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Dynamic SCL Decoder With Path-Flipping for 5SG Polar Codes
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, Senior Member, IEEE, and Andreas Peter Burg

Chuan Zhang

Abstract—Since polar codes were ratified as part of the 5G stan-
dard, low-complexity polar decoders with close-to-optimum error-
rate performance have received significant attention. Compared
to successive cancellation (SC) decoding, both SC list and SC flip
decoding can improve the error rate performance by increasing
the number of considered candidate solutions. The combination
of both strategies leads to SC list flip (SCLF) decoding, which can
provide a tradeoff between error rate performance and area as
well as energy. In this letter, we derive a new flip metric for the
SCLF decoding process, based on which we propose the dynamic
SCLF (D-SCLF) decoding algorithm. Moreover, we exploit the
distributed CRC defined in the 5G standard to further optimize the
D-SCLF decoding. Numerical results show that for the downlink
control channel, our D-SCLF decoder with a list size of only four
and only three additional attempts can achieve the performance
of a regular list decoder with a list size of eight, leading to an
overall memory and average complexity (energy) reduction.

Index Terms—Polar codes, successive cancellation list flip
(SCLF) decoding, path-flipping, 5G, check-remove.

I. INTRODUCTION

OLLOWING the invention of polar codes and their

low-complexity successive cancellation (SC) decoding
algorithm [1], Tal and Vardy proposed the SC list (SCL)
decoding algorithm [2], which improves the error-correcting
performance by keeping a list of up to L candidate bit
sequences. When a cyclic redundancy check (CRC) code is
concatenated with a polar code, this CRC can help the SCL
decoder to select the candidate bit sequence from the list [3],
which allows CRC-aided polar codes to reach a compara-
ble performance to low-density parity-check codes and Turbo
codes [4]. In 2016, polar codes were ratified as part of the 5G
enhanced mobile broadband (eMBB) standard [5]. Specifically,
they are adopted to protect the payload of physical uplink con-
trol channels (PUCCHs), physical downlink control channels
(PDCCHs), and physical broadcast channels (PBCHs) [6].
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The error-correcting performance of the SCL decoder
improves as the list size L increases, but at the cost of an
increase in memory and computational complexity (energy).
Although there are a series of breakthrough algorithms to
reduce complexity, such as log-likelihood ratio (LLR)-based
SCL decoding [7], fast simplified SCL decoding [8], and
the list-pruning algorithm [9], it is still challenging to meet
the low-latency and high-throughput requirements of eMBB
scenarios with low area.

The SC flip (SCF) decoding algorithm [10] provides a
sequential candidate exploration alternative to the parallel
exploration strategy of list decoders. By guessing and flipping
error-prone bits in multiple decoding attempts, state-of-the-art
SCF decoders [11] achieve an area that is comparable to that
of SC decoders with low average energy, but with very low
worst-case throughput due to a large number of attempts.

Both SCL and SCF decoding improve error rate
performance by enlarging the number of candidate bit
sequences they consider either in parallel or sequentially.
Combining the two algorithms therefore can provide new and
possibly better tradeoffs between time- and area-complexity
for a given frame error rate (FER) performance target. Such
a combined SCL flip (SCLF) algorithm was first described
in [12], and an optimized flip strategy was proposed by [13]
on which all subsequent SCLF decoders are based. This flip
strategy considers the L (out of 2L) path candidates that were
not chosen in the original SCL decoding, based on the assump-
tion that the original choice had accidentally eliminated the
correct path from the list. This approach is equivalent to the
shifted-pruning strategy in [14] for a shift value of L. The
performance improvement of the SCLF decoding depends on
how accurately the bit index for which the first error occurs
is located. The works in [12] and [14] employ a fixed criti-
cal set that contains the bit indices at which the correct path
is potentially eliminated, which requires a large number of
decoding attempts. In practice, a flip metric is calculated for
each bit to measure the probability that the first erroneous path
selection occurs. The state-of-the-art flip metric is proposed
in [15], [16] with a heuristic derivation. Based on this met-
ric, a higher-order SCLF decoding [15] that supports multiple
flip locations is further proposed, where the decoding attempts
of the w-th order (i.e., with nested w flip locations in each
attempt) are activated only after all attempts with lower orders
fail the CRC. Therefore, the number of decoding attempts
increases rapidly with the flip order.

In this letter, we propose a novel dynamic SCLF (D-SCLF)
decoding algorithm, with the following contributions:

1) We derive the probability of the first error in each bit
location by considering the effects of both frozen bits
and error propagation, which results in a novel and
rigorous flip metric.

