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1 Abstract

In this report we consider the set of the 16 possible convex tangrams that can be composed with
the 7 so-called “Sei Shonagon Chie no Ita” (or Japanese) tans, see [9]. The set of these Japanese
tans is slightly different from the well-known set of 7 Chinese tans with which 13 (out of those
16) convex tangrams can be formed. In [4], [5] the problem of determining all essentially different
partitions of the 13 “Chinese” convex tangrams was investigated and solved. In this report we
will address the same problem for the “Japanese” convex tangrams. The approach to solve both
problems is more or less analogous, but the “Japanese” problem is much harder than the “Chi-
nese” one, since the number of “Japanese” solutions is much larger than the “Chinese” ones. In
fact, only for a few “Japanese” tangram shapes their solutions can be found by a rigorous analysis
supported by a large number of clarifying diagrams. The solutions for the remaining shapes have
to be determined using a dedicated computer program. Both approaches will be discussed here
and all essentially different solutions with the “Japanese” tans are presented. As far as we know
all presented results are not yet published before.

Keywords: tangram, partition, backtracking, visualization.



2 General Introduction

The word “tangram” is reasonably well-known, especially in the context of trying to compose
a given figurative picture using 7 geometrically shaped puzzle pieces called tans. A few typical
examples of such pictures are given in Fig. 1. Furthermore, in the bilingual (German / Dutch) book
“Tangram, / Das alte chinesische Formenspiel / Het oude Chinese vormenspel ” by J. Elffers [2]
over 1600 examples on tangram puzzles and their solutions can be found. See also website [5]
http://www.pentoma.de/.

1,

Figure 1: A few typical tangram figures.
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Figure 2: The 7 individual Chinese and the 7 Japanese tangram pieces, in the top and bottom row,

respectively.

It should be noticed that next to the set of Chinese tans, there also exists a less known set of
Japanese tans, in shape similar to the Chinese tans. Both the sets of Chinese and Japanese tans are
shown in Fig. 2. Just as in case of the Chinese tans, each Japanese piece can be decomposed into
one or more of the smallest triangular pieces. See Fig. 3.
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Figure 3: The composition of the Chinese (top row) and Japanese tans (bottom).

2.1 The relationships between the tans

Let us consider Figs. 2 and 3 in more detail. The set of Chinese tans consists of the following 7
pieces: one small triangle T's, one square S, one pararallelogram P, two medium sized triangles
Tm and two big triangles Tb.

The set of Japanese tans also consists of 7 pieces: one small triangle 7's, one square S, one pararal-
lelogram P, two medium sized triangles Tm (exactly as in the Chinese set), one rectagular trapez-
ium 7'r and one isosceles trapezium 7'z. Notice that the Chinese and Japanese tans T's, S, P and
Tm are identical.

The relationship between the areas of the tans is indicated in Fig. 3.

Relationships between the tans : (D)
(i) S=2Ts, P=2Ts;
@i1)) Tm=2Ts, Tb=2Tm=4Ts;
(i) Tr=Ts+S=3Ts, Tz=2Ts+S=Tr+Ts=4 Ts;
(iv) Tangram with all 7 Chinese tans = 2Tb+Tm + 2Ts + S+ P = 16Ts;
(v) Tangram with all 7 Japanese tans = Tz+ Tr+2Tm + Ts+ S+ P = 16 Ts;

2.2 Problem formulation

For convenience, let us denote the above mentioned sets of Chinese and Japanese tans by Tans_C
and Tans_J, respectively. It is immediately clear that we can create a huge number of tangrams
that can be composed using either the set Tans_C or Tans_J. In 1942 two Chinese mathematicians
Fu Traing Wang and Chuan-Chih Hsiung published a paper [1] dealing with the problem of find-
ing all convex polygons in 2D. They showed that there exist precisely 20 convex polygons, see
Fig. 4. Here the numbering is conform to that in [1] as follows. The shapes marked by x* in their
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Figure 4: All 20 convex polygons.

table correspond to the numbers 14-16, while the 13 unmarked shapes as listed in their order are
numbered 1-13 here. Clearly, these 13 shapes can be covered by the set C_tans and they will be
denoted by the set Poly13.

Notice that all 20 polygons can be formed by 16 rectangular isosceles triangles, as shown in Fig. 4.
In 2014 it was shown by Eli Fox-Epstein and Ryunhei Uehara [9] that even 3 more (so in total 16,
but not more) convex polygons can be covered by using the set J_tans, being the shapes 14-16 in
Fig. 4. We will call the polygons 1-16 the set Polyl6 (thus Polyl6 D Poly13). Moreover, it was
also shown in [9] that more coverings are possible, but then different tan sets must be used.

A mathematically interesting question on tangram covering is how many essentially different par-
titions for all polygons in Poly13 and Polyl16 exist. In [3] this problem was extensively analyzed
and solved for Poly13 with the set C_tans.

In this report we will address the covering problem for Poly16 with the set J_tans.

Terminology : In the rest of this report we will use the words layout, partition, filling and covering
as synonyms.



3 Finding all layouts of the convex polygons with the Japanese tans

In this section we will give an overview of a few approaches we have chosen to solve the problem
of finding all essentially different layouts with the Japanese tans (in short, to solve “The prob-
lem”). First we notice that solving this problem can be done by the well-known backtracking
technique [7], [8], in a similar way as done in case of the Chinese tans (see [4]).

However, after proceeding manually as in [4] for a few “simple” tangrams it became clear that this
would be a very tedious job for almost all convex shapes. So, an alternative was to carry out a
backtracking algorithm by a computer. We will address this approach in section 6. In fact, we will
discuss the following approaches to solve (partly or fully) “The problem”.

(1) A systematic analysis of all possible partitions for the full square tangram, i.e. tangram 7
in Fig. 4.

(2) A systematic analysis of all possible partitions for the rectangular strips (see shapes 14 up
to 16 in Fig. 4, which will be indicated by J14, J15 and J16 in the rest of this report). This analy-
sis is done via backtracking and visualizing all possible trees. Notice that due to the length of the
analyses of J15 and J16, they are placed in the Appendix.

(3) An alternative ‘combinatorial’ approach for the strips J14, J15 and J16.
(4) A global description of an algorithm to solve a so-called packing problem. We will explain

how this algorithm can be used to solve “The Problem”. Moreover, all solutions (partitions and
their number) of all 16 convex shapes are included.



4 The Square tangram

We start with adding the rectangular trapezium Tr to the empty tangram Square. Since Square is
symmetric w.r.t. both its horizontal and vertical centerline we can restrict ourselves to placing Tr
in the lower half of Square. See Fig. 5. We will discuss several cases in the next sections.
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Figure 5: All possible layouts for tan Tr in the lower half of tangram Square

4.1 The case Tr1l

Let us first consider the case with Tr1, see Fig. 5-A1. Clearly, we can add the isosceles trapezium
Tz on 4 different positions as shown in Fig. 6. Next we can add the square S to these 4 layouts.

i va BN O NS
\Trl Trl Trl / Trl T4
1IN D L . N
Bl B2 B3 B4

Figure 6: All possible combinations when adding Tz to Trl in Square

Clearly, we have only one possibility for S per layout. See Fig. 7. However, the layouts C3 and
C4 are not feasible since 2 tans Ts are needed (but not available) for a full covering of the square.
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Figure 7: All possible combinations when adding S to Tr1.Tz in Square

So we have

Conclusion: 2)

The Square tangram has 2 potentially feasible layouts C1 and C2 with Tr1 and Tz.

4.2 The case Tr4
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Figure 8: All possible combinations when adding Tz to Tr4 in Square
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Figure 9: All possible combinations when adding S to Tr4.Tz in Square

In a similar way as in case Tr1 we can proceed with case Tr4. Indeed, here again we find 4 different
combinations for Tr4 and Tz as shown in Fig. 8. Next we can add S to these 4 layouts, see Fig.9.



Similarly to case Trl the layouts C7 and C8 for Tr4 are not feasible. So we have

Conclusion: (3)
The Square tangram has 2 potentially feasible layouts CS and C6 with Tr4 and Tz.

When comparing the potentially feasible layouts in Figs. 6 and 8 we see that the cases C1 and C6
as well as C2 and C5 are equivalent (by symmetry w.r.t. the vertical centerline of Square). Thus,

Conclusion: (@Y)
We have to investigate the cases C1 and C2 further, but
we can skip the cases C5 and C6 with Tr4.

Before doing this, we first turn to the cases with Tr2, Tr3, Tr5 and Tr6.

4.3 The cases Tr2, Tr3, Tr5 and Tré
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(is similar to A2.2) (is similar to A2.1)
N TN [OTANTT I
N o DAL /
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i § | |
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AS5.1 notfeasible AS5.2 not feasible AB.1 not feasible AB.2 not feasible
(is similar to A5.2) (is similar to A5.1)

Figure 10: All possible combinations when adding Tz to Tr2, Tr3, Tr5 and Tr6 in Square
In Fig. 10 all possible cases with Tr2, Tr3, Tr5 and Tr6 are shown. It is easily seen that in all cases

we cannot add the square tan S anymore. So, have

Conclusion: (5)
The cases Tr2, Tr3, Tr5 and Tré are not feasible.

Finally, we want to study the cases with Tr7 and Tr8.

10
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Rotate each square A7.x over +90°. Then
A7.1=BB, A7.2=B7, A7.3=B5, A7.4=B6. Thus,
Tr7.Ti= TrdTi. So, we canignore the partitions with Tr7.

Figure 11: All possible combinations when adding Tz to Tr7 as well as to Tr4 in Square

4.4 The cases Tr7 and Tr8

In Fig. 11 all 4 possible cases for Tr7 in Square are shown. Furthermore, the 4 possible cases
for Tr4 are repeated here (recall Fig.8). It can easily be seen that by rotating each configuration
Square_Tr7.Tz over 90° we find one of the configurations with Square_Tr4.Tz. We call such
a pair equivalent and this will be denoted by the symbol =. Specifically, in Fig. 11 we have
A7.1 =B8, A7.2=B7, A7.3 = B6 and A7.4 = B5. Hence, we have

Conclusion: (6)

We can ignore all partitions with Tr7 for further study (and continue with Tr4).

Let us now consider case Square_Tr8.

