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Stability Analysis of Microgrid Islanding Transients
based on Interconnected Dissipative Subsystems

M.H. Roos, Student Member, IEEE, P.H. Nguyen, Member, IEEE, J. Morren, Member, IEEE,
and J.G. Slootweg, Senior Member, IEEE

Abstract—To ensure successful islanding of microgrids after
a fault has occurred, the transient stability should be analyzed
under a set of expected operating conditions during the design
and operation of microgrids. Transient stability analysis is
conventionally performed with time-domain analysis which is
computationally expensive and does not quantify the stability
margin. Energy-based methodologies can determine the stability
margin, however existing methodologies require significant sim-
plifications to be applied to the microgrid model. The energy-
based stability analysis methodology proposed in this paper en-
ables the analysis of high-dimension nonlinear microgrid systems
and quantification of the stability margin within reasonable time.
The performance of the methodology is validated by analyzing a
case study microgrid and comparing the results to time-domain
analysis and to a state-of-the-art methodology proposed in the
literature. The results indicate that the proposed methodology
has a significantly lower computational burden and similar
accuracy compared to existing energy-based methodologies. The
methodology is able to improve the probability of stable islanding
of the case study microgrid from 74% up to 94% when only
optimizing the design, and up to 100% when optimizing design
and control actions.

Index Terms—Power system stability, Microgrids, Power sys-
tem transients, Lyapunov methods, Islanding.

NOMENCLATURE

Notation
f ,gfi ,gsi Fault, grid-feeding islanding, grid-supporting

islanding stages.
ẋ Time derivative of x.
blkdiag
i=1···I

(Ai) Block-diagonal matrix consisting of Ai∀i =

1···I .
[a×b] Matrix with a rows and b columns.
0a×b Matrix of a by b zeros.
d,dc Design, design and control optimized.

Model Parameters

VDC Primary DC source voltage.
Rdc, Ldc, CdcDC-link resistance, inductance, capacitance.
Kppll,Kipll Proportional, integral PLL controller gains.
Kpc,Kic Proportional, integral current controller gains.
Kpv,Kiv Proportional, integral voltage controller gains.
rf , Lf Inverter-side LCL filter resistance, inductance.
rc, Lc Grid-side LCL filter resistance, inductance.
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Cf LCL filter capacitance.
Vtri Amplitude of the PWM driver signal.
Ilim, Tlim Current, torque limit.
ωc Droop control low-pass filter bandwidth.
RL, LL, CL Load resistance, inductance, capacitance.
Fr, J Friction, inertia coefficients.
Kpω,Kiω Proportional, integral speed controller gains.
Kpt,Kit Proportional, integral torque controller gains.
Kpf Proportional, integral flux controller gain.
Rs, Rr Stator, rotor resistance.
Ls, Lr, Lm Stator, rotor, mutual inductance.
Rline, Lline Line resistance, inductance.
Vn, ωn Nominal voltage, frequency.

I. INTRODUCTION

WHEN a fault occurs nearby a microgrid, the microgrid
may transition from grid-connected to islanded opera-

tion to continue the supply of (part of) the load in the network
[1]–[3]. During the fault-initiated islanding (FII) transient, part
of the distributed energy resources (DERs) and load may drop-
off, and instability can occur [3]–[5].

The stability characteristics of microgrids differ from con-
ventional power systems e.g. due to their high penetration of
inverter-based DERs, coupling between voltage and frequency,
and short line length. The stability phenomena in microgrids
can be classified into (i) control system (in)stability and (ii)
power supply and balance (in)stability [6]. Control system
instability generally occurs due to poorly tuned controllers or
desynchronization of DERs, while power supply and balanced
instability is caused by a (temporary) lack of generation
capacity. Both types of stability can occur during or after FII
transients.

The transient stability of FII microgrids has been previously
analyzed by [3], [4], [7]. The effects of inverter control and the
type of load on FII stability is investigated by [4], the impact of
inverter control-mode switching delay and the demand/supply
ratio is analyzed by [3], and the effect of different fault types
is shown by [7]. To prevent instability during or after FII,
rigorous transient stability analysis of the FII transient should
be performed during the design of a microgrid.

Since the conditions of the resulting microgrids are highly
variable due to intermittent (renewable) generation, load vari-
ation and structural variation, stability of the FII transient
should be analyzed under different operating conditions, fault
locations and fault types during the design of the microgrid.
However due to the large number of conditions which can
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occur, it may be infeasible to analyze the stability under all
conditions in advance. Therefore, on-line FII stability analysis
may be continuously performed to prepare for unplanned FII
during microgrid operation based on a smaller set of (short-
term) forecast conditions.

To allow optimization of the microgrid design and control
actions, the stability of microgrids should be quantified during
the stability analysis. However, most large-signal stability
analysis of microgrids in the literature is performed with time-
domain analysis [8], which only provides an open-form stabil-
ity verdict (i.e. for a single initial condition) and does not quan-
tify the stability margin. In contrast, energy-based stability
analysis provides a closed-form stability verdict and quantifies
the stability margin with the domain of attraction (DOA).
Several energy-based methodologies have been proposed in the
literature based on Brayton-Moser’s mixed potential, block-
diagonalized quadratic Lyapunov function (BDQLF), Sum-of-
squares (SOS) programming and Takagi-Sugeno (TS) multi-
modeling [9]–[12]. Both Brayton-Moser’s and BDQLF pro-
vide a relatively conservative estimation of the DOA [9], [11].
An advantage of SOS programming is that it can be more
accurate (i.e. less conservative) than TS multimodeling when
a polynomial Lyapunov function of order higher than two
is used [11]. However, this also increases computation time
which makes it less suitable for on-line stability analysis.
An advantage of TS multimodeling is that the stability of a
nonlinear system is determined by analyzing linear matrices,
allowing the use of some methodologies intended for linear
systems on nonlinear systems [13].

While the analysis of transient stability of conventional
power systems can often be based on stability analysis of
individual subsystems, the transient stability of microgrids
should be analyzed with system-wide nonlinear stability anal-
ysis due to the strong coupling between the subsystems and
system states [6]. However most of the literature using energy-
based stability analysis treats the individual components of
microgrids e.g. DERs and loads [14], as the application of the
aforementioned approaches to systems with a high number
of nonlinear terms is infeasible. Some system-wide microgrid
stability studies have been performed with simplifications.
In [10], the stability of a generic autonomous microgrid is
analyzed by reducing the number of nonlinear terms with a
simple load model and small phase angle assumption. The
stability of a simplified DC microgrid model with a constant
power load is analyzed based on energy functions by [11].
Another study is performed by [15] where the stability verdict
of an autonomous microgrid is based only on synchronization
of the droop controllers.