We propose the D-SCLF decoding that dynamically
adjusts the candidate flip locations in a flip set of con-
stant size, so that each decoding attempt is always asso-
ciated with the smallest flip metric among the remaining

2)
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metrics. For polar codes with distributed CRC, the
proposed D-SCLF decoding can prune invalid paths dur-
ing the path selection, which leads to both performance
improvement and average complexity reduction.

II. BACKGROUND
A. 5G Polar Codes

An (E, A) polar code represents a code whose transmis-
sion length and information length are E and A, respectively.
Generally, a CRC sequence p is appended to the tail of
the information sequence a, thereby forming an unfrozen bit
sequence ¢ = [a, p]. The set of unfrozen bit indices is denoted
by .A. To match the recursive encoding process, the length of
the bit sequence u that participates in the encoding always has
a value that is a power of two, which is referred to as mother
code length and denoted by N. The coded bit sequence x is
calculated as x = uG, where G = F®", F = [1 9], and
n = logy N. The sequence x will then pass the sub-block
interleaver and rate-matching buffer, resulting in a length-E
code word ready to transmit. Depending on the physical chan-
nel, there are some other modules to re-arrange the input or
coded bits in the encoder and vice versa in the decoder. For
example, for PDCCH and PBCH, the input bits interleaver is
placed after the CRC encoder to distribute CRC bits.

B. Successive Cancellation List Decoding

Compared with SC decoding which only selects the locally
optimal bit value, SCL decoding can keep L candidate paths
(candidate bit sequences) at the same time to finally select
the most reliable path for which the CRC is satisfied. In SCL
decoding, the reliability of each path is measured by the path
metric (PM), which can be calculated as [7]

PM{" ~ {

where )\gl) represents the LLR, and the superscript i and
subscript / denote the bit and path indices, respectively.

At the first logy L unfrozen bits, all paths are kept in the
list and the set of these bits is labelled as A’. At bit A\ A’, L
paths are forked to 2L sub-paths, which forms an expanded list

£ Then, the bit sequences of the most reliable sub-paths

PMEi_l), if '&l(i) = hard_decision(/\gi)),
PMEI_I)—H)\E”\, otherwise,

(D

are collected in the set E](;))St as the candidate paths.

C. Successive Cancellation List Flip Decoding

An alternative to SCL decoding for improving the error
rate performance by increasing the number of candidate bit
sequences is SCF decoding [10]. When SCL and SCF decod-
ing are combined, the search space for valid code words will be
further enlarged, which also provides a middle ground between
parallel and sequential attempts for a given FER performance
target. The corresponding algorithm is named SCLF, which
flips the path selection of the initial attempt multiple times
once all paths of the original SCL decoding fail the CRC.

At a flip position, the original SCLF decoder [12] only
explores the paths that originally had a single forked path
and selects their originally discarded forked paths. The authors
of [13] and [14] independently proposed a better flip strategy,
which considers all L previously discarded path-expansion
candidates for a flip location. Namely, if i is a flip index,
the SCLF decoder selects the least reliable L sub-paths from
£() when it revists this location in an additional decoding
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Algorithm 1: (Dynamic) SCLF Decoding

1 //extra steps of the proposed D-SCLF are in shadow
2 U4 < SCL_decoding (9);

3 //At each CRC bit, prune invalid selected paths
4 if CRC detection succeeds then

s | return a;

else
S < bit index of T smallest M ;// intialize S
for t =0to T"— 1 do
% < SCL_decoding (S¢);

//For each i € §;, select paths from E(i)\ﬁgggf
/ /At each CRC bit, prune invalid selected paths
if CRC detection succeeds then

| return @;

else

|

return ;

S(t+1:T—1) «
bit index of T—¢—1 smallest S(¢+1:T—1) |J My (St);

attempt. Denote the maximum number of additional attempts
as T. Then the T flip indices form a flip set S. While the flip
set in [14] is a fixed critical set, [13] uses a better real-time
calculated criterion to determine the flip indices, but it ignores

the impact of frozen bits and the paths in L’&)St [15]. The cor-

responding flip metric Mo(f) was further optimized in [15],
leading to the following equation, which is the best so far

reported in the literature
L-1 o n
/(Z e_PM”L) )
=0

where PMs are assumed to be sorted in ascending order and
1 is a normalization factor that mitigates the biased estimate

) L-1 0
Mo(tz) =In Z e~ PM,
=0

due to the propagated errors [15]. The metric Mo(f) of the
first logy L unfrozen bits is set to infinity. The SCLF decoding
procedure is listed in Algorithm 1, where SCL_Decoding ()
with an input set denotes standard SCL decoding during which
the path selection at the bit indices given in this set is flipped.

