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Control refinement for discrete-time
descriptor systems: a behavioural approach
via simulation relations

F. Chen*, S. Haesaert *, A. Abate**, and S. Weiland *

* Department of Electrical Engineering
Eindhoven University of Technology, Findhoven, The Netherlands
** Department of Computer Science
University of Ozxford, Oxford, United Kingdom

Abstract: The analysis of industrial processes, modelled as descriptor systems, is often
computationally hard due to the presence of both algebraic couplings and difference equations
of high order. In this paper, we introduce a control refinement notion for these descriptor
systems that enables analysis and control design over related reduced-order systems. Utilising
the behavioural framework, we extend upon the standard hierarchical control refinement for
ordinary systems and allow for algebraic couplings inherent to descriptor systems.
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1. INTRODUCTION

Complex industrial processes generally contain algebraic
couplings in addition to differential (or difference) equa-
tions of high order. These systems, referred to as descriptor
systems (Kunkel and Mehrmann, 2006; Dai, 1989), are
commonly used in the modelling of mechanical systems.
The presence of algebraic equations, or couplings, together
with large state dimensions renders numerical simulation
and controller design challenging. Instead model reduction
methods (Antoulas, 2005) can be applied to replace the
systems with reduced order ones. Even though most meth-
ods have been developed for systems with only ordinary
difference equations, recent research also targets descriptor
systems (Cao et al., 2015).

In this paper, we newly target the use of descriptor systems
of reduced order for the verifiable design of controllers.
A rich body of literature on verification and formal con-
troller synthesis exists for systems solely composed of
difference equations. This includes the algorithmic design
of certifiable (hybrid) controllers and the verification of
pre-specified requirements (Tabuada, 2009; Kloetzer and
Belta, 2008). Usually, these methods first reduce the orig-
inal, concrete systems to abstract systems with finite or
smaller dimensional state spaces over which the verifica-
tion or controller synthesis can be run. A such controller
obtained for the abstract system can be refined over the
concrete system leveraging the existence of a similarity re-
lation, e.g., an (approximate) simulation relation, between
the two systems (Tabuada, 2009; Girard and Pappas,
2011). For the application of these relations in control
problems, a hierarchical control framework is presented
by (Girard and Pappas, 2009). Currently, the control syn-
thesis over descriptor systems cannot be dealt with in this
fashion due to the presence of algebraic equations.

The presence of similarity relations between descrip-
tor systems has also been a topic under investigation

in (Megawati and Van der Schaft, 2015). This work on
similarity relations deals with continuous-time descriptor
systems that are unconstrained and non-deterministic, and
focuses on the conditions for bisimilarity and on the con-
struction of similarity relations. Instead in this work, we
specifically consider the control refinement problem for
discrete-time descriptor systems via simulation relations
within a behavioural framework, such that properties ver-
ified over the future behaviour of the abstract system are
also verified over the concrete controlled system. Within
the behavioural theory (Willems and Polderman, 2013),
a formal distinction is made between a system (its be-
haviour) and its representations, enabling us to investi-
gate descriptor systems and refinement control problems
without having to directly deal with their inherent anti-
causality.

In the next section, we define the notion of dynamical
systems and control within a behavioural framework and
use it to formalise the control refinement problem. Subse-
quently, Section 3 is dedicated to the exact control refine-
ment for descriptor systems and contains the main results
of the paper. The last section closes with the conclusions.

2. THE BEHAVIOURAL FRAMEWORK
2.1 Discrete-time descriptor systems

As introduced by (Willems and Polderman, 2013), we
define dynamical systems as follows.

Definition 1. A dynamical system ¥ is defined as a triple
¥ =(T,W,®B)

with the time axis T, the signal space W, and the behaviour
BCWI O

In this definition, WT denotes the collection of all time-
dependent functions w : T — W. The set of trajectories
or time-dependent functions given by B represents the
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trajectories that are compatible with the system. This set
is referred to as the behaviour of the system (Willems
and Polderman, 2013). Generally, the representation of the
behaviour of a dynamical system by equations, such as a
set of ordinary differential equations, state space equations
and transfer functions, is non-unique. Hence we distinguish
a dynamical system (its behaviour) from the mathematical
equations used to represent its governing laws.

We consider dynamical systems evolving over discrete-time
(T := N = {0,1,2,...}) that can be represented by a
combination of linear difference and algebraic equations.
The dynamics of such a linear discrete-time descriptor
system (DS) are defined by the tuple (E, A, B,C) as
Ex(t+1) = Azx(t) + Bu(t), 1)
y(t) = Cu(t),
with the state x(t) € X = R™, the input u(t) € U = RP,
and the output y(t) € Y = R* and t € N. Further, F, A €
R™ " B € R™*P and C' € RF*™ are constant matrices and
we presume that rank(B) = p and rank(C') = k.