To enable energy-based stability analysis for high-
dimension nonlinear microgrids without simplifications, the
microgrid system can be divided into a set of interconnected
subsystems. Methodologies for the stability analysis of inter-
connected subsystems have been proposed in the literature,
however most approaches proposed in the literature assume
that the interconnection between the subsystems is ”weak”
(i.e. the interactions are relatively small) [13], [16], which
makes these approaches not applicable to microgrids due to
their strong coupling [6].

A methodology for estimation of the DOA based on nonlin-
ear decoupling is proposed by [17]. The nonlinear decoupling
allows the analysis of first-order and second-order quadratic
systems from which the DOA can be derived with relatively
low computation burden. However, the methodology is suitable
for systems with solely quadratic nonlinearities, which is not
generally applicable in AC microgrids.

Dissipativity theory enables stability analysis of dynamical
systems based on the concept that a system is stable if the
total energy of a system decreases over time [18], [19]. A
thorough analysis of the generation of energy functions for
interconnected linear systems based on dissipativity theory is
provided by [20], [21]. However, this has so far not been
extended to interconnected nonlinear microgrid systems in the
literature.

To enable optimization of the design and control actions of
high-dimension nonlinear microgrids based on quantification
of the stability margin, this paper proposes an energy-based
stability analysis for nonlinear interconnected microgrid sys-
tems based on TS multimodeling and dissipativity theory. To
apply this analysis to FII transients, the drop-off of DERs and
loads is determined with the drop-off analysis methodology
also proposed in this paper. The stability analysis methodology
is used to optimize the microgrid design and control actions
based on the probability of stable islanding, stability margin
and cost of a case study microgrid.

The main contributions of this paper are:
1) Proposition of a methodology for estimation of the DOA

of high-dimension nonlinear microgrid systems which is
used to optimize microgrid design and control actions for
stable fault-initiated islanding.

2) Proposition of a methodology to determine the DER and
load drop-off during FII transients.

3) Validation of the accuracy and speed of the stability anal-
ysis and drop-off methodologies by comparing to time-
domain analysis and an existing energy-based methodol-
ogy.

4) Demonstration of the microgrid design and control action
optimization methodology in a FII microgrid case study.

The background theory required for the stability analysis
methodology is discussed in the next section. In section III
the stability analysis and optimization methodology, drop-
off analysis methodology, and case study are described. The
validation and case study results are given in section IV
and discussed in section V. Finally, conclusions are given in
section VI.

II. THEORY

A. Autonomous microgrid state-space model

Microgrids can be modeled in the dq reference frame
in nonlinear form ẋ(t) = A(x(t))x(t) + Bc as proposed
by [10], [22] and shown in Appendix A, where x(t) are
the system states, A(x(t)) is the nonlinear system matrix
and Bc is the input. The system can be transformed to an
autonomous system ˙̃x(t) = A(x(t))x̃(t) with preservation of
dynamics by shifting the equilibrium point to the origin where
x̃(t) = x(t) − xeq where xeq is the equilibrium point [23].
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From this point onward the states after the change of variables
will be denoted by x(t) (with exception of Appendix A).

B. Takagi-Sugeno multimodeling

Nonlinear autonomous systems can be described as TS
multimodels of the form ẋ(t) =

∑M
m=1 hmAmx(t), where M

is the number of local models and hm are the membership
functions [13]. As is evident from the model, a nonlinear
system can be represented by a sum of local linear models
with the associated membership functions. The local linear
models are created by setting the nonlinear terms in the system
matrix A(x(t)) to constant minimum and maximum values
fmin, fmax, which can be obtained for different combinations
of state values x. This modeling approach can be used for
nonlinear models containing one-to-one function nonlinearities
in the studies domain and has been used for e.g. multiplication,
division, exponential and square root nonlinearities [9], [13].
A stability analysis methodology for autonomous nonlinear
systems based on this principle was proposed by [9], which
is used by many researchers due to its effectiveness and
simplicity [10], [24]. However since all possible combinations
of fmin and fmax have to be analyzed, the number of linear
matrix inequalities (LMIs) which has to be solved is equal to
2NLT , where NLT is the number of unique nonlinear terms
in the system matrix. Therefore, the analysis of models with
a high number of nonlinear terms is infeasible.

C. Domain of attraction

The DOA of a system is a region around a stable equilibrium
point in which the states of the system converge to the equi-
librium point over time as defined by (1). Where φ(t, x0) is
the solution of the autonomous system, with x(t) ∈ D ⊂ Rn.

DOA =
{
x0 ∈ D| lim

t→∞
φ(t, x0) = 0

}
(1)

Expression (1) is difficult to evaluate analytically, however
it is recognized that a system converges to a stable equilibrium
point when the total energy of the system decreases over time
[23]. A conservative estimate of the size of the DOA described
by energy-function V (x(t)) can then be made according to
(2), where r is a positive scalar, V (x(t)) ≥ 0, V (0) = 0 and
DOAest ⊂ DOA.

DOAest =
{
x(t) ∈ Rn|V (x(t)) ≤ r ∧ V̇ (x(t)) < 0)

}
(2)

D. Interconnected dissipative systems

The requirements of (2) are fulfilled when a system is
dissipative according to the dissipation inequality described
by (3) [18], [19]. The energy stored in the system is described
by energy-function V (x(t)) ≥ 0, while the energy supplied to
the systems is described by s(v(t), w(t)) in (4).

V (x(tk)) ≤ V (x(tk−1)) +

∫ tk

tk−1

s(v(t), w(t))dt (3)

s(v(t), w(t)) =

[
v(t)
w(t)

]T [
Q S
ST R

] [
v(t)
w(t)

]
(4)

Here, v(t) and w(t) are the input and output of the system,
Q and R are symmetric matrices, and S is a real matrix. From
this point onward, the time dependencies (t) are no longer
noted in equations.

A microgrid consists of multiple subsystems, where the total
energy in the system can be described by the sum of the
energy-functions of the subsystems and the interconnections
can be described as supply functions [21], [25]. As described
by [20], [21], a system consisting of interconnected linear
subsystems is stable if:

1) The subsystems are dissipative with respect to their
supply functions.