In Fig. 12 all 4 possible cases for Square_Tr8 are shown. Moreover, for easy comparison we
also recall the 4 possible cases for Trl from Fig.6. It can easily be seen that by rotating each
configuration Square_Tr8.Tz over 90° we find one of the configurations with Square Tr1.Tz.
Specifically, we have A8.1 = B3, A8.2 = B4, A8.3 = B2 and A8.4 = B1. Hence, we have

Final Conclusion: (7)
We can ignore all partitions with Tr8 for further study (and continue with Tr1).

Combining all conclusions (2) up to (7) above we see that we only need to investigate the layouts
C1 and C2 in Fig. 7 for yes/no feasibility.

11
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A8.1=B3, A8.2=Bd4, AB.3=B5, AB.4 =B6. Thus,
Tr8Tz = TrlTz. So, we can ignore the partitions with Tr8.

Figure 12: All possible combinations when adding Tz to Tr8 as well as to Tr1 in Square
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Figure 13: All possible combinations when adding P to Tr1.Tz.S in Square
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Figure 14: The 3 feasible partitions for Square

Therefore, we return to the layouts C1 and C2 in Fig. 7. Let us try to add parallelogram P to them,
see Fig.13. Clearly, we have 2 options for adding P to Square_Tr1.Tz1.S, see Figs. 13-C11, C12.
Clearly, after having added P we see that 3 empty regions are left in both C11 and C12, and they
can be uniquely be covered by the triangles Tm1, Tm2 and Ts. Notice that the order of placing
Tml and Tm2 is irrelevant. Thus, layout Square Tr1.Tz1.S can be completed in two different
ways to a full feasible covering of Square.

Similarly to C1 we can add P to Square Tr1.Tz2.S, but now only one layout (C21) is feasible,
since in the other one (C22) we cannot add both triangles Tm1 and Tm2. See Figs. 13-C21, C22.
So, we have

Final Conclusion: 3)
Square 771.7z1.S can be fully covered by 3 different layouts, see Fig. 14.

13



S The Strip tangram J14

We start by giving some preliminaries.

5.1 Preliminaries

k=u u (7-k)*u
LtHs Tz, \_ RHS Ju
8+=u

Figure 15: Trapezium Tz with its LHS and RHS parts in strip J14.

[ths /7 N\ rHs |
| Hs N\ T2* / RHS |

Figure 16: Equivalence of the strips with Tz and Tz* (= Tz upside-down) in J14

Since Tz is an isosceles trapezium in a rectangular strip, we need to add tans at the left (LHS) as
well as at the right hand side (RHS) of Tz. See Fig.15. Clearly, to each side of Tz we have to add
a skew-sided tan. Notice that the subscript k in the name 7'z, refers to the length of LHS.
Furthermore, notice that each strip with Tz is equivalent to the strip with Tz upside-down (due to
symmetry w.r.t. the bottom edge of the strip. See Fig.16.

Let us now consider all possible positions of Tz in the strip, see Fig.17. The strips will be identi-
fied by the Tz name. It is easily seen (by reflection w.r.t. the vertical left hand edge of the strip)
that the following strips are equivalent: Tz4 = Tz3, Tzs = Tz and Tz = Tz1.

Thus, we need not to generate layouts with Tz4 up to Tz6.

So, we have

Conclusion: 9)
We only need to find all possible different layouts of the strip /15
with 7z, up to Tz3 (see Fig. 17).

Consider Fig. 15 for k =1, 2, 3. In Figs. 18 and 19 we show all possible fillings for LHS
corresponding to T'z;. Clearly, once knowing all possible fillings for LHS and RHS we can find
all different layouts of a partial strip /14 for each feasible combination of LHS and Tz (using Figs.
4 and 5) by adding step by step one tan from the set of remaining pieces. This can be done in a

14
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Figure 17: All possible positions of 7'z in the strip.

with [LHS 7= I

:

Ts
LHS =Ts and RHS ={Tr, P, Tm1, Tm2, S}
i [0+ [ o[ e[ T ]
Tr Ts+P Ts+Tm S+Ts
(i) LHS =Tr and RHS ={Tr, Tm1, Tm2, 5}

(i) LHS=Ts+P and RHS = {Tr, Tm1, Tm2, S}
(iii) LHS =Ts + Tm and RHS = {Tr,P, Tm2, S}
(iv) LHS=S+Ts and RHS={Tr, P, Tml, Tm2}

Figure 18: All fillings for LHS and Tz1 and Tz2 in Strip_J14.

well-defined way by using the so-called backtracking procedure [7], [8]. Below we will give more

details.
However, we first want to explain a few notational and visualization aspects.

5.1.1 Visualisation aspects

We start with a partial strip LHS+Tz and add a suitable tan (called T1 for simplicity) next to Tz.
We get the (partial) strip LHS+Tz+RHS = LHS+ Tz+ T1. Notice that there are 2 options for
each tan to be added: either the tan fits to the strip in a unique way or the tan does not fit at all.

15
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Figure 19: All fillings for LHS and Tz3 in Strip_J14.
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Figure 20: The 3 possible rhs-edges of a partial Strip_J14.

Clearly, the rhs-edge of each partial strip is vertical, left- or right skew, see Fig. 20 and the final
strip must have a vertical rhs-edge. By adding more tans 72, T3 ,--- the size of the strip grows.
This process can be visualized by a tree structure. It is easily seen that the tree will grow widely
when showing all partial strips in full detail. However, we will show not all details but only the
actual strip globally.

We will clarify this by the following representative example.

Visualisation of the backtracking process

Consider Fig. 21 where we have a partial strip SO = LHS+Tz with LHS = Ts+P.

Then the remaining tans are Tr, Tm1, Tm2 and S and these names are listed under SO. We can
extend SO with either Tr or Tm, resulting in the partial strips S1.1 and S1.2, respectively.

Clearly, S1.1 is fully rectangular while S1.2 has a skew rhs-edge. The remaining tans for extend-
ing S1.1 are Tml, Tm2 and S (these names are listed under S1.1). However, S1.1 can only be
extended with S, resulting in S2.1, with Tm1 and Tm?2 left. It is easily seen that these tans cannot
be used anymore for extending S2.1. This fact is indicated by X in the figure and this branch of
the tree ends here. So, adding the tans in this order does not result in a full strip.

16



On the other hand, when first adding one of the triangles Tm1, Tm2 (say Tm1) to SO we find the

S0
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[ws /T2 7] (s 72N
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s2.1 \ 2.2 \ $2.3
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Tm1, Tm2 Tm2,5 1, S
§3.1 53.2
| ‘ wHs ~ Tz2 ~\Im3 Tr T\ ‘ ‘ LHS Tzz% |
X Tm2 S
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" |
oK

ok= | M |

Figure 21: Example of a tree structure for finding all layouts of the strip J14.

strip S1.2, which can be extended by adding either Tr or Tm2, resulting in the strips S2.2 and S2.3,
respectively. Now the remaining tans for extending S2.2 are Tm2 and S (see below S2.2), but only
S can be added, resulting in S3.1. However, S3.1 cannot be extended further, again indicated by X
and this branch also ends.

Let us now consider S2.3. Here the remaining tans for extension are Tr and S. Clearly, S2.3 can
be extended with only Tr, giving strip S3.2 and tan S is left. Finally, S3.2 can be extended by S,
giving a final full strip, indicated by OK. The structure of the final full strip is also given.

Simplification of the tree visualization

It should be noticed that in fact we do not need to know the full filling details of the interme-
diate partial strips. Indeed, only the overall shape of each partial strip is relevant for finding a
possible extension. So, we can replace the detailed scheme above by a more global scheme, as
shown in Fig. 22-left. We emphasize that in this tree at each level (except top level) we have only
indicated (in black) the global shape (and actual) size of the partial strip in the previous level.
However, the newly added tan at the current level is shown with its actual shape and actual size.

Finally, we even can reduce the width of the figure a bit more by using the same size for all

partial strips, but preserving their global shape, as shown in Fig. 22-right.
In all next figures we will only use the latter compact visualization.
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Figure 22: Two global visualizations of a tree structure for J14.

5.2 Finding all possible layouts of strip /14
5.2.1 The layouts of the strip with Tz1 and Tz2

As indicated in Fig. 18 we see that (i) in case of Tz1 the corresponding LHS consists of one single
tan, being Ts, and (ii) in case of Tz2 that LHS consists of one or two tans. All layouts for /14 with
Tz1 and Tz2 are given in Figs. 23 up to 27.
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5.2.2 The layouts of /14 with Tz1

[-——-—m_". TN LHS .~ T21 ™, with |LHS,/"= [:"

TEaTi S TN s LHS=Ts and RHS={Tr, P, Tml, Tm2, 5}

ﬁ///

Tr, B, Tm2,5

P, Tmi, Tm2, § Tr, Tm1 Tm2, 5

B Tm1,Tm2  Tmi,Tm2,s Tf ™2, "' Tm2, 5 Tr, Tm2 S T, r!s\
Tm1, Tm2 Tm? 5 P Tm2 Tm2 5 Tr, T, S
' -f ﬂf | &ﬁ -5 &S
X X
Tm2 Tm?
o= Wi N | | oy
X
OK2 = 21 | X ‘ N
OK3 = T21 OK1 OK2 OK3
Figure 23: Visualization of Strip J14_Tz1.
5.2.3 The layouts of /14 with 772
Es..--'Tzz S, With [tHs =
(i) LHS =Tr
RHS = {P, Tm1, Tm2, 5, Ts} Tr /T2 [ o 7 “or[ 7
/ P, Tmi,Tmz, 5, Ts T’ Is+P s+ Tm S5+ Ts
Tm1,Tm2,5, Ts I‘,{nz, 5; Ts P, Tm1,Tm2, 5
Tm2, S, 15 Tm1, Tm2,5 Tm2,5, Ts PS5, Ts P, Tm1, Tm2
Tm2,5 P, Tm1, Tm2 5 Ts - Tm2, 5

Figure 24: Visualization of Strip J14_Tz2.1.