We say that a trajectory w = (u, z,y), with w : N — (U x
X x Y), satisfies (1) if for all ¢ € N the equations in
(1) evaluated at w(t),z(t),z(t + 1),y(¢t) hold. Then the
collection of all trajectories w defines the full behaviour,
or equivalently the input-state-output behaviour as

Bi/s/0 = {(u,z,y) € (UxXx Y)N| (1) is satisfied}. (2)

The variable x is considered as a latent variable, therefore
the manifest, or equivalently the input-output behaviour
associated with (1) is defined by

Bi/o={(u,y)[Fz € XN st (u,z,y) € %i/s/o}'

If E is non-singular, we refer to the corresponding dynam-
ical system as a non-singular DS. In that case, we can
transform (1) into standard state space equations, as

x(t +1) = Az(t) + Bu(t), @)
y(t) = Cx(t),
with A = E7*A, B = E'B. Further B, /, as in (2) is

{(u,z,y) € (Ux X x Y)V| (u,z,9) s.t. (3) holds}.
Similarly, if E' is non-singular, %B;, can be defined by (3).

The tuple with dynamics (1) defines a dynamical system
3 evolving over the combined signal space W = U x X x Y
with behaviour B := B/, /, given in (2). Similarly, for W
restricted to input-output space, the tuple (N, Ux Y, %B; /O)
defines the manifest or induced dynamical system.

We are specifically interested in the behaviour initialised
at t = 0 with a given set of initial states Xy C X. For this,
we say that a trajectory w: N — (U x X x Y) is initialised
with Xp if (1) holds and 2(0) = zy € Xy. Such a trajectory,
initialised with xy € Xp, is also called the continuation
of x¢. We refer to the collection of initialised trajectories
related to Xy as the initialised behaviour %:7;;0 This
allows us to formalise our definition of the descriptor
system evolving over N.

Definition 2. (Discrete-time descriptor systems (DS)). A
(discrete-time) descriptor system is defined as a dynamical
system X initialised with Xy, whose behaviour can be
represented by the combination of algebraic equations and
difference equations given in (1), that is

2= (T,W,B) = (N,Ux X x Y, B0 ) (4)
with

e the time axis T :=N={0,1,2,...},
e the full signal space W :=TU x X x Y, and
e the initialised behaviour !

init

i/s/o = {we WNw = (u,z,y) s.t. (1)
and s.t. z(0) = zo € Xp}.

2.2 Control of descriptor systems

Controller synthesis amounts to synthesising a system X,
called a controller, which, after interconnection with 3,
restricts the behaviour B of ¥ to desirable (or controlled)
trajectories. Thus, in the behavioural framework, control
is defined through interconnections (or via variable sharing
as specified next), rather than based on the causal trans-
mission of signals or information, as in classical system the-
ory. Let 31 = (T,Cy xW,B1) and 33 = (T, Ca x W, B5) be
two dynamical systems. Then, as depicted in Fig. 1a and
defined in (Willems and Polderman, 2013), the intercon-
nection of 31 and X5 over W, denoted by X = X1 X, 2o
with the shared variable w € W, yields the dynamical
system ¥ = (T,Cy x Co x W,B) with B = {(c1,c2,w) :
T—Ci xCoyxW | (cl,w) € B, (CQ,’LU) S %2}.

¥

(a) The interconnected system ¥ (b) The controlled behaviour
obtained via the shared variables Bxys, = By N DBy, is given as
w in W between dynamical sys- the intersection of the behaviours
tems X1 and Yo with signal spaces of the dynamical system ¥ and
Ci1 x W and Coy x W. its controller X..

21 E2
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Fig. 1. The left figure (a) portrays the general interconnec-
tion of two dynamical systems. In figure (b), the more
specific case of behavioural intersection for a system
and its controller is depicted.

Observe that w € WT contains the signals shared by
both 37 and X5, while ¢; € (qur only belongs to 31 and
co € (Cg only belongs to ¥5. So, in the interconnected
system, the shared variable w satisfies the laws of both
B; and Bs5. Note that it is always possible to trivially
extend the signal spaces of ¥; and ¥s (and the associated
behaviour) such that a full interconnection structure is
obtained, that is, such that both C; and Cq are empty and
the behaviour of the interconnected system is 8 = B; N
Bs. Hence, a full interconnection of ¥ = (T, W, By) and
Y. = (T,W,By,) is simply ¥ x4 B = (T,W,Bx N
By, ), with the intersection of the behaviours, denoted by
Byxy., as portrayed in Fig. 1b. That is, interconnection
and intersection are equivalent in full interconnections.

