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Summary
Ultrasonic acoustic waves are known to induce a vibration of particles around an equilibrium position.
However, for large acoustic amplitudes, due to non-linear acoustic effects, a rectified, net acoustic ra-
diation force can occur. Experimental work is performed in which the non-linear behavior is exploited
to generate a dynamic acoustic radiation force that is used to dynamically excite a small structure at
sonic frequencies. The dynamic radiation forces are quantified experimentally in an inverse manner
from the structural displacement of the structure being excited by acoustic radiation forces.

PACS no. 43.25.Qp, 43.40.Cw

1. Introduction

In the field of experimental dynamics, contactless ex-
citation has obvious advantages as compared to ex-
citation by means of mechanical contact. Exciting a
structure mechanically, for instance by means of a
shaker, influences the dynamics of the structure, or
it is practically impossible, such as in the case of
small devices (e.g. MEMS structures). Ways to ex-
cite a structure in a contactless manner are electro-
dynamically, electrostatically, optically, aerodynami-
cally and acoustically. This paper focuses on the use
of ultrasonic acoustic radiation forces to excite struc-
tures in the audible frequency range. The main goal
is to quantify the radiation forces experimentally.

Ultrasonic radiation forces are known for a long
time, dating back to publications of Lord Rayleigh
[1]. It is a topic of non-linear acoustics. The physics
involved are quite complex. In this paper we will not
attempt to give a detailed explanation, but refer the
reader to a critical and historical review on radiation
force and radiation pressure by Chu and Apfel [2].

A well known application of the acoustic radiation
force is to determine the sound intensity of an ultra-
sonic wave. The radiation force exerted by an ultra-
sonic wave impinging on an object provides a means
to determine the intensity of the incident acoustic
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wave, usually in water. In this application the radi-
ation force is a static force, generated by a steady
ultrasonic wave.

Fatemi and Greenleaf [3] showed that it is also pos-
sible to create an alternating, dynamic acoustic radia-
tion force by combining two ultrasonic sound waves of
slightly different angular frequencies ω1 and ω2. Be-
cause of the non-linear nature of the acoustic radiation
force, a radiation force will be created at the sum and
difference frequencies. In the biomedical community
it is used as an imaging technique [4].

Huber et al. [5] were the first to suggest the ap-
plication of dynamic acoustic radiation forces in air
for modal analysis of small MEMS structures. In [6]
Huber et al. used an ultrasonic transducer in air to
excite a micro-cantilever dynamically. Another appli-
cation in air is described by Huber and Fatemi [7],
who used a radiation force to bring a reed of a music
instrument into vibration.

To our knowledge, an experimental quantification
of dynamic acoustic radiation forces in air is lacking.
In this paper an experimental method is presented for
the quantification of dynamic acoustic radiation forces
in air that exploits the resonant behavior of a mechan-
ical structure. The radiation force is determined indi-
rectly, by measuring the mechanical response of the
resonant structure. A model of the mechanical struc-
ture is created, from which the acoustic radiation force
with unknown amplitude can be quantified.
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2. Acoustic radiation force

King [8] derived an analytical model for the rectified,
net force acting on a small spherical rigid particle due
to a plane stationary acoustic wave in an ideal fluid.
It reads

F =
5π

6

p̂2

ρc2
ka3 (1)

where F is the rectified, net acoustic radiation force
in the direction of the wave propagation, p̂ is the peak
pressure amplitude of the incident acoustic wave, ρ is
the fluid density, c is the speed of sound, k = ω/c is
the acoustic wave number, and a is the sphere radius.
King’s theory, given in Eq. 1, is only valid for sphere
radii much smaller compared to the acoustic wave-
length (ka < 0.14). See also [9] and [10]. From Eq. 1
it can be seen that the radiation force is proportional
to the acoustic pressure squared, which illustrates the
non-linear behavior of the acoustic radiation force. It
can also be seen that, for small spheres in an acous-
tic plane wave, the acoustic radiation force is propor-
tional to the frequency omega of the acoustic wave and
proportional to the sphere radius to the cube power.

In case of a stationary acoustic wave, we are dealing
with a static force. However, by modulating the am-
plitude of the acoustic wave, an alternating dynamic
acoustic radiation force can be created [3]. The pur-
pose of this paper is to quantify the dynamic acous-
tic radiation force in which the resonant behavior of
a small mechanical structure is exploited. In the next
section the resonant mechanical structure is discussed,
along with the development of a model for its dynam-
ics.

