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ABSTRACT

The design of many-to-many parcel delivery networks is an important problem in freight transporta-
tion. To exploit economies of scale and provide a better service level, these networks usually have a
hub-and-spoke architecture. We address a planar hub location-routing problem (HLRP) where the market
demand is modeled as a uniform density function over a convex polygon service region. The continu-
ous approximation (CA) technique is used for modeling the HLRP in such a way that it jointly decides
on the location of hubs and the allocation of a service region to the hubs. The objective is to minimize
the approximate total transportation cost, including local pickup and delivery costs, as well as line-haul
transportation costs. Two solution algorithms are developed for the problem: an iterative Weiszfeld-type
algorithm (IWA) and a particle swarm optimization (PSO) metaheuristic. The performance and solution
quality of the proposed algorithms are compared with an adapted algorithm from the literature. Further-
more, extensive computational experiments are performed to study the effect of different input param-
eters such as the discount factor value, demand points density, and vehicle capacity on the total system

cost and the final configuration of the network.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Freight transportation is a vital component of the economy. It
supports production, trade, and consumption activities by ensuring
the efficient movement and timely availability of raw materials and
finished goods. As a consequence, freight transportation accounts
for a significant part of the final cost of products and represents
an important component of the national expenditures of a country
(Crainic and Laporte, 1997). In order to lower their costs and in-
crease their service levels, freight carriers aim at improving their
transportation and distribution network.

In freight transportation applications, as well as postal services,
hub-and-spoke networks has been shown to be effective when
it comes to reducing costs and delivery times, thereby increas-
ing the service level. In such networks, the direct connections be-
tween locations in a geographic region are replaced with indirect
connections facilitated by the use of hub nodes. As identified in
O’Kelly and Miller (1994), such a network topology is desirable be-
cause it reduces and simplifies network construction costs, central-
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izes commodity handling, and allows carriers to take advantage of
economies of scale through the consolidation of flows. In the case
of less-than-truckload (LTL) carriers, an additional improvement
is possible by serving the origin-destination (O/D) demand points
along the pickup and delivery routes, rather than having to serve
them separately. This can reduce the transportation costs through
a more efficient use of resources (e.g. vehicles operating in the sys-
tem). With these considerations in mind, the problem we study in
this paper consists of two main decisions: locating hubs and gener-
ating multiple-stop routes for the non-hub points allocated to the
hubs. As a result, we get the combined hub location-routing prob-
lem (HLRP). An example of the HLRP is illustrated in Fig. 1. The
triangles and circles show the installed hubs and non-hub nodes,
respectively. The thick lines represent the inter-hub connections
(backbone links), whereas the thin lines show the local tours (ac-
cess links).

Hub location, market allocation, and vehicle routing decisions
belong to different levels of the decision making process and are
typically treated separately in the literature. However, since strate-
gic location and allocation decisions have a big impact on ship-
ment costs, not taking the related routing costs into considera-
tion in the strategic planning phase can lead to sub-optimality
(Shen and Qi, 2007). Nevertheless, the detailed data on the
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Fig. 1. HLRP solution example.

geographical locations and demand volumes of customers required
as the input data for discrete network design models are seldom
available when the network planner decides on the number and
location of hub facilities. Continuous approximation (CA) is an al-
ternative approach to discrete models where smooth demand den-
sity functions are used for describing the distribution system. Ap-
proximation models usually provide near optimal solutions and
can address problems of larger scale and size, while discrete opti-
mization models could provide more accurate solutions for smaller
instances (Daganzo, 2005).

In this paper, we assume uniformly distributed demand points
over a service region of a convex polygon shape. This assumption,
which is commonly used within the CA literature, clearly makes
it easier to analyze the model. However, it still provides funda-
mental insights into the nature of the problem and hence is a
valuable complement to large, complex, and more realistic mod-
els (Erlenkotter, 1989; Geoffrion, 1976; Hall, 1986; Newell, 1973).
We use the Euclidean (L,) norm to measure the distances be-
tween points over the service area. Although some authors have
argued that the L; distance is more realistic in urban applica-
tions as urban road networks might be better approximated by
rectilinear distance, it has been shown by Von Hohenbalken and
West (1984) that the market areas that were calculated by using
the Euclidean distance provide fair approximations to those cal-
culated using the rectilinear metric. We also assume that each
demand point is assigned to the nearest installed hub facility
based on a single allocation protocol. In the single allocation pro-
tocol, which is a common assignment scheme in many applica-
tions such as postal services, less-than-truckload (LTL) transporta-
tion, telecommunications, etc. Campbell and O'Kelly (2012), each
demand node is allocated to exactly one hub.

The main contributions of this paper are threefold. First, the
planar HLRP is modeled by using the CA technique for the first
time in the literature that incorporates operational routing cost es-
timates into the strategic decisions of hub location. The problem is
also formulated as a multifacility location problem. Secondly, two
solution algorithms are developed: an iterative Weiszfeld-type al-
gorithm (IWA) that exploits the characteristics of the multifacil-
ity location model and a particle swarm optimization (PSO) meta-
heuristic. Based on a set of experiments, it is shown that the pro-
posed solution algorithms can obtain higher quality solutions than
an adapted algorithm from the literature. Third, an extensive set
of experiments is conducted to study the effect of different input
factors such as the inter-hub transportation discount factor, the de-
mand point density, and the vehicle capacity on the total system-
wide costs and the number of installed hubs.

The remainder of this paper is organized as follows. The next
section discusses the relevant literature. Section 3 formally de-
fines the problem by presenting the new formulation and some
definitions. The proposed solution algorithms are described in
Section 4. Section 5 presents the respective experimental results
and Section 6 concludes the paper and provides some directions
for future research.

2. Literature review

This section presents a review of the literature for the three
main research streams, namely the hub location-routing problem,
CA models in location and routing problems, and the PSO algo-
rithm.

2.1. Hub location-routing problem

Even though a large number of papers have been published on
the hub location problem (HLP) and the location-routing problem
(LRP), few studies have addressed the combined HLRP. A simple
version of a hub location and routing problem is presented by
Aykin (1995), where the hub locations and service types for the
routes between the O/D pairs include three types of routes (direct,
one-stop, and two-stop routes). The author proposes an iterative
algorithm for solving the problem. Nagy and Salhi (1998) present
a mathematical programming formulation for the HLRP where the
vehicles are allowed to do the pickup and delivery on separate
routes. They impose capacity and maximum distance constraints
on the vehicle tours but disregard the fixed costs of using vehicles
and economies of scale on the inter-hub connections. They pro-
pose a hierarchical heuristic applying the strategy of first locating
and later routing embedded in a neighborhood search to solve the
problem.

Zapfel and Wasner (2002) consider the problem of planning
and optimizing the hub-and-spoke transportation networks for co-
operating third-party logistics providers. Mathematical models for
these operational planning tasks are developed and applied to the
real-case scenario of an Austrian parcel service provider.

