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Summary

H we want to reproduce an image on a display, we have to sample it. The samples
have to be chosen such that the perceptual quality of the reproduced image is
maximized. The perceived image is modeled as an interpolation of the sampled
image. The interpolation function is determined by the fixed display response
and the, viewing distance dependent, impulse response of the visual system. It
is represented by a B-spline function. For the interpolation function an optimal
sampling function can be determined, according to a vector space model. H the
image is filtered with this sampling function prior to sampling, the mean squared
error between the original image and the reproduction is minimized.

However, this error criterion is not a good measure of perceptual quality. To
determine the perceptual quality, psychophysical experiments are done. These
experiments have a twofold purpose. Firstly, they have to give insight in the way
an image is impaired by sampling and interpolation. Therefore a multidimensi­
onal scaling experiment is done. From the scaling results of this experiment, a
psychological space is constructed. This space shows how the perceptual attri­
butes ringing and sharpness influence the image quality. As a result follows that
the image quality is mainly determined by the sharpness of the image.

Secondly, different sampling functions are compared to find the function that
gives the maximum quality. However, it was not possible to compare the original
images, which are on the slides, with the reproductions, which are on the display,
under equal viewing conditions. Therefore is also determined how the quality
judgment is affected when subject are not able to compare the reproduction with
a reference image. It appeared that when there is no reference image, maxi­
mum quality is reached with a reproduction that is sharper than the reference.
The perceptually optimal sampling function is a function that increases both the
strength of ringing in the image and the sharpness of the image.

H an image has to be shown on a display, best results are obtained if it is
filtered with a first order B-spline sampling kernel, prior to sampling. However,
the gain of doing so is not very high, because the scanner has very low noise.
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Chapter 1

Introduction

Suppose we have an photographic image on a black and white slide and we want to
reproduce that image on an electronic display. Our aim is to optimize the quality
of the reproduction. But how should we define the concept of quality? We can
use a mathematical definition like the mean squared error between the luminance
pattern on the display and the light transmittance of the slide. However, a human
observer does not perceive quality according to such a criterion. When looking at
the display he will get an impression of an image. This impression he will relate
to a reference. This can be his daily experience, but it also can be a physical
reference, like the original image on the slide. We will define image quality by
comparing the perceived image with a physical reference. When we speak of
the preference of the perceived image in this report, there is no such physical
reference.

The image on the display is discrete, it is built up of a finite number of display
elements, called dels, which are usually positioned on a rectangular lattice. The
dels have fixed luminance patterns, with variable amplitudes. These amplitudes
are controlled by the grey-values, or pixels. The result of the individual luminance
patterns is the image one sees. The perceived image is modeled as an interpolation
of the pixels. The pixels have to be chosen such that the quality of the image
is optimized. They are obtained by sampling the image of the slide. Sampling
converts the original photographic image into a discrete image. How to find the
pixels values is the central problem of the research discussed in this report.

The sampling and interpolation process can be formulated mathematica.l1y.
Sampling is performed by filtering the photographic image and measuring the
result at discrete points. The impulse response of the filter is called the sampling
function. The second part, measuring the filter output at discrete points, is
referred to as down-sampling. The samples are used to reconstruct the image as
good as possible. This is done by an interpolator, that multiplies each sample
with an interpolation function and adds the results. In figure 1.1 sampling and
interpolation of a one-dimensional signal are depicted schematically.

1
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Figure 1.1: Sampling and interpolation of a one-dimensional signal
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It is stated by the Shannon sampling theorem that a bandlimited signal can
be perfectly reconstructed from its sample values if a sin(1rx/l:1)/(1rx//:1) func­
tion is used for both sampling and interpolation [Shannon 1949]. H the signal
is not bandlimited then the sample distance /:1 determines the accuracy of the
reconstruction. Using the theory of lattices this theorem can be generalized to a
sampling theorem for N-dimensional signals [Peterson 1962, Dubois 1985]. Ho­
wever, in a display situation the interpolation function is given. It is of finite
extent and differs significantly from a sin(1rx//:1)/(1rx/l:1) function. Therefore we
have to let go classical sampling theory.

Instead we try to °answer the following question. Suppose that the interpo­
lation function is fixed and given. How should we choose the sampling function
in order to minimize the mean squared error between the original and the re­
constructed image? Once we have chosen a sampling function this way, we have
to determine whether it is perceptually optimal, since the mean squared error
is not an accurate model of the perceived impairments in an image. Through
psychophysical experiments the quality of images can be determined. However,
when we show an image on a display, comparison with the original image on the
slide is impossible, because we are seldom able to show them both under equal
viewing conditions. To be able to show a reference image, we simulate the vie­
wing situation. This means that we sample and interpolate the image and take
the unprocessed image as a reference. Now we can measure both preference and
quality and we can find out how they are related.

But first we want to know what actually happens to an image when we sample
it. What is the influence of the artefacts, introduced by sampling and interpo­
lation, on the ima.ge quality? It is known that sampling and interpolation gives

'0 rise to four artefacts; aliasing, visibility of sampling structure, blur and Gibb's
phenomenon, also known as ringing [Reitmeier 1981]. As we will see, most sam­
pling functions have low-pass filtering characteristics, so that the effect of aliasing
will be limited. In practice visibility of sampling structure can be reduced by in­
creasing the viewing distance up to the point where the individual dels merge.
Increasing the viewing distance will increase the relative impact of the neuronal
and optical processing, due to the smaller distance between the dels. Therefore
the perceived image will be blurred. The task of the sampling function can be
interpreted as minimizing this blurring for a given viewing distance. Thus the
optimal sampling function depends on the viewing distance. The disadvantage of
the theoretical optimal sampling function is that it usually introduces ringing. By
means of multidimensional scaling the perceptual influence of the artefacts rin­
ging and unsharpness on the image quality can be determined. Multidimensional
scaling is a method for comparing stimuli that vary in more than one aspect.

This report is organized as follows. In the second chapter we model the display
situation. The luminance pattern of the dels and the visual system response
are modeled by one interpolation function. B-spline functions are introduced as
approximations to realistic interpolation functions. To find the optimal sampling
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function, a vector space model for image sampling and interpolation is adopted.
In chapter three this model is described and applied to the specific case of B­
spline interpolation. In chapter four the multidimensional scaling experiment
is described. In chapter five different sampling functions are compared using
simulated interpolation functions. This way also the relation between the quality
judgment of an image and the preference is examined. In chapter six different
sampling functions are compared in a more realistic viewing situation. In the last
chapter some conclusions are drawn from this research and some suggestions for
future research are made.



Chapter 2

The display situation

We start with a front-to-end analysis of the display situation. This situation
is modeled in figure 2.1. First the image of the slide is densely sampled to a
discrete image with a very small sample distance. This is done by means of a
high resolution slide scanner. The densely sampled image is sampled to a coarsely
sampled image, using a sampling filter and a down-sampler. The sampling filter
has to be optimized, as will be discussed in the next chapter. Starting from

__ discrete images obviously gives us better control of the sampling process. Finally
the sampled image is shown on a display.

The display situation can be modeled by interpolating the discrete image. In
the figure this is done by an up-sampler and an interpolation function. The up­
sampler pads the discrete image with zero values, to produce a continuous image.
The interpolation function is made up of two parts. Firstly, the display function

"," interpolates the sample values to dels. Secondly, the visual system operates
-- on the displayed image. We will model both components of the interpolation

function as gaussian functions, so that the interpolation function is also a gaussian
function. Analoguous to the in statistics well-known central limit theorem, it can
be assumed that the interpolation function will be approximately gaussian, even
if both components are not perfectly gaussian. Because the visual system is
included in the interpolation process, the interpolation function depends on the
viewing distance.

In this chapter, the display situation is analyzed. In the first section, the
scanning process is described. In section two the interpolation function is modeled
as a function of the display function and the impulse response of the visual system.
Both the relation between the densities at the slide and the output of the scanner
and the relation between the pixels and the amplitude of the dels are not linear.
In section three is demonstrated how this affects the interpolation function. In
the last section B-splines are introduced. They are used to approxi~ate the

.. interpolation function.

5



6 Chapter 2. The display situation

Sampling
filter

Scanner Down­
sampler

----..Gl------+·I stx, y) . J~r----------+-.
Image L.!J Densely. ~ Coarsely

sampled sampled
image image

Up­
sampler

Interpolation
filter

------.Jflf-----------+..I i(x, y) If-------.·
Coarsely ~ . Estimated
sampled image
image

Figure 2.1: The complete model of the display situation

2.1 The scanner

The high-resolution scannerl measures the light transmittance of the slide at
rectangularly positioned points. It has a sampling function that can be approxi­
mated by a delta function. The local densities are linearly converted to 16~bit

discrete numbers. These numbers are converted to 8-bit grey-values, so that the
resulting discrete image is also quantized. However, the error introduced by this
quantization is usually not perceivable. Therefore we will ignore this quantization
in the rest.

The characteristics of the conversion from 16-bit values to 8-bit grey-values
can be adjusted. It is possible to perform a so-called gamma correction. In that
case the conversion is not linear. In a later section this non-linearity will be
discussed. We have given gamma a value of one. The densities are scaled linearly
between 0 and 255. The lightest and darkest point on the slide are assigned the
grey-values of 255 and 0 respectively.

The slides have sizes of 36 by 24mm. From this slide a rectangular area of 24
by 24mm is used to produce a densely sampled image with 2048 by 2048 pixels.
Now the sampling distance is approximately 12pm.

