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A Behavioral Approach to Balanced
Representations of Dynamical Systems

Siep Weiland

Measurement and Control Group
Department of Electrical Engineering
Eindhoven University of Technology
P.O. Box 513, 5600 MB Eindhoven,
the Netherlands

Abstract

The behavioral approach to linear systems provides an alternative framework for
studying the notion of balanced representations. A new definition for balanced repre-
sentations is proposed that is one-to-one related to a set of system invariants that is
obtained by assuming a specific Hilbert space structure on the system behavior. This
notion of balancing is more general than the prevailing notion of balancing in that it is
well-defined for non-stable systems, and is independent of a particular (input-output)
representation of the system. It is shown that Lyapunov, LQG, and H, balanced rep-
resentations are obtained as a special case. An application for the problem of model
approximation is discussed.
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1 Introduction

This paper addresses the concept of balancing for dynamical systems. Since the intro-
duction in 1978 [9], balanced representations of linear time-invariant systems have proved
to be extremely useful in a wide range of applications including model reduction, signal
processing, controller design, stochastic realization, system identification and problems
related to data reduction. The usual concept of balancing amounts to making a specific
choice of coordinates in the state space of a linear time-invariant dynamical system so that
the controllability and observability gramians of the system are equal and diagonal [9],
[10]. In balanced coordinates, the state of the system is structured in the sense that each
state component quantifies to what extent it contributes to the interaction of the system
with its environment.

This concept of balanced model representations has led to a strajightforward method of
model approximation. Without performing further calculations, approximate models may
be obtained by discarding those state components of a balanced representation that con-
tribute least to the dynamical relationships between the exogenous variables of the system.
See, e.g., [16]. Other applications include the theory of optimal Hankel norm approxima-
tions [2], [5], stochastic realization theory [1}, and the study of canonical forms [13], [14).

An important drawback of the prevailing concept of balanced representations is that it is
only applicable for asymptotically stable systems. Obviously, the stability hypothesis is a
very restrictive assumption and prevents applications for many models considered in areas
such as controller design, filter design, identification, etc. In the recent past, alternative
notions of balancing have been introduced to circumvent this problem. Among these, the
most important ones include LQG and Hy, balanced representations. See, e.g., [3], [4],
[15], [12}.

In this paper we discuss the concept of balanced representations using the behavioral
framework for linear systems as a starting point. We refer to [19], [21] and the references
therein for a detailed account on this framework. The main advantage of the approach
taken here is that it avoids to study the concept of a balanced state space starting from
particular representations or assumptions on representations of dynamical systems. For
the class of finite dimensional linear time invariant systems we show that a Hilbert space
structure on the exogenous trajectories of a system leads to state space representations in
which external characteristics of the system can be naturally reflected by balanced state
variables. This leads to an abstract and more general notion of a balanced state space
that can be viewed independent of the equations that define a state space representation.
Since no reference to a particular state space representation needs to be made this concept
applies equally to standard input-state-output systems, systems in descriptor form, driving
variable state space representations, etc. Both LQG (or Riccati) balancing, as well as the
more recent notion of H, balancing, are obtained as special cases of our setting.

The paper is organized as follows. In section 2 we introduce some notation and we briefly
review various concepts from the behavioral framework. In section 3 we consider the mode]



class consisting of square integrable trajectories of linear time-invariant finite-dimensional
systems. For this class of systems the notion of a balanced state space is defined by
considering operators defined on the external behavior of the system. The structure of
specific state space representations is analysed in section 4. In particular, in section 4 we
derive LG, H, and Lyapunov balanced representations as a special case. An application
to the problem of model approximation is given in section 5.

2 Preliminaries

2.1 Dynamical systems

Following the framework introduced by Willems in [19], [20], a dynamical system is a triple
T = (T,W,B) with T C R the time azis, W the signal space, and B C W7 the behavior,
a subset of the family of all trajectories w : T — W, In this paper we will restrict the
attention to continuous time systems with time set T = R, For the signal space we take
the g—variate real vector space W = R? with ¢ > 0 a fixed number. The system (R, R?, B)
is said to be time-invariant if o'B = B for all t € R, where ¢! : WT — WT is the t—shift
otw(t’) = w(t + ¢'). We call it linear if B is a linear subspace of (R?)®.

We will be interested in systems that can be described by a finite number of differential
equations. Let R(s) € R*%s] be a polynomial matrix with a finite number of rows, ¢
columns and with real coefficients. Consider the behavioral differential equation

d
R(a)w =0, (2.1)
This yields the linear time-invariant system ¥ = (R, R9, B(R)) with
B(R):={w:R — R?|we £ and (2.1) holds }.

Here, £'°¢ is the class of locally integrable vector valued functions and the differential
operator R(f;) is viewed as an operator defined on the space of g—dimensional distributions
on R. The class of systems which we will study in this paper is given by all such behaviors
and will be denoted by B, i.e.,

B := {B|3R € R™*s] such that B = B(R)}

The restrictions w™ := w(_e,0) and w := w](g,c0) of a trajectory w: R — R7 are called
the past and future of w respectively. Similarly, R~ and R7T will denote the half lines
(~00,0) and [0, 00), respectively. The past and future behavior of a dynamical system T
are defined as B~ := B|(_o0,0) and B := B|jg ), Where B is the behavior of .