(i) LHS=Ts + P
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Tml,Tm2,S
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Tr, Tm1,Tm2, § [ Aor 7 or [\ or N
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Figure 25: Visualization of Strip J14_T'z2.2.
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nim e
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Figure 26: Visualization of Strip J14_T'z2.3.
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(iv) LHS =S +Ts o 7 o o [

Tr, R, Tm1, Tm2

E/ : N s Ts+P Ts + Tm S+Ts

P, Tm1, Tm2 Tr, Tm1, Tm2 T, P,Tmz\
Tml, TmZ Tr, Tm2 P, Tml
Tm2 Tr
K10 = x ] &j &‘j
oK11 = |
[V A | o0 0|(11 OK12

oxt2 =

Figure 27: Visualization of Strip J14_Tz2.4.

5.2.4 The layouts of /14 with 7z3

Withlﬂs/zu

to be covered with Tr, b, Tm1, Tm2, S and/or Ts

Taninies ___ Pesibleleyoustorths ]
RO :'W W i
()P iy g U EW v 44 !
i : X(=2) 5 X (needs 2x P) H
[ . Zan 4 i du. 4
! ! 7 X (= 4) X(=1) X (= 4) X(=7) 8 !
I'EN vl VAR v i
E | X(23) X(z6) X(28) X (needs2x$) :
i (v) Ts i Already included in those shown above with Tr, P, Tm, S. i

Summary: All feasible fillings of LHS are

| Vi Sl 4 VNV SN 4V VAl 4
1 2 3 4 5 6 7 8
Figure 28: Investigation of the LHS partitions of Strip J14_TzZ3.
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5.2.5 The layouts of the strip with Tz3

As indicated in Fig. 28 we see that in case of Tz3 the corresponding LHS consists of 2 or 3 tans,
resulting in 8 feasible fillings. Notice that the left-edge of LHS is vertical, to be realized by one
of the 3 tans Tr, S and Ts. Further, RHS has a skew left edge and a vertical right edge. The latter
must also be realized by one of the 3 tans Tr, S and Ts. So, when fixing one of these 3 for realizing
the vertical edge of LHS, at most 2 of them are left for building RHS.

. R RHS1={ P, Tm2, S, Ts} with

Tr, Tm1 RHS1 See next figure.

Tm2,P, 5, Ts

0oK13 OK14 X(=0K1)  X(=0K2) X X

Figure 29: Investigation of Strip J14_Tz31, part (i).

In Figs. 29 and 30 we show the partial fillings of RHS ending at right with S or Ts.

Clearly, Fig. 29 is self-explaining.

Fig. 30 shows the fillings of RHS ending at right with Ts. Next, after having added S in the 4
RHS-strips we still need to add P and Tm. However, for a full filling of all these 4 sub-strips we
need an additional tan Ts, but this is not available. Thus, this branch of the tree does not end with
a feasible filling of RHS.

Figs. 31 and 32 are also self-explaining.

In Fig. 33 we show the partial fillings of RHS4 ending at right with Tr or S. In Fig. 34 we consider
the case where LHS5 consists of the same tans (Ts, P and Tml) as in the previous figure. Con-
sequently, RHSS is identical to RHS4 since the same tans for RHSS are available as for RHS4.
However, since LHSS5 has a partition being different from that of LHS4, we find with LHSS, Tz3
and RHSS a different partition of the whole strip which is different from that in the previous case
with LHS4, Tz3 and RHS4.
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LHS1 /T3 RHS1  with RHs1| - ‘ ‘ ' RHSl:{P,.TmZ,S,Ts} with
N ! | i S or Ts at right.

Tr, Tm1
RHS1
P Tm2,S,Ts
See previous figure. /\

Figure 30: Investigation of Strip J14_Tz31, part (ii).

In Fig. 35 we consider the case LHS6 with Tr, Tm1 and Tm?2. Since both triangles do not have a
vertical edge we have to place Tr at right, resulting in 2 layouts. Clearly, only one feasible partition
can be made with Tm1 and Tm?2.
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|LHs2, T3 \RHs2| with “RHS2) = N || RHS2 = {Tm1, Tm2, 5, Ts }
; : : with S or Ts at right.

- W

Tmi1,Tm2,S, Ts

LA NN

Tm1, Tm2, Ts Tm1,Tm2,s  Tm1,Tm2, 5

LA N N N EH4 “H 4 TEN CEH N
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?& X X X X
Tm2 Tm2 L )
| | (no Z”d'l'iavailable)
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Figure 31: Investigation of Strip J14_Tz32.

,LHss T3 N RHs3| with ™ RHs3| = RHS3 ={P, Tm1, Tm2, Ts }
: with S or Ts at right.

(o557 (I

s, Tr P, Tm1, Tm2, Ts

/\

P, Tm1, Tm2 P, Tm1, Tm2

Figure 32: Investigation of Strip J14_T'z33.
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LHS4 ~ Tz3 “\RHS4| with RHS4| =

I ‘ RHS4 = {Tr, Tm2, S }
With Tr or S at right.

[z = [~
T, Tm2, S

Figure 33: Investigation of Strip J14_Tz3.4.

LHS5, Tz3 \RHS5| with “RHS5| = | | | | ={Tr,Tm2,5}

Ts, Tm1, P Tr, Tm2, S

This case is identical to RHS-4, since here the same
tans are available for covering asin RHS4.

So, RHS5 = RHS4. However, since LHS-4 is different
from LHS-5, we do have a new different partition of
the whole strip. Itis labeled as OK20.

OK20= [LHS5 /23 RHS5 |

= D M|

Figure 34: Investigation of Strip J14_Tz3.5.
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LHS6 ~ Tz3 \RHS6| with RHS56

={Tr, Tm1, Tm2}

= EW RHS6 must have Tr at right,

S, Ts, P Tr, Tm1, Tm2 since Tm1 and Tm2 do not
have a vertical edge.

/\

Tm1 Tm2 Tm1 Tm2
oK21 X

Figure 35: Investigation of the Strip J14_Tz3.6.

LHS7,” T23 \RHS7| with “RHS7| = | | | ‘:{Tr,P,S}

@= W Each feasible partition must

end with Tr or S at right.
Ts, Tm1, Tm2 RS

Figure 36: Investigation of the Strip J14_Tz3.7.
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In Fig. 36 we consider case LHS7 consisting of Ts, Tm1 and Tm2. Hence, RHS7 must contain Tr,
P and S. Both Tr and S have a vertical edge, so these tans must be placed at right, resulting in 3 par-
tial fillings for RHS. Next we can add S and Tr to these layouts. Notice that after having added S,
two tans of type Ts are required for a full filling, but these are not available. Similarly, after having
added Tr we find one layout where only Tm can be added while only P is present. The other layout
we have to add P and tin this case this is possible, resulting in a feasible layout (denoted by OK22).

Next we have to study the strip with LHS8 with S, Ts and Tm1. Then RHS8 must contain Tr,
P and Tm2. Clearly, Tr must be placed at right of RHS8 since P and Tm2 do not have a vertical
edge. This gives two options where we can add P, resulting in 4 partial strips. Finally, herein Tm
has to be included. This is only possible in two strips. Hence, this case with LHS8 and RHS8
results in 2 feasible partitions for the whole strip. See Fig. 37.

[Liss /T3 \RHS8| with “RHs8| =T T T [ = {mTm2,P)

: Dy Each feasible partition

S, Ts, Tm1 Tr, P, Tm2

must end with Tr at right.

OK23 =

0K24 =

Figure 37: Investigation of te Strip J14_Tz3.8.

5.2.6 Summary of the analysis of Strip_J14

The investigations above for finding all possible partitions of StripJ14 with the 7 given tans can
be summarized by the following steps:

1. Determine all feasible positions and orientations of the isosceles trapezium Tz in strip J14,
see Fig. 17;

2. Determine all possible partitions for the LHS in the strip, see Figs. 18, 19 and 28;

3. For each of the LHS-partitions: determine all possible layouts for the right hand side (RHS)
in the strip using the backtracking principle and being visualized by a tree stucture, see
Figs. 21 up to 37.

In this way we find all possible partitions of the complete strip J14, giving in total 24 different
solutions. They are shown in Fig. 38. Moreover, these 24 solutions have also been found by our
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computer program (see Fig. 39 and section 6).

For convenience, the equivalence between the partitions (“handmade” and “computer generated™)
in both figures is given in Table 1 after Fig. 39. Notice that sometimes we have to apply a horizontal

or vertical reflection to a particular partition in Fig. 38 to find the same picture in Fig. 39.

Nave BUVe o aFtn o salliN & o
-V WaAE -V Sl «-[ W Nd]l »-h W H
e ovw B &y sty & il 7 & s
N 4 4N\ Bl A A VNEEE A 4o WS 4SS |

Figure 38: Strip J14 with all its 24 different partitions (“handmade”).

W & W - N\ <V N
s I NN NN . N
d 4 | W P\ A 2l N\
W'y W o - IV s
w PN BGIFN\N U %@
w W ffrew : W N e

Figure 39: Strip J14 with the 24 partitions (“‘computer generated”).

Table 1: Correspondence between the handmade and computer generated solutions for Strip J14.

Handmade (partl) | 1 2 3 4 5 6 7 8 9 10 11 12
Computer generated | 1 6 3 24 22 23 2 7 4 13 18 15
Handmade (part2) | 13 14 15 16 17 18 19 20 21 22 23 24
Computer generated | 21 20 17 12 10 11 9 8 14 5 19 16
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5.2.77 Strip J14 with its twin layouts

Let us consider the 24 solutions in Fig.38 in more detail. We can divide each of the strips into the
tan S and a 7S-wide substrip L. Notice that S is either at the left or at the right side of the full strip.
We will denote the 24 full strips by Fj up to F»4 and their substrips by L; up to Lp4. Thus, we have
either F =Ly +Sor Fy =S+ L fork=1,---,24. The strips Ly + S and S+ L; will be called twins
and their twin-relationship will be indicated by L; + S < S+ Ly. It is easily seen from Fig. 38 that
we have the following twins, shown in Fig. 40.

L,+S S+,

Figure 40: Strip J14 with its 12 twin layouts.
The strips 19%, 20* and 22* are the horizontally flipped strips 19, 20, and 21 in Fig. 38.
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5.3 Finding all different partitions for /15 and J16 by a combinatorial approach

We start with considering the structure of all feasible partitions found for the 12 twin pairs in
Fig. 40. Notice that inside each of the 24 partitions there are 6 joint edges for each pair of adjacent
tans. In particular, precisely 5 of these joint edges are skew, and only one joint (with S) is vertical.
We can cut J14 along each of these cutting edges, resulting in 2 separate sub-strips. Next we can
reverse the order of these sub-strings and glue them together. Apparently, the latter can be done in
two ways (i.e., in original or in upside-down orientation) when the cutting edge is skew.

