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CHAPTER 1

Introduction

1. Matroids

Matroids are combinatorial objects that appear in many branches of math-
ematics. They consist of a set of elements, of which certain subsets are
‘dependent’, and others are ‘independent’. The notion of (in)dependence in
a matroid is abstracted from (in)dependence of a number of other structures.
To name just two examples: linear independence of vectors in a vector space
and algebraic dependence of rational expressions are both special cases of
matroidal independence. Figure 1 depicts several different occurrences of the
same matroid.

These are just some ways to obtain a matroid. The unifying property
of all matroids is a property relating the bases of a matroid, the maximal
independent sets of elements. The set of bases B of a matroid satisfies the
following properties.

(B1) B is nonempty;

(B2) For all B, B’ € B, and for all e € B\ B’, there exists f € B’\ B such

that both

BU{f}\{e}
and

B'U{e}\{f}
are elements of B.

Definition 1.1. Let E be a finite set, and let B be a set of subsets of E. If B
satisfies (B1) and (B2), then the pair (E,B) is a matroid.

Whitney [52] was the first to define the notion of matroid, inspired by
linear independence of vectors and by graphs. A linear matroid is a pair (E, B),
where F is a finite set of vectors, and B consists of the subsets of E that form
a basis of the vector space (E). The vector space (E) is then called a linear
representation of the matroid (F, B). A graphic matroid is a pair (E, B), where

1
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1
(a) geometric (b) graphic
2 4 1 ‘ 5
3 5
() (d)

c) algebraic

FIGURE 1. A matroid described in several different ways: (a)
the collinear triples of points are dependent in the matroid;
(b) the triples of edges that form a cycle are dependent in the
matroid; (c) the algebraically dependent triples of rational
expressions are dependent in the matroid; (d) the linearly
dependent triples of vectors are dependent in the matroid.

linear
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E is the set of edges of a graph GG, and B is the set of spanning forests of G. It
should be noted that all graphic matroids are linear.

Already in this paper, he noticed that there are more matroids than those
coming from the columns of a matrix in characteristic 0. The Fano matroid
(Figure 2), which is a projective geometry, is the example mentioned in his

paper.
2. Algebraic matroids

Algebraic matroids arise from the notion of algebraic dependence.
Definition 1.2. Consider a field K which is contained in a field L. If

ai,...,an € L, then ay,...,a, are said to be algebraically dependent over K
if there exists a nonzero polynomial f(X1,...,X,) with coefficients in K such
that

flay,...;a,) =0.

If we take any finite set of elements in L, then the maximal independent
subsets are the bases of a matroid [43]. This type of matroid is called an alge-
braic matroid, and the set of elements in L is called an algebraic representation
of this matroid.
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FIGURE 2. The Fano matroid.

While this is the most common definition of algebraic matroids, there are
several equivalent ways to define them, which each have their own benefit. A
second definition that proves to be rather useful in this thesis is the following,
in the language of algebraic geometry. For basic terminology in algebraic
geometry, see [11].

Definition 1.3. Let K be an algebraically closed field, let E be a finite set and
let X C KE be an irreducible algebraic variety. We declare a subset I C FE
independent if the projection of X on K' is dominant, that is, if the closure
of {(z)icr : © € X} in the Zariski topology equals K.

These two definitions define equivalent notions of algebraic (in)dependence,
as will be discussed in Chapter 5. A finite set of elements in L in the first
definition corresponds to the set of coordinates of the variety in the second
definition. For more details about the correspondence between both definitions,
see [26].

Algebraic dependence was studied by Van der Waerden [51], and by
MacLane [36], who related the concept to Whitney’s matroids. Only in the
1970’s did the theory of algebraic matroids begin to gain traction. Ingleton
discovered that all algebraic matroids over a field of characteristic 0 are linear
[24]. Ingleton and Main [25] first found a matroid that is not algebraic over
any field: the Vamos matroid. Their main argument was later generalised by
Dress and Lovész [13]. The common point is that algebraic matroids satisfy a
certain extension property within the class of algebraic matroids that is not
satisfied by matroids in general. Thus if a matroid does not have this extension
property within the class of matroids, it cannot be algebraic.
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A huge contribution to the theory of algebraic matroids comes from Bernt
Lindstrom, who wrote numerous papers on the subject in the 1980’s and early
1990’s, many of which will be referred to in this thesis. He characterised
algebraic representations via p-polynomials [34], and found several algebraic
matroids [33, 29] that are not linear over any field, but instead over a skew field,
such as the Non-Pappus matroid [30]. Evans and Hrushovski later generalised
Lindstrom’s result on p-polynomials to algebraic representations coming from
a connected one-dimensional algebraic group [16]. Lindstrém showed that
algebraic matroids are closed under adding harmonic conjugates [32]. He
showed that an infinite class of matroids, the Lazarson matroids, are only
algebraic in a single characteristic [31]. Gordon published a similar result
for Reid geometries [18]. The list goes on: for a comprehensive summary of
Lindstréom’s work, I refer to [3].

One of the pressing open questions is whether the class of algebraic matroids
is closed under duality. Alfter and Hochstéttler [1] found a matroid of rank
5 on 9 elements, the Tic-Tac-Toe matroid, that is closed under the extension
properties from Dress and Lovdsz [13], but whose dual is non-algebraic. It is
still unknown whether or not the Tic-Tac-Toe matroid is algebraic over any
field.

Kromberg, and later Kirdlyi, Rosen and Theran, made algebraic matroids
accessible by methods in commutative algebra and algebraic geometry [27, 26,
45].

3. Valuated matroids

Dress and Wenzel introduced the concept of matroid valuations of a matroid
M [15].
Definition 1.4. Let M be a matroid with basis set B. A map v : B — R is
a valuation of M if for each pair B, B’ € B and for each e € B\ B’, there
ezists f € B'\ B such that BU{f}\ {e}, B'U{e} \ {f} € B and the following
submodularity condition holds:

v(B) +v(B') = v(BU{f}\{e}) +v(B"U{e} \ {f}).

Example 1.5. Let M be the uniform matroid of rank 2 on 4 elements, shown
in Figure 3. The valuation v = 0 is clearly a valuation of M. A more interesting

1 2 3 4

FIGURE 3. The uniform matroid of rank 2 on 4 elements Us 4.
Each pair of elements is a basis.
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valuation is the following:

v({1,2}) =0; v({2,3}) = 0;
v({1,3}) =0; v({2,4}) =0;
V({la 4}) =0; V({374}) =1

We check the submodularity condition for B = {1,3} and B’ = {2,4}. For
e =1 we can choose f =2 (but not f =4), and for e = 3 we can choose f =4
(but not f =2), so that the inequality holds. A

Valuations of matroids give rise to numerous rich structures. The matroid
polytope of M is a polytope in RF, where E is the ground set of M, given as
the convex hull of the points (), i) Bes, where e; is the 7’th standard basis
vector. Matroid valuations correspond to tropical Pliicker vectors in RB, and
give rise to a regular subdivision of the matroid polytope of M into smaller
matroid polytopes [49]. Moreover, a matroid valuation of M gives rise to a
matroid for each o € RF by taking as basis set the maximizers among B of
the linear function ;. a; — v(B). For each a, the corresponding matroid is
the matroid of one of the smaller matroid polytopes in the regular subdivision
given by v. The set of valuations of a matroid is also called the Dressian, and
carries a natural fan structure as a subfan of the secondary fan of the matroid
polytope [20].

4. This thesis

In this thesis, I bring together the theory of valuated matroids and the
theory of algebraic matroids. The goal is to add a new tool to the toolbox
for determining algebraic representability of matroids. This tool, along with
known methods, is then used to determine algebraicity of as many matroids
up to 9 elements as possible.

4.1. Algebraic representations and flocks. If X is an algebraic rep-
resentation of a matroid M in characteristic 0, then Ingleton showed that there
also exists a linear representation of M [24]. If X is regarded as an algebraic
variety, the linear representation is obtained by taking a sufficiently general
smooth point € X, and taking the tangent space of X at the point x. This
tangent space is then a linear representation of M. In characteristic p > 0, this
method of obtaining a linear representation fails in general, and the reason for
that is that the derivative of P is 0. Hence algebraic matroids in characteristic
p need no longer be linear; a simple example is the Non-Fano matroid (Figure
2 without the circle), which is algebraic in characteristic 2, but not linear.
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One can still obtain information on algebraicity of a matroid in character-
istic p using Ingleton’s ‘trick’ of taking the tangent space. Lindstrom noticed
that replacing a variable x. in X by 2P leaves the algebraic matroid unchanged,
but not Ingleton’s tangent space. This allowed him to prove that algebraicity
of certain matroids in characteristic p implies linearity, by choosing the right
powers of the variables [31]. This argument works for instance for the Lazarson
matroids, which will be discussed in Chapter 6, of which the Fano matroid is
an example.

We apply Lindstrom’s idea on an industrial scale. We assume the field K
such that X C KF is algebraically closed. Then for each a € ZF, we consider
the algebraic representation obtained from X by replacing the variable x. with
:cg““ for each e € FE. This leaves us with infinitely many similar algebraic
representations of the same matroid, one for each o € Z¥. For each of these
algebraic representations a X, regarded as algebraic varieties, we may take the
tangent space at a general point. This gives a collection of linear spaces, one
for each o € ZF, which each represent a matroid M.

We find that there are simple relations between M, and M, for any «
and o that differ by a unit vector or by the all-one vector in Z¥. We then
define any collection of matroids (M!),czz with the local structure imposed
by these relations to be a matroid flock. Hence every algebraic representation
X gives rise to a matroid flock M(X). On the other hand, using Murota’s
discrete duality theory [39], we find that any matroid flock corresponds to a
matroid valuation v such that

arg rggg{; a; —v(B)}
is the set of bases of M,, for each o € ZF. If the matroid flock is M(X), this
valuation is called the Lindstrém wvaluation of X. The structure of matroid
flocks and their connection with matroid valuations is the subject of Chapter
3.

We return to the algebraic representations aX for a € ZF. Using the
structure of matroid flocks, it turns out that there exists a general point x of X
that, when twisted with the powers of p dictated by «, is a general point of each
aX. With such a ‘very general’ = fixed, we again consider the tangent spaces of
aX. These tangent spaces then display a local structure very similar to the local
structure of matroid flocks. We define any collection of vector spaces (Vy)acz®
with this local structure to be a Frobenius flock. Chapter 4 deals with the
structure of Frobenius flocks, or more generally, linear flocks. An important
result from that chapter is that the entire Frobenius flock is determined by a
finite number of vector spaces V,, dictated by the underlying matroid flock. In
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Chapter 5 the relation between algebraic matroid representations, matroid
flocks and Frobenius flocks is explained in detail.

The fact that an algebraic representation of a matroid gives rise to a
Frobenius flock can be used as a necessary condition for algebraicity of matroids.
If no Frobenius flock exists for a matroid, then it can certainly not be algebraic.
This is the new tool that the work in this thesis brings to the table.

4.2. Computations and algebraicity of small matroids. In the re-
mainder of the thesis, we take the old tools from the matroid algebraicity
toolbox and combine them with the new Frobenius-flock tool. We then use
these tools to give an as accurate as possible account of the status quo regarding
algebraicity of matroids on at most 9 elements in characteristic 2. The methods
at our disposal to show that a matroid is algebraic over an algebraically closed
field K of characteristic p > 0 are the following:

(1) linearity over K implies algebraicity over K;

(2) linearity over the endomorphism ring of a connected one-dimensional
algebraic group defined over K implies algebraicity over K;

(3) finding an algebraic representation over K.

Conversely, the methods available to us to show that a matroid is non-algebraic
over K are the following:

(1) algebraic matroids should satisfy the extension property from Dress
and Lovasz and from Ingleton and Main;

(2) harmonic points in algebraic matroids should have a unique harmonic
conjugate;

(3) algebraic matroids over K should be Frobenius-flock representable
over K.

Not all of these criteria are necessarily decidable. An example of an endomor-
phism ring of a connected one-dimensional algebraic group is an order in Q,
and it is not known to be decidable whether a matroid is linearly representable
over Q [50]. Similarly, it is not known whether checking Frobenius-flock rep-
resentability is decidable. However, for many matroids we can find a definite
answer to these generally undecidable questions.

In Chapter 6, we investigate some classes of matroids, such as linear
matroids and matroids from one-dimensional algebraic groups. We also apply
our Frobenius-flock methods to the Lazarson matroids and Reid geometries,
revisiting the results of Lindstrom and Gordon. Finally, we consider the
interesting class of rank 3 Dowling matroids.

The algorithms that I use to test Frobenius-flock representability take
up most of Chapter 7. The final part of the chapter contains algorithms
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that compute the Lindstrém valuation and the Frobenius flock of an algebraic
representation, supporting the results from Chapter 5.

In Chapter 8, the computational results on all matroids on at most 9
elements are expounded.



CHAPTER 2

Preliminaries

This chapter introduces some mathematical notions that appear frequently
throughout the thesis. We describe the definition and basic properties of ma-
troids, matroid representations, matroid valuations and polyhedral complexes.

1. Matroids

A matroid is a pair (E,B), where F is a finite set of elements and B is a
set of subsets of E called the bases. The set of bases B of a matroid satisfies
the following properties.

(B1) B is nonempty;

(B2) Suppose B, B’ € B, and suppose e € B\ B’. Then there exists

f € B\ B such that both B+ f — e and B’ 4+ ¢ — f are elements of .

Here and later we use the notation B + e for BU{e} and B —e for B\ {e}.
This is one of the many definitions of a matroid. We choose this definition
because it bears the most similarity to matroid valuations. For a complete
introduction of matroid theory, including proofs of the statements in this
section, we refer to Oxley [43]. Here, we highlight some concepts related to
matroids that will be important in this thesis.

All bases of a matroid necessarily have the same cardinality. The common
cardinality of the bases is called the rank of the matroid. This induces the
rank function r of a matroid M, which is defined by

r(I) = max |I N B|
BeB

for I C E.

A loop of a matroid M is an element of the ground set that is not in any
basis of M. A coloop of a matroid M is an element of the ground set that is in
every basis of M. Since each matroid has at least one basis, an element cannot
be both a loop and a coloop.

For a non-coloop i € E, the deletion M\i is the matroid (E —i,{B € B :
i € B}). For a non-loop i, the contraction M/i is the matroid (E —i,{B —i €

9
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B: B e B,ic B}). If i is a coloop, then M\i:= M/i. Similarly, if i is a loop,
then M/i := M\i. For subsets I C E with |I| > 1, we define deletion and
contraction recursively: M\ I := (M\I —4)\i for some 4 in I, and similarly
M/I := (M/I —1)/i for some 4 in I, where it should be noted that the choice
of i is irrelevant in both cases, since deletion and contraction of e commute
with both deletion and contraction of f if e and f are distinct elements of E.
When M’ can be obtained from M by a series of deletions and contractions,
then we call M’ a minor of M.

In the context of the ground set E, we write [ := E \ I when I C E.

The dual of a matroid M is the matroid M* := (E,{B : B € B}). From
this definition, it is straightforward to see that (M*)* = M. Moreover, deletion
and contraction are dual operations in the sense that (M\)* = M*/i.

The connectivity function A of M is given by \(I) = r(I) +r(I) —r(E). A
matroid is connected if for all () # I C E, we have A(I) > 0.

Disconnected matroids occur frequently in this thesis. If M := (E, B) and
M’ = (E',B') are matroids such that E and E’ are disjoint, then the direct
sum M & M’ is the matroid (EUE’,{BUB’: B € B, B’ € B'}). For a matroid
M on E with connectivity function A, and for I C E we have A\(I) = 0 if and
only if M = M\I & M\I.

Lemma 2.1. Let M be a matroid on E with connectivity function X, and let
I CE. Then AX(I) =0 if and only if for all J CI: M/J\(I\J) = M\I.
Lemma 2.2. Let M be a matroid on E with connectivity function X\, and
let I C E. Then A(I) = 0 if and only if for all bases B, B’ of M, we have
[BNI|=|B'NnI|.

For a set E and an integer » we denote by (f) the set of cardinality r
subsets of E.

Definition 2.3. A matroid (E,B) of rank r is uniform if B = (]f)
We use the notation U, ,, for a uniform matroid of rank r on n elements.

Definition 2.4. Two matroids M = (E,B) and M’ = (E',B") are isomorphic,
notation M = M’ if there is a bijection p : E — E' such that ¢(B) = B’.

Whenever matroids are counted, we always do so up to isomorphism.

2. Linear representations

Let K be a field, d a nonnegative integer and let E be a finite set. Let A
be a d x E matrix over K of rank d. For B C F, denote by Ap the restriction
of A to the columns in B. Then

By :={B C E: Ap is an invertible d x d matrix}
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is the set of bases of a matroid (E, B4). If @ is an invertible d x d matrix, then
Bga = Ba. So B4 only depends on the row space of A.

Definition 2.5. Let K be a field, d a nonnegative integer, E a finite set
and V € Grq(KF). Let A be a matriz such that V is the row space of A.
Then M(V) := (E,B,) is the matroid of V. Moreover, we call V a linear
representation of (E,B4).

Here Gry(KT) denotes the set of d-dimensional subspaces of K| the
Grassmannian. When we call a matrix A a linear representation of M, we
mean that its row space is a linear representation of M.

If D is an invertible E x E diagonal matrix, then Bap = B4. The row
space of AD may be different from the row space of A, and in that case these
row spaces are different (but equivalent) linear representations of the same
matroid.

Definition 2.6. We call two vector spaces V, W linearly equivalent if W =V D
for some invertible diagonal matriz D.

We state a lemma similar to Lemma 2.1 for linear representations of a
matroid. We first introduce notation and define deletion and contraction for
vector spaces. When K is a field, E is a finite set, I C E, and v € K, then
we write

vr = (Vs)ier-
Now we define deletion and contraction. If V € Grg(K¥) and I C E, then we
define

VNI :={v;:v eV}
V/I :={vy:veV,ur =0}
Lemma 2.7. Let V € Gryg(KE) and let I C E. Let M = M(V) and let X be
the connectivity function of M. Then MN(I) = 0 if and only if for all J C I:
V/J\(I\J)=V\I.
Informally, if a vector space V is a direct sum of its I and I parts, then the

I part is unaffected by the choice of deletion or contraction for each element of
1.

3. Algebraic matroids

One of the main objects of study in this thesis are algebraic matroids.
Let K be a field and L an extension field of K. Elements aq,...,a, € L are
called algebraically independent over K if there exists no nonzero polynomial
f € K[z1,...,x,] such that f(ay,...,a,) = 0. Algebraic independence satisfies
the matroid independence axioms [43], and this leads to the following notions.
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Definition 2.8. Let M be a matroid on a finite set E, and let K be a field.
An algebraic representation of M over K is a pair (L, $) consisting of a field
extension L of K and a map ¢ : E — L such that any I C E is independent in
M if and only if the multiset ¢(I) is algebraically independent over K.

Definition 2.9. If a matroid M admits an algebraic representation, M is
called an algebraic matroid.

Algebraic independence and algebraic representations can also be defined
in a different manner as follows. For now, we call this type of representation
‘algebro-geometric’ rather than algebraic. In Section 2 of Chapter 5 we argue
that these notions of algebraic representation are equivalent, which is also one
of the results of [26]. First we define the notion of algebraic variety that we
use throughout the thesis.

Definition 2.10. Let K be an algebraically closed field. An algebraic variety
over K is a set V such that there exist polynomials fi,..., fs in K[x1,..., 2]
such that

V={(a1,...,a,) € K" : fi(a1,...,a,) =0 foralli € {1,...,s}}.

We proceed to define algebro-geometric representations of matroids. Let
K be a field, E a finite set and I C E. Then 77 : K¥ — K is the projection
from KF on K given by v+ v;.

The vector space KF is equipped with the Zariski topology, in which the
closed sets are those defined by polynomial equations; we will use the term
variety or closed subvariety for such a set. In particular, let X C K% be the
closed subvariety defined as the {a € K¥ : Vf € P : f(a) = 0}. Since P is
prime, X is an irreducible closed subvariety, and by Hilbert’s Nullstellensatz,
P is exactly the set of all polynomials that vanish everywhere on X.

Definition 2.11. An algebro-geometric representation of a matroid M on
the ground set E over the algebraically closed field K is an irreducible, closed
subvariety Y of K¥ such that I C E is independent in M if and only if the
Zariski-closure of w7(Y) equals K.

We denote the matroid M represented by Y as M (Y).

4. Octahedra, pure quadrangles and the Tutte group

Let M be a rank r matroid on a ground set E with basis set B. Consider
S e (i}) and let {a,b,c,d} € (Eis). Define an ordering on E and assume
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a < b < c<d Then we define

By = S+a+b
By, = S+c+d;
By = S+a+tc
By = S+b+d;
Bz = S+a+d;
B3y, = S+b+ec.

We define an octahedron of M to be an ordered tuple (Biy,...,Bss) as
above, such that all six sets Bi1, ..., B3s are in B. An octahedron gives rise to
a Uz 4-minor of M: (M/S)|¢a,p,c,ay = Uz,

If two pairs B;1, Bjz and Bji, Bj2 are in B, then we call the set Q =
{Bi1, Bi2, Bj1, Bj2} a pure quadrangle of M. Then if not both By and Bjo
are in B, @ is called degenerate.

Degenerate pure quadrangles are used in the definition of the Tutte group.
Non-degenerate pure quadrangles are part of an octahedron.

In order to define the Tutte group of M, we use Definition 1.2 from [14],
which we will give next. Denote by Fj; be the free abelian group generated by
¢ and brackets [by, ..., b,] for {b1,...,b.} € B. Denote by K, the subgroup of
Fr generated by

(T1) &%

(T2) efb1,...,br]boa), s ba(r)]_l for all {by,...,b.} € B and odd permu-

tations o € Sym(r);

(T3)

[bl, ceey br_g, a, b][bl, ceey br_g, C, d]
[bla RS br727 a, d][blv RS br727 ¢, b]
for all degenerate pure quadrangles

{S+a+bS+c+d,S+a+d,S+b+c},
where S = {by,...,b._2}.
Definition 2.12. The group

TM = F]\/[/KM
18 called the Tutte group of M.

Let A be an r x E matrix over K linearly representing M. Consider
the homomorphism ¢4 : Fpy — K* given by € — —1 and [by,...,b.] —
det(Ap, - -+ Ap,) for B € B, where Ay, is column b; of A. The following lemma
follows from [14, Prop. 3.1].
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Lemma 2.13.
Kar Ckerpy.

PROOF. We show that each generator of K, lies in the kernel of ¢ . We
have p4(e?) = (—=1)2 = 1, so €2 € kerpa. Since the determinant function
is alternating in the columns of the matrix, we also find that the generators
of type (T2) lie in ker p4. For generators of type (T3), let {S+a+b,5+
c+d,S+a+d,S+ b+ c} be a degenerate pure quadrangle. Then we have
either S+a+c & Bor S+b+d¢ B. Without loss of generality, suppose
S+a+c ¢ B. We may assume that A has an identity submatrix in the columns
(b1,...,br—2,a,b). Then

S a b ¢ d
I,—o 0 0 x =%

A= 0 1 0 =z =z,
0 0 1 0 y

where z,y # 0. Now

@A([bl)”. r—2, Q, b][bl, T 2,C, d])zlxyzl
[bl,... r—2,a, d”bl, r 2,C, b] Yy-x ’

and hence generators of type (T3) lie in ker ¢ 4. Since all generators of K, lie
in ker ¢ 4, we conclude that Ky, C kerp4. O

So ¢4 induces a homomorphism ¢4 : Tpy — K*. This homomorphism can

be used to relate Tp; to linear representations of M over K. The following
theorem is part of the statement of [14, Prop. 3.2].
Theorem 2.14. Let M be a matroid on E that is linear over K. Let S =
{b1,...,br—_2} be given. Suppose @ ={S+a+b,S+c+d,S+a+d,S+b+c}
is a pure quadrangle of M and suppose S + a + ¢ € B. The following are
equivalent:

(1) for all r x E matrices A over K linearly representing M we have

~ [b17"'abT—27a7b][bla"'7bT—2ac7d]
1:
(pA([bla"'abr—23a7d][bla"'7br—2367b] 7& 7

(2)
[bl,...,br_g,a,b}[bl,...,br_g,c,d}
[bla"'ab’r72,a7d][bla' "7b7“72ac7b}

(3) Q is non-degenerate.

# 1 in Ty
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5. Matroid valuations

Matroid valuations were introduced by Dress and Wenzel [15]. All results
in this section are due to them. Let E be a set, and 0 < r < |E| an integer. A
matroid valuation is a map v : (?) — Ry such that

(VO0) there exists B such that v(B) < oo; and

(V1) for all B,B' € (f) and ¢ € B\ B’ there exists j € B’ \ B such that

v(B)+v(B") >v(B—i+j)+v(B +i—j).
Here and later we use the notation Ry := R U {o0}.

This definition bears a strong resemblance with the definition of a matroid.
The B for which v(B) is finite form the set of bases of a matroid. We use the
notation BY for the bases and M" for the matroid. If M is a matroid with
basis set B, then a valuation of M is a map v : B — R such that the map
T (f) — R given by

#(B) = { v(B), BeB;
0, else.
is a matroid valuation. Conversely, if v is a matroid valuation, then the
restriction v|gv is a valuation of MY.

For I C F, we write e; = ZZ—GI e;, where e; is the i’th standard basis
vector. A valuation v of M is a trivial valuation if for every B, v(B) = ep - w
for some w € RF. The following property of matroid valuations follows from
the fact that the inequalities in (V1) are ‘balanced’ in the sense that each e € E
appears the same number of times on the left-hand side of the inequality as on
the right-hand side.

Lemma 2.15. Let M be a matroid. Let T be a trivial valuation of M. Then v
s a valuation of M if and only if v + 7 is a valuation of M.

The bases B for which v(B) is minimal form the basis set of a matroid.

Lemma 2.16. Let M be a matroid with basis set B and let v € Rgo be a
valuation of M. Let B .= {B € B:v(B)=0}. If B # 0, then B’ is the basis
set of a matroid.

PROOF. We show the symmetric basis exchange axiom. Let B, B’ € B’
and e € B\ B’ be given. By (V1), there exists f € B’ \ B such that

0=v(B)+v(B)>v(B—e+ f)+v(B+e—f).

Then since v > 0, equality holds and v(B —e+ f) = v(B+e— f) =0, as
required. U

The following characterisation of matroid valuations is implicit in [15].
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Lemma 2.17. A map v : (f) — Ry 18 a matroid valuation if and only if
(1) BY satisfies the base exchange axiom (B); and
(2) forall S € (T}EZ) and {a,b,c,d} € (Eis), the minimum of
v(S+a+b)+v(S+c+d), v(S+a+c)+v(S+b+d), v(S+a+d)+v(S+b+c)

1s attained at least twice.

PROOF. Necessity is straightforward. We prove sufficiency. Let v, B, B', e
be a counterexample with |B \ B’| as small as possible. So conditions (1) and
(2) hold for v, and we have

v(B)+v(B')<v(B—e+ f)+v(B +e—f)
for all f € B’ \ B. It follows that |B\ B’| > 1. If |B\ B’| = 2, then
v(B)+v(B') <min{v(B—e+f)+v(B' +e—f),v(B—et f)+v(B +e—[)}

where B’ \ B = {f, f’'}. Taking S = BN B, {a,b,¢,d} = BU B’ — S, this
violates assumption (2). So |B\ B’| > 2. We may assume without loss of
generality that v(B) + v(B’) = 0, using the trivial valuation 7 from Lemma
2.15 with weight function w = —(v(B) + v(B’))e.. While preserving that
v(B) + v(B') = 0, we can also make sure that

0 <min{v(B—e+ f),v(B'+e— f)}

for each f € B\ B, by using weight functions w = A\f(ey —e.) for some Ay € R.
Let X attain the minimum of

min{v(X): X=B-¢€¢+f, e e€B\B —e, f'eB\B}

Since v(B) + v(B’) = 0, we have B, B’ € BY, and by assumption (1) the base
exchange axiom (B) holds for B”. Hence for each ¢’ € B\ B’ — e there exists
an f' € B'\ Bsothat B—e' + f' € B”, i.e. sothat v(B—¢e' + ') < oco. It
follows that v(X) < co. As | X \ B| < |B\ B’|, we have

V(X)+1(B') > V(X — e+ f)+ V(B +e— f) > v(X — e+ f)

for some f € B'\X C B'\B. PutY := X —e+ f. Then |[B\Y|=2 < |B\ B/|,
hence

v(B)+v(Y)>v(B—e+g)+v(Y +e—g)>v(Y +e—g)
for some g € Y\ B C B’\ B. Hence for X' =Y + e — g, we have
v(X)=v(X)+v(B)+v(B)>v(B)+vY)>vX),
which contradicts the choice of X. |
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Valuated matroids can be modelled in several different ways. For instance,
if M is a matroid on F, then consider the matroid polytope of M, which is the
convex hull of the points eg € R¥ for all bases B of M. A map v: B — R
is a valuation if and only if the regular subdivision of the matroid polytope
corresponding to v is a subdivision into smaller matroid polytopes [49].

5.1. Deletion and contraction. Let v : (g) — R4 be a matroid val-

uation. Let ¢ € E be a non-coloop of M”. Then define v\i : (E(;’) — Ry
by v\i(B) = v(B). Similarly, let j € E be a non-loop of M. Then define
v/j: (5__13) — Ry by v/j(B) = v(B+ j). For i a coloop, set v\i = v/i, and if
j is a loop, set v/j = v\ j. Note that an element cannot be both a loop and a
coloop.

The following lemmas are from [15].

Lemma 2.18. Let v : (5) — Ry be a matroid valuation, and let i € E. Then
the maps v\i and v/i are matroid valuations.

[7av2]

Define the relation of strong equivalence ‘=’ on matroid valuations as
follows: v 2 7 if and only if there exists ¢ € R such that v =7+ ¢.

Lemma 2.19. Let v : (5) — R be a matroid valuation, and let ©,j € E be
distinct elements. The following commutation properties are satisfied:

(1) v\i\j = v\j\i;
(2) v/i/j=v/j/i;
(3) v/i\j=v\j/i,
For a valuation v, we denote its equivalence class under ‘2’ by v + R. Let
I C E. We recursively define v\I := v +Rif I =0, and v\I := (v\I —i)\i +R
otherwise. Analogously, define v/I :=v+Rif I =0, and v/I := (v/I—1)/i+R
otherwise. By Lemma 2.19, the choices of i are irrelevant.

5.2. Duality. Just like deletion and contraction, there exists a notion
of duality for matroid valuations. Let v : (5) — R be a matroid valuation.

Define v* : (‘Eid) — Ry by v*(B) = v(B). The following lemma is due to
Dress and Wenzel [15].

Lemma 2.20. Let v : (5) — Ro be a matroid valuation. Then v* is a matroid
valuation.

PRrROOF. (VO0) is satisfied due to (VO) for v. For (V1), consider B, B’ €
(lEf_d) and i € B\ B’ = B’\ B. By definition of v*, we have v*(B) +v*(B’) =
v(B) + v(B’). By (V1) for v, there exists j € B\ B’ = B’ \ B such that
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v(B)+v(B)>v(B+i—j)+v(B —i+j)=v*(B—i+j)+v (B +i-j),
proving (V1). Thus v* is a valuation. O

5.3. Circuit-hyperplane relaxation. If E is a set, and M is a matroid
on F, then a circuit-hyperplane of M is a subset of E that is both a circuit
and a hyperplane. If H is a circuit-hyperplane of M, then adding H to the
list of bases of M (relaxing H) yields a matroid. Let M* denote the matroid
obtained from M by relaxing H. The following lemma about circuit-hyperplane
relaxation in valuated matroids is due to Dress and Wenzel [15].

Lemma 2.21. Let M be a matroid of rank d with basis set B, and let H

be a circuit-hyperplane of M. If v is a valuation of M, then there exists
ko € Z U {—o0} so that the map vil : (5) — Ry given by

v(B), Be€B;
B~ < k, B=H;
00, else.

is a valuation matroid valuation with MVs = MH for all k > kgy.

_ PROOF. Let a,b be distinct elements of H. Let ¢,d be distinct elements
of H. Let S = H \ {a,b}. Then by Lemma 2.17, the minimum of

v(H)+v(S+c+d), v(S+a+c)+v(S+b+d), v(S+a+d)+v(S+b+c)
is attained at least twice. Since H is a circuit-hyperplane,
{S+a+e¢,S+b+d,S+a+d,S+b+c} CB”

and v(H) = oo, the minimum is attained by both v(S +a+¢) +v(S +b+d)
and v(S+a+d)+v(S+b+c). Soput

ko= sup {v(S+a+d)+v(S+b+c)—v(S+c+d)}.
a,b,c,d

Hence for k£ > kg the minimum of

VIH) + v (S +c+d), vI(S+a+c)+r(S+b+d),

vH(S+a+d)+vT(S+b+c)

is attained at least twice. It follows from Lemma 2.17 that v is a valuation
of MH, O
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6. Polyhedral complexes
We define basic notions related to polyhedral complexes that are used in
this paper, following Ziegler [53].
Definition 2.22. A set P C R is a polyhedron if
P ={zcRF: Az <b},
where A € R™F and b € R™ for some nonnegative integer n.
Definition 2.23. If P is a polyhedron, then F is a face of P if

F=Pn{zeR¥ a2 =b},
where a € RE and by € R are such that a - < by holds for all x € P.

It follows that a nonempty cell F is a face of P = {x € R : Az < b} if
F=Pn{zeRF: Az =10}, where A’ is obtained from A by deleting some
rows, and b’ is obtained from b by deleting the same rows. Moreover, the empty
polyhedron is a face of any other polyhedron.

Definition 2.24. Let P C R¥ be a polyhedron . Then the lineality space of P
is defined by

AP):={ycRF .2 +tyc P for all x € P,t € R}.
Clearly A(P) is a linear subspace of R.

Definition 2.25. A polyhedral complex D is a finite collection of polyhedra
in R¥ such that
(1) the empty polyhedron is in D;
(2) if C € D, then dall the faces of C are also in D;
(3) the intersection C N D of two polyhedra C, D € D is a face of both C
and D.