For a trajectory w € B, we denote by Bt (w™) the set of continuations of the past w~
of w that belong to B. The set of antecedents of the future wt in B will be denoted by
B~ (wt). Formally,

Bt (w™) {® € BY |w™ A € B}
B (w?) = {deB™ |BAwt € B)

Here, A; denotes the concatenation product

w(t) fe'<t
(w1 A wa)(t') := { w;gt'g ift' >t -

Hence, B¥(w™) consists of all futures which are compatible with the past of w, while
B~ (w?) consists of all past trajectories which are compatible with the future of w. Finally,
a time-invariant behavior B is called controllable if for all w= € B~ and w* € Bt there
exists a @ € B and T > 0 such that &~ = w~ and w(t) = w*(t -T),t > T.

2.2 State space systems

State space systems will play an important role in the sequel. We will view a state space
system as a special case of a system with latent variables. As opposed to external (or
manifest) variables, latent variables should be viewed as internal (or auxiliary) quantities
that serve to provide an implicit description of a system. We formalize this as follows.
A quadruple L; = (T, W, L,B;), with T, W as before, L a set of latent variables and
B C(Wx L)T is called a dynamical system with latent variables. If i is such a system,
then the system £ = (T, W, B) with

B:={weWT |3l e LT such that (w,l) € B}

is said to be induced by £;. Consider a time-invariant latent variable system ¥; and
consider the set

B(lo) := {we wT |3l € LT, 1(0) = Iy, (w,1) € By}.

Then clearly B(lp) C B(lp)™ Ao B(lp)*. In case equality holds we have the property that
a trajectory w 1= w™ Ag wt € B(ly) whenever w~ € B(lp)~ and wt € B(lp)*, i.e., the
variable Iy will split the trajectories w~ and w¥. A system with this property is called a
splitting variable system. This is of course closely related to the intuitive notion of state.
Let £, = (T,W, X, B,) be a dynamical system with latent variables. We will call ¥, a
state space system with state space X if the following implication is satisfied

{(w1,21), (w2, 22) € By, t € T, z:1(t) = z2(t)} = {(w1, 71) A¢ (w2, 22) € B,} (22)



A state space system E, = (T, W, X, B,) is said to represent a system T = (T, W,B),if £
is induced by X,. In that case, we call £, a state space representation of £. Hence, any
splitting variable system that satisfies (2.2) will be viewed as a state space system.

The state z in a time-invariant state space behavior B, is called past induced (future
induced) if there exists a partial map f- : W7~ — X (resp. f; : WT* — X) such that
for any (w,z) € B, the restriction w™ is in the domain of f_ and z(0) = f-(w™) (resp.
wt € Dom(f}) while z(0) = fy(w*)). In fact, Theorem 3.2 shows that each system
B € B admits a state space representation which is both past and future induced. That
is, it has the property that

{weB} = { f-(w)= f(w")}

We emphasize that in our definition of a state space system, no reference to specific
equations is made. In fact, this level of generality turns out to be a useful starting point
to define a concept of a balanced state space. It will be shown that systems in the maodel
class B admit a wide variety of linear time-invariant state space representations. In section
4 of this paper we will consider a few specific ones. See ([20]) for more details.

3 Balanced Representations

Let ¥ = (R,R9,B) be a dynamical system and assume that B € B. We will distinguish
between the past and future behaviors B~ and B* in that we examine the relative effect
of past trajectories w~ € B~ on their associated set of continuations B¥(w™). For this
purpose, we equip the past and future behavior of B with the structure of a Hilbert
space and we introduce two operators which, in a sense, reflect the minimal dynamical
effect which a past (future) trajectory exhibits on its set of compatible continuations
(antecedents).

Consider the subsets B~ and B*. Introduce inner products

{(~}- : B xB =R

(Ve : BYxB* =R
on B~ and BY, and assume that both (8~,(.,-)_) and (B*,(-,-)4) are Hilbert spaces.
Hence, we assume that both (B~,{-,-}_) and (B*,{:,+)4+) are complete positive definite

inner product spaces. The induced norms on B~ and B* will be denoted by || - ||- and
|| - B+, respectively.

Let I'_ : B- — B and [y : B¥* — B~ be defined as

D_(w) = argmin { | @ [ls | € B*(w) ) (3.1)
Py(w) = argmin {||@]|-|®e€B (w)} (3.2)

4




Hence, I'— assigns to a trajectory w € B~ the ‘optimal response’ or ‘optimal continuation’
w € Bt which is compatible with w~. A similar interpretation applies for T'y. The
operators I'_ and I'y are unambiguously defined as is claimed by the following result.

Theorem 3.1 T'_ and I'; are well defined, linear, bounded and continuous.

For a proof we refer to [17] or the proof of Theorem 3.4. Since B € B, the system ¥
admits a linear time-invariant state space representation £, = (R, RY, X, B,) with finite
dimensional state space X = R™. See, e.g., [19]. Let X, be such a representation and
consider its state behavior B,. Let zg € X and denote by B(zo) the set of all trajectories

in B whose corresponding state trajectory passes through zg at time £ = 0. Formally,
define

B{zo):={we B|3z: (w,z)€ B, and z(0) = o}

Clearly, B(zo) may be empty in case no state trajectory passes through zo € X. Note
that

B = U;!,-EXB(:B)

and it should be observed that B(z;) and B(z;) may have a non-empty intersection when-
ever zy # 29.