Further, we define a well-posed controller Y. for ¥ as
follows.

Definition 3. Consider a dynamical system ¥ = (T, W, 9B),
with initialised behaviour as defined in (4). We say that a
system 3. = (T, W,B.) is a well-posed controller for ¥ if
the following conditions are satisfied:

I In the sequel the indexes init and i/s/o will be dropped.



(1) Byxs, =B N By, # {@},
(2) For every initial state ¢ € Xg, there exists a unique
continuation in By, .

Denote with €(3) the collection of all well-posed con-
trollers for .

We want a controller that accepts any initial state of
the system. This is formalised in the second condition
by requiring that for any initial state of X, there exists a
unique continuation in By« x... We elucidate the properties
of a well-posed linear controller as follows.

Ezample 1. For a system % as in (1), consider a controller
3¢, which is a DS, and has dynamics given as

Ecx(t +1) = Acx(t) + Beu(t), (5)
with E., A. € R™"*" and B. € R"*P. Suppose that the
controller shares the variables u and x with the system 2.

That is, w = (u,x). The interconnected system ¥ X,, X
yields the state evolutions of the combined system as

ey =|2]s0+ [Fluo. @

and can be rewritten to
] et R A

If for any x(t) € X, there exists a pair (x(t+1),u(t)) such
that (7) holds, then this implies that for any initial state
xo € Xg of X there exists a continuation in the controlled
behaviour. In addition, if the pair (x(t+1),u(t)) is unique
for any x(t) € X, then this continuation is unique and we
say that ¥, € €(X). This existence and uniqueness of the
pairs (z(t+1),u(t)) depends on the solutions of the matriz
equality (7). We use the classical results on the solutions
of matriz equalities (cf. (Abadir and Magnus, 2005)) to
conclude that the first well-posedness condition is satisfied
if and only if

FE B E B A
rank ({EC Bc]) = rank ( |:Ec B, AJ) . (8)
If in addition,

E B A
rzmk<[EC B. Ac:|> =n+p, 9)

then the second condition is also satisfied and ¥, € €(X).

Of interest is the design of well-posed controllers subject
to specifications over the future output behaviour of the
controlled system. We thus consider specifications defined
over the output space. In order to analyse the output
behaviour, we introduce a projection map. For B C (W; x
W,)T we denote with IIyy, a projection given as

sz (%) = {’w2 S Wngl € W’]lr s.t. (wl,wQ) S %}

We focus here on finding a controller 3. for a given dynam-
ical system ¥ such that the output behaviour Iy (Bxxs.)
of the interconnected system satisfies some specifications.

2.8 Fxact control refinement & problem statement

Let us refer to the original DS that represents the real
physical system as the concrete DS. It is for this system
that we would like to develop a well-posed controller.
Recall that the DS is a dynamical system ¥ with dynamics

(E, A, B,C) asin (1) and initialised with X,. A well-posed
controller for ¥ is referred to ¥, € €(X). The controlled
concrete system is the interconnected system 3 x,, >, with
the shared variables w = (u, z).

Now, we consider a simpler DS X, related to the concrete
DS ¥, with dynamics given as (Eq, Aq, Bq, Cs) and ini-
tialised with X,9. We assume that the synthesis of a well-
posed controller 3., for 3, is substantially easier than for
3. We refer to this simpler system X, as the abstract DS,
and we note that its signals take values u(t), 4 (t), ya(t)
with z,(t) € X, = R™,u.(t) € U, = R, y,(t) € Y, =
Y = R* and t € N. With respect to the concrete system,
the abstract DS is generally a reduced-order system. The
controlled abstract system X, X, ., is the intercon-
nected system with the shared variables w, = (uq, Z4).

If we assume that we can compute a well-posed controller
for the abstract system, then the control synthesis problem
reduces to a control refinement problem.

Definition 4. (Exact control refinement). Let 3, and ¥ be
the abstract and concrete DS, respectively. We say that
controller ¥, € €(X) refines the controller 3., € €(%,) if
Iy(Brxs,) € Hy(Bx, xx., )-

Then we formalise the exact control refinement problem.

Problem 1. Let ¥, and ¥ be the abstract and concrete
DS, respectively. For any ., € €(3,), refine X, to X,
s.t. X, € Q:(E) and Hy(%gxgc) - HY(%EaXEca)'

In the next section, we will show that the existence of
a solution to this problem hinges on certain conditions
involving similarity relations between the concrete and
abstract DS. For this, we will first introduce simulation
relations to formally characterise this similarity.