3. Sphere-on-rod model

The small, resonant mechanical structure comprises
a sphere with a radius of 0.5 mm and a rod with a
radius of 0.2 mm and a length of approximately 15
mm. Both the sphere and the rod are made from steel.
In addition also spheres with a radius of 0.75 mm, 1
mm and 1.5 mm are used. The spheres are glued to
the end of a rod and the rod is fixed at its base, as
shown in Fig. 1.

The resonance frequency of the sphere-on-rod struc-
ture can be estimated according to Blevins [11] as:

ω0 =

√
3EI

L3(msph + 0.24mr)
(2)

where ω0 is the fundamental angular resonance fre-
quency, L is the length of the rod, mr is the mass of
the rod, E is its Young’s modulus and I its area mo-
ment of inertia, and msph is the mass of the sphere.
Considering the fundamental vibration of the sphere-
on-rod as a single-degree-of-freedom dynamic system,
it can be described by the equation

m(−ω2 + iω0ω/Q+ ω2
0)u = F (3)

Figure 1. Sphere on rod.

where u is the structural displacement of the sphere,
F is the force acting on the sphere, ω is the angular
frequency, ω0 is the angular resonance frequency, Q
is the quality factor of the resonance and m is the
effective mass. From Eq. 2 it can be seen that the
effective mass m is equal to

m = msph + 0.24mr (4)

At resonance ω = ω0, and Eq. 3 simplifies into:

miω2
0u/Q = F (5)

or, if the response is measured as a velocity v:

F = mω0v/Q (6)

In the following section the practical aspects of the
test set-up are discussed and the measurement results
are shown. In addition the model derived in this sec-
tion is validated by comparing the model results with
the experimental results. Finally, based on the val-
idated model the acoustic radiation forces are esti-
mated.

4. Experiments

4.1. Ultrasonic transducer and laser vibro-
meter

In the experimental test set-up a point focussed
ultrasonic transducer from Ultran is used (see
www.ultrangroup.com), type NCG200-D38-P50, with
a nominal operation frequency of 200 kHz and a fo-
cal distance of 50 mm. These transducers employ
novel acoustic impedance matching layers to overcome
the big difference in acoustic impedance of a PCT-
based transducer and air. In addition these transduc-
ers are manufactured from high coupling piezoelec-
tric materials [12]. This results in an ultrasonic actu-
ator that radiates acoustic noise in air very efficiently.
The sphere-on-rod resonant structure is brought into
vibration by means of the acoustic radiation forces
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Figure 2. Sphere on rod with laser.

resulting from the ultrasonic waves of the focused
transducer. The sphere is located in the focal point of
the transducer as good as possible. This focal point
is found manually by maximizing the structural re-
sponse of the sphere-on-rod resonant structure for dif-
ferent positions of the sphere relative to the trans-
ducer.

The vibrations of the sphere-on-rod resonant struc-
ture are measured by means of a Polytec laser-vibro
meter system, comprising an OFV552 fiber vibrom-
eter and an OFV5000 vibrometer controller with a
VD-09 decoder. This decoder is capable of measuring
up to 100kHz with a high sensitivity of 5 mm/s/V. In
practice a relatively high optical reflection on the steel
sphere could be obtained, resulting in a high quality
laser-vibrometer signal. Figure 2 shows the test set-
up.

4.2. Two-sine and AM modulation

To create a dynamic acoustic radiation force, Fatemi
and Greenleaf [3] employed two superimposed ultra-
sonic acoustic waves of slightly different frequencies
ω1 and ω2, with ω2 > ω1. Because of the non-linear
behaviour of the acoustic radiation force, an acoustic
radiation force will be created at the difference fre-
quency ω2−ω1. This low frequency component ω2−ω1

can be exploited to excite a structure dynamically.
Alternatively, an AM-modulated ultrasonic signal

can also be used to generate low-frequency radiation
force components. AM-modulated signals consist of
three frequency components, i.e. the carrier frequency,
fc, the carrier frequency increased with the AM-
modulation frequency, fu = fc + fAM , and the car-
rier frequency minus the AM-modulation frequency,
fl = fc−fAM . In Fig. 3 the spectrum of a synthesized
AM-modulated signal is shown. Because the acoustic
radiation force scales quadratically with the acous-
tic pressure, the spectrum of the acoustic radiation
force will contain not only the ultrasonic components
fc, fl and fu, but also sum and difference frequency
terms. In the sonic frequency range, this will give
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Figure 3. Spectrum of a synthesized AM modulated signal,
fc=200kHz, fAM=1kHz.
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Figure 4. Spectrum of the synthesized AM modulated sig-
nal squared, lower frequency range only.

rise to the difference frequencies fc − fl = fAM and
fu − fl = 2fAM . Figure 4 shows the spectrum of the
synthesized signal squared, for the lower frequencies
only, to illustrate this effect. We preferred the AM-
modulation approach above the two-sine approach
because standard measurement equipment with AM-
modulation is readily available.