Cetiner et al. (2010) address a hub location and routing problem
under a multiple allocation setting for the Turkish postal services.
They assume that the hubs are uncapacitated and vehicles have no
loading constraint, but a maximum route length is imposed. They
minimize both the variable transportation costs and the number of
vehicles needed to achieve a given service level. They optimize the
first goal by imposing an upper bound on the number of vehicles
and propose an iterative hubbing and routing heuristic. Computa-
tional results using data that allow tours of no more than 450 km
(one day travel time) are presented. The single allocation version of
a similar problem is considered by de Camargo et al. (2013), where
an upper bound is imposed on the lengths of the tours made by
the vehicles in order to ensure service quality. Their objective is
to minimize the sum of fixed costs for hub installation, handling
costs for transferring goods at hubs, fixed costs for assigning vehi-
cles to open hubs and distance-dependent costs for the local ve-
hicle routes and the inter-hub transports. The authors propose a
solution based on Benders decomposition embedded in a branch-
and-cut framework.

Rodriguez-Martin et al. (2014) address an HLRP where exactly
p hubs must be installed and thus the fixed costs for using a lo-
cation as a hub are disregarded. They impose an upper bound
g on the number of customerts assigned to a hub, and there
is exactly one vehicle at each hub that visits the assigned cus-
tomers during one multi-stop route. They propose an MIP model
for the problem, along with an exact branch-and-cut algorithm.
Rieck et al. (2014) consider a generalized HLRP with multiple prod-
ucts and the possibility of direct shipments between pickup and
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delivery locations. Unlike the mail delivery applications, where
each O/D pair constitutes a unique product, they assume that each
0O/D pair represents more than one product. There are several dif-
ferent products, each produced at one or several locations and de-
manded at one or several other locations. A homogeneous fleet of
vehicles services three different types of routes: multi-stop pickup
routes, direct inter-hub routes, and multi-stop delivery routes. The
authors present an MIP model and devise a multi-start fix-and-
optimize procedure (FOP), as well as a genetic algorithm (GA) for
solving the problem.

2.2. CA models in location and routing problems

So far, not many works on the application of CA models to the
hub location problem have been presented. Daganzo (1987) ad-
dresses a many-to-many distribution problem where the trans-
portation and inventory costs are modeled by using the CA. The
author assumes that the underlying network is a square grid
and distances are measured by using the L; metric. He proposes
analytical expressions for the optimal number of terminals but
does not address the location problem for the terminals. Campbell
(1990a,b) considers the problem of routing freight shipments via
consolidation terminals (hubs) in a many-to-many logistics net-
work and develops CA models with the aim of determining the
optimal location of terminals when the costs for the consolidated
inter-hub transportation are discounted. The author assumes direct
shipments between origins/destinations and hubs, as well as be-
tween pairs of hubs, where the distances are measured by using
the Ly norm.

Suzuki and Drezner (1997) propose two models for the airline
hub location problem in an Euclidean space. The first model as-
sumes that all O/D traffic is routed via two hubs (the hubs located
closest to the corresponding origin and destination, respectively),
whereas in the second model, the flows are routed via a single
hub. The problems are analyzed for the case where two hubs are
selected in a square. They also analyze a three-hub case for the
first model. Campbell (2013) extends Campbell (1990a) by impos-
ing limits on the maximum travel distance via the hub network for
each O/D pair. He considers a transportation carrier that serves a
fixed geographic region where demand is modeled as a continu-
ous distribution and develops analytical expressions for the opti-
mal number of hubs, hub locations, and transportation costs.

Carlsson and Jia (2013) consider the problem of optimal hub
network design in a continuous Euclidean space where the de-
mand points are distributed uniformly over a service region. Their
objective is to determine the optimal number of hub nodes and
their locations. They consider seven different backbone network
topologies for connecting the hub nodes, but the service at the
access level is based on direct shipments. The authors describe
the asymptotically optimal configurations that minimize the total
network costs under the condition that the values of different in-
put parameters become very large or very small compared to each
other. They also give an approximation algorithm that solves their
problem on a convex planar region for all possible values of the
relevant input parameters.

Saberi and Mahmassani (2013) present CA models for airline
hub location and optimal market problems where a single hub has
to be located and the O/D traffic can be routed via no more that
one hub. They also study the impact of a competitive airline net-
work structure with regard to the hub location. Cachon (2014) con-
siders a special case of the problem studied in Carlsson and
Jia (2013), where the goal is to minimize the total amount of car-
bon emissions produced by a supply network of retail stores and
the customers they serve. Pulido et al. (2015) propose a CA model
for locating warehouses and designing physical distribution strate-
gies in a one-to-many logistics network where limits on the deliv-

ery times are considered. They also study and analyze the logistics
network of a Chilean firm that is active in the home delivery of a
range of different products. Xie and Ouyang (2015) study the opti-
mal layout of transshipment facilities on an infinite homogeneous
Euclidean plane. They minimize the total cost that results from the
facility set-up and the access and backbone transportation costs.
The backbone network is assumed to be a multi-stop tour that
serves the transshipment facilities from a central depot and using a
vehicle of infinite capacity. Moreover, facilities serve the customers
within corresponding service regions and using direct shipments.
They consider both the L, and L; distance measures and provide
tight upper and lower bounds on the total system cost.

The CA technique has also been used for modeling the rout-
ing costs in the traveling salesman problem (TSP), the ve-
hicle routing problem (VRP), etc. Distance approximations for
multi-stop vehicle routes play a key role in these problems.
Beardwood et al. (1959) develop an analytical expression to es-
timate the distance covered by a traveling salesman in an area
with a uniform density of destinations. Distance approxima-
tions for multiple stop routes are developed by Christofides and
Eilon (1969), Eilon et al. (1971), and Daganzo (1984a, 1984b, 2005).
Langevin et al. (1996) present a detailed review of applications
of the CA modeling framework in freight distribution up to 1996.
More recently, Francis and Smilowitz (2006) present a continu-
ous approximation model for the periodic vehicle routing problem
with service choice (PVRP-SC) where the visit frequency to nodes
is a decision variable. The authors present a CA model to facilitate
strategic and tactical planning of periodic distribution systems and
evaluate the value of service choice.

Smilowitz and Daganzo (2007) use the CA technique for the
design of integrated package distribution systems. They introduce
design strategies and cost modeling techniques for multiple mode,
multiple service level package delivery networks where service lev-
els are defined by guaranteed delivery times. The authors consider
key cost components such as facility charges and vehicle repo-
sitioning, transportation and inventory costs. They show that the
problem can be reduced to a series of easily solvable subproblems.
Jabali et al. (2012) address the fleet composition problem, which
is a variant of the vehicle routing problem where the CA is used
for assessing the routing costs. In their problem, the fleet size and
mix are decision variables. The service region is assumed to be of
a circular shape and partitioned into zones with each zone being
serviced by a single vehicle. They develop a mixed integer non-
linear programming formulation followed by computationally effi-
cient upper and lower bounding procedures.

