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Summary. This paper presents a coupled electric circuit
and finite element formulation for windings with increased
exposure to losses due to pulsed-wave modulation (PWM)
operation. It exploits the exact solution of a first-order ODE
system and allows to decouple the spatial and temporal
problems aiming to reduce the computational burden. A test
case is implemented with the proposed approach and com-
pared with a finite element formulation.

1 Introduction

The control of the energy flow in an Electrical Energy
Conversion Unit (EECU) by modulating the voltage
and current sources with power electronic switches is
widely used. The parasitic effects such as significant
winding losses, noise, accelerated ageing of insula-
tion, to name only a few, become dominant. It is cru-
cial to account for these effects at the design stage.
The continuously increasing switching frequency is
challenging the EECU models. Customised basis func-
tions, parallel-in-time simulations are several approaches
to compute these models more efficiently [1, 2]. Al-
ready at the switching frequency of tens kHz, thin
conductors such as litz wire and foil are used to min-
imise the effect of skin depth and maximise the use-
ful area of the conductor cross-section [3]. For many
EECU applications, these phenomena are dominating
in contrast with magnetic saturation or core losses.

This paper proposes an efficient method aiming at
accurately resolving the eddy currents in conductors.
To this end, the voltage is assumed constant and mate-
rial properties linear during a switching interval. This
allows expressing the coupled finite element model
with the electrical circuit as a first-order ODE system
for which the exact solution is known. The results are
compared with a finite element approach for the ob-
tained ODE system. The reflection in terms of prob-
lem size and computational complexity is provided.

2 Coupling of vector potential and circuit

The test case is depicted in Fig. 1. The geometry of
the coil is considered sufficiently long in z⃗ direction to
model it in a two-dimensional problem. The Dirichlet
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Fig. 1. The graphics of the coil, its two-dimensional simpli-
fication and the coupled equivalent circuit

and Neumann boundary conditions are applied to ac-
count for symmetry. The coupling of the vector mag-
netic potential and the equivalent circuit of the coil
together with external elements of the circuit is im-
plemented with the AVI formulation [4]. For the 2D
case, only the z⃗ component of the magnetic vector po-
tential Az is considered

∇(ν∇Az) = σ

(
Vc

D
− ∂Az

∂ t

)
(1)

where ν is the reluctivitty, σ is the conductivity and D
is the depth of the domain. The voltage Vc arises from
the scalar potential and couples with external circuits.
The PWM voltage source V , external elements Re and
Le are introduced as shown in Fig. 1

V =Vc +ReI +Le
∂ I
∂ t

. (2)

Lastly, the total current is formed by the induced
eddy currents and the current emerging from the volt-
age drop of the conducting region

I =
Vc

D

∫
Ωcoil

σds−
∫

Ωcoil

σ
∂Az

∂ t
ds. (3)

2.1 Numerical formulations

A spatial discretization of equation 1 combined with
equations 2 and 3 has the following structure:

M
∂u
∂ t

= Su+ f , (4)
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Fig. 2. Obtained results with 9 pulses and N = 5 elements
per spatial dimension compared with DG approach

where u is the vector of unknowns, M and S are con-
stant matrices and f is a vector that is constant per
switching interval.

Exact solution

We separate u, M, S and f into time-dependent (sub-
script n) and time-independent (subscript z) compo-
nents and rewrite equation (4) as

Mnn
∂un

∂ t
= Snnun +Snzuz + fn, (5)

Mzn
∂un

∂ t
= Sznun +Szzuz + fz. (6)

By expressing uz from (6) into (5) the following re-
duced system of equations is obtained, depending
only on un:

Mr
∂un

∂ t
= Srun + fr. (7)

The analytical solution of (7) starting at t = t0 until f
changes, is given by

un = Qexp(Λ(t − t0))w−S−1
r fr. (8)

The vector w depends on the initial condition. The di-
agonal matrix Λ contains eigenvalues and matrix Q
the eigenvectors satisfying the generalised eigenvalue
problem.

Discontinuous Galerkin

To compare the performance of the proposed approach,
we use a Discontinuous Galerkin discretisation of
equation (4) with an upwind flux and Legendre basis
functions spanning the switching intervals.

3 Preliminary results and reflections

The AVI formulation detailed in section 2 is applied
to the test-case introduced in this paper. The results

Fig. 3. Computational burden of switching frequency and
spatial refinement

obtained with exact time solution are shown in Fig.
2, where Az is captured from the observation line as
shown in Fig. 1. The resulting current is compared
with DG implementation from 2.1. Both methods use
standard second order polynomial shape functions for
spatial discretisation. The heavy eigenvalue decompo-
sition is performed once and used in an optimisation
problem to find the initial solution vector w in each
duty cycle. In contrast, DG describes the solution us-
ing basis functions in time, scaling the model with the
degree of the basis. The scaling of the computational
burden with the number of pulses and mesh elements
is shown in Fig. 3. The preliminary results show that
the proposed approach has a significant performance
advantage over DG. In the full paper, a detailed analy-
sis in terms of dimension of the problem, computation
burden and necessary pre-computations required will
be provided.

References

1. I Cortes Garcia, I Kulchytska-Ruchka, M Clemens, and
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