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Integrated Plant and Control Design of a
Continuously Variable Transmission

Chyannie A. Fahdzyana, Mauro Salazar, Theo Hofman

Abstract—This paper presents an optimization framework to
design the components and the controller of a Continuously
Variable Transmission (CVT) in an integrated manner. Specif-
ically, we aim at reducing the mass of the transmission and
the leakage losses that occur in the system. To do so, we first
formulate the joint plant and control design problem including
the corresponding objectives and constraints. Thereafter, we
propose a proportional integral structure for the design of the
CVT ratio control. The combined plant and control design
problem is formulated as a nonlinear multi-objective optimization
problem, and is simultaneously solved using an interior point
optimization method. We evaluate the obtained design on the
Worldwide Harmonized Light Vehicles Test Cycle (WLTC) as
well as on more aggressive driving scenarios, and demonstrate
that the optimized CVT design is always capable of realizing
the required driving performance. Additionally, we study the
impact of the plant design parameters on the control performance
by analyzing the coupling strength between the subproblems.
Thereby, the pulley radius is found to have the strongest influence
in the resulting leakage losses that occur at the variator level.
Finally, leveraging the presented design framework, we show
that up to 13% and 18% reduction in the CVT variator mass
and on leakage losses, respectively, can be achieved without
compromising the desired ratio trajectory over a representative
dynamic driving cycle.

Index Terms—optimization, multi-objective optimization, con-
tinuously variable transmission, co-design, system design, simul-
taneous design

I. INTRODUCTION

DUE TO stricter emission regulations as well as increasing
demands on reducing the cost of ownership, reducing its

energy consumption is becoming one of the most important
design goals of a vehicle. In the past decade, as an effort
to realize more energy-efficient vehicles with a lower cost-
of-ownership, a considerable amount of research on optimal
vehicle design strategies have been conducted, including the
development of suitable controllers for energy management
[1]–[7], or in combination with optimal powertrain compo-
nent sizing [8]–[11]. In addition to the energy management,
topology, and component sizes, the choice of the powertrain
components (e.g., the type of e-machine, the transmission) has
a significant influence on the total cost-of-ownership of the
vehicle as well as its performance.

Unlike other types of transmission, a CVT allows the
primary power source to be operated at the operating points
that correspond to the highest energy efficiency regions [12],
[13]. This advantage is attributed to the ability to continuously
vary the speed ratio values, allowing the required speed
and torque of the wheels to be matched with any speed
and torque of the propulsion source (e.g., engine, electric
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Fig. 1. Powertrain architecture equipped with a belt-driven CVT system,
which consists of a variator and an actuation system (ACT). The powertrain
type can be of a conventional type with internal combustion engine (ICE) and
a fuel tank (FT), or, e.g., an all-electric type with an electric machine (EM)
and battery (BT). The transmission is connected to the wheels via a final
drive ratio (FD). The actuation and ratio control components are indicated by
shaded blocks. The co-design problem discussed in this article is highlighted
by the dashed line.

machine). Furthermore, a CVT also offers a smooth torque
shifting performance, which is beneficial in terms of comfort.
A schematic diagram of a generic powertrain architecture
equipped with a CVT is shown in Fig. 1.

Arguably, a CVT offers several benefits for the performance
of a vehicle. Yet, the energy efficiency of the system itself still
has margins for improvement: Compared to other types of
vehicle transmission, a belt-driven CVT has a relatively lower
efficiency (84%), whereas a manual (MT) and automatic trans-
missions (AT) typically have a system efficiency of around
96% and 85%, respectively [14]. Besides, CVT requirements
are also changing. Higher power density, lower transmission
energy consumption, weight and, of course, cost are desired.
This strengthens the motivation to redesign the current CVTs
available on the market, maximizing their efficiency whilst
minimizing their size, which calls for integrated plant and
control optimal design methods, also known as co-design.

In this paper, we present a design optimization framework
for CVT systems where the plant and control design are
jointly optimized. The aim of the design is to achieve a lighter
CVT system as well as improved energy consumption, without
compromising the required driving performance for different
scenarios (e.g., highway driving, harsh braking, and driving
uphill).
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A. Literature Review

Several theories and solution strategies related to the field of
co-design have been proposed in the literature. Traditionally,
combined plant and control optimization is conducted in
a sequential (first plant, then control) or iterative manner
(repeated sequential process) [15]. However, these strategies
fail to account for the interdependency (coupling) between
plant and control, yielding a suboptimal system design. Hence,
in order to achieve an optimal system design, the coupling
between the plant and its controller has to be considered during
the design process, which can be done by several optimization
methods, namely simultaneous/all-in one, nested/bi-level, and
partitioned strategies [16]–[18].

In the past few years, co-design has been implemented
for multiple applications, which includes turbine design [19],
robotics [20], and in the automotive field [21]–[23]. The
greater part of the existing research favored the use of
the nested optimization framework [23]–[26], with Linear
Quadratic Regulator (LQR) [27], Dynamic Programming (DP)
[28], Convex Programming [25] as the solution formulation
of the control subproblem. The popularity of this co-design
strategy is attributed to the advantage of the formulation,
which allows optimal control solution techniques to be directly
applied to the control subproblem. Despite the benefit, the
nested approach is restricted to the assumption that an optimal
controller always exists for the system [18]. Additionally,
the computational efficiency of this approach depends on
the control optimization algorithm [29]. For instance, if the
control subproblem can be written in an LQR formulation, the
nested strategy can be efficiently used to solve the optimization
problem. However, if the control subproblem utilizes DP and
consists of multiple state variables, the nested approach can
run into computational issues.

