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Queue-length balance equations in multiclass multiserver
queues and their generalizations

Marko A.A. Boon*  Onno].Boxma #  Offer Kella®! = Masakiyo Miyazawal**
April 04, 2017

Abstract

A classical result for the steady-state queue-length distribution of single-class queue-
ing systems is the following: the distribution of the queue length just before an arrival
epoch equals the distribution of the queue length just after a departure epoch. The con-
straint for this result to be valid is that arrivals, and also service completions, with prob-
ability one occur individually, i.e., not in batches. We show that it is easy to write down
somewhat similar balance equations for multidimensional queue-length processes for a
quite general network of multiclass multiserver queues. We formally derive those bal-
ance equations under a general framework. They are called distributional relationships,
and are obtained for any external arrival process and state dependent routing as long as
certain stationarity conditions are satisfied and external arrivals and service completions
do not simultaneously occur. We demonstrate the use of these balance equations, in com-
bination with PASTA, by (i) providing very simple derivations of some known results for
polling systems, and (ii) obtaining new results for some queueing systems with priori-
ties. We also extend the distributional relationships for a non-stationary framework.

Keywords: queue length; steady-state distribution; balance equations; distributional re-

lationship; Palm distribution; non-stationary framework.

1 Introduction

A classical result for the steady-state queue-length distribution of single-class queueing sys-
tems is the following: the distribution of the queue length just before an arrival epoch equals
the distribution of the queue length just after a departure epoch. The constraint for this result
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to be valid is that, with probability one, arrivals, and also service completions, occur indi-
vidually, i.e., not in batches. The result then follows by a simple level-crossing argument:
in steady state, the event that a customer arrives to find j customers present occurs just as
often as the event that a customer leaves j customers behind, forall j = 0,1,.... See [7], pp-
154-156, for a formal statement and proof (due to PJ. Burke, unpublished) of this result.

At first sight this level-crossing argument breaks down in higher dimensions, for exam-
ple in the case of multiple customer classes. Indeed, with > 0 and e;, being a unit vector
with 1 in the kth coordinate and zero elsewhere, an m-dimensional process can leave state x
because of an arrival of a customer of type i, and enter that state from state x + e;, because
of a departure of a customer of another type k. However, we shall argue that it is easy to
write down a more global balance equation for multidimensional queue length processes
for a large class of queues and queueing networks — also when service times are not expo-
nentially distributed, and even when arrivals may occur in batches. We shall explore that
fact to obtain a simple relation between the steady-state joint queue-length distribution at
arrival epochs (which under various circumstances is equal to the time average distribution)
and at service completion epochs. Once one has a relation between the probability gener-
ating function (PGF) at arbitrary epochs and at service completion epochs, one can find the
former when one has the latter. The latter results are indeed known in an M/G/1 setting,
where it is natural to look at departure epochs. This will yield both new results (for multi-
class queueing models with fixed priorities and for the longer-queue model), as well as new
and simple derivations of known results for, e.g., polling models.

The research for the present paper was initially motivated by the desire to provide an
intuitive explanation of a result in [3] regarding the steady-state joint queue-length distribu-
tion in a large class of polling models. That distribution turned out to have a remarkably
simple relation with a weighted sum of the joint queue length distributions at departure
epochs of customers from each of the queues. In Section2lwe provide such an explanation.
Although balance equations are intuitively appealing, their mathematical verification may
require a large amount of work. This motivates us to derive distributional relationships for
queue lengths in a unified way using a general tool. The so called rate conservation law is
such a tool as demonstrated in [15] (also see [1} [14]). This method is applicable to a general
model, but requires Palm distributions, which may not be easy to understand. In Section 3
of this paper we take another approach, based on a time evolution of a sample path. This
approach is parallel to the rate conservation law, but does not require Palm distributions,
which are replaced by sample averages. We apply it to a general model, and derive a dis-
tributional relationship among different embedded epochs. In Section [ a non-stationary
version of the distributional relationship is derived with some error term, which vanishes as
time goes to infinity. Our main result, viz. Theorem[I] as well as the non-stationary results,
are novel to the best of our knowledge.

