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Abstract: This paper considers process systems whose dynamics are described by conservation
laws for extensive variables and second law of thermodynamics and which can also been
considered as interconnected (network) systems. In representing the dynamics and the analysis
of network systems Tellegen’s theorem and the passivity theory are used. Different from the
usual application of these two methods on large scale systems, in this work, we only consider
a single unit (node). For a single process unit, we apply the Tellegen’s theorem and using a
suitable storage function, derive the expression for the rate of change of the storage function.
This expression is obtained for the cases of single phase and binary phases.
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1. INTRODUCTION

Chemical process systems can be viewed as a network
consisting of interconnected processes with mixing reac-
tion and separation. Such subsystems interact with each
other via exchange of energy, mass, momentum and in-
formation, operating at different timescales and governed
by thermodynamic laws. Analysis of system theoretical
properties, control and optimization of these systems have
been the subject of research for quite some time (Gilles,
1998; Hangos et al., 1999; Kumar and Daoutidis, 2002; Liu
et al., 2011).

Network theory was originally developed for the analysis
of electric circuits. In network theory, Tellegen’s theorem
plays an important role since it forms the foundation of
several theorems for the energy distribution in the circuit
theory (Penfield et al., 1970). For an electric network with
a given topology consisting of nodes and edges between
nodes, Tellegen’s theorem is derived from conservation
of current (flow) and uniqueness of the potentials at the
nodes. Potential difference provide driving force for flow.
The strength of Tellegen’s theorem is its generality. It
can be applied to any network provided the topology is
known. Due to this generality. it has been extended to
general thermodynamic, reaction and process systems (Os-
ter et al., 1973; Oster and Perelson, 1973, 1974; Peusner,
1981; Mikulecky, 2001; Jillson and Ydstie, 2005, 2007;
Wartmann and Ydstie, 2009). In these applications the
corresponding flows obey local conservations laws and
uniquesness of potentials.

* Work done during the sabbatical leave of the first author from
Eindhoven University of Technology

Stability and control of networks can be addressed using
the passivity theory and the application of passivity can
provide for design of decentralised controllers. This is moti-
vated by the property that the interconnection of passive
subsystems result in a passive system. Passivity theory
requires a storage function which is an indication of the
energy in the system and it is used to derive sufficient con-
ditions for a stable network under decentralised feedback
control. A storage function (availability function) suitable
for chemical processes has been proposed in Alonso and
Ydstie (1997, 2001) and the conditions for which the
process systems are dissipative have been studied.

In this work, we take a bottom-up approach and apply
the passivity theory together with the Tellegen’s theorem
to a process represented by a single node in the process
network context. Our main goal is to derive the sufficient
conditions for passivity of single and multiphase systems.
Therefore, this paper focuses on deriving an expression for
the rate of change of the storage (availability) function.

This paper is organized as follows. Section 2 presents the
problem statement. In Section 3, we define systems that
are considered and provide necessary definitions and the-
orems. Section 4 states the passivity theory and describes
the availability function used as a storage function for
thermodynamic systems. This section also presents the
expression for the rate of change of availability function
for the single unit (node) case. In Section 5, we state our
conclusions and future work.

2. PROBLEM STATEMENT

In this paper, we address the question, ”Does there exist a
general stability analysis for process networks consisting of
multicomponent, multiphase subunits with phase equilib-
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rium?”. Here, the equilibrium means that net flow of mass
and energy between the phases is equal to zero. A first
step to answer this question is to come up with a suitable
storage function (Lyapunov function) and derive the rate
of change of this function. To this end, we are going to
make use of the passivity, graph theory, Tellegen’s theorem
and thermodynamic availability function.

3. PRELIMINARIES
3.1 System Description

We consider the interconnected system in Fig. 1. Each
subsystem M}, has a conservation law of the form,

AN

zero node

Fig. 1. Representation of a network with eight nodes and
one zero node in black

de -
My - o PE + Z;ék Qik (1)

In this expression, z € R™ denotes the inventory variables,
p is the production terms and g;; represents the dedicated
flow terms. For each subsystem M} we define the poten-
tials

w(z)g = (gf)k (2)

where S represents an entropy function. The entropy
function is homogenous degree 1, differentiable once and
has a unique maximum.

