations.
We found that data points which were higher than the fitted line in Fig. 6.2 were
experiments with a lower supersaturation, and vice versa.

That there is a dependence on supersaturation can be seen clearly in a graph of
the ratio of experimental and theoretical nucleation rates versus the supersaturation:
Figure 6.3. In the top graph, we see two effects at the same time; first, the well-
established effect of temperature, which causes jumps from one isothermal data set
to the next (which is why the five sets can be distinguished easily) and second, the
proposed supersaturation dependence, which causes each isothermal set to have a
downward slope. This negative slope is the reason that experiments with a high su-
persaturation are lower in Fig. 6.2. The ‘scatter’ in this figure can be seen as a ‘side
view’ of each set in Fig. 6.3.

A nice property of Wolk’s data is that the entire supersaturation range is covered;
some supersaturation values are even included in two isothermal sets. It is precisely
this property that allowed us to find the exact form of the supersaturation dependence.
Namely, we shifted each isothermal set vertically until it touched — or overlapped —
an adjacent set; see the bottom graph of Fig. 6.3. One way to view this process is that
we ‘normalize’ the different isothermal sets to one, arbitrary temperature, so that the
only effect that remains is the pure supersaturation effect. It is however only allowed
to do this when the supersaturation effect itself does not depend on the temperature,
and we assumned that this is the case.

It appeared from Fig. 6.3 that the supersaturation dependence was linear (when
plotted on this logarithmic scale); in a plot of In(Jexp/ Jsan) versus S, the slope that
was found was —0.38 & 0.08. The uncertainty is caused by the shifting of the iso-
therms ‘by hand’ which is rather inaccurate. When it was found that the effect was
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Table 6.1: Slope of the supersaturation dependence of In(Jexp/ Jstan) 0f each isotherm of the
data by Wolk et al. The slopes were obtained by linear regression; the uncertainty shown is
the standard deviation.

T slope of S dependence
220K —-0.380 £ 0.022
230K -0.368 + 0.022
240K -0.358 =+ 0.028
250K —0.366 =+ 0.038
weighted average -0.37 =+ 0.01

linear, the accuracy of the slope was improved by fitting a line to each individual iso-
thermal set. Table 6.1 shows the resulting slopes and their uncertainties, obtained by
linear regression. Remarkably, the slope values are consistent; the weighted average
and final result is —0.37 & 0.01. The T = 260 K set was not included because of its
limited supersaturation range and large scatter.
Since the dependence on supersaturation of the data was known, the theory could
be corrected for it:
JS

corr,

2 = exp(CS) Jetan. (6.6)

This expression is introduced to include the supersaturation dependence; it is not
meant to produce exact nucleation rates. Its use becomes clear in Fig. 6.4, where we
plotted the ratio of the experimental rates and the supersaturation-corrected values
of Eq. 6.6. By scaling the data in this way, we compensate for the supersaturation
dependence; what remains is the ‘pure’ temperature dependence, which is stronger
than before. This is because in the original data, the supersaturation and temperature
dependence compensated each other: at low temperatures, where the nucleation rate
is much higher than the theoretical value, the supersaturation is high as well, so that
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Table 6.2: Constants in the temperature and supersaturation corrections, with standard devi-
ation.

parameter value standard deviation
A —47.4 + 05

B; (K1) 1.25 x 104 £ 0.01 x 10*
A; —69.4 + 0.3

B, (K™ 1.889 x 104 £ 0.008 x 10*
C -0.37 + 0.01

As —12.7 + 0.6

B3 (K™ 7.1 x 1010 + 0.1 x 10
Ay —62 + 2

By (K1) 193 x 10* £ 0.04 x 10*
D —5.55

the ratio of experimental and theoretical rates moves down.

We recalculated the temperature correction; the new expression, including the su-
persaturation correction, is:

JIS. = exp(A; + By/ T) exp(CS) Jytan: 6.7)

COIT,.

where we have chosen the same form for the temperature correction as before.

Again, the constants are shown in Table 6.2 and the fit in Fig. 6.4. To show once
more the differences between the temperature-only correction (Eq. 6.5) and the cor-
rection that includes the supersaturation (Eq. 6.7), Fig. 6.5 displays the ratio of the
experimental nucleation rates and the predictions, for each of the two corrections. We
see again that the supersaturation dependence has been successfully eliminated and
that the maximum deviations have become smaller — the scatter that remains is truly
due to experimental noise.
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Figure 6.5: Deviations of experimental nucleation rates of Wolket al. from the corrected the-
ories. Left: temperature-corrected theory; right: temperature- and supersaturation-corrected
theory.

6.1.3 Application to other data

When the supersaturation correction of Wolk’s data had been obtained, a logical next
step was to apply it to Peeters’s data and our new data as well. Figure 6.6b shows
the result: the ratio of Jexp and JS  versus the temperature. A comparison with the
original results (Fig. 6.6a) shows two differences. First, the three data sets move
closer together. The new data and Wolk’s nearly overlap; Peeters’s results are also
closer, but still somewhat higher. Second, the scatter in all data sets decreases. For
Wolk’s data this is no surprise; but that we observe it for the other data sets as well
means that they have a similar supersaturation dependence.

It appears that the remaining temperature dependence of our new data set and that
of Peeters is slightly larger than that of Wolk’s data; an attempt to describe it by the
1/T function we used before was unsatisfactory, because the curvature of the fitted
function was too small. In fact, a fourth power of T was required to reproduce the
dependency, and the full correction is

JTS. = exp(As + B3/ T*) exp(CS) Jyan: 6.8)

corr,

where the constants can be found in the table and the fit is displayed in Fig. 6.6b.