3. EXACT CONTROL REFINEMENT
8.1 Similarity relations between DS

We give the notion of simulation relation as defined in
(Tabuada, 2009) for transition systems and applied to
pairs of DS ¥; and X5 that share the same output space
Y; =Y, =Y.

Definition 5. Let 31 and Yo be two DS with respective
dynamics (E1, A1, B1,C1) and (Ea, Aa, Bo, C3) over state
spaces X; and Xs. A relation R C X; x X5 is called a
simulation relation from ¥ to Yo, if V(x1,22) € R,
(1) for all (ul,xf) € U; x X; subject to
Ell‘i’_ = A1 + Biuy
there exists (ug,r3) € Uy x Xy subject to
Egl‘;r = Asxo + Bousg
such that (z],z23) € R, and

(2) we have Cyz1 = Caxa.

We say that ¥ is simulated by Yo, denoted by 31 < ¥o, if
there exists a simulation relation R from > to 9 and if in
addition Vg € X9, Ixap € Xgo such that (x19,220) € R.

We call R C X; x Xq a bisimulation relation between 1
and Yo, if R is a simulation relation from ¥»; to 35 and
its inverse R~! C X5 x Xy is a simulation relation from



Yo to X1. We say that 31 and Y, are bisimilar, denoted
by 31 = Yo, if ¥1 <X Yo w.rit. R and Yo <X Xy w.r.t. R~

Simulation relations as defined above are transitive. Let
R12 and Res be simulation relations respectively, from 34
to Yo and from s to X3. Then a simulation relation from
331 to X3 is given as a composition of R12 and Rs3, namely

R120R23:{(:€1,:€3) | 3:62:(561,:62) c Ru/\(xg,xg) c Rzg}.

We also have that 31 < Y9 and Yo < X3 implies X1 < 33
and, in addition, X1 =2 35 and o =2 33 implies X1 = 33.

Simulation relations have also implications on the prop-
erties of the output behaviours of the two systems. More
precisely, if a system is simulated by another system then
this implies output behaviour inclusion. This follows from
Proposition 4.9 in (Tabuada, 2009) and is formalised next.

Proposition 6. Let X1 and Y2 be two DS with simulation
relations as defined in Definition 5. Then,

¥ XYy = [Iy(By, ) C Uy(By,),
Y1 Yy — Hy(%gl) = Hy(%EQ).

Simulation relations can also be used for the controller
design for deterministic systems such as nonsingular DS
(Tabuada, 2009; Fainekos et al., 2007; Girard and Pappas,
2009). This will be used in the next subsection, where we
consider the exact control refinement for non-singular DS.
After that, we introduce a transformation of a singular
DS to an auxiliary nonsingular DS representation, referred
to as a driving variable (DV) system. The exact control
refinement problem is then solved based on the introduced
notions.

3.2 Control refinement for non-singular DS

Let us consider the simple case where the concrete and
abstract systems of interest are given with non-singular
dynamics. For these systems, the existence of a simulation
relation also implies the existence of an interface function
(Girard and Pappas, 2009), which is formulated as follows.

Definition 7. (Interface). Let 3; and 33 be two non-
singular DS defined over the same output space Y with a
simulation relation R from ¥; to ¥s. A mapping F : U x
X1 x Xo — Uy is an interface related to R, if V(z1,z2) € R
and for all u; € Uy, ug := F(u1,x1,z2) € Us is such that
(z7,23) € R with
ZL';r = A1$1 + Blul and $§r = AQZL'Q + B2u2.

It follows from Definition 5 that there exists at least one
interface related to R if two deterministic, or non-singular
systems are in a simulation relation. As such we can solve
the exact refinement problem as follows.

Theorem 8. Let ¥; and Y2 be two non-singular DS de-
fined over the same output space Y with dynamics
(I,A1,B1,C1) and (I, As, B2,C3), which are initialised
with X9 and Xy, respectively. If there exists a relation
R C X; x Xy such that

(1) R is a simulation relation from ¥; to X3, and
(2) Voo € Xa, 310 € Xig 8.t (210, 220) € R,

then for any controller ¥, € €(X1), there exists a
controller ¥, € €(X;) that is an exact control refinement
for ¥., and thus achieves with

[y (Bs,xs,,) € Hy(Bs, x=,,)-

Proof. Since R is a simulation relation from ¥; to X,
there exists an interface function F : U; x X1 X Xo — Uy
as given in Definition 7, cf (Tabuada, 2009; Girard and
Pappas, 2009). Additionally, due to (2) there exists a map,
Fo : Xog — Xjg such that for all x99 € Xy it holds that
(Fo(220),220) € R.