We extend the notion of lineality space to polyhedral complexes.

Definition 2.26. Let D be a polyhedral complex. Then the lineality space of

D is
A(D):= ] AC).
CeD
We denote by |D| := |UD the support of D. If C,D are two polyhedral
complexes, then their intersection is defined by
CAD:={CnD:CeC,DeD},

which is a polyhedral complex.
When D is a polyhedral complex, we call an element of D a cell. Cells of a
polyhedral complex have a natural notion of dimension.
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Definition 2.27. Let D be a polyhedral complex in R¥. Let C' be a nonempty
cell of D, and let o € C. Then we call dim(B — « : B € C) the dimension of C.
Furthermore, dim () := —1.

In the remainder of the thesis, we only consider polyhedral complexes with
rational polyhedra. That is, with polyhedra defined by a rational matrix A
and a rational vector b. The lowest and second-lowest dimensional cells play
an important role in this thesis.

Definition 2.28. Let D be a polyhedral complex and let k € N. Then we call
S¥(D):={CeD:dimC <k}

the k-skeleton of D. When n = dim A(D), we sometimes use the notation
Si—n(D) for the k-skeleton of D.

The k-skeleton of a polyhedral complex is itself a polyhedral complex.

7. The Dressian
Let M be a matroid with basis set . For each octahedron
O = (Bi1,...Bs2)
of M, we define the polyhedra
Py :={ve RE : v(By1) + v(Biz) = v(Ba1) + v(Bag) = v(Bs1) + v(Bsz)},
and
Ph = {v e R®: u(By)) + v(Big) > v(Bj1) + v(Bj2) = v(Bk1) + v(Bka) },
where 14, j, k are distinct members of {1,2,3}. Now
Po =10, P, P, P, Po}

is a polyhedral complex.
Next, for each degenerate pure quadrangle

Q={S+a+bS+c+d S+a+d,S+b+c},
we define the polyhedron
Po={veR?:v(S+a+b)+v(S+c+d) =v(S+a+d) +v(S+b+c)}
and the polyhedral complex Pg := {0, Pp}.
Definition 2.29. Let M be a matroid. The Dressian of M is defined by

(M) = \Po A /\Po.
o Q

where O ranges over the octahedra of M, and @ ranges over the degenerate
pure quadrangles of M.
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Theorem 2.30. Let M be a matroid on E of rank r with bases B. The following
are equivalent:

(1) v: B — Ry is a valuation of M;
(2) v e [D(M)].

PROOF. Suppose v is a valuation of M, and let O be an octahedron of M.
Due to Lemma 2.17, v must lie in one of the polyhedra P, for i € {0,1,2, 3},
and hence in |Pg|.

Next, suppose Q@ = {S+a+b,S+c+d,S+a+d,S+b+c} is a degenerate
pure quadrangle of M. Since either S+ a + ¢ or S+ b+ d is not in B, we have
v(S+a+c)+v(S+b+d) = oo. Therefore due to Lemma 2.17, vg must lie in
Pg. It follows that v € |[D(M)].

Conversely, suppose v € |D(M)|. Now let S € (i}) and {a,b,c,d} €

(EA}S), and consider the corresponding sets S = { B, ..., B32} as in Section
4. We distinguish three cases. If S contains no pure quadrangle, then Lemma
2.17(2) holds trivially for S, a, b, ¢,d. If S contains a degenerate pure quadrangle
@, Lemma 2.17(2) is satisfied for S, a,b, ¢, d due to the fact that vz € Py. Fi-
nally, if S contains a non-degenerate pure quadrangle, then O = (B, ..., B32)
is an octahedron of M. Since v lies in one of the polyhedra Pé fori € {0,1,2,3},
Lemma 2.17(2) is satisfied for S, a, b, ¢,d. We conclude that Lemma 2.17(2) is
satisfied for v. Since BY = B, v is a valuation of M due to Lemma 2.17. [

Consider the trivial valuation 7, : B — R, B — ep - w for some w € RP.
We strengthen Lemma 2.15.

Lemma 2.31. Let M be a matroid on E. Let w € RF be given. Then
Tw € A(D(M)).

ProOF. Each cell C of ©(M) is the intersection of a number of polyhedra
of the form Py or P}, where @ is a degenerate pure quadrangle, O is an
octahedron of M and ¢ € {0,1,2,3}. Clearly 7, € A(Pg) for each @, since for
each e € F there are as many bases containing e on the left-hand side of the
defining equation as on the right-hand side. Similarly, 7, € A(Pg) for each O
and 7. We conclude that v + 7, € C for each v € C and for each C € ©(M),
as required. O

We define the space of trivial valuations of M:
T(M) := {1, : w € RF).
By the previous lemma, T'(M) C A(D(M)).
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Definition 2.32. Let M be a matroid with bases B. If v is a valuation of M,
then the combinatorial type of v is the inclusionwise minimal cell C € D(M)
such that v € C.

Let O(M) be the set of octahedra of M. Then the combinatorial type
of v is characterised by the map x, : O(M) — {0, 1,2, 3}, mapping O to the
(unique) 7 such that v lies in the interior of P}. Then we have

ve () Py9n(Poeo(M).
0OcO(M) Q

From Lemma 2.31, we may conclude that the combinatorial type of v does
not change by adding a trivial valuation. The same is true for scaling by a
positive scalar.

Lemma 2.33. Let M be a matroid and v € |D(M)|. Let A € Rq be given.
Then \v is a valuation of M with Kk, = Kx,-

PROOF. The defining inequalities of the polyhedra Py and P} are all
homogeneous in v. Therefore they are satisfied by v if and only if they are
satisfied by Av, since A > 0. Hence Av lies in the interior of the same cell of
D(M) as v. By Theorem 2.30, Av is a valuation. O

8. Murota’s discrete duality theory

We briefly review the definitions and results we use from [39]. For an
x €Z", let

supp(x) := {i : ; # 0}, supp™ (x) := {i : ; > 0},

supp” (z) == {i : 2; < 0}.
For any function f : Z"™ — R, we write dom(f) := {z € Z™ : f(z) € R}.
Definition 2.34. A function f : Z"™ — Z, is called M-convex if:
(1) dom(f) # 0; and
(2) for allz,y € dom(f) andi € supp™(z—vy), there exists j € supp™ (z—
y) so that f(z) + f(y) > f(z — e +¢ej) + f(y+ei —¢;).
Let x,y € Z™. We write zVy := (max{x;,y;}); and x Ay := (min{z,, v;}),
and let 1 denote the all-one vector.
Definition 2.35. A function g : Z"™ — Z is L-convex if
(1) dom(g) # 0;

(2) 9(=) +9(y) = g(xVy) +g(xAy) for all z,y € Z"; and
(3) there exists an r € Z so that g(x + 1) = g(x) +r for all x € Z™.
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For any h : Z"™ — Z, with nonempty domain, the Legendre-Fenchel dual
is the function h® : Z"™ — Z., defined by

h*(z) =sup{z -y —h(y) 1y € Z"}.
The following key theorem describes the duality of M-convex and L-convex
functions [39].
Theorem 2.36. Let f,g: 7" — Zoo. The following are equivalent.
(1) f is M-convez, and g = f*; and
(2) g is L-convez, and f = g°.
Finally, Murota provides the following local optimality criterion for L-

convex functions.

Lemma 2.37. (Murota [39], 7.14) Let G be an L-convex function on Z™, and
let x € Z™. Then

n vIcA{l,...,n}:G(x) <G(x+ep),

Yy € Z" : G(z) < G(y) — { (@) {: o +}1). (2) ( 1)






CHAPTER 3

Matroid flocks and cell complexes

This chapter is based on joint work with Jan Draisma and Rudi Pendavingh
[7, 6].

1. Introduction

In this chapter, I introduce matroid flocks and their associated cell com-
plexes.

Definition 3.1. A matroid flock of rank d on E is a map M which assigns
a matroid My on E of rank d to each o € ZF, satisfying the following two
azioms:

(MF1) My/i = Maye, \i for alla € ZF and i € E;

(MF2) M, = Myy1 for all o € ZF.

Matroid flocks started out as a ‘side product’ of vector space flocks, which
are the subject of chapter 4. However, after we had discovered the relation
between matroid flocks and integer-valued matroid valuations, they turned into
an object of greater interest. In the second section of this chapter we make
this relation precise.

There is also a bijective relation between matroid flocks and certain poly-
hedral complexes, which will be studied in the third section of this chapter. As
a consequence we have three different interpretations of matroid flocks that
are all equivalent. This allows us to gain a firm understanding of the structure
of matroid flocks, as will be the focus of the fifth section of this chapter.

2. Matroid flock characterisation

We begin with an example of a matroid flock as defined in Definition 3.1.

Example 3.2. Let E = {1,2} and let My be the matroid on E with bases
{1} and {2}. We claim that this extends in a unique manner to a matroid
flock M on E of rank 1. Indeed, by (MF1) the rank-zero matroid Mgo/1 equals
M, \1, so that {1} is the only basis in M.,. Repeating this argument, we
find Mye, = Mg, for all k > 0. Similarly, Mge, is the matroid with only one

25
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basis {2} for all k > 0. Using (MF2) this determines M, for all a = (k,1):
it equals Mo if k =1, M., if k > 1, and M., if kK <l. The phenomenon that
most My, follow from a small number of them, like migrating birds follow a

small number of leaders, inspired our term matroid flock. A
We proceed with a characterisation of matroid flocks. For a matroid
valuation v : (5) — Ry and an a € R, let

Bl .= argmax{ep-a—v(B)}

Be(h)
and put MY := (E, BY). Then MY is a matroid. Moreover, let
9" (a) :== max {ep-a—v(B)}
Be(3)
be the maximal value obtained by the elements of BY,.

The main result of this section will be the following characterization of
matroid flocks.

Theorem 3.3. Let E be a finite set, let d € N, and let M, be a matroid on
E of rank d for each oo € ZF. The following are equivalent:

(1) M:aw— M, is a matroid flock; and
(2) there is a matroid valuation v : (]g) — Zoo SO that My = MY, for all
aeZb.
The implication (2)=-(1) of Theorem 3.3 is relatively straightforward.
Lemma 3.4. Let v : (5) — Zso be a valuation. Then
(1) M%/Ji= My, \i foralla € ZF and i € E; and
(2) M¥ =M%,y forall a € ZF.
PROOF. We prove (1). Consider o € ZF and i € E. If i is a loop of MY,
then g¥(a+e;) = g”(a). Then B is a basis of M¥% /i if and only if
eg-(a+e)—v(B)=eg-a—v(B)=g¢"(a)=g"(a+¢)
if and only if B is a basis of M, ;. \i. On the other hand, if i is not a loop of
MY, then g” (o + e;) = g¥(a) + 1, and then B’ is a basis of MY /i if and only
if B= B’ +1i is a basis of MY, if and only if
eg-(a+e)—v(B)=epg-a—v(B)+1=gla)+1=gla+e)
if and only if B’ is a basis of MY, \i.
To see (2), note that g¥(a+ 1) = g”(a) + d. Then B is a basis of MY if
and only if

eg-(a+1)—v(B)=ep-a—v(B)+d=g"(a)+d=g"(a+1)
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if and only if B is a basis of MY ;. O

We show the implication (1)=-(2) of Theorem 3.3. Our proof makes
essential use of the discrete duality theory of Murota [39]. Specifically, we
will first construct an L-convex function ¢ : Z¥ — Z from the matroid flock
M. The Fenchel dual f of g is then an M-convex function, from which we
derive the required valuation v. Before we can prove the existence of a suitable
function g, we need a few technical lemmas.

In the context of a matroid flock M, we will write r, for the rank function
of the matroid M,. We first extend (MF1).

Lemma 3.5. Let M be a matroid flock on E, let o« € ZF and let I C E. Then
Ma/I = MaJrez\I'

ProoOF. By induction on I. Clearly the lemma holds if I = (. If T # 0,
pick any ¢ € I. Using the induction hypothesis for a and I — i, followed by
(MF1) for o + ey—; and i, we have

Ma/T = MoJI=i)fi = Mase, NI —i)/i
= Mage,, /i\(I =)
= MaJrez\i\(I — i)
= MaJreI \Ia

as required. O

The above lemma allows us to extend (MF1) as follows.
(MF1) My /I = Meaye,\I for all « € ZF and I C E.

Lemma 3.6. Let M be a matroid flock on E, let oo € ZF and let I C J C E.
Then

ra(J) =7rall) + rate, (J\).

PROOF. Using Lemma 3.5, we have rqye,(J\I) = r(Maie, \I\J)
r(Ma/I\JT) = ro(J) — ro(I), as required.

oo

If o, € RE, we write o < B if a; < 3; for alli € E.
Lemma 3.7. Let M be a matroid flock on E, let o, 3 € ZF and let I C E. If
INsupp(B—a) =0 and a < S, then ro(I) > ra(I).
PrROOF. We use induction on max;(5; — «;). Let J := supp(5 — «). Then
roa(I) = (M \J\TUJ)>1r(My/J\IUJ)
= r(Mage, \I\NIUJ) =ro4e,(I).
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Taking o/ := a + ey, we have o/ < S, max;(8; — o}) < max;(8; — ;) and
supp(8 — ') C supp(8 — ). Hence

Ta(I) = Tate,(I) = 1p(1),

by using the induction hypothesis for o/, 5. |

We are now ready to show the existence of the function g alluded to above.

Lemma 3.8. Let M be a matroid flock on E. There is a unique function
g:7ZF = 7 so that

(1) ¢(0) =0, and
(2) gla+er)=g(a)+1o(I) for alla € Z¥ and I C E.
PRrROOF. Let D = (ZE, A) be the infinite directed graph with arcs
A={(,a+ter): acZF 0#1CE}.
Let [ : A — Z be a length function on the arcs determined by
la,a+ep) =ro(I).

This length function extends to the undirected walks W = (a®,...,a*) of D
in the usual way, by setting

(W) = 1(a ..., oY) +1(aF 1 ak) if (aF1ak) e A
T U0 ok ok ok if (oF, ek ) e A

if k> 0, and (W) = 0 otherwise. A walk (a®,...,a*) is closed if it starts and
ends in the same vertex, i.e. if a® = oF.

If we assume that [(W) = 0 for each closed walk W, then we can construct
a function g satisfying (1) and (2) as follows. For each a € ZE, let W< be an
arbitrary walk from 0 to «, and put g(a) = {(W<). Then g(0) = [(W°) = 0 by
our assumption, since W0 is a walk from 0 to 0. Also, if « € Z¥ and I C E,
then writing 8 := a 4 e; we have

(W) +1(a, B) = (WP =1(a°,...,a%, 8™,...,5°) =0,

by our assumption, where W = (a,...,a*) and W? = (8°,...,8™). It
follows that

gla+er) =1WP) =1(W*) +1(a, B) = gla) + ra(l),

as required. So to prove the lemma, it will suffice to show that (W) = 0 for
each closed walk W.
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Suppose for a contradiction that W = (a,...,aF) is a closed walk with
[(W) # 0. Fix any i € E so that o # «}. If J C E is such that i € J, then
for any a € Z¥ we have
(1) Ua,a+ey)=ro(J) =1a() + rate,(J— 1) =l(,a+ e, +ey)
by applying Lemma 3.6 with I = {i}. Hence, if we replace each subsequence
(=Y al) = (a,a +ey) of W with i € J by (o, + e;, 0 + ey), and each
subsequence (a!~! at) = (a +ey,a) with i € J by (a + ey, a + €;, ), then
we obtain a closed walk U = (8°,...,8™) with [(U) = (W) # 0, such
that if 8¢ — gt~ = +ey, then i € J or J = {i}, and moreover such that
Bt — Bt~ = +e; for some t. Pick such U, i with m as small as possible, and
minimizing |U|; := Y {t € {1,...,m} : Bt # B~ '}.

We claim that there is no ¢ > 0 so that /Bf_l = £ ﬂf“. Consider that
by applying Lemma 3.6 with I = J — 4, we have
(2) lo,a+er)=ra(J)=10(J —i) +Tate, ;@) =lo,a+ej_i,a+ey),
so that using (1) we obtain I(a,a + ej_;, ¢ + ey, + ¢;, ) = 0. Hence,
lo,at+erj,atey)=l(a,a+e,a+ey)and l(a+ej_j,a,a+e;) =1l(a+
ej_i,a+ey,a+e;). It follows that any subsequence (3171, 8¢, Bt+1) of U with
Bi~t = Bt # BT can be rerouted to (811, 8/, B1) with gIT! £ g = pitt
which would result in a closed walk U’ with |U’|; < |U|;, a contradiction.

So there exists an m’ € {1,...,m} such that ¢ — B!~ = +e; if and only
if ¢ <m’. Then 8° = g™ = 8™, and 1(B°... ,/3""/) = 0. Hence

WB™ . . B =1(B% ..., B™ ) +1(B™,...,B™) = L(U) #0
which contradicts the minimality of m. O
For any matroid flock M, let g™ denote the unique function g from Lemma
3.8.

Theorem 3.9. Let M be a matroid flock of rank d on E, and let g = g™
Then

(1) gla)+9(B) = glaV B)+glaApB) for al o, 8 € ZF; and
(2) gla+1)=g(a)+d for all a € ZF.
PROOF. We first show (1). Let a, 8 € ZE. Since (8 —a) V0 > 0, there are
I C...CI; C Esothat (B—a)V0= Z§=1 er;. Let (1) := a/\ﬂ+Z;=1 er;-

Then v(0) =a A B, y(k) =aAB+ (B —a)V0 =3, and y(t) =~(t - 1) +ey,,
so that

9(B) =gl AB) = _g(v(t)) — g(v(t - 1)) Zwt ().
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Let 6 := (o« — ) V0. Then v(0)+ ¢ = v and v(k) + 9 = a\/ﬁ, and we also have

glaV B) — Zg —g(y(t—1)+6) = er(t D+s(1t)-

For each ¢t we have I; N supp(d) Csupp((8—a)VO)N supp((a - B)v0) =10,
and ¢ > 0. By Lemma 3.7, it follows that 7.1y (I;) > 7+ (—1)+s(I;) for each t,
and hence

k
9(B) —glanp) = er(t) I) ZZ (+st) = glaV B) — g(a),

which implies (1).
To see (2), note that g(a+ 1) = g(a) + 1o (E) = g(a) + d. O

It follows that for any matroid flock M, the function g™ is L-convex in
the sense of Murota.

Lemma 3.10. Let M be a matroid flock on E, let g = g™ and f := g°, and
let a,w € ZF. The following are equivalent.

(1) w-a= f(w)+g(a); and
(2) w=ep for some basis B of M.

PrOOF. We first show that (1) implies (2). So assume that w - a =
f(w)+g(a). Then f(w) is finite, as g(a) and w- « are both finite. Since f = g°,
we have

w-a—g(a) = flw) =sup{w- B —g(B) : B € ZF},

and hence o minimizes the function G : 3 — g(8) —w- 3 over all B € ZF. Since
0<Gla—e)—Gla)=gla—e)—w-(a—e;) —gla)tw-a=—rq_ (i) +w;
for each ¢ € FE, it follows that w > 0. Since
0<Glate)—Gla)=glate)—w- (ate)—gla) +w a=ra(i) —w,
we have w < 1. Hence w = e for some B C E. Then
0<Glatep)—Gla)=glatep)—w-(atep) —gla)+w-a=r.(B)—|B|,
so that ro(B) = |B|. Moreover,
0<Gla—eg)—Gla)=gla—ep) —w-(a—ep) —g(a) +w-a = —7"@_6?(?)7
so that ro_c_(B) = 0. It follows by Lemma 3.5 that

B = ra(B) = r(Ma\B) = r(Ma-cy/B) = d —ra—c(B) = d,
and hence that B is a basis of M,,.
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We now show that (2) implies (1). Suppose w = ep for some basis B
of M,. Consider again the function G : a — g(a) —w - a over Z¥. As g is
L-convex, G is L-convex. We show that a minimizes G over Z¥, using the
optimality condition for L-convex functions given in Lemma 2.37. First, note
that as g(a+ 1) = g(a) + d, we have

Gla+1l)=gla+l)—w-(a+1)=g(a)+d—w-a—|B| = G(a).
Let I C E. As B is a basis of M,,, we have |[BNI| <r,(I), and hence
Glater)—G(a) =g(lat+er)—w-(ater)—gla)—w-a=r,I)—|BNI| > 0.

Thus @ minimizes G over Z¥, hence f(w) = sup{—G(a) : a € Z¥} = w-a—g(a),
as required. O

Let M be a matroid flock on E of rank d. We define the function v :
(5) — Zso by setting vM(B) := f(ep) for each B € (f), where f = g¢° is the
Lagrange-Fenchel dual of g = g™M.
Lemma 3.11. Let M be a matroid flock, and let v = v™. Then v is a
valuation, and MY = M,, for all a € ZF.

PROOF. Suppose M is a matroid flock. Then g = g™ is L-convex by
Theorem 3.9, and f := ¢° is M-convex by Theorem 2.36. That v : B — f(ep)
is a matroid valuation is straightforward from the fact that f is M-convex. We
show that MY = M, for all a € Z¥. By Theorem 2.36, we have g = f*. By
Lemma 3.10, we have

gla) = f*(a) =sup{w - a— f(w) 1w € ZE}

:sup{eB/-a—u(B/) :B' € (E)},
r
E .

as the first supremum is attained by w only if w = ep/ for some B’ € ( )
Again by Lemma 3.10, B is a basis of M,, if and only if g(a) = ep - @ — v(B),
i.e. if B is a basis of MY,. O

This proves the implication (1)=-(2) of Theorem 3.3. Finally, we note:
Lemma 3.12. Let M be a matroid flock, and let v = v™. Then g™ = g¥.

PROOF. Let f : Z¥ — Zo be defined by f(eg) = v(B) for all B € (%),
and = oo otherwise. Then g™ = f* = ¢”, as required. O
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3. Polyhedral complexes associated to matroid flocks

3.1. The support matroid and the cells of a matroid flock. If M
is a matroid flock, then the support matroid of M, denoted by M (M), is just
the support matroid MY of the associated valuation v = M.

Lemma 3.13. Suppose M : a — M, = (E,B,) is a matroid flock with
M(M) = (E,B). Then B=J,czr Ba-

PROOF. Let v = v, and put g = ¢¥. By Lemma 3.11, we have
E
so=gi={me (M) e avm =g}

for all « € Z¥, and B = {B € (5) : v(B) < oo}. Since v(B') < oo for some
B’ € (1) by (V0), we have g(a) > —oo for all a € ZF. Consider a B € (%).
Suppose first that B € B, i.e. v(B) < co. Consider the difference h(a) :=
g(a) —ep - a+ v(B). Then h(a) is nonnegative and finite for all a € Z%,
and B € B, if and only if h(«a) = 0. Moreover, if B is not a basis of MY

then g(a +ep) < g(a) +|B|— 1 and e - (o« + ep) = ep - a + |B|, so that
h(a+ep) < h(a) — 1. It follows that for any fixed o and any sufficiently large
k € Z, we have h(a + kep) = 0, and then B € Ba ey Then B € |J,cze Ba-

If on the other hand B ¢ BY, i.e. v(B) =00, then ep - o —v(B) = —00 <

g(e) for all o« € Z*F so that B & B, for any v € Z¥. Then B & ey Ba- O

The geometry of valuations is quite intricate, and is studied in much greater
detail in tropical geometry [49, 19]. We mention only those results we need
in this thesis. For any matroid valuation v : (g) — Ry, put C% := {a € RF :
By 2 B}

Lemma 3.14. Let v : (5) — Zoo be a matroid valuation, and let 3 € R¥.
Then

Cy = {a e R :q; —a; > v(B) —v(B)
forall Be B, B'€ B” s.t. B'=B —i+j}.

ProOOF. Let C denote the right-hand side polyhedron in the statement of
the lemma. Directly from the definition of By, it follows that By, 2 Bj if and
only if

eg-a—v(B)>ep -a—v(B)
for all B € Bj; and B’ € B¥. In particular, CpCcC.
To see that Cy O C, suppose that o ¢ C', that is, B, 2 By, so that

eg-a—v(B)<ep -a—v(B)
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for some B € B and B’ € B”. Consider the valuation ' : B +— v(B) —ep - a.
Pick B € B, B" € B” such that v'(B) > v/(B’) with B\B' as small as possible.
If |[B\B’| > 1, then by minimality of |B\ B’| we have

V(B)+V'(B) > V'(B)+V'(B') 2 vV'(B—i+j)+V'(B'+i—j) > V(B)+v/(B),

for some ¢ € B\B’ and j € B\B, since v/ is a valuation. This is a contradiction,
so |[B\B’| =1 and B’ = B — i+ j, and hence

a;—a;=(eg—ep) -a<v(B)—v(B),

so that o & C. O

Thus the cells C} are ‘alcoved polytopes’ (see [28]). The relative interior
of such cells is connected also in a discrete sense.

Lemma 3.15. Let M : a — M, be a matroid flock on E, and let o, 3 € ZF.
If Mo = Mg, then there is a walk 7°,...,v* € ZF from a =+° to B = 4*
so that M, = Mg for i = 0,...,k, and for each i there is a J; so that
V=T = ey,

PrOOF. By (MF2), there is such a walk from « to a + k1 for any k € Z,
taking steps of the form +1. Fixing any ig € E, we may assume that a;, = 0,
and similarly that 3;, = 0.

Let v = v™. Using Lemma 3.14, we have {y € RF : M, = M,} = (C¥)°,
where (CY)° denotes the relative interior of C¥. For each ¢,j let ¢;; =
min{a; — a;, 8; — B;}. Then by inspection of the system of inequalities which
defines C¥ (Lemma 3.14), we have

a,ﬁEC::{’YEREl'Yi_'YjZCij for all 4,7, and ~;, = 0}

C{yeRP: M, =M,}.

Then C' is a bounded polyhedron defined by a totally unimodular system of
inequalities with integer constant terms c;;. It follows that C' is an integral
polytope. Moreover a, 3 are both vertices of C, and hence there is a walk from
« to B over the 1-skeleton of C. Since C' has integer vertices, and each edge of
C is parallel to ey for some J C F, the lemma follows. O

Lemma 3.16. Let v be a matroid valuation, and let o € R¥ be given. Then
(B—a|BeCl)=es|J component of M%).

Moreover, dim C¥, equals the number of components of M.
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PROOF. For the inclusion ’C’. Suppose 8 € C%. Then for all B, B’ € BY,
we have eg-a —v(B) =ep -a—v(B') and eg - f —v(B) =ep - B —v(B').
When we consider the difference, we get that for all B, B’ € BY, we have

3) ep-(B—a)=ep - (B -a)

Let J be a component of MY,. We show that S — « is constant on J by
induction. Suppose 8 — « is constant on I such that ) # I C J, which is clearly
true when [ is a singleton. Then for each I C J, due to Lemma 2.2 there exists
a pair of bases B, B’ € B, such that |[BNI| # |B’NI|. As the base exchange
graph of any matroid is connected, we may assume B’ = B — e + f for some
eel, fe J\I. Hence (f—a) =(8—a)s due to (3), and so S — « is constant
on I 4+ f. Thus by induction f — « is constant on J, proving the inclusion 'C’.

For the inclusion '2’, let J be a component of MY. By Lemma 2.2, for
all B,B' € B, |BNJ| =|B'NJ|. Hence for all ¢ > 0 and B, B’ € BY, we
have eg - a —v(B) = ep -a—v(B’) if and only if eg - (a +eey) — v(B) =
ep - (@ +eey) — v(B'). Denote h”(a) := supgepn\py{€n - @ — v(B)}, the
second highest value taken by ep - a — v(B) on B”. Picking ¢ < M
thus ensures that B, C Bytce,. Hence a + ey € C¥, as required.

Finally, taking the dimension on both sides we get that dim C¥, equals the
number of components of M¥. O

v (J)

As a consequence, the cells C% := {a € R¥ | B € BY} for B € B are the
| E|-dimensional cells, since in its interior, where BY = {B}, all elements of MY
are loops or coloops.

Let DV := {C% | a € RE} U {0}}.

Theorem 3.17. Let v be a matroid valuation. Then DY s a polyhedral complex.

Proor. First note that D¥ is finite, since each cell C¥ uniquely determined
by BY, and B* only has finitely many subsets. By Lemma 3.14, each C € D¥
is a polyhedron.

Now we show that for any C,C" € DY, C N C’ is a face of both C and C’.
Consider «, 8 € Z¥ such that C = C¥ and C" = Cj. We claim

CNC' =CnNA,
where
A= {yeR¥ :v; —v; = v(B) —v(B)
for all B € By, B’ € By s.t. B'= B —i+ j}.

The inclusion 'C’ is straightforward from Lemma 3.14. For the inclusion 'D’,
let v be an element of the right-hand side. Clearly v € C. To see v € (',
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we check that all inequalities for Cj in Lemma 3.14 are satisfied. Thus let
B e B%, B’ € B” be given such that B = B — i + j. We need to show that
vi —; > v(B) —v(B).

Pick B” € BY. Since v € C, we have

(eB// — eB/) -y Z I/(BN) — I/(B/).
Furthermore as v € A, we have

(GB// — GB) Y = I/(BI/) — I/(B)
Subtracting these equations we obtain the desired inequality. Hence C' N C” is
a face of C. By symmetry, C N C’ is a face of both C' and C’.

Finally we show that for each C' € D", each face F' of C is in D¥. Let a be
such that C = C%. As F is a face of C, there exist S C BY and T C B \ BY,
such that each B € T has a neighbor in S, and

F=Cn {yeR¥ :v; —v; =v(B) —v(B)
forall Be S,B' € T st. B =B —i+j},
due to Lemma 3.14. We want to show
(4) F= {yeRF:v, —~;>v(B)-v(B)
forall BE BLUT,B € B s.t. B =B —i+j}.
The inclusion ’D’ holds since the set of inequalities for F' is a subset of the
inequalities on the right-hand side. We now prove the inclusion ’C’. Let v € F
be given. Now suppose B € BX UT and B’ € B such that B’ = B — i+ j.
So we must show that v; —v; > v(B) —v(B’). As v € C, this clearly holds
if B € B So suppose B € 7. Then there exists B” € S neighboring to B,
when by assumption
(epr —ep) v =v(B") —v(B).
As v e C and B” € B, we also have
(epr —epr) -y = v(B") —v(B).

Hence indeed, by subtracting these equations we obtain y; —v; > v(B) —v(B’).
So (4) holds, and hence

F= (1 C%,
BeByUT

which is a cell in DY, as required.
We conclude that D is a polyhedral complex. U



36 3. MATROID FLOCKS AND CELL COMPLEXES

We remark that a matroid valuation v is uniquely determined (up to tropical
scalar multiplication) by its polyhedral complex D¥. Hence there is a three-way
relation between matroid flocks, matroid valuations and polyhedral complexes.
If M is a matroid flock such that M = M"  then we call D" the polyhedral
complex of M. In this case, we will use the notation S¥(M) := S¥(DV) for
the k-skeleton of the polyhedral complex of M. Similarly, we use the notation
A(M) := A(D") for the lineality space.

In the following lemma we characterize the set of components of M,, for
acZ”.

Lemma 3.18. Let M be a matroid flock. Let o € ZF be given. Then the set
of components of M, is a refinement of the set of components of M(M).

PROOF. Let J be a component of M (M). Note that r,(S) < r(S) for any
S C E, since each basis of M, is a basis of M(M). So comparing connectivity
functions, we get

Aa(J) =ro(J)+10(J) —ro(E) <r(J)+r(J)—r(E) =XJ) =0,
$0 Ao (J) = 0. Hence J is a union of components of M., as required. a

Next, we characterize the lineality space of the polyhedral complex of M.

Lemma 3.19. Let M be a matroid flock. Then A(M) = (ey,,...,ey,), where
J1,...,Jn are the components of M(M).

PRroOOF. Let v be the valuation such that M = MY by Theorem 3.3.
Suppose y € A(M) is not constant on the components of M := M(M). Let
i,7 € J such that y; < y; be given for some component J of M. As 4, j are in
the same component of M, there exist bases B, B’ of M such that B’ = B—i+.
Consider the cell % € D and let a € C% be given. By Lemma 3.14, we have
a; —aj > v(B) —v(B’). But then since y; — y; < 0, we have that for ¢ large
enough, o+ ty ¢ C%. Hence y € A(C%); contradiction.

Conversely, let J be a component of M. Then by Lemma 2.2 each basis
of M intersects J in r(J) elements, and hence the same is true for each MY,
whose basis set is contained in that of M. Therefore B € B} if and only if
B € B, for each a € R¥ and ¢ € R. Hence e; € A(M), as required. [

Next we show that the boundary of any cell C,, of the polyhedral complex
of M is connected in a special way.
Lemma 3.20. Let M be a matroid flock. Let o € R¥. Then for each pair
B,B" € CoN|So(M)|NZE, there is a sequence B ="o,...,Ym = B such that
for each 0 < i < m:

(1) 7 € |So(M)];
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(2) there exist k; € Z and I C E such that v;41 = 7v; + kier;
(3) the line segment in RE [v;,vi11] € Co N|S1(M)].

PROOF. Since the cell C,, is a polyhedron, its boundary is connected in
the sense that for each pair 3,3’ € Cy N |So(M)| N Z¥ there is a sequence
of cells 8 € Dy, D1,...,Da > B where Do; € So(M) for all 0 < i < k, and
Dyi, Dojyo C Dojyq € S1(M)\ Sp(M) for all 0 < ¢ < k. We will now construct
a sequence 3 = 7o, ..., Vm = ', where v; € Dy; for all 0 < i < k and 7; € Doy
for all j > k.

For a cell D, denote M (D) := Mg where 3 is such that D = Cjs. Due to
Lemma 3.18, for all D € Sp(M), the set of components of M (D) is equal to the
set of components of M (M). Let n be the size of this set of components. Let
0 < i < k be given, and suppose 7; € Dy;. Then Dy; 11 is (n + 1)-dimensional
and Do; is n-dimensional, so due to Lemma 3.16 there exists a component I of
M (D2;41) that is not a component of M (M) = M(Dz;) = M(D3;+2). Hence
Dg; 41 is bounded in both directions ey and —ey, and Do; and Dag; 1o are the
cells at the boundaries. Thus since Dy;4; is an integral polyhedron, there exists
k; € Z such that ~; 11 := ~v; + ksey € Da;y2. By convexity of Dg;41, the line
segment [v;,vi+1] then lies completely inside Da;1.