In this work, we are concerned with the process networks
as defined in Jillson and Ydstie (2005); Baldea et al.
(2013). To illustrate, consider a node with a potential w,

convective flow v = [v v 'U3]T and exchanging heat Q
with the surroundings as shown in Fig. 2. For chemical
process systems, the extensive variable z and the intensive
variable w are

1
U
2=V, w= f (3)
N “n
T

This system has the balances for the inventory variables
so that

Fig. 2. A single node representing a chemical process in a
complex process network

Zvinhin - Zvauthout + Q — P%

in out

z = o + E 'Uin{)in - § ’Uout’aout (4)
in out
T+ § VinTin — § VoutTout
n out

A crucial step is to define the corresponding flow g; and
production p terms in Eq. 1. We define the flow term ¢ as

q=vZ+ LAw (5)
which is the form for the phenomenological relation as in
Omnsager (1931). In the single node case L = 0, and with
h = u + Pvv the dynamics of inventory variables for this
node becomes

% rh, —P% —I—Q—!—Z(UTJP)iH—
qv Z(U@P)Out
dt &
dN

L dt 1k - " -k
dzy Pk

dt

E Vily
i
+ g v;0;
i
§ ViZ;
L 4 J i

~—_——

ZCH
In Table 1, we provide information on the notation and
corresponding physical units.

To further illustrate, we consider the case in which we
have two processes interacting with each other as shown
in Fig. 3

process 1 process 2
v 3 v V12 4
o 31 v vV,
.—I;b Wi, Zy Wy,Z, L>|_40.
W3,Z3 Q N Wy,Z4
! Q;
Va1

Fig. 3. Two interacting processes
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Table 1. Nomenclature

[ Symbol [ Definition [ Unit ]
U Internal Energy J
% Volume m3
N number of moles mol
v molar flowrate :;%1
] molar volume —
(0] volume change due to mixing/reaction m?
P pressure kPa
T temperature (@]
o chemical potential ﬁ
hy heat of reaction J
h molar tanthalpy n;ol
u molar internal energy p—
r reaction rate
T mole fraction :nLgi
Q heat exchange J
L symmetric matrix
w intensive vector variables
z extensive vector variable
Z molar extensive vector variable

In this case, the dynamics of the first node, according to
Eq. 1, can be described as

le
- = — 6
at P1tq1—q2 (6)
= p1+v3123 — (7)
[v12Z1 — v21Z2 + La(wa — wy)] (8)
In this situation, q = 1}3123, gz = ['01221 — 1)2122+

La(wz — wy)]

It was pointed out by Oster and Desoer (1971) that
network representations can be constructed for a wide
variety of physical systems. In such a network, the nodes
corresponds to the components/units/subsystems and the
edges correspond to the interconnections between them.
Some examples are; electric circuits, mechanical systems,
hydraulic networks, power systems, membranes and in our
paper chemical process systems.

Having defined the topology of the network as a directed
graph (see Appendix.A) we can use tools (laws of Kirch-
hoff) originally developed for electric networks to analyse
process networks. Given any network topology Kirchhoff
laws state:
Lemma 3.1. Kirchhoff’s Current Law (KCL): The
sum of flows (across variable measurements) identified by
the edges in a given network is zero at any instant of time.
In a compact form, we have

M(G)F =0 (9)

where M (G) is the incidence matrix as defined in Def. A 4
and F is the vector of flows along the edges in the network.

F=[fi fa- fe]

Lemma 3.2. Kirchhoff’s Voltage Law (KVL): The
sum of all the potential differences around a loop equals
Zero

Z Aw(z)ij = w(z)n;, — w(2)n

where £ is a loop (see Def. A.7).

,=0Vnel

We now describe one important theorem known as Telle-
gen’s theorem in electrical network theory. This theorem is
later adjusted for process networks of dynamical systems
obeying the balance equations (1) and the uniqueness of
the potentials (2) that follow from the definition of the
entropy function .

Theorem 3.1. Tellegen’s Theorem: Consider an arbi-
trary network with a topology defined by G with n nodes
and e edges. Let Aw be any set of potentials satisfying
KVL for G and let F be any set of flows of satisfying KCL
for G. Then:

AwTF =0 (10)

Proof:

For a directed and connected graph G, let us choose a
ground node wy. Then, we define an incidence matrix
M(G). Since F satisfies the balance equation 1 and since
for some node-to ground we have

(11)

M(G)F =0
Since Aw is unique and for some node-to-ground poten-
tials wg, we have

Aw = M(G)" Awy (12)
We can then write
(Aw)TF = (M(G)Two)TF (13)
— Aw] (M(G)T)'F (14)
=0
=Awl0=0 (15)

As the potential of the 0-node is assumed to be zero, we can
show that the application of Tellegen’s theorem to process
network gives the following expression. We know that
MTF = 0. This results in conservation laws. Assuming
wo = 0, we have

B d21

7*p1+2qu
| % —pﬁzq% ;

[w! wl - w

39

dz,

_ﬁ*pn

In this case, we define F as
FT = [d'le dz dz
dt dt dt

anj_

P1 P2 PrTL q12 413 }

(17)

Expressing the inner product in Equation 16 explicitly, we
obtain

dz,,

wlI—== 7 =wIrP-wrlo (18)

where W,,, Z,,, P, and Q are the vectors of potentials wj,

extensive variables z;, production terms p; and the summa-

tion of the flows ) ¢;; respectively. We can further express

the dynamics of the network including the terminals, as

follows.