2.3. Particle swarm optimization

Particle swarm optimization (PSO) is a population-based meta-
heuristic that was originally developed by Kennedy and Eber-
hart (1995). Inspired by the flocking (motion) of birds, PSO uses
the concepts of communication and collaboration in a population
of simple search agents (called particles) for solving various op-
timization problems. The standard PSO algorithm has undergone
several refinements that finally enable to solve a large variety of
discrete and continuous optimization problems (Banks et al., 2007;
2008). As a result, the PSO has successfully been used for solving
a wide range of optimization problems in numerous fields (Ai and
Kachitvichyanukul, 2009; Liu et al., 2012; Marinakis and Marinaki,
2010; Pedrycz et al., 2009; Sevkli and Guner, 2006; Sha and Hsu,
2008; Yang et al.,, 2013; Zhao et al.,, 2014). However, solution al-
gorithms based on PSO for solving the hub location problems are
scarce in the literature. Yang et al. (2013) solve a fuzzy p-hub cen-
ter problem by using an improved hybrid PSO algorithm and com-
bining PSO with genetic operators and local search (LS) to update
and improve particles for the subproblems. They compare their hy-
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brid PSO algorithm with two other solution methods, genetic algo-
rithm (GA) and PSO without LS components, and show that the
improved hybrid PSO algorithm achieves a better performance in
terms of runtime and solution quality. Bailey et al. (2013) propose
a PSO algorithm for the uncapacitated single allocation hub loca-
tion problem (USAHLP). An empirical study that uses well-known
benchmark problems from the Civil Aeronautics Board (CAB) and
from the Australian Post (AP) data sets is conducted and it is
shown that the proposed PSO matches or outperforms the solution
quality of the best known methods for the USAHLP.

3. Model formulation

In this section, we first present the problem assumptions and
then formulate the problem as a nonlinear model by using the the-
ory of CA. The model is then reformulated as a multifacility loca-
tion problem so that it can be solved by an iterative heuristic.

Consider a service region A c R? with a convex polygon shape
over which a large number of clients (origins and/or destinations)
are distributed. We represent the density of customers (measured
in the number of clients per unit area) by a uniform continuous
spatial density function §(x) = §,x € A. Assume that N is the to-
tal number of clients within the service region .A. Let the origin-
destination (O/D) flow density be described as function A(X,y),
which gives the average number of items per time unit that need
to be transported from a region of a unit area around X to a region
of a unit area around y. For the sake of simplicity, we assume that
the average value of temporal flow between any O/D pair is one
unit item, i.e., A(X,y) = 1.

Collected at point x and delivered to point y by means of local
pickup/delivery tours, every O/D flow is transferred through either
one or two installed hubs. The vehicle fleet is assumed to be ho-
mogeneous with a capacity of C unit items. In other words, C can
be interpreted as the number of stops per tour made by the vehi-
cles. We assume that the demands are realized at different times
during the planning horizon. Hence, the vehicles pick up/deliver
one unit item whenever they arrive at a customer. In other words,
the pickups and deliveries from/to a customer are done one at a
time and on separate tours as they happen at different times. It is
further assumed that the hub facilities to be installed are identi-
cal and hence have the same installation costs. Moreover, we as-
sume that there is a limitation on the capital budget to be spent
on setting up the hub facilities. Therefore, the number of hubs to
be installed is exogenously determined as p hubs.

The strategic decisions to be made in the planar HLRP are lo-
cation and allocation decisions. As soon as these decisions are
made, the operational decisions regarding the routing of flows be-
tween O/D pairs are straightforward. The allocation of clients to
hubs is based on the Euclidean distance between clients and hubs.
Each hub i with location coordinates X; serves the clients within
the area closest to the respective hub. Hence, Voronoi diagrams
(Aurenhammer, 1991) are used for determining the allocation de-
cisions for a given set of located hubs. The Voronoi partition cor-
responding to the hub located at X;, denoted by V), is the set of
all points in the service region to which the hub located at X; is
closest. For location-allocation problems with Euclidean distances,
these allocation decisions are determined according to the follow-
ing set definition:

Vi={Y e AlY =Xl < IY -X;[l.Vj#1i} (1)

where, for every X= (x1,x,) € R%, ||x|| denotes the Euclidean norm,
ie, |Ix|| = ,/x% +x%. Note that the service region of each hub X; or
its Voronoi partition (V;) is a polygon where the local deliveries
in the form of vehicle routes are performed. Fig. 2 illustrates the
Voronoi partitioning of a rectangular service region given the po-
sitions of 10 hubs located within it. Let Wj; denote the magnitude

Fig. 2. Voronoi partition of a rectangular service region for a fixed set of hubs.

of the commodity flow from hub i to hub j. In other words, W
is the value of the total flow from sub-region (Voronoi cell) V; to
sub-region V; and is calculated as:

W;j = A(BA) (BA)) = 52AiA; o)

with A; and A; representing the areas of sub-regions V; and V;
(in square kilometers), respectively. Note that we allow flows from
nodes within a sub-region to nodes in the same sub-region. Sim-
ilar to classical hub location problems, the total transportation
cost in HLRP has two main components: access network cost
(ANC) and backbone network cost (BNC). The former corresponds
to the pickup and delivery from and to customers by means of
vehicle routes within each Voronoi partition, whereas the Ilat-
ter corresponds to the transportation costs between hubs that
are discounted by a constant factor (0 <« <1), which reflects the
economies of scale as a result of larger flow volumes and due to
the use of more efficient and/or faster means of transportation on
inter-hub connections.

Since we assume that the number of hubs is an exogenous de-
cision and that the hub establishment costs are uniform, we can
ignore the costs of installing hubs in the objective function. Conse-
quently, the continuous approximation model for the hub location-
routing problem (CAHLRP) can be formulated as follows:

(CAHLRP)

p p p
min Y Y " aW[IX; — Xjll/C + 2N Y VRP(V;, X)) (3)
i=1 j=1 i=1

st:Xie A i=1,2,...,p (4)

The first term in the objective function (3) calculates the back-
bone network cost (BNC), whereas the second term represents the
access network cost (ANC). Both the ANC and BNC in the above for-
mula are calculated as vehicle-kilometers. However, without loss of
generality, we assume that each vehicle-kilometer of transporta-
tion costs one unit of currency (e.g., one dollar, etc.). Therefore,
we can also interpret the ANC and BNC as monetary (financial)
costs. The term VRP(V;, X;) denotes the cost of pickup and deliv-
ery within the Voronoi partition V; from a depot located at point
X;. Note that since each customer sends and receives one unit of
flow to all other customers, VRP(V;, X;) is multiplied by 2N in the
second term of the objective function (3). Given the exact loca-
tion of customers in the service region, VRP(V;, X;) can be calcu-
lated by solving the vehicle routing problem (Laporte, 1992). How-
ever, since the exact data regarding the location of future cus-
tomers is seldom available in the strategic network design phase,
CA is used for estimating the optimal routing costs and for utilizing
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them in the decision making process about the location of hubs.
Daganzo (1984a) shows that the VRP distance VRP(V;, X;) can be
approximated by the following formula:

VRP(Vi, X;) = 2/ (V1. Xi)N;/C + 0.57\/AN; (5)

where N; is the number of customers within the sub-region V.
Also, p(V;, X;) denotes the average distance between the hub X;
and the customers distributed over the region V; which is calcu-
lated as:

ffvi ”Y _Xi”dA
J1,dA

A closed-form expression for p(V;, X;) in which V; is a convex poly-
gon is derived in Appendix A. The first term in Eq. (5) can be in-
terpreted as the line-haul distance between the depot and the cus-
tomers, while the second term reflects the local distance between
customers. The coefficients of this formula are derived by assum-
ing C>6 and N;>4C? (Daganzo, 1984a), which is usually true in
the context of city logistics.