Now 7 and 8’ both lie in Doy, Thus by Lemma 3.16, 8/ —~, = > ke,

where Ji,...,J, are the components of M (D). So we may put Ygis =
22:1 kiej, for all 1 <t < n, when Yi4ty1 = Yitt + keey, and Ye4n = Ym =
8. O

We call the elements of |Sy(M)| NZ¥F the central points of M.

4. Matroid flock translation

If v is a valuation of M, then adding a trivial valuation 7 of M to v yields
a valuation due to Lemma 2.15. The effect of adding a trivial valuation 7 on
the matroid flock M" is translation by 7.

Lemma 3.21. Let M be a matroid on E. Let v be a valuation of M. Let
v € RF and let T be the trivial valuation of M defined by B +— ep -~. Then

MY = M(l;ify for all a € RE.

PrOOF. We have

B}, = argmax{ep-a—v(B)} = argmax{ep - (a+7)— (v(B)+ep-7)} = BL1,
BEB(M) BEB(M)
which is well-defined as v + 7 is a valuation of M due to Lemma 2.15. O

We next characterize when two valuations determine the same matroid
flock.
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Theorem 3.22. Let M be a matroid on E. Let v,V be valuations of M. Then
the following are equivalent:

(1) Ml/ — MV/,'

(2) vv.

PRrROOF. We first show the implication (2) = (1). As v =/, there exists
k € R such that v/ = v + k. If d is the rank of M, let v := %1. Then for all
bases B of M we have ep -y = k, and hence v/(B) — v(B) = ep - y. Thus for
each a € RF we have BY = Bt,_.. By Lemma 3.21, for each o € R¥ we now
have My = My _, = MY, proving the implication (2) = (1).

Conversely, let B, B’ be neighboring bases. That is, B’ = B — i + j for
some 7,7 € E. Then there exists o € R” such that {B, B'} C BY, = BY. By
Lemma 3.14, a; — oj = v(B) —v(B’) = V/(B) — v/(B’). Hence since the basis
exchange graph of a matroid is connected, for all bases B, B’ we have

V'(B) —v(B) =V'(B') —v(B),
proving the implication (1) = (2). O

Due to the above theorem, we may define M**® := MY for any matroid
valuation v.

5. Matroid flock structure
In this section we will explore structural properties of matroid flocks.

5.1. Deletion and contraction. We define deletion and contraction for

matroid flocks.
Definition 3.23. (Matroid flock deletion) Let M be a matroid flock, and let
v (5) — Zo be a matroid valuation such that M = M. Let I C E. Then
we define M\ T := M\,
Definition 3.24. (Matroid flock contraction) Let M be a matroid flock, and
let v : (5) — Ziso be a matroid valuation such that M = M. Let I C E. Then
we define M /I := MV/T,

Each matroid flock is of the form M" for some matroid valuation v due to
Theorem 3.3. Thus the following is a direct consequence of Lemma 2.19.
Lemma 3.25. Let M be a matroid flock on E, and let I,J C E be disjoint.
The following commutation properties are satisfied:

(1) MAINJ = M\J\I;
(2) M/I/J = M/J/T;
(3) M/INJ = M\J/I.
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Lemma 3.26. Let v : (]g) — Roo be a valuation. Leti € E and oo € ZF~* be

given. Then there exists ko € Z such that for all o/ € ZF such that o5, = «
and o < ko: (MY\i)q = MY, \i.

PrOOF. If i is a coloop of M", then i is a coloop in MY, for each o’. Now
BN = BY/t = arg max{ep -a —v/i(B)} = argmax{ep; - o' —v(B+1)}.
Be(77) Be(57)
But this is just the basis set of M¥,/i = MY, \i for any k, since ¢ is in every

basis of M".
If, on the other hand, 7 is not a coloop, then we reason similarly:

B = argmax{ep - — v\i(B)} = argmax{ep - o — v(B)}.
Be("7Y) Be(®77)

Now if k = o/ is small enough, then for all B € (%) with i € B we have

eg-a —v(B) < supB,e(fj){er -o/ —v(B’)}, so that B ¢ BY,. On the other

hand, if ¢ € B, then B € BY, if and only if B € Bg\i. Hence there exists kg € Z
so that for all k < ko we have B4 = B%,, and thus (M"\i)q, = MY, \i. O

We generalise the lemma. Let S be a set and I C S. We say o € Z% is a
(k, I, <)-expansion of a € Z°~ 1T if ay_; = a and o} < k for all i € I.

Lemma 3.27. Let v : (5) — R be a valuation. Let I C E and o € ZF~1
be given. Then there exists k such that (MY \I), = MY \I, for all (k,1,<)-
ezpansions o of a.

PROOF. By induction on |I|. The statement is trivial when I = (). Now
suppose I is nonempty. Let ¢ € I be given. Then (M¥\I), = MZ\I = ./\/IZ,\FN
by definition. By Lemma 3.26, for some k" € Z this equals MZC\,I,ﬂ\z for all
(k" i, <)-expansions o of a. Then by the induction hypothesis, there exists
k' € Z so that this is equal to MY \I —i\i for all (k’, I —i, <)-expansions o’ of .
Choosing k = min{k’, k" }, we get that for all o’ that are (k, I, <)-expansions
of a, we have that (M"\I), equals MY, \1, as required. O

A similar fact holds for contraction. Let S be a set and I C S. We say
o €75 is a (k,I,>)-expansion of a € Z°~1 if o/y_; = a and o} > k for all
1€l
Lemma 3.28. Let v : (g) — Ry be a valuation. Let I C E and o € ZF1
be given. Then there exists k such that (MY /1), = M, /1, for all (k,I,>)-
ezpansions o of a.
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We omit the proof as it is analogous to the proof of Lemma 3.27. Alterna-
tively, the lemma follows from Lemma 3.27 using the notion of duality from
the following subsection.

5.2. Duality. We define duality for matroid flocks.

Definition 3.29. (Matroid flock duality) Let M be a matroid flock, and let
v be a valuation so that M = MY. Then we define the dual matroid flock
M* = Mu*.

Lemma 3.30. Let M be a matroid flock. Then M}, = (M_,)* for all o € ZF.

ProoF. Using Theorem 3.3, let v be a valuation such that M = M".
Rewriting the definition of BY , we obtain

¢

B = argmax{ep -a—v"(B)}
Be(|p1-a)
= argmax{(1—ep) a—v(B)}
BE(j51-a)
= argmax{ez- (—a) —v(B)}.
BE(/"a)
This is the set of cobases of M” , = M_,. The statement follows. O

5.3. Lines. In this subsection we investigate matroid flocks along lines
a+Zey for « € ZF and I C E. The following lemma is a straightforward
consequence of (MF1’) and (MF2).

Lemma 3.31. Let M be a matroid flock on E. Let a € Z¥ and I C E be
given. Suppose SCIC S andT CI CT'. Then:

(1) 7a(S) < Tate, (5);
(2) 7a(5") STaye (5);
(3) 7a(T) = rate, (T);
(4) ra(T") > rate, (1");
Lemma 3.32. Let M be a matroid flock on E, let I C E and let o € ZF.
Then Ao (I) =10 (I) — ro—c, (I).

Proor. By (MF1’), we have Mq_c, /I = My\I. The rank of the left-hand

matroid is d — 74—, (I), while the rank of the right-hand matroid is r,(I).

Thus we have Ao (1) = ro(I) + 1o (I) —d =10(I) — rq—c,(I), as required. [

When M, M’ are two matroids, we write M > M’ when for all I C E:
rM(I) > rM'(I). M’ is then also said to be a weak image of M.
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Lemma 3.33. Let M be a matroid flock on E, let o € ZF and let I C E. The
following are equivalent.
(1) Moz Z Ma-l—ej 5
(2) ra(I) = Trate,(I);
(3) Aate, (1) =0; _
(4) Maye, = Mo /T® M\

PROOF. (1) = (2) is trivial using Lemma 3.31(1), and the implication
(2) = (3) is immediate from Lemma 3.32.

For the implication (3) = (4), note that by (MF1’) and (MF2), M., /I =
M1\ = My \I. Similarly, by (MF1), Myie,\I = M,/I. By (3) we have
Maoie, /T = Mqie, \I so that M., is indeed a direct sum as in (4).

For the implication (4) = (1), let J C E be given. Then ro(JN1I) =
Tate, (JNI) and ro(J) = ro(J N I) +1r4(J NT) by (4). On the other hand,
by Lemma 3.31, 74 (J NI) > raye, (J NI). It follows that rq(J) > raye, (J),
proving (1). O

Theorem 3.34. Let M be a matroid flock on E, let I C E, and let o € ZF.
Then the set S = {k € Z : Aayke,(I) > 0} is finite. Moreover, \(I) =

2kes Aatker (1)

Proor. By Lemma 3.27 and 3.28 respectively there exist integers ky and
k1 such that 7oy gee, (I) = 7N (I) = 7(I) and 7oy g6, (I) = 7M/1(1) = d—r(I)
and that moreover, the difference 7oy ke, (1) =7a+(k—1)e, (I) can only be nonzero
when k lies in the interval (K1, ko]. Hence S is finite. Thus

M) = Tatkoe;(I) = Tatkie (1)
ko
= Z Tatker (I) = Tat(k—1)e, (1) = Z Aatke (1)
k=ki+1 kes
using Lemma 3.32 for each k to obtain the last equation. O

Corollary 3.35. Let M be a matroid flock on E. Let I C E and let o € ZF.
Then Matke; = Mag(kt1)e, Jor all but finitely many k € Z.

PROOF. By Theorem 3.34, the set S = {k € Z : Agyke,(I) > 0} is finite.
Hence the set T' of consecutive pairs k, k + 1 such that not both Ay4e, and
Aot (k+1)e; are zero is finite. Only these pairs in T have Mo yke; # Ma(k41)e;
due to Lemma 3.33.

Remark 3.36. Figure 1 illustrates a line in a matroid flock. A point « lies
within a gray rectangle if Ao, (I) = 0. Two points a and o + ey are connected
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_ery
FIGURE 1. A line o + Zeg in a matroid flock.

by a line segment if My = Mqate,. The relations inferred from Lemma 3.33
between other neighboring points are indicated on the line. By Corollary 3.35,
the matroid will be equal for all points far enough to the right on the line. By
Lemma 8.28, for such a point 8 we will have Mg/l = (M/I)p_. Similarly, if
B is far enough to the left, then Mg\I = (M\I)g_ .

5.4. Direct sums. We define direct sums of matroid flocks.
Definition 3.37. Let M, M’ be two matroid flocks on disjoint sets E and E’
respectively. The direct sum of M and M’ is the map M & M’ : ZEVE"
MEug given by a— My, & Ma,, .

Theorem 3.38. Let M, M’ be two matroid flocks on disjoint sets E and E’
respectively. Then M @& M’ is a matroid flock.

PROOF. Let oo € ZEYE" be given, and let i € E U E’. Without loss of
generality we may assume ¢ € E. By (MF1) for M, M, /i = Mq +e, \i-
Since AMEM(E) = 0, we get

MoM)a/i=Ma,/i® M:x’E = Mapte, \i ® M;’E = (M®M)ate, \i.
This proves (MF1) for M & M’.

By (MF2) for M and M’, we have

(M @ Ml)oc = MaE @ MaE/ = MlJraE @ M1+aEr = (M 2] M/)1+a;
proving (MF2). Hence M & M’ is a matroid flock. O
Theorem 3.39. Let M be a matroid flock on E, and let I C E. Let M be the
matroid of M. If \M(I) =0, then M = M\I & M\I.

PROOF. Let o € ZF be given. Then A, (I) = 0. Hence for each J C I,
rM(T) = fAN (). Similarly for ' C T, pM(J7) = ra (J'). Thus M, =

(M\I)a; & (M\I)q,, as required. O

5.5. The [J-operator. Let M be a matroid on F andﬁ[ C E. Then
define the left-associative operator [ by M [T := M/I & M\I. The following
are some basic properties of this operator.

Lemma 3.40. Let M be a matroid on E, and let | C E. Then MU IHI =
MO
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Lemma 3.41. Let M be a matroid on E, and let J C I C E be given. Then
MBOIOJ=MQBOJOI.

PRrOOF.
MBIBJ = (M/IeM\I)EJ
= M/IUuJaM\I/J& M/I\J& M\IUJ

Note that I UJ = E, so that the factor M/I\.J vanishes. Moreover, since .J
and I are disjoint, we have M\I/J = M/J\I, and thus
= M/JuleM/J\I®M\JUI
= MQHOJOI
O

Lemma 3.42. Let M be a matroid on E, and let I,J C E be disjoint. Suppose
the connectivity of I in MO ITUJ is zero. Then MOITHDJ=MHIUJ.

PROOF. Since I and T U J are disjoint, we have M/I\J = M/I\TUJ =
MN\IUJ/I. Now as the connectivity of I is zero in M [ I U J, and hence in
M\IUJ, by Lemma 2.1 we get M\IUJ/I = M\IUJ\I = M\ J. Also note
that M\I/J = M\, since J C I.

Thus we compute

MBIRJ = M/IUJ®M\I/J&M/I\T
M/IUJ®M\I® M\J
M/ITUJo M\IUJ
MBIUJ,

where in the third equality we use that the connectivity of I is zero in M T U
J. O

For a € Z¥, we define the left-associative [ operator inductively as follows.

M ifa=k1

MUBa:= { MO (a—er)dI otherwise, where I = argmax;cp{o;}

We may derive a direct formula for M [ a.
Lemma 3.43. Let M be a matroid on E, and let « € ZF. Write o =
S cier,, where 0 = Iy C I € ... C I, = E and ¢; > 0 fori < n. Then
MHaoa= @?:1 M\Tl/IZ_l
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PROOF. By definition we have
MBa=MB1L,) 0. (BLH).
By Lemma 3.40, we may simplify this expression to
MBI, 0.0

Let 1 < ¢ < n be given and define I := I; \ I;_q. Then I C I; for all j >4 and
I C I, for all | < i. Thus, restricting M o to I, we get

ML, 1\ . \L/Tiaf .. /1.

This is exactly M\1;/I;_1, as required.
To see that M Ea is a direct sum of these matroids, note that AM™ (I;)=0
for all 7, and hence also )\Mma(li \I;—1) =0. O

Lemma 3.44. Let M be a matroid. Then M : o — M [« is a matroid flock.

PrROOF. Denote by v the zero valuation of M. We will show that MY =
M O a. We have By, = argmax g {es - af. Hence if a = 377, cier, with
0=IhChL C...CI,=FEand ¢; >0 for i < n, then B € BY if and only if
forall i <mn, |BN([; \ Li—1)| = r(I;) — r(I;—1). Indeed, when the index i is
smaller, az,\7,_, is larger. But then MY |r\7,_, = MN\I;/I;_y and by Lemma
2.2, \Ma(I;\ I;,_1) = 0. So in total, M% = @], M\T;/I;_, which equals
M O o due to Lemma 3.43. g

Lemma 3.45. Let M be a matroid flock. Suppose g € Cy. Write « — 5 =
cl+>7" er, where; C...C I, C E and c € Z¥. Then

Mp 2 Mpie;, 2 Mpiey iy, 2o 2 Mpisn of = Ma.
Proor. By (MF2), we have Mg = Mg, 41 so that we may assume without

loss of generality that ¢ = 0. Let v(t) := 8 + 22:1 er;- As € Cy, we have
Mg > M,. Then by Lemma 3.7 we have for each ¢

To(lt) > ryi—1)(It) = ry@y(It) > rp(11).

Since also rg(I;) > rq(I;) by choice of 8, we have equality throughout, so
that 7, (It) = ry@—1)(I¢) for each ¢, and by Lemma 3.33 that implies that
M 1—1) = M), as required. O

Lemma 3.46. Let M be a matroid flock. Let o € ZF¥ and B € C,. Then
My = Mg (a—P).
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ProoF. Write aw — 3 as in Lemma 3.45. By (MF2) we may assume ¢ = 0.
Let v(t) :== 8+ 22:1 er,. For each t < n, M, = My 41y due to Lemma
3.45. By Lemma 3.33(4), M,u41) = My O Ii41. Hence by induction
ont, My = My = Mgl I ..., By Lemma 3.41 this equals
Mg, 8.0 = Mg (a— f), as required. O

5.6. Circuit-hyperplanes. We state some results about matroid flocks

related to circuit-hyperplanes.

Lemma 3.47. Let M be a matroid, and let H be a circuit-hyperplane of M .
Let v be a valuation of M. Then there exists a valuation v of MH such that

(1) if a € [So(M?)|, then M = M,
(2) if HgBY", then M4 = MY,
PROOF. Let C be the set of central points of M". Pick
k> sup{(egy —ep) -a+v(B): a € C,B € B}.

Note that this supremum is finite, since (eg —ep) -1 = 0 for each B, and there
are only finitely many classes of central points. Put v¥ = u,f as in Lemma
2.21. Then v is a valuation of M. Next, let a be a central point of MY.
Then

eg-a—vi(H)<ey-a— ((eg —ep) -a+vi(B)=ep-a—v"(B)

for all B € B. Thus H ¢ B(’;H and B(’;H = BY, proving property (1).
For property (2), note that for any « such that H ¢ BZH, we have

B,’;H = argmax{ep - a — v (B)} = argmax {ep - a — v (B)}.
BeBr BeBvH\H
Since v(B) = v(B) for all B # H, the latter equals B, as required. O

Lemma 3.48. Let M be a matroid flock. Let H be a circuit-hyperplane of
M(M). Then there is a unique 2-dimensional cell C € §?*(M) such that for
any o € C, H is a circuit-hyperplane of My,.

PROOF. Let M = M(M). Since H is a circuit, M\ H is a cycle matroid.
Thus let o € ZH N |SY(M\ H)|. Note that « is unique up to adding multiples
of ey, since any matroid N < M\ H is disconnected. Then (M\H), = M\ H.
Now there exists k € Z such that

(M\F)a = Mjp \ﬁ

for all (k, H, <)-expansions 3 of a by Lemma 3.27.
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Similarly, since H is a hyperplane, M/H is a uniform matroid of rank 1.
Thus let o’ € Z# N|SY(M/H)|. Note that o/ is unique up to adding multiples
of eg7, since any matroid N < M/H is disconnected. Then (M/H )y = M/H.
Again there exists ¥’ € Z such that

(M/H)or = M [H
for all (k', H, >)-expansions 8’ of o’ by Lemma 3.28.

Let & € Z¥ be such that &y = o and a4z = 0 and let & € Z¥ be such

that & = 0 and &% = o’. Now pick

| > max{k — min a;, k' + max o} }
i€H i€H

and let v := &+&' +ley. Then v is a (k', H, >)-expansion of o. Hence M.,/H
is a uniform matroid of rank 1, so that H is a hyperplane in M. Similarly,
y—11=a&+a& —legisa (k, H,<)-expansion of a. Thus M.,_;;\H is a cycle
matroid, so that H is a circuit in M, _;;. By (MF2), M,_;; = M., and thus
H is a circuit-hyperplane of M.,.

In particular, M., has at most 2 components, so that dim C, < 2 due to
Lemma 3.16. Note that v+ ceg € C, for all ¢ > 0 since H is not a basis of
M(M). So Cyie,y € SEHM)\ SHM), and hence C 4., is as required.

By uniqueness of o and o, only points in Z¥ which are, up to addition
of multiples of ey and ez, both a (k, H, <)-expansion of a and a (k', H, >)-
expansion of o’ can have H as a circuit-hyperplane. Hence C.4.,, is the unique
maximal cell satisfying the requirements of the lemma. |

If M (M) is connected, then the unique 2-dimensional cell from the above
lemma contains a unique cell ¢’ € ST(M).



CHAPTER 4

Linear flocks

Throughout this chapter, let E be a finite set, let K be a field equipped
with an automorphism f and let d < |E| be a positive integer. Whenever
important, we denote this field by (K, f). This chapter is largely based on [6].

1. Introduction
Define an action of Z¥ on subsets X of K¥ by
aX ={(f7%(x;))icr 1 x € X}.
The automorphism f of K is applied —cq; times to the i’th entry of all elements of

X. Note that if V € Grg(KF), then 1V € Grg(KF). However, not necessarily
aV € Grg(KFP) for all a € ZF.

Definition 4.1. A linear flock over (K, f) is a map V : Z¥ — Gry(KF),
mapping a to V,, satisfying the following arioms:

(LF1) V,/i = Vaie,\i for all a € ZF and i € E; and

(LF2) Voy1 =1V, for all a € ZF.

When f is the Frobenius automorphism of K, then we call a linear flock
over (K, f) a Frobenius flock. Frobenius flocks play a special role as algebraic
matroid representations give rise to such flocks. In Chapter 5 we will elaborate
on this relation.

This chapter is concerned with understanding many features of linear flocks.
The map M(V) : @ — M(V,) is a matroid flock. One main goal we will be
working towards is the following.

Theorem 4.2. Let V, V' be linear flocks. Then V = V' if and only if:
(1) MV) =MY');
(2) for each C € So(M(V)) there exists o € ZF N C such that Voo =
ac
Not each combination of matroid flock and vector spaces as in the above

theorem yields a linear flock. Our second main goal is to characterize exactly
when these data yield a linear flock.

47
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Using the powerful linear flock characterisation theorem (Theorem 4.30) we
then proceed by investigating the class of linear-flock representable matroids.
If M = M(V), then we say V is a linear-flock representation of both M and
M(M). We show that the class of linear-flock representable matroids is closed
under circuit-hyperplane relaxation. We use this fact to conclude that the
Vamos matroid, among others, is linear-flock representable. Moreover, we are
able to bound the number of linear-flock representable matroids from below.

Theorem 4.3. Let E be a set with |E| = 2n. The number of pairwise non-
isomorphic matroids on E that are linear-flock representable over some field is
at least

22"

(2n)!”

2. Linear flocks and matroid flocks

Linear flocks and matroid flocks are similar objects. The following lemma
shows that each linear flock has an underlying matroid flock.

Lemma 4.4. Let V be a linear flock of rank d on E over (K, f). Then
M :ZF — Mg given by o — M(V,) is a matroid flock.

PROOF. As f is an automorphism of K, a set of vectors vy,...,v; € K¢
is linearly dependent if and only if f(v1),..., f(vg) are linearly dependent. By
(LF2), for all a € Z¥, M, and M, are thus equal, proving (MF2) for M.

Next, let V € Grg(KF), and let M = M(V). For any i € E, M(V/i) =
M/i and M(V\i) = M\i. Solet a € Z¥ and i € E be given. By (LF1),
Mo /i = Maqe, \i, proving (MF1) for M.

It follows that M is a matroid flock. O

Definition 4.5. Let M be a matroid flock. We call a linear flock V : ZF —
Gry(K¥) a linear-flock representation of M if M(V,) = M, for all « € ZE.
Conversely, if V is a linear flock, then M(V) denotes the matroid flock o —
MVy).

3. Linear flock structure

In this section, we investigate the structure of linear flocks. We consider
lines, deletion, contraction, duality, direct sums and the boxdot operator.
Many of the results for linear flocks are very similar to their matroid flock
counterparts.
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3.1. Lines. The following generalisation of (LF1) holds in analogy with
(MF1):
(LF1") Vo/I =Vaie,\I foralla € ZF and I C E.
Using (LF1’) we see that on the line a + Zey, the following chain of
inclusions hold:
TV =Vioie, \I SVote,; /T CVog2e, /I C -+

The same holds when we replace I by I, and thus after applying (LF2) we
obtain

2 Voz/j = (_l)voc+61/7 = (_Ql)va+2ez/7 2
Lemma 4.6. Let V be a linear flock and let M = M(V). Let o € ZF and
I CE. Then My > Maie, if and only if Vaye, = Va/I @ erVo\I.

Proor. Note that due to Lemma 3.33, M, > M., is equivalent to
Mate, = Mo /T @& My \I. So suppose Vaie, = Vo /I @ €1V, \I. Then taking
the matroid on both sides, we obtain M., = My /I ® M,\1, as required.

Conversely, by (LF1’), Vo/I = Vaie, \I and Vaie, /I = Vay1\I. Due to
(LF2), the latter equals e;V,\I. Due to the assumption Moo, = My /IS M\,
Vate, now splits in the same way as V,,/I @ e;V, \7, as required. O

Lemma 4.7. Let V be a linear flock. Let k > 0 be given and suppose
Aatie,(I) =0 for all0 <1 < k. Then
(1) Va/£: Varthe, \1; and
(2) Va\ = —k1Vq1e, /1.
PROOF. By repeated application of (LF1’) and Lemma 2.7, we have

Va/l =Vayer \I =Vate; /I = ... = Vast-1)e; /I = Vatre, \I.
And similarly we have
Vo \I = Vafkef/j = —kWaqhe, /T,
using (LF2). O

3.2. Deletion and contraction. Before we can define deletion and con-
traction for linear flocks, we need the following technical lemmas.

Lemma 4.8. Let V be a linear flock on E, I C E and o € ZI. Then there
exist k € Z and VI so that VI =V \I for all (k,I,<)-expansions o’ of a.

PrOOF. It suffices to show that Vo \I = Vyrye, \I for all &/ and i € T
so that both o/ and o’ + e; are (k, I, <)-expansions of «, since each pair of
(k, I, <)-expansions of « is connected by a path of (k, I, <)-expansions in which
each pair of consecutive points differs by e; for some i € I.
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Let M = M(V). By Lemma 3.27, there exists k € Z such that (M\I), =
M \I for all (k, I, <)-expansions o’ of a.

Let o be a (k — 1,1, <)-expansion of a. Then both o' and o’ + e; are
(k, I, <)-expansions of a. Thus we know My \I = (M\I)y = Myrye, \1,
implying 3! (I) = 3/ ., (I) = v, (I). Lemma 3.33 then yields A}/ (I) = 0.

So let ¢ € I be given, and suppose o and o' + e; are both (k, I, <)-

expansions of . Then A1) = M, . (I) = 0, and we compute

Var\I = Var /iNI — i = Ve, \i\ — i = Varye, \I,

using Lemma 2.7 in the first equation and (LF1) in the middle equation. O

A similar statement holds for contraction. We omit the proof as it is
analogous to the proof of the previous lemma.

Lemma 4.9. Let V be a linear flock on E, I C E and o € ZT. Then there
exist k € Z and Wl so that WL =V, /I for all (k,I,>)-expansions ' of a.
We are now ready to define deletion and contraction for linear flocks.
Definition 4.10. (linear flock deletion) Let V be a linear flock on E, and let
ICE. ForaeZl, let VI be as in Lemma 4.8. Then we set (V\I)q := VL.

Theorem 4.11. Let V be a linear flock on E, and let I C E. Then V\I is a
linear flock on I.

PROOF. Let o € Z! and j € I be given. Using Lemma 4.8, let k be so
that (V\I)a = Vo \I and (V\I)ate; = Varie, \I for all (k, I, <)-expansions o/
of a. Then (V\I)o/j = Vo /J\I = Va’+ej \J\I = (V\I)(X+€j \Jj, proving (LF1)
for V\I.

For (LF2), compute 1/(WV\I)o = 17V \I = Vo 12\I = (W\I),, ;7, where
the exponent of 1 indicates its dimensions. O

Definition 4.12. 7(linear flock contraction) Let V be a linear flock on E, and let
I CE. ForaeZ!, let Wl be as in Lemma 4.9. Then we set (V/I), = WL.
Theorem 4.13. Let V be a linear flock on E, and let I C E. Then V/I is a
linear flock on I.
Lemma 4.14. Let V be a linear flock on E, and let I,J C E be disjoint. The
following commutation properties are satisfied:

(1) VAINJ = V\J\I;

(2) VT =V/J/I;

(3) V/I\J =V\J/I.
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3.3. Duality. Just like for matroid flocks, there is a notion of duality for
linear flocks.

Definition 4.15. (linear flock duality) Let V be a linear flock. The dual
Ve ZE - Grd_|E‘KE is defined by V: = V* .

Theorem 4.16. Let V be a linear flock on E over (K, f) of dimension d. Then
V* is a linear flock on E over (K, f~1) of dimension |E| — d.

PROOF. For each a € Z¥, V1 is an (|E| — d)-dimensional vector space.

—x

To see that (LF1) holds for V*, we calculate for given a € Z¥ and i € E:
Vite /1= VI e, /1= Voame \D)T = (Voo /i)" = VI \i = Vi\i.

To see (LF2) for V*, we evaluate Vi, = V4, _; = fV_o]* = f71[V4,]
17,

Ol

3.4. Direct sums. The definition of direct sums for linear flocks is anal-
ogous to the matroid flock case.
Definition 4.17. Let V be a linear flocks on E of rank d, and let V' be a linear
flock on E’ of rank d’', where E and E' are disjoint. The direct sum of V and
V' is the map V @ V' : ZFPF — Grgyq (KEYEY) given by a v V,, @ Ve -
Theorem 4.18. Let V, V' be two linear flocks on disjoint sets E and E' re-
spectively. Then V @V’ is a linear flock.
Theorem 4.19. Let V be a linear flock on E, and let I C E. Let M = M(V).
If MM(I) =0, then V =V\I ® V\I.

The proofs are analogous to the matroid flock case, and therefore omitted.

3.5. The [H-operator. Let V € Gry(K%) and I C E. Then we may
define [ for vector spaces similarly to the matroid version as follows. Define
the left-associative operator [J by V [0 I := V/I & e;V\I. The following basic
properties are similar to their matroid versions. The proofs are analogous, and
therefore omitted.

Lemma 4.20. Let V € Grg(KE), and let [ CE. Then VEIBDI =¢;V 1.

Lemma 4.21. Let V € Grd(KE), and let J C I C E be given. Then V 11T
J=Vv@aJol.

Lemma 4.22. Let V € Grq(K¥), and let I,J C E be disjoint. Suppose the
connectivity of I in M(V)EITU.J is zero. Then VEIEOJ=VHIUJ.
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We again extend the [J-operator to take its second argument in Z”. Let
a€ZF.

K1V ifa=Fk1

VHa:= { VI (a—er)dI otherwise, where I = arg max;cp{c;}

We may give a direct formula for V [ a.

Lemma 4.23. Let V € Gry(K¥), and let o € ZF. Write o = ", ciey,,
where D = 1o C L ... C I, =FE andc¢; >0 fori <mn. ThenVHa =
a@i, VAL/Ti-s.

Lemma 4.24. Let V € Gry(K¥), a € Z¥ andi € E. Then

(1) VHa/i =V (a+e)\i;
2) 1V Ha=VO(a+1).

PrOOF. Write « =c1+ Y - ey, where ) =1, C I, C...C I, C F and
c € ZF. Let j be the largest index such that i ¢ I;. By Lemma 4.21,

VH(a+e)=VORLO..0U+9)0...0L =VELE... 0L, +19).
If AM(V)B(etei) () = 0, then by Lemma 4.22,
VB(a+e)=VELO...0,010IH,
which equals V [ a [J 4 by Lemma 4.21. Then
VO(a+e)\i=VH(a+e)/i=VEHali)/i=VHa/i,

as required.
Similarly, if AM(V)Ba () =0, then

VHa=-1VH(a+1)=-1VE(a+e) D
Thus
VOa/i=VHa\i=—¢(VEH(a+e)Bi)\i =V (a+e)\i,

as required.

The case when both AM(V)Bate) 5y > 0 and AMVIB2(5) > 0 remains.
But M : a— M(V ) is a matroid flock by Lemma 3.44. Thus by Theorem
3.34

MMa () 4 MMater () < XMV () < 1,

contradicting the assumption that both connectivities are positive. |

Theorem 4.25. Let V € Gry(K¥). Then the map V : a+— V B« is a linear
flock.
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PRrROOF. Let o« € Z¥ and i € E be given. By Lemma 4.24, we have
Va/t = Vate,, proving (LF1), and moreover, 1V, = V,41, proving (LF2).
Finally, dimV, = dimV [J a = dim V, which is in particular independent of
Q. U

4. Flock characterisation

In this section we prove Theorem 4.2 and the linear flock characterization
theorem.

Lemma 4.26. Let V be a linear flock. Let o € ZF¥ and B8 € C,. Then
Va = Vﬁ B (a — ﬂ)
The proof is similar to the proof of Lemma 3.46.

PROOF. Write a — 8 as in Lemma 3.45. We may assume ¢ = 0, since
by (LF2) V4—c1 = —c1V, and by the definition of [, Vg O (a — f — cl) =
—c1Vg O (a0 — B).

Let v(t) := B+ Zle er,. For each t <n, M) > M (441) due to Lemma
3.45. By Lemma 4.6, Vy41) = Vy) [ L41. Hence by mductlon on t,

Vo=V =VsB0LB...0L,=V0L0...00L =Vs8(a-f),

as required. O

The following technical lemma is essential for the linear flock characteriza-
tion theorem.

Lemma 4.27. Let V,V' € Grg(KP), a € Z¥, k € Z and I C E, such that
(1) V'/I=V\I;
2) V\T = ke; V/1;
3) M(VYHa=MV")E(a+ ker);
( ) )\M(V)Ela( ):O.
Then VEa=V'E(a+ ker).

PRrROOF. Denote M := M(V)Ha=M(V’')H (a+ key). Write
Q:Zciegi where ) =S5, C S C...C S, =F

i=1

and ¢; > 0 for ¢ < n. Similarly, write

a+k61:2dieq~i where ) =Ty CT1 C...CT,,=F
i=1
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and d; > 0 for ¢ < m. Then by Lemma 3.43,
M = @M \S:/Sim1 = @M NT /i1
Similarly by Lemma 4.23,

VEa=aPV\5/Si

i=1

and

V' B (a+kep) = (o + ker) @ V\Ti/Ti-1.
i=1

Let J be a component of M. Then J C S, \ S,—1 =: X for some a, and
J CTy\Ty—1 =: Y for some b. Since by assumption A (I) = 0, we have either
JC1IorJCI. Suppose JCI.