We will discuss the possible situations for all strips. This is done by using one representative strip.
To this end, we can take the first strip J14-1 in Fig.38.

The cutting edges will be denoted by C1 up to C6, with C6 being vertical. See Fig. 41.

c3 cs
ZAENNVYANS

Figure 41: The cuttings edges of strip J14-1.

Nraaavass— - e waNm =

Figure 42: Vertical cutting and pasting of strip J14-1 gives strip J14-10 .

Let us first consider the case with a vertical cutting edge (i.e. the cutting along vertical edge
C6 of tan S inside the strip J14-1. This is illustrated in Fig. 42-Left. We obtain the tan S and a sub-
strip of width 7 S. After glueing S in front of the sub-string we get strip J14-10, see Fig. 42-Right.
It is easily seen that carrying out this process for all strips in the lhs column of Fig. 40 results in
the creation of all corresponding twin strips in its rhs column.

Next we consider the case with a skew cutting edge (C1 up to C5). The process of “cut and
paste” (in two ways) is visualized by the two (representative) examples J14-C1 and J14-C2 in
Fig. 43. Then we obtain two new strips, one having the shape of J15, and the other one that of
J16.

Recalling Fig. 40 we know that J14-1 and J14-10 are twins. We can apply the cut-and-paste
process also to twin J14-10. Now it can easily be easily seen from the examples J14-10-C1 and
J14-10-C2 in Fig. 43 that cutting along a skew edge of two strips being twins results in the same
strips of type J15 and J16. Clearly, we can draw the following

Conclusion: (10)
The cut-and-paste process applied to each of the twin pair strips
of type J14 in Fig. 40 results in a pair of strips of type /15 and J16.
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nercr B [ ] <
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Figure 43: Cutting and pasting the twin strips J14.

Consequently, we can find precisely 60 different partitions for all /15 as well as J16-strips, since
we have 12 twin pairs of J14-strips and 5 different skew cutting edges per J14-strip.

These 60 layouts for both J15 and J16 are shown in the next figures. These layouts are arranged
in the following way.

We have 12 groups of layouts, each group is headed by a J14-layout shown in the lhs column of
Fig. 40. These 12 “header”-layouts are labeled by an alphabetical character, ranging from A to L.
In each group 5 twin pairs consisting of a J15-layout and its dual J16-layout are given.
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Figure 44: The solutions 1-40 (out of 60) of the strips J15 and J16.
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Figure 45: The solutions 41-60 (out of 60) of the strips J15 and J16.
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6 An algorithm for generating all partitions of a convex shape

Here we will (globally) explain how the problem of finding all partitions of a convex shape can be
solved by a technique used for solving a packing problem, see [6]. This will be discussed below.
We will first start with a simple packing problem.

6.1 A simple packing problem

Let be given a set of simple puzzle pieces and a rectangular box. The problem is to put all pieces
in the box, without overlap. For an example, see the Simple Puzzle in Fig. 46 with a box with 2x3
unit cells and the 3 pieces A, B and C.

We introduce the notions Aspect and Embedding:

Aspect: the cell in the box, the type of a piece.

Embedding: the placement of a piece in the box can be encoded by a set of aspects.

In our example we have Aspects = {0,1,---,5,A,B,C} and the Embeddings are given by
Fig. 47. Note that a solution to such a packing puzzle consists of a set of embeddings consti-
tuting a partition of the set of aspects; that is, the embeddings in a solution are pairwise disjoint.

of1]2 ]
L] @
A B

w

Figure 46: The box with 2x3 cells and the 3 puzzle pieces A, B and C.

[0[1]2]| [ofa]2] [of1]2] [o]a]z] [ef1]2]| [e]1]2
3[4 345 3[4 3[4l 3[4 3
Alslc] |ale]c] [ale|c| [a]s]c AlB|C C

6 i a8 9 10 11 12
o[1]z] [o]1]z] [o]a]Z] [o]3 o[1]2] [ol1]2] [o]1]2
3la]s| [3]4a]s 3la|s| |[3|a|s 345[_34 3|4|5
A8 AlB]|c alB[c] [a]e]c alac]| [afB]c] [a]B]c]

13 14 15 16 17 18 19 20
[olal 2] [OfE]z] [@[z]2 12| [o[alz] [oElz] [e[a]z] [el:]2]
ala(5| [3[a]s| [alals| [3Tals| [3[a|5] [3lals| [z]al5] [Ta]s
alo]e]| [ale]€] [a[e]€] [ale]E alele| [als]e] [als]€]| [ale]e

Figure 47: The Aspects and Embeddings of a simple puzzle.

It is important (for performance) that we eliminate symmetries (if any). This can be done by
restricting the embeddings. We will illustrate this by an example. To this end, consider the
previous example, where we will restrict piece C to be the horizontally mirrored letter L. We call
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1 0 0|12 0 0 2
3 5 3 3 5 3 5 3 5 3 5
B|[C AlB B|[C A|B|C AlB|C
6 7 8 9 10 11 12
N 2 0|1|2 012 2 01 012
3 5 3 5 3|45 3|4 |5 3 5 3 5 3 5
C A|B|C A|B|C B|(C A|B |C A A|B
18 20
0 0|1
3 3 5
B|C AlB

Figure 48: Eliminating symmetries by restricting embeddings.

this example Simple L_restricted Puzzle. This results in the embeddings in Fig. 48.
It can easily be seen that the following 3 sets of embeddings E;, E,, E3 solve this puzzle, where

E; ={0, 10, 18}, E» ={1, 7,20} and E3 = {3, 6, 20}. See also Fig. 49.

w
~
wu
w
w
w
v

Figure 49: The 3 embeddings that solve the Simple L_restricted Puzzle.
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Figure 50: The backtracking tree for solving the Simple L_restricted Puzzle,
with the embeddings {3, 6, 20} as solution.
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Clearly, when dealing with a more complex puzzle we in general cannot easily find its solu-
tion(s) by hand. Then we might try to solve the puzzle using a computer and a dedicated solving
procedure such as backtracking, see [7], [8]. Recall that the search tree is an important concept
for the backtracking method. This is a graphical representation of all possible cases to be stud-
ied for finding a solution. In Fig. 50 we show (a part of) the search tree corresponding to the
Simple L_restricted Puzzle.

6.2 A more complicated packing problem

Now we want to consider a more complicated packing problem which is related to the problem of
finding all partitions of each of the convex shapes using the Japanese set of tans.

Recalling Conclusion (v) in (2) and Fig. 2 in section2 we know that each convex shape formed by
the 7 Japanese tans consists of 16 isosceles rectangular triangles 7's. Next we can can split each T's
into two smaller triangles s, i.e., ts = T's /2. So, the complete set of tans can be built up with 32
triangles s, see Fig. 51. Now consider a rectangular box with 8 square cells, each of them being

Tm2

s
e

Ts P Tz Tr S

g
T, 7 . ; P

AN AN B
. RN e 1 \, N K
S, o - P, y, /

Tml

Figure 51: Subdividing all Japanese tans into triangles s, with ts = T's/2.

divided into 4 isosceles rectangular triangles ¢s. See Fig. 52.

|\1"i\5 r'l‘\g ri\13/‘\17 :"\21’|‘25 r’|‘\29 '|
x214%618 ‘x’10'12 14'16‘><'18 zo‘x’zz 28X 26,28 xao.

™, AN t /s \ : 4 \ : AN S AL
3 J,7 J' 11J,15 L1975 /03 ' ETRNE RN

Figure 52: Box with 8 cells, each being subdivided into 4 triangles ts.

Figure 53: The box in Fig. 52 being fully covered by a partition of the strip J14.

This suggests that the 7 tans can fully fill this box. Indeed, a possible filling is given in Fig. 53.
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6.2.1 The packing problem for Strip J14

Notice that in fact Fig. 53 shows a partition of strip J14, see also Fig. 2?.
The situation in Fig. 53 is similar to that for the Simple L_restricted Puzzle. So, similar to Fig. 50
for this puzzle we can also use the backtracing algorithm to find all different partitions of J14.

6.2.2 The packing problem for Strip J16

Next, let us consider the parallelogram-shaped strip J16 (recall Fig. ??).

It is easily seen that the partition of J14 in Fig. 53 can be transformed to a partition of J16 by
moving the triangle {29, 30} at the most right side to the most left side. Of course, this partition
of J16 fits (partially) in a larger 1x9 rectangular box. See Fig. 54.

9 d A} el B v r TR L 3
17 PN 21 AT 25 PN 29 TN 33
\\ /’ \x /’ ‘\ 1" \\ /, \ ~ t" !

16 3% 18 |20 22 | 24 %26 | 28 < 30]32 {34

\ ¥ g o™, PN o ™, e N
‘./' 19 ‘\‘ 'f' 23 ‘\\ Jf’ 27 \\ /’ 31 \‘ '/ 35 R

N s
[Pl ol L e e el e — — — — — — =
4N ) EIAN > Tl
9 S, 13 - 7 S\ 21 ¢ 33
| N S P N R
10 J12 %14 |16 X 1820 X 22 32 X341
[ . Y ’d Lot & i \\
1,15 ), 19 ), 23 N / 35 g%

ey

13 TN AT

N, G
A\,

(14 116 %18
i

Figure 54: The enlarged box being (partially) covered by a partition of the strip J16.

Just as for the example Simple L_restricted Puzzle we can now establish the embeddings for each
individual tan in the box in Fig. 54. Notice that in order to find all essentially different partitions we
have to take into account all possible orientations of each tan when establishing the embeddings.
We will illustrate this for two tans (S and 7r) only. The remaining tans can be described in a
similar way.
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Using Fig. 54 we find the following embeddings:
e Sinrow 1: {4,5,6,7},{8,9,10,11},---,{28,29,30,31}
e Trinrow2: {1,2,4,5,6,7},{9,10,12,13,14,15},{17,18,20,21,22,23},{25,26,28,29,30,31}
e Trinrow 3: {5,6,8,9,10,11},{13,14,16,17,18,19},{21,22,24,25,26,27}
e Trinrow 4: {4,5,6,7,8,9},{12,13,14,15,16,17},{20,21,22,23,24,25}
e Trinrow 5: {8,9,10,11,12,13},{16,17,18,19,20,21},{24,25,26,27,28,29}.