1Leafscan-35. Leaf Systems Inc., Southboro, Massachusetts, USA.
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2.2 The overall interpolation function
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The overall interpolation filter is the cascade of two filters with gaussian impulse
response. The first is the fixed display function 9d(r). The second is the impulse
response of the visual system, which is a function of the viewing angle. We will
express the interpolation function as a function of the viewing angle.

On the display each grey-value is mapped to one del. A del has a fixed lu­
minance pattern, with an amplitude that is determined by the grey-value. The
relation between amplitude and grey-value is usually non-linear, as will be dis­
cussed later. More important at this moment is the shape of the del's luminance
pattern. For the reason mentioned above it would be nice if we can model it by
a gaussian function, Le.

(2.1)

in which (Jd is much smaller than half the distance between two dels. This function
is the display function, which is the impulse response of the display.

The impulse response of the visual system can be represented by the foveal
point spread function, which is a sombrero like function [Blommaert 1981]. Howe­
ver, we will represent it by the eye's optical point-spread function. This function
is modeled as a gaussian function with a spread of 0.5 min. of arc. The gaussian
function is not a completely adequate model, because theoretically it has infinite
extend, but this will be dealt with in the last section.

Modeling the impulse responses by gaussian functions, is obviously a pragma­
tic choice. The convolution of the two gaussian functions is

(2.2)

with

(2.3)

which is a gaussian function again. Looking at each function separately, this
model may not be very accurate. However, if we cascade several filters with
arbitrary impulse responses, then the result will converge to a gaussian. So why
not make life easy and model each filter separately by a gaussian function?

We will illustrate the models presented above for a standard viewing situation.
Suppose the image shown has a size of 512 by 512 pixels and the viewing distance
is six times the image height. In this case, the sample distance is 6 = arctan(1/(6·
512)) = 1.1 min. of arc. It is known that for such large viewing distance, the
luminance pattern of the dels is invisible and that the display fun"ction can be
neglected.
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Figure 2.2: The complete model of the display situation, including
the non-linearities

2.3 Non-linearities

If we show a reproduction of a slide on a display, we want the luminance of the
reproduction to be linearly related to the transmittance of the slide. Generally
a display does not have a linear characteristic. The pixel fa(x, y) and the peak
luminance L(x, y) of the del are approximately related by the power law

L(x,y) ex (fa(x,y))"Yd, (2.4)

in which "'fd typically has a value of 2.5. To compensate for this effect, the densities
of the slide D(x, y) and the output of the scanner f(x, y) are related according
to the power law

f(x,y) ex (t(x,y))"Y', (2.5)

with "'fa ~ l/"'fd = 0.4. So the net gamma is one. Furthermore, perceptual tests
have shown that the preference of the reproduction is higher when the value of
gamma is greater then one.

These power law relations introduce some non-linearities in the model of the
display situation in figure 2.1. Prior to the sampling filter there is a compres­
sion operation according to (2.5) and prior to the interpolation filter there is a
decompression operation according to (2.4). This results in the situation drawn
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in figure 2.2. H we are able to interchange the decompression operator and the
interpolation filter, then the cascade of the sampling and interpolation operators
is linear.

When we interpolate a sampled signal J.(n) with a gaussian interpolation
function g(x), the result is the real signal

j(x) = L J.(n) .g(x - n).
n

We now use the approximation

(~J.(n).g(x - n») 'Y R: ~J7(n).g'Y(x - n).

(2.6)

(2.7)

This approximation holds when the spread of the gaussian interpolation func­
tion is such that the overlap of the two gaussians functions, that interpolate
neighbouring samples, is negligible. Gaussian functions have the property that
their shape is not affected by a power transformation, Le. the result of a power
transformation with exponent Id on a gaussian function with spread (1-J7i is a
gaussian function with spread (1. So with this approximation the decompression
operator and the interpolation filter in figure 2.2 can be interchanged if the gaus­
sian interpolation function with spread (1 is replaced by a gaussian function with
(1.;7.

2.4 B-splines

Gaussian functions have the disadvantage that they have infinite extent, which
makes them hard to implement on a computer. Therefore we try to find another
class of functions with gaussian-like shapes and properties. These demands are
satisfied by the B-splines, introduced by [Schoenberg 1946, 1969]. B-splines are
bell-shaped piecewise polynomials, which originate from multiply convolving a
sample-hold function with itself. The B-spline of order n is defined by

1 n+I (-1); (n + 1)
pn(x - -2(n + 1» = L -,- . (x - itp(x - i),

;=0 n. J

where p(x) is the unit step function

(2.8)

p(x) = { ~ for x >0
for x < 0

Like gaussian functions, these B-spline functions satisfy the convolution property

pn(x) = pn-l(X) * jf1(x) = jf1(x) * ... * jf1(x). (2.9)
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Figure 2.3: Some examples of B-splines. a: zero order B-spline,
also known as the sample-hold function or nearest-neighbour in­
terpolation function. b: first order B-spline, also known as linear
interpolation function. c: second order B-spline and d: third or­
der or cubic B-spline. The drawn curves are the continuous splines.
The points in the curves are the factor four sampled discrete splines.
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In figure 2.3 some B-splines are drawn. For the zero and first order B-splines
the similarity with a gaussian function is rather abstract, but for the higher order
splines it is undeniable. From the convolution property of B-splines (2.9) and the
convolution property of gaussians (2.2) follows that the spread of the B-spline of

- order n is proportional to.Jii,. For n > 5 a good approximation for the spread
is found to be u = 0.433v;i. Furthermore, the B-splines have finite extent, their
length is equal to their order plus one. So the objection to the gaussian function
mentioned earlier is no longer valid.

The input image is densely sampled by a scanner with a sampling function
~ that is approximately a delta function. Now we would like the interpolated

image to have the same format, because then we can use the theory presented
in the next chapter to determine the sampling filter. Therefore we represent
the interpolation functions by discrete B-splines. These are simply derived from
continuous B-splines through sampling them. The result is a discrete B-spline
function of order n and with sampling factor m, given by

b~ (k) = f3n (~) , (2.10)

with k integer. When using a discrete B-spline to simulate a gaussian function
with spread u, the order of this discrete B-spline will be n = (1/0.433)2u2 =
5.33u2•



Chapter 3

Sampling and interpolation

An image is a two-dimensional signal of finite extent. It can be represented by
a vector in a Hilbert space, where the pixels in the image are the coordinates
of the vector. Doing so we have a vector space model for image processing. In
this model, the operations on images are represented by linear operators in the
Hilbert space.

H some assumptions are made, the sampling and interpolation operators can
. be implemented using digital filters. The first assumption is that interpolation

is performed the same way for each pixel. In that case, sampling can also be
performed the same way for each pixel. The second assumption is that the signals
are of infinite extent. Because in practice the signals are of finite extent, filtering

'. gives distortions at the borders of the image. This distortion is eliminated by
',. cutting off the edges of the image.
~ In this chapter it is described how the vector space model is used to describe

sampling and interpolation of discrete signals with infinite sizes. The result is a
generalized sampling theory. This theory is applied specifally to B-spline inter­
polation functions. We only discuss one-dimensional sampling and interpolation
functions. Because the sampling points are positioned rectangularly, the two­
dimensional filters are separable and filtering can be performed by successively
filtering in the x- and y-direction.

3.1 The vector space model

Suppose we have a discrete signal f(n), n E Z. Now we want to sample this
signal in a regular way, which means that we extract from it a signal f.(k), that
is completely specified by the values k = ... , -m, 0, m, 2m, .... We now introduce
the set 1) ={... ,-m, 0, m, 2m, ...} and call the number m the sampling factor.
After sampling we want to convert f.(k) back to a signal in Z. This step is called
interpolation, it is done by convolving the sampled signal with the interpolation

13
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(3.1)

function g(n). This results in the interpolated signal

j(n) = L fll(k)· g(n - k).
ke'D

There are infinitely many ways to choose the sample values fll(k). The problem
is how to choose them while guaranteeing that j(n) is the best possible approxi-
mation of f(n). -

To solve this problem we describe the process of sampling and interpolation
in terms of a vector space model. For a full description of this model is referred to
[Oakley 1990, Martens 1992]. Only a brief summary of the results is given here.

In the model a signal f(n) is represented by a vector 1 in a N-dimensional
Hilbert space V with the orthonormal basis Bt/J = {1/1n = 6(n - 0); n, 0 E Z}.
In general a vector 1 can be written as a linear combination of its basis vectors,
according to

1 = L jt/J(n) ((In'
neZ

(3.2)

The values jt/J(n) are called the representation or coordinates of the vector 1 in
the basis Bt/J. Thus for the vector space V the coordinates of a vector 1 = f(n)
are equal to the function values of the signal. The vector product (inner product)
of vectors 1 and 9 is defined as

(/,g) = L f*(n) g(n).
neZ

(3.3)

The interpolated signal is an element of the M-dimensional subspace U of the Hil­
bert space V. The subspace has the repetitive basis Bep = {((Jk; k E V = {... ,-m,
0,m,2m, ...}}, with ((Jk = g(n - k), n E Z and k E V. Now the basis vectors
of U are a.11 replicated versions of the interpolation function g(n). The subspace
has a dual basis B tP , which is bi-orthogonal to Bep. The Gramian matrix of the
basis Bep maps the coordinates of a vector in Bep into the representation in B tP •

It is defined as the N X N matrix

Both vector spaces U and V are infinite dimensional. The signal 1 is an
element of V. Through sampling we want to find the vector in U that is closest
to I. The vector in U which has minimum distance to a vector 1 in V is the
perpendicular projection PI of that vector onto U. So sampling is performed
by projecting the vector on a subspace. Interpolation is done by describing the
resulting vector in U by its representation in the basis Bt/J. The complete process
of sampling and interpolation is shown in figure 3.1.