Write Wy :=V Ha\J and W} := V'8 (a + key)\J. We will show that
W, = W/. Since M(W;) = M(W}), we know dim W; = dim W/ = rM(J).
So it suffices to show W; C W).

Let w € W; x {0}/ C VD« be given. Then since

Wy =a;V\Sa/Sa1/(X\J),

there exists v € V such that ayv; = w; and supp(v) € J U S,.

Now by assumption (1) there exists v’ € V' such that vz = vy and
supp(v’) C I. Then supp(v’) = supp(v) \ I = JU S, \ I.

We claim JU S, \ I C JUT,. As J is disjoint from both S, and T}, we
may show instead that S, \ I C T},. Let [ be such that oy = le;. Let j € S, \ I,
when necessarily o; < I. Since J C I, (a + key); = le;y and since j € I,
(a+ ker); = ;. Hence (a+ key); < 1 and thus j € T}, proving the claim. So
we may conclude that supp(v’) C J U Ty.

Thus since

Wi =a;V\Ty/Ty-1 /(Y \ J),

there exists w’ € W/ x {0}/ C V' (a + ker) such that w/; = asv’;. But then
we have wy = ayvy = ayv; = w’; € WY, as required.

Note that assumption (2) was not used in the above. Finally we claim
that the case J C I follows from the former case by setting V' = k1V, V =V,
& = a+ key and I = 1. By assumption (2), we get V /I = V’/\I. Moreover by
(3),

MWV)Ba=MV")E (a+ker)=MV)Ba=MV)E(&+ kep).
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and
VHa=(—k1V)E(a+ke; — k1) = V' [ (& + kej),

proving the claim. O

Next we define skeleton representations of a matroid flock. Recall that
SEM) = Si_n(M) is the k-skeleton of a matroid flock, where n is the
dimension of the lineality space of M. Due to Lemma 3.16 n is also the number
of components of M (M).

Definition 4.28. Let M be a matroid flock. Then we call a map V : |So(M)|N
7ZF — Gry(KF) a skeleton representation of M if and only if

(1) for all a € |So(M)|NZE, M(Vy) = My;

(2) for all a € |So(M)|NZE and all components J of M(M) we have

eJVa = Va+tey;

(3) foralla € Z¥, k € Z and I C E such that o, o + ke € |So(M)|NC
for some C € §;(M), we have

Voz/l = Va+kez \I'

Skeleton representations are intuitive in the sense that any linear flock
restricted to its O-skeleton is a skeleton representation of its underlying matroid
flock.

Lemma 4.29. Let V be a linear flock. Let M = M(V). Then V| s,(m)|nze 15
a skeleton representation of M.

PROOF. We verify the points of Definition 4.28. Property (1) holds by
definition of M.

By Theorem 4.19, V is a direct sum of linear flocks on its components.
Property (2) holds due to (LF2) on each component.

For property (3), consider o, a + key € |Sp(M)| N C for some C' € S;(M).
Then due to Lemma 3.16, A() = 0 in the interior of C, so in particular
Aa+ie; (I) =0 for all 0 < I < k. So by Lemma 4.7, property (3) holds. O

We are now ready to prove the linear flock characterization theorem, which
is the following.

Theorem 4.30. Let M be a matroid flock. Then any skeleton representation
of M extends uniquely to a linear-flock representation of M.
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PROOF. Suppose V' is a skeleton representation of M. Now for each
a € ZF \ |So(M)| we want to choose V, € Grg(KF) in such a way that
M(V,) = M, and that V : Z¥ — Gry(KF) is a linear flock. For a € |So(M)],
pick V, :=V,,. We will first show that for each 3 € Co,N[So(M)], V3E (a—p) is
identical. This will allow us to put Vs := V5 (a— f) for any a € ZP \ |So(M)|
and any choice of 3 € C,, N |So(M)|. Then finally we will verify that V : Z¥ —
Gry(K¥) is a linear flock.

Let a € ZP be given. We now show that for each 3 € C, N |So(M)],
Vi B (o — B) is identical. Consider 3, 8" € Co N [So(M)]. As Co N [S1(M)] is
connected in the sense of Lemma 3.20, we may assume 3’ = 3 — ke; for some
keZand I CFE.

We now want to apply Lemma 4.27. As V' is a skeleton representation of
M, we have Vj, /T = VE\I and Vi \T = keyVj/I. As M is a matroid flock, by
Lemma 3.46 we have

My =MpgB(a—-p)=Mp ED(a—p)=MgO(a—L+ker).

Finally since e; is parallel to Cy, by Lemma 3.16 we have AMMsB(@=8)(1) = 0,
Thus by Lemma 4.27 we have

VB (a—B) =V E(a—p).

So we may put V, := ViH(a—p) for any 8 € CoN|So(M)|. Then M (V,) = M,
due to Lemma 3.46.

Next, we show V : ZF — Gry(K¥) is a linear flock. Let a € Z¥ and
i € E be given. Then either C,, C Cyie, Or Cyye; € C,. So there exists
B € |So(M)| N (Cq U Cqre,;), for which Vo, = Vg [ (o — 8) and Vote, =
Vs O (a4 e; — 8). By Lemma 4.24, we obtain V, /i = Va4, \¢, proving (LF1).
Furthermore, a +1 € C,, so that (LF2) holds similarly by Lemma 4.24. Hence
indeed, V is a linear flock.

To see that the extension is unique, we note that due to Lemma 4.26, none
of the V,, could have been chosen differently. O

If V is a skeleton representation of a matroid flock M, then V is determined
by a finite number of vector spaces, as will be clear from the following lemma.

Lemma 4.31. Let M be a matroid flock, and let V be a skeleton representation
of M. Let a map ¢ : So(M) — ZF be given with the property that {(p) € pNZE.
Let the map W : So(M) — Grq(KF) be given by p — Vepy. Then for each
central point o of M, Vo = (o — ((Cq))W (Cy).

PRrROOF. Since o and ((Cy) lie in the same cell of Sp(M), their difference
a—((Cy) =" kiey,, where Jq,...,J, are the components of M (M) and
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k; € Z for all i. By repeated application of (2) of definition 4.28, we get

Vo = Ve(Ca)t(a—c(Ca)) = (@ = ((Ca))Ve(cn) = (@ = C(Ca) )W (Ca).
0

Thus the map W together with a description of the polyhedral complex of
M completely determine the central points of V. Since the polyhedral complex
of M is completely determined by the valuation v such that M = M(V), and
since W determines a skeleton representation of M due to Lemma 4.31, which
in turn uniquely determines ¥V due to Theorem 4.30, we obtain the following
result.

Theorem 4.2. Let V, V' be linear flocks. Then V = V' if and only if:
(1) M(V) =MV');
(2) for each C € So(M(V)) there exists a© € ZF N C such that V,c =
Vie.
We may conclude that a matroid valuation v such that M” = M(V) and
a vector space for each n-dimensional cell of M(V) completely determine V.
In particular, if the vector spaces can be finitely described, then so can V.

4.1. The skeleton graph. To the aid of the next section, we introduce
the skeleton graph of a matroid flock. Let M be a matroid flock. The set
PM) :={C/AM) | C € So(M)}
is then a set of points in R¥ /A(M). Similarly,
L(M) :={C/AM) | C € Si(M)\ So(M)}
is a set of line segments in R /A(M).
Definition 4.32. Let M be a matroid flock. Then
Gm = (P(M),L(M), ends)
is the skeleton graph of M, where the map
ends : L(M) — 2P 1 {pe PIM) |pc i}

assigns endpoints to the edges.

Remark 4.33. If M = M! @ ... @ M", then G is the Cartesian product
of the graphs G, ...,Gpn. Thus skeleton graphs of disconnected matroid
flocks can be reconstructed from the skeleton graphs of their components. It is
often more practical to work with skeleton graphs of connected matroid flocks.
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5. The class of linear-flock representable matroids

Since each linear flock corresponds to a matroid, we may regard a linear
flock as a representation of this matroid. This section is concerned with the
question which matroids are linear-flock representable over a fixed field (K, f).
That is, for a matroid M on E of rank d we wonder if there exists a map
V:ZF — Gry(KP) with M(V) = M. Each valuated matroid corresponds to a
matroid flock by Theorem 3.3, but not necessarily to a linear flock for any K.

FIGURE 1. The Fano matroid.

Example 4.34. Not every matroid is linear-flock representable. Let M be the
Fano matroid, depicted in Figure 1, and let K be a field of characteristic > 2.
It can be shown that any valuation of M is trivial, and hence in any matroid
flock M of M, there exists a such that M, = M. However, since M is only
linear in characteristic 2, there cannot be a linear flock V such that M(V) = M,
as Vo would then be a linear representation of M over K.

The Fano matroid is in the class of Lazarson matroids, which will be
discussed in Chapter 6 Section 4. A.

Lemma 4.35. The class of linear-flock representable matroids over (K, f) is
minor-closed.

PROOF. Suppose V is a linear flock, and let M = M (V). It suffices to show
that, for each i, there exist linear flocks V' and V" such that M (V') = M/i
and M (V") = M \i. By Theorems 4.13 and 4.11 respectively, V' = V/i and
V" = V\i have these properties. O

Lemma 4.36. If f = f~', then the class of linear-flock representable matroids
over (K, f) is closed under duality.
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PROOF. Suppose V is a linear flock over (K, f), and M = M (V). By
Theorem 4.16, the dual V* is a linear flock over (K, f) = (K, f~'). The
matroid of V* is M™*. O

5.1. Circuit hyperplane relaxation. Recall that if H is a circuit-
hyperplane of M, M* denotes the matroid obtained from M by relaxing
H. The following theorem states that the class of linear-flock representable
matroids over (K, f) is closed under circuit-hyperplane relaxation.

Theorem 4.37. Let V be a linear flock over (K, f), and let M = M(V).
Suppose M is connected and H is a circuit-hyperplane of M. Then there exists
a linear flock of M over (K, f).

PROOF. Let v be such that M"Y = M(V). Using Lemma 3.47, pick a
valuation v/ of M so that for all central points a of MY, we have MZ, =My
and for all o such that H ¢ BY , we have M” = M.

Let C be the unique 2-dimensional cell from Lemma 3.48 such that for all
a € C, H is a circuit-hyperplane of MY . Then we claim

C= ﬂ Cllflfewa'

ecH,feH

Indeed, all bases H — e + f for e € H and f € H must be present in order
for H to be a circuit-hyperplane, proving the inclusion ’C’. To see equality,
note that the right-hand side has at most 2 components, and therefore due
to Lemma 3.16 has dimension at most 2. Since v(H) = oo, it is closed under
addition of positive integer multiples of ey, and hence has dimension exactly 2.
But then due to uniqueness of C, we have equality, proving the claim.

Next let aw € C'N|ST(MY)| be given. Now there exists a minimal k € Zx

so that H € Bg;km. Since for all central points a of MY, we have MY = MY,

we have k£ > 0 and thus the cell C’}’II only intersects the basis cells of neighboring
bases to H of M¥'. Then
BY e, ={H—e+flecH feHyU{H},

which is the basis set of a connected matroid, and hence o + ke is a central
point of M"". Since C}}l only intersects the basis cells of neighboring bases to
H of M"', there cannot be any other central point in C'%. Thus the skeleton
graph G v only differs from G r¢v in the extra vertex p := a + key + A(M)
and an edge between this vertex and ¢ := a + A(M).

We now construct a skeleton representation V' of MY For each central
point 3 of MY, put Vi = Vs. Let v be a spanning vector in Vo /H x {0}H.
Pick nonzero s € K, and pick h € H. Put V. = span(v+sep) +kegVo\H.
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Furthermore, put V; 4.,
Definition 4.28 is satisfied.
Now as V is a linear flock, property (3) of Definition 4.28 is satisfied
between all neighboring pairs of vertices of G,/ that are also in Gy due to
Lemma 4.7. Tt remains to check property (3) of Definition 4.28 between p and q.
Indeed, V!, ., \H = span(v\H) = V,,/H. Moreover, V!, . /H = keHlf;\H

as required. Finally, it is straightforward to verify that M (V,, ;.. ) = MZ, ke, -

=YV} 4key for all v € g, so that property (2) of

Hence V' is a skeleton representation of M* . By Theorem 4.30, V' can
now be extended to a linear-flock representation of M. O

We may generalise Theorem 4.37 to allow several circuit-hyperplanes to be
relaxed at once.

Theorem 4.38. Let (K, f) be a field. Let V be a linear flock over (K, f).
Let M = M(V). Let H be a set of circuit-hyperplanes of M. Let M be the
matroid obtained from M by relaxing all circuit-hyperplanes in H. Then there
exists a linear flock of M™ over (K, f).

PROOF. Suppose R is a subset of H of maximal cardinality so that there
exists a linear flock of M®. Suppose H € H\R. Then H is a circuit-hyperplane
of M®. By Theorem 4.37, (M™)H = MRYH} is linear-flock representable.
But R was maximal, so R = H. O

The case where f is the Frobenius automorphism is the most important
case if we want to say something about algebraic matroids. As will become
apparent in Chapter 5, each algebraic representation of a matroid gives rise to
a Frobenius flock. One of the implications of Theorem 4.37 is that the class
of Frobenius-flock representable matroids is strictly larger than the class of
algebraic matroids.

Corollary 4.39. The Vdmos matroid is Frobenius-flock representable.

Let E = {a1,b1,az,bs,a3,bs,aq4,bs}. The VAmos matroid is the matroid
on F where all four-element subsets of E are bases, except

{a1,b1,a2,b2},{a1,b1,a3,b3},{a1,b1,as,bs}, {az, b2, a3, b3}, {as, b2, as, ba}.

See figure 2. The Vamos matroid bears significance as one of the smallest
matroids that is not algebraically representable [25].

If the set {as, b3, aq,bs} is added to the list of non-bases, we obtain the
Non-Vamos matroid, which has {ag, b3, a4, b4} as a circuit-hyperplane. The Non-
Vémos matroid is linear, and hence linear-flock representable over (K, f), where
K is any field over which the Non-Vamos matroid is linearly representable, and
f is any automorphism of K, due to Theorem 4.25. Thus relaxing {as, b3, a4, b4}
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FIGURE 2. The Vamos matroid

in a linear flock of the Non-Vamos matroid yields a linear flock for the Vamos
matroid. We conclude that the Vamos matroid is Frobenius-flock representable,
but non-algebraic [25].

Corollary 4.40. The Tic-Tac-Toe matroid is Frobenius-flock representable.
Let E = {a1,az2,a3,b1,b2,bs,c1,c2,c3}. The Tic-Tac-Toe matroid is the
matroid on E where all five-element subsets of E are bases, except
{ah ag,as, bla 01}7 {a17 asz, as, b?a 02}5 {ala az,as, b3a 63}7

{bl7b25b37alacl}a {b17b27b37a37c3}5

{Cl, C2,C3,01, bl}, {Cl, Co,C3,0a2, bg}, {Cl, C2,C3,03, b3}
The non-bases can be seen as the L-shapes and T-shapes in the Tic-Tac-Toe-like
grid
ap | a2 | ag
b1 bg bg .
C1 C2 C3

The dual of the Tic-Tac-Toe matroid is non-algebraic [27], while it is unknown
whether the Tic-Tac-Toe matroid itself is algebraic. According to Hochstéttler
[22], this matroid is a good candidate to answer the question whether the class
of algebraic matroids is closed under duality ([43] problem 6.7.15) negatively.

If the set {b1,bs,bs,as,ca}, the +-shape, is added to the list of non-
bases, then once again the resulting matroid is linearly representable, and
{b1, b2, b3, az, ca} is a circuit-hyperplane.
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5.2. The number of linear-flock representable matroids. The class

of linear-flock representable matroids is large. This is follows from the fact
that binary spike matroids are linear-flock representable and have many circuit-
hyperplanes.
Definition 4.41. Let M be a matroid on {a,e1, f1,e2, fa,...,en, fn} so that
{a,e1,...,en} is a circuit and for each i, {a,e;, f;} is a circuit. Then M\a is
called a spike matroid, and its rank is n. The pairs {e;, f;} are called the legs
of the spike matroid. See Figure 3.

FIGURE 3. A spike matroid

For each n > 3, there is an unique spike matroid on n legs that is binary.
Peter Nelson made us aware of the following [42].

Lemma 4.42. Let M be the binary spike matroid with n legs. Then M has
271 circuit-hyperplanes.

PRrOOF. By [21] (Corollary 2.4(2)) applied to binary spikes, exactly half
of the transversals of the legs of M are bases. Here a transversal of the legs is
a set containing exactly one element from each leg. Moreover, if {e, f} is a leg
and X 3 e is a non-basis transversal of the legs of M, then X — e+ f is a basis
of M. Hence each non-basis transversal is a circuit, but also a hyperplane as it
has size n. As there are 2" transversals of the legs, the statement follows. [

Using Theorem 4.38, Nelson proceeded to conclude the following.
Theorem 4.3. Let E be a set with |E| = 2n. The number of pairwise non-
isomorphic matroids on E that are linear-flock representable over some field is
at least

922"
(2n)!"

PROOF. Let M be the rank n binary spike on |E| = 2n points. Due to
Theorem 4.25, M is linear-flock representable. By Lemma 4.42, M has 2"~}
circuit-hyperplanes Hi, ..., Hyn-1. Let S C {1,...,2" !} be given. Let M’ be
the matroid obtained by relaxing (H;)ses in M. By Theorem 4.38, M’ is linear-
flock representable. Since each choice of S yields a linear-flock representable
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matroid in this way, the number of linear-flock representable matroids is at
least 22" . We divide by (2n)! to account for possible isomorphisms. U

Note that (2n)! is negligible compared to 22" for large n. In contrast, the
number of linear matroids over any field is at most 2°/4 if n = |E| > 12 [41].






CHAPTER 5

Algebraic matroid representations

The first four sections of this chapter are based on [7].

1. Introduction

In this chapter we discuss how algebraic matroid representations in positive
characteristic give rise to a Frobenius flock.

Theorem 5.1. Let K be an algebraically closed field of nonzero characteristic.
Then every algebraic matroid over K is Frobenius-flock representable over K.

Throughout this chapter, we use the language of algebraic geometry to
describe matroid representations, and we work over an algebraically closed field
K. An irreducible algebraic variety X C K determines a matroid M (X) with
ground set E by declaring a set I C E independent if the projection of X on
KT is dominant, that is, if the closure of {z; : 2 € X} in the Zariski topology
equals K. In the special case that X is a linear space, M (X ) is exactly the
matroid represented by the columns of any matrix whose rows span X. We
next translate results of Ingleton and Lindstréom to the language of algebraic
geometry.

Ingleton [24] argued that if K has characteristic 0, then for any sufficiently
general point z € X, the tangent space T, X of X at x will have the same
dominant projections as X itself, so that then M(X) = M(T,X). Since such a
sufficiently general point always exists — it suffices that = avoids finitely many
hypersurfaces in X — a matroid which has an algebraic representation over K
also has a linear representation over K, in the form of a tangent space T, X.

Ingleton’s argument does not generalize to fields K of positive characteristic
p. Consider the variety X = V(z1 —23) = {z € K? : 2y — 2} = 0}, which
represents the matroid on F = {1,2} with independent sets §, {1},{2}. The
tangent space of X at any z € X is T, X = V(z1), which represents a matroid
in which {1} is a dependent set. Thus, M (X) # M (T, X) for all z € X.

Lindstrom demonstrated that for some varieties X this obstacle may be
overcome by applying the Frobenius map F' : z — zP to some of the coordinates,

65
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to derive varieties from X which represent the same matroid. In case of the
counterexample X = V(z; —a%) above, we could define X' = {(z1, F(z2)) : x €
X}. Then M(X') = M(X), and X’ = V(21 —x2), so that M(X') = M(T,» X’)
for some (in fact, all) 2’ € X’. In general for an X C K¥| if we fix a vector
a € ZF, put

ax = (F~%z;)ier and aX = {az: x € X},

then it can be argued that M(aX) = M (X). This gives additional options for
finding a suitable tangent space.

Lindstrém showed in [31] that if X is any algebraic representation of the
Fano matroid, then there necessarily exists an « so that M(X) = M (T:aX)
for a sufficiently general £ € aX. Thus any algebraic representation of the
Fano matroid spawns a linear representation in the same characteristic. Since
the Fano matroid is linear only in characteristic 2, it follows that the Fano
matroid is non-algebraic over K if char(K) # 2.

The choice of the matroid in Lindstrom’s argument is not arbitrary. If we
consider an algebraic representation X of the non-Fano matroid, then there
does not necessarily exist an o € Z% so that in a sufficiently general point
¢ € aX we have M(X) = M(T¢aX). Indeed, since the non-Fano matroid is
algebraic in characteristic 2, but not linear.

In the present chapter, we consider the overall structure of the map o —
M (T, aX), where for each o, {, is the generic point of aX. A central result
of this chapter is that a sufficiently general x € X satisfies M (Tp,aX) =
M(T¢,aX) for all « € Z¥ (Theorem 5.17). This is nontrivial, as now =
must a prior: avoid countably many hypersurfaces, which one might think
could cover all of X. Fixing such a general x, we show that the assignment
V:aw— VYV, = To.aX is Frobenius flock.

Due to Lemma 4.4, any Frobenius flock V gives rise to a matroid flock M
by taking M, = M(V,). In particular, each algebraic matroid representation
X C K¥F gives rise to a matroid flock M : a + M (T,,aX). This matroid flock
does not depend on the choice of the general point x € X, since M (Ty,aX) =
M Ty aX) for any two such general points. Due to Theorem 3.3, there exists
a matroid valuation v such that M = MY. Recognizing the seminal work of
Bernt Lindstréom, we named v the Lindstrém valuation of X.

Theorem 5.1 can be applied to show non-algebraicity of matroids over
certain fields, much like Lindstroms result. If a matroid admits no Frobenius
flock over a given field, then this matroid is non-algebraic over that field. In
particular, matroids that admit only trivial valuations, the so-called rigid
matroids, are prone to this argument. For example, the Fano matroid only has
trivial valuations. So each of the corresponding matroid flocks M has a point
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a such that M, is the Fano matroid. Hence none of them admit a skeleton
representation over fields of characteristic # 2. Thus by Lemma 4.29, the Fano
matroid is not Frobenius-flock representable over such fields, and hence not
algebraic.

It is an open problem to characterize the valuated matroids which may
arise from algebraic representations in characteristic p.

In the final part of the chapter we define a notion of algebraic equivalence
of algebraic representations. We show that all algebraic representations of the
uniform matroid U; > are algebraically equivalent, but that Us 3 admits alge-
braically inequivalent algebraic representations. If two linear representations
are linearly equivalent, it is not hard to see that they are also algebraically
equivalent. Finally, we investigate how much more general algebraic equiv-
alence of linear representations is compared linear equivalence. We show
that algebraically equivalent linear representations must be componentwise
field-equivalent.

2. Algebraic matroids in the algebro-geometric setting

Definition 2.8 is the most common definition of algebraic matroids. In
this chapter it will be useful to take a more geometric viewpoint on algebraic
matroids; a good general reference for the algebro-geometric terminology that
we will use is [11]; and we refer to [26, 45] for details on the link to algebraic
matroids.

First, we assume throughout this chapter that K is algebraically closed.
This is no loss of generality in the following sense: take an algebraic closure
L’ of L and let K’ be the algebraic closure of K in L'. Let E be a finite set
and consider a map ¢ : E — L. Then for any subset I C FE the set ¢(I) C L is
algebraically independent over K if and only if ¢(I) is algebraically independent
over the algebraically closed field K'.

Second, there is clearly no harm in assuming that L is generated by ¢(FE).
Then let P be the kernel of the K-algebra homomorphism from the polynomial
ring R := K[(z;)icg] into L that sends z; to ¢(i). Since L is a domain, P is a
prime ideal, so the quotient R/P is a domain and L is isomorphic to the field
of fractions of this domain.

By Hilbert’s basis theorem, P is finitely generated, and one can store
algebraic representations on a computer by means of a list of generators (of
course, this requires that one can already compute with elements of K). In
these terms, a subset I C F is independent if and only if PNK|z; : i € I] = {0}.
Given generators of P, this intersection can be computed using Grébner bases
[11, Chapter 3, §1, Theorem 2].
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We have now seen how to go from an algebraic representation over K of a
matroid on E to an irreducible subvariety of K¥. Conversely, every irreducible
closed subvariety Y of K¥ determines an algebraic representation of some
matroid, as follows: let Q C R be the prime ideal of polynomials vanishing on
Y, let K[Y]:= R/Q be the integral domain of regular functions on Y, and set
L := K(Y), the fraction field of K[Y]. The map ¢ sending i to the class of z;
in L is a representation of the matroid M in which I C FE is independent if
and only if Q N Kz, : ¢ € I] = {0}. This latter condition can be reformulated
as saying that the image of Y under the projection 7 : K¥ — K is dense in
the latter space, i.e., that Y projects dominantly into K. Our discussion is
summarised in the following lemma.

Recall the definition of an algebro-geometric representation of a matroid
(Definition 2.11). We have seen:

Lemma 5.2. A matroid M admits an algebraic representation over the alge-
braically closed field K if and only if it admits an algebro-geometric representa-
tion over K.

The rank function on M corresponds to dimension:

Lemma 5.3. If Y is an algebro-geometric representation of M, then for each
I C E the rank of I in M is the dimension of the Zariski closure wr(Y).

Because of this equivalence between algebraic and algebro-geometric rep-
resentations, we will continue to use the term algebraic representation for
algebro-geometric representations.

3. Tangent spaces

Crucial to our construction of a flock from an algebraic matroid are tangent
spaces, which were also used in [31] in the study of characteristic sets of
algebraic matroids. In this section, Y C K¥F is an irreducible, closed subvariety
with vanishing ideal Q C R, K[Y] := R/Q is its coordinate ring, and K(Y") its
function field.

Definition 5.4. Define the K[Y]-module

Jy = <af+Q) cfeQy CK[YE.
a.Tj jEE

For any v € Y, define the tangent space T,Y = Jy (v)* C K¥, where Jy (v) C
KPF is the image of Jy under evaluation at v. Let n € K(Y)¥ be the generic
point of Y, i.e., the point (x;+Q)jer, and define T,)Y as (K(Y) @k/y Jy)*+ C
K(Y)E. The variety Y is called smooth at v (and v a smooth point of V) if
dimg T, = dimg (y) T, .
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The K[Y]-module Jy is generated by the rows of the Jacobi matrix (g£ -
Q)i,; for any finite set of generators fi,..., fr of Q. The right-hand side in
the smoothness condition also equals the transcendence degree of K(Y) over
K and the Krull dimension of Y. The smooth points in Y form an open and
dense subset of Y.

We recall the following property of smooth points.

Lemma 5.5. Assume that Y is smooth at v € Y and let S be the local ring of
Y atwv, i.e., the subring of K(Y') consisting of all fractions f/g where g(v) # 0.
Then M := S @y Jy C ST is a free S-module of rank equal to |E| — dimY,
which is saturated in the sense that su € M for s € S and u € S¥ implies
ue M.

Now we come to a fundamental difference between characteristic zero and
positive characteristic.

Lemma 5.6. Let v € Y be smooth, and let I C E. Then dimn;(T,Y) <

dim7;(Y). If, moreover, the characteristic of K is equal to zero, then the set

of smooth points v € Y for which equality holds is an open and dense subset of
Y.

The inequality is fairly straightforward, and it shows that M(7T,Y) is
always a weak image of M(Y") (of the same rank as the latter). For a proof of
the statement in characteristic zero, see for instance [47, Chapter II, Section 6].
A direct consequence of this lemma is the following, well-known theorem [24].

Theorem 5.7 (Ingleton). If char K = 0, then every matroid that admits an
algebraic representation over K also admits a linear representation over K.

ProOF. If Y C K% represents M, then the set of smooth points v € Y’
such that dim7;(T,Y) = dim7;(M) for all I C F is a finite intersection of
open, dense subsets, and hence open and dense. For any such point v, the
linear space T,Y represents the same matroid as Y. O

A fundamental example where this reasoning fails in positive characteristic
was given in the introduction. As we will see next, in positive characteristic
Frobenius flocks take the role of the linear representations in Theorem 5.7.

4. Positive characteristic

Assume that K is algebraically closed of characteristic p > 0. Then we
have the action of Z¥ on K¥ by aw := (F~%w;)ck.

Let X C K¥ be an irreducible closed subvariety. To study the orbit of X
under Z%, we need the following lemma.
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Lemma 5.8. The action of ZF on KF is via homeomorphisms in the Zariski
topology.

These homeomorphisms are not polynomial automorphisms since F~! :
K — K, c— ¢'/?, while well-defined as a map, is not polynomial.

PRrROOF. Let o € ZF and let Y C KP be closed with vanishing ideal Q.

Then
QY ={ve K¥ Vo f((—a)v) = 0}.

Now for f € @Q the function g : K — K, v — f((—a)v) is not necessarily
polynomial if @ has negative entries. But for every e € Z the equation g(v) =0
has the same solutions as the equation g(v)?" = 0; and by choosing e sufficiently
large, h(v) := g(v)?" does become a polynomial. Hence oY is Zariski-closed,
and the map K¥ — KF defined by « is continuous. The same applies to —a,
S0 « is a homeomorphism. O

As a consequence of the lemma, aX is an irreducible subvariety of K
for each o € Z¥, and has the same Krull dimension as X—indeed, both of
these terms have purely topological characterisations. The ideal of aX can
be obtained explicitly from that of X by writing a = ¢1 — 8 with ¢ € Z and
B € ZE, and applying the following two lemmas.

Lemma 5.9. Let Y C K¥ be closed with vanishing ideal Q, and € Zgo.
Then the ideal of (—B)Y equals

F(@dier) « f (@ Nier) € Q}-
{ (=" er) € @}

PROOF. The variety (—0)Y is the image of Y under a polynomial map,
and by elimination theory [11, Chapter 3, §3, Theorem 1] its ideal is obtained

from the intersection Q N K [(SEEPB”) ‘ E] by replacing @) by ;. ]
1€

Note that the ideal in the lemma can be computed from @ by means of
Grobner basis calculations, again using [11, Chapter 3,§1, Theorem 2].

Lemma 5.10. Let Y C KF be closed with vanishing ideal generated by
fis.- s fx. Then for each ¢ € Z the ideal of (c1)Y is generated by g1 :=
F=<(f1)y...,qr :== F~°(fx), where F~¢ acts on the coefficients of these poly-
nomials only.

PROOF. A point a € K lies in (c1)Y if and only if (—cl)a € Y, i.e., if
and only if f;(F°(a)) = 0 for all ¢, which is equivalent to g;(a) = 0 for all 7.
So by Hilbert’s Nullstellensatz the vanishing ideal of oY is the radical of the
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ideal generated by the g;. But the g; are the images of the f; under a ring
automorphism R — R, and hence generate a radical ideal since the f; do. [

Lemma 5.11. For each o € Z¥, the variety aX represents the same matroid
as X.

PRrROOF. If I C F is independent in the matroid represented by X, then
the map 77 : X — KT has a dense image. But the image of the projection
aX — K! equals (a|;)immy, and is hence also dense in K!. So all sets
independent for X are independent for aX, and the same argument with —«
yields the converse. O

Lemma 5.12. Let Y C KF be an irreducible, closed subvariety with generic
point n and let j € E. Then e; € T,)Y if and only if the vanishing ideal of Y is

generated by polynomials in x? and the x; with i # j.

PROOF. If the ideal @ of Y is generated by polynomials in which all

exponents of x; are multiples of p, then () is stable under the derivation %.
J

This means that the projection of Jy C K[Y]¥ onto the j-th coordinate is
identically zero, so that e; L (K(Y') ® [y Jy). This proves the “if” direction.
For “only if” suppose that e; € T;,Y, let G be a reduced Grobner basis of

Q relative to any monomial order, and let g € G. Then f := % is zero in

K[Y], i.e., f € Q. Assume that f is a nonzero polynomial. Then the leading
monomial u of f is divisible by the leading monomial v’ of some element of
G\ {g}. But u equals v/z; for some monomial v appearing in g, and hence v
is divisible by w’; this contradicts the fact that G is reduced. Hence aang =0,
and therefore all exponents of x; in elements of G' are multiples of p. O

For any closed, irreducible subvariety X C K, let M(X,a) :== M(TeaX),
where £ is the generic point of aX.
Theorem 5.13. Let K be algebraically closed of characteristic p >0, X C KF
a closed, irreducible subvariety. Let v € X be such that for each o € ZF, we
have

@) M(TowaX) = M(X, )
Then the assignment V : o — V,, := To,aX is a Frobenius flock that satisfies
MV)=M(X).

Definition 5.14. This Frobenius flock is called the Frobenius flock associated
to the pair (X, v).
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PROOF OF THEOREM 5.13. For each a € Z we have M(T,,aX) =
M (TeaX), and this implies that dimg V, = dim X =: d.

Next, for j € E the action by (—e;) € Z¥ sends Y := (a + ¢;)X into
(—e;)Y = aX by raising the j-th coordinate to the power p. Hence the
derivative of this map at y := (o + e;)v, which is the projection onto ej- along
ej, maps Vo ye, = T,Y into V, = T(_¢,),(—¢;)Y, and therefore Vo 1,\j € Va/j.
If the left-hand side has dimension d, then equality holds, and (LF1) follows.

If not, then e; € T,)Y, i.e., j is a co-loop in M(T,Y’). Then by (*) j is also
a co-loop in M (T,Y’), where 7 is the generic point of Y. By Lemma 5.12 the
ideal of Y is generated by polynomials fi,..., f, in which all exponents of x;
are multiples of p. By Lemma 5.9, replacing x? by x; in these generators yields
generators g1, ..., g, of the ideal of ;Y. Now the Jacobi matrix of gi,..., ¢,
at (—e;)y equals that of fi,..., f, at y except that the j-th column may have
become nonzero. But this means that V,/j has dimension equal to that of
Vare; \ j, namely, d — 1. Hence (LF1) holds in this case, as well.