Several researchers have investigated the use of simulta-
neous optimization strategies for integrated plant and control
system design [30], [31], using open loop control techniques,
whereby the control optimization finds the optimal input
trajectory with no assumption on the control structure (e.g.,
state feedback). While this technique is useful in the design
stage to explore the limitations of the system, in reality the
closed loop control strategy is often needed to account for
disturbance rejection and stability [32].

In order to improve the CVT energy efficiency and perfor-
mance, several advances have been proposed in the literature.
These include physically redesigning the CVT, by developing
on-demand actuation systems [33] and belt design [34], [35],
as well as improving the control strategy, e.g., the variator
slip control strategy [36]. However, to the best of the authors’
knowledge, the existing strategies treated the system design
problem as two separate sub-problems, disconnecting the plant
and its controller. Hence, in this paper, we study the obtained
CVT systems using the integrated plant and control (co-
design) framework.

B. Problem Formulation

To arrive at an improved and commercially attractive trans-
mission for vehicles, the following key performance indicators

(KPIs) are defined, namely:
• Efficiency: The new CVT design should have a lower

energy consumption compared to the currently existing
design to improve the transmission efficiency.

• Mass: The new CVT design should have a lower mass
compared to the commercially available transmissions
as it benefits the powertrain system in terms of energy
consumption.

• Performance: The new CVT design should not compro-
mise the ability to accurately follow the desired speed
ratio trajectory for driving.

In this context, we formulate a co-design framework for a
CVT system, whereby the aim of the new design is to realize
the KPIs. Furthermore, we investigate the obtained optimized
system design under different driving profiles, namely the
WLTC which is used as a standard to assess the emission
generation and energy consumption of a vehicle, as well as
predefined driving profiles that consist of more aggressive
behaviors (e.g., tip-in, uphill driving, harsh braking, etc).
Without loss of generality, we limit ourselves to the co-design
of the CVT for a given primary power source (engine).

C. Statement of Contributions

A preliminary version of this paper was presented at the
2020 American Control Conference (ACC) [37], where we
discussed the difference of the resulting CVT design obtained
from using a simultaneous optimization approach and that
of a sequential approach for the WLTC using a proportional
feedback control scheme. In this extended version, we imple-
ment a proportional integral controller for the design of the
CVT ratio tracking control subproblem in order to achieve a
better performance. Furthermore, we demonstrate the coupling
between the plant and control design in a both qualitative and
quantitative manner. Additionally, we validate the performance
of the optimized CVT design in more demanding driving
scenarios. Using the proposed design method, new insights in
the design process and potential improvements of the systems
are investigated.

D. Organization

The remainder of this paper is structured as follows. The
modeling of the CVT dynamics and characteristics is presented
in Section II. Following that, the proposed plant and control
design formulation is elaborated in Section III. Section IV
discusses the results of the study. Finally, the conclusions of
this study as well as the recommendations for future research
are summarized in Section V.

II. CVT PRINCIPLE MODELING

In this section, we introduce the principles of operation as
well as the system dynamics model of a pushbelt CVT.

A. Kinematic and Geometric Formulations

Generally, a CVT consists of multiple subsystems and
components (Cf. Fig. 1), namely: (1) a variator, which consists
of two sets of conical pulley sheaves; (2) a V-belt used to
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Fig. 2. CVT variator diagram.

transmit torque; (3) the actuation technology, which moves
the pulley sheaves by realizing the required clamping force to
perform shifting; and, finally, (4) the control system to ensure
reliable operation. The CVT variator diagram is depicted in
Fig. 2.

By horizontally moving the pulley sheaves on both the
primary and secondary sides, the ratio of the input and output
speed of a CVT is varied. The CVT geometric ratio is given
by

rg =
Rp

Rs
, (1)

where Rp and Rs are the primary and secondary running
radii, which is the distance of the belt contact point from
the center points of the corresponding pulleys, as shown in
Fig. 2. Furthermore, due to the friction between the belt and
the pulley, there exists a slip in the variator, which is the
relative difference of the belt tangential speed of the primary
and secondary pulley sets. The belt slip is given by

v =
ωpRp − ωsRs

ωpRp
, (2)

where ωp and ωs are the primary and secondary shaft rota-
tional speed. For small slip values, the CVT ratio is defined
as [33]

rg =
Rp

Rs
=
ωs

ωp
, (3)

The positions of the movable pulley sheave yield different
wrap angles ϕp,s, defined as the span of the belt on the pulley
sheaves, which are given by

ϕp = π + 2ϕ , ϕs = π − 2ϕ , (4)

ϕ = sin−1

(
Rp −Rs

a

)
, (5)

where a is the center distance between the primary and sec-
ondary pulleys, and ϕp and ϕs are the primary and secondary
wrap angles, respectively. Mathematically, the relationship
between the pulley horizontal position and running radius is
given by

Ri =
di

2 tan(β)
+Ro , for i = {p, s} , (6)

where β is the pulley wedge angle, dp and ds are the positions
of the movable pulley sheaves. Furthermore, Ro is defined as
the radius of the belt at rg = 1. By assuming that the span of
the belt over the pulley is a perfect circle, the length of the
belt can be expressed as

Lb = 2 a cos(ϕ) + ϕpRp + ϕsRs , (7)

which is a function of the center distance a and the primary
and secondary wrap angles.