In order to further improve the FER performance, the
authors of [15] explore a second flip location, once all trials
with a single flip fail the CRC. Unfortunately, to approach the
FER of an SCL decoder with L = 32 using an SCLF decoder
with only L = 4, even their improved SCLF decoder still
requires nearly one hundred attempts [15] and consequently
has an impractical worst-case decoding latency.

III. PROPOSED D-SCLF DECODING ALGORITHM

Although the metric in [15] results in currently the best
FER performance of SCLF decoding with a single flip index,
this metric was heuristically proposed. In contrast, the metric
in [13] was derived by evaluating the probability that the first
erroneous path selection occurs at each bit index, but inap-
propriately considers only the effect of unfrozen bits. Inspired
by [17], we derive this probability by considering both the
effects of frozen bits and error propagation, which results in
a novel and more rigorous flip metric.

Based on the proposed flip metric, we propose a D-SCLF
decoding algorithm. The flip set in D-SCLF decoding keeps
a constant size but its contents are dynamically adjusted after
each flip trial, so that the metric of the next flip locations is
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always the lowest among current metrics. Moreover, the D-
SCLF decoding takes the advantage of the distributed CRC in
5G PDCCH and PBCH, which can prune invalid paths early
based on the parity check.

A. Optimized Flip Metric

We first begin with the order-1 SCLF decoder that performs
a flip at only a s1ngle bit index in each attempt Deﬁne 0

as the event that u le L}(Jest ) and that u} ¢ Lbest, then the
probability that £\ ( ) occurs is
, - 1
P(S(Z)‘y) = P(ué ! € Ll(azest)’uo est|y>
j (4) (i—1)
P(ué g ‘Cbest|y’ u(@) best )
k
H P<u0 = Ebest‘y’ E Léest )>
k<i
ke A\A
P I (1-PY), (3)
k<i
keA\A
where P(u} ¢ Lbest|y7 ull e Clgie;tl)) is abbreviated
by P( ). Since the decoder cannot acquire knowledge of

the correct bit sequence, we can only approximate Pel) by
Pluy ¢ £ |y, £U-D), which denotes the probability of
ué ¢ Ebzest under the condition of receiving y and currently

holding the L paths related to 4)2;3)' According to [7], the
PM represents the negative log-probability that each path is

correct. Therefore, Pél) can be formulated as

@) VIO (i)
Pe’ = B 1+L/ Z e~ PMi 4)
1=0

Introducing the probability ratio of the most reliable L sub-
paths to the remaining ones in the losg -domain based on L(?) =

—pMm® —pMm!
(¥ e P

Pt =

I+L), (4) can be rewritten as

1
1+ el ®

where a is a factor to compensate the employed approximation

for P [17] Herewith, for each i € A\ A’, we define the
proposed flip metric in the log-domain as:

L® +$ Z (1 + e*a'L(k))t (6)

k<i
keA\A’

AR —éln PEWy) =

The second term in (6) involves the error probability caused
by error propagation, which leads to a relatively large metric
value for a large bit index. By contrast, the metric of (2) in [15]
discards the second term in (6), but amplifies the value of L(%)
by adding the factor n for all bit indices. As shown in [18], a
large bit index presents a relatively wide PM range, so that the
flip metric for a larger index in [15] is amplified more, which
explains why adding a factor 7 in (2) is able to mitigate the
biased estimate caused by error propagation to some extent.
Nevertheless, our derivation provides a more accurate metric
to identify the flip locations, as we demonstrate in Section I'V.

ala|ala|a]as] a | as | as |a]ain | po
0 1 1 0 0 1 1 0 1 1 o | 1
Qg | a7 | ag | a9 | Ao | dn ‘ g | ap | as | a7 | pi ‘ as
1 1 0 1 1 0 0 1 1 1 1| o
Po | Py | P> | P3| Ps|Ds ‘ L1498 | P2 | Q9 | P3| P4 ‘Ps
1 1 0 0 0 0 \M» 0 0 1 0 [
Ps | P71 | Ps | P9 |Pio| P | Pe | P71 | P8 | P9 | Pio| P
1 0 1 0 1 1 1 0 1 0 1 1
P12 | P13 | P14 | P15 | P16 | P17 P12 | P13 | P4 | P15 | P16 | P11
1 0 0 0 0 0 1 0 0 0 0 0
P18 [ P19 | P20 | P21 | P22 | P23 P18 | P19 | P20 | P21 | P22 | P23
1 1 1 1 1 0 1 1 1 1 1 0

Fig. 1.  The illustration of the interleaver to reorder unfrozen bits when
A=12,a=1{0,1,1,0,0,1, 1, 1,0, 1, 1, 0}, and the channel is PDCCH,
where the shift registers in CRC encoder are initialized as all-one [6].