Literature review. Hébuterne [11]] provides a generalization of the above-mentioned classi-
cal result of Burke in two directions: he allows (i) batch arrivals, with batches of random
size, and (ii) batch services, with batches of fixed size. He also points out that emptying the
queue up to IV customers is beyond the scope of the analysis, because then the batch sizes
are not independent of the system state. Fakinos [9] manages to treat a quite general group-
arrival group-departure queue. He treats the batch size problem by assuming that customers
within a departing group are randomly ordered, and that they leave the system according
to their order. Papaconstantinou and Bertsimas [16] generalize Burke’s result to the multi-



server E/G/s queue. Kim combines the features of batch arrivals, batch services and
multiple servers, also allowing multiple customer classes. he does not explicitly address the
issue of customers in a departing group being randomly ordered. Hébuterne and Rosenberg
focus on the G/G/1 queue with batch services and finite capacity. Takine has obtained
several relations between queue lengths at random instants and at departure instants; see in
particular the very general Theorem 1 in [19], for a single server queue with multiple Marko-
vian arrival streams — an extension of Markovian arrival processes to (possibly correlated)
multiple arrival streams.

Organization of the paper. Section[2] provides a short proof of a result in [3] by using a multi-
dimensional queue-length balance argument. Section [3 derives the distributional relation-
ship for an open queueing network under a very general setting in Theorem[I] Extensions
to the non-stationary case are discussed in Section @l Some applications are presented in
Sectionf Section @ contains concluding remarks.

2 A balance equation for a class of polling models

In this section we provide a simple relation between the steady-state joint queue-length dis-
tribution at arbitrary epochs and at departure epochs for polling models. This relation,
which is derived by introducing a multi-dimensional queue-length balance argument, is
used to provide a short, but somewhat intuitive derivation of Theorem 1 of [3]]. In the next
section we shall extend that balance equation in a very general setting, and give a rigorous
derivation. Let us first describe the polling model studied in [3].

Consider a system of m > 1 infinite-buffer queues Q1,...,Q, and a single server S.
Queues are indexed by J = {1,2,...,m}. The service times of customers in Q; are i.i.d.
(independent, identically distributed) positive random variables generically denoted by B;,
with means b; := EB;. Denote the Laplace-Stieltjes transform (LST) of B; by BZ—(-). The
server moves among the queues in a cyclic order. When S moves from Q; to Q;41, it incurs a
switchover period. The durations of successive switchover times are i.i.d. non-negative ran-
dom variables, which we generically denote by .S;. Denote the LST of S; by SZ() and assume
that s; := ES; < oo; let s := >, s;. Customers arrive at ); according to a Poisson process
with rate \;; let A := >~ ;. We do not assume anything about the service disciplines at
Q;. Define p; := \;b; as the traffic intensity at Q;; let p := > " | p;. We assume that p < 1,
which is a necessary condition for the system to be stable. In what follows we shall write z
for an m-dimensional vector in R™, z = (z1,..., 25, ), and we assume that |z;| < 1 for every
i € J. We implicitly use the convention that any index summation is modulo m, for example
Qmy1 = Q1.

Assume that all the usual independence assumptions hold between the service times, the
switchover times and the interarrival times. We assume that the ergodicity conditions are
fulfilled and we restrict ourselves to results for the stationary situation.

Now introduce the PGF of various joint queue-length distributions: V*(z) and V,¢(z) de-
note the PGFs of the joint queue-length distribution at visit beginnings and visit completions
at Q;, while S?(z) and S¢(z) denote the PGFs of the joint queue-length distribution at service
beginnings and service completions at );; L(z) denotes the PGF of the joint queue-length
distribution at an arbitrary time in steady-state. Theorem 1 of [3] states that, with mean cycle



time EC =

1—p:

m c il—BiEz () — V. z
102( V() ( N(<)))+V;<) V;’EH())’ 0

with E(Z) = Zznzl )\j(l — Zj).
Its proof in [3] is based on the following relations:

(i) a balance relation for polling systems, which is due to Eisenberg [8] and which was gen-
eralized in [2]:

%VP(2) + 55(2) = SP(2) + wVii(2), i€ (2)
Here ; := 1/)\,EC represents the reciprocal of the mean number of customers served at Q;
per visit, i.e., the long-term ratio of visit beginnings to service beginnings.
(i) an obvious relation between queue lengths at the beginning and end of a service time:

S¢(z) = Sf’(z)w, ielJ (3)

Zq

(iii) an obvious relation between queue lengths at the beginning and end of a switchover
time: .
Vii(2) = Vi(2)8: (3(2)), i€l 4)

(iv) a stochastic mean value theorem, expressing L(z) as an average over the PGFs of the joint
queue-length distribution at an arbitrary moment during a visit to Q; (X;(2)) and during a
switchover period between @); and @Q;11 (Yi(2)):

= %; (% +s-Yi(z)>7 (5)
where, fori € J,

Xi(z) = V(=) BP™(2(2)), ©)

Yi(z) = Vi(2)SP(2(2)), @)

where BfaSt(-) and gfaSt(-) are the LST’s of the past (elapsed) parts of B; and S;, respectively,
that is, they are defined as

1 - Bi(%(2))

1 - 5i(5(2))
bZE(Z) ’ '

past 2)) =
BP(2(2)) G

SP(S(2)) =
Starting from (B)), substituting (@) and (7), and using (@) and @) to eliminate all S¢(z) and
S?(z), yields (@).
Remark 1 In [3] also zero switchover times are allowed; the same result () is shown to hold.
In Theorem 1 of [3] it was subsequently observed that one may simplify (1) as follows,
by using (@) and (@):
moA(1 — 2)8¢
L(Z) _ 22:172‘2( ZZ)Sz (Z)
Zizl Ai(1 = 2)

4
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This formula is remarkably simple; please notice that it does not involve the service time
distributions, and that the service disciplines at the various queues also do not play a role,
which suggests that (D) is based on very general principles. This is the formula for which we
would like to provide a short proof (see below). In combination with @) — @), it also gives
a short proof of (I). In other words, one can obtain an expression for the PGF of the joint
steady-state queue-length distribution in a large class of polling systems by just using the
elementary balance equations () and (@) (see below), combined with the obvious relations

@) and ().

Short proof of (8).

First rewrite @) into
m

D A= z)L(z) =Y N1 —2)S5(2). 9)
i=1 i=1
Secondly, observe that, because of the Poisson arrival processes, L(z) is also the PGF of the
joint queue-length distribution just before an arrival at );, i € J by PASTA (Poisson Arrival
See Time Averages, e.g., see [1}[14]).
Thirdly, invert the transform expressions on both sides of (@), yielding for > 0 and e; being
the unit vector with 1 in the ith coordinate and zero elsewhere:

m m m m

doam(@) = Y Al (w—e) =Y Aiml(x) — Y Az — ), (10)

1=1 i=1 =1 i=1

where 7¢(-) indicates that we consider the joint queue-length distribution right after a depar-

ture from @);, and 7{(-) denotes that we view the system just before an external arrival at Q;.
Fourthly, we reshuffle the terms:

i)\zﬂf($) + i )\mfl(;c — ei) = i )\mfl(;c) + i )\mf(;c — ei). (11)
=1 i=1 =1 i=1

Finally, observe that the lefthand side of (1)) represents the rate out of state x, and the right-
hand side represents the rate into that state. Indeed, the first term in the lefthand side cor-
responds to arrivals which find x customers in the system. The second term in the lefthand
side is slightly less obvious. It corresponds to departures that take place in state x. Notice
that the rate at which customers depart from @); equals \; (although the departure process
will not be a Poisson process), and that 7d(z — e;) is the fraction of departures from Q;
which take the system out of state . Similarly interpret the terms in the righthand side. We
conclude that (8) amounts to a simple flow balance formula.

Remark 2 A similar flow balance argument was used in [5] to derive a queue-length expres-
sion in an M /G /1 FCFS queue with multiple customer classes.

Remark 3 Observe that (8) immediately gives the formula for the marginal distributions.
Indeed, for a vector z,,; = (1,...,1,2,1,...,1), L(2pi) = S{(Zm,). From the well-known
‘step” (level-crossing) argument it follows that S¢(z,, ;) is also the PGF of the queue-length
distribution in @; at an arrival epoch at ;. By PASTA it is also the PGF of the steady-state
distribution of @;.