We first claim that for minimal state space representations of %, each w € B uniguely
determines an element zo € X such that w € B(2o). This means that we can retrieve the
state vector z(0) from observations on the external trajectories only. In fact, the state
z(0) can be retrieved from both past and future observations on the external trajetories,
as is shown in the following theorem.

Theorem 3.2 Let ¥, = (R,R? R", B,) be a linear time-invariant state space representa-
tion of (R, R4, B), where B € B. If the dimension n of the state space X of £, is minimal
among all stale space representations of B, then there ezist linear surjective mappings
f-:B™ — X and f, Bt — X such that forall zp € X

{weB(zo) } <= {f-(w7)=20= fa(uv?)}. (3.3)
Proof. First observe that state minimality of £, implies that
{B(z1) = B(z2)} = {21 = z3}.
Infer from (2.2) that Vzo € X, B(zg) = (B(z0))™ Ao (B(z0))*. Consequently,

{(B(z1))” = (B(z2))"} = {z1 =23}
{(B(z1))* = (B(z2))*} = {z1 =22}



Equivalently, there exist mappings f_ : B~ — X and f; : B¥ — X such that (3.3) holds.
Obviously, f_ and f, are linear by linearity of £, and surjective as

{zo € X} = {B(z0) # 0}

by state minimality of ,. o

The mappings f. and f; have the interpretation to access the state of the system from
past and future trajectories in the manifest (or external) behavior. Note that, since
B = Ugex B(z), the equivalence (3.3) implies that

{weB}e={ f-(w7)=fi(wh)} (34)

which shows that the common features of both past and future trajectories of B are
reflected by means of the mappings f_ and f;.

Let ¥, be a state minimal representation of £ and suppose that the mappings f_ : B~ — X
and fy : B — X are given as in Theorem 3.2. Let X* be the algebraic dual of X, i.e., X*
consists of all bounded linear functionals defined on X. Then, clearly, the dual mappings
f= and fi are well defined on X*. We will be interested in the composite maps

- X=X
f+fi ¢+ X"=X.
The following result will be used to define a balanced state space.

Theorem 3.3 Let f_ and f, be as in Theorem 3.2 and let B~ and Bt be Hilbert spaces.
Then the composite maps f_f* : X* — X and fi f{ : X* — X are nonsingular.

Proof. Consider f_f* : X* — X and let z* € X* be such that f_ f*z* = 0. It suffices to
show that z* = 0. To see this, observe that

{f-frz* =0} = {{f22*, f22*)_ =0} = {f*z" = 0} = {im f. C ker =*} = {2" = 0}

where the last implication follows by surjectivity of f_. Hence, f_ f* is nonsingular. The
non-singularity of f, f follows in a similar way. a

Hence, by Theorem 3.3, we have that

P = (f-fY1 : X- X" (3.5)
Q = () 1 X->X" (3.6)

are well defined, real symmetric and positive definite operators. Hence, the mappings
f-f* and fi f} together with their inverses induce a natural identification between the

6



state space X and its dual X*. This leads in a natural way to inner products on the state
space X by defining the quadratic forms

(z1,Z2)p = z’{le
(z1,22)g = 23Qn

We will refer to P and @ as the past and future gramian of X,. We claim that both I'_ and
I';+ have discrete spectra whose nonzero elements can be expressed in terms of eigenvalues
of the gramians (3.5) and (3.6).

Theorem 3.4 Let f_ and f, be as in Theorem 5.2 and let the gramians P and Q be
given by (3.5) and (3.6). Then,
LT. = fR(f+5)7H -

2. The spectrum a(T_) of T'_ is a pure point spectrum and the non-zero spectral values
of T_ are given by AV2(P1Q).

8. Ty = [2(f-f2) ' fs.
4. The spectrum o(I'y) of T'y is a pure point spectrum and the non-zero spectral values

of T4 are given by AV/2(PQ-1).

Proof. The proof is based on various results in least squares optimization theory. To
prove statement 1, let w € B~ and define z := f_(w). Then B¥(w) = (B(z))* are the
continuations of w and, by Theorem 3.2, {&+ € B¥(w)} & {f; (%) = z}. Define

w' = fi(fef}) 7w = [ f3) T e
which is well defined by Theorem 3.3, and observe that for any % € B¥(w), w # w*,
(i, B}y — {w*, W'}y = (@, W) — 2 Re(d, w*)y + (w*, w*}y — 2 Re{w® — @, w*),
= (b—w", w—-w")y > 0,

where we used that (b — w*, w*); = 0. Hence, w* is the unigue element in B*(w) with
the property that

w* = arg min {|| @ ||+ | @ € BH(w)}.

(In fact, this shows that I'_ is well defined as claimed by Theorem 3.1). As w € B~ is
arbitrary, this yields that I'_ = f1(f} f_';i)‘1 f- as claimed.