Once having established all embeddings for all tans, we determine all possible partitions of the
strip J16 by using a backtracking algorithm, completely similar to example Simple L_restricted Puzzle.

Remarks :

e The establishment of the embeddings and the backtracking can be automatically generated
by a dedicated computer program.

e Clearly, we can use the approach described above for all 16 convex polygons in Fig. 2?-
Right that can be formed by the set of the Japanese tans. Of course, we need a box of mxn
square cells for the polygons J1 up to J13, with m and n such that the polygon under study
fits in this box.

e In case we have two tans with the same shape but with different colour, then interchanging
them in a layout gives a different partition, in contrast to the monochromatic case. This
situation needs special attention when using a computer program for finding all different
partitions.

In the next section we show all possible partitions of the mentioned 16 convex polygons.
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7 All different partitions of the shapes JO1 up to J16

66RGL0S

(U
SeHLaNe
(i

Figure 55: All 34 different layouts of shape JO1.

Sepv

{{HFee
$i 380838
$9977955
S{es s

Figure 56: All 38 different layouts of shape J02.
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269554
SO PITLL DY
PEIPIPIIP
SEEPIPPRD
PPPEPIVIP

J-03

Figure 57: All 43 different layouts of shape J03.

TOPVI PV
ddddiddd
dadadadd,
PEPPPILT P
A dddddd 4
dddddddds
Adddd A4 4

J-04

gure 58: All 61 different layouts of shape J04.

o=

F

41



Figure 59: All 19 different layouts of shape JOS5.

qveanRYER
(TCHETYRE
AERIYITE

AR
ds:v:as

Figure 60: All 72 different layouts of shape J06.
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T

J-07

Figure 61: All 3 different layouts of shape JO7.

4.4 4

FreEEy
ddddds

Figure 62: All 21 different layouts of shape JOS.
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Do D484 2%
YiSE2I»»
WLV .
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y Y 0w
YIRFIN

Figure 65: All 16 different layouts of shape J11.

J-11

J-12

Figure 66: All 4 different layouts of shape J12.
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Figure 67: All 32 different layouts of shape J13.
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Figure 68: All 24 different layouts of shape J14.
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__._,.____u.._
i
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Figure 70: All 60 different layouts of shape J16.
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Table 2: Summary: Number of different partitions per shape.

Shape

5 6 7 8

9 10

11

12

13 14 15 16

# partitions

34 38 43 61

19 72 3 21

23 21

16

4

32 24 60 60
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A Analysis of the strips /15 and J16

AN 115-shave
A 1 [/|| l/l l/ J16- shape

P

Figure 71: The shape of the strips J15 and J16.

In the paper [9] by Fox-Epstein and Uehara it was shown that besides the rectangular strip J14
there are two more strips (we will call them J15 and /16 ) that can be built with the Japanese tans,
see Fig. 71. It is easily seen that for finding all partitions of these two strips we can proceed in a
similar way as for J14 in section 5.

A.1 The case J15

u 7u u 2u 6u u 3u 5u u
WN TN ANTTITN AN TTIN
au W su u 6u au u
AT /N T] [TTIANIN AT /™
7u u“

Figure 72: All possible positions of 7'z in strip J15

\\\

MANEA [N /

Nz 1T IN ALTN=A |

ATTN=EAN ATTT N=EAN

Figure 73: All possible positions of Tz in strip J15

Analogously to Fig. 17 in section 5 we show all possible positions of 7'z in strip J15 in Fig. 72. It
is easily seen (by horizontal reflection) that the following strips are equivalent: Tz5 = Tz3, Tz
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Tz, and Tz7 = Tz;. Thus, we need not to generate layouts with T'zs up to T'z7 for J15.
In Fig. 73 all possible positions for 7z upside down (denoted by 7'z*) are shown. Then we see that
Tzs = Tzjand Ty = T25.

Conclusion: (11)
We only need to find all possible different layouts of the strip J15
with T'z; up to Tz4 (see Fig. 72) and with 7z} up to 7'z; (see Fig. 73).

A.2 The case J16

4u 4u u Su 3u u 6u 2u u

Figure 75: All possible positions of 7z* in strip J16

In this section we show all possible positions of 7z and T'z* for J16, see Figs. 74 and 75. It should
be noticed that there are some differences between the strips J15 and J16. In Fig. 76 we show all
possible positions for Tz*. Moreover, the equivalence between these layouts and those with 7'z are
indicated. Notice that this equivalence is established by first carrying out a vertical flip and next a
horizontal flip. Thus, we need not to investigate any fillings of J16 with Tz* (i.e. Tz upside down).

Conclusion: (12)
For J16: we do not need to consider any layout of the strip with 7'z*, since

each layout with 77" is equivalent to precisely one layout with 7'z (see Fig. 76).
Consequently, we only have to find all different layouts for /16 with 7z; up to T z.
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e (° N AV ANsA LV A1 N/ ]

e ¢ LTI N LZENC LT ST 78N T
orizontal
AT [ N iz

Vertical C/‘ ‘ ’ ‘ Tz ‘ /‘ ‘ [ ‘ i Tzg

flip

Horizontal C w ‘ L ‘ m \} ‘ L ‘ ‘ 2l

fli

" MYENTTY AENT Y AN
Z

TZ3 Tz,

Equivalences

Tzf‘Tz;‘ Tz} TZZ‘TZ; Tz,

Tzg|Tz5|T24|T23|T25| T2,

Figure 76: The equivalent layouts of J16 with Tz upside down.

A.3 Finding all different partitions for /15 and J16 by backtracking

We will demonstrate this below. Then it turns out that when using the backtracking procedure for
finding the partitions for one of the two strips we also find all partitions for the other strip. So, we
can say that all feasible partitions of both strip are dual.
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A.4 The case Tz1

121

.

T, L Tm1,Tm2,Ts, S

P, Tm1, Tm2,5, Ts T, Tm1,Tm2,T5,S Tr, b Tm2,Ts, S Tr, P, Tm1, Tm2, S

| )

See next figures

Figure 77: The tree Tz1. See also Figs. 78, 80, 83 and 90.

Tz1.Tr  (part 1/2)

P, Tm1, Tm2,S, Ts

<

Iz1. T T8 1z1. Tr. T

a A

P, Tm1, Tm2, Ts

A M Goeee AL AW
P, Tm1, Tm2 P, Tm1, Tm2

o’ o ar il

A e area A WIS

li lﬂ Alx A|7 A|7 |i7 5

Al A2 A3 B.1 B.2 B.3

Figure 78: The tree Tz1.Tr (part 1/2). See also Fig. 79
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T:1. T (part 1/2)

5, Ts, P. Tm1, Tm2

Tzl Tr 5
done P,f!‘l,Tm.;, S P, f],Tm}, s
ol & L e
Tm1, Tm2, 5 B Tm2,S Tﬁs P Tm2,5
- ﬂ P
Tm2, 5 Tm2, 5 . Tm2, 5 ‘ﬁ_‘ F
-~ o i y SV S
. .
| | | | | [
X X X X X X

Figure 79: The tree Tz1.Tr (part 2/2).

z1.P  (part 1/3)

!

Tr, Tm1, Tm2,Ts, S

Tz1. P Tr / \ Tz1. P. Tm1 Tz1.P Ts

Tmi1,Tm2,5,Ts Tr, Tm1,Tm2, S

See next figures

)

Tm1, Tm2, Ts Tm1,Tm2,S Tmil,Tm2,5 Tm1,Tm2,Ts Tml, Tm2, Ts Tr, Tm1, Tm2
a a & & b a & =
Tm1, Tm2 Tmil, Tm2 ™2, S Tm2,S ™2, Ts Tm1, Tm2 Tm1, Tm2

& L - & i & & o
S S S Tm2 Tm2

i ﬁ ! >'< ! Y N %
A.4 B.4 A|.5 B.5

Y . BV N HaldY \n VY Wl A/

Figure 80: The tree Tz1.P. See also Figs. 81 and 82 .
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Tz1. P Tm1 (part 1/2)

A

Tr, Tm2,Ts, S
™2, S, Ts Tr Tm2,S
/ See next flgure I; f \
Tm2, Ts Tm2, s Tm2,s m2, S m2, s Tr, Tm2

aa & o oa oa
- a | | L ib

A.6 B.6 A.7 B.7

Figure 81: The tree Tz1.P.Tm1 (part 1/2). See also Fig. 82.

Tz1.P. Tm1 (part 2/2)

T, Tm2,Ts, S
Tz1. P Tm1. Tr kY \Tzl. P.Tm1. T
done 5, Ts done

S | | | | P
A A X X x 41 - M
Alg B|8 A.|9 B|9

Figure 82: The tree Tz1.P.Tm]1 (part 2/2).
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Tz1. Tm1

A

T, R Tm2,Ts, S
Tz1. Tm1. Tr Tz1. Tm1. P Tz1. Tm1. Tm2 121. Tm1. Ts

a & s N
L ]

Figure 83: The tree Tz1.Tm1. See also Figs. 84, 85, 86, 87, 88 and 89.

Tz1. Tm1. Tr
B, Tm2,S, Ts
P, Tm2,Ts P, Tm2, S P, Tm2,Ts

\
& . aan oo~

P, Tm2 P, Tm2 Tm2, 5 Tm2, S

i&;&i ! i | |

X X

A.lO A.11 B.lO B.11

Figure 84: The tree Tz1.Tm1.Tr.
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Tzl Tmi. P (part 1/2)

Tr m2,5,Ts
ﬂ/ \ T21.Tm1. P Ts
\

T™m2,5,Ts ™, S, Ts

ﬁ/h ﬂ \ See n?ff{g-u e
ﬂ ﬁ ‘g j7 o ‘ﬁﬁ

A-12 B.12 A-13 B.13 A.14 B.14

Y Ve rGy Ve BGEY Vol N

Figure 85: The tree Tz1.Tm1.P (part 1/2). See also Fig. 86.