Next, we construct the controller 3., that achieves exact
control refinement for ¥, as

202 = (El Xawq 201) Xawi 2.7:7

where wy = (u1,z1) and where Xr := (N,W,Bx) is a
dynamical system taking values in the combined signal
space with

Br = {(z1,u1,22,u2) € W|z19 = Fo(220) and
up = F(x1,u1,x2)}.

The dynamical system X, is a well-posed controller for
Yo with X5 X4, 3¢, sharing we = (ug,22). Denote with
SB;;2X2C2 the behaviour of the controlled system, then due
to the construction of X £ it follows that %ZZXgCQ is non-
empty and Vg € Xog, 210 € Xig such that (219, x20) has
a unique continuation in SB;;2X2C2. Furthermore it holds
that Hy(%g2 ><EC2) - Hy(%gl XS, ) O

The design of the controller ¥, that achieves exact control
refinement for X, is similar to that in (Tabuada, 2009),
which also holds in the behavioural framework.

3.8 Driving variable systems

Since it is difficult to control and analyse a DS directly, we
develop a transformation to a system representation that
is in non-singular DS form and is driven by an auxiliary
input. We refer to this non-singular DS as the driving
variable (DV) system (Weiland, 1991). We investigate
whether the DS and the obtained DV system are bisimilar
and behaviourally equivalent. Let us first introduce with
a simple example the apparent non-determinism or anti-
causality in the DS. Later-on, we show the connections
between a DS and its related DV system.

Ezample 2. Consider the DS with dynamics (E, A, B,C)
defined as
100 -100 1 01T
el IR FR IS HEER FH
and x(t) = [z1(t) z2(t) x3(t)]T. In this case, the input

u(t) = —x3(t) is constrained by the third state component.
Now the state trajectories of (10) can be found as follows:

e for a given input sequence u : N — U, we have
xo(t) = —u(t)—u(t+1), and thus we can use this anti-
causal relation of the DS to find the corresponding
state trajectories;

e alternatively, we can allow the next state xo(t + 1)
to be freely chosen, and for arbitrary state xs(t),
the equations (10) impose constraints on the input
sequence that is, therefore, no longer free as u(t) =

—&3 (t)

We embrace the latter, non-deterministic interpretation of
the DS.

This non-determinism can be characterised by introducing
an auxiliary driving input of a so-called DV system. We



reorganise the state evolution of (1). For simplicity we omit
the time index in z(t) and u(t) and denote z(t + 1) as x™*

M [m"'} = Az,
U

where M = [E —B]. For any x, we notice that the pairs
(u,zT) are non-unique due to the non-determinism related
to . If M has full row rank, then it has a right inverse.
This always holds when the DS is reachable (cf. Definition
2-1.1 (Dai, 1989)). In that case we can characterise the
non-determinism as follows. Let M+ be a right inverse of
M such that MM™* = I and N be a matrix such that

im N = ker M and NN = I. Then all pairs (u,z") that
are compatible with state  in (11) are parametrised as

(11)

:C+ +
[u}:M Az + Ns, (12)
where s is a free variable. We now claim that all transitions
(z,u,z%) in (12) for some variable s satisfy (11). To see
this, multiply M on both sides of (12) to regain (11). Now
assume that there exists a tuple (z,u,z™) satisfying (11)
that does not satisfy (12). Then there exists an s and a
vector z # 0 that is not an element of the kernel of M and
such that the right side of (12) becomes M+ Ax + Ns +
z. Multiplying again with M, we infer that there is an
additional non-zero term Mz and that (11) cannot hold.
In conclusion any transition of (11) is also a transition of
(12) and vice versa.

Ezample 3. [Example 2: cont’d] For the DS of Example 2,
the related DV system Y py is developed as

~10-1 0
w41 = 30 ]+ [3]s0
u(t) = [00 —1]x(t)
y(t) = [o0o0.2 0.5]x(t).
As indicated by (13), the input u(t) is a function of
the state trajectory. The non-determinism of xa(t + 1) is

characterised by —s(t) for which the auxiliary input s can
be freely selected.