2. Infer from statement 1 that I'_ = fiQf_ is a finite rank operator. Consequently,
the spectrum of I'. is a countable set and every spectral value 0 # o; € o(I'~) is an
eigenvalue of I'_. (See [6]). Suppose that o; is a singular value and w; is a corresponding

7



singular vector of '* I'_, i.e., T* T_w; = o;w;. Let z; := f_(w;) and note that PQ~'z; =
f-T:T_w; = o;z;. Hence, o(I'*T_) C o(P~'Q). The converse inclusion is shown by
observing that fX Pz, is an eigenfunction of I'* ' corresponding to an eigenvalue o; of
P~1Q. This yields the result.

Statements 3 and 4 are proven analogously. (u]

As the spectra of I'_ and '} are defined by the inner product spaces (B_,{(:,-).) and
(B4+s{-y)4), it follows that the eigenvalues A(P~1Q) constitute a set of invariants asso-
ciated with . Note that o; := A}’z(P"Q), i =1,...,n, are the singular values of I'_,

as they appear as the eigenvalues of I I'_. Similarly, ]!, i = 1,...,n are the singular
values of ['y.

A balanced state space is defined as follows.

Definition 3.1 Let B € B and suppose that X, is a minimal state space representation
of £ =(R,R B). The state space X of L, is balanced with respect to the inner products
(-,}- and (-,-)4 if the past and future gramians (3.5) and (3.6} satisfy Q = P~1 =
diag(oy,02,...,0,), witheoy 2 622 ... 2 0, > 0.

Thus, in a balanced state space the contribution of a state z € X to the future behavior,
as expressed by the quantity z7 Qz, is relatively large if and only if its contribution to the
past, as expressed by z Pz is relatively small.

The following algorithm is well known (see e.g. [2]) and provides a straightforward way to
obtain a balanced state space.

s Given the past and future gramians P and @ as defined by (3.5) and (3.6).
o Factorize Q as Q = S7 5.

¢ Define Py := 5;P7'ST and let P, = 5;A87 be a singular value decomposition of P
with A = diag(Aq1,...,A,) where A; 2 A2 2 ... 0, > 0.

o Define S := S715,A4,

Then S is non-singular and it is easily seen that the basis transformation z — §~'z results
in the simultaneous congruence transformation

(P,Q) — (STPS,STQS) = (A~%,AT).
In particular, this proves the following
Theorem 3.5 Let B € B. Then for every pair of Iilbert spaces
(B7,()-) and (B¥,(-)y)

there exists a state space representation B, of B which is balanced with respect to (-,-)_
and (': ')+'



4 Structure of balanced representations

In this section we examine specific inner products on the past and future behaviors of a
system L. It is shown how the past and future gramians can be explicitly evaluated by
means of solutions of Riccati equations. Given these gramians, a balanced state space is
obtained by applying the balancing algorithm of section 3.

Consider a state space system in driving variable form which is described by the equations
& = Az+ By (4.1)
= Cz+ Dv
Here, z : R — R" is the state, v : R —+ R™ denotes the driving variable and w: R — R?
is the external variable. (A, B,C, D) are real matrices of appropriate dimensions. This
defines the behaviors
B, := {(w,2):R— RIx R"|zis abs. cont. and v € £ such that (4.1) holds}
B := {w:R—R|3z:R - R" such that (w,z) € B,}
Clearly, B € B and it is, by definition, represented by B,. Conversely, every B € B admits
such a state space representation [19]. We will assume that B is controllable and that (4.1)
is a minimal state space representation of B (in the sense that » and m are simultaneously
minimal). As is shown in [17], this assumption is equivalent to the algebraic conditions
that
1. D is injective,
2. (A, B) is controllable and

3. the pair (C + DF, A + BF) is observable for all F.

Let £; denote the Hilbert space of square integrable vector valued functions defined on
R. Define the £; behaviors associated with (4.1) as

B = B,ncitm
Bz = BN [.qz
Due to minimality of (4.1), it is possible [17] to prove that
B? = {(w,z) € B, | w € Ba}.

In other words, the state € £} whenever w € B N L. Moreover, the quadruple
(A, B,C, D) defines a minimal representation B, of B if and only if it defines a mini-
mal representation B? of B,. In the equivalence class of all (4, B, C, D) that represent B;
one can choose A such that 6(A)N iR = @. In that case, for all v € L there exists a
unigue (w,z) € £L3" such that (4.1) holds. In particular, this means that B2 (and hence
B;) can be represented as the image of a map. See [17] for more details.



4.1 Riccati balancing

Consider the past and future £; behaviors B; and B} together with the usual inner
products on Lo(R™,R?) and L£3(R1,RY), respectively. Associate with the quadruple
(A, B,C, D) the algebraic Riccati equation

ATK + KA-(BTK + DTC)"(D"Dy " (BTK + DTC)+ CTC =0 (4.2)

The gramians of the state space system B? are then characterized as follows.

Theorem 4.1 If ({.1) defines a minimal state space system T? = (R, R, R", B?Z), then
its past and future gramians are given by

P=-K_ and Q=K,4

respectively, where K; = KI > 0 is the unigue positive definite solution of (4.2) and
K_ = KT < 0 is the unique negative definite solution of (4.2).

Proof. By Theorem 3.3 and minimality of X%, the map f, : Bt — X is surjective.
Therefore, Q@ := (f4+ f1)~! > 0. Let (w,z) € B2, z(0) = zo and observe that

= Qzo = T_(w") I’= _min " .