B. Proposed Dynamic SCLF Decoding

Following the extension from [17] to [19], we extend the
metric of (6) to support dynamic higher-order SCLF decoding.
The dynamic flip set S has a constant size of T but is updated
after each decoding attempt. The set S is composed of T sub-
sets, i.e., S = {So,...,S¢t,...,Sr_1}, in which the set S;
records all flip indices for the #-th additional decoding attempt.
With the flip indices of S¢, the probability that £ (1) oceurs is

PEms) =0 TP T ()0
keS, k<i
ke{A\A'}\S:

Following the approximation scheme used in order-1 flip
decoding, the updated metric is

M (s =L@+ 3 LWL
kES,

(1+ —oL® >) 8)

ke{A\A'}\S;
when path selection at indices in S; is flipped.

For the 5G PDCCH and PBCH, the input bits interleaver
reorders the unfrozen bits by cg = cqq(;), where II is the inter-
leaving pattern specified by the 5G standard [6]. As illustrated
in Fig. 1, some of the parity bits are then distributed among
information bits, which enables early termination when none
of the candidate paths in the list can meet the parity constraint.
Moreover, the distributed CRC can help to improve the accu-
racy of the path selection [20]. Specifically, the check-select
(CS) strategy directly calculates the CRC bit value based on
the parity constraint instead of decoding it as part of the path
expansion. The alternative check-remove (CR) strategy, dis-
cards the invalid paths that do not satisfy current parity among
the selected L sub-paths. In the following, we explain how to
exploit the distributed CRC to further improve the performance
of D-SCLF decoding.

The CS strategy is not applicable to SCLF decoding,
because all L CRC-satisfying paths cannot activate the flip
procedure. By contrast, the CR strategy can be applied: when
meeting a parity bit, the invalid sub-paths can be removed to
leave space for the descendants of parity-satisfying sub-paths.
In this way, all the maintained candidates at the end of each
decoding attempt satisfy the CRC unless this attempt is termi-
nated early. In that case, the candidate flip locations exclude
all indices after the termination point, which leads to a more
accurate flip set S. It should be noted that in SCL decoding,
the path number within A \ A" is no longer constant as L
due to the CR strategy. To avoid revisiting one candidate path
when the path selection is flipped at bit index i, we select
the paths that correspond to the bit sequences beyond the set

El(oe)st instead of the L least reliable ones, which also leads to

a reduction of computations in each decoding attempt.
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Fig. 2. FER performance of an SCLF decoder with order one and 7 = 10
using different metrics to decode a (1024, 512) code for PUCCH.
10°
20
(1024,512)
1071
15
1072
<2 g
22 ¥ 10
1073
10~* >
(1024,512)
107"

0
1.21.41.61.8 2 2.22.4
SNR [dB]

SCLF1 [15], T=50

S 12141618 2 2224
SNR [dB]

—o— SCL,L=2 —m— D-SCLF2,T =50
—A— SCLF2[15], T=99=50+7x7
--3@-- D-SCLF2 with the metric in [15], T'= 50

—m—

Fig. 3. FER performance and average attempt number of different SCLF
decoders with L = 2.

The steps of our D-SCLF decoding are listed in
Algorithm 1, where the additional part with respect to SCLF
decoding is marked with a shadow.

IV. EXPERIMENTAL RESULTS

In this section, we provide the FER performance results
of the proposed D-SCLF decoder. In the simulations, the code
words are modulated using binary shift-keying modulation and
transmitted over additive white Gaussian noise channels. In
the following figures, the SCLF decoding with a maximum
flip order w is denoted as SCLFw for brevity.

Fig. 2 compares the FER performance of SCLF decoding
using our proposed metric and the metric that employs n = 1.2
in [15]. As discussed in [19], the optimal value of o decreases
with the SNR and can be determined by Monte-Carlo simula-
tions. Comparing the FER curves using oo = 0.3,0.4, and 0.5
in Fig. 2, we can observe that the SCLF decoder with oo = 0.4
requires the lowest SNRs in the FER region of 1073 to 1072
and outperforms the SCLF decoder using the metric in [15] by
0.05 dB at FER= 102 when L = 2. In practice, a constant
value of « is preferred for every SNR and code. Since our
decoder is not sensitive to the choice of «, we fix o = 0.4.