6.1.4 Alternative supersaturation correction

Although the supersaturation correction seems to be an improvement, it has one prob-
lem: it is too strong. This is shown in Fig. 6.7, which displays the nucleation rate (not
a ratio, but the pure rate this time) as a function of the supersaturation. The data
of Wolk is shown, together with the predictions of the T-corrected and the T, S-
corrected theories. The slope of the T, S-corrected theory clearly matches the data
better, but at high supersaturations this theory predicts a decreasing nucleation rate
with increasing supersaturation. This behaviour is of course unphysical. According

to the Nucleation Theorem?
0 1In Jexp

dlnS

*

where Jeyp is the experimental nucleation rate and ng,, is the actual amount of mo-
lecules in the critical cluster.so that a slope of approximately zero in the J versus S

=k, + 1, (6.9)
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plot means that each molecule in the vapour is a critical cluster; a limit of stability,
which could be seen as the spinodal. A negative slope has no physical meaning.
In the standard theory, the critical cluster size is (Eq. 2.21)

20\’
o = . 6.10
nstan <3IDS> ( )

Taking the logarithm of the expression for the standard theory (Eq. 2.41), and then
differentiating with respect to In S yields

dIn Jyean .
TDS = Ngtan + 1, (611)

so that we obtain for the T, S-corrected expression, using either Eq. 6.7 or Eq. 6.8,

dlnJIS,
e 1+ CS. 6.12
a ln S nstan + + ( )

Since the T, S-corrected theory agrees with the experimental nucleation rates, the
Nucleation Theorem of Eq. 6.9 can be used to obtain the critical cluster size:

dnJI: .
nexp = m—— —1= Rgian + CS. (613)

This equation shows that the classical critical size is corrected by an amount CS.
Since C < O, at high enough S values the corrected critical size will eventually be
zero. We do not expect that this is the case in reality; after all, experiments have been
performed at much higher supersaturations.

Whatever the theoretical interpretations may be, it is clear that the supersaturation
correction in the previous form is too strong, at least when extrapolated to higher su-
persaturation values. Therefore, a weaker supersaturation correction was considered:

Ci

IS4 = exp(DInS) Jyan = S® Jan, (6.14)
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where D < 0. We wanted the new expression to agree as well as possible with Wolk’s
data in a In(Jexp/ Jstan) plot similar to Fig. 6.3. In this plot, the previous correction has
a constant slope of C, while the new correction has the form D In § with a varying
slope of D/S. A full agreement is therefore never possible. We chose to match the
two slopes at a single supersaturation value that we call S, so that

D=CS¢S. (6.15)

We took S' = 15, which is close to the centre of Wo6lk’s experimental supersaturation
range; this yielded D = —5.55.
For this weaker correction, the critical size is

dlnJ3 .
e = T3 lncgm — 1=+ D, (6.16)

so that a constant amount of about 6 molecules is subtracted from the classical critical
cluster size. This means that we will have the same problem of a vanishing slope
when the classical critical size is about 6, but this only happens at extremely high
supersaturations.

The result of the new correction is shown in Fig. 6.6c. At low temperatures, the
new data and those of Peeters do not overlap like they did in the case of the previous
supersaturation correction (Fig. 6.6b). Still, the scatter is considerably lower than in
the uncorrected case of Fig. 6.6a. Another change is that the Wolk data better follows
our results; Wolk’s three data sets at 220, 230 and 240 K completely agree with our
data.

The temperature dependence of the results in Fig. 6.6c is less curved than in
Fig. 6.6b, so that we could use 2 1/T correction again:

JIS, = exp(As + Bs/ T)SP Jyan. (6.17)

corr,d —

The constants A4 and B, were obtained by fitting to the new data only. The result is
also shown in Fig. 6.6¢ together with a similar fit through Peeters’s data.

To compare the two types of corrections, Eqs. 6.8 and 6.17, Figure 6.8 shows the
remaining deviations. It can be seen that the second correction succeeds even better
in reducing the scatter at low temperatures than the first one. The three data sets of
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Figure 6.8: Deviations of experimental nucleation rates from the corrected theories. Left:
strong supersaturation correction; right: weak supersaturation correction.
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Wolk at 200, 230 and 240 K are well described by the second correction; the two
data sets at high temperature deviate somewhat from the prediction. An explanation
is that we chose S’ = 15, the centre of the experimental range. The sets at 250 and
260 K are at § < §’ and therefore our new supersaturation correction is too strong in
this case; the two sets are shifted down too much.

6.2 Nucleation theories

Figure 6.9 shows our experimental data together with those by Peeters and by Wolk
et al., scaled with the predictions of four theories: the standard theory, the one by
Girshick and Chiu (GC), the Reiss-Kegel-Katz theory (RKK), and a recent theory
by Hruby. % Although the differences between the theories are large, no theory gives
the correct nucleation rate for an extended temperature range. Still, we can express
the quality of a theory by two parameters: first, the average absolute deviation of
the rates, and second, the slope of the temperature dependence of the scaled rates.
There is no significant difference in the supersaturation dependence; if there were,
we would see a difference in the amount of scatter.