2) The interconnections between the subsystems are neutral,
which is true for subsystems i and j when sij(vi, wi) +
sji(vj , wj) = 0.

To test the dissipativity of each subsystem i ∈ I , (5) is
solved for each subsystem, where Ji are the interconnections
of subsystem i, Pi = PTi > 0, and the decision variables
are: Pi, Qij , Sij , Rij . To ensure that the interconnections are
neutral Qij = −Rji, Sij = −STji. If subsystem i has a state
vector x with length n, and input and output state vectors v
and w have lengths o and p, the sizes of the matrices are:
A

[n×n]
i,m , B[n×o]

i , C [p×n]
i , Q[o×o]

i , S[o×p]
i , R[p×p]

i .


I 0

Ai,m Bi
0 I
Ci 0


T 

0 Pi 0 0
Pi 0 0 0
0 0 −Qi −Si
0 0 −STi −Ri




I 0
Ai,m Bi

0 I
Ci 0

 ≺ 0

Where: Bi = [Bi1,··· , BiJi ], Ci = [CTi1,··· , C
T
iJi ]

T

Qi = blkdiag
j=1···Ji

(Qij), Si = blkdiag
j=1···Ji

(Sij), Ri = blkdiag
j=1···Ji

(Rij)

(5)

The subsystems with neutral interconnections are dissipative
in the region where (5) is feasible. As the total energy stored
in the system is the sum of the energy in the subsystems, the
energy-function is described by (6) [21].

V (x) =

I∑
i=1

xTi Pixi (6)

E. Stability through fault-initiated islanding transients

As discussed in [5], the FII transient consists of a sequence
of three stages: fault, grid-feeding islanding (GFI) and grid-
supporting islanding (GSI). The microgrid is in the fault stage
after the fault occurred, after islanding the microgrid is in the
GFI stage and the microgrid is in the GSI stage after the DER
switched to grid-supporting control mode.

This paper proposes Theorem II.1 to determine whether the
system states will converge from the initial conditions to the
equilibrium point of the GSI stage. The Theorem is based on
the convergence of the states to the equilibrium points during
each stage as shown in Fig. 1.

Theorem II.1. Let DOAfest, DOA
gfi
est , DOA

gsi
est be the esti-

mated DOAs of the fault, grid-feeding islanding and grid-
supporting islanding stages, let xfeq and xgfieq be the equilib-
rium points of the fault and grid-feeding islanding stages, and
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x1

x2

x0

xeq
gfi

xeq
gsi

: State trajectory: Equilibrium point

: DOAest
f : DOAest

gfi : DOAest
gsi

xeq
f

Fig. 1: 2D phase plane representation of example system state
trajections from initial conditions (x0) to equilibrium of the GSI stage
(xgsieq ) according to Theorem II.1.

let x0 be the states of the microgrid at the fault instant. If
the convergence of the microgrid states is fast so that they are
sufficiently close to the equilibrium point at the end of each
stage, the microgrid is stable through the FII transient when
the following stability verdict expression is true:

{xo} ∈ DOAfest{
xfeq
}
∈ DOAgfiest{

xgfieq

}
∈ DOAgsiest

Proof. In case of stable FII, the system states will move from
the initial conditions x0 towards xfeq during the fault stage if
x0 ∈ DOAfest. If the states reach xfeq within the fault stage,
the system states will move from xfeq towards xgfieq during the
GFI stage if xfeq ∈ DOA

gfi
est . If the states reach xgfieq within

the GFI stage, the systems states will finally move from xgfieq

towards xgsieq during the GSI stage if xgfieq ∈ DOAgsiest. This
is based on the assumption that the system states converge
close to the equilibrium points of each stage, which is valid
in microgrids with fast dynamics as shown in Fig. 11.

Note that equilibrium points should exist for each stage
of the FII transient to apply Theorem II.1. A lack of an
equilibrium point may occur during the fault stage if load
devices are modeled as ideal constant power loads [26], [27].
This type of model absorbs an unrealistically high current
during the fault stage, while practical load devices would
drop-off. However, the load models used in this paper have a
constant impedance characteristic or include drop-off behavior,
as discussed in Appendix A.

III. METHODOLOGY

The methodologies proposed in this paper allow stability
analysis and optimization of FII microgrids under different
conditions based on the theory described in section II. The
methodologies are demonstrated with a case study described
in this section.

Drop-off
analysis

Estimate DOA
for all stages
(Algorithm 1)

Divide models
into subsystems

Microgrid
model

TS multimodels
of subsystems

∀ stages

Stability
verdict

Theorem
2.1

Fig. 2: Stability analysis methodology.

Calculate
equivalent load

impedance

Load flow
analysis

PLL model

Update 
drop-off

ωt Vt

Vt-1, ωt-1

t >= tend?

No

Yes

t+1

StopMicrogrid
model

Fig. 3: Drop-off analysis methodology.

A. Stability analysis methodology

The proposed stability analysis methodology is shown in
Fig. 2. The methodology initializes by performing drop-off
analysis to determine the operational DERs and loads during
each stage of the FII transient as described in section III-A1.
Then, the microgrid models of the different FII stages are
divided into subsystems to reduce the computational burden
of the DOA estimation as described in section III-A2. To
allow the theory described in section II-D to be applied, all
subsystem models are transformed into TS multimodels as
described in section III-A3. The size of the DOA is then
estimated for each stage by increasing and decreasing the value
of the fmax and fmin terms in the TS multimodels to search
the region in which: (i) the subsystems are dissipative and
(ii) the interconnections are neutral. As described in section
III-A4, the boundary of the estimated DOA is found when
(5) is no longer feasible. To analyze the stability through the
FII transient, Theorem II.1 is applied as described in section
III-A5.

1) Drop-off analysis: The drop-off analysis methodology is
used to determine what DERs and loads remain operational
during and after the islanding transient. To determine the
voltage and frequency in the microgrid over time, a method-
ology based on load flow calculations and a quasi steady-state
PLL model is proposed, so computationally intensive EMT
simulations of the full microgrid model are not required.