For (LF2), let Z := oY and z := ay, pick any generating set f1,..., f,
of I, raise all f; to the (1/p)-th power, and replace each z; in the result by
CE?. By Lemma 5.10, the resulting polynomials g1, ..., g, generate I;. The
Jacobi matrix of g1,..., g, at 1z equals that of fi,..., f. at z except with F~1
applied to each entry. Hence V,1 = 1V, as claimed. This proves that V is a
Frobenius flock.

We next verify that M (V) = M(X); by Lemma 5.11 the right-hand side
is also M (aX) for each a € ZF. Assume that I is independent in M (V,) for
some «. This means that the projection Tp,aX — K7 is surjective and since
av is a smooth point of aX by (*) we find that the projection aX — K! is
dominant, i.e., I is independent in M (X).

Conversely, assume that I is a basis for M (X), so that |I| = d. Then K(X)
is an algebraic field extension of K(x; : ¢ € I) =: K'. If this is a separable
extension, then by [8, AG.17.3] the projection T, X — K is surjective (i.e.,

a linear isomorphism) for general v € X, hence also for u = v by (*). If not,
(™)

then for each j € I let @j € Z>o be minimal such that z; is separable over
K', and set a;; = 0 for ¢ € I. Then the extension K’ C K((—«)X) is separable,
and hence the projection T(_,), : (—aX) — K7 surjective. |

For fized o € ZF, the condition (*) holds for v in some open dense subset
of X, i.e., for general v in the language of algebraic geometry—indeed, it says
that certain subdeterminants of the Jacobi matrix that do not vanish at the
generic point of «X do not vanish at the point av either. However, we require
that (*) holds for all « € Z¥. This means that v must lie outside a countable
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union of proper Zariski-closed subsets of X, i.e., it must be very general in the
language of algebraic geometry. A priori, that K is algebraically closed does
not imply the existence of such a very general point v. This can be remedied
by enlarging K. For instance, if we change the base field to K(X), then the
generic point of X satisfies (*); alternatively, if K is taken uncountable (in
addition to algebraically closed), then a very general v also exists. But in fact,
as we will see in Theorem 5.17, certain general finiteness properties of flocks
imply that, after all, it does suffice that K is algebraically closed.

Corollary 5.15. Let K be algebraically closed of characteristic p > 0, and let
X C KF be a closed, irreducible subvariety. Then M : o — M(X,a) is a
matroid flock with support matroid M(X).

PROOF. Let v be the generic point of X over the enlarged base field K (X).
Then the Frobenius flock V associated with (X, v) satisfies M (V,) = M (X, «).
As V is a Frobenius flock, the assignment o — M (V,,), and hence M, is a
matroid flock. By Theorem 5.13, the support matroid of V, and hence of its
matroid flock M, is M (X). O

Due to Theorem 3.3, there is a valuation associated to M, which we
call the Lindstrom valuation. Cartwright found a direct construction of this
valuation from an algebraic representation [9]. In the setting of Definition 2.8,
the value assigned to a basis B is the p-logarithm of the inseparable degree of
the extension L of the set of elements of K(¢(B)) that are separable over L:

v(B) = log,[L : K(¢(B))**™)].

We now prove that under certain technical assumptions, if v satisfies (*) at
some o € ZF, then it also satisfies (*) at o — e;. This will reduce the number
of conditions on v from countable to finite, whence ensuring that a general v
satisfies them.

Lemma 5.16. Let v € X satisfy (*) for some a € ZF, and let I C E be such
that M(X,a) = M(X,a —ej). Then v satisfies (*) for a —ej.

PROOF. Set Y := aX and set W := K(Y) ®@gy) Jy € K(Y)¥. By
Lemma 3.33 applied to the matroid flock @ — M (X, ), we find that the
connectivity of I in M(W) = M (X, «) is zero, and hence that W = (W/I) x
(W/I).

We claim that the same decomposition happens over the local ring S of Y
at av. Let M := S®gy)JJx C SE. Let m € M and write m = m; +my where
m1, ma have nonzero entries only in I, I, respectively. By the decomposition
of W, we have mi,ms € W, and by clearing denominators it follows that
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symiy, somo € Jy C M for suitable s1,s, € K[Y] € S. Then by Lemma 5.5,
m1, my themselves already lie in M. Thus M = (M/I) x (M/I), as claimed.

This means that there exist generators f1,..., fr,g1,---,gs of the maximal
ideal of S with r4+s = |E|—dim Y and such that ngj_ =0eSforalli=1,...,r
and j € I and giﬁ =0e€ Sforalli=1,...,sand j € I. Thus the Jacobi
matrix of fy,..., fr,91,...,9: looks as follows:

Ar 1 I

. A11 0
I
0
0 A22
s

By (*) the K-row space of A(y) defines the same matroid as the K (Y')-row
space of A itself.

It follows that the exponents of x; with j € I in the g; are multiples of
p, and so are the exponents of the z; with j € I in the f;. Let g; be the
polynomial obtained from g; by replacing xf with z; for j € I, and let f/ be
the polynomial obtained from f!” by replacing each z¥ with x; for j € I. Then
the f/ and ¢/ lie in the maximal ideal of (—e;)Y at (—ey)y, and their Jacobi
matrix looks like this:

Here F'Ay; is the matrix over S whose entries are obtained by applying the
Frobenius automorphism to all coefficients. In particular, the evaluation
A'((—eq)y) has full K-rank r+ s, (—ey)Y is smooth at (—ey)y, and the f! and
the g} generate the maximal ideal of the local ring of (—e;)Y at (—er)y. More-
over, if a subset I’ of the columns of A is independent, then the columns labelled
by I’ are also independent in A’((—er)y). This means that M (T(_.,),(—er)Y")
has at least as many bases as M (T¢Y) = M(T,e;Y’), but it cannot have more,
so that v satisfies (*) at a — ej. O

Theorem 5.17. Let K be algebraically closed of characteristic p > 0 and let
X C K¥ be an irreducible closed subvariety of dimension d. Then for a general
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point v € X the map V : a — Ty,aX is a Frobenius flock of rank d over K
such that M(X,a) = M (V) for each o € ZF.

ProoF. By Theorem 5.13 it suffices to prove that there exists a v € X
satisfying (*) at every a € Z¥. For some field extension K’ O K there does
exist a K’'-valued point v' € X (K') that satisfies (*) at every «, and we may
form the Frobenius flock V" associated to (X,v’) over K.

For each matroid M’ on E the points a € ZF with M(V,) = M’ are
connected to each other by means of moves of the form @ — a+1 or o = a—ey
for some subset I C FE of connectivity 0 in M’; see Lemma 3.15. Hence by
Lemma 5.16, for a v € X (K) to satisfy (*) for all a € Z* it suffices that v
satisfies this condition for one representative o for each matroid M’. Since
there are only finitely many matroids M’ to consider, we find that, after all, a
general v € X (K) suffices these conditions. O

Observe the somewhat subtle structure of this proof: apart from commu-
tative algebra, it also requires the entire combinatorial machinery of flocks.
Theorem 5.1 is a direct consequence of this theorem.

Example 5.18. Let E = {1,2,3,4} and consider the polynomial map ¢ : K —
K* defined by é(s,t) = (s,t,5+t,5+tP")) where p = char K and g > 1. This
is a morphism of (additive) algebraic groups, hence X :=im ¢ is closed. The
polynomials in the parameterisation ¢ are pairwise algebraically independent,
so that M(X) is the uniform matroid on E of rank 2.

One can verify that the point 0 is general in the sense of Theorem 5.17,

and
. 1 01 1
ToX =imdy¢ = the row space of {0 11 0} .
Note that in M(ToX) the elements 1 and 4 are parallel. Compute
(—e2 —e3)X = {(s,t7,sP + 17,5 +tP)) . st € K}
= {(s,t,s" +1,s +t(pg71)) 18t € K}
50
1 0 01
To(—es — e3)X = the row space of {0 11 0} .

Here, not only 1 and 4 are parallel, but also 2 and 3. We see the same
matroid for (—key — kes)X with k = 2,...,9 — 1. But (—ges — ge3g)X =
{(s,t,s"" +t,s+1t):s,t€ K}, so

To(—gea — ges) X = the row space of Ll) (1) (1) ﬂ .
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FIGURE 1. The cell decomposition for a matroid flock of Us 4;
the two zero-dimensional cells are 0 and —ges — ges.

Here only 2 and 3 are parallel. The cell decomposition of the underlying matroid
flock, intersected with the hyperplane where one of the coordinates is zero, is
depicted in Figure 1. A

5. Rigid matroids

Following Dress and Wenzel, we call a matroid M rigid if all valuations of M
are trivial. For rigid matroids, Ingleton’s equivalence between algebraicity and
linearity not only holds over fields of characteristic 0, but over any algebraically
closed field, as is shown in the following theorem.

Theorem 5.19. Let M be a matroid, and let K be an algebraically closed field
of positive characteristic. If M is rigid, then M is algebraic over K if and only
if M is linear over K.

PROOF. If M is linear over K, then clearly M is also algebraic over K.
We prove the converse. Let X C K be an algebraic representation of N, and
let v = v¥ be the Lindstrom valuation of X. Since we assumed that M is
rigid, and v is a valuation with support matroid M(X) = M, it follows that v
is trivial. Hence v(B) = ep - « for some o € Z¥. Then M(X,a) = MY = M.
For a general z € aX, we have M(T,aX) = M(X,«), and then T,aX is a
linear representation of M over K. ]
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Using a consideration about the Tutte group, Dress and Wenzel showed
[15, Thm 5.11]:

Theorem 5.20. If the inner Tutte group of a matroid M is a torsion group,
then M is rigid. In particular:
(1) binary matroids are rigid; and
(2) if r > 3 and q is a prime power, then the finite projective space
PG(r —1,q) is rigid.
Next, we discuss rigidity of matroids with parallel elements. Recall that
T(M) is the space of trivial valuations of a matroid M.

Lemma 5.21. Suppose M is a matroid, and {i,j} is a circuit of M. If v,V
are valuations of M such that v\j =v'\j, then v € v+ T(M).

PROOF. Let v be any valuation of M, and B, B’ be such that : € BNB’ and
B' = B—k+1, where j # k,l. By Lemma 2.17, we have v(B) +v(B' —i+j) =
v(B—i+j)+v(B),since B—k+j= DB —1+jisnot a basis as it contains
the dependent set {4, j}. Hence v(B) —v(B—i+j) =v(B')—v(B —i+j) for
any adjacent bases B, B’ both containing i. Since any two bases of M\ j are
connected by a walk along adjacent bases, it follows that there is a constant
¢ so that v(B) — v(B — i+ j) = ¢ for any basis B of M\j with i € B. If /
is any other valuation of M, then by the same reasoning there is a ¢’ so that
V'(B) — V(B —i+j) = for any basis B of M\j with i € B. If '\ j = v\,
then v(B) 4+ ep - (cej) = V/(B) +ep - (c'e;) for all bases B of M, and it follows
that v/ € v + T (M), as required. O

If M is a matroid then si(M), the simplification of M, is a matroid whose
elements are the parallel classes of M, and which is isomorphic to any matroid
which arises from M by restricting to one element from each parallel class.
Directly from the previous lemma, we obtain:

Lemma 5.22. Suppose M is a matroid. If si(M) is rigid, then M is rigid.
Similarly, matroids of rank or corank 1 are rigid.
Lemma 5.23. Suppose M = U, ,, or M = U, _1,. Then M is rigid.

ProOOF. If M = Uy, then si(M) = Uy ;1 which is rigid. Hence by Lemma
5.22, M is rigid. If M = Up_1 5, then M* = U, ,, is rigid, and hence M is
rigid. O

Another way to see this is by considering the Dressian. Matroids of rank
or corank 1 contain no octahedra, and hence the Dressian contains a single
nonempty cell.
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K(z,y)
@ y %+ 2

@ y 2%+ 2y

R : : s

I, /2+2,/ IL'/2+ /2+2/
o WP @R+ )R+ Y3+ (@) () 2y

Frac(K[w, y,2',y']/(+* = (2)%, 2y = ()* = 20/))
K(2',y')

FIGURE 2. Two algebraic representations of Us 3 that are alge-
braically equivalent, witnessed by an algebraic representation
of U3,

6. Algebraic equivalence of algebraic representations

It would be beneficial for our understanding of algebraic matroids to be able
to identify algebraic representations with similar properties. In an attempt to
achieve that, we introduce an equivalence relation on algebraic representations.

Definition 5.24. Let M be a matroid on E and let k be a positive integer.
Define the matroid M* on Ex{0,...,k—1} as an extension of M by relabeling
e € E to (e,0), and adding parallel copies (e,i) of (e,0) for each e € E and
ie€{0,...,k—1}.

In this section we will use the notation S; := S x {i} for S C E and i €
{0,...,k—1}, and similarly e* := (e, i) fore € E, i € {0,...,k —1}. Note that
MP¥|g,, the restriction of M* to E;, is isomorphic to M fori € {0,...,k—1}. We
proceed to define a notion of algebraic equivalence of algebraic representations
of a matroid.

Definition 5.25. Let M be a matroid on E. Let X,X' be two algebraic
representations of M. Then X, X' are said to be algebraically equivalent if
there exists an algebraic representation Y of M? such that Y|g, = X and
Y|g, =X .
Example 5.26. Figure 2 is an example of two representations of Ua 3 over K
that are equivalent, witnessed by the right-hand representation. Equivalently,
the prime ideal giving the algebraic equivalence is
<I"i’ + 21;2 — I3, (xll)2 + 56/2 - 13{3,1'? - (1;11)27 21:2 - zl2a'r3 - .’Iié>

Algebraic equivalence is, as the name suggests, an equivalence relation.
In order to show this, we will use the geometric interpretation of algebraic
representations.
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Lemma 5.27. Let the algebraic representation Y of M? witness algebraic
equivalence of X and X'. Then dimY = dim X = dim X’. Moreover, if S is
an independent set of M, then the image Z := wg, s, (Y) is equal to a product
[I,cs Cs with Cs C K5°s" an irreducible curve projecting dominantly on both
coordinate axes of s° and s'.

Proor.
dim(X) = dim(X’) = rank(M) = rank(N) = dim(Y").

For the second statement, since S is independent, the map Z — K®° is
dominant, hence in particular Z projects dominantly to K s’ for each s € S. By
assumption, then, the image of Z in K s*:s" is a curve Cs projecting dominantly
to both coordinate axes. Now Z is contained in the product of the Cj, and for
dimension reasons equal to that product. O

We call the defining polynomials of each curve Cy the equivalence polyno-
mials of Y.

Theorem 5.28. Algebraic equivalence of algebraic K -representations is an
equivalence relation.

PRrROOF. Let X, X', X" be algebraic representations of M. Let Y C KFo x
KP1 be an algebraic equivalence of X, X’ and let Y/ C K1 x K2 be an
algebraic equivalence of X', X”/. We want to construct a suitable algebraic
representation Y C KPo x KP2. For this, let

Q = {(yay/) € Y x Y/ ‘ TE, (y) =TE, (y/)}rcd

be the reduced fibre product of Y and Y’ over X’. Note that in the matroid
of @, the elements Fy are parallel to elements of F; by virtue of Y. Similarly,
the elements E5 are parallel to elements of E; by virtue of Y’. Hence dim Q =
dimY = dimY’ = dim X = dim X’. Moreover, the map @Q — X’ is dominant,
as both maps ¥ — X’ and Y/ — X' are dominant. Take any irreducible
component P of @ that dominates X', and let Y be the closure of the image
of P in KPo x K¥2. For each non-loop €® € Ey, the image of P in Ke'ehe?
is an irreducible curve that projects dominantly on K 61, hence (by properties
of ') also on K¢ and (by properties of Y’) also on K¢ . Hence the image of
Y in K¢ is a curve that projects dominantly on both coordinate axes. For
each loop €, the images of Y,Y” in K¢ and K¢ have dimension Z€ero,
hence so do the images of P and Y in K¢,

It remains to check that the map P — X, and hence also the map Y — X,
is dominant (the corresponding statement about P — X" follows similarly).
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But this follows since, on P, the coordinates x,1 and x.: (with € a loop or
not) are algebraic over z.o. Thus the fibre of the map P — X over the generic
point has dimension 0, and since dim P = dim X’ the map must be dominant.

We conclude that the relation of algebraic equivalence is transitive. That
it is symmetric and reflexive is straightforward. |

While it is easy to construct many equivalent algebraic representations
from a given representation, we do not know of a general method to determine
whether two algebraic representations are equivalent, even for representations
of matroids as small as U 3. Given two algebraic representations of a matroid,
is it decidable whether these representations are algebraically equivalent?

For a very small matroid we can show that all algebraic representations
are equivalent.

Theorem 5.29. Let K be an algebraically closed field. All algebraic represen-
tations of Uy 2 over K are algebraically equivalent.

PROOF. Let the algebraic representations be given by V({f)) and V({g)),
for irreducible bivariate polynomials f € K[z,y] and g € K[a',y']. Pick
P(xz,2') = z — 2’ as the first equivalence polynomial. Then the resultant
res, (f(x,y), P(z,2")) = f(2',y).

Now set Q(y,y") := resy (f(a',y),9(z',y’)). As f and g are irreducible
with full support, @ is nonzero, irreducible [35], and has support {y,y’}. It
follows that any irreducible component of V({f, g, P,Q)) witnesses algebraic
equivalence of the two algebraic representations. O

We show an invariant of equivalence classes of algebraic representations.

Theorem 5.30. Algebraically equivalent representations have the same Lind-
strom valuation up to translation.

ProOF. Let X and X’ be algebraically equivalent representations of a ma-
troid M witnessed by an algebraic representation Y of M?, with an associated
matroid flock M. Let v be the Lindstrom valuation of Y. Then by submodu-
larity of v, for each parallel pair (e, el), the difference v(S + €%) — v/(S + e!)
is the same for each S C Ey U E; not containing e” and e' such that S + €° is
a basis of M?2. By translation, we may assume this difference to be 0. Then
for all bases of B of M, we have v(By) = v(B). Hence the valuations v\ Ej
and v\ E; are the same up to translation. O

6.1. Inequivalent algebraic representations. In some special cases
we can solve the problem of determining whether two algebraic representations
are algebraically equivalent. We will now give an example of a case where two
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algebraic representations are not algebraically equivalent using the technique
of derivations [24].

Theorem 5.31. Let M = Us 3. Suppose K is a field of characteristic 0, and let
X, X' be algebraic representations given by the ideals (x +y+ z) and (' +1y'2")
respectively. Then X and X' are not algebraically equivalent.

PROOF. Suppose X C K%¥%% and X' C K*v'"" are algebraically equiva-
lent with parallel pairs (x,2’), (y,y’) and (z,2'). Let an algebraic equivalence
be given by an algebraic representation Y of M?2. Let P(z,2’), Q(y,y’) and
R(z,2') be the equivalence polynomials. Let

I=(z+y+z2 +y2 Plx,2),Qy,y) R(z2))
be the ideal of Y. Now consider the Jacobian matrix of I over

L :=Frac(K|z,y, z,2',y',2']/I) :

1 1 1 0 0 0
0 0 O 1 2
oP oP
JI)=| %& a0 0 80 0
0 22 0o o0 2 o
Y Y
o o 28 o o 2E

Since P, Q and R are irreducible and have full support, none of their partial
derivatives in this matrix are zero. Then the zero pattern makes sure that
this matrix represents (M?)*: indeed, any quadruple of columns that does not
correspond to {x, 2", y,y'}, {x, o', 2,2’} or {y,y', 2,2’} is independent. As the
set of columns {2,3,5,6} is dependent in (M?2)*,

1 1 0 0

0= det 0o o0 2 ,OR 0Q ,0Q OR
=de =z —=—= ==
% 0 S,fﬁ 0 02" Oy 4 Ay’ Oz
0o %98 o g
0z 0z'
Dividing by %%—I; gives
Z gé — y'é eINK(y,y,z27).
0z Oy
29
Due to Lemma 5.27, I N K (y,y’, z,2") = (Q, R). In particular, the term vy’ 2%
By

is constant modulo (Q). So we get for some s € K and f € K[y, y']:

,0Q | 0Q _
(5) yafyﬂrsafy—f@
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Since the degree of the left-hand side cannot exceed the degree of @, we
must have f = ¢ € K. We now try to find a polynomial Q(y,y’) satisfying this
partial differential equation. Let

be of degree N in y’, where dj, = di(y) is a polynomial in y for each k. Note
that N > 0, since @ has full support. As the degree of ) is assumed to be N,
we have dy # 0. Then (5) gives

N
0 = dek Z%— Ve di- ()
k=1
N
= Z((kckors)

k=0

Hence, all coefficients of (y')* in this sum must be zero. Now we distinguish
between the cases s = 0 and s # 0. If s = 0, then since dy # 0, we must
have ¢ = N. Then furthermore, we must have d = 0 for £ < N. But
then Q = dy - ()", when either @ does not depend on y, or Q is reducible;
contradiction.
If, on the other hand, s # 0, then dy is non-constant. If now ¢ # k, then
di must be an exponential function, contradicting the assumption that @ is
polynomial. But then di must be zero unless ¢ = k. But then again ¢ = N and
Q =dy - ()", which is reducible; contradiction.
|

7. Algebraic equivalence of linear representations

There exists a natural notion of equivalence for linear matroid representa-
tions. Two linear representations of a matroid, viewed as row spaces of matrices
A and B respectively, are linearly equivalent if B can be obtained from A
by a column scaling and applying elementary row operations. In this section,
we consider algebraic equivalence of linear representations. Clearly, linearly
equivalent linear representations are also algebraically equivalent, by taking
the equivalence polynomials to be x — c.x’, where ¢, is the column scalar of the
column labeled by e in the linear equivalence. A natural question is how much
larger algebraic equivalence classes of linear representations are compared to
linear equivalence classes. In characteristic 0, the answer is: not at all.
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Theorem 5.32. Let M be a matroid and let K be a field of characteristic 0.
Let VW be two algebraically equivalent linear representations of M over K.
Then V,W are linearly equivalent.

PROOF. Let Y be an algebraic representation of M? witnessing algebraic
equivalence of V and W. Like in Theorem 5.7, for some smooth point v € Y,
the matroid represented by the tangent space T,Y is M?. Since Y|g, = V and
Y|g, = W are both linear, we also have (T,,Y)|g, = V and (T,Y)|g, = W.
Since for each e € E, € is parallel to e! in T,Y, V and W must be linearly
equivalent. O

In positive characteristic we use the theory of Frobenius flocks.

Lemma 5.33. Let M be a matroid and let K be an algebraically closed field
of positive characteristic. Let V' be a linear representation of M over K, and
let X an algebraic representation of M over K. Furthermore, suppose V and
X are algebraically equivalent witnessed by an algebraic representation Y of
M?2. Let V := V(Y) be the Frobenius flock of Y and let M := M(V) be the
matroid flock of Y. Then there exists 8 € Z"VVUPX such that (V\Ex)p,, =V
and Mg = M?.

PROOF. As Y|g, is linear over K, we have (M\Ex)o = M (V)= M, and
(V\Ex)o = V. By Lemma 3.27, let o/ € ZEVYExX be such that M,/ \Ex =
(M\ Ex)o. Now consider a central point 8 of M such that 5 € Cyp. We may
assume fSg, = 0. Since 3 is central in M, the non-loops of M are non-loops
in Mg. Then as M? > Mg, each e € Ex must be parallel in Mg to its
counterpart in Ey. Hence M? = M 8, as required. O

If X’ is also linear, then both representations V' and X’ appear as a minor
of some, not necessarily the same, central point in the Frobenius flock of M2.
If these central points are indeed different, the Frobenius automorphism comes
into play.

Definition 5.34. Two algebraic representations X, X' of a matroid M over an
algebraically closed field K of characteristic p # 0 are said to be field-equivalent
if there exists i > 0 such that they are algebraically equivalent witnessed by
an algebraic representation of M? with equivalence polynomials of the form
x —de(z')P" or a2’ —d.a?", where d. € K \ {0}.

Theorem 5.35. Let M be a connected matroid and let K be an algebraically
closed field of positive characteristic. Let V,W be two algebraically equivalent
linear representations of M over K. Then V and W are field-equivalent.
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PROOF. Suppose the algebraic representation Y of M? witnesses the al-
gebraic equivalence of V and W. By Theorem 5.17, let V := V(Y) be the
Frobenius flock of Y. Then by Lemma 5.33, there exist 8 € {0}V x ZFW and
B € ZPv x {0}Fw such that Mg = Mgz = M?, and moreover Vg\Ew =V
and Vg \Ey = W. As M is connected, so is M?, and hence due to Lemma
3.16, 8 = 8’ + k1 for some k € Z. Without loss of generality, K > 0. Then
Vs\ Ew and Vg\ Ey are linearly equivalent representations of M, since each
column of the matrix of V3 is a nonzero multiple of its parallel counterpart.
Due to (LF2), Vg\Ey = k1Vs \Ey. Thus V is linearly equivalent to k1. As
K is algebraically closed, V' and W are thus field-equivalent. ]

Note that we assumed connectedness of the matroid in the last theorem.
This is because the theorem is false for disconnected matroids. Instead, the
linear representations are then componentwise field-equivalent.

Example 5.36. Consider the following linear representations of Us 4 @ Uz 4

over GF(2)(t):

10110000
Aot eo0000],
0000101 1]}|°
000001 1 ¢
1011000 0
s_| 0110000
0000101 1
0000011 ¢

These representations are algebraically equivalent, but not field-equivalent, be-
cause the equivalence polynomials in the first component must be linear, while
the equivalence polynomials in the second component must be quadratic.
Corollary 5.37. Two algebraically equivalent linear representations of a ma-
troid are componentwise field-equivalent.

PrOOF. Apply Theorem 5.35 to each component. |



CHAPTER 6

Some classes of matroids

1. Introduction

This chapter concerns algebraicity questions for certain interesting classes
of matroids. First of all we discuss linear matroids in the first section. Linear
matroids over K are algebraic over K. But this is also true for linear matroids
over @, or more generally, linear matroids over the endomorphism ring of a
connected one-dimensional algebraic group, as will be discussed in Section 3.

In Sections 4 and 5, we discuss two classes of matroids with a small
characteristic set, revisiting results from Lindstrém [31] and Gordon [18].
We obtain slightly stronger results using Frobenius-flock methods. None
of the classes of matroids discussed here are rigid. Still, Frobenius-flock
methods are effective in showing that these matroids are non-algebraic in
certain characteristics.

In the final section of this chapter, we turn to Dowling geometries as a
class of matroids that is worth investigating. We discuss a matroid that was
investigated by Aner Ben-Efraim [2], which is single-element extension of a
Dowling geometry of rank 3. He showed that this matroid is only algebraic in
a single characteristic in a similar way to Lindstrom.

2. Linear matroids

Linear relations are a special case of algebraic relations, so linearly repre-
sentable matroids are also algebraic. This observation remains true when we
fix a characteristic p and consider (algebraic) representability over a field of
characteristic p.

Definition 6.1. For a matroid M, xr (M) denotes the linear characteristic
set of M, the set of integers p such that there exists a field of characteristic p
over which M is linearly representable. Similarly, x a(M) denotes the algebraic
characteristic set of M, the set of characteristics in which M is algebraically
representable.
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Hence we have x(M) C xa(M). Moreover, Ingleton showed that if
0 € xa(M) if and only if 0 € x1 (M), so that over fields of characteristic 0,
linear and algebraic matroids are the same. The following was observed by
Lindstrém [34]. For v € Q?, denote

v oL U1 Vd
V=t ezt

Lemma 6.2. Let K be any field. Let ai,...,a, € Z%. The vectors ay,...,an,
are linearly dependent over Q if and only if x**,... 2% € K(x1,...,2q) are
algebraically dependent over K.

PROOF. Suppose ai,...,a, are linearly dependent. Then there exist
c1,...,¢, € Q which are not all zero such that Z?zl c;a; = 0. Hence
n
H(:rai)ci — p2im1 G — .
i=1
Conversely, suppose aq, ..., a, are linearly independent. By contradiction,
let a minimal polynomial P of z*,... z% over F be given. Consider a nonzero
term of P, which equals

c(z®)er .. (20)o = iy ciai

for some ¢1,...,¢, € Z>o and ¢ € Z\ {0}. This term must vanish, so there is
a different term

Sz - (29n) o = ¢ p i G
for some c1,...,¢, € Z>o such that >, cia; = Y ., c;a;. But since
ai,...,ay are linearly independent, ¢; = ¢} for all i, contradicting that the
second term is different from the first. Hence z%*,... 2% are algebraically
independent, as required. ]

The above lemma relates linear representability over Q to algebraic repre-
sentability over any commutative field. Thus we obtain the following theorem.

Theorem 6.3. If a matroid M is linearly representable over Q, then M is
algebraic in each characteristic.

This theorem is a special case Theorem 6.4 in the next section.

3. Matroids from connected one-dimensional algebraic groups

This section is based on ongoing work with Jan Draisma and Dustin
Cartwright [5]. The goal of this section is to show that matroids that are linear
over certain skew fields are algebraic. We also describe how the Lindstréom
valuation can be obtained from a linear representation over such a skew field.
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An algebraic group is an algebraic variety G endowed with a group structure,
where the multiplication and inversion operations of G are morphisms of
varieties [23]. The dimension of an algebraic group is its dimension as an
algebraic variety. We say G is connected if it is irreducible as a variety. We list
a classification of connected one-dimensional algebraic groups. Let K be an
algebraically closed field of characteristic p > 0, and let L be an algebraically
closed extension field of K. Then a connected one-dimensional algebraic group
G in L is one of the following [16, Section 3.1]:

(1) the multiplicative group G, of L;
(2) the additive group G, of L;
(3) an elliptic curve defined over K.

In all of these cases, G is abelian, in which case E := End(G) is the ring of
endomorphisms of G. so that the set E := End(G) of endomorphisms of G as an
algebraic group carries a natural (in general, noncommutative) ring structure,
with multiplication defined by (¢ - %)(g) = #(¢)(g9)) and addition defined by
(¢ +1)(g) = ¢(g) + 1(g). We proceed to list the possible endomorphism rings
of connected one-dimensional algebraic groups G in nonzero characteristic [16,
Section 3.1]:

(1) if G = Gy, then End(G) = Z;
(2) if G = G, then End(G) = K[F], a skew polynomial ring in which for
alla € K, Fa = adPF
(3) if G is an elliptic curve, then End(G) is one of the following [48,
Theorem V.3.1]:
e an order in Q(v/D) for some D < 0;
e an order in a definite quaternion algebra over Q.

In each of these cases, End(G) embeds into a skew field S: End(G,,) embeds
into Q, and End(G,) embeds into K(F), the field of fractions of K[F] [10,
Cor. 1.3.3]. When G is an elliptic curve, End(G) embeds into Q(v/D) if G is
ordinary, or into a definite quaternion algebra over Q if G is supersingular.

Now let F be a finite set, and let G be a connected one-dimensional
algebraic group. Let X C G be a closed, connected d-dimensional subgroup.
Then X gives rise to an algebraic matroid M (X) over G in the usual sense: a
subset I C FE is independent in the matroid precisely when the projection of X
on G' is dominant. Now choose a non-constant rational function h: G --» K
defined in an open neighborhood of the neutral element of G. Then we obtain a
rational map h¥ : GF --» K¥. The variety h¥(X) C K¥ is then an algebraic
representation of M (X) over K.
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We associate to X a right submodule N of EF as follows:
N(X) := {9 : 1, seen as a map G — G¥, has its image in X}.
The algebraic matroid M (X) is also the linear matroid defined by N(X)S.

Theorem 6.4. Let K be an algebraically closed field of nonzero characteristic
and let M be a matroid. If M is linearly representable over
(1) Q; or
(2) K(F); or
(3) Q(v/D), where D < 0 and there exists an elliptic curve over K with
discriminant D; or
(4) a definite quaternion algebra over Q, an order in which is an endo-
morphism ring of some elliptic curve over K.

then M is algebraic over K.

PrOOF. The listed skew fields are the skew fields of fractions of E for some
connected one-dimensional algebraic group G defined over K. Let S be one of
the given skew fields. Without loss of generality, M is right-representable over
S. Let V C S¥ be a right subspace representing M. Consider the saturated
right submodule N = V N EF of EF. One can show that as N is a saturated
right submodule of EF, there exists a closed, connected subgroup X € G¥ such
that N = N(X) [5]. Then we have M (X) = M(NS)= M(V) = M. Hence M
is algebraic over K. O

For an elliptic curve G defined over the finite field GF(q), the Frobenius
endomorphism ¢ : z +— 27 satisfies ¢> —agp+q = 0, where a = ¢+1—#G(GF(q))
is the trace of Frobenius [48, Theorem V.2.3.1]. Therefore one of the roots of
the polynomial 22 — az + ¢, namely

at /a2 —4q
2 )

must be in E. The number of points on G can be computed in polynomial time
[46]. Hence the number field Q(+v/D) in which E is an order can be computed
from G in polynomial time. This will be relevant in Chapter 8, where we focus
on small matroids in characteristic 2.

We proceed to construct the Lindstréom valuation of X € GF. In order to
do that, we need a valuation on E and a notion of determinant for matrices
over S.

We first construct a valuation on E given by v : E — Z>o U {c0}. If ¢
is a nonzero element of E, then ¢ gives rise to an injective homomorphism
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v* : K(G) = K(G). Suppose K has characteristic p. Define v(0) := 0o and

v(p) :=log, [K(G) : ¢"K(G)];,
the base-p logarithm of the inseparable degree of the given field extension.
Then v is a valuation on E, and v extends uniquely to S. Denote by S* the
multiplicative group of S. Since commutators in S have valuation 0, v also
induces a map v : S*/[S*, S*] — Z.

The notion of determinant we use is the Dieudonné determinant for matrices
over S. This is the unique group homomorphism Ddet : GL,.(S) — S*/[S*, S*]
sending the diagonal matrix diag(a, 1,...,1) to a, and sending I, + bE%7 to
1 for any b € S* and i # j, where E%J is the r x r matrix with 1 at position
(,7) and 0 everywhere else. We now state a result from [5].