The movable pulley sheaves are enforced by the actuation of
the CVT, which typically is a hydraulic system. The hydraulic
actuation provides the required pressures that are applied to
the movable pulley sheaves via oil inside the variator hydraulic
cylinders, as shown in Fig. 2.

B. Variator Dynamics

Several transient models have been developed in order
to capture the dynamical behavior of the CVT. Some are
empirical models [38], [39], which are derived on the basis of
measurements, and an analytical model in [40], which takes
into account the pulley deformation that occurs during CVT
operation. Because of the dependency on the availability of
measurement data, the empirical models are not suitable to
be used in the framework of co-design. Hence, we select the
analytical model proposed by [40] to describe the behavior of
the shifting dynamics

ṙg = 2ωp ∆
1 + cos2(β)

sin(2β)
c(rg)

[
ln
Fp

Fs
− ln

Fp

Fs

∣∣∣∣
ss

]
(8)

where ωp is the primary rotational speed, ∆ is the pulley
deformation, Fp

Fs
is the clamping force ratio, and Fp

Fs

∣∣
ss

is the
steady-state clamping force ratio (at ṙg = 0), which is the
clamping force ratio needed to sustain a certain ratio value.
The pulley deformation ∆ in radians can be directly expressed
as an empirical function of Fs [40],

∆ = (1 + 0.02 (Fs − 20)) · 10−3 . (9)

The dynamics of ṙg depends on the balance between the
applied and steady-state clamping force ratio, as well as the
term c(rg), which is a nonlinear term that relates the dimen-
sionless speed ratio and the logarithmic value of the steady-
state clamping force ratio [40]. When the CVT is shifting
(ṙg 6= 0),

[
ln

Fp

Fs
− ln

Fp

Fs

∣∣
ss

]
6= 0. Also, when the CVT ratio

is held at a constant value (ṙg = 0),
[
ln

Fp

Fs
− ln

Fp

Fs

∣∣
ss

]
= 0.

The term c(rg) is expressed as a quadratic function of rg [37],

c(rg) = c1 r
2
g + c2 rg + c3 , (10)

where the fitted coefficients ci are summarized in Table I. The
steady-state clamping force ratio Fp

Fs

∣∣
ss

necessary to sustain a
certain constant rg value, can be calculated analytically via the
pressure distribution on the variator and belt, as can be found
in [40]. Additionally, it is also observed that Fp

Fs

∣∣
ss

depends
on the wedge angle as well as on the load torque of the
transmission. Hence, the steady-state clamping force ratio can
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TABLE I
FITTED COEFFICIENTS aij , bi, ci

value value value
a11 11.9274 a12 -5.6474 a13 0.5647
a21 -71.9417 a22 31.3774 a23 -2.9309
a31 57.2683 a32 -24.5247 a33 3.2337
b1 1.4741 b2 0.4088 - -
c1 5.8553 c2 2.8134 c3 0.3832

be approximated as a function of ratio rg, wedge angle β, and
torque ratio Υ(.) [37]:

Fp

Fs

∣∣∣∣
ss

= a1(β)r2
g + a2(β)rg + a3(β) + b1Υ(β)2 + b2Υ(β) ,

(11)
where the coefficients ai(.) of the model in (11) are expressed
as a function of the wedge angle β as

ai(β) = ai1 β
2 + ai2 β + ai3 , (12)

where i = {1, 2, 3}. The torque ratio Υ(.) here is defined
as the ratio between the transmitted and maximum possible
torque, [41]:

Υ =
Tp cos(β)

2µcvtRp Fs
, (13)

where Tp is the primary torque, Fs is the secondary clamping
force, and µcvt is the maximum traction coefficient of the
CVT. The found fit coefficients are listed in Table I.

III. INTEGRATED SYSTEM DESIGN FORMULATION

In this section, we formulate the simultaneous integrated
plant and control system design method for the case study
of CVT based on the desired key performance indicators
(KPIs). First, we start with the discussion of the plant design
problem, which is related to the physical characteristics of
the CVT variator system. Second, we derive the control
design formulation that is related to the system efficiency
and performance. Finally, we elaborate the proposed controller
structure considered in this study.

A. Plant Design Problem

Below, we discuss the plant design problem related to the
variator design.

1) Minimizing variator mass: A scalable variator model
that approximates the mass of the variator has been derived in
[37],

Mv = ρpuVpu + ρbVbe , (14)

with

Vpu =
2π

3

∑
i={p,s}

(R2,i−R1,i) tan(β)(R2
2,i+R2

1,i+R1,iR2,i)

(15)
and

Vbe =
b1 + b2

2
b3 Lb , (16)

where Lb is the length of the belt, b1 and b2 are the belt
element’s widths, and b3 is the belt element height. Addition-
ally, the CVT pulley dimensions determine transmission ratio

coverage, as the maximum and minimum speed ratio values
are determined by the design of the pulley sheaves, such that

rg =
R2,p − δo
R1,s + δi

, rg =
R1,p + δi
R2,s − δo

, (17)

where δo and δi are the belt margin from the pulley edges. The
CVT center distance a is directly determined by the pulley
outer radii R2 as

a = R2,p +R2,s + δa , (18)

where δa is the minimum distance between the two pulleys.
Here, we consider that R1,p = R1,s = R1, and R2,p = R2,s =
R2. Therefore, the plant design objective is to minimize the
dimensionless variator mass as

min
xP

JP = min
xP

Mv(xP)