The representation in Bep of the perpendicular projection of 1 is

..
'" Pfep(k) = (l!Jk,/) = L 4>k(n)j*(n) = L 4>(n - k)j*(n) .

neZ neZ

(3.4)

(3.5)
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Figure 3.1: The complete sampling and interpolation process.

This projection is found by the first part of the process depicted in the upper
diagram of figure 3.1. The function tP(n) is called the sampling kernel. Thus
sampling is performed through filtering the input signal f(n) with the mirrored
sampling kernel, followed by down-sampling the result, i.e. measuring it at the
sample points k E 'D. The projection operator in the lower diagram gives the
representation in the dual basis Bt/J,

Pft/J(k) = (epk' f) = L cpk(n)j*(n) = L g(n - k)f(n).
nEZ nEZ

(3.6)

This operation consists of convolving the input signal f(n) with the mirrored
interpolation function g(-n), followed by down-sampling the result. ~he convo­
lution is performed through filtering the signal with a filter with impulse response
g(-n). The inverse Gra.m.ian operator Gt/Jt/J =G;; transforms this representation
into a representation in Blp. This results in

f,(k) = Pflp(k) = L9t/Jt/J(k -1)Pft/J(I),
IE'D

(3.7)

which is equal to digitally filtering the downsampled signal with the inverse
Gra.m.ian kernel gt/Jt/J(k) = g;;(k). In the next section a method to invert the
Gramian kernel is discussed. The Gra.m.ian kernel is found according to equa­
tion (3.4). Finally, interpolation is done by the last part of figure 3.1. This
operator maps the coordinates Pf lp(k) of the projected signal to coordinates in
the basis B1/J of the original vector space V. This results in the equation (3.1).
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(3.8)

Now let us take a look at the Shannon sampling theorem [Shannon 1949].
According to this theorem optimal sampling and interpolation is performed if we
both sample and interpolate a signal with the kernel

r,o(n) = sin(ll'n/m).
ll'n/m

Then the basis BIp is orthononnal and the dual basis B4J is equal to B",. This way
the vector space model gives a generalization of the Shannon sampling theorem.

3.2 B-spline sampling and interpolation

Using a B-spline as the interpolation function, equation (3.1) changes into

00

j(k) = L /8(/)· b~(k - m/), k E Z
1=-00

(3.9)

Some well-known examples of B-spline interpolation are nearest neighbour in­
terpolation, which is performed with the zero order B-spline, and linear inter­
polation, performed with the first order B-spline. Also the cubic (third-order)
B-spline, which has nice smoothing properties, is often used for interpolation
[Hou 1978].

The basis, formed by the-replicated zero order B-spline, is orthonormal. Thus,
the Gramian kernel of this basis is a unity operator and the sampling filter is equal
to the interpolation filter. For orders n > 1 it is obvious that this will not be

.~ the case, because the B-splines have a value greater then zero on neighbouring
t sample points. So down-sampling the signal without pre-filtering will not give

optimal sample values.
The sampling filter's impulse response is equal to the convolution of the mirro­

red interpolation kernel and the inverse Gramian kernel. To calculate the inverse
Gramian kernel first the Gramian kernel

9lplp(k) = (b~(/),b~(l- k)), (3.10)

has to be determined. It is equal to the autocorrelation of the interpolation
kernel. Because the convolution property (2.9) does not hold for discrete B­
splines [Unser 1992], they have to be found by the straightforward calculation

00

9'P'P(k) = L b~(/)b~(l- k).
1=-00

4 After that the inverse Gramian kernel

(3.11)

(3.12)
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has to be found. To do this we follow the method of [Unser 1991, 1993]. The
Gramian kernel glpAk) is characterized by its z-transfonn

00

Z{glpAk)} = L glpAi) i.
i=-oo

The z-transform of the inverse kernel is

Z {gt/>t/>(k)} = Z {glplp(k)} -1,

which is equal to the polynomial fraction

with

1 d glpAi)
C{) = glpAn) an ai = a-i = glplp(n)'

We now find that

Z{gt/>t/>(k)} = C{) IT ( -Zi )
i=l (1 - ZiZ- 1)(1 - Zi Z)

- C{) fI (1 ~iz~ (1 _ ~'Z-1 + 1 _1 z.z +1)) ,
1=1 1 1 1

(3.13)

(3.14)

(3.15)

(3.16)

in which the zi's are the roots of the polynomial formed by the product of the
denominator of (3.15) and zn. Because this polynomial is symmetrical, the roots
Zi and Z2n+I-i are identical. Schoenberg has also shown that these roots are
all simple and negative [Schoenberg 1969, lemma 8]. So only n roots have to
be found. This is done with Laguerre's method starting the iteration in z = 0
[Press 1986, Kincaid 1991]. .

Finally the inverse kernel is found by taking the inverse z-transform of (3.16).
This results in

(3.17)

in which II has the meaning of taking the n successive convolutions of the ar­
gument. These convolutions are found by straightforwardly calculating them.
Because the power series zJkl have infinite length, they have to be truncated at a
certain point. The length of the intermediate convolutions is chosen so that the
error caused by the truncation is beneath a predetermined level.

The inverse Gramian kernel of a cubic B-spline with sampling factor m = 4
is shown as an example in figure 3.2. The sampling kernel, which is found by
interpolating the inverse kernel with the factor four down-sampled cubic B-spline,
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Figure 3.2: The inverse Gramian kernel for the discrete cubic B­
Spline interpolation kernel with sampling factor m = 4.
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is shown in figure 3.3. The inverse Gramian kernels a.ll typically have alternating
signs for each point k. As a result the sampling kernels show oscillatory behaviour
and the higher the order n the slower the decay. This oscillatory behaviour is the
cause of the artefact known as ringing. Suppose the signal is a mirrored step­
function, the moment it falls, also the samples [P f]41 become zero. However,
filtering with the inverse kernel causes the sample values [P f]1p to oscillate for a
while. In an image this oscillation will be visible along edges.

3.3 Frequency domain characteristics

Now we will take a brief look at the characteristics of the B-spline sampling and
interpolation filters in the frequency domain. From sampling theory it is known
that the sampling filter should cut off frequencies greater than half the sampling
frequency (the Nyquist frequency) to prevent aliasing. In sampled images aliasing
can cause disturbing visible patterns known as Moire patterns, periodic structu­
res which are not present in the original image [Legault 1973]. On the other hand
perceptual tests have shown that it is better not to cut off all frequency compo­
nents above the Nyquist frequency [Arguello 1982]. This is because the aliasing
that is occasionally introduced this way is far less disturbing than the perceived
loss of sharpness. Sharpness is strongly dependent of high-frequency components
in the image.

In figure 3.4 the frequency spectra of the first and third order B-spline sam­
pling and interpolation filters are shown. These spectra are obtained by simply
calculating the FFT (Fast Fourier Transform) of the kernels shown in figure 2.3
and of their sampling kernels. Also the frequency spectra of the cascade of both
filters, which are the products of their individual spectra, are shown.

Reitmeier has intuitively derived and tested some criteria for designing sam­
pling and interpolation filters [Reitmeier 1981]. He has come to the following
conclusions:

• The sampling filter should cut off frequencies above the Nyquist frequency
to prevent aliasing. Best results are obtained if the actual cut-off frequency
is slightly above the Nyquist frequency.

• The filter cascade should not have a too sharp cut-off. A sharp cut-off
causes ringing, the introduction of shades parallel to strong contrast changes
(edges) in the image.

From the power spectra, shown in figure 3.4, it can be seen that the B-spline
sampling and interpolation filters behave this way. Two properties are especially
noticeable. Firstly, the higher the B-spline order, the sharper the cut-off of the
filter cascade. From this it can be expected that enlarging the order will increase
the ringing artefact. Secondly, the sampling filter has a peak near the Nyquist
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Figure 3.4: Power spectra of the first and third order B-spline sam­
pling resp. interpolation kernels. In the last figure the product of
both spectra is drawn. The frequency, on the horizontal axis, is
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frequency. This peak compensates for the smooth decay of the interpolation filter
in that region. So we expect the sampling filter to have the effect of sharpening
the image. Ratzel already demonstrated that digitally filtering an image, which is
sampled with a gaussian function, with a kernel that has high-pass characteristics
improves the sharpness [RatzeI1980, Schreiber 1985]. The vector space model
presented in this chapter gives a mathematical justification for using such a kernel.



Chapter 4

Multidimensional scaling of
sampling artefacts

Sampling and interpolating an image impairs it in multiple ways. From chapter 3
we expect the reproduced image to be blurred and to be degraded by ringing.
Blur is a single and ringing is a complex perceptual attribute. In general, such
perceptual attributes all have their influence on the perceived quality of an image.
A way to model this influence is to describe quality as a linear combination of
the sensational strengths of the perceptual attributes [Nijenhuis 1993].

Another approach is to describe a psychological space in which all stimuli
are positioned. The way the stimuli are configured in this space determines
how one perceives them. The distance between two stimuli is related to the
perceived dissimilarity between the stimuli. Each perceptual attribute is related
to a direction in the space. The projection of a stimulus on an attribute direction
is linearly related to the sensational strength of that attribute in the stimulus.
In this psychological space also directions can be found that are related to the
quality and preference. The angle between these directions and the attributes'
directions determine the influence of that attribute on the quality or preference.