The methodology shown in Fig. 3 is initialized with all
DER and load devices in operation. According to the drop-off
behavior at each time-step of the simulation, the equivalent
impedance of each load device is calculated. The equivalent
impedance of constant current and constant power load de-
vices is described by Zeq,ci = Z0

V
Vn

and Zeq,cp = Z0
V 2

V n
respectively, where Z0 is the load impedance at the nominal
voltage Vn.

The voltage in the nodes of the microgrid is determined
by performing a load flow analysis similar to the method-
ology proposed by [28]. However, this methodology cannot
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be directly applied to islanded microgrids during the grid-
feeding stage as there is no slack bus or voltage controllers
in the network. Therefore, the voltage at the load nodes is
firstly calculated according to the branch currents and the
equivalent impedance. Secondly, the voltages of other nodes
are calculated from the branch currents and the branch-current
to bus-voltage as described by [28].

The frequency in the microgrid is determined according to
the self-synchronization PLL model proposed for a single DER
and load by [29]. However, as there are usually multiple DERs
in the network, equivalent DER parameters are determined as
described by [30] and used in the PLL model.

The voltage and frequency in the microgrid are determined
for every time-step, which allows to check and update the
drop-off all DER and load devices at each time step. DER
and load devices drop-off when the voltage and/or frequency
limits are violated for a duration larger than a time limit set
in the controllers of the devices. When a device drops-off, the
equivalent load impedance and the PLL model are updated.

2) Divide model into subsystems: As the number of
LMIs to be solved with the proposed approach is equal to∑I
i=1 2NLTi , where I is the number of subsystems with

NLTi the number of unique nonlinear terms in subsystem
i ∈ I , the computation time is minimized when the number of
unique nonlinear terms are equally divided over the subsystem
models. To reach this objective, the DER with the highest
power rating and linear loads are considered as the main
subsystem. All other (nonlinear) DERs and loads in the
network are considered as separate subsystems connected to
the main subsystem.

Each interconnected subsystem of the autonomous nonlinear
system is described by (7). Where Ai(xi) is the nonlinear
system matrix of subsystem i, Bi and Ci are the input and
output matrices of subsystem i to the connected subsystems,
xi are the states of subsystem i, and wi and vi are the inputs
and outputs of subsystem i.[

ẋi
vi

]
=

[
Ai(xi) Bi
Ci 0

] [
xi
wi

]
(7)

3) Takagi-Sugeno multimodels of subsystems: Before the
DOA can be estimated, the nonlinear subsystem models are
transformed into TS multimodels, where the nonlinearities
take minimum fmin or maximum fmax values. As discussed
in II-B, this will lead to a total of 2NLTi system matrices
Ai,m where NLTi is the number of unique nonlinear terms
in the system matrix Ai(x) of subsystem i and m ∈ Mi ={

1,··· , 2
NLTi

}
denote the TS multimodels of subsystem i.

Note that
∑I
i=1 2NLTi is much smaller than 2NLT in high-

dimension nonlinear microgrids with multiple subsystems.
4) Estimate domain of attraction: As discussed in section

II-D, a linear system is stable if the subsystems are dissipative
and the interconnections are neutral. The region in which a
nonlinear microgrid is stable can therefore be analyzed by
utilizing the linear system matrices Ai,m of the TS multimod-
els. As described by Algorithm 1, this region is determined
by initially setting the nonlinear terms fmin and fmax to
the equilibrium point (xmin = xmax = 0), and iteratively
decreasing and increasing the nonlinear terms while checking

Algorithm 1: Estimate the domain of attraction.
Result: fmin, fmax, V (x), DOAest
set xmin = xmax = 0;
set Pi = 0 ∀ i ∈ I;
while (5) is feasible do

Solve (5) for Pi, Qij , Sij , Rij ∀ i ∈ I ∧ m ∈M ;
if feasible then

Decrease fmin by modifying xmin;
Increase fmax by modifying xmax;
Pi,save = Pi ∀ i ∈ I;

else
x∗ = x at the boundary of stability;

end
end
V (x) =

∑I
i=1 x

T
i Pi,savexi;

r = V (x∗);
DOAest = {x|V (x) ≤ r}

Microgrid
models

Evaluate
objective
functions

GA: create new
microgrid
designs N

Converged?

Calculate stable
islanding

probability

Stability
analysis

Microgrid
conditions

G

Optimal
microgrid

design

∀ n ∈ N, g ∈ G ∀ n ∈ N

Fig. 4: Microgrid design optimization methodology.

if (5) is feasible ∀i ∈ I ∧ m ∈ Mi. The region found is an
estimation of the DOA as the subsystems of the IBMG are
dissipative with neutral interconnections.

5) Stability verdict of the fault-initiated islanding transient:
When the DOAs of the microgrid during each stage are
determined, the stability of the microgrid during the FII
transient can be analyzed with Theorem II.1. The distance
between the equilibrium points of the different stages, and
between the equilibrium points and the initial conditions are
determined with (8), where xieq are the state values at the
equilibrium point of stage i and x0 are the initial conditions.
Then, the conditions of Theorem II.1 can be tested by (9).

∆xi,jeq = xieq − xjeq, ∆xi,0eq = xieq − x0 (8)

{
∆xf,0eq

}
∈ DOAfest{

∆xgfi,feq

}
∈ DOAgfiest{

∆xgsi,gfieq

}
∈ DOAgsiest

(9)

B. Microgrid optimization methodology

The microgrid optimization methodology is initialized by
generating microgrid models from an initial population of
microgrid designs N with different randomized parameters,
reflecting different designs and/or control actions. To generate
probabilistic stability results, each microgrid design is ana-
lyzed under operating conditions G.
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DC
Source 1

Zline1

RLC
load

VFD
load

DC
Source 2

Zline2

Zline3

Ext.
Grid

PCC

DER1 DER2

Fig. 5: Case study microgrid.

The resulting microgrid models are analyzed with the sta-
bility analysis methodology proposed in section III-A. When
the stable operating conditions for each microgrid design are
known, the probability of stable islanding for each microgrid
design is calculated by using the probability of the operating
conditions. At this point the stability of each microgrid n ∈ N
is quantified by the size of DOAest for each stage and under
different conditions, and the probability of stable islanding.
These quantities are used to evaluate the objective function
of each microgrid design, which in turn is used by a genetic
algorithm to generate more optimal populations of microgrid
designs. The methodology is executed until the maximum
objective function value does not increase for a preset number
of iterations (two iterations in this paper).