# | =[] 3] [ 7
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where T is the vector of flow terms through the terminals,
and [ is the identity matrix with the corresponding dimen-

sions. The accumulation term % and the production P;

at the terminals are equal to zero.

Let us define a potential vector for the overall network,

vl

where W,, are the potentials at the nodes and W; are
the potentials at the terminals. Application of Tellegen’s
theorem 16 both to nodes and terminals results in

w5 [ ] =t wry [ | o wi

C” oIy

The accumulation term and production terms at the
terminals are zero. So we get,
dz,
wr=nr —
Todt
4. PASSIVITY AND ITS APPLICATION ON
THERMODYNAMIC SYSTEMS

wrip+wro+wlr

A system with states £ € R", input v € R™ and output
y € R™ is passive if

/0 u(s)Ty(s)ds > V((t) — V(2(0))

where V' (z(t)) is a storage (Lyapunov) function. In the case
of process networks consisting of open multiphase systems,
the thermodynamics availability function is proposed and
used as a candidate for the storage function V' (Alonso and
Ydstie, 1996, 1997, 2001)

(20)

We define the thermodynamic availability function

Alw, z) = (w*) Tz — S(2)
= (w*)Tz — (w)Tz
=Aw’z

where w* is a fixed reference potential. The availability
function represents the distance of a supporting hyper-
plane tangent to the entropy curve at z = z* and the
entropy S(z) = wlz. It can be used as a Lyapunov
function to show stability provided that the appropriate
controls are in place. For asymptotic stability, Lyapunov
function is required to be strictly positive and the rate of
change of this function should be negative. The rate of
change of the availability function is derived as

dA ( *)dz dw?

— =—(w—w")— — —2

dt dt dt
The expression above can be simplified using the Gibbs-
Duhem relation (dw?)z = 0, which follows from homo-
geneity, to

dt dt  dt
dAz

= _ApT==Z
T

dA_ o7 {dz dz }

where Aw = (w —w*), Az = (z — 2*) and % = 0. Here,
the availability function is considered for one process unit.
For a network of n processes, the total availability func-
tions is equal to the summation of availability functions of

each process.

n n
T
Atotal = E Ay = E Awj 2
; i

The rate of change of total availability can be expressed
as

dAtotal o = dAz o = TAZi
a4 W‘ZA“’Z‘ dt

K2 K2

_AWT dAJ

dt
The expression above is actually the difference operator A
applied to W and % in Eq. 18. which is the outcome of
the application of Tellegen’s theorem on process networks.

dAtot al

dt
The next step is to extend the expression in the right hand
side and show that % is indeed negative provided
that the right control actions are in place so that the
resulting closed loop system is passive. The properties and
the suitability of availability function A for the analysis of
stability have been discussed extensively in Ydstie (2018).
For multiphase systems, a new Lyapunov function which
consists of A and inventories equal to the number of phases
should be used.

= - AWIAP - AWIAQ — AWIT  (21)

4.1 The Rate of Change of Awailability Function for a
Single Unit Process

We consider the single unit as shown in Fig. 4. In the
single phase case, we have two terminals (inlet and outlet)
and one node denoting the single unit process. Applying

Q W3,Z3
. 2 /X’
|
|

Q
2 \
o NN .
° W, Z;) Vout - ° i " s, z
) W3,z
W22 gingle phase >3 W22, ViN Wa,Z4
two phase4

Fig. 4. Single node case

Tellegen’s theorem gives

le
w{% = w?pl + w;%ﬂ - w:?%)ut
In this expression, the flow terms are defined so that
Gin = VinZ2, Qout = Vout?3 (22)
whereas the production term p; takes the form of
A% - -
(rhr)l - Plﬁ + Q + vinvinP2 - voutvoutpl
p1 = o,
™
(23)

Let us express Aw] A% explicitly.

Aw?A% = Aw{A;n + AngAqin - AngQOut (24)
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Extending the right hand side of Eq 24 into its components
gives

dz < PO
T A~ — . * *
Awf AT = —vi, (A+A )m—l—vout (A+A )Out
+ ! APA(T®), + A L A(vd);
TlTl* 1 1 T . VU )in

Apin

g AT+ {A (:1r> A (;)n] N

APout ~ 1 1
T Ty, ST V)out = {A (T)l -4 (T>ouj

A(rh )1 + A (;) AQ)+

- 1
A(Pvd) oy + A <T> 1

A (?) . Ar)y

where

1

_AlG) u—A 1(35) i+ A (;)TTJ;
— A (T> w A (Tv) ~A (%) "

Due to page limitations we only provide the end result.