H we are able to measure the perceived dissimilarities between all stimuli, we
can construct the space. The directions can be found through scaling the sensati­
onal strengths of all attributes and finding a direction in the space that fits these
strengths. This is all done in a multidimensional scaling (MDS) experiment. In
this chapter an experiment by which the quality and the attributes blurring and
ringing are scaled, is described. A review of the different methods of multidi­
mensional scaling and their use can be found in [Kruska11977]. A brief summary
of the models used in our multidimensional scaling experiment is included in
appendix A.

Different assumptions can be made about the psychological space. We can
assume it to be different for all persons or to be the same for everyone. This
last model is denoted as homogeneity of perception. It means that all subjects

23
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perceive the stimuli the same way. Individual preferences are not caused by
different perceptions, but by different personal likes and dislikes of the attributes.
In this case we try to find one single psychological space, common to all persons,
in which the attribute directions can be different for everyone. This is proven to
be a useful way for analyzing the perceived quality of images [Escalante]. The
number of parameters is reduced to a minimum and the results can be easily
interpreted.

H we want to do such a MDS experiment for sampled images, we have a
problem. We want to measure the quality of the processed image. This means
that we have to find a way to show both the original image, which is on the slide,
and the processed image, which is on the display. Unfortunately it is not possible
to show both under equal viewing conditions. The solution to this problem is to
simulate the viewing situation. This is done by simulating overall interpolation
functions with different spreads with B-spline interpolation functions, as will be
demonstrated below.

In this chapter first the different stimuli and the experimental procedure are
discussed. After that the results of the experiments are presented and the psy­
chological space is reconstructed. Fitting the directions, special attention is paid
to the sensitivity of the goodness of fit for a rotation of the direction. Finally
some conclusions are drawn.

4.1 Experimental method

Because it is not possible to show both the original and sampled image under
equal viewing conditions, the viewing situation is simulated. In this simulation,
the scenes are not solely sampled, but also interpolated to their original sizes.
Using a high resolution displayl, a part of the densely sampled image can be
shown next to the corresponding of the sampled and interpolated image. Ta­
king the densely sampled image as the reference, the quality of the sampled and
interpolated image can be measured.

The different stimuli are produced through sampling and interpolating the
scenes with B-spline functions of different orders. Taking the display function
and the visual system into account, the interpolation functions can be interpreted
as simulating the overall interpolation functions for different viewing distances.

The densely sampled images are only filtered by the display function and
the visual system. These will have negligible spreads compared to the B-spline
interpolation filters. So the densely sampled images can be seen as good approxi­
mations of the images on the slides.

Eight subject participated in this experiment. They all were related to the
IPO and had experience in doing psychophysical scaling experiments. All subjects

1Barco CCID 7351B High-resolution 70 Hz interlace monitor, with a Gould DeAnza IP8400
image-processing system in the high-resolution mode.
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had normal or corrected-to-normal vision.

4.1.1 The stimuli

25

The scenes used are WANDA and STADHUIS. These particular scenes are chosen
because they have completely different characteristics. WANDA is a portrait of a
woman. It contains merely smooth curves. STADHUIS is a picture of a old town
hall. It contains high contrasts, sharp edges and a clearly visible brick structure.
It is expected that this makes it easy to see the impairments caused by ringing
and blurring. In figure 4.1 both scenes are shown.

The scenes have sizes of 1024 x 1024 pixels. They are obtained through down­
sampling the 2048 x 2048 pixel output images of the scanner, with a sampling
factor two. Because the sampling function of the scanner is by approximation
a delta function, this results in the same images the scanner will produce if its
output size is set to 1024 x 1024 pixels. Because the displayed scene STADHUIS
was impaired by line-flicker, which would give an unwanted clue, it is decided to
filter the scene with a 2 x 2 averaging filter.

The scenes are sampled and interpolated using different sampling and interpo­
lation filters. The interpolation filters used are B-splines. For each interpolation
filter the sampling filter is calculated according to the theory of chapter 3. Two
parameters are changed to produce the stimuli; the sampling factor m and the
order n. The used sampling factors are 2, 3 and 4 and the orders are 1, 5 and 9.
In a pilot experiment the factor two sampled stimuli appeared to be too hardly
distinguishable from the original scene, therefore only the one with m = 2 and
n = 1 was included.

The result is a total of seven stimuli per scene. From these stimuli the edges
are cut off, resulting in images with sizes of 500 x 944 pixels. Pairs of two stimuli
are shown next to each other on the Barco monitor. The pixels and the peak­
luminances of the dels are related according to the power law

L(x, y) ex: Us(x, y)Pd, (4.1)

with, = 1.5. This is done using a look-up-table. The monitor is placed in a
dark room with a dimly lit white background. The viewing distance is taken to
be three times the image height, which makes the visibility of the pixel structure
just below threshold. To accurately control this small distance (0.75m for an
image height of 0.25m) a head rest is used.

The B-spline interpolation functions simulate overall interpolation functions
with different spreads. The spreads can be determined according to chapter 2. In
the spread the non-linearity of the display will be taken into account. Because in
the simulated situation the visual system and the display function filter both the
processed and the reference image, they are not taken in account in the overall
interpolation function. The spread of the overall interpolation filter now is equal
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Figure 4.1: The scenes used in the experiments. The upper scene 
is WANDA, the lower is STADHUIS. 
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Table 4.1: The interpolation func­
tion's spread in min. of arc.

Table 4.2: The pixel distance in
min. of arc.

n = I2 n=5 n=9
m=2 2.15 - -
m=3 3.02 5.13 6.90
m=4 4.03 6.85 9.20

n=l n=5 n=9
m=2 2.24 - -
m=3 ·3.36 3.36 3.36
m=4 4.48 4.48 4.48

to the spread of the B-spline interpolation function. Expressed in terms of h, the
distance between two neighbouring deIs, the spread is

(16 = 0.433mJWY. (4.2)

H we express it as a function of the viewing angle (), we find

(10 = arctan (3. ~~24) . (4.3)

In table 4.1 the values of (10 for the combinations of m and n are shown. The
pixel distance of the sampled image is m times as large as the pixel distance of
the sampled and interpolated image. Expressed in terms of the viewing angle,
the pixel distance of the sampled image is

ho = arctan (3. ~24) . (4.4)

(4.5)(dB),

In table 4.2 this distance is shown.
The spreads cover a wide range. The reason for this is that the filters were

chosen to make the impairments by the different attributes more distinguishable.
H we would produce more realistic spreads, the sampling factor should be m = 2
and order n should lie between 0 and 5. In that case subjects would not be
able to distinguish the stimuli from the original scene. To illustrate this the peak
signal-to-noise ratio (PSNR) is calculated for all stimuli [Netravali 1988]. This
ratio is defined as

PSNR = 10log1o (:;E)

with A as the peak value of the stimulus, which is A = 255. In this relation the
mean squared error

1 N _ 2

MSE = N ~ (!(i) - f(i») , (4.6)

'For this B-spline order equation (4.2) does not give a good approximation of its spread. A
better approximation is (T = O.57my9. This one is actually used in the table.
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Table 4.3: The PSNR of the stimuli

A B C D E F G
m=2 m=3 m=3 m=3 m=4 m=4 m=4
n=l n=l n=5 n=9 n=l n=5 n ='9

WANDA 34.8 31.9 32.5 32.4 30.3 30.2 30.5
STADHUIS 32.4 28.5 29.3 29.3 26.6 26.8 26.7

in which N is the number of pixels, is used. Here f( i) are the pixels of the original
scene and j(i) are pixels of the sampled and interpolated image. The PSNR's
of the stimuli are shown in table 4.3. We see that the stimuli produced with the
B-splines with n = 1 and m = 2 have a high PSNR. The perceptual threshold is
about 35 to 40dB, images with a higher PSNR are not distinguishable from the
original scene. For example the PSNR of a 8 bit quantized image is

PSNR = 10.8 +6R = 10.8 +6 . 8 = 55.8 (dB), (4.7)

which is below threshold [Netravali 1988]. So we have to use at least a sampling
;. factor of 3 to make the impairments clearly perceivable.

4.1.2 Procedure

The experiment consisted of four sessions. In the first session the subjects were
asked to scale the dissimilarity between all combinations of two stimuli numeri­
cally. The seven stimuli of each scene were completed by a 500 x 944 pixel part
of the densely sampled scene. The subjects were presented a pair of two images,
next to each other. Each pair was shown twice, the second time both images
were interchanged. This resulted in a total of 64 image pairs per scene. They
were presented in random order, alternately a pair of the scene WANDA and
the scene STADHUIS. Each pair was shown during approximately 20 seconds,
after that the subject was asked to give his judgment on a ten-points scale from
zero to nine. To adjust the sensitivities of the subjects' scales, this sequence was
preceded by a trial sequence of eight image pairs. In this sequence each of the
sixteen stimuli was included. The pairs were chosen so that the dissimilarities
which were expected to be the extremes were included in the trial sequence.

In the second session again the question was to scale the dissimilarity between
two stimuli, which were shown next to each other. Only now each time one of
the stimuli was the densely sampled scene, which served as a reference. So in
this experiment the quality of the reproduction is scaled. The fourteen processed
stimuli were shown in random order, six times each, three times at the left of the
original scene and three times at the right. The experiment sequence was preceded
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by a trial sequence of ten stimuli. Again each pair of images was shown during
approximately 20 seconds and the subjects were asked to give the judgment on
a scale from zero to nine.