Theorem 6.5. Let G be a connected one-dimensional algebraic group with
endomorphism ring E. Let S be the skew field of fractions of E. Let X C GF
be a closed, connected subgroup. Let A be a matriz with column space N(X)S.
Then the Lindstrom valuation of X is given by:

v: B v(Ddet(Ap))

This theorem shows how to obtain the Lindstrém valuation of an algebraic
matroid from Theorem 6.4 directly from its linear representation over S.

Example 6.6. Let K be an algebraically closed field of characteristic p > 0.
Let G =G,y ThenEX=Z, S =Q, v is the p-adic valuation on Q, and Ddet
s the regqular determinant on Q. A

4. Lazarson matroids

In this section, we revisit Lindstrém’s theorem on the class of Lazarson
matroids [31]. We strengthen his result by proving that each Lazarson matroid
is only linear-flock representable in a single characteristic.

Let p be prime. We denote by M), the matroid which is linearly represented
over GF(p) by the matrix

o 1 - Tp 2 Yo Y1 - Yp
1 1 0 1 1
1 1 1 O 1
(6) : oo : .. :
1 1 1 1 0

By M, we denote the matroid which is represented by the same matrix over
Q. The Lazarson matroids are the matroids

{M,, : p prime}.
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It is easy to verify that the following sets are the circuits of M,:

o {zg,...,%p, 2}
o {To,..., i1, Yi,Tit1,...,%p} for i =0,...,p;
o {x;,z,y;} fori=0,...,p;
d {yo, .. ,yp}.
Moreover, M, has the same circuits, except {yo, ..., ¥p}-

The following is known about M,,.

Theorem 6.7. (Lindstrém [31]) If M, has an algebraic representation over a
field K, then the characteristic of K is p.

We prove a stronger result, which implies this theorem.

Theorem 6.8. Let K be a field and f an automorphism of K. If char(K) = p,
then for any linear flock V of M, over (K, f) there exists o € ZF such that
M(Vy) = M,. If char(K) # p, then no linear flock of M, over (K, f) exists.

PROOF. Let K be a field and let V be a flock over (K, f) with M (V) = M,
Let M := M(V).

Note that M, restricted to C' = {xo,...,xp, 2} is isomorphic to Upt1 pt2-
By Lemma 5.23, M,\C is rigid. Thus using Lemma 3.27, let o/ € Z¥ be given so
that {zo,...,,, 2} is a circuit of M. Now consider o € Cy N|Sp(M)| NZE,
Since C' is a spanning circuit, M, also contains C' as a spanning circuit.
Moreover, since « is a central point, M, contains no loops.

We now argue that V,, equals the row space of (6) regarded as a matrix over
K (up to column scaling). As {zo,..., %, 2} is a circuit, we may row-reduce
so that the columns corresponding to this circuit are as in the matrix. Now
let ¢ be given. As {zo,...,%i—1,Yi, Tit1,...,%p} I8 a circuit, the i’th entry of
column y; is 0. Since {x;, z,y;} is a circuit, all entries j # ¢ of the column y;
are equal, say b;. As M, is loop-free, we must have b; # 0. So by column
scaling, we may choose b; = 1. Hence indeed, V, equals the row space of (6)
up to column scaling.

Finally, {yo,...,yp} is a circuit. Hence the determinant corresponding to
the columns yp, . .., y, must be zero. This determinant equals (—1)P*1p. If
char(K) # p, then we have a contradiction, and there exists no flock of M,
over (K, f). If on the other hand char(K) = p, then M (V,) = M,. O

The argumentation in the above proof also yields a similar result about
M, .
Theorem 6.9. Let K be a field with char(K) # p and f an automorphism of
K. Then for any linear flock V of M, over (K, f) there exists a € 7 such
that M(Vo) = M, .
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PRrROOF. Let K be a field with char(K) # p and let V be a linear flock
over (K, f) with M (V) = M. Using the circuits of M, we may construct
the matrix of V, for a central point « in the same way as in the proof of
Theorem 6.8. Finally, {yo,...,yp} is not a circuit in M, as opposed to M,.
As char(K) # p, the determinant corresponding to the columns vy, ..., y, is
nonzero. So M(V,) = M, as required. O

Theorem 6.7 follows by noting that any algebraic representation of M, gives
rise to a linear flock due to Theorem 5.13. Theorems 6.8 and 6.9 show that M,
and M, have a property that is satisfied by rigid matroids. However, neither
class of matroid is rigid: for large enough p there exist nontrivial valuations of
M, and M, .

5. Reid geometries

We now move on to a result from Gordon on Reid geometries [18]. Again,
we show that each Reid geometry is only linear-flock representable in a single
characteristic, strengthening Gordon’s result.

Let p be prime. Let N, be the matroid which is linearly represented over
GF(p) by the matrix

T1 X2 x3 ag by a1 by ap—1  bp
1 0 1 0 1 0 1 0 1

(7) o 1 1 o o 1 1 -+ p=1 p-—1
o o o0 1 1 1 1 1 1

Let N, be the matroid which is represented by the same matrix over Q. Note
that the circuits of N, are exactly the circuits of N, except {ap—1,bo, 3}
The Reid geometries are the matroids

{N, : p prime}.
Theorem 6.10. (Gordon [18]) If N,, has an algebraic representation over a
field K, then the characteristic of K is p.
We prove a stronger result, which implies this theorem.

Theorem 6.11. Let K be a field and f an automorphism of K. If char(K) = p,
then for any linear flock V of N, over (K, f) there exists o € ZF such that
M(V,) = Np. If char(K) # p, then no linear flock of Ny, over (K, f) exists.

PRrROOF. Let K be a field and let V be a linear flock over (K, f) with
M (V) = N,. Denote M := M(V).

Note that V\{z1, z2, x3, ap,a1,bp, b1} is a linear flock of a matroid isomor-
phic to My if char(K) = 2 or to M5 if char(K) # 2. In both cases, due to
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Theorems 6.8 and 6.9 there is 3 such that (V\{z1, z2, 3, ag, a1, bo, b1 })s equals
the row space of

r1 X9 X3 Qg b() ay bl
0o 1 0 1 0 1

1
0 1 1 0 0 1 1
o o0 o0 1 1 1 1

up to column scaling.
Thus using Lemma 4.8, let o € ZF be given so that

Va'\{mla x2,T3, 00,01, b07 bl} = (V\{xla xo,T3, 00,01, b07 bl})ﬁ

Now consider a € Cyr N [So(M)| NZE. Then

Va\{xla x2,x3,0a0,01, b07 bl} = Va’\{x17x27x37 ap, ay, b07 bl}

Moreover, since « is a central point, M, contains no loops.

In each of the subsequent steps, we use the following important fact. By
definition of M, we have that for all I C F, ro(I) < r(I). Hence if I is a
circuit of N, of size 3, then I is dependent in M,,.

For i = 2,...,p — 1 we consecutively find the columns b; and a; in the
matrix of V, as follows. Consider the circuits {xs,bg,b;} and {z3,a;_1,b;}.
We find the column of b;:

22 by by 3 a1

0 1 1 1 0
1 0 i 1 -1
0 1 1 O 1

The column b; must be nonzero and lie in the intersection of the subspace
spanned by the columns zs,by and the subspace spanned by the columns
x3,a;_1, fixing b; up to scaling.

And then using similar reasoning, considering the circuits {2, ag, a;} and
{z1,a;,b;}, we find the column of a;:

T2 ap a; T1 by

0 0 o 1 1
10 i 0 4
0 1 1 0 1

Finally we distinguish between the possible characteristics of K. As
{ap—1,bo, 3} is a circuit, the corresponding columns must be dependent.
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ap—1 bo T3

0 1 1
det | p—1 0 1 |=p=0
1 1 0

if and only if the characteristic of K equals p. Hence if char(K) # p,
{ap—1,b0,z3} would be independent, contradicting the assumption that V
is a linear flock of N,,. If, on the other hand, char(K) = p, then M, = N, as
required. O

Theorem 6.12. Let K be a field with char(K) # p and f an automorphism
of K. Then for any linear flock V of N, over (K, f) there evists o € ZF such
that M (Vo) = N, .

The proof is similar to the proof of Theorem 6.9. Similarly to the Lazarson
matroids, the matroid classes N, and N, are not rigid either for sufficiently
large p.

6. Dowling geometries

In this section, we consider Dowling group geometries of rank 3.

Let G be a finite group with identity e. We define a matroid from G
as follows. Let J := {jap,jBc,jac} be a set of three points called ‘joints’.
Furthermore, let a point g, be given for each ¢ € G and z € {A, B,C} and
define G, := {g, : g € G}. Let

E=JUG4UGRUGc.

Then we define D3(G), the rank 3 Dowling geometry of G, to be the matroid
on E whose lines are

e {jap,jac}UGa;
e {jap,jBc}UGB;
e {jac.jBc}UGc;
{fa,gB,hc} for all f,g,h € G such that fgh =e.

In Figure 1 the rank 3 Dowling geometry of the trivial group is shown.
This particular matroid is M (K}), the cycle matroid of the complete graph
on 4 vertices, and it is a matroid for which Evans and Hrushovski showed
that its algebraic representations must necessarily come from a connected
one-dimensional algebraic group [16].

On the other hand, Dowling [12, Thms. 9,10] showed that D3(G) is linear
over a field K if and only if G is a subgroup of the multiplicative group K*
of K. In particular, D3(G) is only linear if G is cyclic. A natural question is:
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JjAB

€A ep

Jjac ec JBC

FIGURE 1. The rank 3 Dowling geometry of the trivial group.

what can be said about algebraic representations or representations over skew
fields of rank 3 Dowling geometries?

The presence of many M (K4)-minors in rank 3 Dowling geometries suggests
the following conjecture.

Conjecture 6.13. Suppose M is a rank 8 Dowling geometry. Then any
algebraic representation of M comes from a connected one-dimensional algebraic
group.

Aner Ben-Efraim constructed a matroid which is only algebraic in char-
acteristic 2 [2]. Let Qs = {e, —e, 4, —4,j,—J, k, —k} be the quaternion group,
where e is the identity element. As Qs is not abelian, D3(Qsg) is not linear over
any field. We extend the matroid D3(Qs) by an element O such that the circuits
containing O are {jap, O, (—€)c}, {jac,O0,(—e)p} and {jpc, O, (—e)a}. We
call this extension DS (Qg). It is straightforward to check that the restriction of
DS (Qg) to the elements {jap, jac,ipc, O, (—€)a, (—€)p, (—e)c} is isomorphic
to the Non-Fano matroid. Now Ben-Efraim shows the following.

Theorem 6.14. Suppose DY (Qg) is algebraic over K. Then K has character-
istic 2.

We sketch the proof in terms of flocks. Let X be an algebraic representation
of D (Qg) over K. Since DY(Qg) is nonlinear, the Lindstréom valuation of
X is not a trivial valuation. Let M = M(X). Then Ben-Efraim shows that
there must be a central point a € So(M) NZF such that M, contains the
Fano matroid as a minor. Hence M, can only be linear over K if K has
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characteristic 2. Thus if char(K) # 2, then M does not admit a linear-flock
representation over K. Due to Theorem 5.1, DY (Qg) is then not algebraic over
K.






CHAPTER 7

Computational problems

1. Introduction

This chapter is concerned with the computational aspects of Frobenius
flocks. There are two main goals of this chapter: determining Frobenius-flock
representability of matroids, and computing the Frobenius flock of an algebraic
matroid representation. Both of these are computational tasks. All algorithms
mentioned in this chapter are supplemented with an implementation in Sage.
The code is available on
www.github.com/gpbollen/Algebraicity-of-Matroids-and-Frobenius-Flocks.

1.1. Determining Frobenius-flock representability. The first goal
is to determine whether a given matroid is Frobenius-flock representable in a
given characteristic. For that we will use Theorem 4.30. However, the theorem
applies to matroid flocks, and not to matroids. So we have to consider all
possible matroid flocks of a given matroid. Due to Theorem 3.3, matroid flocks
correspond to integer-valued valuations. The set of integer-valued valuations
of a matroid is infinite, as for instance scaling a valuation by a positive scalar
yields another valuation.

For many matroids, there is no need to check every valuation to know
whether or not the matroid is Frobenius-flock representable. This is obvious
if the answer is yes — one just needs to find a valuation v such that M" is
Frobenius-flock representable. If the answer is no, it often suffices to check a
finite number of valuations: one for each combinatorial type. Valuations of
the same combinatorial type share certain properties. One of these properties
(Theorem 7.13) is that the image of the matroid flock M" is equal to the
image of M" if v and 7 are valuations of the same combinatorial type. If
one of the matroids in the image is nonlinear in the given characteristic, then
none of the valuations of this combinatorial type will give rise to a matroid
flock which is Frobenius-flock representable. Then only one valuation of the
combinatorial type needs to be checked in order to exclude all valuations of
the same combinatorial type.
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Section 2 is devoted to computing one valuation for each cell of the Dressian
of a matroid. An algorithm is described that computes one valuation for each
occurring combinatorial type. In Section 3, we compute the relevant properties
of a valuation so that the conditions of Theorem 4.30 can be checked. In
particular, the central points of the matroid flock MY, and their relative
positions in the matroid flock are considered. Then in Section 4 an algorithm
is described that checks whether a matroid flock satisfies the conditions of
Theorem 4.30. Finally in Section 5, we use the algorithms to say something
about Frobenius-flock representability of a matroids. There are three possible
outcomes:

(1) a Frobenius-flock representation has been found;

(2) each matroid flock contains a non-linear matroid and thus the matroid
is not Frobenius-flock representable;

(3) neither (1) nor (2) hold.

Rigid nonlinear matroids will always fall into the second case. If a matroid
M is rigid, then each valuation v of M is trivial, and M has only one combina-
torial type. Hence there exists a € Z¥ such that MY = M. If M is nonlinear,
then the matroid flock M" is not Frobenius-flock representable. Similarly, as
was shown in the previous chapter, Lazarson matroids and Reid geometries are
not Frobenius-flock representable due to the second case.

In the third case, we generally do not know whether the matroid is
Frobenius-flock representable. However, in some cases we can still argue that
no Frobenius-flock representation exists. We illustrate this on the quaternary
butterfly matroid (Figure 1).

1.2. Computing Frobenius flocks. The second goal of this chapter
is to compute a Frobenius flock of an algebraic representation of a matroid.
That is, given an algebraic representation X, we want to compute a general
v € X, and then compute the Frobenius flock associated to (X, v) according
to Theorem 5.13. In order to find a v € X satisfying (*) from Theorem 5.13,
which exists due to Theorem 5.17, it suffices to check (*) for a specific set
of a € Z¥. Due to Theorem 4.30, these a are exactly the central points of
M(X). So it makes sense to first compute the underlying matroid flock of
X, which is derived from the Lindstrém valuation of X. In order to compute
the Lindstrém valuation, I use the construction by Cartwright [9], which is
described in Section 6. The required properties of the corresponding matroid
flock are computed in Section 3.

Finally, in Section 7, we compute the tangent space T,,aX for a given
v € X. This gives us the tools we need to check whether some v satisfies (*)
from Theorem 5.13 at all central points a of M(X). Once such a general v is
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found, the algorithm that computes T,,aX is, as a function of «, the Frobenius
flock associated to (X, v).

2. Computing the cells of the Dressian

The aim of this section is to provide an algorithm that yields one integral
valuation in the interior of each cell of the Dressian of a matroid M.

A naive approach to this would be to enumerate all cells of D(M) by
computing the intersections of all possible combinations of polyhedra from
the polyhedral complexes Pg and Po for degenerate pure quadrangles () and
octahedra O, and then computing a valuation in the interior of each of the
cells. However, this number of cells is very large. As for each O, Po contains 4
nonempty cells, this approach requires enumeration and inspection of 4/€(M)l
open cells. Most of these cells are empty, and as O(M) is generally quite large,
this approach is extremely inefficient.

Instead, we use a type of backtracking approach, which is made precise in
Algorithm 1.

Lemma 7.1. Let a natural number n be given. On input

(1) a polyhedron D C R™;
(2) a finite set U;
(3) a finite set Ao of disjoint polyhedra in R™ for each O € U,

Algorithm 1 returns the set

D(D,U,A) := {P :P=Dn ﬂ Po # 0, where Po € Ao for each O}.
oeU

PRrOOF. We use induction on |U|. If U = (), the algorithm returns either ()
(if D = () or {D}, as required.

Now suppose |U| > 0. If after constructing Ay, for each O € U, there
exists O such that A}, = (), then DN P = @ for all P € Ap, and it follows
that D(D,U, A) = 0. Otherwise, for each O € U such that |Aj,| = 1, each
element of D must be contained in the unique set P}, in Ay,. Let D" and U’ be
as constructed in the algorithm. Then D(D, U, A) equals D(D’,U’, A’). Thus
if D’ is empty, so is D(D,U, A). If D’ is nonempty and U’ is empty, then
|Ap| =1 for each O € U, and D(D, U, A) equals the singleton set {D’}. Now
suppose D’ and U’ are both nonempty, and consider any O € U’. Then any
element of D(D,U, A) is contained in some P € Ay,. Hence C € D(D,U, A) =
D(D', U, A') if and only if C € Upe 4, D(D' N P,U" = O, (Ap)revr—o). By
induction on |U], this is exactly the set that is returned.
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Algorithm 1 CombinatorialTypes(D, U, A)

input: A polyhedron D; a finite set U; a finite set Ap of disjoint polyhedra
for each O € U.
output: Theset {P: P = DNy Po # 0, where Po € Ao for each O €
U}.
for O € U do

A/O — AO

for P € Ap do

if DN P =( then
Ap <~ A, — P
end if

end for
end for
if 30 : Ap = 0 then

return ()
end if
D'+ D
U+U
for OeU:|A,| =1do

P« JA,

D'« DnNnP

U+U-0
end for
if D' = () then

return ()
end if
if U’ = then

return {D’}
end if
pick O € U’
return UPeA/O Combinatorial Types(D' N P,U" — O, (A%)rev'—0)

Checking whether a polyhedron is empty can be done in polynomial time
by an LP-solver. The algorithm terminates because U and A are finite, and
|U| decreases in each iteration. O
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Let D := Ngeqn Po and let U := O(M) be the set of octahedra of M.

For O € O(M) with O = (B, ..., Bsa), we set

Pg = Pg;

Pé = {l/ S RB : Z/(Bil) + Z/(BZQ) —1

> v(Bj1) +v(Bj2) = v(Bg) + v(Br2)} C int(Pp),
where i, j, k are distinct members of {1,2,3} and int denotes the interior. Let
Ao ={P}:i€{0,1,2,3}}

for each O € O(M). Let D be the set D(D,U, A) as in the previous lemma.

Lemma 7.2. Let M be a matroid and let D be as above. Then there exists a
bijection from D (M) to D given by T — C such that C C T.

PRrROOF. Let x: O(M) — {0,1,2,3} be given such that
r= () Pg(o)mﬂP # 0.

0eOo(M)
We show that there exists C' € D such that C C T
If k = 0, then this existence follows from Lemma 7.1. So suppose k # 0.
Define the slack of an inequality a > b to be a — b. Suppose v € T and let € be
the smallest occurring slack of the defining inequality of PS(O) for O € O(M)
such that x(O) > 0. Then ¢ > 0. Hence by Lemma 2.33, e 'v € T, and the
smallest occurring slack for e~'v is 1. Hence as T is nonempty, neither is

c= (N B'9n ﬂ Py.
0€Oo(M)
We have C' C T and, due to Lemma 7.1, C € D.

Conversely, each element of D is contained in a cell of D(M), but no two
in the same cell. This makes the map T +— C' a bijection, as required. ]

Now each element C' € D is a polyhedron. Using an LP-solver, we can find
some v¢ € CNQB. Using Lemma 2.33, we may scale v so that v¢ € C' N Z5.
Due to Theorem 2.30, v is a valuation of M. Due to the previous lemma,
each v¢ has a distinct combinatorial type. Hence the set

{v°:C e D}

contains an integral valuation for each combinatorial type of M. With that,
we have achieved the goal of this section.
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3. Computing the skeleton graph of a matroid flock

In this section we compute the points and lines of the skeleton graph G
of a matroid flock M. For each point of G, we compute a representative
a € ZF. Then for each pair of points, we check whether they are connected by
a line in G 4. First, we recall how to compute M from its valuation.

By Theorem 3.3, it is straightforward to compute a matroid flock from
its valuation. Let M = MY. Then for each a € Z¥  we have M, = M.
Computing MY requires finding the maximizers of a linear function on B":

Bl = arg g.leals)i{eB -a—v(B)}.

This allows us to compute M, for each a. However, we also want to locate the
cells in &1(M) (the points and lines of the skeleton graph) for the linear-flock
representability algorithms. We show how we find them here.

Denote by T'= T(M) the linear subspace of RB” of trivial valuations. By
Lemma 2.31, T C A(D(M")). For any p € (v+T) NRE,, denote

D,:={BeB:pB)=0}

Due to Lemma 2.16, D, is the basis set of a matroid.

Lemma 7.3. Let M be a matroid on E with basis set B. Let v be a valuation
of M. Suppose a € RF and p € R® are such that p =v — Y QeTe, and
mingep p(B) =0. Then MY, = (E,D,).

ecE

PRrROOF. The valuation Zee g 0eTe € T is the trivial valuation of M given
by B — 3" cp . Thus by Lemma 3.21, MY, = M{. But B is just the set of
bases B for which p(B) is minimal, and hence 0 by the assumptions on p. In
other words, Bf = D,, as required. O

For a given valuation v, the set (v +7) NRZ, is a polyhedron in R®. The
vertices of this polyhedron correspond to valuations p for which D, is maximal.
Hence each vertex gives rise to a central point a of M” due to the above
lemma. So in order to find the central points of MY, we compute the vertices
(modulo lineality) of this polyhedron and retrieve one a® € C'N Q¥ for each
C € Sy(MY).

Due to Lemma 3.16, we may choose a canonical representative ¢ of C
satisfying min.c ; B = 0 for each component .J of M. That is, let ¢ : Z¥ — ZF
be given by

¢(@®) =a® =) min(a)e,.
7 eeJ
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If v is integral, then so is ¢ = ((a), and in that case ¢ coincides with ¢ from
Lemma 4.31 on the central points of M. Define

C(MY) = {¢(a) : C € So(M")}

as the set of representatives of the cells in Sp(M?¥). This is the vertex set of
the skeleton graph of MY.

Next, we characterise when two vertices are neighbors in the skeleton graph.
So first, we find the pairs of points that are at distance ke; from each other,
modulo A(M"). For simplicity, we restrict ourselves to the case of connected
matroids, where the lineality space is just generated by 1 due to Lemma 3.19.
This is no loss of generality, as the skeleton graph of a disconnected matroid
flock can be reconstructed from the skeleton graphs of its components.

Lemma 7.4. Let E be a nonempty set. Let o, € Z¥. Then there exists
I C FE and k,l € Z such that
b—a=ke+11

if and only if
{(B—a)e:ec B} <2.

PROOF. If 8 —« = key +11, then the values assumed by (8 — ), for e € E
are either k or [ + k (which may coincide). Conversely, if {(8 — &), : e € E} =
{a, b}, then we pick I such that (8 — @) = a. Pick k =a and I = b — a. Then
indeed,  — a = key + (1. O

Let
N(MY) = {(a, 8, 1) : o, B €C(M"),aa # B, C E,
and 3k,l €Z: 8 — a=ker +11}.
Due to Lemma 7.4, N(M?") is straightforward to compute. Note that being at
distance ke of each other modulo the lineality space is not sufficient for points

to be neighbors, as the points between them might not all lie in the same cell
of §;(M¥). Define

AMY) = {(a, B,T) € N(MV) : MUJT = M4\T} .

Then whenever (a, 3,1) and (8, «,I) are both elements of A(M"), {a, B} is
an edge of the skeleton graph.

We conclude that points and lines of the skeleton graph G are given by
C(M) and

{tasre (W) arc b o oD e ]
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respectively.

4. Deciding Frobenius-flock representability of matroid flocks

Let K be an algebraically closed field of nonzero characteristic. A Frobenius-
flock representation of a matroid flock M over K exists if and only if M admits
a skeleton representation over K due to Lemma 4.29 and Theorem 4.30. In
the previous section we have seen how to compute the set of representative
central points C(M) of M and the pairs of C(M) that are neighboring in the
skeleton graph of M. Moreover, it was described how to compute the labeled
arcs A(M) that determine the edges of the skeleton graph. So in order to find
a skeleton representation V of M, we must find a set of vector spaces V,, for
a € C(M) satistying two types of conditions.

The first condition, the linearity condition, is that for each central point
a € C(M), V, linearly represents M,. The second condition, the neighbors
condition, is that the linear representations Vy, Vate,+11 at neighboring central
points should be related by

(8) Vo!/I = (=) Warke,+11\1;
9) (=(k 4+ D1)Varke,+i1/T = Va\I.

The third property of a skeleton representation relates V, and V3 in the
same cell of Sp(M), and hence it does not yield a condition on the V, for
a € C(M). Fixing V, for one central point per cell fixes V,, for all central
points in agreement with this third property due to Lemma 4.31. Then due
to Theorem 4.30, if the V, for a € C(M) satisfy the linearity and neighbors
conditions, V uniquely extends to a Frobenius flock.

The remainder of this section is devoted to finding a set of vector spaces
V, for each o € C(M) that satisfies the linearity and neighbors conditions.
We describe these conditions by a system of polynomial equations over K.
Finally we check if all of these polynomial equations have a common solution.
We take the ideal Z generated by the polynomial equations. Due to Hilbert’s
Nullstellensatz, 1 € Z if and only if there exists no common solution to the
polynomial equations. We can check whether 1 € 7 by computing the Grébner
basis g of Z and checking if 1 € g.

Note that a matroid flock M = M! & M? is Frobenius-flock representable
if and only if both M! and M? are Frobenius-flock representable. So there is
no harm in assuming M is connected.

4.1. The linearity condition.

Definition 7.5. A matriz r x E A(z1,...,xnN) is a general matrix represen-
tation of a matroid M over an algebraically closed field K if and only if for
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each linear representation V€ Gr.(K¥) of M there exist ai,...,any € K such
that A(as,...,an) =V.

Clearly, an r x E matrix with a variable at each entry is a general matrix
representation of any rank r matroid on E. If M is a matroid, Aisan r x E
matrix, Q is an invertible r» X r matrix and D is a nonsingular F x E diagonal
matrix, then A is a general matrix representation of M if and only if QAD
a general matrix representation of M. We use this fact to bring A into the
simplest possible form.

Let M be a matroid over K of rank r on E. Let B be a basis of M. For
f € B, let C’}B denote the fundamental circuit of f with respect to B, which

is the unique circuit in B + f. Consider the matrix A®(z. s :e € B, f € B)
over K defined by AB = I, the rank r identity matrix, and the column
Al = ZeeCfof Le,f-

Lemma 7.6. Let M be a matroid over K of rank r on E. Let B be a basis

of M. Then AB(x. s :e€ B, f € B) is a general matriz representation of M
over K.

PRrROOF. Let V be any general matrix representation of M. Row operations
preserve the fact that V' is a general matrix representation of M. Hence for any
basis B we may row-reduce the matrix so that there is an identity matrix at B.
The fundamental circuits (CJ? )t With respect to B then fix the zero pattern

of the matrix. It follows that AP is a general matrix representation of M. O

There is further freedom of choosing the matrix in the form of column
scaling. While column scaling with a nonzero scalar alters the row space of the
matrix, it does not change the matroid it represents. Let B be the basis of M
corresponding to the identity, and consider the bipartite graph G(M, B) on E
where (e, f) is an edge if and only if e € B, f € B and e € CJ? — f. Let T' be a
spanning forest of G. Define the matrix ABT be the matrix obtained from AZ
by setting z. ; = 1 for all (e, f) € T.

Lemma 7.7. Let M be a matroid, let B be a basis of M, and let T be a
spanning forest of G(M, B). Then AP'T is a general matriz representation of
M up to column scaling.

PrOOF. Let [I,A] = AB. By row and column scaling, we morph this
matrix into [I, A'] = ABT.

We label row ¢ of A by the element e € B such that the column correspond-
ing to e is e;, so that each edge of G corresponds to a nonzero entry of A. Now
consider a spanning forest 7' of G. Without loss of generality, assume G(M, B)
is connected, so that T is a tree. Let the weight function w on T be given by
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w(e, f) = A¢, 5. Then scaling a column or row e of A amounts to scaling the
weights of all edges adjacent to e. Note that scaling both endpoints of an edge
by mutually inverse scalars keeps the edge weight the same. So pick any edge
(e, f) of T for which w(e, f) # 1. We scale e by w(e, f)~!, so that the new
weight of (e, f) is 1. Next, for all g in the component of e of T\ {(e, f)}, we

scale g by
(_1)1+d(ﬁag)

w(e, f) ,

where d(e, g) is the distance between e and g. The distance is indeed well
defined, since T is a tree. This ensures that all other edge weights remain
intact. Hence by induction, there are scalars A, for each vertex such that all
weights of the edges of T are 1.

Finally, we return to the matrix [I, A]. Applying the row and column scalars
as above yields a matrix [D, A’], where A’ has 1 at the entries corresponding
to edges of T', and D is a diagonal matrix. The identity matrix can be restored
by scaling the columns e € B by the inverse of the diagonal elements of D.
Since [I, A’] was obtained from [I, A] by only row and column scaling, AZ7T is
a general matrix representation of M up to column scaling if and only if AP is
a general matrix representation of M. The latter is ensured by Lemma 7.6. O

The following lemma argues that linear representability of a matroid over
a field can be expressed by a system of polynomial equations.

Lemma 7.8. Let K be an algebraically closed field. Let M be a matroid of
rank r on E. Suppose A(x1,...,xN) is a general matriz representation of M
over K. Then M is linear over K if and only if there exist a1,...,any € K
and tg € K for each basis B of M such that:

(1) for each nonbasis S of M, det A(ay,...,an)s = 0;
(2) for each basis B of M, tgdet A(ay,...,an)p = 1.

PROOF. We have det A(ay,...,an)p =0 if and only if A(aq,...,an)p is
not invertible. On the other hand, there exists tg € K such that
thetA(al,. .. ,CLN)B =1
if and only if
det A(ay,...,an)p # 0.
a
For aw € C(M) and a general matrix representation A(xy,...,zy) of Mg,
let the ideal in K[z1,...,2N, (tB) BeB(M)]
Za(4)
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be generated by
det A(z1,...,2n)s =0
for each nonbasis S, and
thetA(fEl,...,(EN)B =1

for each basis B. Then due to Hilbert’s Nullstellensatz, a Grobner basis of
Z,(A) contains 1 if and only if M, is linear over K.

4.2. The neighbors condition. The following is straightforward.

Lemma 7.9. Let B = [I, A] be a r X n matriz representing a matroid M.
Then B* := [-AT I,,_,] represents M*.

PROOF. The row space of B* is the orthogonal complement of the row
space of B. O

Thus we may model conditions (8,9) as follows.

Lemma 7.10. Let M be a matroid flock. Let V be a skeleton representation of
M. Let o and o+ key + 11 be two neighboring central points of V. Suppose A
is a matriz representing Vo, and B is a matriz representing Vot ke, +11- Then

Va/T = ~Wappersn\l & (FIBN\DANDT = 0;
(k4 D WVaske s /T=Va\T & (ADFHBNDT =0

PROOF. The matrix of Vg ke, +11\ is B\[; the matrix of V,, /I is (A*\I)*, as
deletion is the dual operation of contraction. Thus Vot ke, \I = —I11Votke;+11\]
and V, /I are the same if and only if they have the same dimension and the
kernel of (A*\I)* is contained in the kernel of —11B\I = F'[B]\I. The kernel
of (A*\I)* is the column space of (A*\I)7, so (F'[B]\I)(A*\I)T = 0 if and only
if the kernel of (A*\I)* is contained in the kernel of F![B]\I. The dimensions
of Ve, \I and V, /T are equal because o and o+ ke are neighboring central
points. So the first statement follows. The proof of the second statement is
analogous. O

Hence the neighbors condition for an edge {«, 8} of the skeleton graph of
M is as follows. Pick general matrix representations A(zq,...,xy) of M, and
B(y1,--.,yn) of Mg. Then each entry of the matrices

(F'B\D)(A\DT

and
(A\D)(F*[B\D)"
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as in Lemma 7.10 should be 0. We may apply an appropriate Frobenius power
to each of the entries to make sure the entries are elements of

Klz1,...,ZN Y1, -, UN]-

Let
Zop(A,B)
be the ideal generated by the polynomials in the entries of the matrices.
Now we have explained how to obtain a list of equations to check the
existence of a skeleton representation. The algorithm that brings it all together
is Algorithm 2.

Algorithm 2 FFlockRepresentable(v, p)

input: a valuation v of a connected matroid M, and a prime number p
output: a boolean stating whether M" is Frobenius-flock representable
C«+ C(MY)
for a« € C do

A, < a general matrix representation of MY.

if M? not linear over K then

return False (linearity)

end if

end for

T+ ()Za(Aa) N [ Zas(Aa; Ap)
g < GrobnerBasis(Z)
return —(1 € g) (Grébner)

Theorem 7.11. Let v be a matroid valuation of a connected matroid, and
let p be prime. Then FFlockRepresentable(v,p) (Algorithm 2) returns ‘True
(Grébner)’ if and only if MY is Frobenius-flock representable.

Proor. If MY is not linear over K, then the linearity condition fails and
hence MY is not linear-flock representable over K. Otherwise, Z is the ideal
containing all polynomials that describe the linearity and neighbors conditions
on V, for @ € C(M¥). Hence 1 ¢ 7T if and only if M"Y admits a skeleton
representation V. By Theorem 4.30, V then extends to a Frobenius flock of
MY, O

It is computationally beneficial to reduce the number of variables for
Grobner basis computations. Therefore it helps to choose the general matrix
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representations A, in row-reduced form, with respect to a basis with as few
as possible adjacent bases. One of the matrices A, only needs to be a general
matrix representation up to scaling, since V : a — V, is a linear flock if and
only if V': =V, - (aD) is a linear flock for some invertible F x E diagonal
matrix D. This allows us to eliminate another |E| — 1 variables.