Mv,o
, (19)

whereby the variator mass is defined as a function of the plant
design variables Mv(xP), normalized by the nominal variator
mass Mv,o, obtained from the baseline parameters. Further,
we select the plant design parameters to be the pulley wedge
angle, shaft radius, and pulley outer radius, xP = [β,R1, R2].
The minimization problem in (19) is to be solved subject to a
set of plant design constraints, gP,i:

gP,1 : β ∈ [β, β] , (20a)

gP,2 : R1 ∈ [R1, R1] , (20b)

gP,3 : R2 ∈ [R2, R2] , (20c)

whereby the minimum value of the wedge angle β is deter-
mined by the maximum friction coefficient between the belt
and the pulley sheave µ [42], [35], yielding

tan(β)− µ > 0 . (20d)

For instance, here we utilize µ = 0.1228, resulting in β = 7o.
Additionally, following that R1,p = R1,s and R2,p = R2,p, we
have rg = 1/rg. Rearranging (17), we arrive at a constraint
that relates R1 and R2 as

gP,7 : R2 rg −R1 − rg δo − δi = 0 , (20e)

where rg and rg are determined based on the towing character-
istics and the required vehicle maximum speed, respectively.
In this work, the values of rg and rg are given.

The lower boundary value for the inner pulley radius R1 is
determined by the diameter of the shaft d = 2R1,

gP,8 :
16 (T p)

π (2R1)3
− τ ≤ 0 , (20f)

which is a function of the maximum allowable shear stress τ
and the maximum propulsive torque T p at the primary shaft.

B. Control Design Problem

In this section the control design problem related to the im-
provement of the transmission efficiency, while still satisfying
the required system performance, will be analyzed in more
detail:
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1) Minimizing the leakage losses: The power consumption
of a CVT is mainly determined by the variator and the
actuation system. In this paper we assume that the slip that
occurs in the system is very small, hence negligible. The
minimum required actuation power to move the pulley sheaves
at the variator level Pv is given by

Pv =
∑

i∈{p,s}

Fi vi , (21)

where Fi is the clamping force and vi is the pulley sheave
horizontal speed. There is also an additional power loss in the
variator due to leakage in the hydraulic pulley cylinders in
the variator (Fig. 2). This loss is proportional to the applied
pressure, formulated as

Pl =
∑

i∈{p,s}

Ql,i pi , (22)

where Ql,i is the leakage flow, and pi is the applied clamping
pressure. The leakage flow is given by

Ql,i = Cl,i pi , (23)

where Cl,i is the leakage coefficient. Finally, the clamping
pressure pi is expressed as a function of the required clamping
force to actuate the pulley sheaves Fi:

pi =
Fi − Fcf,i

Ai
, (24)

where Fcf,i is the centrifugal force due to the oil rotation inside
the pulley cylinder, and Ai is the cylinder surface area:

Ai = π(r2
po,i − r2

pi,i) , (25)

where rpo,i and rpi,i are the outer and inner radius of the
oil chamber, respectively. The surface areas of the primary
and secondary pulley cylinders are determined based on the
required pulley thrust ratio [42], such that

Ap

As
≥ max

(
Fp

Fs

)
, (26)

which yields Ap ≥ As. Furthermore, the piston radii rpo,i,
rpi,i (see Fig. 2) depend on the size of the variator pulleys as

rpo,i = R2 − hch,i , (27)

with hch,i as a constant representing the distance between the
pulley outer radius and the hydraulic cylinder piston radius.
Following (26), due to the relation Ap ≥ As, the secondary
piston radius is smaller than the primary one. Therefore, the
piston radii can be formulated as

rpo,p = R2 − hch,p ,

rpo,s =
rpo,p

fp
,

where fp is a constant. Moreover, the centrifugal force Fcf,i

in the cylinders that occurs during operation is influenced by
the pulley dimensions as well as the rotational speed ωi. The
expression of this force component is found in [43] to be

Fcf,i =
π

4
ρo (r4

po,i − r4
in,i)ω

2
i . (28)

The control optimization objective JC(.) related to the CVT
efficiency is defined as the minimization of the power loss
due to leakage in the pulley hydraulic cylinders as a function
of both the plant and control design variables xP and xC,
respectively, as

min
xC

JC = min
xC

1

El,o

∫ tf

0

Pl(xP,xC, t) dt , (29)

from initial time t = 0 to final time t = tf where we
normalize the energy leakage flow losses with the nominal
energy leakage flow losses El,o, subject to a set of design
constraints which will be explained further below in this
section. Here, the normalization value El,o is selected to be
the leakage losses of the baseline design. The control design
variable xC influencing both the leakage losses and tracking
performance will be introduced in the subsequent section.

2) Ratio tracking performance: One of the desired CVT
performance criteria is the ability to accurately track the
desired transmission ratio values that may yield the lowest
energy usage of the powertrain over a driving cycle (e.g.,
WLTC); and/or, the required severe dynamic speed ratio (up-
and downshift) changes during certain driving maneuvers.
Hence, in this work, we enforce the performance of the
CVT criterion as constraints on the maximum and minimum
allowable ratio tracking error,

e ≤ e(t) ≤ e ,

where e is the difference between the desired and actual speed
ratio values.

3) Feedback Linearization Control Strategy: Several CVT
ratio-control strategies have been considered in the existing lit-
erature, ranging from classical feedback control [33], through
a combination of feedforward and feedback control [42], to
fuzzy logic [44], [45]. In this work, we propose a closed-loop
ratio-control strategy for the co-design of a CVT based on
feedback linearization.