In the final two sessions the fourteen stimuli were presented one at a time,
in random order. During the experiment again each stimulus was repeated six
times and the experiment was preceded by a trial sequence of ten images. Each
image was shown during approximately 12 seconds. In the third session the
subjects were asked to scale the sharpness of the image and in the fourth the
amount of ringing. To clarify the concept ringing, a demonstration image was
shown before the fourth session. This was the image STADHUIS with a size of
1024 x 1024 pixels. It was sampled and interpolated with a ninth order B-spline
with subsampling factor four.

The impairments by ringing and blurring are demonstrated in the pictures
in figure 4.2. The picture above is a heavily blurred WANDA. Blurring strongly
affects the visibility of detail in an image. The image below shows a detail of the
demonstration image mentioned above. The impairment by ringing is visible as
shades along the wall.

4.2 Experimental results

The results of the two parts of the experiment are discussed separately. First the
results of the scaling experiments are presented. Then the psychological space
with the attribute directions is constructed and discussed.

4.2.1 The scaling experiments

Results

The subjects all did three scaling experiments, one in which the quality of the
reproduction is scaled, one in which the sharpness is scaled and one in which
the impairment by ringing is scaled. The categorical scaling results of the sub­
jects are converted into sensational strengths on a psychological scale according
to Thurstone's law of categorical judgment [Thurstone 1927]. The individual re­
sults obtained this way are depicted in appendix B. From this appendix can be
seen that the results are fairly homogeneous over all subjects. In the conversion
condition D is used, which means that the interval borders are assumed to have
no spread and all sensational strengths have the same spread [Torgerson 1958].
Using this last assumption all individual sensational strengths are divided by
their respective spreads. This transformed the scale so that the spread of the
averaged sensational strength of each stimulus becomes equal to one. After that
the results are averaged over all subjects. This gives the averaged results depicted
in figure 4.3. The characters on the horizontal axis indicate the sampling and
interpolation filters used, the same way as in table 4.3. The scale on the vertical
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Figure 4.2: Demonstration of the impairments by blurring and rin­
ging. The picture above is blurred and in the picture below ringing 
is visible. 
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Figure 4.3: The averaged results of the attribute scaling experi­
ments. The symbol 0 indicates the scene WANDA and the symbol
+ the scene STADHUIS. The characters on the horizontal axis in­
dicate the sampling and interpolation filters used, the same way as
in table 4.3.

axis is obtained by dividing the individual results by their respective spreads.
Because there were eight subjects, the spread in the resulting figures is equal to
0' = ltv'S.

Discussion

The stimuli with different sampling factors can easily be distinguished. For an
- increasing sampling factor m the preference decreases, impairment by ringing gets

stronger and sharpness decreases too. However, this is not surprising. When we
throw more information away, we can expect the reproduction to become worse.

The linearly interpolated stimuli (n = 1, m = 3 and m = 4) are impaired
by a staircase effect, which is a visibility of sampling structure. In appendix B
can be seen that some subjects judge the amount of ringing in these stimuli very
high. It appears that they mix up the staircase effect and ringing. Furthermore,
for the scene WANDA these stimuli have a lower quality judgment, because there
the staircase effect is very dist~rbing.

The quality judgments for the scene WANDA are higher than the judgments
for the scene STADHUIS. This is in agreement with the PSNR's in table 4.3,
from these figures also follows that. WANDA is less degraded by sampling and
interpolation than STADHUIS.

Finally sampling and interpolation with higher order B-splines does not affect
the quality significantly.
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Figure 4.4: The maximum likelihood standard error estimate (ver­
tical axis) for different dimensionalities of the psychological space
(horizontal axis).

4.2.2 The dissimilarity experiment

Results

The dissimilarity scaling results are used to construct the psychological space
for each scene. This is done with the multidimensional scaling program MUL­
TISCALE. With this program it is possible to choose between several different
models for the way the dissimilarity data is scaled, the way the error distribution
is modeled, etc. The used models are explained in appendix A. The input of the
program is a half-matrix without diagona:I, with the dissimilarities. We obtain
this matrix by averaging the two dissimilarity judgments that each subject gave
to each stimulus pair.

The constructed psychological space is assumed to be two-dimensional. There
are two arguments to motivate this assumption. The first is that monitoring
the standard error estimate of the configuration for different dimensions, a two­
dimensional configuration is found to give good results. In figure 4.4 the value of
the error is plotted. H a larger dimension is taken, the configuration does not get
significantly better. The second argument is that a two-dimensional-configuration
is easy to interpret. It is impossible to draw higher dimensional configurations in
one plot.

Both configuration are drawn in figures 4.6 and 4.7. Tables 4.5 and 4.6 show
the within-subject correlations. The horizontal axis in the configuration denotes
the direction that explains most of the variance in the dissimilarity data. Alt­
hough the within-subject correlations are not a.l1 equally good, there is no reason
to eliminate subjects from the analysis. Especially the configuration of the scene
STADHUIS fits the dissimilarity judgments of the subjects well. The ellipses in
the figures denote the 95 percent confidence regions. H all stimuli except one are
kept in position, there is a 95 percent probability that the variable stimulus lies
within the ellipse surrounding its position.

The individual attribute vectors are found using the multiple linear regression
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Table 4.4: The directions for the attributes quality (Q), ringing
(R) and sharpness (8) for each subject. The last column shows the
common attribute direction. The figures denote the angle between
the direction and horizontal axis.

scene WANDA
1 2 3 4 5 6 7 8 Com

Q -5.2 35.7 -17.6 -17.3 -20.7 13.7 10.1 -8.1 -7.2
R 79.8 94.2 101.5 100.9 96.1 114.0 95.5 103.8 100.0
8 -19.2 -42.9 -42.4 -16.7 -31.1 -18.2 -16.5 -15.4 -21.6

scene 8TADHUI8
1 2 3 4 5 6 7 8 Com

Q -35.6 -12.0 -39.3 -34.8 -26.8 -17.2 -36.6 -9.5 -25.5
R 146.1 173.1 120.1 142.1 143.6 189.2 151.6 149.2 -29.8
8 -38.7 -43.5 -30.9 -25.0 -26.4 -7.4 -21.5 -31.9 151.7
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model described in appendix A. For this model the sensational strengths are
taken as its input. The resulting directions are expressed by their angles with
the horizontal axis in table 4.4. The ringing attribute direction originally gave a
very bad fit, because visibility of sampling structure was mixed up with ringing
by some subjects. Therefore the two stimuli with n = 1 and m = 3, m = 4 are
left out of the analysis. This improved the fit significantly. Tables 4.5 and 4.6
show the within-subject correlations between the sensational strengths and the
projections on the associated direction in the psychological space.

For these directions the sensitivity of the goodness of fit is determined. 'I:his
is done through calculating how the attribute judgments are correlated with the
projections on different directions. These calculations indicate that the direction
can be varied over a wide range without affecting the goodness of fit very much.
In figure 4.5 this is illustrated for two attributes. The horizontal axis in this
figure denotes the direction, expressed in the angle between the direction and the
horizontal axis of the psychological space. The vertical axis shows the correlation
between the attribute judgments and the projection on the directions, i.e. the
goodness of fit. We see that the plots typically have a flat top. Especially if
the best-fitting direction is about horizontal, the top is very wide. This flat tops
show that the goodness of fit is quite insensitive for a change in the direction.

These sensitivities suggest that for each attribute one single direction can
be found, that perhaps fits all subjects. These common directions for the attri­
butes quality (Q), ringing (R) and sharpness (8) are found using the model in
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Table 4.5: Within-subject correlations for scene WANDA

Configuration

Subject 1 2 3 4 5 6 7 8
0.76 0.73 0.81 0.84 0.91 0.86 0.91 0.71

Individual attribute directions

Subject 1 2 3 4 5 6 7 8
Quality 0.988 0.959 0.930 0.931 0.941 0.957 0.977 0.964
Ringing 0.941 0.903 0.931 0.888 0.939 0.827 0.981 0.930
Sharpness 0.896 0.976 0.981 0.996 0.970 0.993 0.993 0.938

Common attribute directions

Subject 1 2 3 4 5 6 7 8
Quality 0.987 0.871 0.926 0.927 0.933 0.939 0.964 0.964
Ringing 0.941 0.895 0.930 0.888 0.936 0.792 0.975 0.926
Sharpness 0.896 0.945 0.952 0.995 0.965 0.993 0.992 0.936

Table 4.6: Within-subject correlations for scene STADHUIS

Configuration

Subject 1 2 3 4 5 6 7 8
0.87 0.93 0.82 0.89 0.83 0.95 0.82 0.86

Individual attribute directions

Subject 1 2 3 4 5 6 7 8
Quality 0.926 0.956 0.923 0.929 0.968 0.941 0.903 0.969
Ringing 0.958 0.987 0.957 0.970 0.976 0.972 0.965 0.968
Sharpness 0.957 0.969 0.962 0.956 0.966 0.975 0.960 0.930

Common attribute directions

Subject 1 2 3 4 5 6 7 8
Quality 0.921 0.951 0.912 0.925 0.968 0.939 0.896 0.960
Ringing 0.957 0.965 0.817 0.965 0.972 0.918 0.964 . 0.968
Sharpness 0.951 0.953 0.962 0.956 0.966 0.959 0.958 0.929
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Figure 4.5: The sensitivity of the correlation for a change in the
direction. The horizontal axes denote the directions, for the figure
on the left this is the direction related to the quality of the scene
WANDA and for the figure on the right this is the direction of
the ringing in the scene STADHUIS. The vertical axes denotes the
correlation. For each subject a curve is drawn.

appendix A. They are also shown in table 4.4 and in figures 4.6 and 4.7. From
the within-subject correlations of these common directions, shown in tables 4.5
and 4.6, can be concluded that they fit the scaling data almost as good as the
individual directions.