5. Deciding Frobenius-flock representability of matroids

A matroid M is linear-flock representable over a field (K, f) if there exists
a valuation v of M such that MY is linear-flock representable over (K, f).
Ideally, we wish to enumerate the valuations v of M and then either find
one that is linear-flock representable over (K, f), or find a reason for all of
them to be not linear-flock representable. This is not always possible, but in
many cases it is. We start by enumerating the cells of ©(M), and we check
Frobenius-flock representability of one valuation for each cell. If a valuation v
is not Frobenius-flock representable due to nonlinearity of one of the matroids
MY, then we will see that no valuation of the same combinatorial type as v is
Frobenius-flock representable. If v is not Frobenius-flock representable for a
different reason, then we do not know in general whether any other valuation
of the same combinatorial type is Frobenius-flock representable.

We first prove an invariant of valuations of the same combinatorial type,
for which we need the following lemma.

Lemma 7.12. Let v be a matroid valuation of a matroid on E. Let O be an
octahedron of MY . Then there exists o € ZF such that O is an octahedron of
MY, if and only if k,(O) = 0.

PROOF. Let Bii,..., B3z be the bases of MY corresponding to O as
described above. Then by definition of MY, we have

a-eg, —v(B11)=...=a-ep,, — v(Bs2).
In particular, when we add the terms for the pairs (B;1, B;2), we get that
a-(ep;, +ep;,) —v(Bi1) — v(Bi2)
is equal for each i. Since
€B, +eB,, =2es+e,+ep+e.+eq
for each 1, it follows that k,(O) = 0.

Conversely, translating v by the trivial valuation

1
—v(Bi1)ep — v(Bai)e. — v(Bsi)eq — 51/(312)(613(;(1 —€q),
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we obtain a valuation v/ such that v/(B11) = v/(Ba21) = v/(Bs1) = V/(B12) = 0.
As k,(U) = k,(U) = 0, we also get v/(Baz) = v/(Bsz) = 0. Then Byy, ..., Bsa
are all present as bases of MZ;S+a+b+C+d for k large enough, which can be
translated back to a point « of M". O

The following theorem relates the images of MY and M™ if v and 7
are valuations of the same combinatorial type, which is useful for analyzing
linear-flock representability of all valuations of a combinatorial type.

Theorem 7.13. Let M be a matroid. Let v, v/ be rational valued valuations
of M of the same combinatorial type. Then

{M?:a e RP} = {MY : o € RF}.
PRrROOF. For t € [0,1], consider
m=tr+ (1—t).

It is straightforward to show that 7 is a valuation of M with the same combi-
natorial type as v and v’. The polyhedral complex D™ changes continuously
with ¢, since the defining equations of the polyhedra are continuous in v: for
any C € D™ and an interior point 3 of C, we have

C=0Cs={acR¥:B¢c arg max {a-ep —m(B)} for all B € By}

As t changes, cells may split apart or be joined together, resulting in a difference
in the set of matroids {MY : « € RE} and {M7t : o € RF}. We need to show
that this splitting or joining together does not happen.

Let C, € D" be given, and suppose by contradiction that C, splits at
7y for some t < 1. Let 0 < € < 1 —t be given such that C, splits into two
neighboring cells Cg and Cgpe, in D7+ for some 3 € RF k> 0and I C E.
We show that then the combinatorial types of v and 7. are different. To that
end, we construct an octahedron of M on which «, and k,, . are different,
contradicting the assumption that k, = k,,. We use results from Chapter
3 in this construction, so we use scaling to obtain integral valuations, which
correspond with matroid flocks.

As v,V are rational valuations, we may assume by scaling (Lemma 2.33)
that v, 744 and v/ are integral. Then M := M™+¢ is a matroid flock due
to Theorem 3.3. Moreover, by scaling we may assume that k£ > 1 so that
v := B+ ey is an interior point of the cell between Cg and Cg ge, -

So now, we have integral points 3, 5 + key and v in a matroid flock for
each of the three cells Cg, Cg4ke, and C, respectively. Denote M := MTt+e,
Due to Lemma 3.46,

MBI =M, = Mgy, OT.



5. DECIDING FROBENIUS-FLOCK REPRESENTABILITY OF MATROIDS 111

Using Lemma 3.33, we find that since M., = Mpgi., # Mg, we have rg(I) >
r(I). Similarly, rgxe, (I) > r(I). Now consider any basis B of M,. Since
Ay (I) =0, we have |[BNI| =7,(I) and |[BNI| = r,(I). So there exist a € I
and ¢ € I such that r3((B+a+c)NI) =ry(I)+1 and rgike, (B+a+c)NI) =
ry(I) + 1. Now there is a circuit C; of M., contained in (B +a+¢) NI and
similarly there is a circuit Cj of M., contained in (B+a+c)NI. Pickb € Cr—a
and d € C5—c. Then B—b—d+a+cis a basis of M. Denoting S = B—-b—c,

we find that the bases
S+a+bS+a+ce,S+a+d,S+b+e,S+b+d,S+c+d

describe an octahedron O of M, and in particular all of the bases are contained
in Bg U Bgtke, = BL. By Lemma 7.12, we find that x,(0) = 0, while
Kr..(O) # 0; contradiction. O

The theorem is also valid for real-valued valuations, but in order to prove
it using our available matroid flock results, we needed to be able to scale the
valuations up to integral valuations.

When checking linear-flock representability of a given M" over (K, f),
there are three possible outcomes:

(1) MY is linear-flock representable;

(2) M is not linear-flock representable and there exists o € Z¥ such
that MY is not linear over K;

(3) MY is not linear-flock representable and for all a € ZF, MY, is linear
over K.

In case (2), due to Theorem 7.13 each valuation of the same combinatorial type
as v is not linear-flock representable either. In case (3), there might be another
valuation of the same combinatorial type that is linear-flock representable over
(K, f). We do not know yet whether checking a finite number of valuations
of this combinatorial type could, in general, lead to the conclusion that all of
the valuations of this combinatorial type are not linear-flock representable over
(K. f).

If case (3) does not occur, and each combinatorial type has a valuation of
case (2), we may hence conclude that M is not linear-flock representable.

Theorem 7.14. Let M be a matroid and K a field. Suppose M has t combi-
natorial types of valuations, represented by (v1,...,v;) respectively. If for all
i there exists a(i) € Z¥ such that sz‘(i) is not linear over K, then M is not

linear-flock representable over (K, f) for any automorphism f.

This theorem yields a necessary (but not sufficient) condition for algebraic-
ity of a matroid as follows:
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Definition 7.15. A matroid M satisfies the flock condition in characteristic p
if and only if there exists a valuation v of M such that all matroids in ITm(M")
are linearly representable in characteristic p.

5.1. The quaternary butterfly matroid. In this section we present
the quaternary butterfly matroid, which is linear-flock representable only over
fields of characteristic 2. The quaternary butterfly is the matroid represented
geometrically in Figure 1. We denote this matroid by Q. We show that in
characteristic > 2,  is not linear-flock representable, despite satisfying the
flock condition in all of these characteristics. The proof is computer-assisted,
as enumeration of the combinatorial types of Q was not done manually.

X4
}

FIGURE 1. The quaternary butterfly, a rank 3 matroid on 9
elements. A triple is a non-basis if and only if it is connected
by a line.

In this section we prove the following theorem.
Theorem 7.16. The matroid Q is only algebraic in characteristic 2.
A matroid is quaternary if it is linearly representable over GF'(4).

Lemma 7.17. Q is a quaternary matroid, and Q is only linear in characteristic
2.
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ProOOF. Let K be a field. Up to row reduction and scaling, the matrix of
a linear representation of Q over K is

01 2 3 4 5 6 7 8
110 1 0 1 0 1 1
0 1 1 Zo 0 o 1 0 Te |,
01 0 X 1 r3 T4 Iy 0

where zg,...,26 € K \ {0}. As {0,1,6} is dependent, 4 = 1. Due to

dependence of {2, 3,7}, we obtain x5 = x1. Since {4, 5,8} is dependent, we get

¢ = x2. By dependency of {6, 7,8}, now z4x6 + x5 = 0, and hence x4 = —x5.
012 3 4 5 6 7 8

1 1.0 1 0 1 0 1 1

0 1 1 o 0 —X1 1 0 —x1

01 0 Iy 1 xIs 1 T 0

As {1,5,7} is dependent, we obtain x3 + z1 — 23 — 11 = 0, so x3 = 7. By

dependence of {1, 3,8}, we have x1 — x¢ + 23 — 21 = 0 and hence z = 3.

012 3 4 5 6 7 8

110 1 0 1 0 1 1
0 1 1 x% 0 —z7 1 0 —m:;
1 1

0 0 =1 :c% 1 = 0

Finally, due to dependence of {3,5,6}, we find —z; — 22 — 22 — 2; = 0, and
thus 221 (z1 + 1) = 0. We cannot take z; = —1, as that would make {1,5} a
dependent set. Moreover x; is nonzero, so we must have 2 =0 in K. Hence
char(K) = 2.

On the other hand, if K = GF(4) and ¢ € K satisfies (2 + ¢ = 1, then
taking 1 = ( yields a linear representation of Q:

01 2 3 4 5 6 7 8
1 10 1. 0 1 0 1 1
01 1¢20 ¢ 10 ¢
01 0 ¢ 1¢1¢o
In particular, 9 is quaternary. O

To show that £ is non-algebraic over K if the characteristic of K is nonzero,
we enumerate the combinatorial types of valuations of Q and investigate them
separately. These valuations are given in Table 1.

Clearly 0q is not Frobenius-flock representable over fields of characteristic
other than 2. For pq and 7q, there exists a € Z¥ such that the simplification
of M, is the Fano matroid. Thus valuations of these combinatorial types
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B 0qa pa T va B 0o pa Ta va
{0, 1,2} ] O 0 0 1 {1,4,7}] 0 0 0 1
{0,1,3}] O 0 0 1 {1,4,8} | 0 0 1 0
{O, 1, 4} 0 0 0 1 {17 9, 6} 0 1 0 0
{0, 1,5} ] O 0 0 1 {1,5,8}| 0 1 0 0
{0, 1,7}] O 0 0 1 {1,6,7}] O 1 0 0
{0,1,84/0 0 o0 1| {168 ]0 1 0 o0
{0,2,3}] O 0 0 1 {1,7,8}] 0 1 0 0
{0,2,4}] O 0 1 0 {2,3,4} ] 0 0 0 1
0,25/ 0 1 o0 o {2350 0o 0o 1
{0,2,6}| O 0 1 0 {2,3,6} | 0 0 0 1
{0,2,7}] O 0 1 0 {2,3,8}] 0 0 0 1
{0,340 1 o0 o0 {245 /0 0o 0o 1
{0,3,5} | O 0 1 0 {2,4,7}] 0 0 1 0
{0,3,6}| O 0 1 0 {2,4,8}] 0 0 1 0
{0,377/ 0 1 o0 ol {256|0 0o 0o 1
{0,384/ 0 0 0 1|{z57]0 0o 1 o0
{0,4,5} | O 0 0 1 {2,5,8}] 0 1 0 0
{O, 4, 6} 0 0 1 0 {2, 6, 7} 0 0 1 0
{0,4,8}] O 0 1 0 {2,6,8}| 0 0 1 0
{0,5,6}| O 0 1 0 {2,7,8] 0 0 1 0
{0,577/ 0 0 o0 1| {3450 0o 0o 1
{0,584/ 0 1 0 o0 {346 |0 0 0 1
{0,677/ 0 0o 1 o {3470 1 0 o0
{0,680 0 1 o0 {3480 0o 1 o0
{07,840 0 1 o0 |{357]0 1 0 o0
{1,2,3}] O 0 0 1 {3,5,8}] 0 1 0 0
(1,244 0 1 0 o0 |{367 |0 1 0 o0
{1,2,5}| O 0 1 0 {3,6,8}| 0 1 0 0
{1,261/ 0 1 0 o | {3780 1 0 o0
{1, 2, 7} 0 0 1 0 {4, 5, 6} 0 0 0 1
{1,2,8}| O 0 0 1 {4,5,7}] 0 0 0 1
(1,344l 0 0o 1 o0 | {4670 0 1 0
{1, 3, 5} 0 1 0 0 {4, 6, 8} 0 0 1 0
{1,3,6} | O 1 0 0 {4,7,8}] 0 0 1 0
(,3,77/ 0 1 0o o {5670 1 0 0
{1, 4, 5} 0 0 0 1 {5, 6, 8} 0 1 0 0
(1,46} 0 1 0o ol {5780 1 0 o

TABLE 1. A representative valuation for each combinatorial
type of of Q



5. DECIDING FROBENIUS-FLOCK REPRESENTABILITY OF MATROIDS 115

018

(1,1,1,1,0,0,0,0,1) = egi23s

23

(0,0,1,1,0,0,0,0,0) = ea3

(0,0,0,0,0,0,0,0,0)

017

(1,1,0,0,1,1,0,1,0) = eora57 (0,0,1,1,1,1,1,0,0) = e23450

(0,0,0,0,1,1,0,0,0) = eqs

FIGURE 2. The central points of M"2.

are not Frobenius-flock representable over fields of characteristic other than 2
either.
The combinatorial type of vq remains. See Figure 2.

Each of the central matroids is linearly representable over any field, and
even uniquely so, up to column scaling. However, in order for a Frobenius-
flock representation to exist, the column scalars must be fixed for all of these
representations in such a way that the flock axioms hold between neighbors.
As it turns out, this is infeasible.
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01234567 8
11000000 1
00110000 -1
0101 11 0
01234567 8 012345678
11000000 0 (1,1,1,1,0,0,0,0,1) = eonzss 110100011
01110010 -1 001100000
01001111 0 000111110
01234567 8
(1,1,0,0,0,0,0,0,0) = eqy 11000001 1 (0,0,1,1,0,0,0,0,0) = ea3
00110010 -1
00001111 0
01234 5 67 8 01234 5 678
11000 0 01 0 (0,0,0,0,0,0,0,0,0) 11010 1011
01110 110 -1 00110 0 100
00001 1 01 0 00001 1 100
01234 5 67 8
(1,1,0,0,1,1,0,1,0) = €g1457 11000 1 01 1 (0,0,1,1,1,1,1,0,0) = e23456
00110 -1 10 -1
00001 1 00 0
(0,0,0,0,1,1,0,0,0) = e45

F1GURE 3. Linear representations of the matroids in Figure 2.

Theorem 7.18. Suppose K is a field of characteristic not 2. Then M"2
admits no linear-flock representation over K.

PROOF. We have to show there exist no nonzero column scalars for each
column of each matrix in Figure 3, in such a way that for each neighboring
pair a, 3 € {0, eo1, €23, €45, €01238, €01457, €23456 }, We have Vo /I = Vg\ I and
Vg/(E —1I) =Vo\(FE —1I), where 8 = a+ ey. Since M2 is a matroid flock
and all of the matrices are reduced with respect to the same basis {0, 2,4},
these conditions hold if and only if for each neighboring pair of matrices all
entries that are nonzero in both matrices agree up to row scaling.

It is straightforward to check that these conditions are all satisfied in Figure
3, except between eys and e33456.

By scaling the columns of all matrices simultaneously, we may assume all
column scalars at the point 0 are equal to 1. This has the effect that the scalars
for the matrix at ey are split into two parts, namely I and E — I, in which the
scalars must be equal. Furthermore, one can easily verify that scaling one of
the parts by a has the same effect as scaling the other part by a~'. Hence we
may also assume the scalars of E — I at ey are 1. The freedom of choosing the
scalars A; of I remains at each point ej.



6. COMPUTING THE LINDSTROM VALUATION OF AN ALGEBRAIC REPRESENTATION

Now suppose Aa3456 = a. This fixes the scalars of the remainder of the
points, which we address in counter-clockwise direction in Figure 3. It follows
that Aoz = a, implying Ag1238 = a. Hence A\g;1 = a and moreover \g1457 = a,
implying Ag5 = a. Closing the cycle, we find that Aesss6 = —a, and since a is
nonzero and K has characteristic not 2, this yields a contradiction. O

The proof does not use the automorphism f at all; it only uses the structure
of M¥2. This structure is the same for any valuation of the same combinatorial
type as vq. Therefore we obtain the following result.

Theorem 7.19. Suppose K is a field of characteristic not 2. Then MY admits
no linear-flock representation over K for any v of the same combinatorial type
as vy.

So no valuation of £ can be Frobenius-flock representable. Theorem 7.16
follows.

Aart Blokhuis recognised 9 as a hyperoval on the points {0,1,2,3,4,5}
together with a line {6,7,8} embedded in the projective plane PG(2,4) [4].
To ‘complete’ the matroid, there should be two more elements on the line such
that each pair of points on the hyperoval is collinear with a point on the line.

6. Computing the Lindstrom valuation of an algebraic
representation

Let K be a field of characteristic p > 0. As mentioned below Corollary
5.15, Cartwright [9] found a direct construction of the Lindstrém valuation of
an algebraic representation of a matroid over K:

v(B) =log,[L: K(#(B))** "],

Algebraic matroids can be represented in several different ways [26]: as a
set of elements in a field extension like in Definition 2.8, as a closed, irreducible
algebraic variety like in Chapter 5, and as the (prime) ideal of this variety.
To compute the Lindstrom valuation of an algebraic representation, we follow
Cartwright in using the ideal representation. Thus, an algebraic representation
of a matroid M on F is a prime ideal I in the polynomial ring K[z, : e € E].
The circuits of M are the C' C E such that I N K[z, : e € C] is a principal
ideal with support {z,. : e € C'}. The (monic) generating polynomial fe of this
principal ideal is called the circuit polynomial of C.

For a circuit C, let k = k(C) € (ZU{oc})F be such that fc is a polynomial
in (xi‘e’kc)eec where each k. is maximal, and ky = oo for all f € C. Then
Cartwright shows that the set of vectors

C = {k(C)+ A1 :C circuit, A € Z} C (ZU {oc})¥
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is a circuit valuation of M. I will not give the definition of circuit valuations
here, but I will note that due to Murota and Tamura [40, Theorem 3.3], circuit
valuations are in one-to-one correspondence with basis valuations (up to a
constant) via a simple formula. Let v be the basis valuation corresponding to
C.

Theorem 7.20 (Cartwright [9]). The Lindstrém valuation of the ideal I is
v.

Thus we know how to compute the Lindstrom valuation from the set of
circuit polynomials of 7. What remains is finding all of the circuit polynomials.
For small matroids it suffices to naively compute the elimination ideal IN K|z, :
e € 5] for each S of the appropriate size, and check if this ideal is principal
with full support. This can be done with a Grébner basis computation and we
implemented it in Sage.

7. Computing the Frobenius flock from an algebraic representation

Let K be an algebraically closed field of characteristic p > 0. Let X C K¥
be an irreducible closed subvariety. Due to Theorem 5.17, V : a — T, X is a
Frobenius flock over K for some general point v € X. The goal of this section
is to find such a general point v, and to compute 7T,,aX for given a.

Algorithm 3 computes the Jacobi matrix A of «X. This is a matrix with
entries in K[yi,...,yn] which can be seen as representing the dual of the
matroid of the tangent space of aX at the generic point yq,...,y,. If v is
given, then T,,aX = A(v)*. Otherwise, A yields conditions on the point v.
Let M = M(X) and let B, be the basis set of M,,. Then for a general v it
must hold that for all B € B,, we have det A(v)z # 0. In other words, in
terminology used by Rosen [45], v avoids the NM-locus of A, where A(v) does
not represent M. Due to Theorem 4.30, it suffices for v to avoid the NM-locus
of the Jacobi matrices of X at the central points a of M. By Lemma 4.31, it
suffices to avoid it for one point per central cell of M.

Algorithm 4 finds the ideal I that a general point v € X needs to avoid. If
K = GF(p), v has coordinates in a finite subfield of K, and it can be found
by simply enumerating the points on X of which the coordinates lie in a large
enough finite subfield of K, and checking whether v lies in I. For other fields
K T have not implemented a method to find a general point.
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Algorithm 3 FlockJacobian(a, X)

input: An irreducible closed subvariety X C K¥ and o € ZF
output: The Jacobi matrix of a X

output:

I + Ideal(X)

> I is an ideal in the polynomial ring K[z, ..., z,]
twists < ()
forie{l,...,n} do
k <+ o
if £ > 0 then
twists < twists U {x; — yfk}
else .
twists < twists U{y; — ¥ "}
end if
end for
J I + (twists)
> J is an ideal in the polynomial ring K[z1,...,Zn, Y1, -, Yn)
I’ + the elimination ideal of J by {z1,...,2,}
> I’ is an ideal in the polynomial ring K[yi, ..., yn]

Y < an irreducible component of the variety of I’
A < the Jacobian matrix of YV

> Sage has built-in functions for all of the above
return A
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Algorithm 4 NMloci(X)

input: An irreducible closed subvariety X C KF
output: The intersection of the NM-loci of the Jacobi-matrices for all central
points of M(X)
L < LindstromValuation(X)
M + M(L)
B + the bases of M
cp < CentralPoints(M, L)
I+ K[yhay’n]
for a € ¢p do

A, « FlockJacobian(a, X)

for B € B do

I+ I+ (det Ap)

end for
end for
return /




CHAPTER 8

Small matroids

1. Introduction

In this chapter, I provide an account of the algebraicity of matroids on
at most 9 elements in characteristic 2. The complete set of matroids (up to
isomorphism) on at most 9 elements was generated by Mayhew and Royle [38],
and later by Matsumoto, Moriyama, Imai and Bremner [37]. The number of
matroids for each combination of rank and size is listed in Table 1.

Earlier in the thesis, some conditions were discussed under which a matroid
is algebraic or non-algebraic. Linear matroids are algebraic. Matroids that are
linear over the endomorphism ring of a one-dimensional algebraic group are
algebraic (section 6.3). Specifically for characteristic 2, this means that that
we are looking for matroids representable over Q, skew fields in characteristic 2,
imaginary quadratic number fields arising from elliptic curves in characteristic
2, and quaternion algebras arising from elliptic curves in characteristic 2.

rn|0 1 2 3 4 5 6 7 3 9
0 11111 1 1 1 1 1
1 1 2 3 4 5 6 7 8 9
2 1 3 7 13 23 37 58 87
3 1 4 13 38 108 325 1275
4 1 5 23 108 940 190214
) 16 37 325 190214
6 1 7 58 1275
7 1 8 87
8 1 9
9 1

TABLE 1. Total numbers of matroids of rank r on n elements.

121
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T y z

F1GURE 1. A non-algebraic matroid on 10 elements; y does
not have a unique harmonic conjugate with respect to x and
z.

Conversely, algebraic matroids in general must satisfy the Dress-Lovéasz
condition, which will be discussed in this chapter. Moreover, algebraic matroids
in characteristic 2 must be Frobenius-flock representable in characteristic 2.

Lindstrém’s criterion that harmonic points must have a unique harmonic
conjugate hardly applies to such small matroids. Suppose z,y, z are three
collinear points in a rank 3 matroid M. Then y is harmonic with respect
to x and z if there is a Fano or non-Fano minor of M containing x,y, z. As
Lindstrém showed [32], if M is algebraic, then y then has a unique harmonic
conjugate with respect to x and z.

So in order to disprove algebraicity of a matroid using this argument, a
(non-)Fano minor must be present, or somehow forced to be present in an
extension (such as the harmonic closure of M [17]), in order to have a harmonic
point in a matroid. Then a different (non-)Fano minor should be present to
make the harmonic conjugate ambiguous. The smallest known matroid where
this phenomenon occurs is shown in Figure 1, and has 10 elements.

In this chapter I list the results of testing the above-mentioned conditions
on the set of matroids on at most 9 elements. The results are compiled in a
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‘Matroid Encyclopedia’ in the shape of a Sage dictionary, which can be found
at www.github.com/gpbollen/Algebraicity-of-Matroids-and-Frobenius-Flocks.
For each tuple (rank,size), the matroids are numbered from 0 to the number of
matroids of that type minus 1. Then M[rank,size] [i] contains a dictionary
of properties of matroid i of type (rank,size). Using various data, which can
also be found in the GitHub project, the encyclopedia is filled from scratch in
the file ‘Matroid Encyclopedia.ipynb’.

2. Linear matroids

Linear matroids over a field K are algebraic over K. It is relatively
straightforward to check whether a matroid M is linear over the algebraic
closure K of K. Let r be the rank of M and let E be the ground set of M.
Take a general matrix representation A of M.

Theorem 8.1. Let M be a matroid and let K be an algebraically closed field.
Then it is decidable whether a M is linear over K.

PrOOF. Due to Lemma 7.8, linear representability of M can be described
by a system of polynomial equations. Due to Hilbert’s Nullstellensatz, there is
a solution over K = K if and only if 1 is not in the Grobner basis generated
by these equations. Hence we have an algorithm that determines whether M
is linear over K. O

Grobner basis computations are generally slow. Even for the ideals from
matroids on 9 elements, despite the reduction of variables that can be obtained
due to Lemmas 7.6 and 7.7. So in order to classify which matroids are linear
in characteristic 2, I used faster techniques for the majority of matroids on
at most 9 elements. To prove a matroid is linear, it suffices to find a linear
representation of the matroid. Most of the linear matroids in characteristic
2 were found by generating random matrices. For the few remaining linear
matroids, I extracted a representation from the Grobner basis computation.
Nonlinearity for most matroids can be proven by means of the Dress-Wenzel
condition in characteristic 2 from the next subsection.

2.1. The Dress-Wenzel condition. Let M be a matroid. Theorem 2.14
yields a necessary condition for linearity of M as follows:
Definition 8.2. A matroid M is said to satisfy the Dress-Wenzel condition if
for every non-degenerate pure quadrangle {S+a+b, S+c+d, S+a+d,S+b+c},

we have
[bl, ey br_g, a,b][bl, ey br_g, C, d]

[blv c '7br727a7d][b17 . .7b»,‘,2,C, b]

7’5 1 in TM,
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where S = {by,...,br_2}.

By Theorem 2.14, if M does not satisfy the Dress-Wenzel condition, then
M is not linear over any field.

If K has characteristic 2, then for each r x F matrix A over K linearly

representing M, we have ¢4(¢) = —1 = 1. Let TS@) := T /{e). Then if K has
characteristic 2, ¢4 induces a homomorphism 35542) : ']I‘S\? — K*. Theorem 2.14
specializes to the following theorem.
Theorem 8.3. Let K be a field of characteristic 2. Let M be a matroid on
E that is linear over K. Let S = {b1,...,b.—2} be given. Suppose Q =
{S+a+b,S+c+d,S+a+d,S+b+c} is a pure quadrangle of M and suppose
S+ a+ce B. The following are equivalent:

(1) for all r x E matrices A over K linearly representing M we have

~@) (b1, br—2,a,b][b1,...,br_2,c,d] 1.
v4 ([b17~~'7b7‘27aad][b17'~7b7‘2vcab] ;é ’

(2)
[b17"'7b’r727aab][bl7'"7b7‘727c7d}
[bl,...,br_27a,d][bl,...,br_g,c,b}

(3) Q is non-degenerate.

) 2
#11n Tg\/l);

PROOF. Denote Theorem 2.14(1) by (1’), and define (2’) and (3’) similarly.
Clearly (2) = (2), as (2) is stronger. By Theorem 2.14, we have (2’) = (1).
As K has characteristic 2, for each A we have @f) = P4, so that (1’) &
(1). The implication (1) = (2) follows by applying gbf) on both sides of (2).
We conclude that (1) < (2). The equivalence (1) < (3’) < (3) follows from
Theorem 2.14. O

This theorem allows us to formulate a condition similar to the Dress-Wenzel
condition that is necessary for linearity in characteristic 2.

Definition 8.4. A matroid M is said to satisfy the Dress-Wenzel condition in
characteristic 2 if for every non-degenerate pure quadrangle {S +a + b, S + ¢+
d,S+a+d,S+b+c}, we have
[b17 e ,br_27a, b][bl, ey br_276, d]
[b17 s 7b7‘727a7 d][bh B bT*27ca b}
where S = {by,...,br_2}.
By Theorem 8.3, if a matroid M does not satisfy the Dress-Wenzel condition
in characteristic 2, then M is not linear over any field of characteristic 2.

(2
#11in ’]I‘gw),
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r\n 9 8 7 6
3 4 00 0
437988 44

TABLE 2. Number of matroids failing the Dress-Wenzel condition.

r\n 9 8 7 6
3 67 7 1 0
4164395 100

TABLE 3. Number of matroids failing the Dress-Wenzel condi-
tion in characteristic 2.

r\n 9 8 7
3 1208 318 107
41125692 840 107
51125692 318
6 1208
TABLE 4. Total numbers of linear matroids in characteristic 2
of rank r on n elements; entries are omitted if all matroids in
them are linear.

The numbers of matroids that satisfy both versions of the Dress-Wenzel
condition are depicted in Tables 2 and 3. Only the cases where r < n are listed,
because satisfying the Dress-Wenzel condition is closed under duality.

Clearly, all matroids failing the regular Dress-Wenzel condition also fail
the regular Dress-Wenzel condition in characteristic 2.

2.2. The number of linear matroids. We have been able to determine
exactly how many matroids on at most 9 elements are linear in characteristic
2; see Table 4. Most non-linear matroids are excluded by the Dress-Wenzel
condition. For the remaining matroids we either found a representation, or a
Grébner basis calculation ensured no representation exists.

3. Matroids from one-dimensional algebraic groups

3.1. Rational matroids. Since Q is not algebraically closed, Theorem
8.1 cannot be applied. So in order to find which matroids are rational, we have
fewer tools at our disposal than for algebraically closed fields.
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Theorem 2.14 applies to Q, so we can use the failing of the Dress-Wenzel
condition as a certificate of non-rationality of matroids. Conversely, a given
rational representation is a certificate for rationality. As with linearity in
characteristic 2, we can also generate random Q-matrices to find represented
matroids. I generated a r x n matrix A by picking A;; € @ randomly for each
i, j for some finite set Q C Q. The choice of Q) matters greatly for the diversity
of represented matroids that are generated. In particular, if @) is too large, then
a random set of columns is likely to be independent, and hence the resulting
represented matroids are likely close to uniform. A particularly fertile source
of diverse represented matroids turned out to be @ = {—1,0,1}.

3.2. Matroids linear over an imaginary quadratic number field.
Let K be the number field Q(v/D) for some D < 0. As K is commutative,
Theorem 2.14 applies. On the other hand, K is not algebraically closed and
thus Theorem 8.1 cannot be applied.

However, there is still hope in gathering information on the extension K
of Q over which a matroid is representable. Take the ideal I from Theorem
8.1, and intersect it with Q[z,;] for each entry variable z;;. Then the obtained
ideal is either zero or principal. If it is nonzero, then at least one of the roots
of the generating polynomial must lie in K. If there is no D < 0 and choice of
roots for each x;; such that all of them lie in Q(\/ﬁ), then the matroid is not
linear over an imaginary quadratic number field. Conversely, if I N Q[z;;] is
nonzero for each entry variable z;;, and the roots of the respective generating
polynomials lie in a common imaginary quadratic number field Q(v/D), then
we may find a representation of the matroid over this number field. If moreover
D is the discriminant of an elliptic curve in characteristic 2, then the matroid
is algebraic due to Theorem 6.4.

In Table 5 we list one elliptic curve in characteristic 2 for each (square-free
part of) D we found among the matroids on up to 9 elements.

We now give an example of a matroid that is algebraic in characteristic
2 over an elliptic curve, but not over any other connected one-dimensional
algebraic group. Like the Non-Pappus matroid, it is nonlinear in characteristic
2.

Example 8.5. Consider the matroid M from Figure 2.

We construct a general matriz over a skew field S such that each dependent
set of M is a dependent column in the matriz.
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D Field | Elliptic curve
-1 [GF(Q2) |y +y=a3+2"+1
-2 | GF(2) | > +y=2a3
-3 | GF(4) | ¥? +wy = 23 + 22
-7 |GF(2) |y *+zy=a3+1
~15 | GF4) |’ +ay =22+ w
TABLE 5. Elliptic curves in characteristic 2 of which the square-
free part of the discriminant is D. Here w satisfies w? +w+1 =
0. Note that the first three curves are supersingular, and
hence their endomorphism rings are embedded in a quaternion
algebra containing Q(+/D).

; /

FIGURE 2. A matroid of rank 3 on 9 elements. A triple is
collinear if and only if it is dependent in the matroid. The
point 8 is the common intersection of the lines through {0, 3},
{1,4} and {2,5}.

0123 4 5 6 7 8
100 1 1 1 0 1 1
NS= |01 01 0 a1 1 a |,
0 01l a -1 a1 0 -1
where a € K satisfies a> = —1. After choosing a basis and fizing row and

column scalars, the remaining entries were chosen as freely as possible given
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the dependent triples of M. As it turns out, the only freedom that is left is the
choice of a.

No assumptions on the characteristic or commutativity of S have been
made at this point. If S has characteristic 2, then (among others) the rows
corresponding to the basis {3,4,5} become dependent, so that N cannot be a
representation of M. So S must have characteristic # 2. Indeed, if S = Q(z)
and a = i, then a subset of rows of NS is dependent if and only if it is dependent
in M. Hence the column space of NS is a representation of M over Q(i).

Now suppose K is a field of characteristic 2, and G is a connected one-
dimensional algebraic group over K. Let X be a closed, connected subgroup of
G™ with M(X) = M. Then there is a linear representation of M over End(G).
Due to the above, M is not representable over Q, nor over K(F'). Hence G
cannot be the additive or multiplicative group. So G must be an elliptic curve.

Consider the elliptic curve G over GF(2) given by the equation y> +y =
23 + 22+ 1. As shown in Table 5, the curve embeds into Q(i). By Theorem
6.4, M 1is then algebraic over this curve.

We proceed to construct the Lindstrém wvaluation of the corresponding
algebraic representation, following Theorem 6.5. For bases B of M, define v(B)
to be the 2-adic valuation of dd, where d denotes the conjugate of d and where
d=DdetNSp = det NSp. Then it can be shown that v is the corresponding
Lindstrém valuation of M. A

3.3. Matroids linear over skew fields. It is not as easy to find out
whether a matroid is linear over a skew field as it is over a field. One can try to
construct representations by filling a matrix with random elements of a skew
field, like over Q or GF(2). However, it is not as easy to find a suitable set
@ of skew field elements to pick from. Even for small (), picking the matrix
entries A;; € @ randomly is likely to yield represented matroids close to the
uniform matroid.