Next take zr = (z,...,2). @) now states that the PGF of the distribution of the total
queue length (in terms of z) equals > | A;Sf(2zr)/ > 7L, A;. This formula may be inter-
preted as follows. By PASTA, L(zr) is also the PGF of the distribution of the total queue
length at an arrival epoch. By a level-crossing argument, it follows that this equals the PGF
of the distribution of the total queue length just after a departure epoch. The result now
follows from the observation that a fraction \;/ """, \; of the departure epochs refers to a
departure from Q);.

Remark 4 Relation (8) may be viewed as an m-dimensional version of the above-mentioned
one-dimensional ‘step” (level-crossing) relation that holds for queues with single arrivals and
single departures.

3 Formal derivations under a general framework

In this section, we aim to derive distributional relationships at arrival and departure in-
stants for various queues and their network models in a unified way, under general set-
tings. Roughly speaking, these settings allow simultaneous external arrivals, simultaneous
departures and routing at different stations; however, we do not allow an external arrival
to coincide with a departure. We use their time evolutions in sample paths for deriving the
relationships rather than using flow balance.

We describe a queueing network system under a fairly general framework. We consider
an open queueing network system with m queues, where queues uniquely belong to ser-
vice facilities, which are called stations. Queues in the same station may be distinguished
by customer classes. Each station may have multiple servers, which may change in time.
External arrivals at queues are general as long as they satisfy certain stationarity conditions.
Customers completing service may be routed among queues depending on the state of the
whole system. Thus, this model is quite general and very flexible.

To describe this model, we introduce a stochastic process. Queues are still indexed by
J={1,2,...,m}. Let

X(t) = (X1(t),..., Xmn(t)),

where X;(t) represents the length of queue i at time ¢, which includes customers in service.
Here, each queue belongs to a single station. There is a mapping from queues to stations,
which will be given when needed.

In addition to X (¢), the following counting processes count the number of specified
events until time ¢ > 0 for i € J,

e N{(t) - external arrivals at queue i,

e NZ(t) - departures from queue i,

e N7 (t) - internal arrivals at queue i (transition from some queue).
With N“(t) = (N{(t),..., Ny (t)) for u = e, d, r, we consider the process

Z(t) = (X (t), N¢(t), NUt), N"(t)) .



All processes are assumed right-continuous with left limits. Let AX () = X (t) — X (t—).
AN™(t) is similarly defined and is in Z' for u = e, d,r, where Z is the set of nonnegative
integers.

For u = e, d, r, denote

INYI(t) =) Ni(t)

icJ
and assume that
i) X(0), N°(t), N%(t), N"(t) are all finite (in Z7") for each ¢ > 0.

i) A|N€|(t)A|NY|(t) = 0 foreach t > 0. That is, external arrivals and service completions
can not occur simultaneously.

We also need to define the intermediate state
X4t)=X(t) - AN"(t) e Z7 . (12)

It differs from X (¢) only at departure epochs and it describes the state “after” a departure
and “before” an internal arrival at a different queue.
Clearly, the following dynamics hold.

X(t) = X(0) + N°(t) - N%(t) + N"(t) € 2" . (13)

Because of i), X (¢) and X“(t) are also finite. It may be natural to assume that | N"|(t) <
|N4|(t) for t > 0, but we do not require it in this section.

Thus, X (¢) is the state of the system at time ¢ of an input-output system driven by count-
ing processes N¢, N% N". The dynamics of (I2) and (I3) indicates that we adopt the depar-
ture first framework. We have used queueing terminologies, but our results are valid as long
as the above mathematical assumptions and (I3) are satisfied.

In general, |N¢|(t), [IN%|(t) and N¢(t) and N{(t) may have jumps greater than one, which
is not convenient to describe the time evolution of Z(t). Thus, for u = e, d, we introduce

INY[(t)= D LAIN"[(s) = 1),  Nf@)= ) LANS(s) 2 1),

0<s<t 0<s<t

then A|N"|(t) < 1 and AN (t) < 1, that is, |IN"| and N}* are simple point processes for
u=e,d. Sett§ =td = t50 thd,o =0fori€ J,andforn > landi € Jletts,td ¢ t¢ bethe

ny ‘ny Yins Yin
. < Sd e . . . .
n™ jump epoch of |[N°|, |N“|, N, N¢, respectively (of course, if the corresponding process is
not terminating and such an epoch exists).
Another basic assumption on the counting processes is

iii) There exist finite and positive numbers \*, u = e, d such that

N = Tim SNt (14)

t—oo t

a.s. (almost surely) w.r.t. the underlying probability measure P.