Multiple objectives are optimized to determine the optimal
microgrid design or control actions. Therefore the objec-
tive function in (10) is described by the weighted sum of
three terms, where ps is the probability of stable islanding,
DOAstageest,g and DOAstagereq,g are the estimated and required DOA
of the stage under conditions g ∈ G, and C is the cost
of the microgrid design and control actions required during
operation. The required DOA for each stage and condition
DOAstagereq,g is defined as the minimum size of the DOA to
fulfill the conditions of Theorem 2.1.

fobj = α1ps+α2

G∑
g=1

3∑
stage=1

(
DOAstageest,g

DOAstagereq,g

− 1

)
−α3C (10)

Genetic algorithms (GAs) are widely used in the literature
as they can be applied to many optimization problems with
minimal required knowledge about the optimization problem.
The GA in this paper generates a population of N = 15 micro-
grid designs with different parameters per iteration. The GA
initializes the stability analysis and optimization methodology
with randomly selected microgrid parameters. To generate a
new set of microgrid parameters, the GA selects the five most
optimal population members and combines their properties.
There is a probability of 5% that a property of a population
member is mutated to a random variable.

C. Case study

A case study of the microgrid shown in Fig. 5 is ana-
lyzed to demonstrate the effectiveness of the methodologies
proposed in this paper. The microgrid consists of a battery
energy storage system (DER1), a PV system (DER2), a

constant impedance RLC load and a variable frequency drive
(VFD) load driving a constant torque load. Both DERs can
switch from grid-feeding to grid-supporting control mode.
The modeling of the microgrid in the dq reference frame are
described in Appendix A. The case study in this paper has
two modifications to improve the condition number of the
system matrices, making the LMIs accurately solvable. Firstly,
the trigonometric terms in the system matrices are replaced
by their seventh order Taylor expansion. If the phase angle
terms are not replaced, the associated columns of the system
A matrices are empty causing the matrix to be ill-conditioned.
Secondly, the current and torque limiting sigmoid functions
are removed. This reduces the number of nonlinear terms,
allowing the estimation of the DOA with the methodology
proposed by [9] within reasonable time.

1) Drop-off analysis validation: To validate the drop-off
analysis methodology, the voltage, frequency and drop-off
after islanding of the case study microgrid are determined with
the drop-off analysis methodology and compared to the results
of an EMT simulation using the models proposed in [31].
The active power references of both DERs are P ∗1,2 = 5kW,
the VFD load torque is Tm = 20Nm, and the parallel RLC
load resistance, inductance and capacitance are RL = 9.07Ω,
LL = 0.505H and CL = 201µF respectively.

2) Stability analysis validation: To validate the stability
analysis methodology, the DOAs of the microgrid during the
fault, GFI and GSI stages are determined with the proposed
methodology and compared to the results of the methodologies
proposed by [9] and [24], and time-domain analysis results.
The active power references of both DERs are P ∗1,2 = 7.5kW,
the VFD load torque is Tm = 40Nm, and the parallel RLC
load resistance, inductance and capacitance are RL = 15.9Ω,
LL = 0.505H and CL = 20.1µF respectively. The LMIs
are constructed and solved using the YALMIP toolbox and
MOSEK solver. As discussed before, the computation time
of the proposed methodology is dependent on the number of
unique nonlinear terms in the system matrix as this determines
the number of LMIs which have to be solved. By fixing some
of the states that appear in nonlinear terms of the system
matrix to zero (the equilibrium point), an analysis of the
computation time for different numbers of unique nonlinear
terms is performed.

3) Microgrid design and control action optimization: To
validate the microgrid design optimization capability of the
proposed methodology, the power rating of DER1 (S1) and the
DC-link capacitors of both DERs (Cdc1, Cdc2) are optimized.
Subsequently, the active power reference (P ∗) and droop
control parameters (mp1, nq1) of DER 1 are optimized to
demonstrate the microgrid control action optimization capa-
bility. The DER2 solar irradiation probability is described
by a Beta distribution with shape parameters α = 4 and
β = 2, while the load probability is described by a lognormal
distribution with shape parameters µ = 0 and σ = 0.69 [32].
Five samples are taken from both probability distributions and
combined to a total of G = {g1,··· , g25} microgrid conditions
to be analyzed. The DER2 irradiation is such that the power
rating can vary between 1kVA and 10kVA, while the RLC load
resistance and VFD load torque vary between RL = 7.94Ω,
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Fig. 6: Frequency and RMS load voltage after switching to islanded
operation with DERs in grid-feeding control mode at t = 0.05s.

RL = 31.7Ω and Tm = 10Nm, Tm = 60Nm respectively.
During the microgrid design optimization, the droop control
parameters of DER1 and DER2 are mp1 = 8.125

S1
, nq1 = 0.1π

S1

and mp2 = 9.75
S2
, nq2 = 0.12π

S2
respectively, while the active

power references are equal to 75% of nominal power. The fault
and GFI stages both have a fixed duration of 0.2 seconds. The
cost of the DER1 power rating and DC-link capacitors is equal
to 1e/VA and 105e/F and are constrained to a maximum of
100kVA and 10mF respectively.

To analyze the impact of the optimization parameters on
the solution, the cost and performance of microgrids after
design optimization (V arxd), and after design and control
optimization (V arxdc) with different optimization parameters
according to table I are compared.

IV. RESULTS

A. Drop-off analysis validation

The frequency and load (RMS) voltage in the case study
microgrid resulting from EMT simulations and drop-off anal-
ysis before and after switching to islanded operation are
shown in Fig. 6. After switching to islanded operation at
t = 0.05s, both the voltage and frequency in the network
decrease as there is a generation deficiency and the load is
dominantly capacitive. Around t = 0.3s, the VFD drops-off
and the voltage increases. The computation time of the EMT
simulation is 288 seconds, while the computation time of the
drop-off analysis methodology is 0.86 seconds. The voltage,
frequency and drop-off in the microgrid over time determined
by the drop-off analysis methodology are very similar to the
results of the EMT simulation, while the computational burden
is significantly smaller. This allows the drop-off analysis
methodology to be used in iterative algorithms such as the
stability analysis and optimization methodology proposed in
this paper.

B. Stability analysis validation

To visualize DOAgsiest and time-domain analysis results, two-
dimensional projections are generated of the results of the pro-
posed methodology (DOA1), [9] (DOA2), [24] (DOA3) and

TABLE I: Objective function parameter variations during sensitivity
analysis.