The theory by Kashchiev could not be evaluated because the spinodal pressure of
water was not known. A literature search yielded no results. The author then tried
to find the spinodal pressure from an equation of state, but since water is such an
unusual substance, it is hard to find a suitable equation of state. The ‘cubic plus
association’ (CPA) equation of state®’ was chosen because it takes into account the
hydrogen bonding between water molecules. Complicated equations of state like this
have several adjustable parameters; the CPA has five. The values of these parameters
must be determined by fitting the model to known equilibrium properties; in this case
the vapour pressure and the liquid density. The problem that the author encountered
was that water’s properties could be well represented with a broad range of parameter
values. The spinodal pressure, however, varied much in this range of parameter space,
s0 it could not be determined.

The GC theory is closest to the experimental nucleation rates. The Hruby theory
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has the largest absolute deviation, averaged over the entire temperature range.

Looking at the temperature dependence, the standard theory clearly has the largest
slope. The GC and RKK theories both show a smaller slope, and the Hruby theory
has the best temperature dependence.

The supersaturation dependence of all theories is nearly the same, so that the su-
persaturation correction is also the same for all theories, and equal to the form derived
in the previous section. After this correction is applied, the temperature dependence
of all theories changes strongly; it becomes “considerably less accurate. If we return
to Fig. 6.6a (not corrected); the difference between the ratio of nucleation rates at low
and high temperature is about six orders of magnitude, when we only include the new
data and Wolk’s data. In Fig. 6.6c (weak S correction) this difference has increased
to ten orders of magnitude.

For all theories in Fig. 6.9, the supersaturation correction influences the temperat-
ure dependence in the same way. For example, for the Hruby theory, the difference
between the ratios at low and high temperature is about three orders of magnitude
(again only considering the new data and Wolk’s). When the weak § correction is
applied, this difference increases to seven orders. We will come back to this issue in
the discussion.



7. Conclusions & Discussion

The objective of this research was to obtain a reliable measurement set of homo-
geneous nucleation rates of water, at temperatures between 200-240 K, and at near-
atmospheric pressure. One of the reasons was that earlier data by Peeters?! showed
interesting behaviour at a temperature of 207 K; below this temperature vapour-to-
solid nucleation seemed to occur instead of vapour-to-liquid nucleation. At higher
temperatures there was a substantial difference with the measurements of Wolk ez
al.,'? which led to doubts concerning the reliability of Peeters’s data in the entire
temperature range. For example, it was suspected that thermal boundary layers could
have influenced the results.

An investigation by the current author revealed a mistake in Peeters’s data pro-
cessing method. It was possible to correct the measurements for this error, and the
corrected results did not show a transition in nucleation behaviour. They were also
much closer to the measurements by Wolk ez al. than the original results had been.

The measurement set of the present work deviated somewhat from Peeters’s data,
although the temperature trends of both data sets were the same. The new data also
did not entirely agree with the data by Wélk er al.

The search for an expression that could accurately reproduce the measurements
by Wolk et al. led to a correction of the supersaturation dependence of the classical
nucleation theory. When this corrected theory was used to analyze the new data, it
was then found to agree with the results of Wolk et al., and the apparent original
difference could be fully attributed to a difference in the experimental supersatura-
tions. The validity of the supersaturation correction was further supported by the fact
that it reduced the scatter of both Peeters’s data and the new data. There remained
a difference between the new data and Peeters’s, which is believed to be caused by
inaccuracies of the calibration of the dynamic pressure transducer.

We have shown that the correction of the theoretical supersaturation dependence
can be seen as a correction of the theoretical critical cluster size. The fact that such
a correction is required is not surprising, because in most theories small clusters are
viewed as drops with macroscopic properties (the capillarity approximation); a ques-
tionable assumption, certainly in the case of clusters of a few dozen molecules.

Despite the plausibility of a supersaturation correction, almost all empirical and
theoretical expressions use the classical dependence on supersaturation. Even the
recent theory of Kashchiev, which takes into account the influence of a spinodal,
results in a correction factor which only depends on the temperature.

An effect of the supersaturation correction is that the temperature dependence of
all theories more strongly deviates from experimental observation. For example, if a
theory is correct at some temperature, then the deviation at a second temperature, 60
degrees lower, can be as much as a factor 10'°. This serious discrepancy may have
one of the following causes:

First, the error in the supersaturation and temperature dependencies might repres-

70



71

ent the failure of the capillarity approximation. As the temperature goes down and
the supersaturation increases, the critical cluster becomes smaller, and its properties
differ more from the bulk values. This would then explain the rapid increase of the
deviation of nucleation theories with decreasing temperature.

Second, the effects could be a property of water, in the sense that at low temper-
atures a special form of water nucleates from the vapour; a substance with properties
that are very different from those of liquid water. It is even possible that ice is dir-
ectly formed from the vapour, instead of supercooled liquid water. However, we do
not believe that this is the case, because at temperatures as low as 233 K the observed
scattering indicates a refractive index of at least 1.325. At this temperature, ice is
believed to have a refractive index of about 1.31, so it seems unlikely that ice was
formed in our experiments.

To obtain a reliable and more accurate supersaturation correction, the analysis
of more experimental data is required. From the data set that was observed using
our experimental setup, it was not possible to directly determine the supersaturation
correction, because we did not perform isothermal measurements (experiments at the
same temperature but with different supersaturations). Only from such data sets, the
true supersaturation dependence of the nucleation rate can be found, so it would be
preferable to perform such experiments, especially at low temperatures near 200 K.
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A. Data by others

A.1 Peeters

One of the objectives of this research was to confirm the measurements by Peeters et al. 21 When it was found
that the findings of Peeters could not be reproduced, the current author started to investigate possible causes of
the inconsistency. Finally, the source of the problem was traced to a single line of code in the computer program
which was used by Peeters to calculate the vapour fraction from the mass flow controller settings. The mistake
caused the vapour fraction to be nearly a factor of two lower than the real value, for some experiments. Since
the supersaturation S is proportional to the vapour fraction, and the theoretical nucleation rate strongly depends
on S, the ratio of experimental and theoretical nucleation rates was about five orders of magnitude too low for
some experiments.