Discussion

Stimuli with the same sampling factor cluster in the psychological space. This is
in agreement with what we saw in the results of the .quality scaling experiment
discussed above. The confidence regions show that there is some uncertainty
about the positions of the stimuli within the clusters, but that the clusters are
clearly separated.

For the scene WANDA the ringing direction is almost orthogonal to the quality
direction. The sharpness direction is almost equal to the quality direction. This
means that for this scene the quality judgment is not affected by the ringing
attribute, but is almost completely determined by the sharpness of the image.

4.3' Conclusions

Sampling and interpolating an image with higher order B-splines does not affect
the quality significantly, as is demonstrated by the clusters of stimuli with the
same sampling factors. When the order is enlarged, the sharpness of the image
stays the same while the strength of the attribute ringing increases. In scenes like
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STADHUIS, that contains sharp edges, ringing is better visible than in smooth
scenes like WANDA.

Sharpness is the most important attribute of an image. Ringing is not" that
disturbing, one subject even reported that he had. not noticed it, till he was asked
to scale it. This suggests to test a sampling filter, that increases both the strength
of the attributes ringing and sharpness. Because the strength of the ringing in an
image does not have a strong influence on the quality judgment, we can expect
the quality to get better in that case. In a next experiment we will test this
expectation.

H we look at the direction of the attribute ringing for the scene STADHUIS,
we see that when the stimuli denoted by F and G are projected on this direc­
tion, their order is interchanged, compared to the original scaling results. The
correlation still is very high, but this is due to the small amount of stimuli that
is used determining the direction. H the stimuli denoted by Band E, which were
not included in the optimization of the direction, are projected on the ringing
direction, the strength of the ringing in these stimuli is too large. These two
observations lead to the conclusion that the direction of the attribute ringing
can not be fit in the constructed psychological space. Possibly the psychological
space should be of a higher dimensionality. However, with the used stimuli, it is
not possible to find an additional dimension from the dissimilarity scaling results.
That the attributes lie on one line in this configuration, does not mean that the
psychological space is one-dimensional. There are some attributes that are not
scaled, like the staircase attribute.

Ringing is often mixed up with the staircase effect. The staircase effect is
an interpolatiqn attribute. It appeared because linear interpolation is used. In
an actual viewing situation, where the sampled images are not interpolated with
low-order B-spline functions, this attribute will not be present. Therefore we
have not paid much attention to it.

The pixel distances of the sampled images are larger than in usual viewing
situations. The experiment can also be done with a variable viewing distance to
make the pixel distance equal to 1 min. of arc, for each sampling factor.

Instead of finding individual attribute directions for each subject, we may
find common attribute directions in the psychological space, that fit all subjects.
Doing so we can confine the multidimensional perception model. Then not only
homogeneity of perception is assumed, but also is assumed that all persons have
the same understanding of the attributes. This assumption is not always met
[Escalante], but in our case it works. It is the experimenter's job to ensure that
the subjects understand the meaning of the experiment and that they all are
scaling the same attributes.
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Figure 4.6: The MULTISCALE configuration of the scene WANDA,
with the common attribute vectors and the 95 percent confidence
regions. The horizontal axis denotes the first dimension, this di­
mension explained most of the variance in the data. The vertical
axis denotes the second dimension.



38 Chapter 4. Multidimensional scaling of sampling artefacts

........... )
.'....

............... .. .
,0' ••••••••••:•.................

D
•

t······················,··•...
~ ...•.
~ ..•..

H: reference

R

n 1 5 9
m

2 A

3 B C D
4 E F G

//.....

/ ....············.:.:·:r:·::··::·::::·:::..···....

6.0

5.0

4.0

3.0

2.0

1.0

(
0.0

~

-1.0

-2.0

.. -3.0
'-!"

-4.0
..

- 5.0 -h"T""T""T"'T""'lr-T"T"T""T"T""T""1""T'T''T""T""r-T'"T""T"T'"T"'I'"'''if-rT"T""T""T"''T""1"'T''T"T""T"r-T'"T""T"T'"~r-T'"T""T"T'"T"'T""'lI"''rTT+-

-5.0 -4.0 -3.0 -2.0 -1.0 0.0 1.0 2.0 3.0 4.0 5.0 6.0

Figure 4.7: The MULTISCALE configuration of the scene STAD­
HUIS, with the common attribute vectors and the 95 percent confi­
dence regions. The horizontal axis denotes the first dimension, this
dimension explained most of the variance in the data. The vertical
axis denotes the second dimension.



Chapter 5

Testing different sampling
functions in a simulated viewing
situation

Now we will test different sampling filters for different interpolation filters. Like
in the previous chapter, the viewing situation is simulated. This is done by simu­
lating overall interpolation functions with different spreads by B-spline functions.

Again, for each interpolation filter the optynal sampling filter is determined.
In addition, the sampling filters, designed for interpolation filters with larger
spread than the actual interpolation filter's spread, are tested. From the obser­
vations on the frequency spectra of B-spline sampling filters, in chapter 3, it can
be expected that these filters make the reproduction sharper but also increase the
ringing attribute. From the conclusions of the previous chapter we now expect
that this increases the image quality. Additionally, the reproduction produced
without applying a sampling filter is tested. This is done to measure the profit of
filtering prior to sampling. And finally, gaussian sampling filters are often used
and said to give satisfactory results [Schreiber 1985]. Therefore, images also are
sampled with a sampling kernel equal to the interpolation kernel.

A subject can be asked to scale the quality of an image, which means that
he can compare every image with the original, and he can be asked to scale the
preference of an image, which means that he has no reference. We expect both

':

tasks to give different results. For when a sampling filter makes the reproduction
look sharper than the original image, the preference may be high, while the
quality actually is not good.

H the simulation of the viewing situation from the previous chapter is used, a
comparison between both scaling tasks can be made. So the experiments descri­
bed in this chapter have a twofold purpose. Firstly, different sampling filters
are compared, and secondly, the relation between quality scaling and preference
scaling is examined.
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5.1 Experimental method

The experiment consisted of two sessions. In the first session the preference is me­
asured, in the second the quality. In both experiments six subjects participated.
They also participated in the MDS experiment. The experimental situation was
equal to the experimental situation in the previous chapter. Again the scenes are
sampled and interpolated, simulating different viewing situations. But because
this time not all combination of two images have to be shown, more stimuli can
be used in the experiment and different sampling functions can be compared.

5.1.1 The stimuli

For the reasons mentioned in the previous chapter, the scenes WANDA and
STADHUIS are used. They have sizes of 1024 x 1024 pixels. To eliminate line­
flicker in the displayed STADHUIS scene, it is processed by a 2 x 2 averaging
filter. The scenes are sampled and interpolated using different sampling and
interpolation functions. Four different interpolation functions are used. These
are B-splines in which the sampling factor m is either of 2 or 3 and the order
n is 1 or 5. The interpolation functions with m = 4 and n = 9 are not used in
this experiment, because the stimuli they produced were too heavily impaired by
these interpolation functions in combination with the used sampling functions.

With each interpolation function, five sampling functions are used. The first
is a delta function, this means no filtering at all. The stimuli produced this
way are equal to the images the scanner would produce if its output size is set to
512 x 512 pixels. These stimuli are included to measure the profit of filtering prior
to sampling. The second sampling function is made equal to the interpolation
function. For small spread this method is often used. The third sampling filter is
calculated according to the theory of chapter 3. These are the sampling functions
used in the MDS experiment. H the interpolation function has orqer n then the
fourth sampling function is the, according to chapter 3, optimal sampling kernel
of the (n+1)-th order B-spline interpolation kernel. The fifth sampling function is
the optimal sampling kernel of the (n +2)-th order B-spline interpolation kernel.
These latter two filter are expected to improve the sharpness of the image, at the
cost of adding more ringing.

This results in a total of twenty stimuli per scene. The peak signal-to-noise
ratios of these stimuli is given in table 5.1. According to these PSNR's, the third
sampling filter should give the best results. However, from the conclusions of the
previous chapter, we expect the latter two stimuli to give better results.

From the stimuli the edges are cut off, resulting in images with sizes of 500 x
944 pixels. They are shown on a Barco CCID7351B monitor. A look-up-table is
used to have the pixels and the peak-luminances of the dels related according to
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Table 5.1: The PSNR of the stimuli

41

WANDA

m 2 2 3 3
n 1 5 1 5
1 31.5 30.2 30.9 28.7
2 33.3 29.4 30.5 27.3
3 34.8 35.7 31.9 32.5
4 31.8 34.5 29.1 30.2
5 28.1 31.1 27.1 28.8

the power law

L(x,y) ex (f.(X,y))'ld,

STADHUIS

m 2 2 3 3
n 1 - 5 1 5
1 28.3 26.8 27.4 25.1
2 30.3 25.9 26.8 23.8
3 32.4 34.2 28.5 29.3
4 28.9 32.5 25.5 26.6
5 25.4 28.4 23.6 25.1

(5.1)

with f = 1.5. The monitor is placed in a dark room with a dimly lit white
background. Because the viewing distance was very small (0.75m for an image
height of 0.25m), a head rest is used.

5.1.2 Procedure

In the first session of the experiment the preference was scaled. The subjects was
shown one image at a time. They were asked to give a quality judgment on a ten­
point scale from zero to nine. In the second session the unprocessed image was
also shown as a reference, each time at the left of the sampled and interpolated
image. The subjects were asked to scale the quality of the reproduction, the
same way they did in the MDS experiment. In both experiments the image
was shown for approximately 10 seconds. All stimuli were repeated four times.
Both experimental sequences were preceded by a trial sequence of sixteen stimuli,
which were chosen to be a representative selection from the forty stimuli.