Note that although the model (3) and (4) is based on the as-
sumption of equal capacities for the vehicles on backbone and ac-
cess networks, it can also be used for the case of different capaci-
ties by modifying only the value of the discount factor («). To this
end, let Cg denote the capacity of the vehicles used on the back-
bone network, which is assumed to be y times (usually, y > 1) the
capacity of the vehicles used on the access network (i.e., Cg = yC).
Also, assume that each vehicle-kilometer of the vehicles used on
the backbone network costs b units of currency. Based on these
assumptions, the objective function (3) can now be rewritten as:

oW X)) = (6)

min ZZ ( )WUIIX X||/C+2NZVRP(V,,X) (7)

i=1 j=1 i=1

As can be seen from (7), the effect of using different vehicles on
the access and backbone networks can easily be captured by using
a modified value for the discount factor parameter as o’ = a(b/y).

In the remainder of this section, we formulate the CAHLRP as a
multifacility location problem. The multifacility location problem,
as defined in Francis et al. (1992), locates a fixed number of new
facilities in an area where some existing (old) facilities already ex-
ist. The objective is to minimize the total cost, which is a weighted
sum of the distance between each pair of new facilities and each
pair constituted by an existing and a new facility. Using a new set
of notations, it is not difficult to show that the model (3)-(4) can
be reformulated:

(CAHLRP-MFL)

p
min Y (Vi + Vi) llXi = Xjll + Y Uip(VEX) +D (8)
I<i<j<p i=1
stoXie A i=1,2,....p (9)

where V;; = aW;;/C, U; = 2N x 2N;/C, and D = 2N x 0.57AVS.

The model (8)-(9) is a multifacility location problem where X;
(j=1,..., p) represent the location of new facilities and the cus-
tomers within the sub-regions V; (i=1,..., p) can be seen as the
locations of existing facilities. In other words, the first term in the
objective function (8) calculates the cost of transportation between
new facilities while the second term represents the transportation
cost between existing and new facilities. Note that, since the ex-
act locations of the customers included within each sub-region V;
(i=1,...,p) is not known, we use the average distance ,[)(V{‘,Xik)
for all of them.

It is known that the multifacility location problem can be
solved by a modified version of the well-known iterative Weiszfeld
algorithm (Weiszfeld, 1973), which was originally developed

for the single-facility Euclidean location problem and later ex-
tended by Miehle (1958) for the multifacility location problem
(Radé, 1988).

4. Solution algorithms

In this section, we propose two solution algorithms for the
CAHLRP. The first algorithm is a Weiszfelt-type algorithm (IWA),
that is frequently used in the literature for solving multifacility lo-
cation problems. The second solution algorithm is based on a par-
ticle swarm optimization (PSO) metaheuristic algorithm, as often
successfully applied for a wide range of continuous and discrete
optimization problems.

4.1. Iterative Weiszfeld-type algorithm

We propose the IWA for solving the multifacility model
CAHLRP-MFL in an iterative manner. Since the exact locations of
the demand points within each sub-region V; (i=1,..., p) are not
known, we represent all the demand points within the sub-region
V; by the geometric median or Fermat-Weber point FW (V;) of this
region defined as:

FW(;) = argmin/

|IX —Y||dA = argmin p(V;Y) (10)
Yev; Vi

YeV;

Based on the above explanations, it is now possible to adapt the
Weiszfelt’s algorithm for our own problem. Having generated an
initial solution, a new solution based on the solution from the pre-
vious iteration is generated at each iteration. The following equa-
tions are used for this purpose:

(v +v’<)
Z || k Xk” ] + _(Vk Xk FW(Vk)
Xkt = . i=1,2,....,p (1)
1 (VE+VE)
Z ||Xk Xk” + ‘(Vk Xk

J#
The proposed IWA algorithm works as follows. At the beginning,
the counter k representing the main algorithm iterations is set to
0. An initial solution Xi0 (i=1,2,...,p) is first generated as a col-
lection of p points randomly generated over the service region. At
each iteration k, based on the current solution Xl.k (i=1,2,...,p)
and the values evaluated for Wl’j p(VE.XK) and FW(VK), (i.j =

1,2,..., p), the next solution Xik” (i=1,2,...,p) is generated us-
ing Eq. (11) and the new Voronoi partitions are determined for
each installed hub. Also, the objective function value is then eval-
uated using Eq. (8). We use another counter denoted by t that
counts the number of iterations for which all hubs stay within
a distance of v from their previous positions. When the counter
t is larger than the pre-specified threshold value Npgpimp, the al-
gorithm terminates. The pseudo-code for the IWA is illustrated in
Algorithm 1.

4.2. PSO algorithm

The PSO (Kennedy and Eberhart, 1995) is a population-based
evolutionary optimization algorithm inspired by social interaction
and communication in bird flocking or fish schooling. Due to its
successful performance and rather easy implementation, there has
recently been a high increase in the use of PSO for solving different
optimization problems. A population of Np,, candidate solutions,
called particles, collaborate simultaneously and move around the
feasible solution space in a systematic way in order to reach the
best positions in that space. Each solution s consists of a position
vector X* and a velocity vector . Given the particle’s previous best
position pj and the previous best position attained by any particle
of the swarm g, the velocity vector for particle s is obtained by:

U = ol + 111 (P}, — X _1) + @a12(8, — X5 _1) (12)
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Algorithm 1 Pseudo-code for the iterative Weiszfeld-type algo-
rithm (A, p, Nponimp, v, €)-

Algorithm 2 Pseudo-code for the PSO
(A, D, Npop. W, @1, 92, Imax)

algorithm

1: Define and initialize the model parameters and variables
2:0t«0

3: k<0

4: Generate an initial set of p hubs Xi0 (i=1,...,p) over the ser-

vice regionA

: Construct the Voronoi partitions Vio (i=1,...,p) based on the
installed hubs within A

: while t < Nygpimp do

Evaluate W,’j‘ i,j=1,2,...,p using (2)

Evaluate p(VX, Xf), i=1.2,.... p using (A3)

Evaluate the objective function f(X*) using (3)

10: Minimize (10) to obtain the Fermat-Weber point of Voronoi

cell i, FW(VF),i=1.2,....p

1:  Compute X¥*1,i=1,2,..., p using (11)

122 if X} —XK|| > v forany i (i=1.2,...,p) then

13: t<0

w

14: k< k+1
15: else

16: k<—k+1
17: t<—t+1

18: end if
19: end while
20: return Xk, f(Xk).

where w is the inertia weight that controls the momentum of the
particle and ¢ and ¢, are the weights that represent the attrac-
tion toward positions p} and g, respectively. ry and r, are random
numbers and are uniformly distributed in the interval [0,1]. Having
obtained the velocity vector for the particle s, its position vector is
updated by:

X=X, 47 (13)

Note that, for each particle s, the corresponding position vector
is not allowed to go beyond the boundaries of the solution space
(service region) during the iterations of the algorithm.

In our implementation, each particle is represented by a 2 x p
matrix that shows the x and y coordinates of the p hubs. An initial
population is generated as a set of Nyop randomly scattered points
within the service area A. The velocity and position vectors of the
particles are updated throughout the algorithm iterations based
on (12) and (13), respectively. The algorithm terminates as soon
as a threshold for the number of iterations (Imqx) is reached. The
pseudo-code for the proposed PSO is illustrated in Algorithm 2.