Fortunately, the experimental data of Peeters were still available and the correct vapour fraction could be
calculated. Other changes that were made:

o The temperatures were recalculated using the corrected c,/c, which is influenced by the amount of
water vapour in the mixture. Peeters used a ¢,/c, of 1.66592 for all experiments, which corresponds,
coincidentally, to that of a mixture with an average vapour fraction. The maximum difference between
the original temperatures and the new ones is therefore small: 0.09 K.

e Three errors in the nucleation pressure were found and corrected. Two of them were minor rounding
errors, the other one (experiment 484) was a larger error (0.4% deviation).

¢ One rounding error in the nucleation rate was corrected.

The corrected data is shown in Table A.1.

A.2 Wolk

The data by J.W6Ik et al. was taken as it appears in the published work, 1> with one modification: In the section
labelled ‘H»O, Argon 230K, Ty = 10 °C, @, = 0.003433’, the molar vapour fraction should be 0.003343 instead
of 0.003433. This apparent typing error was discovered when it was found that the values of the supersaturation
in this particular section of the table did not agree with the published vapour fraction. A comparison with the
original graphs by J.W&lk revealed that the vapour fraction was erroneous, not the supersaturation.
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A. Data by others

exp po(bar) To(K) pbar) T (XK) yx10* J(m3s™!)
425 1.678 29575 09692 237.58 40.20 3.9x 101
429 1719  296.65 09721 236.31 33.68 3.1x10%
430 1.738  296.65 0.9644 23449 33.82 7.6x10%
432 1758 296.55 0.9485 231.76 26.87 3.2x10%
433 1778 296.45 0.9556 231.34 23.65 4.0x10M"
434 1799  296.55 0.9554 23030 21.12 1.9x 10"
435 1.819 29645 09507 228.79 21.25 4.5%x101
436 1.838 296.55 09371 226.57 20.17 7.4x 1010
437 1.859 29655 09413 22598 18.20 2.4x10'°
438  1.878 296.55 0.9482 225.67 1591 3.8x 10"
439 1938 296.45 0.9358 221.60 13.66 8.0x 1016
440 1978 29635 09326 219.42 12.40 4.0x10"7
442 1978 296.65 09204 21848 10.38 9.1x10'
444 1999 296.65 0.9359 219.04  9.058 4.3x10%Y
448 2099 29645 09316 214.22 6.468 3.2x10'¢
450 2.099 296.15 0.9741 217.89 6.726  8.2x 10"
451  2.099 296.15 0.9386 214.68 6.825 4.1x10'°
452 2099 296.15 0.9553 216.20 6.719  3.9x10%
455 2.113 29595 09213 212.35 5.803 1.1x10"
469 2303 29525 0.9725 209.15 3.335  2.0x10%
470 2303 29535 0.9605 208.19 3.460 1.7x10'
471 2303 29545 0.9583 208.07 3.381 2.2x10'¢
477 2503 294.85 1.0052 204.70 2.175  9.1x10%
480 2.503 295.15 0.9855 203.30 1.975 1.6x10'°
482 2518 29545 0.9685 201.62 1.805 3.0x10!®
484 2343  295.65 0.9588 206.82 3.531 9.1x10!
486  2.343 29545 0.9580 206.62 3.133  4.4x10'
487 2.383 29555 0.9629 205.71 2.615 1.4x10'°
491 2.108 295.65 0.9851 218.13 8.670  1.2x10%
493  2.048 29575 09817 22042 10.93 1.6x101%
494 1999 29585 0.9809 222.61 13.22 1.2x 106
496  2.192 29445 0.9721 212.71 5377 5.0x10'
498 1.737 29545 1.0080 237.76  40.19 2.2%x10%
499  1.798 294.85 0.9994 233.19 24.84 1.7x 101
500 1.838 295.05 0.9968 231.11 24.79 3.3x 101
505 5.054 29525 2.1136 208.33 1.484 1.5x10'

Table A.1: Corrected experimental data of the water-helium experiments of Peeters.