(13)

Let us now formalise the notion of a driving variable
representation. We associate a driving variable repre-
sentation with any given DS (1) by defining a tuple
(A4, Ba, Cy, Dy, C) and setting

Aa| _ a4 | Bal _
HM 4 {Du - N,

u

(14)

where N € R(™P)XP has orthonormal columns, that is
NTN = I. For any given DS, this tuple defines the driving
variable system Ypy = (N,W,Bs_ ), which maintains
the same set of initial states Xy and has dynamics
z(t+1) = Agx(t) + Bas(t)
u(t) = Cux(t) + Dys(t)
y(t) = Cu(t),
thereby yielding the initialised behaviour
By, = {w e WNw =(u, z,y),3s € SN
s.t. (15) and zg € Xo}.
Next, we propose the following assumption for DS, which
will be used in the sequel to develop our main results.

Assumption 1.  The given DS ¥ is a dynamical system
with dynamics (E, A, B,C) such that M = [E —B] has
full row rank.

(15)

The relationship between a DS and its related DV system
is characterised as follows.

Theorem 9. Let the DS ¥ be given as in (1) satisfying
Assumption 1 and let Xpy = (N, W, By ) be defined as
in (15). Then

(1) ¥ and ¥py are bisimilar, that is, ¥ = Xpy,
(2) ¥ and ¥py have equal behaviour, i.e., By, = By,
(3) ¥ and Xpv have equal output behaviour, that is,

Iy(Bs) = My (B, )-

Proof. For the first statement (1), we define the diagonal
relation as 7 := {(z,z) | # € X}. Then Z is a bisimulation
relation between X and Ypy, because by construction their
state evolutions can be matched, hence stay in Z; and they
share the same output map. In addition, since they have
the same set of initial states it follows that ¥ = Ypy.
The second part (2) follows immediately from the deriva-
tion of Ypy, because by construction all the transitions
in 3 can be matched by those of ¥py and vice versa, in
addition, they have the same output map. Hence, they
share the same signal space (U x X x Y) and we can
conclude that 3 and Xpyv have equal behaviour.
Additionally, we have that (2) implies (3); via Proposition
6 also (1) implies (3). O

8.4 Main result: exact control refinement for DS

Based on the results developed in the previous subsections,
we now derive the solution to the exact control refinement
problem in Problem 1. More precisely, subject to the
assumption that there exists a simulation relation R from
Y to X, for which in addition holds that Vg € X, dxa0 €
Xa0 8.t (a0, %0) € R, we show that for any ., € €(%,),
there exists a controller 3. for ¥ that refines ¥, such that
Ye € Q:(E) and Hy(%gxgc) - Hy(%gaxgca).

In the case of Assumption 1, we construct DV systems
Ypv and ¥py, for the respective DS systems ¥ and X,
as a first step. For these systems, we develop the following
results on exact control refinement:

i) The exact control refinement for the DV systems:
Viby, € €(Epv, ), IBHy € €(Xpv), s.t.

HY(%EDVXEBV) - HY(%EDVEXEBV );

ii) The exact control refinement from ¥, to Xpy,:

V., € Q:(Ea), 32%\/& € Q:(EDVG)7 s.t.
Iy (Bs, xs.,) = HY(%EDVG xS );
iii) The exact control refinement from Ypy to X:

a6y € €(Zpy), IX. € €(X), s.t.
Iy (%EDszc ) = Iy (Bsxs.)-

DV
It will be shown that the combination of the elements
i)-iii) also implies the construction of the exact control
refinement for the concrete and abstract DS.

i) Ezact control refinement for the DV systems. From
Theorem 9, we know that ¥ = Y¥py and X, = Ypy,
with respective diagonal relations Z := {(x, z)|x € X} and
To = {(%q,2a)|zq € X,}. Hence as depicted in Fig. 2 and
based on the transitivity of simulation relations, we also
derive that R is a simulation relation from Ypy, to Xpy.



Yy EDV7 w.r.t. T
Y | > Yoy

R R=Z,0RoT
(H.Tao,VIg) ER (Hxao,VIo) ER

by by
< Za = ZDVG7 w.r.t. Ia > DVa

Fig. 2. Connection between DS and DV systems for the
exact control refinement.

Since the DV systems ¥py and ¥py, share the same
initial states as the respective DS ¥ and X, it also holds
that Voo € Xo,3xa0 € Xuo 8.t (Za0,20) € R. According
to Theorem 8, we know that we can do exact control
refinement, that is, we have shown

VEICDVE S C(EDVE); EZ%V e Q(ZD\/), s.t.

Iy (B, xz:]cjv) C Iy (Bypy, x Sy )-

ii) Ezact control refinement from ¥, to Xpy,. Denote
with ¥py, the abstract DV system related to X, with dy-
namics (Aga, Bda, Cu,, Du,,Cs) and initialised with X,q.
We first derive the static function S, mapping transitions
of 3, to the auxiliary input s, of ¥pv, . From the definition
of DV systems, we can also derive the transitions of ¥py,
indexed with a, which is similar to the derivation of (12).