Tz1. Tmi1. P (part 2/2)

Tz1. Tm1. P Ts
Tr, Tm2, S
Tm2, S Tm2, S T, Tm2

Y S A i
A.15 B.15 ALY W d B4

Figure 86: The tree Tz1.Tm1.P (part 2/2).
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Tz1. Tm1. Tm2 (part 1/2)

T, P, Ts, S

E/ \\ T21. Tm1. Tm2. T
PS5, Ts T, S, Ts [

P
&;E | al.] | ! ‘1)7

A.16 B.16 A.l7 B.17 A.18 B.18
Y ve LN Y Ve BN 2y VB N
Xy v L4 Xy Ve Eg Y Vel 4

Figure 87: The Tz1.Tm1.Tm2 (part 1/2). See also Fig. 88.

Tz1. Tm1. Tm2 (part 2/2)

T, P Ts,

N

Tz1. Tm1. Tm2. Tr  Tz1.Tmil. Tm2. P Iz1. Tm1. Tm2. Ts

done done LA

PS BS TP
5 S p P
pio IR A W | AR e
X X
o1 M A W | |
A.19 B.19

Figure 88: The tree Tz1.Tm1.Tm2 (part 2/2).
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TZI Tmi. Ts

Tr P, Tm2, S
P, Tm2, S P, Tm2, S Tr, P, Tm2
Tm2, s Tm2, s ETm2

&iiﬁ: ﬁh‘&k
] Lo i&&i

X X

PR T U TR o G R
XYV VE O AYY VE V4

Figure 89: The tree Tz1.Tm1.Ts.

Tz1. T

T, L Tm1,Tm2, S

1771. 5. 5

P, Tm1, Tm2, Ts P Tm1,Tm2, Ts e
? } ; —— ' See next flgure %)
Tml, Tm2, S B, Tm2, S Tm1, Tm2, S P, Tm2, S
Tm2,5 Tm2,S Tm2,S Tm2,5
X X X X X X

Figure 90: The tree Tz1.T's. See also Fig. 91.
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T21. 15,5

Tr, P, Tm1, Tm2

- -

P, Tm1, Tm2 P, Tm1, Tm2

ey S

Tm1, Tm2 P, Tm2 Tm1, Tm2 P, Tm2

ii&l&&i

A.22 A.23 A.24 B.22 B.23 B.24

VN AVESY N B IYYY e
2 Al SV MRl AV Ml AL

Figure 91: The tree Tz1.Ts.S.

Conclusion: (13)
Now we have found all (= 24) different layouts for /15 and /16 with Tz1,
see layouts A/B.1 up to A/B.24.
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A.5 The case 772

TZ2 (=P Tz2)
Tr, Tm1, Tm2, S, Ts
TZ2.Tr \ 772. Tm1 TZ2. Ts S
ﬂ '
\ fl
Tr TmZSTs ___________ “~-__‘—’

Tmil,Tm2,S,Ts

o al T e
-
,

Tm1,Tm2, Ts Tm1,Tm2,S Tmi,Tm2,5 ™m2,s5,Ts  Ssa_______ \

Tm1,Tm2  Tml, Tm2 Tm2, S m2,S Tm2,Ts m2,S m2, s

iﬂﬁmﬁi

o | | ea ]

A.25 A.26
225 A W Y
25, A WA 2y v v

Figure 92: The tree J15.7z2. See also Figs. 93 and 94.

TZ2.Tm1

122, Tm1. 122, Tm1. Tm?2 \Uz Tmi. Ts

Tr, Tm2,5

Tm2,S Tm2, 5 Tr, Tm2

dhm ﬁﬂ‘m
‘£}7' o L‘ﬁbi ,'( iﬁ

X X

w

A.27 B.27

Sy va N LYy VN BN Yy Vi a8
¥y Ve i 2y VN g 2y Vi v

Figure 93: The tree J15.722.Tm].
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122. Ts

A

Tr, Tm1, Tm2, S
Tm1,Tm2,S Tm1,Tm2, S Tr, Tm1, Tm2
m2,S Tm2, S Tm1, Tm2 Tm1, Tm2

i&ﬂ&mm

830 A A&
| A30 330

X X

Figure 94: The tree J15.772.Ts.

Conclusion:
Now we have found all (= 6) different layouts for /15 and J16 with Tz2,
see layouts A/B.25 up to A/B.30.
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A.6 The case TZ3

a

sz~ Tz3 . with LHs3 =

to be covered with Tr, P, Tm1, Tm2, Ts and/or S

I S T e e G g s e o e e et o et e T = l
1 Tanin LHS3 | Possible layouts for LHS3 :
T B T T e T o e e e e e e e P iy T
1 I ) . -
URISEEE” ey H
A e
g 1 - I
BULLERY 74 :
! | X (needs 2x P) :
1 1 1
P | I
DR RN y 9 :
: 3 :
s/l :
, X (needs 2x 5) .
1 1 1
: (v) Ts: : d e N W P 4 :
' P X(E2) X (needs2xTs) X (needs 2x Ts) X(=1) !
L L L L L L T e 4

Summary: All feasible fillings of LH53 are

1 2 3
Figure 95: The possible fillings for LHS3 for the strips J15 and J16.

TZ3

Y . N

Tr, Ts, Tm1, Tm2

;ﬁ—ﬁwm
AdAA 4 A A

TZ3.Tr

P, Tm1,Tm2, S P, Tm1, Tm2,S ™ PS,Ts
S = __|l._
(See next figure
P, Tm1,Tm2,S Sl e -

Tm1, Tm2, S P, Tm2,S
Tm2,S Tm2,S RS

S S S

X X X

Figure 96: The tree 7z3.Tr. See also Fig. 97.
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TZ3. Tm

AAS

mess e
1l '\See next flgure o

_———

A '\
T, RS, Ts

/ \\ TZ3. Tm. Ts

T, P S

A |

PSTS

‘3/ - . m/ [ S
- ﬁwﬁ‘j‘xm ‘3/‘%1
&;EI WI |‘1‘7| |

S
A.31 X A X  A33 X
LYV W LN Aszmu 5V Sl N
CiAd B A MY CAMLIW

5, Ts

Figure 97: The tree Tz3.Tm. See also Fig. 98.

TZ23.Tm. Ts

RIAA

Figure 98: The tree Tz3.Tm.T's for the strips J15 and J16.

Conclusion: (15)
Now we have found all (= 4) different layouts for /15 and J16 with Tz3,

see layouts A/B.31 up to A/B.34.
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A.7 The case Tz4
A.7.1 Finding all possible fillings for LHS4 with one single tan inside

hsa Taa _ with __/'Ims-a_/': i s

to be covered with Tr, P, Tm1, Tm2, Ts and/er 5

| Tan in LHS Passible layouts for LHS for one specific tan 1
RSN WAy Ve VAV VAV sV 4
] ' 1 2 3 4 i
1 L} 1}
NULIEY AVAVY JAVey 4ve Vi
! H 1 2 3 4 !
i) Tm: VWY Vil SR 4 :
i H 1 i 3 4 !
iws: Il SR
i H 1 2 |
i v) Ts: E A vy i N i A, | i
i ' 2 4 !
1 L} [l
| ; (& W LW LT LT
1 [ (] 7 8 10 ]

Figure 99: The possible fillings for LHS4 with one single tan inside.

A.7.2 Finding all complete fillings for LHS4

‘ All complete fillings for LHS4 with Tr inside (1/1) ‘

Trl 6
P, Tm1,Tm2, S, Ts P, Tm1,Tm2,S,Ts

Tri1 % 1.3 A Trez\ Tr6.3

AV BV A OW AW

[Tr, S, Ts] [Tr, Ts, Tm1] [Tr, Ts, P] [P, Ts, Tr] [Tm1, Ts, Tr] [Ts S, Tr]

Notation: [a, b, c] = the composition of LHS with the tansa, b and c.

Conclusion:
We have in total 6 fillings for the tans Trl and Tré.
Furthermore, we have one uniquefilling for each of the 4 tans Tr2 up to Tr5 (see previous figure and below).

Tr2 T3 Tr4 Tr5
[P, Tr, Ts] [Tm1,Tr, Ts] [Ts, Tr, Tm1] [Ts, Tr, P]

Thus, LHS4 with Tr inside has 10 different fillings in total.

Figure 100: All fillings for LHS4 with Tr inside.



All complete fillings for LHS4 with P inside (1/1)

y AVEEy S 4

Tr, Tm1, Tm2,Ts, S |

VA e
P11 P12 P13 X P31 ESL £
norfeasiviesine Ml M MMV LA

X(=T2)  [PITm1,Tm2] [P Ts,Tr] atleast 1extra P [P, Tr, Ts] [P, Tm1,Tm2] [P, Ts, Tr]
or 2xTs are needed
for filling the form

Notation: [a, b, c] = the composition of LHS with the tansa, bandc.

Conclusion:
LHS4 with P inside has 6 different fillings:
P12, P13, P31, P32, P33 and P4.

Figure 101: All fillings for LHS4 with P inside.

All complete fillings for LHS4 with Tm inside (1/2) ‘

Tml

A

T, P, Tm2,5,Ts

TmL1 Tm1.2 Tm13  Tml4 X

- -~

ﬂ"gﬂﬂ 'Seenextﬁgures;

X (=Tr6.2) [Tm1, Ts, Tr] X(= X(=P3.2) X(=Tml4) = Tmmeme=-=7

Notation: [a, b, c] = the composition of LHS with the tans a, b and c.

Conclusion so-far:
LHS4.Tm1 with Tr, P or Tm2 has only 1 feasible filling Tm1.2

P4

A, v

[P, Tm1, Tm2]

Feasible.

Can uniguely
be filled with
Tm1and Tm2

Figure 102: All fillings for LHS4 with Tm inside (part 1/2). See also Figs. 104 and 105.

65



All complete fillings for LHS4 with Tm inside (2/2)

Tml1.7 Tm1.8

X(=Tm1.2) X (2xTs) X (2xTs) X (2xTs) X (2xTs) X(=Tm1.1) X (2xTs)
Conclusion:

Adding Ts or S to LHS4 with Tm1 inside

does not result into a new filling. So, Tmi.2

LHS4 with Tm1 inside has one feasiblefilling: g\ JJF

Figure 103: All fillings for LHS4 with Tm inside (part 2/2).

All complete fillings for LHS4 with S inside (1/1)

S1
In S1 and S2 we always need Ts 52
and at most 1xTm can be placed. Aj £.7
Tr, Tm1,P |

s1.1 51.2 ’ k X_ .
M m Not feasible since S2 = 51
by reflection in vertical line
X(=T6.3) X (2xTs) X (2xTs) at left bottom corner of 52.