B. New data

exp | po (bar) | To (K) y x 10* p (bar) T (K) n(m™3 | Ar(@ms) | J (m™3s71)
025 | 1775 129675 | 34.2 £0.2 [ 0.990 £0.007 | 235.1 +£0.4 | 1.38x 10! 0.13 1.1x10%
027 | 1775 | 29645 (352 0.2 | 0970 0.007 [ 2329 0.5 | 467x1012 | 0.16 2.9x101¢
028 | 1.775 | 296.55 | 34.8 0.2 |0958 0.007 | 231.8 0.5 | 1.70x1013 0.16 1.1x10"7
029 | 1775 | 29695 | 34.8 02 | 0994 0007|2356 04 |356x101°| 0.12 3.0x 10
030 | 1.775 | 296.75 {332 0.2 | 0956 0.007 | 231.8 0.5 296x102 | 0.13 2.3%x10!6
031 | 1775 | 29725279 0.2 | 0966 0007 | 233.1 0.5 1.10x10!° 0.15 7.4x10"3
032 | 1775 | 29725302 02 |0964 0.007 | 2329 05| 7.06x10°| o0.14 5.1x10%
035 | 1.663 | 296.75| 36.7 02 | 0942 0.006 | 2365 0.4 | 9.30x10° 0.16 5.8x1013
039 | 1.613 | 29635 | 462 0.2 | 0.943 0.006 | 239.2 04 | 1.76x101° | 0.14 1.3x10
042 | 1713 | 29695 (452 03 |1.017 0.006 | 2412 04 | 6.21x10° 0.16 3.9x 1013
043 | 1.853 | 296.65| 452 0.3 | 1.088 0.007 | 2399 04 | 1.14x10!! 0.13 8.8x 1014
044 | 1.853 | 296.75| 48.1 03 | 1.093 0.007 | 2404 04 | 2.62x101! 0.13 2.0x 103
045 | 1.893 | 296.75 | 32.1 03 | 1.049 0.007 | 2345 0.4 | 2.20x10! 0.14 1.6x10%
046 | 1913 | 296.85 | 355 03 | 1.095 0.007 | 237.6 0.4 | 590x101° 0.15 3.9%x101
047 | 1903 | 296.85| 389 03 | 1.052 0.007 | 2343 04 | 3.42x10"3 0.13 2.6x 107
048 | 1.955 | 296.85 | 24.8 0.2 | 1.016 0.008 | 228.6 0.5 | 8.20x1012 | 0.12 6.8x10%6
049 | 1.955 | 296951225 02 |1.009 0008|2280 0.5 |243x10}2| 0.13 1.9x10!6
050 | 1.955 | 29695 19.0 02 | 1.013 0.008 | 2284 0.5 | 4.36x101°| 0.12 3.6x 10
051 | 2015 |296.75 | 18.1 0.2 | 0999 0.008 | 2242 0.5 | 6.16x1012 | 0.08 7.7x10'6
052 | 2.013 | 29685 17.6 0.2 | 0.978 0.008 | 2225 0.6 | 3.56x1013 | 0.09 4.0x10!7
053 | 2015 | 297.05| 139 02 {0971 0008|2219 06 |1.12x102 | o0.10 1.1x10%
054 | 2.095 | 296.65| 120 02 | 0968 0.008 | 217.8 0.6 | 3.33x1013 | 0.09 3.7x1017
055 | 2.095 |29685| 9.0 0.1 | 0943 0.009| 2157 0.6 | 2.46x10!? 0.12 2.1x1016
058 | 2.095 |296.75| 120 0.2 | 0.969 0.008 | 2180 0.6 | 3.18x1013 0.11 2.9x1017
059 | 2.095 |296.25| 100 0.1 | 0972 0.008 | 2180 0.6 9.14x10!! 0.10 9.1x101°
060 | 2.095 | 296.05| 85 0.1 |0944 0009|2153 06 | 2.60x10'% | 0.13 2.0x 106
062 | 2.407 | 29625 4.00 0.09 | 1.00 0.01 | 2088 0.7 | 497x10!! 0.09 5.5x10%3
066 | 2.407 | 295.85| 4.50 0.06 | 1.01 0.01 | 2093 0.7 | 1.52x1012 0.10 1.5x 1016
067 | 2.407 | 29575 | 3.51 0.06|1.00 0.01 |2082 07| 196x10!! 0.10 2.0x 101
068 | 2.639 (29585 | 291 006|105 001 |[2049 07| 374x102| 0.09 42x10'6
069 | 2.639 | 29635 2.74 0.07 | 1.07 0.01 | 2069 0.7 9.19x10!! 0.10 9.2x 1013
070 | 2.639 | 296.25 | 2.74 0.07 | 1.07 0.01 | 2062 0.7 | 3.93x10!! 0.15 2.6x10%3
073 | 2.659 | 29645 | 2.04 0.07 | 1.01 0.01 | 2017 0.8 1.61x10!? 0.10 1.6x 1016
074 | 2.659 | 29635 | 1.72 0.06 | 1.01 0.01 | 2015 0.8 5.93x10! 0.14 4.2x101
075 | 2.659 | 29620 1.87 0.06 | 1.01 0.01 |{201.0 0.8]105x1012| 013 8.1x1013
077 | 2.106 | 29725 | 86 0.2 | 0924 0.009 | 2139 0.6 | 6.34x1012 | 0.10 6.3x 106
082 | 2617 | 296.65| 2.75 006 | 1.02  0.01 | 2031 0.8]8.62x1012| 0.10 8.6x1016
083 | 2403 | 296.85 | 4.52 0.07 | 1.00 0.01 | 2087 0.7 |247x10%2 0.09 2.7x 1016
084 | 2400 | 296.85| 5.02 0.07 | 1.00 0.01 |2088 0.7 | 1.94x10!2| 0.09 2.2x 106
087 | 1939 29605179 02 |0987 0.008 | 2261 0.5 541x1010 0.13 4.2x10

Table B.1: Experimental data of this work.
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B. New data

