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Abstract—In this paper we carry out a joint optimization
of probabilistic (PS) and geometric shaping (GS) for four-
dimensional (4D) modulation formats in long-haul coherent
wavelength division multiplexed (WDM) optical fiber commu-
nications using an auto-encoder framework. We propose a 4D
10 bits/symbol constellation which we obtained via end-to-end
deep learning over the split-step Fourier model of the fiber
channel. The constellation achieved 13.6% reach increase at a
data rate of approximately 400 Gbits/second in comparison to the
ubiquitously employed polarization multiplexed 32-QAM format
at a forward error correction overhead of 20%.

Index Terms—Optical fiber communications, modulation, dig-
ital signal processing, deep learning

I. INTRODUCTION

JOINT optimization of transmitter and receiver digital
signal processing (DSP) blocks, such as coding, modu-

lation, and equalization, can be challenging in optical com-
munications. One possible way of jointly optimizing these
blocks is using an autoencoder structure, as first proposed
for wireless communications in [1]. In the context of optical
fiber communications, autoencoders were first introduced and
experimentally demonstrated for highly-nonlinear dispersive
short-reach links [2]. The concept was then also applied for
long-haul coherent fiber systems, optimizing the modulation
format using a simple approximated model of the nonlinear
channel for 2D constellations [3]–[5]. Deep learning was
also used for obtaining 4D modulation formats in [6], where
optimization was performed in the linear regime and the
performance was tested for the nonlinear optical fiber channel
for 7 bits/symbol and constant modulus constellations. Beyond
deep learning, many strategies for geometric shaping (GS)
optimization have been proposed in the literature. In [7], 4D
7 bits/symbol modulation formats were also considered.
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In addition to optimizing the modulation format, another
technique for improving data rates is to optimize the symbol
probabilities. In [8], symbol probabilities for polarization-
multiplexed (PM) quadrature amplitude modulation (QAM)
constellations were optimized on a simplified model and then
tested on the nonlinear fiber channel. Finding the optimal
modulation format geometry and symbol probabilities is a
challenging task and an open problem in optical fiber commu-
nications [9]. On the other hand, as shown in [10], [11] for the
wireless channels, deep learning and artificial neural networks
(ANN) can provide viable alternatives to the conventional
approaches and enable joint GS and probabilistic shaping (PS),
which is called hybrid GS and PS.

In this paper, we perform hybrid GS and PS for optical fiber
communications using the split-step Fourier method (SSFM)
for dual polarization as our channel model. SSFM is one of
the most accurate representations of the nonlinear propagation
in optical fibers and has already been used in the autoencoder
framework [12]. However, in [12], the waveform is optimized
together with a 2D constellation format. The optimized con-
stellations in this paper are in 4D and have no constraints in
terms of energy or symmetries. This is the first time, to the
best of our knowledge, that a 4D 10 bits/symbol constellation
has been optimized for the nonlinear optical channel using
SSFM data. The results are validated via generalized mutual
information (GMI) [13]. The optimized constellation demon-
strates gains in terms of GMI and transmission distance with
respect to both PM-32QAM and PM-64QAM, which are 10
and 12 bits/symbol constellations, respectively.

II. END-TO-END SYSTEM AND PERFORMANCE METRIC

The GS and PS optical fiber system considered in this paper
is shown in Fig. 1 (a), where the input bits are associated
with a transmitted symbols drawn from a certain symbol
distribution. These symbols can use a different GS scheme for
each transmission case. For example, regular QAM formats
or deep learning optimized constellations can be used in the
transmission. These symbols are upsampled at 16 samples
per symbol and pulse-shaped by a root-raised cosine filter
with 0.01 roll-off. The resulting filtered waveform is scaled to
achieve a given launch power and propagated in the fiber. The
fiber is modeled by the Manakov equation for dual polarization
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Fig. 1. (a) Transmission system used to validated the performance of different modulation formats. (b) Autoencoder setup used to obtain optimal constellation
and symbol probabilities. The blocks for probabilistic shaping, geometric shaping, and demapper are built using dense neural networks.

[14]

∂A(t, z)

∂z
= −jβ2

2

∂2A(t, z)

∂t2
+ j

8

9
γe−αz ‖A(t, z)‖2 A(t, z),

(1)
where A(t, z) is the dual-polarization transmitted signal, β2
is the group-velocity dispersion parameter, γ is the nonlinear
Kerr coefficient and α the attenuation coefficient. For the
simulations carried on this paper, we transmitted 5 channels,
each of them at 50 Gbaud and channel spacing of 51.5 GHz.
We have chosen a small difference between symbol rate and
channel spacing in order to obtain high spectral efficiency.
We considered β2 = −21.67 ps2/km, γ = 1.2 1/W/km, and
α = 0.2 dB/km. The transmission is performed over NS spans
of 80 km each, where an EDFA with noise figure of 5 dB is
used at the end of each span. After propagation, the receiver
applies chromatic dispersion compensation, matched filter, and
sampling to the received signal, resulting in the received
symbols. The received symbols are given to a demapper, which
estimates the transmitted bits. In the system of Fig. 1 (a),
we compare the different modulation formats in terms of the
generalized mutual information (GMI) [13]. The equation for
the GMI was obtained by adapting [13, Eq. (36)] for different
a priori probabilities and 4D formats.