Fig. 3 shows the FER performance and average attempt
number (denoted by 77..) of our D-SCLF decoder compared
to the state-of-the-art flip metric based SCLF decoder [15].
We follow the same parameters as [15], i.e., T = 50 for
(1024, 512) polar codes, but the CRC length is 11, consistent
with the PUCCH. Compared with the SCLF1 decoder in [15],
our D-SCLF2 decoder enjoys a 0.1 dB gain at an FER of

IEEE WIRELESS COMMUNICATIONS LETTERS, VOL. 11, NO. 2, FEBRUARY 2022

10_3, because it can execute either order-1 or order-2 flips
during these 50 attempts. In [15], order-2 flip decoding is also
discussed, but only after all order-1 flip decoding attempts
fail the CRC. It can be seen that a total of up to 99 addi-
tional attempts in [15] can lead to a similar performance to
our D-SCLF decoder with only up to 50 additional attempts,
at the expense of much higher average and worst-case com-
putational complexity. It is noted that the metric in [15] can
also be adapted to the dynamic flip decoding, which is the
sum of the n-normalized L value of each flip location. Since
our metric considers the error propagation more carefully, the
D-SCLF2 decoder using our metric is 0.1 dB better than using
the metric in [15] at an FER of 1073,

For PDCCH, there are five coded block sizes E that are
typically used in practice: 108, 216, 432, 864, and 1728, and
the value range of A is from 12 to 140 [21]. Fig. 4 compares
the FER performance of the proposed D-SCLF decoder and the
state-of-the-art SCLF decoder [15], given E =432 and A = 12,
16, and 100. Due to the early termination, we use the cumulative
number of paths (CNP) over A to measure the computational
complexity, instead of the number of attempts. In Fig. 4, all
D-SCLF decoders are based on decoding with L = 4. In this
case, the number of unfrozen bits is 36 for A = 12. Hence, the
CNP in standard SCL decoding is 2 + 4 x 35 = 142. Due to the
short information length in PDCCH, the SCLF decoder requires
fewer decoding attempts to obtain an obvious performance gain
than in PUCCH. With a limited number of flip trials, the gain
brought by the proposed flip metric is small. However, the
consideration of distributed CRC provides advantages in terms
of both FER performance and average complexity, especially
for small A. When A = 12, L =4, and T = 15, our D-SCLF2
decoder outperforms the SCLF1 decoder [15] by 0.5 dB at
an FER of 1073, and its CNP is 21.5% less than that of the
SCLF1 decoder [15] at —6.5 dB.

In Fig. 5, we fix the targeted FER to 10™2 and present the
required SNRs for all typical configurations of (E, A) polar
codes in PDCCH. Compared to the baseline SCL decoder
with L = 4, our D-SCLF decoder with T = 3 can achieve
0.2~0.7 dB gains, which is comparable to the SCL decoder
with L = 8 in terms of error-correcting performance. Taking
the CNP of the SCL decoder with L = 4 as benchmark and
normalizing the CNP of the D-SCLF decoder, we find that
when T = 3, the average complexity of the D-SCLF decoder
is reduced by 5%~19%, because invalid paths are removed
during each decoding attempt. In contrast, the SCLF decoder
in [15] needs to process more paths than the SCL decoder
with L = 4. The results show the potential of the D-SCLF
decoder in PDCCH, where the area and energy are the most
critical cost factors [22]. This is because the proposed D-SCLF
decoder based on L = 4 has nearly half the LLR storage and
the average number of computations less than the SCL decoder
with L = 8, at the cost of up to only three additional attempts.

V. CONCLUSION

In this letter, we propose the D-SCLF decoding algorithm
with a rigorous derivation of the flip metric, which also con-
siders the distributed CRC for 5G downlink channels. When
we focus on an FER of 10_3, the conclusions are as follows.
For PUCCH (1024, 512) polar codes, the D-SCLF2 decoder
(T = 50) using the proposed metric is 0.1 dB better than
using the state-of-the-art metric. For all possible polar codes in
PDCCH, the performance of our D-SCLF decoder with L = 4
and only 7 = 3 is comparable to that of the SCL decoder with
L = 8, with lower average complexity (energy).
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