B.1 Vapour fraction

exp | P T | Qp €@ Qo &(Qo) | yx10° | &(y) caused by (in %) | £()

bar K L/min % L/min % Psat Lsm Q¢ Qo %
025 520 290.53 | 391 1.0 048 2.6 34.2 04 01 01 03/ 05
027 5.20 295.82 | 3.80 1.0 1.95 1.2 35.2 04 01 03 04| 07
028 520 295.83 | 4.20 0.9 2.23 1.1 34.8 04 01 03 04| 07
029 5.20 295.82 | 3.37 1.0 1.79 1.2 34.8 04 01 03 04| 07
030 520 29536 | 3.20 1.0 1.80 1.2 33.2 04 0.1 04 04 07
031 520 295.82 | 259 1.1 2.35 1.1 279 04 01 05 05 08
032 520 295.82 | 2.83 1.1 2.16 1.2 30.2 04 01 05 05| 08
035 520 292.15 ¢ 431 0.9 0.67 2.1 36.7 04 01 01 03] 05
039 4.35 290.68 | 2.79 1.1 0.00 — 46.2 05 01 00 00| 05
042 3.98 290.68 | 342 1.0 0.40 3.0 45.2 05 01 01 03| 06
043 3.98 290.67 | 3.05 1.0 0.36 33 45.2 05 01 01 03| 06
044 398 290.67 | 3.60 1.0 0.17 6.0 48.1 05 0.1 00 03] 06
045 398 290.68 | 2.18 1.1 1.26 1.5 321 05 01 04 05| 09
046 3.98 290.68 | 240 1.1 1.02 1.6 35.5 05 01 03 05 08
047 4.00 290.68 | 2.65 1.1 0.77 1.9 38.9 05 01 02 04] 07
048 5.04 290.69 | 2.39 1.1 1.46 1.4 24.8 04 01 04 05 08
049 5.00 290.68 | 1.92 1.2 1.52 1.3 22.5 04 01 05 064 09
050 6.00 290.69 | 1.72 1.3 1.32 1.4 19.0 03 01 05 06 09
051 6.00 290.68 | 1.80 1.2 1.55 1.3 18.1 03 01 06 06| 09
052 6.00 290.68 | 1.77 1.2 1.60 1.3 17.6 03 01 06 06| 09
053 6.00 290.69 | 1.40 14 1.99 1.2 13.9 03 01 08 07| 1.1
054 6.00 290.68 | 1.20 15 2.17 1.2 12.0 03 01 1.0 07} 13
055 6.00 290.69 | 0.86 1.8 2.33 1.1 9.0 03 01 13 08} 1.6
058 6.00 290.67 | 1.19 1.5 2.13 1.2 12.0 03 01 10 074 13
059 6.00 290.67 | 1.02 1.6 2.39 1.1 10.0 03 01 11 08| 14
060 6.00 290.67 | 0.88 1.8 2.58 1.1 8.5 03 01 13 08| 1.6
062 8.00 290.68 | 0.54 24 2.85 1.1 400|103 01 21 09} 23
066 | 14.09 290.68 | 1.19 1.5 2.61 1.1 450101 01 10 07 13
067 | 14.09 290.68 | 0.77 1.9 2.40 1.1 35101 01 14 08} 17
068 | 14.09 290.69 | 0.63 2.2 2.47 1.1 291 01 01 1.7 09| 20
069 | 14.09 290.68 | 0.46 2.7 1.94 1.2 274 1 01 01 22 10| 24
070 | 14.09 290.68 | 0.44 2.8 1.86 1.2 274101 01 23 1.0} 25
073 | 14.09 290.68 | 0.33 35 1.98 1.2 204 | 0.1 01 3.0 1.0] 32
074 | 14.09 290.68 | 0.28 4.0 2.04 1.2 .72 1 0.1 01 36 10| 37
075 | 14.09 290.67 | 0.30 3.8 2.01 1.2 1.87 1 0.1 0.1 33 10| 34
077 6.00 290.68 | 0.69 2.1 2.01 1.2 8.6 03 01 15 09| 18
082 | 14.19 290.67 | 0.53 2.5 2.20 1.1 275101 01 20 09 22
083 | 14.19 290.67 | 0.78 1.9 1.69 1.3 452101 01 13 09 16
084 | 14.17 290.67 | 0.88 1.8 1.62 1.3 . 502,01 01 11 08} 14
087 6.02 290.68 | 1.00 1.6 0.87 1.8 17.9 03 01 08 08| 12

Table B.2: Error analysis of the vapour fraction of the experiments of the current work.




B.2 Theoretical nucleation rate

B.2 Theoretical nucleation rate

exp | po y x 10* T E(1%og J) caused by E(%ogJ) | for
bar K po_ Ap Tp y

025 | 1.775 | 342 £02 [ 2351 ]0.12 025 0.07 0.06 0.29 2.0

027 | 1.775 | 352 0.2 | 2329|010 021 0.05 007 0.25 1.8

028 | 1.775 | 348 0.2 | 2318 |0.09 020 0.05 0.06 0.24 1.7
029 | 1.775 | 348 0.2 | 2356|012 0.26 0.07 0.08 0.30 2.0
030 | 1.775 | 33.2 0.2 {231.8 | 010 0.21 005 0.07 0.25 1.8
031 | 1.775 |1 27.9 0.2 | 2331 | 0.14 030 0.07 0.11 0.35 23
032 | 1.775 | 30.2 0.2 | 2329 0.13 0.26 0.06 0.09 0.31 2.1
035 | 1.663 | 36.7 0.2 | 2365 | 0.13 0.28 0.07 0.07 0.32 2.1
039 { 1613 (462 0.2 (23921011 025 007 006 0.29 1.9
042 | 1.713 | 452 03 | 2412|012 027 008 0.09 0.32 2.1
043 | 1.853 | 452 03 | 2399} 0.10 022 0.06 0.08 0.26 1.8
044 | 1.853 | 48.1 03 | 2404 | 0.09 021 0.06 0.07 0.25 1.8
045 | 1.893 {1 32.1 03 | 2345|011 024 0.06 0.10 0.29 2.0
046 | 1913 | 355 03 2376|012 026 007 0.10 0.31 20
047 | 1903 | 389 03 | 2343|009 0.19 0.05 0.07 0.22 1.7
048 | 1.955 | 248 02 |2286|0.11 022 005 0.07 0.26 1.8
049 | 19551225 02 ;2280|012 025 0.05 0.09 0.29 20