We further assume the following ergodic type conditions.

7



iv) There exist probability distributions 7¢ and 7 such that

n

1
Jim_ ; U(X(t—) = 2, AN“(t)) = y) = 7°(x,y), a.s., =z,y€Z7, (15

1
Jim —~ ; UXY(tf) = &, AN(t]) = y, AN"(tf) = z) = 7 (x,y, 2), a.s,
x,y,z €L (16)

From the definitions in iv), 7¢ and 7% are considered as the embedded stationary distri-
butions just before arrival epochs and just after departure epochs but before internal arrivals,
respectively. They correspond to Palm distributions concerning their counting processes in
the time stationary framework (e.g., see [1]).

Since the process X (t) is vector valued, it is not so convenient for manipulations. So, we
introduce a test function f : Z'? — R. Under the setting i)-iv), we will derive distributional
relationships among characteristics at different embedded instants using the test function f.
For this, we need the following lemma.

Lemma 1 If (T3 holds, then, for any bounded function g : Z*™ — R, we have

lim ~ 3 (X (), ANE) = S glay)r(@y), as. (17)
/=1

n—oo N
x,ycLy

Similarly, if (L6) holds, then, for any bounded function h : Z3™ — R, we have

: 1 . dd d/,d ripd\y __ d }
lim 5;h<x (t), ANYtH), ANT(t])) = > h(m,y,2)r'(®,y,2), as.  (18)

w,y,zeZT

This lemma may look obvious, but its proof is not immediate because we need to verify
the exchange of limits. We prove it in Appendix[Al

We are now ready to prove distributional relationships. First, we denote the expectations
under 7¢ and 7 by E° and E9, respectively. That is,

Eg(X,Y)= > gl y)r(z,y), (19)
m,yEZT
ENX,Y,Z)= > hzy,2)(z,y,2) (20)
m,y,zEZT

Note that Y in E° represents sizes of externally arriving batches, while Y in E represents
sizes of departing batches.

Theorem 1 Under the setting i)—iv), for any bounded function f : 7'} — R, we have

NE[f(X+Y)— f(X)] +NE (X +2Z)- £(X)] = NE{ X +Y) - f(X)]. (21)



Proof Since f(X (t)) changes in time only at the counting instants ¢¢ or ¢, we have (with A
being defined as earlier in this section)

INCI) L0
FX@) = F(X(0) = > AFXE)+ > AfX(). (22)
=1 =1

Recalling ([2), we have X (t¢) = X (t¢) + AN"(t), and this and (I3) yield
X(t{—) = X (t}) + AN(t]) — AN"(t]) = XU(t]) + AN*(t]).

Substituting these X (t¢) and X (t¢—) into (22), we have

N7 (t) N7 (t) IN(t)
> OALX() = (F(X ) — FXUH) + D (FXUe) - F(X ()
/=1 /=1 /=1
INYI(t)
= (F(XUt) + ANT(t])) — f(XU(t])))
/=1
N (1)
+ Y (F(XAE) — fX) + ANT()))). (23)
/=1

It follows from (22) and 23) that

IN°|(t) INY|(¢)

(f(X (=) + AN(t7)) - )+ Y (FXUE) + ANT(t)) — F(X(1]))
=1 =1
INI(0)
= (S(XUE) + AN(E)) — F(XUED)) + F(X (1) — f(X(0)). (24)
=1
Dividing both sides of this equation by ¢ and letting ¢ — oo yields 1) by (14)-(€) and
Lemma [Ibecause f is bounded. O

The assumptions of Theorem [lexclude arrivals and departures to occur simultaneously,
but allow them to occur separately as multiple simultaneous external arrivals or multiple
simultaneous departures and routing. The model as well as the distributional relationship
may be too general for queueing networks. To make them more specific, we make the fol-
lowing assumption.

v) There exist finite and nonnegative numbers )\ffx for nonempty A C J, thatis, A €
27\ {0}, such that

24 = lim NA( ) a.s., (25)

t—o00

where, with notation Sy = {x € Z7;2; > 0,i € A,x; =0,j € J\ A},

Ni(@t) = Y 1ANYs) € Sa). (26)
0<s<t

9



Note that N¢ counts instants when departures occur simultaneously from queues i € A
but there is no departure from queue j € J \ A, while AN4(t)AN&(t) = 0if A # B. Thus,
the setting i)—v) still allows batch arrivals and batch departures and simultaneous transfer of
customers in a departing batch.