For a nonlinear system with state variable ξ, input u and
output y that satisfies

ξ̇(t) = f(ξ(t)) + g(ξ(t))u(t) , (30a)
y(t) = h(ξ(t)) , (30b)

there exists a feedback-control input

u(t) = A(ξ(t)) +B(ξ(t)) v(t) (30c)

that transforms the nonlinear system into an equivalent linear
system [46].

Consider the dynamic shifting model in (8). By selecting
the term

[
ln

Fp

Fs
− ln

Fp,ss

Fs,ss

]
as the system input u(t), and rg(t)

as the state variable ξ(t), the dynamic shifting model can be
represented as the form

ξ̇(t) = f(ξ(t),xP) + g(ξ(t),xP)u(t) , (31)
ṙg(t) = Θ(rg(t), β, ωp(t),t)︸ ︷︷ ︸

g(ξ(t),xP)

u(t) . (32)

where f(ξ(t),xP) = 0, and

Θ(rg, ωp, t) = 2ωp(t) ∆
1 + cos2 β

sin 2β
c(rg(t)) , (33)
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with the term c(.) given in (10). In this work, the trajectory
of ωp(t) is given. For ωp(t) 6= 0, the term Θ(.) is nonzero.
Thus, we can rewrite (8) to be

ṙg = v(t) , (34)

where v(t) is the external control input. The system input u(t)
is then obtained as

u(t) =


v(t)

2ωp(t) ∆ 1+cos2 β
sin 2β c(rg(t))

for ωp(t) 6= 0 ,

0 for ωp(t) = 0 .
(35)

Furthermore, we have the freedom to select the external con-
trol input v. An earlier study conducted in [37] has investigated
the use of a proportional feedback controller for CVT design
over the WLTC profile. To further improve the performance
of the design, we employ a proportional integral controller to
determine v(t) as

v(t) = −Kp e(t)−Ki

∫
e(t) dt , (36)

where Kp and Ki are the controller gains, and e(t) =
rg(t)−rg,r(t) is the difference between the desired and actual
ratio trajectory. The primary clamping force Fp(t) can be
reconstructed from the input signal u(t) as

Fp(t) = exp

[
u(t) + ln

(
Fp

Fs

∣∣∣∣
ss

(t)

)]
Fs(t) , (37)

where u(t) is expressed in (35), and Fp

Fs

∣∣∣
ss

is given in (11). The
secondary clamping force Fs(t) is known over the trajectory,
and is given by [41] as

Fs(t) =
cos(β) (|Tp(t)|+ Sf Tmax)

2µcvtRp
, (38)

where Sf is a safety factor for the clamping force to prevent
excessive slip, Tp is the primary torque, Tmax is the maximum
torque that can be delivered by the engine, µcvt is the effective
traction coefficient, and Rp is the primary running radius.

The minimization problem proposed in (29) is subject to a
set of equality control design constraints,

hC,1 : e(t) = rg(t)− rg,r(t) , (39a)

hC,2 : E(t) =

∫
e(t) dt , (39b)

hC,3 : ė(t) = ṙg(t)− ṙg,r(t) , (39c)
= −Kp e(t)−KiE(t)︸ ︷︷ ︸

v(t)

−ṙg,r(t) , (39d)

hC,4 : e(0) = 0 , (39e)

and inequality control design constraints that bound the ac-
ceptable tracking error:

gC,1 : e− e(t) ≤ 0 , (39f)
gC,2 : e(t)− e ≤ 0 , (39g)
gC,3 : E − E(t) ≤ 0 , (39h)

gC,4 : E(t)− E ≤ 0 , (39i)
gC,5 : ė− ė(t) ≤ 0 , (39j)

gC,6 : ė(t)− ė ≤ 0 . (39k)

C. Simultaneous design problem and implementation

The combined optimization problem can be formulated as
the weighted sum of the plant, P, and control, C, design
objectives, denoted as wi · Ji for i ∈ {P,C} as follows:

min
xP⊆XP,xC⊆XC

wP JP(xP) + wC JC(xP,xC) , (40)

where wP + wC = 1, wP, wC ∈ [0, 1]. The feasible plant
design set XP is then given by

XP =
{

xP = [β,R1, R2] : (20)
}
. (41)

Similarly, we define the feasible control design set XC as

XC =
{

xC = [Kp,Ki] : (39)
}
. (42)

Furthermore, in (40), it is demonstrated that the plant design
parameters xP influence the control objective function JC,
indicating the coupling between the plant and its control. The
integrated plant and control design problem is accordingly
formulated as a static optimization problem, whereby the time-
dependent system dynamics is discretized using the trapezoidal
method, which takes the general form

xk+1 = xk +
∆t

2
(f(xk, uk) + f(xk+1, uk+1)) , (43)

where ∆t is the discretization step, and k ∈ {0, 1, ..., N}, with
the total number of discretized points N = tf−t0

∆t .

IV. RESULTS AND DISCUSSION

In this section, the results of the proposed co-design prob-
lem are discussed. The proposed optimization framework is
parsed with YALMIP [47] and solved using the IPOPT solver
[48] provided by the OPTI toolbox for the MATLAB interface
[49]. The computational time that it takes to optimize the CVT
design over the WLTC for one set of optimization weights
wP, wC is approximately 1000 s, which is performed on a
computer with Intel Core i7-7700HQ CPU 2.8 GHz processor
with 32 GB RAM. Here, we evaluate the design over two
different driving profiles: (i) a WLTC drive cycle, and (ii)
other (more aggressive) driving scenarios that are, typically,
not covered in WLTC. These additional driving maneuvers
are

1) Tip-in: When the driver presses the accelerator pedal,
the engine speed and torque rapidly increase within a
short amount of time.