Note that the right hand side of this expression defines a standard LQ problem. It is well
known [18] that

. -4+ 112 - opt 112 T K
min w =}l w =T Z
5€ 85 (z0) " " u " 0B +40o

where K > 0 satisfies (4.2) and @°P* is generated by the state feedback
v=~(DDTYYBTK, + DTC)a.

Since K is the unique supremal solution of (4.2) [18], it follows that @ = K. A similar
reasoning yields that P = -K_. 0

The positive numbers o; := ,\}/ Q(P‘IQ), i=1,...,n, with P and @ defined in Theorem
3.5 are the LQG singular values of the system. We emphasize that these numbers are
system invariants that only depend on the choice of the inner products defined on the
past and future behavior. In particular, the LQG singular values are independent of the
particular state space representation (4.1) and will therefore be the same quantities for
state space systems in descriptor form, input-state-output form, driving variable form, etc.

LQG singular values have been first introduced by Opdenacker and Jonckheere in [15).
They considered input-state-output representations, and showed that the positive square
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roots of the eigenvalues of KK _! are system invariants. In [15] K+ and K. occur as
solutions to a linear quadratic control and filter problem. The retation of K; and K_ to
L@ optimal control theory is easily seen by observing that for all zo € X,

T _ : 2
zg Kyzg = wefs',lfi‘w | w [|£;.

—zT = i 2
zo K_zo wemﬂo)- || w ||£;.

We emphasize that from our analysis it follows that not the state space representation,
but the inner products associated with B; and B} define the LQG singular values. Ric-
cati balanced representations associated with these singular values have found various
applications in e.g. controller reduction. See (3] or [12] for more details.

4.2 H,, balancing

Consider the ubiquitous input-state-output system described by the equations
i = Alz+B'u (4.3)
y = Cz+ D'u;

and assume that (A} C C~ := {s € €| Re(s) < 0}. With w := col(u,y) viewed as the
external variables, this defines the behavior

B := { (u,y) € £'* | 3z abs. continuous such that (4.3) holds}

Suppose that B is controllable and assume that (4.3) defines a minimal state space repre-
sentation of B. This is equivalent to assuming that the pair (A, B) is controllable and the
pair (C, A) is observable. Let H : R — R™*? be the convolution kernel

H(t) := C'exp(A't)B' + D'8(t) fort >0
10 fort<0 °

and let G(8) := C'(Is— A")"1B’ + D’ be the transfer function associated with (4.3). Fix
v > 0 such that the H,, norm

Hxulle
1G o= sup Lox2lle
ueLly It = "fa
Here, ‘»’ denotes convolution and y := H % u is a well defined element of £} for all

u € L3, Define the £; behavior of (4.3} as B, := BN £) and consider a trajectory
w = col(u,y) € Bz. Minimality of the state space representation (4.3) implies that the
corresponding state trajectory z belongs to £, and is uniquely determined by

z(t) = /: :0 exp(A'(t — ) B'u(t')d?, t € R.

11



Consequently, we can write
t
y(t) = ' f exp(A'(t — ) B'u(t')dt' + D'u(t), t<0 (4.4)

t
y(t) = C'exp(A't)z(0)+ C'/ exp(A'(t — V) B'u(t)dt + D'u(t), t>0
0
which shows that the past y~ of the output is a function of u~, whereas the future y* is
a function of ut and the state z at time ¢ = 0.

Consider the past and future behaviors B; and B} and let w~ = col(v~,y~) € B; and
wt = col(ut,yt) € BF. Then, by (4.4), w* can be uniquely decomposed as

+ ut 0 ut
S TS

yd(t) = C'exp(A't)z(0) and
W) = ¢ [ ep(ale- ONBULIH + D'ult)

where, for ¢t > 0,

Note that both col(0,y7) and col(ut,y}) are elements of Bf. Using this decomposition,
we make B3 and B} normed spaces by introducing

o 2 = P I -y I
. 2 2
ot I3 = 9 By +72 ot 12 =l 12 -

It is easy to see that, by definition of 7, these indeed define norms on B; and B}, respec-
tively. We obtain the Hilbert spaces (B~,(,-)-) and (B*, {-,'}+) by putting

(wiwa)- = (wy+wg |2 = {|wr —wy ||2)/4
(wi,wady = (| wy +w2 [} = | w — w2 3)/4

In order to characterize the past and future gramians we introduce the algebraic Riccati
equation

ATK + KA+ (BTK + DTCYT(*1 - DTDY(BTK + DTCY+C'TC' =0 (4.6)
A solution K of (4.6) will be called stabilizing (anti-stabilizing) if
o(A' = (+*I - DTDY"Y(BTK + DTC')) ¢ €~ (resp. C CY)
Furthermore, let the observability gramian M associated with (4.3) be defined as
M= /o exp(ATHCTC! exp(A't)dt

The past and future gramians of this system are then characterized as follows.

12




Theorem 4.2 Suppose that the equations (4.3) define @ minimal state space representa-
tion of ¥ = (R, RY,B,). Its past and future gramians are given by

P=-K_, and Q=K+ M

respectively, where K1 = K7 is the unique stabilizing solution of ({.6) and K_ = K7 is
the unique anti-stabilizing solution of (4.6).