In the experiments a Philips PM5193 0.1 mHz
to 50 MHz synthesized function generator was em-
ployed. To verify the signal generated by the Philips
PM5193 it was analysed by means of a HP4396
Network/spectrum analyzer. The measurements were
carried out for a carrier frequency of 200kHz and
an AM modulation frequency of 1kHz. Maximum
AM-modulation was attained, as shown in Fig. 5
(channel 1 is the AM-modulation, channel 2 is the
AM-modulated signal). The spectrum of the AM-
modulated signal, as analysed by the HP4396 is shown
in Fig. 6. From this figure it can be seen that three fre-
quency components dominate the signal, at 200 kHz,
which is the carrier frequency, and at 199kHz and
201kHz, as expected. The suppression of harmonic fre-
quencies is better than 50 dB.
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Figure 5. Time signals of a 500 Hz AM-modulation signal
(top curve) and the AM-modulated signal with a carrier
frequency of 200kHz (bottom curve).
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Figure 6. Spectrum of the AM-modulated signal as gen-
erated by the Philips PM5193 (fc=100kHz, fAM=1kHz,
20Vpp).

4.3. Sphere-on-rod measurement results

In the measurements the frequency response functions
from AM-modulation signal to structural velocity of
the sphere were measured, i.e.

H(ω) =
v(ω)

V (ω)
. (7)

Where V (ω) is the modulation depth, expressed in
Volts. A voltage of 1.4 V means 100% modulation for
the Philips PM5193 synthesized function generator.
The units of the frequency response functions are thus
[m/s/V]. Note that when employing AM-modulation
with a modulation frequency ω, acoustic radiation
forces will be generated at both ω and 2ω (cf. Fig. 4).
To estimate a well-defined frequency response func-
tion, the measurements were performed with a swept
sine excitation combined with a FFT-zoom technique,
in which the frequency range was chosen such that we
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Figure 7. Typical frequency response function (sphere on
rod 1mm)

are only dealing with a force due to the ω compo-
nent. In practice this means for instance that for a
sphere-rod resonance frequency of approximately 800
Hz, the frequency sweep was performed from 750 Hz
up to 850 Hz, using a frequency step of 0.03125 Hz
(3201 frequency lines). The FFT-zoom measurements
were also confined to this frequency region. In this
manner, the 2ω frequency component falls outside the
frequency range which is considered by the measure-
ments. A typical frequency response function is shown
in Fig. 7.

The double peak in Fig. 7 is caused by two eigen-
modes of the sphere-on-rod, in two orthogonal di-
rections, having closely spaced resonance frequencies.
Due to geometrical differences in the clamping of the
rod the two resonance frequencies are not exactly the
same. The mode which vibrates predominantly in the
direction of the laser-beam and ultrasonic transducer
is measured at a higher vibration level as compared
to the mode which is predominantly vibration in per-
pendicular direction. In an additional experiment the
sphere-on-rod was rotated 90 degrees, to demonstrate
that the level of excitation and measurement of the
two modes are interchanged, as shown Fig. 8.

Varying the voltage of the carrier signal, remain-
ing maximum AM-modulation in all cases, we can see
that the amplitude of the frequency response function
defined in Eq. 7 changes quadratically with carrier
voltage as can be seen in Fig. 9. Figure 10 zooms in
on the resonance peaks. At a carrier voltage of 20V
peak-peak the response peak measures about -66.5 dB
re 1m/s/V, and at a carrier voltage of 10V peak-peak
it measures about -78.5 dB re 1m/s/V, which is pre-
cisely 12 dB lower. This indeed verifies that the ra-
diation force is proportional to the acoustic pressure
squared, as shown in Eq. 1.
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Table I. Measurement results sphere-on-rod experiments.