Fig. 1 (b) shows the autoencoder system used to optimize
the constellation geometry and symbol probabilities. The joint
optimization of PS and GS follows the same idea described
in [10]. The optimization system has the same fiber link as
the transmission system described for Fig. 1 (a). The symbol
probabilities are obtained from an ANN, whose input are one-
hot vectors (OHVs) representing each possible symbol. The
ANN output is the logits of the respective symbol proba-
bility [p1, p2, · · · , pM ] and each of the five channels has its
respective ANN. After obtaining all symbol probabilities, a
distribution sampling based on the straight-through Gumbel-
Softmax estimator [15] outputs OHVs sampled according to

the previously obtained symbol probabilities. These OHVs
are the input of another ANN, labeled as Geometric Shaping
in Fig. 1 (b). For each possible OHV, this ANN outputs a
transmitted 4D symbol represented by [rX, iX, rY, iY], where
rX and iX are the in-phase and quadrature components of the
X polarization, and rY and iY are the respective components of
the Y polarization. Each of the five channels has its respective
ANN for the 4D symbol mapping. The transmitted symbols
are pulse-shaped by the same filter as in Fig. 1 (a) and the
transmitted power for each channel is individually learned. For
the training procedure, we used the SSFM with a fixed number
of spans NS = 50. The received signal is processed by the
DSP, resulting in the received symbols y = [r̃X, ĩX, r̃Y, ĩY].
These symbols are the input of a set of ANNs, labeled as
Demapper, where each of them estimates the bit probabilities
p(bi = 1|y) for a specific bit i. Each channel has its own set
of Demapper ANNs. This bit probability estimation is similar
to the procedure described in [5], in which p(bi = 1|y) is used
to estimate the GMI via [5, Eq. (2)]

GMI ≈ H(X) +
1

K

K∑
k=1

m∑
i=1

hb(bi,k, ri,k), (2)

where H(X) is the entropy of the random vector X of the
transmitted symbols, bi,k is the i-th bit of the k-th transmitted
symbol, ri,k is the estimated probability p(bi,k = 1|yk) given
the received symbol yk, m is the number of bits per symbol,
and K is the number of transmitted symbols. In (2), we use
the function hb given by

hb(bi,k, ri,k) = bi,k log(ri,k) + (1− bi,k) log(1− ri,k). (3)

The GMI estimation in (2) is different from the one used in
[13, Eq. (36)], for example. Computing the expression in [13,
Eq. (36)] for 4D modulation formats with 10 bits/symbol is
more computational demanding than (2), which is why we
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Fig. 2. Optimized 4D constellation via the autoencoder structure of Fig. 1 (a) for X and Y polarizations at optimum launch power and 4000 km (left).
Energy per symbol index (right) for the optimized constellation and PM-32QAM.

used (2) for the optimization process. On the other hand, since
(2) demands an ANN to compute the bit probabilities, the
adaptation of [13, Eq. (36)] for different a priori probabilities
is used to compare the performance of the different modulation
formats.

In our system, the geometric shaping ANN has 3 layers
with ReLU activation and a final layer with linear activation,
all densely connected and with 256 nodes. The probabilistic
shaping ANN has a similar structure, but with 2 layers with
ReLU activation instead of 3, and also an output layer with
linear activation function. We use a linear activation function
for the output layer since first we obtain the logits and then the
symbol probabilities. The m demapper ANNs are composed
by 4 densely connected layers with 256 nodes each, where
the first three activation functions are ReLU and the last one
is a sigmoid, since their outputs are bit probabilities. We sum
the GMI estimation of each channel and use the result as the
loss function for the system. The training was performed using
an ADAM optimizer as in [2] with learning rate 0.0005, and
exponential decays for first- and second-order moments given
by 0.9 and 0.999, respectively. The batch size was 2 and the
number of symbols for each channel per mini-batch was 213.
The simulations were run in single precision for approximately
300000 optimization iterations. The low batch size, number of
symbols per channel, and the choice of single precision was
due to memory limitations in the simulation.

We used two different systems, one for transmission and
one for optimization. This is to emphasize that the ANNs
present in the optimization are only used to obtain the symbol
probabilities and constellation points. Therefore, the system
complexity is the same as a standard 4D transmission1.

III. RESULTS

Fig. 2 shows the normalized constellations in X and Y
polarizations obtained via the autoencoder structure of Fig. 1

1The demapper, which could be a burden for 4D modulation formats, could
be implemented with a computationally efficient ANN [6]. However, the tested
transmission system was simulated without an ANN.