A* _ (’LU _ ’LU*)Té*

Following the same procedure, we can also get an expres-
sion for % for the two phase case in Fig 4 such that

dz - -
AwlA= = — v, (A + A i (A4 A*
wy i v ( + )i’L+i;U( + )j+
jzyv,l
L APAT@ + 0+ A (2) Awi)m—
T'l]jl>k ! ' T n "

AP, . 1 1 -
Lt 00 [3(7) -3 (), | atren

+> Q%A(Tivjﬁj) -3 [A (;)1 -A (;)j

1=3,4
1

A(P;i;) + A (T> 1 A ((rhy)d + ((rhy)) +

A(7) s@+a(FF) Ao

In the two phase case, the production term is equal to

(rhe){ + (rhe)} — PL(®] 4+ ®}) + Q + vintin P2—
’Ujf)jPl

Jj=g,l
(25)

l
DY + oy
ri’—&—ri

When we assume that the two phases are at equilibrium,
the exchange rates are equivalent and in the opposite
direction. This implies r{ = —r!, (rh,)] = —(rh,)},®J =
—®!. Therefore, the terms with these variables cancel and
we get

43

dz

Awl'A i

wm 1=3,4
1
T}
AP;, . 1 1 -
TmT;;LA(Tm})m + {A (T) ) - A (T>m] A(Pvd)in

AP,

n

+ Z TiT;A(Tivj@j) - Z [A (;)1 —A (;) }
A(Pv;v5) + A (7{) A(Q)
1

We have derived expressions of the rate of change of avail-
ability function for two specific cases. However, obtaining
similar expressions for more general cases like multiple
inlet flows and multiple phases is straightforward. For
asymptotic stability, the rate of change of the availability
function should be negative. By investigating the condi-
tions of aysmptotic stability in the expression above, we
can find out the type of decentralized control strategy
(inout-output pairings) that needs to be used.

5. CONCLUSION AND FUTURE WORK

We have shown that dynamics of extensive variables of
a single unit can be obtained by the application of the
Tellegen’s theorem with the appropriate definitions of the
flow variables. Furthermore, availability function has been
introduced as a candidate Lyapunov function so that we
can design controllers based on passivity. To this end,
we derive an expression for the rate of the change of
the availability function. This expression has been derived
for a single unit with a single phase and binary phases
at equilibrium. An initial step forward is the analysis
of conditions and control design that leads to a passive
system. This work is also going to be extended to several
process units with multiple phases and components such
as distillation columns, membranes, batteries, fuel cells.
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Appendix A. DEFINITIONS

Algebraic graph theory is extensively used to represent
the topology of networks. We start with the fundamental
definitions in the modern graph theory.

Definition A.1. Beya (1998) Consider the set N(G) =
{n1,- -+ ,ni} denoting the set of nodes and the set £(G) =
{e1, -+ ,em} the set of edges. A graph G is an ordered pair
of disjoint sets (N, E) such that & is a subset of the set N
of unordered pairs of N'. k and m represent the number of
nodes and the number of edges respectively.

Definition A.2. A directed (oriented) graph G is a pair
(N, E) where N is a set of nodes and & is a set of directed
edges. If (n;,n;) € €, n; is known as the source and n; is
the sink of the directed edge £. An undirected graph has
undirected edges.

Definition A.38. A graph G is connected if V(n;,n;) of
distinct vertices, there is a path from n; to n;. Otherwise,
it is unconnected. An unconnected graph has minimum
two separate parts.

Definition A.4. The incidence matrix M(G) of a directed
graph G is a k x m matrix with M; ; = 1 if n; is the tail

of e; and M; ; = —1 if n; is the head of e;. If a vertex n
belongs to e then n and e are incident.

Definition A.5. Node (vertex) cut of a graph G is a set
S C N(G) such that S has more than one component. A
disconnecting set of edges is a set F C N(G) such that
G — F has more than one component.

Definition A.6. A subgraph of a graph G is a graph H
such that N'(H) C N(G) and £(H) C £(G)

Definition A.7. A loop L is a subgraph of a graph G such
that £ is connected and there are two edges of £ incident
with each node.

The information above now helps us to define a general
network. The definition is adjusted from West (1996)

Definition A.8. A network is a triplet (G, f) where G is a
directed graph with distinguished initial vertices (sources)
and distinguished terminal vertices (sinks), and f : £ —
R, where f can be capacity of an edge or flow associated
with an edge e depending on the problem setting.