5.2 Experimental results

Results

The categorical scaling results of the subjects are converted into sensational
strengths on a psychological scale, according to Thurstone's law of categorical
judgment condition D [Thurstone 1927, Torgerson 1958]. In appendix C the in­
dividual results obtained this way are shown. In this appendix can be seen that
the results are fairly homogeneous over all subjects. Therefore it is allowed to
divide these results by their spreads and average them, the same way as the at­
tribute scaling results in the previous chapter. The averaged results are shown
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Figure 5.1: The averaged results of the quality and preference sca­
ling experiments. The symbols 0, 0, + and X indicate the results
for the different interpolation kernels according to the table next
to the figures. The enumeration below this table indicates the me­
aning of the characters on the horizontal axes of the figures.

in figure 5.1. Next to the figures the meaning of the different symbols and the
meaning of the characters on the horizontal axis are explained. The scales on
the vertical axes originate from dividing the individual results by their respec­
tive spreads. Because there were six subjects, the spread of each stimulus in the
resulting figures is equal to 1/.../6.

Discussion

In the figures we see that both quality and preference of the gaussian and delta
sampling filters are worse than the quality and preference of the B-spline sampling
filters. The results of the ga.ussian and delta sampling filters are acceptable for the
first order interpolation filters, but not for the fifth order interpolation function.
In that case the stimuli are heavily blurredl .

For the B-spline sampling filters the order of the interpolation filter does not

1In fact, the blurred reproduction of WANDA in figure 4.2 is obtained by both sampling
and interpolating WANDA with the same fifth order B-spline
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have a significant influence on the quality and preference judgments. When the
sampling factor increases, the quality decreases. These two observations are in
accordance with the results of the previous chapter.

There is a clear difference between the preference and quality judgments. The
(n+1)-th order sampling filters give the best preference. Also the (n+2)-th order
sampling filters give good preference results. For the quality the n-th and (n + 1)­
the order sampling filters give approximately the same result and the (n + 2)-th
order filter performs much worse. Thus the higher order sampling filters do have
the effect of making the reproduction look sharper than the reference image.

5.3 Conclusions

Making the sampling filter equal to the interpolation filter gives bad results for
higher order interpolation filters. It appears to blur the image heavily. It should
however be noticed that in literature this kind of sampling filters only is used in
combination with interpolation filters with small spread ((16/6 < 1.0). In that
case (n = 1) we also obtain acceptable results.

We get a better reproduction if we optimize the sampling function for the
interpolation function. If we overestimate the spread of the interpolation function
in the optimization, we obtain the best results. This can be explained with two
arguments. Firstly, doing so we make the reproductions sharper and increase
the strength of the ringing. However, quality is mostly determined by sharpness,
therefore this overestimation improves the quality. Secondly, the sampling filter
is optimized for a discrete interpolation function, while the overall interpolation
function actually "is analogue. These two arguments demonstrate the well-know
fact that the mean squared error perceptually is not a good error criterion.

There is a difference between the quality and the preference judgments. This
is clearly visible for the (n+2)-th order B-spline sampling filters. This filter makes
the reproduction sharper than the original scene. Though this reproduction looks
better than the other ones, because it is the sharpest, it differs from the original
scene and the quality is lower. The difference between both judgments is that for
the quality the maximum is at a lower order.



Chapter 6

Testing different sampling
functions in a real viewing
situation

In a final experiment, sampling functions are tested in a more realistic viewing
situation. This means that the scenes are sampled and then shown on the dis­
play. Interpolation is done by the display function and the visual system. H the
assumption that the overall interpolation function can be modeled by a gaussian
function is correct, then the B-spline sampling kernels should improve the image
quality.

Again different sampling filters with different sampling factors and orders
are tested. Only this time it is not possible to compare the image shown with a
reference image. So only the preference can be measured. For drawing conclusions
about the quality of the images, we have to rely on the comparison between
quality and preference, made in the previous chapter.

6.1 Experimental method

In this experiment the same six subjects as in the previous experiment partici­
pated. The experiment was done between both sessions of the previous expe­
riment. This way is prevented that subjects remembered the 'original' scenes
of the quality scaling experiment in the previous chapter, which would bias the
judgment.

6.1.1 The stimuli

The used scenes are again WANDA a.ri.d STADHUIS, obtained by the slide­
scanner. These are both sampled and displayed, resulting in stimuli with sizes
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of 512 x 512 pixels. The used sampling factors are 2 and 4. For the factor two
sampling functions, the sizes of the scenes are 1024 x 1024 pixels. For the fac­
tor four sampling functions the sizes of the scenes are 2048 x 2048 pixels. The
1024 x 1024 pixel scenes are obtained by down-sampling the 2048 x 2048 pixel
scenes with a factor two. Because the scanner has approximately a delta function
as its sampling function, it would produce the same scenes if its output size was
set to 1024 x 1024 pixels.

Five different sampling functions are used for both scenes and both sampling
factors. The first is a delta function, which is equivalent to scanning the analogue
slide directly to a 512 x 512 discrete image, without filtering. Of course the
resulting stimuli are equal for both sampling factors. They are not both included
in the experiment. The other four functions are the sampling kernels of B-spline
interpolation functions of order 0, 1, 2 and 3. Higher order B-spline sampling
functions are not included, because they impair the scenes too much.

The result is a total of 18 stimuli. These are all shown on a Barco CCID7315B
monitor, using a Gould DeAnza IP8400 image-processing system in the low­
resolution mode to display them. A look-up-table is used to have the pixels and
the peak-luminances of the dels related according to the power law

L(x,y) oc {fIJ(X,y))'Yd, (6.1)

with "y = 2.5. The monitor is placed in a dark room with a dimly lit white
background. The viewing distance was equal to 5 times the image height, this
was approximately 1.40m. This distance is a compromise between visibility of
sampling structure and visibility of impairment by ringing and blurring. We do
not want visibility of sampling structure, but we do want the subject to be able

'It to distinguish between the stimuli. Unfortunately, as a result, the line structure
was just visible.

6.1.2 Procedure

The six subjects were asked to give a quality judgment of the stimuli presented,
on a ten point scale from zero to nine. Each stimulus was repeated eight times.
The experiment was preceded by a trial sequence in which each stimulus was
included once. The stimuli were shown eight -seconds. Between two stimuli an
adaptation field was shown for two seconds.

6.2 Experimental results

Results

The scaling results are processed the same way as in the preceding chapters.
Using Thurstone's law of categorical judgment condition D, the judgments are
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Figure 6.1: The averaged results of the experiment. The symbol 0
indicates the factor two sampled stimuli and the symbol + the
factor four sampled stimuli. The meaning of the characters on the
horizontal axes is shown in the table next to the figure.

converted into sensational strengths [Thurstone 1927, Torgerson 1958]. In ap­
pendix D the individual results are shown. These results are fairly homogeneous
over all subjects. Therefore it is allowed to divide these results by their spreads
and average them. In figure 6.1 the averaged results are shown. Next to the
figure the meaning of the characters on the horizontal axes is explained. The
scales on the vertical axes originate from dividing the individual results by their
respective spreads. Because there were six subjects, the spread in this figure is
equal to (1 = 1/.../6.

The experiment was very difficult, for the differences between the images were
hard to scale. Therefore it may be that the trial sequence was too short. Possibly,
subjects did not have the opportunity to adjust the sensitivity of their scale well
enough, with the result that the first judgments of each stimulus have a great
deviation from the final result. Indeed, the results of some subjects and stimuli
show this adjustment problem. Therefore, the scaling results are also processed
with the first two judgments of each stimulus excluded. However, the adjustment
problems were not that serious, because this treatment gave no improvement of
the variance. In the results presented, all eight judgments are taken in account.

Discussion

The stimuli of WANDA all have a high quality, except for those that were filtered
by an averaging filter (zero order spline). For STADHUIS the quality drops very
strong for the second and third order filtered stimuli (D and E). This is also
caused by line-flicker that was visible in these stimuli. We have not paid any
attention to line-flicker yet, because like aliasing it is very scene dependent.
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6.3 Conclusions

The sampling factor has no significant influence on the preference. Even when
the scenes are down-sampled, without filtering prior to sampling, the resulting
images still are of a high quality. This demonstrates that the scanner used has
very low noise. The gain of scanning the images at a high resolution and sampling
the result, is not very high.

From the previous chapter we know that when quality is compared to prefe­
rence the maximum shifts towards a lower order. In the experiment described
above we measured preference. For the scene WANDA there is a maximum if the
sampling function is of order n = 2. For the scene STADHUIS the maximum is
at n = 1, but we do not know whether the sharpness increases for higher order
sampling filters because these stimuli were impaired by ringing. We now can con­
clude that for a maximum quality images should be sampled with a first order
B-spline sampling filter.

The scenes sampled with an averaging filter have a low preference. In practice
this sampling filter is often used [Netravali 1988]. The reason to use it is to
eliminate aliasing and to decrease the amount of noise in the sampled image. The
motivation given is that detail smaller than the sampling distance is not visible
in the sampled image anyway. From chapter 3 we know that this sampling filter
is only optimal when sample-hold interpolation is used.

With B-splines it is not possible to generate interpolation functions with ran­
dom spread, the spread only can have discrete values (0' = O.433J7i'). Therefore
it is not possible to determine the exact location of the maximum using B-spline
functions. However the stimuli are hard to distinguish anyway and a more exact
location of the maximum is impossible to find with the approach we used.