Var1 Var2 Var3 Var4 Var5 Var6 Var7
α1 104 106 102 104 104 104 104

α2 104 104 104 106 102 104 104

α3 1 1 1 1 1 10 0
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Fig. 7: DOAgsiest of DC-link voltage states (x1, x2) with DC-
link capacitances of 500µF determined with the proposed method
(DOA1), [9] (DOA2), [24] (DOA3) and time-domain analysis (x,o).
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Fig. 8: DOAgsiest of DC-link voltage states (x1, x2) with DC-link
capacitances of 20µF determined with the proposed methodology
(DOA1), [9] (DOA2), [24] (DOA3) and time-domain analysis (x,o).

the time-domain analysis. The projection of the maximum DC-
link voltage deviation from the GSI stage equilibrium point
of both DERs with a DC-link capacitance of Cdc = 500µF
and Cdc = 20µF are shown in Fig. 7 and 8 respectively. The
maximum reactive power deviation of DER1 and phase angle
deviation of DER2 from the GSI stage equilibrium point with
the original and three times larger droop control parameters
are shown in Fig. 9 and 10 respectively. Projections onto the
mentioned states are chosen as they occur in nonlinear terms
of the system matrix, and deviations of these variables can
cause power balance and control system instability [5], [6].
The maximum state deviations from the stable equilibrium
points determined by the proposed methodology and time-
domain analysis are given in table II.

A comparison of the computation times of the methodology
proposed in section III and [9] for different numbers of unique
nonlinear terms in the system matrix is shown in table III.
Table III also shows the computation time of [24] in case of
NLT = 14, as variation of NLT is not straightforward. The
computation time of the proposed methodology is significantly
smaller than [9] as the number of LMIs which have to be

TABLE II: Maximum state deviation from the equilibrium point dur-
ing different stages determined by proposed approach/time-domain
analysis.

State Fault GFI GSI
Vdc1 (V) 544/570 608/630 496/590
Vdc2 (V) 496/570 608/630 512/620
|θ1 − θ2| (rad) 1.26/1.57 2.34/2.51 0.164/0.173
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Fig. 9: DOAgsiest of DER1 reactive power (x1) and DER2 phase
angle (x2) with original droop control parameters determined with
the proposed methodology (DOA1), [9] (DOA2), [24] (DOA3) and
time-domain analysis (x,o).
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Fig. 10: DOAgsiest of DER1 reactive power (x1) and DER2 phase
angle (x2) with larger droop control parameters determined with the
proposed methodology (DOA1), [9] (DOA2), [24] (DOA3) and time-
domain analysis (x,o).

solved and the number of unknowns per LMI is considerably
smaller. The computation time of the proposed methodology is
also smaller than [24] as the total number of unknowns which
have to be solved is smaller.

To validate whether Theorem II.1 can be applied to nonlin-
ear microgrids, the convergence of the states of the microgrid
during each stage is analyzed with time-domain analysis as
shown in Fig. 11. The states of the microgrid converge close
to their equilibria within 0.2s, which allows Theorem II.1 to
be used.

C. Microgrid design and control action optimization

The resulting properties and parameters of microgrid opti-
mization with the different parameters in table I are shown
in table IV, where (U) is the unoptimized microgrid design
which is also used for validation of the stability analysis.

TABLE III: Number of LMIs to be solved and computation time of
solving a single iteration with different numbers of unique nonlinear
terms being varied. NLT : unique nonlinear terms.

Method Property NLT

3 6 9 12 14

Proposed LMIs 6 12 24 48 80
Time (s) 0.126 0.205 0.396 0.714 1.03

[9] LMIs 8 64 512 4096 16384
Time (s) 2.18 18.87 187.1 1640 7098

[24] Time (s) - - - - 3.84
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Fig. 11: Convergence of microgrid states during a FII transient with
the fault at t = 1s, islanding at t = 2s and DERs control-mode
switching at t = 3s. (a):load voltage (V). (b):DER1 output current
(A). (c):DER1 DC-link voltage (V). (d):phase angle (rad).
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Fig. 12: DOAgsiest of DER1 reactive power (x1) and DER2 phase
angle (x2) for unoptimized (U), design optimized (Var1d, Var7d), and
design and control optimized (Var1dc, Var7dc) case study microgrid
designs.

The average computation time of a single iteration of the
optimization methodology shown in Fig. 2 is 926 seconds,
while on average 6 iterations were required until the microgrid
design and control actions converged, resulting in an average
computation time of 5556 seconds.
DOAgsiest of the unoptimized (U), two design optimized

(Var1d, Var7d), and two design and control optimized (Var1dc,
Var7dc) microgrids are projected onto the reactive and phase
angle systems states are shown in Fig. 12. Time domain
simulations are performed with initial conditions x0a, x0b and
x0c as shown in Fig. 12, all designs are stable for x0a, only
the unoptimized design is unstable for x0b and all designs are
unstable for x0c.

The load voltage, phase angle and DER DC-link voltages

of the U, Var1dc, Var7dc and Ṽar7dc microgrid designs during
a FII transient are compared in Figs. 13, 14, 15 and 16.

Microgrid design Ṽar7dc is equal to design Var7dc with droop
parameter optimization constraints mp ≥ 0.1 and nq ≥ 0.1.
The irradiation of DER2 is 5kW, the VFD load torque is
Tm = 30Nm, and the RLC load resistance, inductance and
capacitance are RL = 15.9Ω, LL = 0.505H and CL =
200.6µF respectively. The DC-link voltage of DER1 of design
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Fig. 13: Load voltage magnitude during a FII transient with the fault
at t = 0.2s, islanding at t = 0.4s and DERs control-mode switching
at t = 0.6s.
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Fig. 14: Phase angle between DER1 and DER2 during a FII transient
with the fault at t = 0.2s, islanding at t = 0.4s and DERs control-
mode switching at t = 0.6s.

U goes to zero during the GSI stage, causing DC-link voltage
instability and a singularity in the time-domain solution, which
is reflected in a distorted load voltage. The optimized designs
converge to stable equilibrium points. The DC-link voltage de-
viation of design Var1dc is larger than Var7dc, which indicates
that design Var7dc is more stable. However, design Var7dc

has a larger phase angle difference between the DERs during
steady-state, which causes circulating currents. This indicates
that the improvement in transient performance of design
Var7dc has causes deterioration in steady-state performance.