Proof. Let K be a solution of (4.6). Differentiating =T K z along salutions of (4.3) yields
that
d
o Kz = —flylP+? el -
_ " (721 _ DITDI)—leu - (,),21 _ DITDI)—:S/Z(BITK + Dﬂ'cf)x "2 .

Let 2o € X and consider the decomposition (4.5) of wt = col(u*,y*) € B{(:f:o). Then,
I yf)" f|5;= -Tg'M:cg and we find that

lw* i = =6(K+ M)z
+ 1% = DD Pu - (%1 - DTD)HBTK + DTC |y

Consequently, the future of w € Ba(zo) has minimal || - ||+ norm if and only if
w=(y1-DTD'Y (BTK + D'C')z,

belongs to L. Equivalently, if K = K4 = K7 is the stabilizing solution of (4.6). Since
2o € X is arbitrary and || T_(w™) [|i= 2] Qzo = 2] (K4 + M)y, it follows that @ =
K, 4+ M. A similar argument yields that P = —K_. a

As for Riccati balanced representations, we remark that v; := /\}lz(P‘lQ), it=1,...,n,
with P and @ defined as in Theorem 4.1 are system invariants that coincide with the non-
zero spectral values of I'_. The positive numbers {v;};=,.. n are called the H.,—singular
values of the system.

Remark, The H,, singular values, defined in this way, denote open-loop quantities in the
sense that a compensator for ¥ is not taken into consideration. In [12] and [11] closed-loop
configurations are considered and H, singular values are defined as the positive square

roots of the matrix product XY, where X and Y are the unique positive definite solutions
of

ATX+ XA - (1 -7y HXBB"X +C7TC’ 0
AY +YAT (1 -y YC7TCY + B'BT = 0

where it is assumed that D' = 0 and the maximal eigenvalue A;(XY) < 7%
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Remark. A similar analysis can be carried out for anti-stable systems, i.e., for systems
with o(A') C C*. More generally, one can define a set of £, singular values related to
the state space system (4.3) if ¢(A’)N iR = B. In that case, the analysis of this section
will be symmetric with respect to the sets B; and Bf. However, we will not pursue the
details here.

4.3 Lyapunov balancing

Consider again the state space system described by (4.3). Suppose that the system is
minimal and asymptotically stable, i.e., o(A") C C~. Define the controllability and ob-
servability gramians W and M as the unique positive definite solutions of the Lyapunov
equations

AW +wAT+ B'BT = 0 (4.7)
ATM+ MA +CTC' = 0

It is well known that the eigenvalues of the product WM are similarity invariants and
that their square roots, {fi;}i=1,...n, pi1 = H2 2 ... 2 jin, are the Hankel singular values
(2] of the Hankel operator induced by the input-output map (4.3). We will show that the
Hankel singular values u;, ¢ = 1,...,n, can be obtained as a special case of our setting.
For this purpose, let £ > 0 and define the following norms on the past and future behavior
B and BF.

w2
Il 113

Like in section (4.2), B; and B;’ can be given a Hilbert space structure using these norms.
Note that for ¢ = 1 we obtain that the singular values of I'_ coincide with the LQG
singular values defined in section 4.1.

2 2 2
Iz +e* il

1 2 2
el +lw iy

A similar analysis as before shows that for ¢ > 0 the past and future gramians associated
with (4.3) are given by

P.=-¢'K;, Q.=K} (4.8)

where K7 and K} are, respectively, the minimum and the maximum solution (in the
sense of real symmetric matrices) of the Riccati equation

ATK + KA'— (BTK + DTCYT(DTD' + E151)-1(.';?”}( +D'TCY+CTC' =0
The following result claims that for £ — 0 the past and future gramians of a stable input-

output system converge to the classical controllability and observability gramian W and
M.
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Theorem 4.3 Let the equations (4.3) define a minimal state space representation of
(R,R?,8B;) and let i(c), i=1,...,n, denote the singular values of I'_. Suppose that the
singular values are ordered according to o1(€) > aa(e) > ... > a,(€) > 0. Ifo(A) CC™
then

imP, = W
e—0
hHBQ‘ = M.

Moreover, in that case lim,_goi{c)=p; foralli=1,...,n

Proof, Let £ > 0, 2 € X and note that

T . - n2 . 2 2 2

Pz = min w” ||©= min u 4= +¢ - 4.9
w = min JwTIts min w4y I (49)

T _ , + 2 = . 2 2

T Qez = wein fl w13 N lullgy + byl - (4.10)

First observe that, for any z € X, 7 P,z and z7Q,z are, respectively, nonincreasing and
nondecreasing if ¢ — 0. Second, note that by taking ¢ = 0 in (4.9), and v = 0 in (4.10),
we obtain that z7 P,z > 2T W=z and 27Q.z < zT Mz. Conclude from this that both
lim,_o27 P,z and lim,_ozTQ.z exist. Interchanging the order of ‘lim’ and ‘min’ then
yields that Yz € X

limzT Pz =zTW™1z and llm :-:TQ,x =z Mz.

e—0

Symmetry of P,,W,(Q, and M then yields the result. o

From Theorem 4.3 we conclude that the classical controllability and observability
gramians W > 0 and M > 0 associated with the minimal state space system (4.3) can be
obtained as a limiting case of Riccati balanced systems, Note that, for any 2o € X,

T Wz, | » ||2 (4.11)

lylzs - (4.12)

I

(".y)esz(zo)
Ig M Iy

"

(0-.!!)631.(’-'

In order to define Lyapunov balanced state space systems in a behavioral context, equa-
tions (4.11) suggest a more direct approach by taking the norms || u || c; On the past

behavior B3 and |f y || ¢t on the future trajectories in

Byn{w=>u", )T ju=0}.