5. Computational experiments

In this section, we describe the computational experiments we
conducted to evaluate the efficiency of the proposed algorithms
and to investigate the effect of different input parameters on the
solution characteristics of the proposed model. The solution algo-
rithms are coded in MATLAB R2014a and all the experiments were
run on a computer with Intel(R) Core(TM) i3-3220 CPU of 3.30 GHz
and 16GB of RAM, using the Microsoft Windows 7 operating sys-
tem. Voronoi partitioning of the service region based on the loca-
tion of hubs is performed using the open-source Multi-Parametric
Toolbox 3.0 (MPT3), a MATLAB-based toolbox for parametric op-
timization, computational geometry and model predictive control
(Herceg et al., 2013). Furthermore, the Fermat-Weber points used
at every iteration of the IWA are calculated by minimizing (10) us-
ing the function “fminunc” from MATLAB Optimization Toolbox.
The average distances p(V;,Y) in (10) are calculated by using the

1: Define and initialize the model parameters and variables

2:t<«0

: Generate an initial population of Npop particles X (s=
1,...,Npop) over the service region A

w

4: while t < Ingx do

5. fors =1 to Npyp do

6: Evaluate the particles’ fitness f(x}) using (3)

7: Update particle’s velocity # using (12)

8: Update particle’s position %} using (13)

9: Keep the particle within the boundaries of the service
region (X} € A)

10: if f(x}) < f(p}) then

11: [)Z X

12: end if

13: if f(x}) < f(gp) then

14: 8p < X

15: end if

16: end for

17 t<t+1

18: end while

19: return g, f(g}).

closed-form formula derived for this purpose in Appendix A. The
base test instances are generated assuming a square service region
with a side lengths of 10km (a total area of 100 km?), which is
the dimension of many medium-sized cities world-wide. Demand
points density (8) is set to 50 per square kilometer. The capacity
of vehicles (C) is assumed to be 10 units of load (maximum of 10
stops per tour). The number of hubs to be installed in this ser-
vice region (p) is set to different values from the set {2, 3, ..., 10}.
The default value for the discount factor associated with inter-hub
transportation costs is @ = 0.4. However, to study the effect of
variations in the values of input parameters on the quality of so-
lutions, the above-mentioned default values are allowed to alter as
a {04, 0.6, 0.8}, § {30, 50, 70}, and Ce{7, 10, 13}, later in our
computational experiments.

The parameters of the proposed algorithms are tuned in such
a way that they produce high quality solutions within a reason-
able time frame. Based on the results we obtained through a set of
preliminary experiments, the best values for the parameters of the
two algorithms are selected. For the IWA algorithm, the distance
tolerance level v and the threshold value Ny, Were selected as
0.001 and 30, respectively. For the PSO algorithm, the population
size Npop Was chosen as 60, whereas the total number of iterations
Imax Was set to 100. Furthermore, the inertia weight w we selected
was 0.9 and the attraction weights ¢ and ¢, were defined as 0.6
and 0.3, respectively.

5.1. Numerical results

A comprehensive set of computational experiments was con-
ducted using the above mentioned test problems to show the ef-
ficiency of the proposed algorithms and the results are presented
in the remainder of this section. For each problem instance, both
algorithms were run for three times (as the final solution depends
on the initial solution, which is generated randomly) and the best
solutions obtained are reported.

Table 1 shows the results obtained by solving the CAHLRP by
using the proposed solution algorithms with a discount factor
value of @=0.4. The first column of this table shows the number of
hubs to be opened (p). The column “TC” gives the total transporta-
tion cost (in thousand units) obtained by the algorithms as the
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Table 1
Results for solving the problem with o = 0.4.
p IWA PSO
TC ANC BNC %ANC %BNC CPU(s) TC ANC BNC %ANC %BNC CPU(s)
2 36022.32 33820.21 220211 93.89% 6.11% 3.96 36018.86 33865.25 2153.61 94.02% 5.98% 162.42
3 3101291 2771339 329951 89.36% 10.64%  4.03 31002.91 2779117 321174  89.64% 1036% 23411
4 27242.92 23255.27 3987.64 85.36% 14.64% 4.68 2722131 2336790 3853.41 85.84% 14.16% 314.01
5 2579702 2163122 416579  83.85%  1615% 1469 2579328 2168091 411237  84.06% 1594% 33218
6 24529.15 20222.01 4307.14 82.44% 17.56% 8.10 24523.66 20269.04  4254.61 82.65% 17.35% 384.53
7 2343208 19000.68 443140  81.09%  18.91% 1248 2342825 1904865 4379.59 8131%  18.69%  507.08
8 22398.82 17856.75 4542.06 79.72% 20.28% 26.35 22397.38 17876.69 4520.69 79.82% 20.18% 506.81
9 21513.24 1687644 463680 78.45% 2155% 1485 2151827  16908.96 460931  78.58%  21.42%  577.66
10 21000.19 16327.90 4672.29 77.75% 22.25% 23.76 21040.59 16421.76 4618.83 78.05% 21.95% 639.91
Avg.  25883.18  21855.99 402719 83.55%  16.45%  12.54 25882.72  21914.48 3968.24  83.77%  16.23%  406.52
10 10 10
9 9 9
8 8 8
6 6 6
5 . . 5 5
3 3 3 e
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Fig. 3. Network configuration for different values of p with @ = 0.4.

value of the objective function. The access network cost (ANC) and
the backbone network cost (BNC) are reported in columns “ANC”
and “BNC”, respectively. The next two columns, labeled as “%ANC”
and “%»BNC”, show the values of the access and backbone network
costs as percentage of the total transportation cost. The column
“CPU(s)” gives the solution time (in seconds). Finally, the last row

reports the average values of all the reported quantities for the two
proposed algorithms.

Table 1 shows that the solutions that were obtained by the two
algorithms have almost the same objective value for each instance.
In most of the instances, the cost of the solution obtained by the
PSO is slightly smaller than that of the IWA. However, for some in-
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Table 2

Results for solving the problem with o = 0.6.
p IWA PSO

TC ANC BNC %ANC %BNC CPU(s) TC ANC BNC %ANC %BNC CPU(s)

2 37059.27 3398319  3076.08 91.70%  8.30% 3.62 37051.84 34085.00 2966.84 91.99%  8.01% 150.67
3 32579.79  27868.15  4711.64 85.54%  14.46%  4.63 32557.83 28042.80  4515.03 86.13% 13.87%  205.12
4 29143.81 2337640 576740 80.21%  19.79%  7.73 29096.07  23629.46  5466.61 81.21% 18.79%  262.95
5 27815.25 2178580 602945  7832%  21.68% 1113 27837.06  22021.09 5815.97  79.11%  20.89%  332.64
6 2662240 2036596  6256.44  76.50%  23.50% 1542 26608.02 2048638  6121.64 76.99%  23.01%  383.20
7 25592.61 1913741 6455.20  74.78%  25.22%  10.59 25542.77 1922395  6318.82 75.26%  24.74%  451.88
8 2462447  17989.07 663540  73.05%  26.95%  11.46 24582.14 18013.85 6568.28  73.28%  26.72%  514.49
9 23785.89  16995.82  6790.07  7145%  28.55%  16.35 23787.03 17070.17 6716.86  71.76%  28.24%  594.27
10 23298.21 16450.55 684766  70.61%  2939%  19.76 23344.05  16576.98 6767.06 71.01%  28.99%  657.04
Avg. 2783574  21994.71 5841.04 78.02%  21.98%  11.19 2782298 2212774 5695.23  78.53%  2147%  394.70