This is mitigated in design Ṽar7dc, while the DC-link voltage
deviations remain small.

V. DISCUSSION

The proposed stability analysis methodology enables esti-
mation of the DOA of each FII stage by utilizing TS multimod-
els to search for a domain in which the microgrid subsystems
are dissipative with neutral interconnections. The methodology
shows a significant reduction of the computational burden
compared to existing TS multimodeling approaches, since the

TABLE IV: Comparison of unoptimized (U) and optimized (Varx)
case study microgrid designs with different optimization parameters.
pds : probability of stable islanding of design optimized microgrid.
pdcs : probability of stable islanding of design and control optimized
microgrid.

Design pds pdcs Cost Cdc1,2 S1 mp1 nq1 P ∗
1

(ke) (mF) (kVA) (V/kW) (rad/s/kVAr) (kW)
U 0.743 10.1 0.500 10.0 0.813 0.0314 7.50
Var1 0.814 0.960 6.32 1.80 5.96 0.301 0.117 4.00
Var2 0.882 0.981 12.9 1.03 12.7 0.142 0.103 2.58
Var3 0.755 0.815 3.90 0.869 3.73 0.160 0.160 2.92
Var4 0.852 0.980 15.9 3.20 15.3 0.305 0.0677 4.28
Var5 0.770 0.860 6.46 1.00 6.26 0.249 0.146 1.02
Var6 0.683 0.738 2.47 0.720 2.33 3.29 0.0576 0.339
Var7 0.936 1.00 17.0 8.30 15.3 0.305 0.0138 2.66
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Fig. 15: DER1 DC-link voltage during a FII transient with the fault
at t = 0.2s, islanding at t = 0.4s and DERs control-mode switching
at t = 0.6s.
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Fig. 16: DER2 DC-link voltage during a FII transient with the fault
at t = 0.2s, islanding at t = 0.4s and DERs control-mode switching
at t = 0.6s.

required number of LMIs to be solved is significantly lower
and the number of unknowns per LMI is also smaller. The
results indicate that the methodology can estimate the DOA of
a nonlinear microgrid system with an accuracy similar to state-
of-the-art TS multimodeling approaches such as [9], which
in turn is similar to SOS programming with a polynomial
of order 2 [11]. The reduction in computational burden is
smaller compared to approaches based on Lur’e problem [24].
However, the proposed approach more accurately estimates
the DOA of the case study microgrid, especially for states
associated with the higher-order phase angle nonlinearities.

The reduced computational burden allows iterative opti-
mization during design and operation of microgrids based on
the probability of stable islanding and the stability margin.
Both design and control optimization have a significant impact
on the probability of stable islanding in the case study. The
microgrid design after design optimization shows increase
probability of stable islanding and size of the DOA. As shown
in table IV, increasing the objective function parameter α1

mainly increases the probability of stable islanding while also
increasing the size of the DOA and cost, increasing α2 mainly
increases the size of the DOA while also increasing the prob-
ability of stable islanding and cost, and increasing α3 mainly
decreases the cost while also decreasing the probability of
stable islanding and size of the DOA. Additionally, the results
show that even without cost considerations the probability of
stable islanding could not be increased to 100% in the micro-
grid design phase. After control and design optimization the
Var1dc design has a higher probability of stable islanding than
both Var1d and Var7d, while the cost is equal to design Var1d.
Design Var7dc has a higher cost than Var1dc, but is stable
under all conditions. These results show the effectiveness of
the optimization algorithm, and the importance of optimization
during both planning and operation of the microgrid.
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The stability during the resynchronization and reconnection
of the microgrid has not been considered in this paper. The
proposed methodology can be used to analyze the stability
during this stage, however the changes of the state values
during the resynchronization transient are generally much
smaller than during the (fault-initiated) islanding transients.
Therefore, small-signal analysis can be applied for stability
analysis and controller design as shown by [33].

The case study of this paper considers a microgrid in the dq
reference frame. However, dq reference frame models cannot
directly take unbalanced loading or structure into account
which may be present in practical microgrids. To allow the
analysis of unbalanced systems, the microgrid may either be
described by the sequence components [34] or a dynamics pha-
sor model [35]. The application of the methodology proposed
in this paper on sequence component and dynamic phasor
models will be treated in future research.

Time-domain analysis e.g. Fig. 11 indicated that the states
of the case study microgrid are close to the equilibrium point
at the end of each FII stage, which allows Theorem II.1 to
be used to generate a stability verdict. Future research will
determine when it is possible to use Theorem II.1 based on
the convergence rate and/or time constants of the system to
omit the requirement for time-domain analysis.

VI. CONCLUSION

This paper proposes an energy-based stability analysis
methodology for high-dimension nonlinear microgrid models
based on the analysis of dissipativity and neutral interconnec-
tions of microgrid subsystems modeled as TS multimodels.
The results show that the methodology allows accurate esti-
mation of the DOA while having a relatively low computation
time. To enable application the proposed stability analysis
methodology to FII transients, a drop-off analysis method-
ology is proposed which is accurate and has a significantly
lower computation time than EMT simulations. A case study
of a microgrid is performed in which the design and control
actions of the DERs are optimized based on the probability of
stable islanding, stability margin and cost.

Future research should treat the application of the proposed
methodology on unbalanced microgrids and the development
of conditions under which the relaxed stability verdict of
Theorem II.1 can be applied.

APPENDIX A
CASE STUDY MODELS

A. DER and load device models

The grid-feeding and grid-supporting DER models consid-
ered in this paper are described by (11) and (12) respectively,
where vod, voq and iod, ioq are the dq components of the node
voltage and current respectively [5]. The RLC and VFD load
models are described by (13) and (14), while the line model
is described by (15). Temporary VFD drop-off occurs when
Vdc < 420V with a hysteresis of 30V, while permanent VFD
drop-off occurs when ωm = 0 [31].
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(Bc+B)

(13)



˙Idc
˙Vdc
˙Ψsd

Ψ̇sq

˙Ψrd

˙Ψrq

˙ωm
φ̇q
δ̇


ẋ

=



−Rdc

Ldc
− 1
Ldc

01×7
1
Cdc
− P
CdcV 2

dc
01×7

0
V ∗
sd

2Vtri
σs ωn −σs 01×4

0
V ∗
sq

2Vtri
−ωn σs 0 −σs 01×3

01×2 −σr 0 σr ∆ω 01×3

01×3 −σr −∆ω σr 01×3

01×2
3Isq
2J − 3Isd

2J 01×2
Fr

J 01×2

01×2 − 3Isq
2

3Isd
2 01×2

KpωΛT ∆ω
ωm

0 KiωΛT
01×6 −1 01×2


A(x)