Conclusion:
LHS4 with S inside has only one feasible filling,
shown earlier in Tr6.3.

Figure 104: All fillings for LHS4 with S inside.
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All complete fillings for LHS4 with Ts inside (1/1)

We have established all complete fillings for LHS4 with the tans Tr,
P, Tm, andS.

So, we need not to investigatefillingsfor LHS4 with Ts inside
(indeed, if we would start with LHS4 with Ts inside, then at least
one of the tans Tr, P, Tm or S is needed for completing this LHS4,
but all these tans have already been studied).

However, notice that we do have fillings for LHS4 with Ts inside.

Figure 105: All fillings for LHS4 with Ts inside for the strips J15 and J16.
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A.7.3 Finding all complete layouts of /15 and J16 with 7z4 and LHS4

(i) LHS4 with P inside (1/2) ‘ Possible fillings for the complete strip with LHS4 ‘
P1.1=[P,Tr, Ts] P1.2=[P, Tm1, Tm2] P1.3=[P,Ts,Tr]
Tm1,Tm2, S T, Ts, S Tm1,Tm2, 5
1l 1l 1l
Tm1,Tm2,S T, Ts, S Tm1,Tm2,5
: Completely similar
: to P11.
Tm2. s Ts. S s 1 Here the same tans
' /\ — 1 | areavailable for
i I completing RHS4 as
A A A | forpit
S S S Ts S S S
| & e | &
X X X X X X

Y 4 s> B
SV a o

Figure 106: All fillings for LHS4 with P inside (part 1/2).

(i) LHS4 with P inside (2/2) ‘ Possible fillings for the complete strip with LHS4 ‘
P3.1=[P,Tr, Ts] P3.3=[P,Ts, Tr] P3.2 = [P, Tm1, Tm2] P4 =[P, Tm1,Tm2]
= Ad
Tm1,Tm2,5 Tm1,Tm2,S I, Ts, S T, Ts,5
— n — — m — P3.2 and P4 are completely

similar to P1.2.

A A So, for both the same tans

Tm1,Tm2,S Tr, Ts, S are available for completing
e RHS4 asin case P1.2.

For P3.1 and P3.3 the same
tans are available for A37
completing RHS4 as for

P1.1, butthat did not result

intoa feasible RHS4. ey V AD N N
Thus, these cases are not

feasible. A.39

Figure 107: All fillings for LHS4 with P inside (part 2/2).



(i) LHS4 with Trinside (part 1/3) ‘ Possible fillings for the complete strip with LHS4 ‘

i1 Tr1.2 Trl.3

Tm1, Tm2 P, Tm2 Tm2, s BS Tm2, S
Tm2 Tm2 P S S S
C.1 c2 C3 X X X
| | |
X . 5 B40h WV [ V=
C.1,C.2 and C.3 are equivalent to Gl=/A38 c2= A40 C3=A36

A.38, A.40 and A.36, resp.

vertical line at left bottom corner.

Figure 108: All fillings for LHS4 with Tr inside (part 1/3): No new layouts found.

(i) LHS4 with Trinside (part 2/3) ‘ Possible fillings for the complete strip with LHS4 ‘

Tr2 =[P, Tr, Ts] Tr5=[Ts,Tr, P] Tr3=[Tm31, Tr, Ts] Trd = [Ts, Tr, Tm1] Tre=[Ts, S, Tr]
Y ViDNyd SN VDAY VA
Tm1,Tm2,5 Tm1,Tm2,5 P, Tm2,5 P,Tm2,5 P, Tm1,Tm2,s,Ts
m — m o= 6.1 Tr6.2 1r6.3

A W AW AW

Tm1,Tm2,S P, Tm2,S |
Completely similarto P1.1. ‘ﬁ E ,—_mTEs—a - \/

-
Tm2,S P,S { See next figure )

-

Here the same tans are

available forcompleting  NO 0 OO Smeaa o=
RHS4 asfor P1.1. ﬁ 17
But P1.1is not feasible, so S 5
Tr2 and Tr5 are not feasible. | |

X X X

Figure 109: All fillings for LHS4 with Tr inside (part 2/3). See also Fig. 110.



(ii) LHS4 with Trinside (part 3/3) ‘ Possible fillings for the complete strip with LHS4

Tr6.1=[P,Ts Tr] Tr6.2=[Tm1,Ts, Tr] Tr6.3= [Ts S, Tr]
Tml Tm2 S P, Tm2,S P Tml Tm2
il 1] 1]
A A C.4,C5andC.6 are

Tm1, Tm2, 5 P, Tm2,s P, Tm1, Tm2 equivalent ( Fto
k E ) g \_‘ A.37, A.39 and A. 35, resp.
(by horizontal reflection)
m2,s Tm2,s Tm1, Tm2 P, Tm2

iﬁﬁﬁﬁl
: L LL&;

I I
X (= A.37) X (=A39) X (=A35)

WE D VEE 0GR 40N

Figure 110: All fillings for LHS4 with Tr (part 3/3) for J15 and J16: No new layouts found.

(iii) LHS4 with Tm inside (1/1) ‘ Possible fillings for the complete strip with LHS4

Tm1.2=[Tm1,Ts, Tr]

Conclusion:

P, Tm2,5 Tm1.2 is the onlyfilling for LHS4 with Tm inside,
il but trying to complete the strip Tm1.2 + Tz4
A using the remainingtans P, Tm2 or S
P Tm2.5S is not possible.
; \-: So, Tm1.2 is not feasible.
m2,s P,S
s S
X X

Figure 111: All fillings for LHS4 with Tm inside for the strips J15 and J16.

Conclusion: (16)
Now we have found all (= 6) different layouts for /15 and J16 with Tz4,
see layouts A/B.35 up to A/B.40.
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Summary

Up to here we have investigated the strips with the trapeziums Tz1, Tz2,
Tz3 or Tz4 inside.

Recalling Conclusion 3 in section 3.3.1 we can conclude that these cases
with Tz havingthe form Q are complete.

Next we have to investigate the cases with Tz upside down in the strip, i.e.,

then Tz has the form w :

This will be discussed in the next section.

Figure 112: Summary sofar for the strips J15 and J16.

A.8 Finding all layouts for the strips /15 and J16 with 7z upside down

For convenience, we recall some results presented in sections A.1 and A.2. Below we will use the
notation Ty instead of 7'z; for Tz upside down.
We have

e We do not need to study the cases J16 with T’y since each of these cases are equivalent to
one case of J15. See Conclusion 12, section A.1;

e The strip J15 has 5 possible positions for Ty. See Fig. 17;

e We only need to study the cases for T'y; up to Ty3. Recall Conclusion 11 in section A.1;
e The case Ty is studied in Figs. 113 up to 118;

e The case Ty, is studied in Figs. 119 up to 121;

e The case Tys is investigated in the figures after Fig. 121.

Notational conventions
In the next figures we will denote the layouts found for the trapezium-shaped strip J15 by A.k and
the corresponding parallelogram-shaped strip J16 by B.k, where k is an integer > 1.
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‘ Tyl

I, B Tm2, Ts, 5

\__%t flgu res ‘

A & &

I"Tm?ST*: T Tm2, 15,5 Tr,RT5 S T, RTsS
- g P
Bm2, I P Tm2 5 P Tm2, 5
_...-*""f\\
- a ol y N & S
P, Tm2 I" Tma2 Tm2, 5
-~ - al E—ﬂ— i A&
Tm2 Tm2,5 5
- & PN i‘ | | ] |
| | | | X X X X
A4l A.42 B.41 B.42

Figure 113: The tree Tyl with layouts 41 and 42. See also Figs. 114, 116 and 118.

I, BTm2, 15, S
Tr, Tm2, Ts.., S\t “See next flgure o
Tm2,Ts, 5 b A Y Ir, Tm2, 5
- a = \\_\*\
Iu Tm2, 5 Tm2, Ts 5.,
Tm?2
: i k‘| i : . 4
A 43 B. 45 A 44 3.46 A.45 B.45

W& PRV A BTN AR N
el WY Sl T IV

Figure 114: The tree Tyl with layouts 43 up to 45. See also Fig. 115 .
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A

T, P, Tm2,Ts, S
T, Tm2,Ts, S
done done Tr, Tm2, S
Tr, Tm2

Tm2,S

ﬁi Vol =N
L L AW SV 4 8
A46 B46 BdGm

Figure 115: The tree Tyl with layout 46 for the strips J15 and J16.

y

T, B Tm2,Ts, S
, Ts S T, BS

P Ts, S

L igﬁ L‘li)ﬂ L‘liili

X X
A.49 B.49

A. 47 B. 47 A.48 B.48

Figure 116: The tree Tyl with layouts 47 up to 49. See also Fig. 117
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A

Tr, P, Tm2,Ts, S

-

T, PTs, S
done done ™ PS

& m‘m
)l( )l( &17 Asom

Figure 117: The tree Tyl with layout 50 for the strips J15 and J16.

y
T, L Tm2,Ts, S
V-
T, B, Tm2, S
- & 2 .
P, Tm2, S P, Tm2,S Tr, B Tm2
ﬁl K:E ‘f\l
Tm2, s m2,S P, Tm2

A&ﬁﬁlﬁl j:ﬁ
! | l | ﬂﬂ -

SVl TR A

Figure 118: The tree Tyl with layouts 51 up to 52 for the strips J15 and J16.

Conclusion: (17)
We have found all different layouts for /15 and J16 with Tyl inside,
see layouts A/B.41 up to A/B.52.
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A.9 Investigating the possible layouts for /15 and J16 with Ty2

& v " 2

to be covered with Tr, P, Tm1, Tm2, Ts and/or S

1 Tanin LHS ! Possible layouts for LHS, for one specific tan !
reesssae el Ll e Ll L L L 1
1 ] . 1
o A I :
i ¢ 1=[T,Ts] 2=[Ts, Tr] l
1 ] 1
1 g I I
' (i) P : ’ / ‘ :
' ' 3=[RTml] 4=[Tmi,P] !
1 ] 1
' (iii)Tm: 1+ Notfeasible: Tm+Tr (see 1, 2), Tm+5, '
. | Tm+Ts (2xTs needed), Tm + P (see 3, 4) 1
1 1 1
E (iv) s i . Not feasible: 2xTs needed i
1 ] 1

I I
i (v) Ts: | Layoutswith Tsare already includedin those above |
| S p—— e ———— 1

Conclusion: We have 4 different fillings for LHS, associated to Ty,

Remark: By LHS; ; we will denote the layoutlor 2with Trand Ts,
by LHS, 4 the layout3 or 4 with P and Tm1l

Figure 119: The possible layouts for LHS2 for the strips J15 and J16.