(b). The illustrated constellation is respective to one of the
outer channels. Although these constellations suggest sym-
metries in each polarization, these patterns were all learned
by the system without any constraint applied. Interestingly,
the probabilities for the learned constellations of all channels
converged to uniform probabilities. This uniform distribution
might indicate that the geometry of the constellation is more
important than its probability distribution at optimum launch
power for this relatively large number of constellation points
in 4D. Fig. 2 also depicts the energy of each symbol for
the learned constellation and for PM-32QAM, which also has
10 bits/4D-symbol. As shown in Fig. 2, the symbols have
a wide energy variation, indicating that an energy constrain
might not be necessary when optimizing for the nonlinear
optical channel. The learned constellation is not polarization-
multiplexed as in the case of PM-32QAM. The energy of two
specific symbols (A and B) is also highlighted.

Fig. 3 depicts the average GMI over the 5 channels for the
optimized constellation and traditional QAM constellations.
For these results, all channels were propagated with same
launch power since using the different learned launch powers
per channel by the autoencoder did not provide additional
gains. The left part of Fig. 3 shows the GMI versus dis-
tance at 4000 km (NS = 50 spans). At this distance, the
proposed constellation achieves an average of approximately
400 Gbits/symbol or 8 bits/symbol, which yields a spectral
efficiency of approximately 7.76 bits/s/Hz. The proposed con-
stellation also outperforms PM-32QAM by 0.3 bits/symbol at
optimum launch power. In addition, this constellation shows
better performance than PM-32QAM in the linear regime. The
performance of the optimized constellation is close to the
performance of PM-32QAM for NS = 44 spans (3520 km),
which indicates a 13.6% reach increase.

Fig. 3 (right) shows the net rate per channel versus
distance for the optimized constellation, PM-32QAM, PM-
64QAM, and PM-PS64QAM. The latter modulation for-
mat corresponds to probabilistic-shaped PM-64QAM using
a Maxwell–Boltzmann distribution. These results show that
the optimized constellation outperforms both PM-16QAM and



PREPRINT, DECEMBER 21, 2021 4

−5 −4 −3 −2 −1 0 1 2
6

6.5

7

7.5

8

8.5

4000 km

3520 km

0.3
b/symb

Input power [dBm]

G
M

I
[b

its
/4

D
sy

m
bo

l]

PM-32QAM 50 spans
Opt. const. 50 spans
PM-32QAM 44 spans

3,000 4,000 5,000 6,000 7,000 8,000

300

350

400

450

31%-39%
FEC OH41%-47%

FEC OH

20%-25%
FEC OH

32%-37%
FEC OH

≈
520 km

≈
8.7%

6 sp.
480 km

≈
13.6%

≈
340 km

Distance [km]

N
et

da
ta

ra
te

s
[G

bi
ts

/s
ec

on
d]

PM-16QAM
PM-32QAM
PM-64QAM
PM-PS64QAM
Opt. const.

Fig. 3. GMI results versus input power (left) and net rates versus distance (right). The learned constellation is compared with standard QAM modulation
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PM-32QAM for all the displayed distances, and outperforms
PM-64QAM for distances higher than 3500 km. Between 4000
and 4800 km, the forward error correction (FEC) overhead
(OH) to obtain the data rate given by the optimized con-
stellation is between 20% and 25%, while for PM-64QAM,
a FEC OH between 32% and 37% is necessary to obtain
similar data rates. At 6000 km, PM-64QAM can achieve
approximately 334 Gbits/symbol with a respective FEC OH
of 44%. For the same net rate, the optimized constellation
has a reach increase of approximately 520 km (8.7%) with
respect to PM-64QAM and 340 km (5.5%) with respect to
PM-PS64QAM, while demanding a FEC OH of 33%. The
increased distance indicates a better nonlinear tolerance for
the optimized constellation, while also keeping a lower FEC
complexity than PM-64QAM.

Other 4D modulation formats can be found on the literature,
for example in [16]. However, as reported in [17], these
constellations perform suboptimally in terms of GMI when
compared to PM-MQAM formats with the same number of
bits/symbol. In addition, finding a binary labeling for those
4D constellations is challenging [17].

IV. CONCLUSIONS

We have presented a 4D 10 bits/symbol modulation format
which outperforms standard PM-32QAM and PM-64QAM at
distances greater than 3500 km. The proposed constellation
was obtained via an autoencoder structure, where the split-
step Fourier method was used as the channel model. The
gains were mainly driven by geometric shaping, since the
symbol probabilities converged to a uniform distribution. The
resulting symbols had a wide energy variation, contradicting
forced constant energy approaches used in the literature.
Future works include developing 4D modulation formats with
even more than 10 bits/symbol and to include additional fiber
impairments.
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