We will use the following notation. For each A € 27\ {0}, let, for x,y, z € 7,

A= frenor oo
0, 4 = 0.

. N . . . S . ,
Since N¢ exclusively counts the increasing epochs of | N | for different A’s, we have

N = Y N, 27)

Ae27\{0}

which implies that A = 37 ;o1\ 9y A%, and, for A € {B € 27|A}, > 0}, 7% is a probability
distribution on Zi’”, which can be restricted to Z7' x Sa x Z.

Let tdA,n be the n' jump epoch of N¢. Just as Lemma [Tl does, the following lemma plays
a key role; it is proved in Appendix Bl

Lemma 2 Under the setting i)-v), there exist probability distributions 7% such that, for any bounded
function b : Z3™ — R, with A € 27\ {0},

: l - d(yd d(sd r(d _ d .
nlglolon;h(X (tA,f)’AN (tA,E)’AN (tA,Z)) - Z h(%,’y,Z)ﬂ'A($,y,Z), a.s. (28)

x,y,z€L

By (27), Theorem [l and Lemma [ yield the following corollary. As with E¢ and E¢, E¢

stands for the expectation under 7.

Corollary 1 Under the setting i)-v), for any bounded function f : 2" — R,

NEC[F(X+Y) - f(X)]+ Y MELF(X +2) - f(X)]
Ae27\{0}

= > MELF(X+Y) - f(X)]. (29)
Ae2\{0}

Remark 5 If ANZ-d(t?m) = 0 for all i # j, then A% > 0 only if A is a singleton. In this case, the
summations over A in (29) can be reduced to those over i € J, replacing A by i.

Until now, our distributional relationship may still be too general because no assumption
is made on how the counting processes are generated from X (¢) and other information. To
describe this, a filtration is convenient. Let 7; be the o-field generated by all events up to time
t,and let 7;— = 0(U,<Fy), thatis, F;_ is a o-field generated by all events before time ¢. For
a stopping time 7, let 7. = o(Fo,{AN{t < 7} € F}), where o(A) is the o-field generated
by a family of events A. Using the filtration, the following assumptions are typically used
under the setting i)-v).

(al) t,t¢ are stopping times with respect to {F;;¢t > 0}. This can always be realized by

nyin

choosing a sufficiently large ;.

10



(a2) AN*(t;,) is independent of Fc _. That is, the sizes of batch arrivals are independent of
the state of the system just before their arrival epochs.

(a3) A|NY|(t) = 1. That is, departures singly occur from one queue at a time.
(ad) ANT (tgn) < 1lforj € J, and AN ’“(tﬁn) is in the o-field generated by F,« _ and
ANt ).
By (a3), N4(t) = 0 if A is not a singleton. Thus, we write N%(t) as Nf(t) for A = {i}.

Similarly, 7% is written as 7¢ for A = {i}. Under the setting i)-v) and the assumptions
(al)~(ad), ANY (tﬁ ;) < 1, and therefore Lemma [ yields
1 n
lim — 51X, = 2, ANE(H,) = LANI(H,) = 1) = nl(@, e, e)),
=1
which is denoted by wfl](a:) We here recall that e; € Z7 is the unit vector whose i-th entry

is one and the other entries are zero. Thus, applying Corollary [l for f(x) = 2%, where we
recall that 2® =[], ; z;*, we have the following relationship.

Corollary 2 Under the settings i)-v) and assumptions (al)—(a4), for z = (z1,...,2m) satisfying
|zil <1forieJ,

21— E[z (2)+ > (1—2) > Meli(z) => M- (2), (30)

jedJ ieJ ieJ
where
0(2) =E°[2X],  ol(z) =E{[2X],  ¢li(z)= D 2Prl(x), ijel
mEZm

Remark 6 Under the assumptions of this corollary, the routing of departing customers may
depend on all queue lengths in the network.