For asymptotically stable systems || « || .- induces a Hilbert space structure on B; . How-
2

ever, (B, |l v |l C;) is not a normed space so that no Hilbert space structure can be induced

on BF in this way.
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5 Model approximation

In this section we discuss the model approximation problem for systems in B and develop
approximation procedures which are based on balanced representations.

Consider the model class B. For B € B, let ¢(B), the complezity of B, denote the minimal
dimension of the state space among the set of all state space representations of B. The
model approximation problem in B then amounts to reducing the dimension n = ¢(B) of
the state space of a system B € B, so as to obtain an approximate system B,.s € B of
complexity k = ¢(B,.q} < n that is, in some sense, close to B.

We will derive results for model approximation based on the method of balanced trum-
cations. A major criticism for this heuristic technique is that it is not clear whether the
resulting reduced order models are optimal in some metric defined on B. However, we will
provide bounds on specific distance measures between the given and the reduced order
system.

Consider a minimal driving variable state space representation (4.1) of a system B € B
and let Ky = KT > 0 be the maximal solution of the algebraic Riccati equation (4.2).
Define

F:= —(DTD)y"Y(BTK, + DTC)

And let R € R™X™ be any non-singular matrix such that RRT = (DTD)~. It is then
easy to verify that the driving variable system

i = Alz+ B (5.1)
w = C'z+ D'v

with A’ = A+ BF, B' = BR, C' = C + DF and I’ = DR also represents B. Moreover,
(5.1) is 2 minimal representation of B and it has the property that for all v € LJ' there
exist a unique pair (w,z) € £3" such that (5.1) is satisfied and {| v ||, =[] w ||,- That
is, the mapping ¥ : v € L — w € L] defined by the equations (5.1) is isometric. Stated
otherwise, the transfer function G(3) := C'(Is — A"}"1B’ + D' is inner, i.e., it is stable
and G*(iw)G(iw) = [ for all w € R. Let this state space system be given and assume that
its state space is balanced with respect to the standard inner products of L2(R~,R?) and
£L7(R*,R?) defined on the past and future behavior of B, respectively. (See section 4.1).

Hence, the singular values of the operator '_ are given by the LQG singular values
{6:}i=1,..ny 01 > 03 = ... > dn > 0 as defined and characterized in section 4.1. Let
n := ¢(B) and let k < n. Partition the state vector z of (5.1) as

()
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where z; € R*. Partition (A’, B',C’) conformally as

A' —_ ;1 Aiz BF — Bi L ! !
- ! 1 L] - B! ’ C'= (Cl 02)’ (5-2)
21 22 2

Write X = X; @ Xz with X; = R* and observe that the subspace X; C X of the state
space of (5.1) contains those states z; for which both z7 Pz, is relatively small and z7Qx,
is relatively large. This suggests that the subspace X, is of less relevance in assessing the
relative contribution of state space components to the interaction between the system and
its environment. The driving variable system

iy, = Ajxi+ By (5.3)
w = Ciz+ D'v

will be called a k-th order balanced approzimant of B,. Let B,(A},, B},C}{, D’) denote
its state space behavior. Its induced external behavior B,.s is regarded as a feasible
approximant of B. Clearly, ¢(B,.q) < k.

Remark. This method is obviously asymmetric with respect to time. Indeed, a similar
reasoning may be applied when considering the operator 'y, in which case the subspace
X3 is regarded as to determine the dominant subspace of the state space.

In the next theorem we show that for the k-th order balanced approximant B, .4 an explicit
upperbound can be given on the L, norm of the error system.

Theorem 5.1 Suppose that the state space system B, := B,(A', B’ ,(C’,D’), defined by
(5.1), is balanced with singular values

012 ...2 0> 041 2 ...2 0y

and suppose that the associated transfer function G(s) = C'(Is — A’Y"1B' + D' is inner.
Let B,(A%,, By, C{, D) be a k — th order balanced approrimant of B,. Then,

1. B,(A};, B}, C{, D) is balanced with respect to the standard inner products on L3 and
o

2. The transfer function Greq(s) := Ci(Is — A};)"1 B} + D' is inner, i.e., il is stable
and G} (iw)Grea(iw) = I for allw € R.

3. With G(s):= C'(Is— A")"1B' + D', there holds that

n
|G = Grea <2 Y ai(140%)73.
i=k+1
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Proof. 1. It is straightforward to verify that for any k-th order balanced approximant
B,(A}1, Bf, C1, D)) the Riccati equation

ALKy + Ki Ay + (B Ky + DTCHT(DT DY (BT K1+ DT CY) + C{TCL =0,
admits real symmetric solutions
Ky = diag(o1,...,0%) and K_ = —diag(o;!,...,o7").

The driving variable state space representation B,(A};, Bj,C}, D}) is then balanced by
Theorem 4.1.