Table 3

Results for solving the problem with @ = 0.8.
p IWA PSO

TC ANC BNC %ANC %BNC CPU(s) TC ANC BNC %ANC %BNC CPU(s)

2 38009.63  34217.06 379257  90.02%  9.98% 3.46 3799724 3439213 3605.11 90.51%  9.49% 152.54
3 34049.04 2809129  5957.75  82.50%  17.50% 5.70 34011.27 2839846  5612.81 83.50%  16.50%  207.73
4 30948.76 2355094  7397.82 76.10% 23.90% 4.79 30865.11 2400149  6863.62  77.76% 22.24% 26597
5 29743.02  22007.31 7735.71 73.99%  26.01%  9.53 29720.62  22275.69 744493  74.95%  25.05%  331.92
6 28630.58  20571.82 8058.76  71.85%  28.15% 734 28603.15 20809.19 779396  72.75%  27.25% 38792
7 27671.66 1933045  8341.21 69.86%  30.14%  8.90 27692.71 19597.07 8095.64  70.77%  29.23%  460.89
8 26775.27 18175.75 8599.52  67.88%  32.12% 1217 26755.72 1834133 841438  68.55%  3145%  527.66
9 25990.58  17169.07 8821.51 66.06%  33.94%  20.08 25989.03  17321.94 8667.09  66.65%  33.35%  597.56
10 25531.14 16627.43 8903.71  6513%  34.87% 1745 25511.76 16768.63 8743.12 65.73%  34.27%  649.76
Avg. 2970552 2219346  7512.06  73.71%  26.29%  9.94 29682.96 2243399 724896  7457%  25.43%  397.99

stances (such as p = 9,10), the IWA renders a better solution than
the PSO. Analyzing the two components of the transportation cost,
we observe that the access network cost (ANC) has a larger share
in the transportation cost than the backbone network cost (BNC),
which means that the local pickup and delivery via vehicle routes
comes at a significantly higher cost than the consolidated line-haul
transportation between hubs. Note that, as the number of hubs
gets larger, the backbone network cost (BNC) increases as a result
of the longer total distance between the installed hubs. Another
interesting observation is that the access network cost (ANC) de-
creases as the number of hubs increases. This result may not seem
intuitive at first sight but it is in line with the general assump-
tion of the continuous approximation literature, where transporta-
tion costs are modeled proportional to the square of the service
region size (Murat et al., 2010). More specifically, when the num-
ber of hubs increases, the service region assigned to each hub gets
smaller on average. However, the average distance between an in-
stalled hub and the customers inside the corresponding service re-
gion decreases non-linearly relative to the size of the service re-
gion, which in turn results in a much smaller access network cost
incurred by pickup and delivery routes.

Note that, from a solution time perspective, both algorithms
solve the CAHLRP in short computational times, although the IWA
is much faster than the PSO. The IWA solves the instances in less
than 15 s on average, whereas the average time for the PSO is more
than 400 s for the same set of problems. Comparing the solution
times, one can conclude that the computational burden for calcu-
lating the Fermat-Weber points (which is only used in the IWA)
is not substantial. Furthermore, the results show that the solution
times for both algorithms depend on the number of hubs to be
opened as a higher number of hubs needs more computational ef-
fort for partitioning the service region and calculating the average
distance for each partition.

For every solution obtained by the IWA and reported in Table 1,
we plotted the location of hubs in the service region along with
the corresponding Voronoi partitions and depicted the resulting

network configurations in Fig. 3. The solutions obtained by the PSO
have similar configurations.

It can be seen from Fig. 3 that the hubs are scattered within
the service region based on symmetric and uniform patterns and
the resulting Voronoi partitions are of almost the same size. This is
mainly due to the uniform distribution of the customers over the
service region.

5.2. Studying the effect of the discount factor

The discount factor («) plays an important role in the final con-
figuration of the network in hub location problems. In this section,
we present the results of solving our problem under different val-
ues of . The results we obtained by solving the CAHLRP with dis-
count factor values «=0.6 and 0.8 are reported in Tables 2 and 3,
respectively.

Observe that the increase in value of the discount factor («) re-
sults in increased values for both the ANC and the BNC and hence
increased total transportation cost. It should also be noted that the
share of the BNC from the TC gets larger as the value of o in-
creases. For instance, the BNC makes up (on average) around 16%,
21%, and 26% of the TC for the cases with o = 0.4, 0.6, and 0.8, re-
spectively. This is due to the fact that, by setting « to a large value,
the amount of discount granted on the inter-hub transportations
gets smaller and hence, the corresponding cost increases.

To get a better visualization of the effect of the discount factor
on the location of hubs, the final network configuration for differ-
ent values of o are plotted in Fig. 4 for problems with 5 and 10
hubs. Three different values for the discount factor value are used
as a €{0.0, 0.5, 1.0}. The parts we colored in red correspond to the
network configuration under o = 0.0, whereas the blue and gray
parts correspond to the networks under o = 0.5 and 1.0, respec-
tively. The black parts are common for all the three values of «.

We can see from Fig. 4 that increasing the value of o makes
the location of hubs move closer to each other at the center of
the service region. This can be interpreted as a consequence of the
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Fig. 4. Network configuration for p = 5 and 10 with different values of «.
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Fig. 5. Total transportation cost for different values § with & = 0.4 and C = 10.

increased inter-hub transportation cost that makes the algorithms
reduce the distance between the hubs to partly diminish the ef-
fect of increased o values. However, the decrease in the BNC as a
result of closer hub facilities does not compensate its increase as
a result of larger o values. As a result, the BNC increases as the
discount factor value gets larger. Furthermore, for larger values of
o, the hubs go far from the Fermat-Weber points of corresponding
Voronoi partitions, which results in slightly increased ANC com-
pared to the case where each hub is located exactly at the Fermat-
Weber point of the corresponding Voronoi partition. Therefore, a
trade-off has to be done between the BNC and the ANC compo-
nents of the total transportation cost.

5.3. The effect of other input parameters

In this part of our computational experiments, we study the ef-
fect of adopting alternative values for two other input parameters,
namely the demand point density (§) and the vehicle capacity (C),
on the total transportation cost of the system. To this end, we first
study the effect of § by using three values for the demand point
density as § € {30, 50, 70} and solve the problem by taking the
default values as the input for the other parameters (i.e.,, « = 0.4

and C = 10). Fig. 5 illustrates the total transportation cost for vary-
ing numbers of hubs under three different values of §.

As can be seen from Fig. 5, larger values of demand point den-
sity result in substantially higher total cost as both the access and
backbone network costs are increased for larger values of §. Fur-
thermore, as mentioned earlier, an increase in the number of in-
stalled hubs (p) results in smaller transportation cost.

We will now study the effect of the vehicle capacity (C) on the
total transportation cost. Fig. 6 illustrates the total cost under three
different values we selected for the vehicle capacity: Ce {7, 10,
13} for different numbers of installed hubs by assuming that the
other input parameters take their default values (i.e., « = 0.4 and
8 = 50).

Observe from Fig. 6 that, as the vehicle capacity (C) increases,
the total transportation cost decreases. This is because, if one uses
smaller vehicles, more vehicle-kilometers are needed to transfer
the O/D flows between the corresponding origins and destinations.