Corollary [2lis specialized to Corollary Bif external arrivals to queues occur one at a time.
Namely,

vi) No simultaneous arrivals occur, and there exist finite numbers (some, but not all, pos-
sibly zero) Af, for k € J such that

e : 1 \7€
P= fim SN, as, kel (31)

Corollary 3 Under the assumptions of Corollary [2] assume that vi) also holds. Define the §, as

A e e

bl ($’yk)a AL > 0,
Wz(xayk) = { ())\k )\]z -0

9 k —

then, for k € {i € J|X{ > 0}, the ©j, is a probability distribution on ZTH, and (B0 becomes

SOMN-E 5 ) ei(2) + > (1 —2) Y Mefi(z) => M1 -z)efl(z),  (32)

keJ jed e e

where . is the generating function of X under the conditional distribution ry.
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Corollary [3limmediately implies the following corollary.

Corollary 4 Under the assumptions of Corollary B] if the event { ANT (tg{ ) = 1} is independent of
Fya,_, then there exist pij > 0 such that md(z, 1, e;) = nd(zx, 1)p;j, and B2 becomes

D N1 —E ] )+ Y N (2) Y (1= 2) =Y N1 = z)¢f (). (33)

keJe 1eJ jed e

Remark 7 In Section[flwe shall present several applications of the above theorem and corol-
laries. In particular, the polling result (8) of Section[2lis there shown to be a special case of
Corollary I}

Notice that the setup of this section includes the finite buffer case. This is done by having no
arrivals to a queue during times in which it is saturated. This type of dependence is allowed
by our setup. Some results for the single server queue with finite capacity are contained in

[12].

4 Distributional relationship up to a given time

The purpose of this section is to derive a non-stationary version of Theorem [I] a distribu-
tional relationship up to a given time. We adopt the settings i)-iv) of Section 8] and consider
the process Z(t) introduced in the beginning of that section. We first define the expected
relative frequencies for bounded test functions g, h from Z2™, Z3™ to R up to time ¢ as

Rig = AORS 9(X (t,—), AN(t;))1(IN"|(t) > 0),
LA
Rih = — Z h(XAt), ANYEL), ANT () 1(IN|(t) > 0).

For each bounded function f : Z7" — R, we define the following test functions.

9 (@ y) = f(®),  gi(zy)=[flx+y),
hd(xay’z) :f($)’ hcf(:c,y,z) :f($+y)’ hi($’yaz) :f(ZC+Z)

Let
e 1 <€ d 1 ~
X0 =S IN@, A = IR 0)
Then, (24) yields the following lemma.
Lemma 3 Under the setting i)-iv), for any bounded function f : Z'' — R, we have, for any t > 0,
N(t) (Rygs — Ryg®) + X(t) (R{nt — R{n?)

— N0 (REN — RIRT) = 3 (/X (@) - FX(0). 69
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We may interpret Lemma [3 as a transient version of Theorem [ It is notable that (34)
holds without any stability condition, and its right-hand side vanishes as ¢t — oo at most
in linear order of ¢! because f is bounded. If there exists a unique probability measure
such that (X (t), AN¢(t), AN?(t), AN (t)) is stationary, then Rfg, R{h converge to the cor-

. . C . . . X Srd .
responding expectations under the Palm distributions involving |N ‘I, INY, respectively.
Thus, we have

: e _e __ re . e e __ e

lim Rig® =E°f(X),  lim Rigl =E°f(X +Y),
lim RIRY(z) = B (X), lim RIAY =E°f(X +Y),
t—o00 t—o00

: dyd _ md

Jim RihS = EEf(X + Z),

and we recover (1)) from (34). Corollary[I] (30) and (32) are similarly obtained. We omit the
routine details.

5 Some special cases and applications

In this section we consider several applications of the theorem and corollaries of Section 3
We first note that, if nonzero Ni for £ € J are independent compound Poisson processes,
then by PASTA the embedded stationary distributions 7¢ and 7} are identical with the time
stationary distributions.

Case 1: An m-class queue with batch arrivals

We consider an m-class single-node service facility, with m > 1. We allow multiple servers.
Customers arrive according to a Poisson process, possibly in batches. Customers of class i
require service at the service facility according to service time distribution