050 { 1.955 | 19.0 0.2 | 2284 | 0.15 031 0.07 0.11 0.37 23
05112015} 181 02 |2242) 0.12 024 0.05 0.08 0.29 1.9
052 | 2013|176 02 |2225]0.11 022 0.04 0.07 0.27 1.8

053 | 2015|139 02 |2219}015 029 005 0.11 0.34 22
054 | 2.095 | 120 0.2 | 217.8{0.13 025 004 0.10 0.30 2.0
05512095} 9.0 0.1 2157|016 029 005 0.13 0.36 2.3
058 | 2095 | 12.0 0.2 2180 | 0.13 025 0.04 0.10 0.30 2.0
059 | 2.095 | 10.0 0.1 | 2180 0.16 030 0.05 0.13 0.36 23
060 | 2095 | 85 0.1 |2153}0.16 030 005 0.14 0.37 2.3
062 | 2.407 | 4.00 0.09 | 208.8 | 0.20 0.37 0.05 0.19 0.47 29
066 | 2407 | 450 006 { 2093 | 0.18 034 0.05 0.10 0.40 2.5
067 | 2407 | 3.51 0.06 | 2082 | 0.22 040 0.06 O0.15 0.48 3.0
068 | 2.639 | 291 0.06 | 2049 | 0.19 035 0.05 0.15 0.43 2.7
069 | 2639 | 2.74 0.07 | 2069 | 0.24 043 0.06 0.22 0.54 35
070 | 2.639 | 2.74 0.07 | 206.2 | 0.23 041 0.06 0.22 0.52 33
073 | 2.659 | 2.04 0.07 | 2017 { 0.22 0.39 0.05 024 0.51 33
074 | 2.659 1.72 0.06 | 201.5 | 0.26 046 0.06 0.31 0.61 4.1
075 | 2.659 1.87 0.06 | 201.0 | 0.23 041 0.05 0.27 0.54 3.5
077 | 2.106 | 86 0.2 |2139}0.15 028 0.04 0.14 0.34 22
082 | 2.617 | 2.75 0.06 | 203.1 | 0.19 0.33 0.04 0.15 0.41 2.6
083 | 2403 | 4.52 0.07 | 208.7 | 0.18 0.33 0.05 0.12 0.40 2.5
084 | 2400 | 5.02 0.07 | 2088 | 0.16 0.30 0.04 0.10 0.36 2.3
087 | 1.939 | 179 0.2 | 2261 | 0.14 028 0.06 0.12 0.34 2.2

Table B.3: Error analysis of the theoretical nucleation rate Jg,y of the standard theory for the experimental conditions of
the current work.



C. Vapour pressure from the Hruby model

This table contains the saturated vapour pressure p;(T") calculated from an extended version of the Hruby
model.

T (K) ps(Pa) T (K) ps(Pa) T (K) ps(Pa)

190 6.751 x 1072 | 227 9.790 x 10% | 264 3.063 x 10*
191 7.944 x 1072 | 228 1.093 x 10! | 265 3.312 x 102
192 9.329 x 1072 | 229 1.218 x 10! | 266 3.579 x 102
193 1.094 x 10~1 | 230 1.356 x 101 | 267 3.865 x 102
194 1.280 x 1071 | 231 1.509 x 107 | 268 4.171 x 102
195 1.495 x 107! | 232 1.677 x 101 | 269  4.498 x 10?
196 1.743 x 1071 | 233 1.861 x 10! | 270 4.847 x 102
197 2.030 x 107t | 234 2.064 x 10! | 271 5.221 x 10?
198 2.359 x 10! | 235 2.287 x 10! | 272 5.620 x 102
199 2.736 x 10~! | 236 2.531 x 10! | 273 6.046 x 102
200 3.170 x 107! | 237 2.799 x 10! | 274 6.500 x 102
201 3.666 x 107! | 238 3.092 x 10! | 275 6.984 x 10?
202 4.232x 107! | 239 3.413 x 10! | 276 7.500 x 102
203 4.879 x 1071 | 240 3.763 x 10! | 277 8.049 x 102
204 5.616 x 101 | 241 4.146 x 10! | 278 8.634 x 10%
205 6.454 x 10”1 | 242 4.563 x 10! | 279 9.255 x 102
206 7.407 x 1071 | 243 5.018 x 10! | 280 9.916 x 102
207 8.488 x 10~! | 244 5.514 x 10! | 281 1.062 x 103
208  9.712 x 107} | 245 6.053 x 10! | 282 1.136 x 103
209 1.110 x 100 | 246 6.639 x 10! | 283 1.216 x 103
210 1.266 x 100 | 247 7.275 x 10! | 284 1.300 x 103
211 1.443 x 10° | 248  7.966 x 10! | 285 1.389 x 103
212 1.642 x 109 | 249 8.716 x 10! | 286 1.483 x 103
213 1.865 x 100 | 250  9.528 x 10! | 287 1.583 x 103
214 2.117 x 10° | 251 1.041 x 10% | 288 1.689 x 103
215 2.399 x 100 | 252 1.136 x 10% | 289 1.800 x 103
216 2.715 x 10° | 253 1.239 x 10 | 290 1.919 x 103
217 3.069 x 10° | 254 1.350 x 10% | 291 2.044 x 103
218 3.465 x 10° | 255 1.470 x 10% | 292 2.176 x 103
219 3.908 x 100 | 256 1.600 x 10% | 293 2.316 x 103
220 4.401 x 100 | 257 1.739 x 10? | 294 2.463 x 103
221 4951 x 100 | 258 1.890 x 10% | 295 2.619 x 103
222 5.562 x 100 | 259 2.052 x 10% | 296 2.783 x 103
223 6.242 x 100 | 260  2.226 x 10? | 297 2.956 x 103
224 6.997 x 10° | 261 2.414 x 10% | 298 3.138 x 103
225 7.835 x 100 | 262 2.615 x 10% | 299 3.330 x 103
226 8.763 x 10° | 263 2.831 x 10% | 300 3.533 x 103