2) Harsh braking: During this maneuver, the vehicle speed
reduces rapidly. However, the engine torque stays con-
stant.

3) Hill-drive: When the driver is going uphill. The ratio of
the CVT stays at a low value.

4) Pressure gradient: The engine and vehicle speed are kept
constant, while the engine torque is increased.

5) Manual upshift high rpm: Ratio shift from low to high
ratio for high engine speed.

6) Manual downshift high rpm: Ratio shift from high to
low ratio for high engine speed.

Further, the obtained new CVT variator design will be com-
pared to a baseline design, which is one of the commercially
available CVT types for passenger cars.
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Fig. 3. Performance results of the optimized CVT design on the WLTC for
different weight combinations.

A. Trade-off Between Plant and Control Design on the WLTC

In this subsection, we show the relationship between the
plant and control design optimization over the WLTP drive
cycle. To highlight the trade-off between the plant and control
design, we investigate the results of the proposed design opti-
mization obtained with different values of optimization weight
wP, which are summarized in Table II. The resulting perfor-
mance of the optimized CVT with wP = {0.1 , 0.5 , 0.9} is
depicted in Fig. 3.

It is observed that compared to the baseline design, for
wP = wC, the plant design can be significantly reduced by
∆JP = −13% and the leakage losses by ∆JC = −18%.

For the case of wP > wC, the optimized variator mass is
found to be the lowest out of the given cases Mv = 5.1 kg,
and the corresponding leakage losses the highest El = 29.8
kJ, respectively. Conversely, for wP < wC, the obtained
result yields the largest plant design cost Mv = 8.2 kg, yet
the control cost is found to be the lowest JC = 13.9 kJ.
Furthermore, we evaluate the performance (tracking error) of
the optimized CVT design over the WLTC. As shown in Fig.
3, it is found that all the optimized designs obtained with
wP ∈ {0.1 , 0.5 , 0.9} are able to track the reference ratio
trajectory within the desired accuracy as set by the defined
constraints. Although all the different designs are capable of
satisfying the required performance, the clamping forces for
that of the optimized CVT with wP = 0.9 are higher in
comparison to the results obtained with other optimization
weight values. This is attributed to the fact that as the weight
factor increases, the less emphasis is put on minimizing the
control design problem (leakage losses), which is directly
determined by the clamping pressures. The resulting plant
design parameters xP for different optimization weights are
depicted in Fig. 4.

Fig. 4. Plot of the normalized plant design parameters as function of weight
factor wP. Normalization values: βo = 11o , R1,o = 23.5mm , R2,o =
83.5mm.

B. Coupling Strength Between Plant and Control Problem

Here, we further analyze the relationship between the plant
and control design problem in a quantitative manner based on
the Karush-Kuhn-Tucker (KKT) conditions for (local) opti-
mality. The obtained plant design parameters xP represent the
system optimal design solution if they minimize the combined
plant and control optimization objective J . Given a general
multi-objective optimization problem

min
xP,xC

wPJP(xP) + wCJC(xP,xC) , (44)

subject to a set of equality and inequality constraints

h(xP,xC) = 0 ,g(xP,xC) ≤ 0 , (45)

using the KKT first order necessary conditions for optimality
for the combined plant and control optimization formulation,
the set x?P are the (local) optima, given that

∂JP(x?P)

∂xP
+ λ>

∂h(x?P,xC)

∂xP
+ ν>

∂g(x?P,xC)

∂xP

+
wC

wP

∂J?C(x?P,xC)

∂xP
= 0 ,

(46)

and
h(x?P,x

?
C) = 0 ,g(x?P,x

?
C) ≤ 0 , (47)

where λ and ν are the Lagrange multipliers. The coupling
strength between plant and control design problem can be
quantified by using the KKT first order optimality criterion
for combined plant and control optimization problem [16] as

Γ =
wC

wP

∂JC(xP,xC)

∂xP

∣∣∣∣
x?P,x

?
C

, (48)

where Γ is evaluated at the optimal JC, xP, and xC. It
can be seen that Γ appears in (46) as a term that describes
the dependency of the control objective on the plant design
parameters. If there is no influence from the plant design
parameter on the control design formulation, the coupling term
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TABLE II
OPTIMIZATION RESULTS: WLTC

Parameters Description Baseline wP = wC wP < wC wP > wC Unit
wP Plant objective weight 0 0.5 0.1 0.9 −
wC Control objective weight 1 0.5 0.9 0.1 −
Jp Plant objective 1 0.87 1.16 0.72 −
Jc Control objective 1 0.84 0.59 1.7 −
Mv Variator mass 7.1 6.2 8.2 5.1 kg
El Leakage loss 17.57 14.4 13.9 29.8 kJ
β Wedge angle 11.0 7.0 13.0 7.0 o

R1,p Primary pulley inner radius 23.5 26.1 26.1 22.9 mm
R2,p Primary pulley outer radius 85.5 88.5 88.5 79.5 mm
R1,s Secondary pulley inner radius 24.0 27.1 26.1 22.9 mm
R2,s Secondary pulley outer radius 86.5 88.5 88.5 79.5 mm
a Center distance 173.0 180.0 180.0 162.0 mm
Kp Proportional gain 188.7 214.6 9.07 218 1/s
Ki Integral gain 0.33 0.4 0.05 0.46 1/s2

Tsim Computation time 455.8 1000 869.8 1074 s

Γ will be zero. A further point to be considered is that if the
value of Γ is higher, then the impact (specified as the coupling
strength) is higher, too. Using this formulation, the coupling
strength between the plant and control problem in this work
will be evaluated. The coupling strength vector for our problem
is given by

Γ =
[
∂JC(xP,xC)

∂β
∂JC(xP,xC)

∂R1

∂JC(xP,xC)
∂R2

] ∣∣∣∣
x?P,x

?
C

, (49)

which corresponds to Γ = [3.99 , 14.59 , −90.82] when com-
puted for wP = wC = 0.5 . The nonzero value of Γ implies
that changing the plant design parameters will have an effect
on the control performance.