Idc
Vdc
Ψsd

Ψsq

Ψrd

Ψrq

ωm
φq
δ


x

+



3
√

2vod
πLdc

0
0
0
0
0
−Tm

J
0
ωn


(Bc+B)

,Where



V ∗sd = KpfΨ∗ −Kpf

√
Ψ2
sd + Ψ2

sq

V ∗sq = KptT̃ ∗ +Kitφq −KptTe

Te = 3
2 (ΨsdIsq + ΨsqIsd)

P = 3
2 (VsdIsd + VsqIsq)

Vsd = VCdc

2Vtri
V ∗sd

Vsq = VCdc

2Vtri
V ∗sq

σs = Rs(Lr+Lm)
Lm2−(Lr+Lm)(Ls+Lm)

σr = RrLm
Lm2−(Lr+Lm)(Ls+Lm)

ΛT = Tlim√
T 2
lim+(Kiωδ+Kpω∆ω)2

∆ω = ω∗ − ωm
(14)
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

˙Idc
˙VCdc
θ̇

Ṗ

Q̇

ζ̇d
ζ̇q
ψ̇d
ψ̇q
˙Ild
˙Ilq
˙Vcd
˙Vcq
˙Iod
˙Ioq


ẋ

=



−Rdc
Ldc

− 1
Ldc

01×13
1
Cdc

01×2 − 1
CdcVCdc

01×11

01×4 nq 01×10

01×3 −ωc 01×5
3ωcVcd

2

3ωcVcq

2
01×4

01×4 −ωc 01×4 − 3ωcVcq

2
3ωcVcd

2
01×4

0
I∗ldΛd

VCdc
01×7 −1 01×5

0
I∗lqΛq

VCdc
01×8 −1 01×4

01×3 −mp 01×7 −1 01×3

01×12 −1 01×2

0
KpcI

∗
ldΛd

2LfVtri
01×3

KicVI
Lf

01×3 − rf−KpcVI

Lf
ω − 1

Lf
01×3

0
KpcI

∗
lqΛq

2LfVtri
01×4

KicVI
Lf

01×2 −ω − rf−KpcVI

Lf
0 − 1

Lf
01×2

01×9
1
Cf

01×2 ω − cos(θ)
Cf

− sin(θ)
Cf

01×10
1
Cf

−ω 0
sin(θ)
Cf

− cos(θ)
Cf

01×11
cos(θ)
Lc

− sin(θ)
Lc

− rc
Lc

ω

01×11
sin(θ)
Lc

cos(θ)
Lc

−ω − rc
Lc


A(x)



Idc
VCdc
θ
P
Q
ζd
ζq
ψd
ψq
Ild
Ilq
Vcd
Vcq
Iod
Ioq


x

+



VDC
Ldc

0
ωn − ω

0
0
0
0
Vn
0
0
0
0
0
− vod
Lc

− voq
Lc


(Bc+B)

Where
[
I∗ld
I∗lq

]
=

[
Kivψd +Kpv(−mpP + Vn)−KpvVcd

Kivψq −KpvVcq

]
, VI =

VCdc

2Vtri
, Λd =

Ilim√
I2
lim + (I∗ld)2

, Λq =
Ilim√

I2
lim + (I∗lq)

2

(12)

[
˙Ilined
˙Ilineq

]
ẋ

=

[
−Rline

Lline
ω

−ω −Rline

Lline

]
A

[
Ilined
Ilineq

]
x

+

[
void−vojd
Lline

voiq−vojq
Lline

]
(Bc+B)

(15)

Where void, voiq and vojd, vojq are the dq components of
the voltage at node i and j respectively.

B. Microgrid models

The devices models in the last subsection are expressed
as ẋ = A(x)x + (Bc + B), where A(x) is the (nonlinear)
system matrix, x are the states, Bc is a constant input and B
are interconnection terms in (7) i.e. the node voltage and/or
current. The complete microgrid model of each stage can
therefore be developed in the form ẋ = A(x)x + bc by
connecting the inputs and outputs of the device models that
are operational during each FII stage. The alignment of the
dq reference frame is chosen depending on the stage of the
microgrid. During the fault, the dq reference frame is aligned
with the external grid to which the microgrid is connected,
therefore the frequency of the dq reference frame is equal to
the external grid frequency (ω = ωn = 100π). During the
GFI and GSI stages the dq reference frame is aligned with the
phase angle of DER1. The frequency is therefore determined
by the PLL of DER1 during the GFI stage (ω = θ̇) and by
the inverse droop controller of DER1 during the GSI stage
(ω = n1qQ1).

To perform stability analysis on the complete microgrid
models, the models are transformed into autonomous micro-
grid models of the form ˙̃x = A(x̃ + xeq)x̃ as discussed in
section II-A. The transformed models can be used for the
methodology described by [9] and can be rewritten in Lur’e
form ˙̃x = Ax̃+Dh(x̃) for the methodology described by [24].

C. Divide into subsystems

The stability analysis methodology proposed in this paper
requires the microgrid model to be described as interconnected
subsystems. As discussed in section III-A2, the computational
burden is minimized when the nonlinearities are evenly divided
over the subsystems. Subsystem i = 1 consists of DER1, the
RLC load, and lines 2 and 3. Subsystem i = 2 consists of
DER2 and line1, while subsystem Subsystem i = 3 consists
of the VFD load.

As lines 1 and 2 is in series with the output of DER1
and DER2, these lines can be modeled by adding the line
impedance to rc and Lc. The input voltage of DER1, DER2
and the VFD load is then equal to the RLC load voltage
vod = VCd, voq = VCq . The input current of the RLC load is
then equal to the sum of the current injected by DER1, DER2
and line3, and the current absorbed by the VFD load. Now
each subsystem i ∈ I = {1, 2, 3} can be modeled as (7) with
states xi and nonlinear system matrix Ai(xi). The input wi and
output vi of each subsystem i ∈ I can be expressed in terms
of the node voltage and current states of other subsystems with
matrices Bi and Ci.
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