It is possible to describe linearity of a matroid over a skew field by a system
of polynomial equations over the skew field, in terms of the quasi-Plicker
coordinates [44]. However, such a system has many variables, and checking
whether a solution exists within the given skew field is much harder than in
the commutative case.

Despite these difficulties, Lindstrém managed to find all (or rather, both)
of the matroids of rank 4 on 8 elements that are linear over a skew field, but
not over any field [29, 33]. They appear several times in Figure 3, most of
which Lindstrém drew in his paper [33]. One of them is given by the points
{1,4,7,8,10,11,13,14} and the other by the points {3,4,7,8,9,10,13,14}. All
minors of the matroid in Figure 3 are representable over GF(4)(F') and thus
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FIGURE 3. A skew-field representable matroid on 17 elements.

algebraic due to Theorem 6.4. Computations show that of the 1212 pairwise
non-isomorphic minors of rank 4 on 9 elements, 57 matroids are not linear
over any field. These matroids are nevertheless algebraic due to skew-field
representability.

In order to find more matroids representable over a skew field, I used a
heuristic method inspired by the following example.

Example 8.6. Consider the matroid M given by the points

E={1,4,7,8,10,11,13,14}
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in Figure 3. The nonbases of this matroid are:

{1,4,7,11}

{4,8,10,11}
{1,7,8,13}

{1,10,11,13}
{1,4,10, 14}
{7,8,10,14}
{7,11,13,14}.

Let H be the skew field over Q generated by 1,4, j, k with the relations
i? = j2 = k? = ijk = —1, the rational Hamilton quaternions. We try to
construct a linear representation of M over H as a left H-module. That is, we
construct an 4 x E matriz A over H such that the columns of A corresponding
to a set B € (]f) are independent if and only if B is a basis of M.

By row reduction, we may assume A has an identity submatriz at the basis
B ={1,7,10,11} (compare Lemma 7.6 for the commutative case). We display
A as an augmented matriz, leaving out the columns corresponding to B and
instead labeling the rows by B. Independence of the columns of A corresponding
to S for some S € (f) is then equivalent to invertibility of the submatrixz of the
augmented matriz obtained by deleting the rows B NS and restricting to the
columns BN S.

By row and column scaling we may assume some entries of A are 1 (compare
Lemma 7.7 for the commutative case). Now we have

4 8 13 14
1 1 1 1
7 1 0 1
A= 1010 1|
11 1

where the blank spaces still need to be filled, and where the zeroes follow from
the fact that {1,4,7,11} and {1,10,11,13} are nonbases respectively. Next, for
each non-basis containing 14, the augmented submatriz looks like

(")

Hence it follows that each of these blank spots needs to be filled with 1, and we
obtain the following matrix:
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4 8 13 14

1 1 1 1

7 1 0 1

A= 101 0 1 1
11\1 1 1

Two nonbases remain. The corresponding augmented submatrices look like

(1)

Hence the two opposite elements must be each other’s inverse in both cases.
Thus any representation of M over H must be of the form

4 8 13 14

1 a 1 1 1

7 1 a 0 1

A= wfo »t 1 1
11\1 1 b 1

for some a,b € H\ {0}, up to row reduction and scaling.

Now all minors of A corresponding to the nonbases are zero, and it remains
to find values of a and b such that the remaining minors, which correspond
to bases, are all nonzero. Observe that if a and b commute, then the columns
corresponding to the basis {4,8,13,14} are dependent. However, if we pick
a =1 and b = j, then we find that A represents M. A

My method for finding a representation for a matroid M over a skew field
K is the following. First, pick a basis B and a feasible set of entries to be scaled
to 1. Now for each nonbasis S, we find a set of polynomial equations in the
entries of A that admits a solution if and only if the submatrix corresponding
to S is invertible. For 3 x 3 or 4 x 4 matrices, this might not be possible, but
we can overcome this problem by distinguishing several cases, as I will explain
later.

Once we have obtained a set of polynomials from all of the nonbases, we
try to find a common solution over K. Note that the variables are not assumed
to commute with each other, nor with K. As a consequence, it is hard to
determine whether there exists a common solution. We repeatedly apply the
following simple procedure until we have a common solution of all polynomials:

(1) For each polynomial in one variable, try to solve it algebraically.
Polynomials of the form azb — ¢ for a,b,c € K are solved by taking
x = a"teb~!; more complicated polynomials, such as ax + xb — ¢, we



132 8. SMALL MATROIDS

try to solve by trying randomly chosen x € K. If we fail to find a
solution, we stop. We then substitute this solution for z into all other
polynomials. If this substitution yields a nonzero constant for one of
the polynomials, we also stop.

(2) If each remaining unsolved polynomial has more than one variable,
then we pick one of the remaining variables randomly in K.

If we manage to find a common solution, then we have found a matrix A over K
representing some matroid M’ < M. Finally, we check whether M’ = M. If M
admits a linear representation over K and if we can find a common solution to
the polynomials given by the nonbases of M, then it is likely that A represents
M over K.

We proceed to show how to obtain the polynomials asserting non-invertibility
of a matrix for sizes 2 x 2, 3 x 3 and 4 x 4.

Lemma 8.7. Let K be a skew field and let

(2 4)

be a matrix over K. Then A is not invertible if and only if

(1) a=0 and bc = 0; or
(2) a#0 and d = ca™'b.

PROOF. In the first case, since K has no zero divisors, there is a zero row
or column, and hence A is not invertible.

In the second case, suppose (z,y) is a nonzero vector such that ax + by = 0.
Then y # 0, so we may assume y = 1. Due to the first row of A, we find
r = —a~'h. Now A is not invertible if and only if (x,y) is in the right-kernel
of A, which is the case if and only if cx + dy = d — ca™'b = 0. ]

For 3 x 3 and 4 x 4 matrices, the zero pattern plays an important role.
Fortunately we precisely know the zero pattern of a linear representation of M,
as every entry corresponds to a basis (nonzero) or nonbasis (zero) at distance 1
from B.

If any row or column of a 3 x 3 matrix contains 2 or more zeroes, then
invertibility can be derived from a smaller submatrix. Two cases remain.

Lemma 8.8. Let K be a skew field and let

0 ay; az

A= by b1 by
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be a matriz over K such that a1 and by are nonzero. Then A is not invertible
if and only if
Cobo_l(bg — blal_lag) + clal_lag —co = 0.
PROOF. The first two rows force that any nonzero vector that is right-
perpendicular to the first two rows is a scalar multiple of
v = (bo_l(bQ —braj taz),ay tag, —1).

Hence A is not invertible if and only if v is also right-perpendicular to the third
row. O

Lemma 8.9. Let K be a skew field and let

ap aip az
A= bo b1 ba
Cp C1 C2

be a matrixz over K such that by is nonzero. Consider the matrix

/ 0 df d
A =1 by by bo
Co C1 C2

where a}) = a3 — aobo_lbl and ay, = ag — aobalbg. Then A is not invertible if
and only if

(1) afy =ab,=0; or

(2) af =0, a) #0 and
by by
¢ C1

cobg H(ba — b1(a}) " ah) 4+ ci(ah) "tal — ca = 0.

is not invertible; or
(3) af #0 and

ProoF. Since A differs from A’ by only an elementary row operation, A
is invertible if and only if A’ is.

If a§ = a}, =0, then A" has a zero row and is hence not invertible.

If af =0 and a), # 0, then any vector in the right-kernel of A’ has a zero
in its third entry. Hence then A’ is invertible if and only if the given submatrix
is invertible.

If aj # 0, then apply Lemma 8.8. O
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For 4 x 4 matrices, we use essentially the same ideas. If a row or column
contains 3 or more zeroes, then invertibility can again be derived from a smaller
submatrix. Similarly, if the matrix contains a 2 X 2 zero submatrix, then
invertibility can be derived from two 2 x 2 submatrices. Next, a matrix

0
A:

* ¥ + ©
* % ¥ +

* ¥ X %

0
+
*

where ‘+’ indicates a nonzero entry and ‘x’ indicates any entry, gives rise to a
polynomial that is zero if and only if A is not invertible analogously to Lemma
8.8.

If A does not have any of the above-mentioned zero patterns up to row and
column permutations, then by row reduction and case distinction in a similar
way to Lemma 8.9, such a zero pattern can be achieved. These are tedious but
straightforward computations, and are omitted.

We see that the choice of basis B matters greatly for the simplicity of this
method of finding a linear representation over a skew field. In Example 8.6,
we chose a basis such that all nonbases correspond to 2 x 2-submatrices. As
a consequence, no case distinction is required, and all polynomials obtained
from the nonbases are relatively simple. As we apply the method to matroids
of rank 4 on 9 elements, we will often be unable to choose a B that has no
nonbases at distance 4. In order to still get a computationally pleasant basis,
we pick a basis B minimizing

> IB\SP.

se(7)\s

The choice of entries to scale as in Lemma 7.7 also matters. It is beneficial
to have many ones in the submatrices corresponding to nonbases. Therefore we
define a weight function on the entries, assigning to an entry (e, f) the number
of nonbasis submatrices containing (e, f). Then the entries we will scale are
those in a maximum weight spanning tree of the bipartite graph from Lemma
7.7.

In conclusion, we have developed a method to check linear representability
of a rank at most 4 matroid over a skew field. If there is a basis B for which
the number of submatrices requiring case distinction is small, then the method
is generally very fast. The method would be less effective on larger rank 4
matroids, since it is then impossible to avoid having several nonbases at distance
4 of B, which generally leads to a lot of case distinctions. Moreover, the success
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chance of the method would be greatly enhanced with a better way of solving
equations in one variable.

4. The Ingleton-Main and Dress-Lovasz conditions

Ingleton and Main discovered an extension property of algebraic matroids
[25].
Definition 8.10. Let M be a matroid. Suppose ly,l3,l3 are three lines of M
that are pairwise coplanar, but do not all lie in the same plane. Then an
extension of M by a non-loop element e such that e € [y Ny N3 is called an
Ingleton-Main extension of M with respect to ly,1s,13.

Theorem 8.11. Let M be an algebraic matroid. Then for each triple of lines
l1,l2,13 of M that are pairwise coplanar, but do not all lie in the same plane,
there exists an Ingleton-Main extension of M with respect to lq,ls,1l3 that is
algebraic.

The above theorem yields a necessary condition for algebraicity of matroids
as follows.

Definition 8.12. A matroid M is said to satisfy the Ingleton-Main condition
if for each triple of lines ly,12,1l3 of M that are pairwise coplanar, but do not
all lie in the same plane, M admits an Ingleton-Main extension with respect to
li,l2,13.

The Vamos matroid does not satisfy the Ingleton-Main condition, and
hence the Vamos matroid is non-algebraic. There are more matroids that

are non-algebraic for this reason. Dress and Lovasz found a generalisation of
Theorem 8.11 [13, Corollary 1.4].

Definition 8.13. Let M be a matroid on E with rank function r. A set
S C E is called a double circuit of M if (S) = |S| — 2 and for each e € S,
r(S—e)=15]-2.

Dress and Lovész characterized the structure of double circuits in the
following lemma.

Lemma 8.14. Let M be a matroid and let S be a double circuit of M. Then
S has a partition S = Sy U...USy such that the following holds: C' is a circuit
of M contained in S if and only if C = S\S; for some i.

The number k from the above lemma is the degree of the double circuit S.
We now state the generalization of Theorem 8.11.

Definition 8.15. Let M be a matroid. Suppose S is a double circuit in M
of degree k > 3. Then an extension N of M by a set of elements T with
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|T| = k — 2 such that vN(T) = |T|, and T C cIx(C) for each circuit C C S is
called a Dress-Lovéasz extension of M with respect to S.

Theorem 8.16. Let M be an algebraic matroid. Then for each double circuit
S in M of degree > 3, there exists a Dress-Lovdsz extension of M with respect
to S that is algebraic.

This theorem is a corollary of a more general theorem by Dress and Lovész,
the series reduction theorem [13, Theorem 1.3], which makes use of more
general extensions than what we call a Dress-Lovasz extension here. Theorem
8.16 gives a necessary condition on algebraicity of matroids as follows.

Definition 8.17. A matroid M is said to satisfy the Dress-Lovasz condition
if for each double circuit S in M of degree > 3, M admits a Dress-Lovdsz
extension with respect to S.

Note that the Dress-Lovasz condition is stronger than the Ingleton-Main
condition in general. But in rank 4, the conditions are equivalent.

For some matroids it takes several extensions before the Dress-Lovész or
Ingleton-Main conditions fail. This is the case for the dual of the Tic-Tac-Toe
matroid [27, 22], in which after two Ingleton-Main extensions a Vdmos-minor
arises, when the Ingleton-Main condition fails. There are recursive versions of
the Ingleton-Main and Dress-Lovész conditions as follows.

Definition 8.18. Let d be a natural number. A matroid M is said to satisfy the
Ingleton-Main condition at depth d if d > 1 and for each triple of lines l1, 12,13
of M that are pairwise coplanar, but do not all lie in the same plane, there
exists an Ingleton-Main extension of M with respect to ly,ls,l3 that satisfies
the Ingleton-Main condition at depth d — 1, or if d = 1 and M satisfies the
Ingleton-Main condition.

Definition 8.19. Let d be a natural number. A matroid M is said to satisfy
the Dress-Lovész condition at depth d if d > 1 and for each double circuit S
in M of degree > 3 there exists a Dress-Lovdsz extension of M with respect to
S that satisfies the Dress-Lovdsz condition at depth d — 1, or if d =1 and M
satisfies the Dress-Lovdsz condition.

Due to Theorems 8.11 and 8.16, these conditions are both necessary for
algebraicity of M. I implemented checks of the Dress-Lovasz and Ingleton-Main
conditions and their recursive versions in Sage. In rank 5, depth 3 already
seemed to be too much to handle for checking the Dress-Lovasz condition.
Not only is number of double circuits that requires checking generally larger
than in rank 4, but there are also more Dress-Lovasz extensions as the double
circuit degree increases. As a consequence, I was unable to check the recursive
Dress-Lovasz condition for depth greater than 2 for a large number of matroids
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(r,n) (48) (49  (59)
DL 39 27137 27137
DL depth 2 | 39 27137 27137
IM depth 3 | 39 28418 27144
IM depth 4 | 39 30171 27442
IM depth 5 | 39 30658 27500
IM depth 6 | 39 30756* 7
TABLE 6. Number of matroids failing the Dress-Lovasz and
Ingleton-Main conditions of the given depth. The computa-
tions at depth 6 are unfinished; the actual number is likely
higher.

FF-representable | (4,8) (3,9) (4,9) (5,9) (6,9)

true | 938 1274 185346 185348 1274

false 2 1 4551 4551 1

unknown 0 0 317 315 0

TABLE 7. Number of matroids that are Frobenius-flock repre-

sentable in characteristic 2. In all other types of matroids on

9 at most elements, all matroids are Frobenius-flock repre-
sentable.

of rank 5 on 9 elements. Therefore at depth > 2 I computed the recursive
Ingleton-Main condition instead.

Table 6 contains the numbers of non-algebraic matroids due to the (re-
cursive) Dress-Lovasz and Ingleton-Main conditions. It is interesting to see
that the number of matroids failing the Dress-Lovasz condition is the same for
rank 4 and 5 on 9 elements. In fact, the (5,9)-matroids are the duals of the
(4,9)-matroids. One would not expect the Dress-Lovdsz condition to be closed
under duality, as it is an extension property. However, in this case, the (4,9)-
and (5,9)-matroids are exactly the (co-)extensions of the (4,8)-matroids that
do not satisfy the Dress-Lovasz condition. Indeed, satisfying the Dress-Lovéasz
condition is closed under taking minors. There are simply no other matroids
that fail the Dress-Lovasz condition. At depth 3, this ‘closedness under duality’
vanishes, witnessed by (among others) the Tic-Tac-Toe matroid and its dual.
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Algebraic | (4,8) (3,9) (4,9) (5,9) (6,9)

true | 897 1271 148822 148822 1271

false 40 1 31820 29263 1

unknown 3 3 9572 12129 3
TABLE 8. Number of algebraic matroids in characteristic 2.

5. The flock condition

Table 7 contains the results of my computations with respect to Frobenius-
flock representability. I checked the flock condition (see Definition 7.15) for
all matroids. The matroids that satisfied the flock condition, I tried to find a
Frobenius-flock representable valuation. Of the matroids for which I did not
succeed in finding a Frobenius-flock representable valuation, we do not know
whether they are Frobenius-flock representable. The matroids that fail the
flock condition are not Frobenius-flock representable. Then neither are their
duals, because the flock condition is closed under duality.

There is a small difference between the numbers of matroids for which we
know they are Frobenius-flock representable in the cases (4,9) and (5,9). So
there exist matroids that are Frobenius-flock representable, but their duals
might not be. Indeed, these matroids all admit one or several valuations v
such that MY is Frobenius-flock representable, but M*" is not Frobenius-flock
representable. So we get the following result.

Theorem 8.20. Frobenius-flock representability of matroid flocks is not closed
under duality.

Some caution is in order here, as the proof of this theorem depends
strongly on computer calculations. The cases for which M" is Frobenius-flock
representable, but M"" is not, are too large to check by hand.

I believe that this result extends to matroids.

Conjecture 8.21. Frobenius-flock representability of matroids is not closed
under duality.

The matroids for which the dual gave a different output will not settle
the question whether algebraic matroids are closed under duality. All of these
matroids and their duals are already non-algebraic due to the Dress-Lovasz
condition.

6. Algebraic matroids in characteristic 2

Table 8 contains the numbers of matroids per type that are algebraic,
non-algebraic, or unknown to be algebraic. We elaborate on our findings.
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FIGURE 4. The Non-Pappus matroid.

6.1. Type (4,8). The non-algebraic matroids of rank 4 on 8 elements
contain the 39 matroids that are non-algebraic due to Dress-Lovéasz. The other
non-algebraic matroid is the matroid "T8’ [43], which is the Lazarson matroid
representable in characteristic 3 with the element z from its representation in
equation 6 removed. It was shown to be non-algebraic in characteristic 2 by
Lindstrom [31], and it is also one of the 2 matroids of type (4,8) that is not
flock-representable in characteristic 2.

Furthermore, there are 5 matroids that satisfy the Dress-Lovasz condition,
but not the Dress-Wenzel condition. Two of them are representable over a
skew field [33, 29] (Figure 3) and thus algebraic.

For the remaining three matroids, algebraicity is unknown. Two of them,
which are dual to each other, are obtained from the matroid in Figure 3
algebraically represented by the points {1,4,7,8,10,11,13,14} by turning one
of the bases {1,8,11, 14} and {4,7,10, 13} into a circuit. To obtain the third
matroid, both of these bases are turned into circuits.

6.2. Types (3,9) and (6,9). Of the four matroids that do not satisfy
the Dress-Wenzel condition, one is representable over any skew field and thus
algebraic in characteristic 2. This matroid is the Non-Pappus matroid (Figure
4).

The 3 matroids for which algebraicity is unknown are obtained from the
Non-Pappus matroid by turning any nonempty subset of the set of bases

{{1,4,9},{2,5,8},{3,6,7}}

into circuits (the opposite operation of circuit hyperplane relaxation). The
duals of all of these matroids suffer the same fate.
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The single non-algebraic matroid in characteristic 2 of type (3,9) is a
ternary Reid geometry, and hence only algebraic in characteristic 3 (just like
its dual).

(4,9) (5,9)
algebraic 148822 | 148822
Linear in characteristic 2 125692 | 125692
Rational 20469 | 20469
GF(4)(F)-representable 98 98
Number field representable 284 284
Quaternion representable 2279 2279
non-algebraic 31820 | 29263
Ingleton-Main condition 30756 | 27500
Frobenius-flock representability 1064 1763
unknown 9572 | 12129

TABLE 9. Numbers of algebraic, non-algebraic and unknown
matroids, and their first found certificate (checked from top
to bottom).

6.3. Types (4,9) and (5,9). In Table 9 we show the certificates for
(non-)algebraicity. The algebraic matroids we found are all due to reasons
that are closed under duality, namely linearity or representability over the
endomorphism ring of a connected one-dimensional algebraic group. This
explains the equality of the numbers of algebraic matroids for (4,9) and (5,9).
The numbers for non-algebraicity are different, however. This is purely due
to the fact that the Ingleton-Main and Dress-Lovéasz conditions are not closed
under duality, and that checking the Dress-Lovasz condition at depth 3 is
already much harder for matroids of type (5,9) than for matroids of type (4,9).

The matroids for which algebraicity is unknown can be divided into several
categories:

e (co)extensions of the 3 matroids of type (4,8) for which algebraicity
is unknown (1059 and 1825 matroids for (4,9) and (5,9) respectively);

e matroids linear over the endomorphism ring of a connected one-
dimensional algebraic group (not all of them have likely been found);

e matroids failing the Dress-Lovasz condition at greater depth than
computed;

e the remainder.
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6.4. The impact of Frobenius-flock methods. Ouly for types (4,9)
and (5,9) Frobenius-flock methods provided new results on algebraicity. Of the
4551 matroids of type (4,9) that have been found to be non-Frobenius-flock
representable, 1064 matroids could not be proven to be non-algebraic by any
other means. The number of non-Frobenius-flock representable matroids of
type (5,9) that could not be shown to be non-algebraic by other means is 1763.
We conclude that Frobenius-flock methods constitute an effective new method
for matroids of rank 4 or 5 on 9 elements. The smaller matroids that fail the
flock condition had already been found by Lindstrém and others.






CHAPTER 9

Discussion and further work

In this chapter we revisit the main results of the thesis and indicate possible
directions for further research.

1. Results

1.1. Matroid flocks and valuations. A matroid flock consists of a
collection of matroids on the integer lattice Z” which are locally related by
the two simple axioms (MF1) and (MF2). A matroid valuation, too, is defined
by local structure: not in an integer lattice, but on the set of bases of the
matroid. Matroid valuations with integral values and matroid flocks were
united by a simple global function: for each matroid flock M there exists
an integral matroid valuation v such that M, = MY for each o € Z¥, and
vice versa (Theorem 3.3). As a consequence, the well-known correspondence
between matroid valuations and polyhedral complexes extends to matroid flocks
(Theorem 3.17). These insights were then used to analyse the structure of
matroid flocks: taking minors, duality and circuit-hyperplane relaxation come
to mind, as well as the behaviour of matroid flocks along lines.

1.2. Linear flocks. Similarly to matroid flocks, a linear flock consists of
a collection of vector spaces over a field K of nonzero characteristic on the
integer lattice Z¥. The vector spaces are locally related by two axioms (LF1)
and (LF2), of which the latter includes the action of an automorphism f of K
on a vector space. A linear flock can be seen as a representation of a matroid
flock, assigning a linear representation to each M,,. Similarly, a linear flock is
a representation of a matroid, namely the valuated matroid of the underlying
matroid flock. Due to Theorem 4.2, a linear flock is completely determined
by a finite number of vector spaces at its central points. While the class of
linear-flock representable matroids over (K, f) is probably not closed under
duality, we show that it is closed under circuit-hyperplane relaxation (Theorem
4.37). By considering spike matroids, we concluded that the class of linear-flock
representable matroids is asymptotically large (Theorem 4.3).

143
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1.3. Frobenius flocks and algebraic matroids. A special case of a
linear flock is one over (K, F'), where F is the Frobenius endomorphism of K,
and K is algebraically closed. Due to Theorem 5.13, each algebraic representa-
tion X of a matroid, together with a very general point v € X, give rise to the
Frobenius flock V : a +— T, X. This Frobenius flock is then a Frobenius-flock
representation of M (X). Due to Theorem 5.17, a very general v always exists
in X, so that each algebraic representation induces a Frobenius flock. This
yields a criterion that algebraic matroids need to satisfy: they need to be
Frobenius-flock representable. However, Frobenius-flock representability is not
sufficient for a matroid to be algebraic: the Vamos matroid is Frobenius-flock
representable (Corollary 4.39), but not algebraic. An algorithm to compute the
Frobenius flock of an algebraic representation has been implemented (Chapter
7, Section 7).

1.4. Algebraic equivalence of algebraic representations. We de-
fined a notion of algebraic equivalence of algebraic representations in which two
algebraic representations of a matroid M are equivalent if they can be combined
into an algebraic representation of M?2. All algebraic representations of the
uniform matroid Uy o are algebraically equivalent (Theorem 5.29). However,
there are inequivalent algebraic representations of Uy 3 (Theorem 5.31), and
we do not even know how many equivalence classes there are. Due to Theorem
5.30 equivalent algebraic representations have the same Lindstrom valuation
up to translation. Finally we showed that algebraically equivalent of linear
representations must be field-equivalent (Corollary 5.37).

1.5. Non-algebraicity of matroids due to non-Frobenius-flock rep-
resentability. Frobenius-flock methods for determining whether a matroid
is non-algebraic are generally most effective on matroids with few valuations.
An extreme case is when the matroid is both rigid and non-linear over K,
when due to Theorem 5.19 the matroid is non-algebraic over K. We show that
Lazarson matroids are only linear-flock representable in a single characteristic
(Theorem 6.8), implying results from Lindstrém [31]. Similarly, we show that
Reid geometries are only linear-flock representable in a single characteristic
(Theorem 6.11), generalising results from Gordon [18].

1.6. Computing algebraicity of matroids. Algorithms for checking
certain properties related to algebraicity of matroids were implemented. We
check the Ingleton-Main and Dress-Lovasz conditions, and their versions at
greater depth, which are necessary for algebraicity. We also check Frobenius-
flock representability of a matroid, where possible. That requires enumerating
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the valuations of a matroid (Algorithm 1) and checking whether the matroid
flock of a valuation is Frobenius-flock representable (Algorithm 2).

The question whether the class of algebraic matroids is closed under duality
remains open. However due to Theorem 8.20, Frobenius-flock representability
of matroid flocks is not closed under duality. Frobenius-flock methods might
provide a new angle to try to solve this question, but I expect it could only be
successful for matroids on (much) more than 9 elements.

1.7. Matroids on at most 9 elements in characteristic 2. We ap-
plied our algorithms to all matroids on at most 9 elements in characteristic 2.
It turns out that Frobenius-flock methods provide no new results on matroids
on 8 elements or fewer, or on matroids on 9 elements of rank 3 and 6. How-
ever, much less was previously known about matroids on 9 elements of rank
4 and 5. In both cases, 4551 matroids were shown to be not Frobenius-flock
representable. Of these matroids, non-algebraicity of 1064 matroids could
not be determined by different methods in the (4,9) case, and 1763 in the
(5,9) case. For 317 matroids in the (4,9) case, Frobenius-flock representability
remains unknown, and similarly for 315 matroids in the (5,9) case. While these
numbers are different, the corresponding matroids are all non-algebraic due
to the recursive Dress-Lovasz condition. So while they might show that the
class of Frobenius-flock representable matroids is not closed under duality, a
similar statement for algebraic matroids cannot be derived. The final tally is
that there are still 21710 matroids on at most 9 elements of which algebraicity
is unknown. Strategies to find out whether they are algebraic include

e computing the Dress-Lovasz condition at greater depth;
e finding rational representations or representations over skew fields
coming from a connected one-dimensional algebraic group.

Frobenius-flock methods will not get us any further, since all of these matroids
are Frobenius-flock representable.

2. Further work

2.1. Flock-representability of all valuations of a combinatorial
type. We were unable to determine Frobenius-flock representability of all
matroids of rank 4 and 5 on 9 elements. Suppose all matroids in a matroid flock
are linear, but the matroid flock admits no Frobenius-flock representation. Then
this does not generally imply anything about Frobenius-flock representability of
other matroid flocks of the same combinatorial type. In some cases, there exists
another matroid flock of the same combinatorial type that is Frobenius-flock
representable. In other cases, such as the ‘quaternary butterfly’, there does
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not (Theorem 7.19). We do not know whether it is decidable if there exists a
valuation of such a combinatorial type that is Frobenius-flock representable.

Conjecture 9.1. Let K be an algebraically closed field. It is decidable whether
a matroid is Frobenius-flock representable over K.

2.2. Frobenius-flock methods for larger matroids. For matroids on
more than 9 elements, Frobenius-flock methods are still feasible, but I expect
the computations to become more time-consuming the more valuations a
matroid has. Already for some matroids of types (4,9) and (5,9) there were
some matroids for which the Frobenius-flock computations did not finish within
a reasonable time frame, and had to be aborted. However, due to Theorem
4.38, these matroids could still shown to be Frobenius-flock representable. I
expect the current implementation of Frobenius-flock methods to be too slow
to determine Frobenius-flock representability of all matroids of type (4,10).
On the other hand, if the number of valuations of a matroid is very small,
then checking the flock condition is generally fast, even for matroids up to 20
elements. Since matroids with few valuations are most prone to failing the
flock condition, it is still likely that Frobenius-flock methods are able to yield
meaningful results for larger matroids.

Frobenius-flock methods also work over fields of characteristic > 2, albeit
a little slower, since the degrees of the polynomials are higher.

2.3. Smallest matroids for which algebraicity is unknown. Six
matroids stand out as the smallest matroids (in terms of size and rank) for
which we still do not know whether they are algebraic or not. Three of them
are of rank 3 on 9 elements and are shown in Figure 1. They are obtained from
the Non-Pappus matroid by removing any subset of the three bases

{{1,4,9}.{2,5,8},{3,6,7}}

from the basis set of the matroid. While the Non-Pappus matroid itself is linear
over a skew field, these three ‘circuit-hyperplane derelaxations’ are all nonlinear
over any skew field in any characteristic. Conversely, they are Frobenius-flock
representable, and the rank of these matroids is too low to fail the Dress-Lovasz
condition.

The other three matroids are of rank 4 on 8 elements. Consider the matroid
M in Figure 2. Like the Non-Pappus matroid, it is linear over a skew field, but
not over any field. Removing any subset of the two bases

{{1,4,6,8},{2,3,5,7}}
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FI1GURE 1. The Non-Pappus matroid and the weaker matroids
for which algebraicity is unknown.

FIGURE 2. A self-dual matroid with nonbases {1,2,3,6},
{1,2,5,8}, {1,3,4,7}, {1,5,6,7}, {2,4,5,6}, {3,4,5,8},
{3,6,7,8}, discovered by Lindstrom [33] to be only linear
over a skew field, but algebraic in any characteristic.

from the basis set of M yields one of the three matroids for which algebraicity
is unknown. The two matroids obtained by ‘derelaxing’ precisely one of the
two bases are dual to each other.

2.4. The Tic-Tac-Toe matroid and its siblings. The Tic-Tac-Toe
matroid appeared in the paper of Alfter and Hochstattler [1] as a matroid
which is closed under Dress-Lovasz extensions, but whose dual is non-algebraic
due to the Dress-Lovasz condition at depth 3. In our computations we found
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that there are 14 matroids of rank 5 on 9 elements with this property. The
Tic-Tac-Toe matroid is the one with the most bases among these 14.

Using the methods in this thesis, there is no hope of finding an algebraic
representation of any of these 14 matroids: our positive results rely on linearity
over some skew field, which is a property that is closed under duality. On
the other hand, the methods in this thesis are unable to rule out that these
matroids are algebraic. All of them are Frobenius-flock representable and
satisfy the Dress-Lovasz condition at arbitrary depth.

The question whether algebraic representability is closed under duality
remains unanswered.
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Summary

Frobenius Flocks and Algebraicity of Matroids

Matroids are abstract objects consisting of a finite set of elements and
a collection of subsets of a fixed size. These subsets are called the bases of
the matroid, and must satisfy the condition that for each pair of bases, each
element of the first basis can be exchanged with an element of the second basis
in such a way that after the exchange, both subsets remain bases. Matroids
arise from graphs, where the edges constitute the set of elements, and the
spanning trees are the bases. These are the graphic matroids. Furthermore, a
finite set of vectors in a vector space forms the set of elements of a matroid,
where the bases of the matroid are the sets of vectors that are bases of the
vector space. This type of matroid is called a linear matroid. A third type of
matroids is the main subject of this thesis: algebraic matroids. The elements
of an algebraic matroid are elements of a field. A subset of elements is a basis
if it is maximal with the property that there is no polynomial relation between
the elements over a given subfield.

While graphic and linear matroids are relatively well understood, the class
of algebraic matroids is much more arduous to describe. All linear matroids
are algebraic, and over fields of characteristic zero the converse is also true.
But in prime characteristic, there is no known algorithm that decides whether
a general matroid is algebraic. Even among matroids with 9 elements, there
is a significant portion of the matroids for which the known methods fail to
determine algebraicity.

In this thesis, a new method for analyzing the class of algebraic matroids is
introduced. By twisting the elements of an algebraic matroid by the Frobenius
automorphism of the field, and then linearizing the result, a collection of
linearly represented matroids is obtained, which is a Frobenius flock. Fach
Frobenius flock of a matroid gives rise to a matroid valuation of the matroid.
By enumerating the valuations of a matroid and checking which valuations
could emerge from a Frobenius flock, restrictions on algebraic representations
of the matroid are obtained. Sometimes none of the valuations of a matroid
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emerge from a Frobenius flock, and then the matroid is hence not algebraic.
This approach for determining whether a matroid is not algebraic generalizes
a method first used by Bernt Lindstréom on a small number of (classes of)
matroids. Frobenius-flock methods are applied to the classes of matroids
that were done with the method of Lindstréom. Moreover, some classes of
algebraic matroids are investigated, such as matroids over certain skew-fields
and matroids from elliptic curves.

This thesis also covers the computational aspects of algebraic matroids.
Among others, the following algorithms have been implemented in Sage and
are documented in this thesis:

e enumerating the valuations of a matroid;

e checking whether a given matroid valuation emerges from a Frobenius
flock in a given characteristic;

e computing the Frobenius flock and its corresponding valuation from
an algebraic representation of a matroid.

These algorithms, along with previously known methods, are then applied to
the set of all matroids on 9 elements in order to provide an as accurate as
possible status quo of which matroids are known to be (non-)algebraic over
some field of characteristic 2.
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