SC+
o = MIA,xq + Nysq. (16)

Uq,

Multiplying NI on both sides of (16), S, is derived as
+
Sat 80 = Sa(x} Ua,2q) = NI [z‘l} ~NIMFAxq. (17)

S, maps the state evolutions of X, X, 3., to the auxiliary
input s, for Xpy,, where w, = (tq,x,). Now, we consider
the exact control refinement from the abstract DS to the
abstract DV system.

Theorem 10. Let X, be the abstract DS with dynamics
(Eq, Aq, Ba, C,) satisfying the condition of Assumption 1
and let X¥py, be its related DV system with dynamics
(Ada, Bda, Cu,, Du,,Cas) such that both systems are ini-
tialised with X,o. Then, for any ., € €(X,), there exists
a controller Xy, € €(¥py,) that is an exact control
refinement for ¥., as defined in Definition 4 with

Ty (%zaxzm) = HY(%ZDVQXEBV )

Proof. Denote with z, and z¢ the state variables of %,
and ¥py,, respectively. Next, we construct the controller
Yy, that achieves exact control refinement for X, as
ICDVE = (Ea Xawg Eca) Xweq ESE;
where w, = (ug,%,) and where g, := (N, W,Bgs, ) is a
dynamical system with
Bs, = {(Ta, Ua, %, 5,) € Wlza0 = 2%, and
Sa = Sa(TF  Ua, Ta)}
The dynamical system X,y is a well-posed controller for
Spv, with Epy, X,¢ 3y sharing wl = (sq, %). Denote
with By, xS the behaviour of the controlled system.

By construction, we know that the set of the behaviour
is non-empty and there is a unique continuation for any
23y € Xg0. Further based on the construction of Xg,, the
behaviour is such that 22(t) = z,(t), Vt € N. Additionally,
since ¥, and ¥pv, share the same set of initial states X0,

it bolds that Tly (Bs, s, ) = Iy (Brpy s ). O

The proof is actually constructive in the design of the
controller Zf)va that achieves exact control refinement for
e,

iii) Ezact control refinement from Ypy to X.  Now, we
consider the exact control refinement from Xpy to X.
Suppose we are given a well-posed controller Xf, for Ypv,
which shares the free variable s and the state variable x
with ¥py. We want to design a well-posed controller for
Y over w = (u,x), for which we consider the dynamical
system X¢ = (N, W,9B) over the signal space W = U x
X x S, the behaviour of which can be defined by

Bix(t+1) = BY Agx(t) + B} Bas(t)

u(t) = Cuz(t) + Dys(t). (18)

Then the dynamics of the interconnected system X x,, ¢
as a function of x and s is derived as

L%] z(t+1) = [AJFBC“} z(t) + [BD“

Note that A + BC, = FEAq and BD, = EB; by
multiplying M = [E —B] on the left-hand side of the two
equations in (14). Therefore, (19) is simplified to

[;ﬂ a(t+1)= [1%] Agx(t) + [BEL?} Bas(t).  (20)

Furthermore [ET Bd}T has full column rank because the
matrix [MT N]T
[ET Bd} " has a left inverse and the dynamics of ¥ X, YX¢
in (20) can be simplified as
x(t +1) = Agx(t) + Bas(t),

which is exactly the same as the state evolutions of Ypy
as shown in (15). Next we construct X, := 3¢ X4 Lhy
with w? = (s,2?) and it is a well-posed controller for .
This allows us to state the following theorem regarding the
control refinement from Ypy to X.

Theorem 11. Let X be the concrete DS with dynamics
(E, A, B,C) satisfying Assumption 1 and let Ypy be its
related DV system with dynamics (A4, By, Cy, Dy, C) such
that both systems are initialised with Xy. Then, for any
v € €(Zpv), there exists a controller L. € €(X)
that is an exact control refinement for 3f,, as defined in
Definition 4 with

i (%
v Bepyxze,

is square and has full rank. Hence

) =IIy (Bxxs,)-

Proof. Denote with z and z? the state variables of the
Y and Xpv, respectively. Next, we construct the controller
Y. that achieves exact control refinement for Xy, as

Do = Se Xt S5y,
where w? = (s,2%) and the dynamics of X¢ is defined as
(18). Then, we can show that the dynamical system ¥, is a

well-posed controller for X. Based on the analysis of (20),
it is shown that ¥ x,, 3¢ = Ypy with w = (u, ), then we



can derive X X, X, = Ypv Xd Uy Therefore, we can
conclude ¥, € €(X) with Iy (%EDVXZCDV) =Ily (%zxgc)
immediately follows from X¢, € €(Zpy). O

Ezxact control refinement for descriptor systems.  We can
now argue that there exists exact control refinement from
¥, to X, as stated in the following result.