Chapter 7

General conclusions

The vector space model tells us how to find the optimal sampling function for a
given interpolation function, according to a minimum mean squared error crite­
rion. Sampling an image with this optimal sampling function has the effect of
preserving the sharpness in the image. Through psychophysical experiments it
is proven that this model gives perceptually relevant results. However, the mini­
mum mean squared error is not an adequate model of the perceived impairments
in an image. IT the sampling function is determined with this model, it is better to
overestimate the spread of the interpolation function. This way the peak signal­
to-noise ratio of the reproduction of the scene is lower, but the reproduction is
sharper and therefore has a higher quality.

Sharpness is the most important attribute when sampling and interpolating
images. The other examined attribute, ringing, does not have a large influence
on the image quality. Especially in images without sharp edges, like WANDA,
impairment by ringing is hardly visible. For the scene STADHUIS, the influence
of ringing on the dissimilarity scaling results was so small, that it was not possible
to find a direction in the constructed psychological space, that was accurately
related to the strength of the impairment by ringing.

There is a clear difference between quality and preference judgments of an
image. IT there is no reference image shown, people have a higher preference for
images that are sharper than the reference image.

In the experiments with the simulated viewing situation, the pixel distances
of the sampled images are larger than in usual viewing situations. These ex­
periments can also be done with a variable viewing distance to make the pixel
distance equal to 1 min. of arc, for each sampling factor.

IT images have to be shown on a display, they must be sampled. Best results
are obtained if images are filtered with a first order B-spline sampling filter prior
to sampling. This gives better results than filtering with a averaging filter (zero
order B-spline) or gaussian filter, two approaches which are often used. However,
the gain of sampling the image with such a sampling filter is not very high. If
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the image is just scanned to a discrete image with the desired size, the quality is
still very good. Hence, for the used scenes the influence of aliasing is limited and
the scanner produces very low noise.

In the multidimensional scaling experiment described in this report, the good­
ness of fit of the attribute directions are in a wide range insensitive for changes
in the directions. It is possible to find for each attribute one common direction
that fits all subjects. Therefore we can safely assume that in our case all sub­
jects have the same understanding of the attributes. This may generally be the
case, though sometimes persons label the attributes differently. This assumption
should be further tested in other multidimensional scaling experiments.
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Appendix A

Multidimensional scaling

A multidimensional scaling experiment can be split into two parts. The first part
is constructing the psychological space, i.e. finding the stimulus configuration.
This is done doing a dissimilarity scaling experiment. IT there are 1 stimuli then
all J2 possible combinations of two stimuli are presented to all subjects. They
are asked to scale the dissimilarity between both stimuli. By means of these
dissimilarity judgments the space can be constructed.

The second part is finding the directions of the perceptual attributes in the
psychological space, this part is called the vector model. The model is found
by doing for each attribute an experiment in which the subjects are asked to
scale the strength of that attribute. The results of these experiments are used to
optimize the attribute directions. In this appendix both parts are explained in
more detail.

A.l Constructing the stimulus configuration

Let 1 indicate the number of stimuli and R the number of subjects. The dissi­
milarity judgment of subject r for stimulus pair (i,j) will be denoted by dijr and
the corresponding distance by dij . IT the psychological space is N-dimensional,
then Xin is the n-th coordinate of stimulus i.

The stimuli are positioned in such way that the Euclidean distance between
two stimuli is related to the perceived dissimilarity between these stimuli. This
relation does not have to be linear, i.e. the scaling is allowed to be ordinal. In
fact, the logarithm of the distance between a stimulus i and a stimulus j, log dij ,

will be fit to fr(logd ij ). Here fr(logdij ) is

fr (log dij ) = Pr log dij + Vr, (A.I)

which is a power transformation on the dissimilarity data.
The subjects' judgments are assumed to be representative for the complete

population. This means that the dissimilarity judgments shall not differ from the
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56 Appendix A. Multidimensional scaling

judgments resulting from an experiment done with a very large group of subjects,
say the complete dutch population. The error distribution in the hypothetical
population of possible judgments on a specific pair is assumed to be known. We
assume the logarithm of this error to be normally distributed. In psychophysics
this is referred to as Weber's Law. IT we now have a random configuration,
then we can calculate the likelihood that the distances in this configuration are
produced by the dissimilarity data. This figure is called the likelihood estimation.
By maximizing the logarithm of it, the configuration is optimized.

In practice the configuration will never fit the transformed dissimilarities per­
fectly, because of the noise on the data and the incompleteness of the model. The
error is expressed by two figures. The within-subject standard error (1~ is defined
as the variance

(A.2)

Related to this error is the within-subject multiple correlation. It indicates how
well the configuration fits each subject. IT one or more subjects produce a low
correlation then these subjects should be removed from the analysis. The square
of these correlations can be interpreted as the part of the variance in the dissimi­
larity data of each subject explained by the configuration. Secondly, an error can
be attached to the placement of the stimuli. In the configuration each stimulus is
surrounded by a 95 percent confidence region. IT all stimuli except one are kept
in position, there is a 95 percent probability that the variable stimulus lies in this
confidence region.

The average of the within-subject standard errors is called the global standard
error. By monitoring this quantity for decreasing dimensionality of the recon-

~. structed psychological space, the proper dimensionality can be found.

A.2 Determining the vector model

(A.3)

Suppose a subject has scaled a single perceptual attribute for all stimuli, produ­
cing sensational strengths. Sensational strengths are interval scaled, which means
that they are linearly dependent of the perceived strength of the attribute. Each
strength should, after a linear transformation, be closely approximated by the
value of the perpendicular projection of the stimuli on the attribute direction,
which is a vector in the N-dimensional psychological space. By solving the vector
model the vector that gives the closest approximation is found.

We will denote the sensational strength of stimulus j for subject r by Sir

and the estimated strength, which is given by the projection, by Sir' Now the
estimated strength is

N

Sir = br + L arnXin'
n=l
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(AA)

(A.5)

Thus the strength is found with a multiple linear regression model, with the esti­
mated strengths as the dependent variables and the coordinates of the stimulus
as the independent variables. Through minimizing the error quantity

1

er = ~)Sir - Sir)2
i=l

the vector model is solved. The regression coefficients arn are the subject depen­
dent direction coordinates of the vector.

Now suppose we intend to find a single direction that fits the sensational
strengths of all subjects. Therefor we factorize the numbers arn in two parts,
a subject dependent scaling coefficient c,. and a dimension dependent direction
coefficient Yn. Now equation (A.3) can be written as

N

Sir = br + L c,.YnXin,
n=l

and the solution of the model is found by minimizing the error

R 1
e = L L(Sir - Sir)2.

r=l i=l
(A.6)

The coefficients Yn are the subject independent direction coordinates of the vector.
The coefficients c,. and br determine the linear transformation performed on the
projection of the stimulus to approximate the sensational strengths.

Like the configuration, also the vector found will not fit the sensational streng­
ths data perfectly. Again for each subject a correlation between the strengths
and their estimations can be calculated. This is the Pearson correlation, it tells
us how well the projection on the vector fits the sensational strengths of each
subject.



Appendix B

Individual results of the
attribute scaling experiments

This appendix contains the figures with the individual results of the attribute
scaling experiments done in the multidimensional scaling experiment. For each
subject and each attribute scaling a figure is drawn. In this figure the symbol <>
indicates the results for the scene WANDA and thesymbol + the results for the
scene STADHUIS. The characters on the horizontal axes indicate the sampling
and interpolation filters used. In these B-spline filters the sampling factor m
and the order n are varied. In the table below is summarized which combination
is meant by which character. On the vertical axes the sensational strengths,
determined according to Thurstone's law of categorical judgment, condition D,
are depicted.

A B C D E F G
m 2 3 3 3 4 4 4
n 1 1 5 9 1 5 9
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Appendix C

Individual results of the sampled
and interpolated images scaling
experiments

This appendix contains the figures with the individual results of the quality and
preference scaling experiments done with sampled and interpolated images. In
the first experiment only the processed image was shown and the subjects gave
a preference judgement. In the second experiment the original scene and the
processed image were shown next to each other, so the subjects were able to judge
the quality of the reproduction. For each experiment, each subject and each scene
a figure is drawn. Four different B-spline interpolation filters were used. They
are indicated by different symbols in the figures according to the table below.
The characters on the horizontal axes indicate the different sampling filters used
for each interpolation filter. For A there is no filtering prior to subsampling.
B indicates that for sampling the same filter as for interpolation is used. C is
sampling with a filter optimized for the used B-spline interpolation filter. And
finally, if the interpolation filter is a B-spline of order n, D and E respectively
indicate sampling with filters optimized for a B-spline interpolation filter of order
n + 1 and n + 2. On the vertical axes the sensational strength, determined
according to Thurstone's law of categorical judgment, condition D, is depicted.

m=2 m=3
n=l 0 0

n=5 + x
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Appendix D

Individual results of the sampled
images scaling experiments

This appendix contains the figures with the individual results of the quality sca­
ling experiments done with sampled images that were not interpolated. For each
subject and each scene a figure is drawn. In the figures the symbol 0 indica­
tes the factor two sampled images and the symbol + the factor four sampled
images. The characters on the horizontal axes indicate the sampling filters used.
For A there is no filtering prior to subsampling. The result is the same for both
sampling factors. B, C, D and E respectively indicate the 0, 1st, 2nd and 3rd
order B-spline sampling filters. On the vertical axes the sensational strengths,
determined acco~ding to Thurstone's law of categorical judgment, condition D,
are depicted.
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