Sphere radius [mm] 0.5 0.75 1 1.25 1.5
Sphere mass [mg] 8.3 19.1 37.4 68.9 115.7
Resonance frequency (ω0/2/π) [Hz], series 1 860.6 554.0 357.2 303.7 231.6

series 2 766.3 555.8 445.8 288.5 230.6
series 3 957.0 580.4 421.3 298.3 231.0

On-resonance velocity v(ω0) [dB re. 1 m/s], series 1 -61.6 -63.4 -61.0 -66.2 -65.0
series 2 -62.6 -66.9 -68.3 -62.3 -64.9
series 3 -64.1 -63.4 -72.0 -64.0 -65.2

Q-factor [-] series 1 642 593 543 456 432
series 2 409 399 379 482 410
series 3 447 566 156 449 316

Estimated radiation force [μN ] series 1 0.082 0.089 0.150 0.148 0.223
series 2 0.102 0.089 0.115 0.206 0.237
series 3 0.098 0.097 0.174 0.188 0.298
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Figure 8. Frequency response function of a sphere on rod
excited at 0 degrees and at 90 degrees.
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Figure 9. Effect of changing carrier voltage on the fre-
quency response function.

4.4. Model validation

The measurement results were fitted by means of the
one-dimensional sphere-on-rod model as derived in
Section 3, to obtain estimates for the angular res-
onance frequency, ω0, the maximum velocity ampli-
tude at resonance, v(ω0), and the quality factor Q.
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Figure 10. Effect of changing carrier voltage on the fre-
quency response function, zoomed in on resonance peaks.

The weight of each sphere-on-rod mechanical system,
with the sphere glued on the rod, was measured by
a balance with an accuracy of 0.1 mg. The weight of
the sphere, including the glue, was calculated by sub-
tracting the measured weight of the individual rods
without sphere glued on it. Furthermore, additional
measurements in the time-domain were carried out to
estimate the quality factor Q more accurately.

As an example, the frequency response function of
a fitted model was plotted together with the directly
measured frequency response function in Fig. 11. It
can be seen that the main resonance peak is fitted
very well with the one-dimensional model.

4.5. Acoustic radiation force estimations

Three series of measurements were performed on
a number of sphere-on-rod resonators with varying
sphere diameters. The rods all have a radius of 0.2 mm
and a length of approximately 15 mm. The spheres
that were used in the experiments have a radius of
0.5 mm, 0.75 mm, 1 mm and 1.5 mm, respectively.
The spheres are glued to the end of a rod as shown
in Fig. 1. For each measurement series the sphere-
on-rods were dismounted and remounted on a rigid
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Figure 11. Model versus measurements for a typical fre-
quency response function (sphere on rod 1mm).

base. During remounting it was not possible to re-
tain exactly the same rod-length, resulting in differ-
ent eigenfrequencies. Because of the remounting, dif-
ferent clamping conditions will occur, resulting in dif-
ferent Q-factors as well. This is not a serious problem,
since the measured eigenfrequencies and Q-factors of
the sphere-on-rod mechanical systems are used for the
computation of the acoustic radiation force according
to Eq. 6. The results of these measurements are given
in Table I, together with the estimated acoustic radia-
tion force. During the measurements the velocity fre-
quency response function H(ω0), as defined in Eq. 7,
is measured. Knowing that maximum AM-modulation
occurs for a modulation depth voltage V =1.4 Volt,
the peak velocity for maximum AM-modulation at
the structural resonance, v(ω0), can be determined
easily. This maximum is given in the table, as well as
the corresponding acoustic radiation force. The AM-
modulated carrier has a peak-peak voltage of 16 Volt,
beging generated by the Philips PM5193 synthesized
function generator (see Fig. 5).

The estimated acoustic radiation force is graphi-
cally presented as function of the sphere radius in Fig.
12. From this figure it can be seen that the acoustic ra-
diation force increases with increasing sphere radius.
Because the sphere radii considered are much larger
compared to the acoustic wavelength, the cube power
dependency as suggested by Eq. 1 is not applicable.
Note that Eq. 1 is valid for ka < 0.14, whilst in the
conducted experiment for the smallest sphere radius
ka = aω/c=0.5e-3*2*pi*200e3/340 = 1.8. In fact,
curve fitting the measured acoustic radiation forces
F as function of sphere radius r with a function of
the type F = arb, yields a value for b of only 1.4.

5. CONCLUSIONS

Experiments on resonant structures, consisting of
spheres that are glued on a rod, reveal that the dy-
namic acoustic radiation force magnitude is approxi-
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Figure 12. Radiation force estimates.

mately 0.1 μN and 0.25 μN for a sphere with a di-
ameter of 1mm and 3mm, respectively, driving the ul-
trasonic transducer at 200kHz, AM-modulated, at 10
Volts peak. It is also shown that the acoustic radia-
tion force scales with the sphere diameter to the power
1.4 and scales quadratically with the transducer volt-
age. The measurements were carried out with a point
focussed ultrasonic transducer with a diameter of 38
mm and a focal length of about 50 mm.
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