Table C.1: Saturated vapour pressure from the Hruby model of section 3.5.

80



D. Scattering and extinction graphs

This appendix contains the experimental scattering and extinction signals. The graphs on the left side show
the scattering intensity as a function of the time in ms. Extrema that were used in the data analysis have been
numbered. Note that the scale of the time axis is different for each experiment.

The graphs on the right side show the ratio of the transmitted light intensity and the initial intensity, I (¢)/Io,
as a function of the time in ms. The thin line is the experimental signal; the thick line is the expected intensity as
described in section 5.3. The first two vertical lines indicate the position of the nucleation pulse. If a third line is
present, then the data range that was used to determine » was limited; the third line then indicates the end of the
fitting range. This was usually done to limit the fit to an extinction of less than 10%, since multiple scattering
begins to play a role at higher extinction values. To illustrate this better, the extinction level /Iy = 0.9 is
indicated by a horizontal line.
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D. Scattering and extinction graphs
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D. Scattering and extinction graphs
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D. Scattering and extinction graphs

Experiment 62

020 ——y——7— A B R R B B B 1.01 ' T T i T T
0.18 1 100

0.16 —

014 | q o

0.12 - 0.98

0.10 [ 4 o097

008 [ 1 ose

0.06 - —

0.04 L 4 0.95

S S S S NP R R S NP RPR 054

8 10 12 14 16 18 20 22

Experiment 66

022 T 1.02
0.20 |- .
0.18 - N 1.00
0.16 |- -
C ] 098
0.14
012 [ q 0.96
0.10 -
i j 0.94
0.08 -
006 - 4 o092
0.04 -
F ] 0.90
002 -\ T
8 10 12 14 16 18 20 22
Experiment 67
0.08 [T — 77—
1,005 -
0.07 H :
1.000
0.06
0.995
0.05 0.990
0.04 0.985
0.03 0.980
0.02 | L 1 ! | . | L | . | L | 2 1 n 1 0.975 L 1 . 1 ) { N | L
6 8 10 12 14 16 18 20 22 0 5 10 15 20
Experiment 68
T ' T l T I T I k] I T | T [ T I 1.01 T ]
0.30 r
1.00
0.25 0.99 ;
0.20 0.98 |-
015 0.97 _—
0.96
0.10 L
0.95 +
0.05 0.94 |-
0.00 0.93 s I N 1 L | L | N

o
(%]
—_
(=)
-
wn

20



89

Experiment 69

0.14

012

0.10

0.08

0.06

0.04

002 -

Experiment 70

009 ——
0.08
0.07
0.06
0.05
0.04

0.03

0.02 t——

Experiment 73

018 -

0.16
0.14
0.12
0.10
0.08
0.06
0.04
0.02 -

rT1r 177 rrrr-vrr 17T

| IS T BT PR S

Experiment 74

N
N

T
0.050

T

0.045

0.040

0.035

0.030

0.025

1.01

1.00

0.99

0.98

0.97

0.96

0.95

1.03

1.02

1.01

1.00

0.99

0.98

0.97

1.01

1.00

0.99

0.98

0.97

0.96

1.008

1.006
1.004
1.002
1.000
0.998
0.996
0.994
0.992
0.990
0.988

T T Y

1

A — .

o



90

D. Scattering and extinction graphs
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E. Rewriting Eq. 2.57

Using a first-order approximation,

In QN—n(V - Un) =In QN—n(V) -

d1ln Qn_n(V)

aVv

According to Eq. 2.52, the pressure p is defined as

If v, « V, then the quantity k7 0In Qn_,(V)/3V is also equal to p, so that

and

Taln On—n(V —v,)
aV — v, '

p=k

InOnn(V=v) =lnQnn(V) -

ONen(V = v,) = Qnon(V)e PU/ kT
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F. Technology assessment

The formation of a new phase through the process of homogeneous nucleation plays
an important role in many technological applications. For example, in steam turbines,
homogeneous nucleation can lead to a loss of efficiency. The natural gas industry
needs accurate descriptions of the nucleation of vapours such as water to remove them
from the gas. Natural gas consists mainly of methane, but also contains undesired
components such as water vapour and hydrocarbon vapours. One way to remove
them is to cool the gas so that the vapours condense to droplets, which can be swirled
out of the gas by a strong rotation.

In meteorology, knowledge of the nucleation of water is also essential; not only
for short-term weather prediction but also for the modelling of long-term climate
changes. In clouds, the tiny water droplets are often supercooled; liquid droplets
have been observed at temperatures as low as —40 °C. The way in which clouds
reflect and absorb solar radiation is different for clouds consisting of liquid water and
for clouds that contain ice particles, so the fact that supercooled liquid can be formed
from the vapour can have an influence on the climate.
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