We explain the physical interpretation that can be inferred
based on the coupling strength study. As indicated by the
coupling strength values, it is disclosed that the influence
of each plant design parameters on the control performance
is different. Specifically, the plant design parameter with the
strongest influence on the control objective (leakage losses) is
the pulley radius R2. This can be explained by the fact that
the pulley sheave radius mainly determines the surface area
of the hydraulic pulley piston in the variator. The shaft radius
R1 also plays a role in determining the control performance,
albeit not as much as R2. Additionally, the wedge angle β
has the lowest impact on the control objective of the proposed
design problem. This is because there is no direct dependency
between the leakage losses and the value of β. However, the
wedge angle does influence the ratio dynamics ṙg which, in
turn, determines the required clamping force that realizes the
desired CVT ratio trajectory.

C. Validation of the Design Model

In order to validate our optimized co-design results, we
evaluate the optimized plant and control design parameters
obtained for the WLTC profile (see Table II) on the predefined
more aggressive driving scenarios. These alternative driving
maneuvers are necessary conditions that must be realized by
the CVT system. To demonstrate this design validation, we
select the design obtained with wP = 0.5 that yields both
lower plant and control objectives when compared to those of
the baseline (JP ≤ 1, JC ≤ 1).

The performance of the optimized CVT design in the more
aggressive driving scenarios is depicted in Fig. 5 to Fig. 10. It
can be seen from these results that with the WLTC-optimized
CVT plant and control design parameters, the system is very
much capable of realizing the required performances for these
alternative driving scenarios with sufficient accuracy.

Furthermore, we compare the resulting leakage losses of
the optimized system design for all the considered driving
scenarios. In order to do this, we introduce several notations
corresponding to the different case studies to be evaluated,
namely:

1) Case 1. Given the fixed baseline plant design para-
meters, we optimize the controller such that the leakage
losses are minimized for each individual driving scenario
(WLTC, tip-in, harsh braking, etc.).

2) Case 2. Using the optimized plant and control design
parameters obtained from co-design on the WLTC on
the additional driving scenarios (tip-in, harsh braking,
etc.).

3) Case 3. Using the optimized plant and control design
parameters obtained from co-design on each of the
driving scenarios (WLTC, tip-in, harsh braking, etc.).

4) Case 4. Using the optimized plant design parameters
obtained from co-design on the WLTC and additionally
optimizing the controller such that the leakage losses are
minimized to each of the driving scenarios other than the
WLTC (tip-in, harsh braking, etc.).

First, we investigate Case 1, Case 2, and Case 3. The
comparison of the leakage losses is shown in Fig. 11. We
concluded that the WLTC-optimized plant and control design
(Case 2) yields lower average leakage loss than that of the
baseline during the WLTC scenario, but not for some of the
other driving maneuvers. This is a consequence of both the
optimized plant and control design parameters. The obtained
pulley wedge angle β of Case 2 is lower than that of the base-
line (7o and 11o, respectively), and due to the relation in (38),
lower values of β yield higher required Fs. As the leakage
losses are expressed as a function of the clamping pressures,
higher clamping pressures result in increased leakage losses.
Furthermore, the results of Case 3 show that when both the
plant and control design are optimized for each individual
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Fig. 5. Tip-in scenario. Fig. 6. Harsh braking scenario.

Fig. 7. Uphill driving scenario. Fig. 8. Pressure gradient scenario.

driving scenario, the leakage losses can be reduced. However,
doing this may result in different plant design parameters, as
will be explained in more detail in the subsequent subsection.

Finally, since the controller of Case 2 is optimized for the
WLTC, it allows for higher leakage losses during some of the
alternative driving maneuvers. This is confirmed by the results
obtained for Case 4, where we optimize just the controller for
each of the individual driving scenarios, given the plant design
parameters obtained from co-design on the WLTC, as shown
in Fig. 12.

D. Influence of Driving Scenarios on Optimized Design

In the previous subsection, we have evaluated the WLTC-
optimized CVT design on various driving scenarios outside of

the driving cycle. Now, we further investigate the effects of
driving profiles on the obtained optimization results. We select
a more aggressive scenario (tip-in) and we perform co-design
with this profile. During this driving maneuver, the CVT is
expected to perform a ratio shift to a low ratio value within a
short amount of time, accommodating a sharp increase in input
torque and speed. Similarly, we validate the obtained plant
and control design parameters on the driving scenarios not
utilized during the co-design process. For the sake of brevity,
we demonstrate the results obtained with wP = 0.4, which
is the point that yields JP ≤ 1, JC ≤ 1. The comparison
of the obtained design parameters {xP,xC} in more detail is
summarized in Table III.