Ty2
P, Tm1, Tm2, S T, Tm2, 5, Ts
y2.p ; ; Ty2.Tm1 Ty2.Tr / \ 1y2.Tm2 T2.Ts
Tm1, Tm2, S P, Tm2,s Tm2,5,Ts ™s,Ts ™, Tm2,
™m2,5 ™m2,s m2, Ts ™m2,s Tm2,s  Le=mTmmees

& ﬁ E m/ )s i ﬁ (Seenes s
; >'< >'< ﬂ ﬁ )l( >|(

SV H AN 2 H
1/ D.l/
Ve W B ANNELVL. W B v

Figure 120: The tree 7°y2 with layouts 53 up to 54 for the strips J15 and J16. See also Fig. 121.
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Tr Tm2,5,Ts

Ty2 r V2.Tm2 - / \ Tyz 15

done T, S, Ts Tr, Tm2, S\E|
Tm2,5 Tm2, S Tr, Tm2

- ! ] x‘ﬁyl L@ﬁ

[ I [ I
c2 D.2 c3 D.3 c.4 D.4

S v NLES N L h B

A

Figure 121: The tree Ty2 with layouts 55 up to 60 for the strips J15 and J16.

Conclusion: (18)
We have found all different layouts for /15 and J16 with T'y2 inside,
see layouts A/B.53 up to A/B.60.

Conclusion: (19)
So, up to here we have found 60 different layouts for /15 and J16,
with 7z1 up to 7z4, Tyl and Ty?2 inside.
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A.10 Investigating the possible layouts for /15 and /16 with T'y3

In this section we will prove the following statement

Statement: (20)
There are no layouts for /15 with 7'y3 that are different from the 60 layouts found sofar.

For convenience, we recall the global layout for J15 with Ty3 in Fig. 122.

s\ Ty3 RHs N with s = ees = D

to be covered with Tr, B, Tm1, Tm2, Ts and/or S

Figure 122: Global layout for J15 with T3

Clearly, tan Tr is either in LHS or in RHS. We will investigate both cases below.

A.10.1 The layouts with 7y3 and 7r in LHS

In Fig. 123 all possible fillings in LHS with Tr inside are shown.

PATN

Tr, R Tm1,Tm2,Ts, S

LHS1 LHS2 LHS3 LHS4 LHS5 LH56

A A N A W A

[
All: P, Tm1,Tm2,5,Ts

Figure 123: J15 with Ty3: all possible fillings of LHS (with Tr inside).

We will now prove that all fillings shown in Fig. 123 are not feasible.

It can easily be seen from Fig. 123 that there is precisely one filling for each of LHS2, LHS3,
LHS4 and LHSS5, given the position of Tr. Furthermore, LHS2 and LHS4 consist of the same set
of tans Tr, P, Ts. Hence, the corresponding RHS2 and RHS4 must be filled with Tm1, Tm2, S.
However, this is not possible, see Fig. 124. So, we have

Conclusion: 201
LHS2 and LHS4 are not feasible.
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LHS2 / LHS4 RHS2 / RHS54
[T, P, TsI N\

Tml, Tm2, S

RHS.1 RHS.2 RHS.3

A YA YA AN

Tm2, S Tm2, S X (3x Tm)

N R\\‘.l Similar!co RHS.1

X (2xTs) So, not feasible

B

s
I
X

|

Conclusion: LHS2 and LHS4 are not feasible

Figure 124: J15 with Ty3 and LHS2 or LHS4 is not feasible.

Notice that LHS3 and LHSS consist of the same set of tans Tr, Tm1, Ts. Hence, the corresponding
RHS3 and RHSS5 must be filled with P, Tm2, S. However, this is not possible, see Fig. 125. So, we
have

Conclusion: (22)
LHS3 and LHSS are not feasible.

Now consider LHS6. It is easily seen that we have

Conclusion: (23)
LHSG6 is equivalent to LHS1 by horizontal reflection.

So, we only need to investigate all fillings for LHS1. See Fig. 126.

It is clear from this figure that LHS1 has only 3 different feasible fillings (LHS1.P, LHS1.Tm1
and LHS1.5).

Indeed, we see from Fig. 126 that we have 4 different fillings of LHS1 with T's, being LHS1.Ts1
up to LHS1.Ts4. However, in LHS1.Ts1 and LHS1.Ts2 we need 2 more 7's for a full filling, but
this is not possible. In LHS1.Ts3 and .Ts4 we can find a full filling, but these are equivalent to
LHS1.P and LHS1.Tm1, respectively.

Summarizing, all layouts of LHS1 with 7's are not feasible.

Now we will investigate the corresponding RHS for each of these 3 feasible LHS. We start with

RHS1.P corresponding to LHS1.P, see Fig. 127.
As shown in this figure, RHS1.P is not feasible.
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LHS3 / LHS5 RHS3 / RHS5

[Tr, Tm1, Ts] :

P, Tm1, Tm2
RHS.1 RHS.2 RHS.3 RHS.4
Tml, Tm2 Tml, Tm2 Tm1, Tm2 Tm1, Tm2

Clearly, for each of the 4 forms we see that
the empty spaces cannot be covered by
both Tm1 and Tm2.

Conclusion: LHS3 and LHS5 are not feasible

Figure 125: J15 with Ty3 and LHS3 or LHSS is not feasible.

YATSAN

P, Tml, Tm2,Ts, §

el

LHS1.P LHS51.Tm1 LHS1.Ts1 LHS1.Ts2 LHS1.Ts3 LHS1.Ts4
[Tr, P, Ts] [Tr, Tm1, Ts] X (3x Ts) X (3x Ts) X(=LHS1.P) X(= LHS1.Tm1)

Conclusion: LHS1 has 3 different feasible layouts
(LHS1.P, LHS1.Tm1 and LHS1.5).

Figure 126: J15 with all possible LHSI.
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[Tr, S, Ts]



LHS1.P RHS1.P

[Tr, B, Ts] \ . — .3

Tm1, Tm2, S

RHSI P1 RHS1.P.2 RHS1.P3

VA YA, AN

Tmz S Tm2, 5 X (3x Tm)

|
ﬁ AW smilertoRHSLAL

X (2x Ts) So, not feasible

|

Conclusion: LHS1.P is not feasible

Figure 127: J15 with all possible fillings for RHS1.P

LH51.Tm1 RHS1.Tm1

[Tr, Tm1, Ts]™ — B

P, Tm2,5

/\

RHS51.Tm1.1 RHS1.Tm1.2

/M /.

P, Tm2 P Tm2
\ |
Similarto
P HS51.Tm1.1.
| So, also not feasible
X

Conclusion: LHS1.Tm1 is not feasible

Figure 128: J15 with all possible fillings for RHS1.Tm]1
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It follows from Fig. 127

Conclusion:
LHS1.P is not feasible.

Next we consider LHS1.Tm1. See Fig. 128. It follows from Fig. 128

Conclusion:
LHS1.Tml is not feasible.

Finally, we have to investigate case LHS1.S. See Fig. 129.

LHS1.5 RHS1.5
[Tr, Tm1, Ts]™\ — e
P, Tm1, Tm2
RHS1.P1 RHS1.P2 RHS1.P3 RHS1.P4
Tm1, Tm2 Tm1, Tm2 Tm1, Tm2 Tm1, Tm2

L |

T

Clearly, for each of the 4 forms we see that the empty spaces
cannot be covered by both Tm1 and Tm2.

Conclusion: LHS1.5 is not feasible

Figure 129: J15 with all possible fillings for RHS1.S

Then we can conclude from Fig. 129

Conclusion:
LHSL1.S is not feasible.

Combination of the Conclusions (24), (25) and (26) we have

Conclusion:
LHSI1 is not feasible.

Combining the Conclusions (23) and (27) we find
Conclusion:

LHSG6 is not feasible.
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Then by combining Conclusions (21), (22), (27) and (28) we find

Conclusion for J15: (29)
LHS1 up to LHS6 are not feasible. Thus,
J15 with Ty3 = Tz} is not feasible.

By recalling Conclusion (11) in section A.1 we know that for J15 we only had to investigate the
layouts with Tyl up to Ty3. Thus, by combining Conclusion (11) and (29) we see that J15 only
has feasible layouts with 7'yl and Ty2.

Indeed, all these layouts with T'y1 and Ty2 have been found (for both J15 and J16) in the previous
sections, see Conclusions 17 and 18. Recall that Tyl = Tz} and Ty2 = Tz;.

Therefore, we now have

Final Conclusion for J15: (30)
J15 has 60 feasible layouts (A.1 up to A.60), as found in the previous sections.
These layouts have precisely one trapezoidal tan out of the set 7z1, ..., Tz4, Tz}, Tz;.

Recall that we also have found 60 feasible layouts for /16, also with precisely one trapezoidal tan
out of the set Tz1, ..., Tz4, Tz}, Tz5.

Furthermore, it was stated in Conclusion 12 that we only needed to investigate layouts for J16
with Tz1 up to T'z6.

So far, we have found 60 feasible J16-layouts with trapezoidal tans 7'z1 up to Tz4. So, in fact we
still have to investigate J16-layouts with Tz5 or Tz6. However, this is not needed anymore.
Indeed, suppose there exists a J16-layout with 7'z5 or Tz6 (say 7'z5 without loss of generality) that
is essentially different from those already found. Then its dual J15-layout with T'z5 would also be
found by our backtracking algorithm and this J15-layout would also be essentially different from
all J15-layouts found sofar.

But this contradicts Conclusion 30.

Thus, the assumption above on J16 is not valid and we have

Final Conclusion for J16: 3D
J16 has 60 feasible layouts (B.1 up to B.60), as found in the previous sections.
These layouts have precisely one trapezoidal tan out of the set 7'z1, ..., Tz4, Tz}, Tz;.
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