5.4. Evaluating the quality of the proposed solution algorithms

In order to evaluate the quality of our proposed solution al-
gorithms, we compare the solutions obtained by our algorithms
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Table 4
Results for solving the problem by the algorithm proposed by Carlsson and Jia (2013) with § = 50 and
C=10.
p a=04 a =06 a =038
Total Cost  Gap with Total Cost ~ Gap with Total Cost  Gap with
C&J IWA PSO C&J WA PSO C&J IWA PSO
2 36192.17 047%  048% 3744217 1.03%  1.05%  38692.17 1.80%  1.83%
3 31300.73 093% 0.96%  33100.76 1.60%  1.67%  34900.79 2.50%  2.62%
4 27428.16 0.68% 0.76%  29562.05 144%  1.60%  31695.93 241%  2.69%
5 26165.61 143%  144%  28375.41 2.01%  193%  30585.21 283% 291%
6 24741.74 0.87% 0.89%  27029.80 1.53%  159%  29317.87 240%  2.50%
7 23619.83 0.80%  0.82%  25936.05 1.34%  154%  28252.28 210%  2.02%
8 23544.25 511% 512%  25885.70 512%  5.30% 2822715 5.42%  5.50%
9 22486.03 452%  4.50% 2484437 445%  4.45%  27202.70 4.66%  4.67%
10 21446.05 2.12% 1.93% 2381745 2.23%  2.03%  26188.84 2.58%  2.65%
Avg. 2632495 1.88%  1.88%  28443.75 231%  2.35%  30562.55 297%  3.04%

to those obtained by the algorithm proposed by Carlsson and
Jia (2013) on the instances with a square service region. For do-
ing so, first the solution procedure presented in Carlsson and
Jia (2013) is implemented to determine the location of a fixed
number of hubs and the corresponding Voronoi partitions. Then
the objective function values of the obtained solutions are evalu-
ated by using (3). The results for different values of o with § = 50
and C = 10 are reported in Table 4. Note that, since the number
of hubs in our problem is fixed, we do not need to run Algorithm
3 of Carlsson and Jia (2013) and we only run the algorithms “Ap-
proxFW” and “RectanglePartition” to determine the location of p
hubs. The total cost values obtained for different instances, as well
as the gap percentage between the obtained objective function val-
ues and those of the IWA and PSO, are reported. The gap percent-
age values are calculated by using the following formula:

_ OFcgj — OFwa(pso)

Gap x 100%

OFwa(pso)
where OFg; represents the objective function value obtained by
Carlsson and Jia's algorithm and OFjypse) is the objective function
value obtained by the IWA (or the PSO).

The results reported in Table 4 show that both of our proposed
algorithms (i.e., the IWA and PSO) outperform the algorithm pro-
posed in Carlsson and Jia (2013) for all the tested instances. For

the IWA, the average gap between the objective values under o =
0.4, 0.6, and 0.8 are 1.88, 2.31, and 2.97 %, respectively. The corre-
sponding gap values for the PSO are 1.88, 2.35, and 3.04 %, respec-
tively. Therefore, it can be concluded that both the proposed algo-
rithms perform better than an existing algorithm from the litera-
ture in terms of solution quality. An interesting observation form
Table 4 is that the average gap between the Carlsson and Jia’s al-
gorithm and the proposed algorithms increases as the value of the
discount factor gets larger. In other words, the solutions obtained
by the Carlsson and Jia’s algorithm perform much better under
smaller values of the discount factor «.

Fig. 7 depicts the corresponding network configurations ob-
tained by the Carlsson and Jia’s algorithm for the tested instances.
The network configurations are identical for different values of o.

The results for solving the problem using the Carlsson and Jia’s
algorithm as well as the proposed heuristics for different values of
demand points density § with « = 0.4 and C = 10 are reported
in Table 5. It can also be seen from this table that the proposed
algorithms perform better than the Carlsson and Jia’s algorithm for
all the tested instances.

Table 6 presents the results for solving the problem using the
three algorithms for different values of vehicle capacity C with
o =04 and § = 50.
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Fig. 7. Network configuration obtained by the algorithm proposed by Carlsson and Jia (2013).

Table 5
Results for solving the problem by the algorithm proposed by Carlsson and Jia (2013) with o = 0.4
and C = 10.
p § =30 6 =50 8§ =170
Total Cost Gap with Total Cost Gap with Total Cost Gap with
C&J IWA  PSO C&J IWA  PSO C&J IWA  PSO
2 13451.41 046 047 3619217 047 048 69713.42 048 049
3 11690.49 0.89 093 31300.73 093 096 60126.18 095 098
4 10296.37 0.65 0.73  27428.16 068 0.76 5253596 070  0.78
5 9841.85 137 138  26165.61 143 144  50061.35 1.46 148
6 9329.25 083 066 24741.74 087 0.89  47270.56 089 0.86
7 8925.37 076 079  23619.83 080 0.82  45071.62 082 110
8 8898.16 486 5.05 23544.25 511 512 44923.48 526 524
9 8517.20 429 428  22486.03 452 450 4284938 466  4.62
10 8142.81 2.01 199  21446.05 212 193  40811.02 219 2.08
Avg.  9899.21 179 181 26324.95 1.88 1.88 50373.66 1.93 1.96
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Table 6
Results for solving the problem by the algorithm proposed by Carlsson and Jia (2013) with @ = 0.4
and § = 50.
p c=17 cC=10 C=13
Total Cost ~ Gap with Total Cost  Gap with Total Cost  Gap with
C&J IWA  PSO C&J IWA PSSO C&J IWA PSSO
2 49975.75 049 050 3619217 047 048  28770.26 046 047
3 42987.97 097 1.00 31300.73 093 096 25007.60 089 092
4 37455.74 0.71 0.80  27428.16 068 076  22028.71 0.65 0.73
5 35652.08 1.50 129  26165.61 143 144  21057.51 1.36 117
6 33617.98 0.91 0.74  24741.74 087 089 19962.23 083 084
7 32015.25 084 086 23619.83 0.80 082  19099.22 0.76  0.75
8 31907.28 5.41 533  23544.25 511 512 19041.08 485 487
9 30395.55 479 479  22486.03 452 450  18227.07 428 4.26
10 28909.87 225 217 21446.05 212 1.93 17427.09 2.01 1.96
Avg.  35879.72 1.99 194 2632495 1.88 1.88 21180.09 1.79 177
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5 30000
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10000
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B Facility Setup Cost

OTransportation Cost

Fig. 8. Total cost change as function of the number of installed hubs p.

As in the previous cases, one can observe from Table 6 that the
proposed algorithms show a better performance than the Carlsson
and Jia’s algorithm.

It should also be noted that, unlike the results reported in
Table 4, the average gap does not vary significantly under different
values of the demand points density (§) and the vehicle capacity
(C) as shown in Tables 5 and 6, respectively.

5.5. Optimal number of hubs

As we noted in the Section 3, the proposed model for the
CAHLRP assumes that the number of hubs is given as an input pa-
rameter and hence, the proposed model and the solution heuristics
do not determine the optimal number of hubs. In this part of our
computational experiments, we show that one can easily use the
proposed heuristics to determine the optimal number of hubs by
incorporating the fixed costs for opening hubs into the analysis.
For doing so, we set the fixed cost for opening a hub as 2 mil-
lion dollars, which is equal for all hubs. We then solved the prob-
lem with different values of p ranging from 2 to 10 and obtained
the total system-wide cost as the sum of the transportation and
fixed facility setup costs. Fig. 8 illustrates the plots for the total
system-wide cost and its components (i.e., the transportation and

fixed hub installation costs) for varying numbers of installed hubs
with &« = 0.4, § =50, and C = 10.