2. It is well known (see, e.g., Theorem 5.1 in [2]) that G,.q4 is inner if and only if ¢{A};) C
C- and for some K = K7T there holds

ATK + KA+ CTC =0,BTK + D7CL =0, DTD' = I (5.4)

Clearly, DT D' = I, Next, consider the future gramian @ = diag(ay,---,,) and observe
that, by construction of (4’, B',C’, D"),

ATQ+ QA +CT¢' =0, BTQ+DTC' =0.

From this expression it follows that (5.4) holds for K = diag(o;,--,0%). It therefore
remains to show that ¢(A};) C C~. To see this, we apply a result of [16]) on standard
(Lyapunov) balanced truncations. Let W = W7 > 0 and M = M7 > 0 be the control-
lability and observability gramians associated with the triple (A’, B',C’). We have seen
that Q@ = M = diag(oy,...,0,). Moreover, it is straightforward to verify that the past
gramian P = W~! — Q. Infer from this that

P'Q = diag(c?,...02) = (I - WM)'\WM = (M~'W™' =)™, (5.5)

In particular this observation implies that WM = diag(+3,---,72), where 1 > 3 > --- >
Y¥n > 0 where

Yi=0i(1+0?)73, i=1,,n

As P~1Q is diagonal and positive definite, we first conclude that 1 > ;. Now, consider
the balanced approximant (A},, B}, C{, D'). Since, by assumption, oy > k4, it follows
that also yx > Yk41. From [16] we infer that o(A},) C C~, as desired.

3. The last statement of the theorem follows from the observation that, by (5.5), the
state space system defined by (A’, B',C’) satisfies WM = diag(y2,. 272}, while M =
diag(o,...,0,). Hence, also W is a diagonal matrix and a state space transformation
g — §7lz with § = (J + M?)'/4 achieves that M = W = diag(1,...,7a). Since
S is a diagonal matrix, the state space X of the k—th order balanced approximant
B,(A};, Bi,C}, D'} coincides with the state space obtained from a k—th order balanced
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truncation of a Lyapunov balanced representation of B. This implies that a k — th
order truncation of a Lyapunov balanced representation of B also coincides with tha
quadruple (Aj,, Bj,C{, D’). Consequently, the controllability and observability grami-
ans Wy and M,, associated with the triple (A},, B}, C}) satisfy W, My = diag(+3,...,7}).
and (A4};, B{,C], D) defines a standard input-state-output system with corresponding
(Hankel-) singular values ¥,...,v. The result then follows from [2}, Theorem 9.6. O

It follows from the proof of Theorem 5.1 that whenever the state space system
Bs(A’3 B’, C’: DI)

is balanced with respect to the standard inner products on £; and £3, then the k~th
order balanced truncation (A}, B}, C}, D'} coincides with the k—th order system which is
obtained by truncating the standard (Lyapunov) balanced triple ( A/, B’, C’) for which the
associated controllability and observability gramians W and M are equal and diagonal.
In the notation of the above theorem, the positive real numbers

7;:=0’;(1+0’?)“%, 1=1,...,n

are, in fact, the square roots of the eigenvalues of the matrix WM. This interesting connec-
tion between balanced truncations of LQG balanced state space systems and truncations
obtained from Lyapunov balanced representations has been pursued by several authors.
See, e.g. [14] [8] for more details.

We finally remark that the transfer function G,.q in statements 2 and 3 of Theorem 5.1
has the interpretation of a generator of a graph of a reduced order system. That is, the
trajectories of the external behavior associated with G,.q4 are given by the image of G, .4
when viewed as an operator Gy.q : Ly — L defined as w = G,.qv. where w and v are to
be interpreted in the frequency domain.

6 Conclusions

In this paper we developed the comcept of a balanced state space using the behavioral
framework of systems theory. The intrinsic property of state is to split the past and
future behavior of a linear time-invariant system. This property is formalized in a set
theoretic context and is used to introduce a concept of balancing without reference to
specific equations that describe the dynamic behavior of the system. Apart from the
generality of this set-up, this has the advantage that the property of a balanced state
space is well defined for a wide variety of state space representations, including input-
state-output representations, descriptor systems, state space systems in driving variable
form, etc. The past and future behavior of a system have been viewed as Hilbert spaces in
which the corresponding norms quantize the effect that past trajectories exhibit on their
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continuations and the effect future trajectories exhibit on their antecedents. We showed
that this quantification naturally leads to an identification between the state space of the
system and its algebraic dual by means of two gramians: the past and the future gramian
of the system. In a balanced state space these gramians are required to be diagonal and
each others inverses. It has been proved that for the class of linear time-invariant and finite
dimensional systems, balanced representations always exist. In fact, the so called Riccati
balanced state space representations appear in a very natural and convincing way using
this framework. H, balanced representations have been introduced and we discussed how
the prevailing notion of (Lyapunov) balanced representations can be obtained as a special
case of our setting.

The concept of H,, balancing can be generalized so as to incorporate non-stable systems.
In the line of section 4.2 one can easily formalize an extension to define an £, balanced
state space representation. Other generalizations can be made to infinite dimensional
systems, dissipative systems or non-linear systems. However, these generalizations have
not been pursued here and are the topic of future research.
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