Based on the results, it becomes evident that when a more
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Fig. 9. Manual downshifting scenario. Fig. 10. Manual upshifting scenario.

Fig. 11. Comparison of the average leakage loss for Case 1 (baseline plant
parameters with controller optimized for each individual driving scenario);
Case 2 (plant and control design parameters obtained from co-design on
WLTC); Case 3 (plant and control design parameters obtained from co-design
on each individual driving scenario).

aggressive driving profile is used to perform plant and control
design optimization, the resulting variator mass is higher than
the results achieved for the WLTC scenario. Furthermore,
it transpires that in terms of physical design, the optimized
wedge angle β as well as the plant objective (variator mass)
of the tip-in scenario is higher than that of the WLTC case.
However, the estimated leakage energy for the tip-in case
is slightly higher, as shown in Table. III. This demonstrates
the influence of the selected driving profile on the obtained

Fig. 12. Comparison of the average leakage loss for Case 1 (baseline plant
parameters with controller optimized for each individual driving scenario);
Case 2 (plant and control design parameters obtained from co-design on
WLTC); Case 4 (plant design parameters obtained from co-design on WLTP,
controller optimized for each individual driving scenario).

optimized design.

E. Pareto Frontier

The weighting factor wP assigned during optimization plays
a role in the importance of either the plant or control objective
of the proposed design formulation. For various optimization
weights, a Pareto Frontier for the computed optimized ob-
jective values JP and JC for different driving scenarios is
displayed in Fig. 13. The results show that the variator mass
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TABLE III
INFLUENCE OF DRIVING PROFILES

Parameters WLTC-optimized Tip-in-optimized Unit
wP 0.5 0.4 -
M?

v 6.2 7.0 kg
β? 7 9.63 deg
R?1 26.1 26.1 mm
R?2 88.5 88.5 mm
K?

p 214.6 31.8 1/s
K?

i 0.4 2 1/s
El (WLTC) 1.4 1.5 kJ

TABLE IV
SIMULATION PARAMETERS

Parameters Description Value Unit
β min. wedge angle 7 deg
R1 min. shaft radius 20 mm
R2 min. pulley radius 70 mm
Kp min. controller gain 0.01 1/s
Ki min. controller gain 0.01 1/s
e min. tracking error -0.1 -
rg min. transmission ratio 0.356 -
β max. wedge angle 13 deg
R1 max. shaft radius 30 mm
R2 max. pulley radius 88.5 mm
Kp max. controller gain 500 1/s
Ki max. controller gain 500 1/s
e max. tracking error 0.1 -
Tp max. input torque 220 Nm
rg max. transmission ratio 2.8 -
Cl,p pri. pulley leakage coefficient 3.63 10−12 m5/(Ns)
Cl,s sec. pulley leakage coefficient 1.04 10−12 m5/(Ns)
µcvt CVT max. traction coefficient 0.09 -
ρoil Oil density 850 kg/cm3

δa min. pulley gap 3 mm
δou belt margin from pulley outer edge 4 mm
δin belt margin from pulley inner edge 4 mm
tch,p oil chamber thickness 10 mm
fp piston radius constant 1.4 -

and leakage losses are two conflicting objectives. In other
words, the more emphasis is placed on minimizing the plant
design problem JP (variator mass), the higher the resulting
control cost JC, and vice versa. The increase in leakage losses
is mainly due to the reduced pulley outer radius (R2), which
results in a smaller hydraulic surface area. A smaller surface
area yields higher clamping pressures that need to be supplied
by hydraulic oil, and thereby results in greater leakage losses
at the variator.

Furthermore, it can be noted that the Pareto Frontier of the
proposed optimization problem is different for each of the
driving scenarios investigated in this paper. Consequently, it
was found that for the case of WLTC, the point which leads
to both lower plant and control objectives when compared
to those of the baseline (JP ≤ 1, JC ≤ 1) is obtained for
wP = 0.5. However, for the case of tip-in, the corresponding
point is wP = 0.4. This indicates that the driving profile in
which a co-design of the CVT is performed, has a significant
influence on the obtained optimization results.

V. CONCLUSIONS AND RECOMMENDATIONS

In this paper, a simultaneous integrated plant and control
design (co-design) of a continuously variable transmission
(CVT) has been presented. The aim of the new design is to
obtain a more power dense CVT with a reduced variator mass,
as well as minimizing the leakage losses while still meeting
the required shifting performance during driving. We have

Fig. 13. Pareto frontier of the proposed design formulation for various
optimization weights wP.

proposed the design problem as a nonlinear multi-objective
optimization formulation with a closed loop control structure
based on feedback linearization.

We demonstrated that both the weight factor and driving
cycle used during the optimization process have an influence
on the results. Furthermore, our results show that reducing the
pulley wedge angle yields several benefits, including a reduced
transmission weight and a higher CVT power density. For
the WLTC profile, up to 13% reduction in the CVT variator
mass and 18% reduction in leakage loss are obtained with
the proposed design framework. Moreover, due to the interde-
pendence between the plant and the controller, changing the
pulley wedge angle, the pulley sheave, and shaft diameters has
to be done with caution, as such interventions can contribute
to higher leakage loss at the variator level. This highlights the
importance of performing design optimization of a complete
system in an integrated fashion.

To this end, we aim to further extend this study to include
other subsystems of the CVT, e.g., the actuation system. We
are also keen to integrate the CVT design problem at the
powertrain level, where the optimal sizing of the propulsion
source (electric motor or engine) is also taken into account.
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