As can be seen from Fig. 8, the transportation cost (including
the ANC and the BNC) decreases as the number of installed hubs
gets larger. In contrast, the facility setup cost increases as the num-
ber of hubs increases (proportional to the number of hubs). Note
that the total cost reaches its minimum at p = 4. Therefore, the
optimal number of hubs, assuming a fixed facility setup cost of 2
million dollars, is p = 4.

5.6. Alternative service region shapes

The proposed model and solution algorithms are applicable to
any service region with a convex polygon shape and there is no
limitation on the size of the polygon or the number of its sides.
To show this, we conduct an additional set of experiments with a
regular hexagonal service region. As in the square case, we assume
that the total area of this hexagonal region is 100 km2. Fig. 9 illus-
trates the resulting network configurations for different numbers
of installed hubs with a hexagonal service region.
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p=3

6. Conclusions

This paper considered a planar hub location-routing problem
where the market demand was modeled as a uniform density
function and the distances were measured using the L, norm. Con-
tinuous approximation (CA) technique was used for modeling the
problem with the aim of simultaneously deciding on the location
of hubs and the allocation of service region to these hubs in such a
way that the approximate total transportation cost, including local
pickup and delivery cost, as well as line-haul inter-hub transporta-
tion cost is minimized. To solve the problem, two solution algo-
rithms were proposed: an iterative Weiszfeld-type algorithm (IWA)
and a particle swarm optimization (PSO) metaheuristic algorithm.

Extensive computational experiments were performed to evalu-
ate the proposed solution algorithms. The results confirm the effi-
ciency of the proposed solution algorithms in terms of their abil-
ity to generate quick and high quality solutions. The proposed so-
lution algorithms were also compared with an adapted algorithm
from the literature and it was shown that both of the proposed
algorithms outperform the existing algorithm.

We also studied the influence of different input factors, such as
the inter-hub transportation discount factor, demand point density,
and vehicle capacity on the total system-wide cost. To show that
the proposed solution methods can be applied to service regions
of different shapes and sizes, we conducted another set of experi-
ments with a hexagonal service region and presented the results.

p=9

Fig. 9. Network configuration with different values of p for hexagonal service region (o = 0.4).

p=10

Future research can be conducted in several directions. One
might wish to try different density functions, rather than a uni-
form function, for modeling the market demand. Moreover, other
distance metrics such as the rectilinear (or L;) distance can be
used, which might be more interesting in some situations like
city logistics. Finally, some simplifying assumptions, such as hav-
ing a complete network between hub facilities or flow-independent
economies of scale only on inter-hub connections, can be relaxed
in order to make the proposed model suitable for application to
more realistic settings.
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Appendix A. The average distance from a point within a convex
polygon

In this appendix, we first calculate the average distance from
uniformly distributed points within a triangle to one of its vertices
based on the method used in Mathpages|dot|com (2014). Then, us-
ing the formula obtained for a triangle, we derive a closed-form
formula for calculating the average distance from a point within
a convex polygon to evenly scattered points over that polygon.
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P =(a;, b))

AP+ (1-A)P,

P, = (a,, b,)

X=(x,»)

Fig. A.10. A general triangle and a shaded narrow sector inside it.

Fig. A.10 illustrates a general triangle with the coordinates of its
vertices.

If we approximate the shaded region in the above figure as a
narrow sector from a circle centered at X and with the radius || X —
(AP; + (1 = A)Py)||, then the average distance from point X to all
points evenly distributed within this region is calculated as %HX -
(AP; + (1 — A)Py)||. This is because the average distance from the
center of a circle of radius r to its interior is %r. Consequently, we
can derive the formula for the average distance from a vertex to
the points within a triangle as follows:

_ 2 1
pon=5 [ IX= G+ (1= 2)m) (A1)

Proposition 1. A closed-form for calculating py,; is:

- |P — Py 1 0-1
Prri = 6(0(1 +¢%) + 5(1 -0)(1-¢*)In (M))

(A2)
in which
0 - IX — Pl + [IX — P
IP, — Pyl '
¢ = IX =Pl = [IX =P
[|IPy — Py |

Proof. Let I be defined as the following definite integral:

| Py =(a, b))

Py =(ay, by) P,=(ay, by)

Fig. A.11. A typical polygon as union of triangles.

(I) can be expressed as:

|IP — Py 1 01
I= 4<9(1 +¢2) + 5(1 -1 -¢>)In <9+1))

Hence, the average distance from a vertex of a triangle to the
points evenly distributed within that triangle can be calculated as
follows:

_ 2 !
pi=3 [ 1X = OB+ (1= MR a2
_lIp =Py 1 o1
= 6(9(1 +¢2) + i(1 -0 (1 -¢*)In <9+1>)

O

Now consider a polygon V of n sides formed by points (in clock-
wise order) P,i=1,..., n and let X be a point inside this polygon
from which we want to calculate the average distance to points in-
side the polygon, i.e., p(V, X). Fig. A.11 depicts such a polygon with
5 sides. It can be easily shown that the average distance from point
X to points within this polygon equals the weighted sum of the av-
erage distance from X to the points within the triangles formed by
{X,P,P1},i=1,...,n with B,,; = P;. The weight associated with
the average distance for each triangle is the proportion between
the area of that triangle and the area of the whole polygon. Based
on the definition of matrix determinants, we can calculate the

1 1
1:/0 IX = (WP + (1= )R dA:/O V&= — (1= 2)a2))2 + (y — Ay — (1 — Aby)? d

1
=/O V(@ —a1)2 + (by — b1)2)A2 + 2((Xx — a2) (a2 — a1) + (¥ — ba) (by — b1))A + (x — a3)? + (y — by)? dA

1
=/ VP =P[2A2 +2(X — Py, P, — Py) &+ |[X — By |2 d
0

1
= /O VP = P22 + (IIX = P2 = [P = P[22 = X = Po][2)A + X — P> dA

From calculus, we know that:

b+4 4ac — b?
/ ax2 +bx+cdx = —zaaxw/ax2+bx+c+(;lﬁln‘2ax

+b+2\/a(ax2+bx+c)) +C

Replacing the parameters a, b, and c in the above formula and do-
ing the required simplifications, the solution to the definite integral

area of the triangle formed by {X, P, P} as %det(PiH —~P,B-X)
and the area of the whole polygon as %Z?:] det(P4,P), where
det(P,1, P,) is the determinant formed by vectors P and P;,

it1 G

a
det(PiJrls Pl) = bi+1 bi
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Hence, p(V, X) can be calculated by using the following closed-
form expression:

Y1 i) det(Pq =P R =X)

oV, X) =
X0 YL det(Piq. P)
XL IR = RIGA +¢2) + 3(1-61)(1 - ¢D) In(§57)) det(Ryy — PR —X) (A3)
- 637, ety ) .
in which
g = IX =Pl + IX Rl
' P =PRI
X =Rl - IX Rl
L T

Having derived a closed-form expression for the average distance
from a point inside a convex polygon to all points evenly dis-
tributed within that polygon, 5(v.x), one can easily minimize this
distance by using any convex optimization tool to obtain the
Fermat-Weber point of that polygon.
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