Theorem 12. Consider two DS ¥, (abstract, initialised
with X,0) and ¥ (concrete, initialised with Xg) satisfying
Assumption 1 and let R be a simulation relation from X,
to X, for which in addition holds that Vzg € Xg, dx.0 €
Xa0 s.b. (a0, 20) € R. Then, for any ¥., € €(X,), there
exists a controller ¥, € €(X) such that

Iy (Brxs.) C Oy (Bs, xx., ) -

Proof. Based on Assumption 1, we first construct Xpy
and Xpy,. Then to prove this we need to construct the
exact control refinement. This can be done based on
the subsequent control refinements given in Theorem 10,
Theorem 8 and Theorem 11. O

Theorem 12 claims the existence of such controller . that
achieves exact control refinement for 3., . More precisely,
we have shown in the proof that the refined controller 3.
is constructive, which provides the solution to Problem 1.

To elucidate how such an exact control refinement is
constructed, we consider the following example.

Ezample 4. [Example 2,3: cont’d] Consider the DS of
Ezample 2 and its related DV system (cf. Example 3)
such that both systems are initialised with Xo = {xzo |
o € [—1,1]> C R3}. According to Silverman-Ho algo-
rithm (Dai, 1989), we can select an abstract DS 3, =
(Ea, Aa, Ba, Cy) that is the minimal realisation of ¥ and
is initialised with Xq0 = R?, in addition
Eq=1[98],4a=[6%];Ba=[5],Ca = [8:£]T-
Similarly, the related DV system Ypy, of ¥, is given as
za(t +1) = [§ glza(t) + [Pl}sa(t)
Ua(t) = [-10]2q(t)
Ya(t) = [0.7 0.2]x4 (8).

(21)

Subsequently,
R = {(zq,7) | o = Hz, 20 € X4,z € X}
is a simulation relation from X, to ¥ with
H= [8 ? 31 ]

This can be proved through verifying the two properties of
Definition 5. In addition, the condition Yxg € Xo,3xq0 €
Xa0 8.t (a0, x0) € R holds. According to Theorem 12,
we can refine any L., € €(X,) to attain a well-posed
controller ¥, for X that solves Problem 1 as follows: Define
e, € €(X,) with dynamics as

[11]za(t 4+ 1) =[0.50.5]z4(t) + ua(t).
The controlled system Xq X, 2c, 15 derived as

xa(t + 1) = [78.5 76.5]@@@)
ya(t) = [0.7 0.2]z4 (1),

with wg = (Ug, Za) and ue(t) = [-10]2z4(t). Then Eq Xq,
e, s stable. According to Theorem 10, we derive the map
8o for Tpv, as sq(t) = [0 -1]z,(t + 1) = [0.50.5]z(1).
Next, the related interface from Xpv, to Xpy is developed

as s(t) = sq(t) — [01 —1]x(t). According to Theorem 11,
we derive the well-posed controller Y. as
[o-10]z(t+1)=[0-11]x(t) + [0.50.5]z4(t)
u(t) = 00 -1]z(t),
and the interconnected system ¥ X, ¥, with w = (u, x), s
derived as

10 1 00
ol +1) = [01t]a() + [ -85 -85 )
y(t) = [00.20.5]z(t).
Since (zq,2) € R, that is xa = Hx, ¥ Xy Xe can be
simplified by replacing x4 (t):
10 1
z(t+1) = {8 0.5 :ﬂx(t)
y(t) = [00.20.5]z(t).

Finally, ¥, € €(X) and ly (Byxy,) C Iy (%ganCa) are
achieved.

4. CONCLUSION

In this paper, we have developed a control refinement
procedure for discrete-time descriptor systems that is
largely based on the behavioural theory of dynamical
systems and the theory of simulation relations among
dynamical systems. Our main results provide complete
solutions of the control refinement problem for this class
of discrete-time systems.

The exact control refinement that has been developed
in this work also opens the possibilities for approximate
control refinement notions, to be coupled with approxi-
mate similarity relations: these promise to leverage general
model reduction techniques and to provide more freedom
for the analysis and control of descriptor systems.

The future research includes a comparison of the control
refinement approach for descriptor systems to results in
perturbation theory, as well as control refinement for
nonlinear descriptor systems.
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