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Abstract 

In a Hilbert space X consider the evolution equation 

~= - Au 
dt 

A.l 

with A a nonnegative unbounded self-adjoint operator. A is the infinitesimal 

generator of a holomorphic semi-group. Solutions u(·) (O,~) + X of this 

equation are called trajectories. Such a trajectory mayor may not corre

spond to an "initial condition at t = 0" in X. The set of trajectories is 

considered as a space of generalized functions. The test function space is 

defined to be Sx A = U e-tA(X). 
, t>O 

For the spaces SX,A' TX,A I discuss a pairing, topologies, morphisms, tensor 

products and kernel theorems. Examples are given. 

AMS Classifications 46F05 46Fl0 
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CHAPTER O. Introduction, survey and examples 

In a very inspiring paper, De Bruijn [BJ has proposed a theory of generalized 

functions based on a specific one-parameter semi-group of smoothing opera

tors. This semi-group constitutes what is known as a holomorphic semi-group 

of bounded self-adjoint operators on L2 {IR). This observation has enabled me 

to generalized De Bruijn's theory and to place it in a wider context of 

functional analysis. 

The present paper contains a theory of two types of topological vector 

spaces: The analytici ty space 5X,A and the trajectory space T X ,A. These 

spaces are characterized by a one-parameter holomorphic semi-group e-tA of 

bounded self-adjoint operators on a Hilbert space X. The infinitesimal 

generator A is a nonnegative unbounded self-adjoint operator in X. If we 

take a suitable operator A in a Hilbert space X = L2(M,~), then the elements 

of 5X,A can be regarded as test functions on the measure space M and the 

elements of TX,A can be regarded as generalized functions on M. 

The functional analytic approach of the present paper makes it possible to 

transfer large pieces of Hilbert space theory to distribution theory. This 

has led to a detailed exposition of continuous linear mappings, of topolo

gical tensor products and of four kernel theorems. Systematic considerations 

on continuous linear mappings are not current in distribution theory! 

Topologically our theory of generalized functions can be compared with the 

usual theories as follows. For simplicity consider generalized functions on 

IRn. Suppose these generalized functions are described by a Gelfand triple: 

5 c: L2 (IRn) c: 5·. Three types can be distinguished: (a) Neither 5 nor S· is 

metrizable, (b) 5 is metrizable, 5· is not, (c) S· is metrizable, S is not. 

Examples of cases (a) and (b) are furnished by Schwartz' theory of ordinary, 

respectively tempered distributions. Our theory is always of type ec). 

Next I mention some possibilities, advantages and applications of the 

present theory. 

- OUr generalized functions are represented by trajectories, a concept which 

is very close to the physical intuition of what a generalized function 

should be. 

- Test function spaces can be constructed that are invariant under a set of 

given operators. We can always do this in an abstract way. However, the 
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characterization of thus obtained test spaces in terms of classical 

analysis may be a hard job. For results in this direction see [B], [E
l
], 

[ETh] , [EG], [EGP] , [GZ]. 

- Many of the test spaces of Gelfand-Shilov are special examples of SX,A
spaces. So our general theory applies to them. See [EGP]. 

- Hyperfunctions of fixed bounded support can be represented by trajectories. 

So our general theory also applies here. A paper on this subject is in 

preparation. 

- A matrix calculus for continuous operators on nuclear SX,A and TX,A spaces 

has been developed. See [ETh]. 

If T X,A is a nuclear space and B is an arbitrary self-adjoint operator in 

X, then there is a "Dirac basis" of TX,A consisting of eigenvectors of B. 

See [ETh] , [EG
2
]. 

- With the aid of trajectory spaces a mathematical rigorization of Dirac's 

formalism has been given which goes much beyond the traditional (attempts 

to) rigorizations. See [ETh], [EG
1
], [EG

2
]. Also the CCR and CAR relations 

in the quantum theory of free fields have been given a mathematical 

interpretation which comes very close to physical usage. A paper on this 

subject is in preparation. 

- A functional analytic model for quantum statistical mechanics with unbounded 

observables has been constructed. See [ETh]. 

The parts B and C of the present paper contain the basic functional analytic 

theory of SX,A spaces, TX,A spaces and linear operators between them. The 

present part A contains a partial survey of this general theory and a number 

of examples of analyticity spaces which have been characterized in "classi

cal" analytical terms. 

The subdivision of the survey corresponds to the chapters I-VI of parts B 

and C. 
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I. The analytici ty space SH ,A 

Let A be an unbounded nonnegative self-adjoint operator with domain D(A) in 

a Hilbert space H with norm n-!r and inner product (;" -). Using spectral 

theory the operator e zA can be defined for each complex z. All operators 
zA zA . e are normal, e is unbounded ~fRe z > 0 and bounded if Re z :::; 0, the 

operator e zA 
is self-adjoint if z e IR. 

f e H is called an anaZytio veotor for A if 

and 

00 

~ e D(A~) = n D(An) 
n=1 

n = 0,1,2, ••• 

for some fixed constants a, b only dependent on f. 

The analyticity spaoe SH,A is the ~et of all analytic vectors for A. SH,A is 

a dense linear subspace of H and we can write 

tA 
D (e ) • 

See [NeJ. In other words, for each f e SH A there 
TA ' TA 

exists T > 0 such that 

The domain D(e tA), e f e H. For T small enough one even has e f e SH,A' 

t ;:: 0, can be made into a Hilbert space by introducing the norm 11-11 t = lie tA_lI 

and corresponding inner product on it. 

Since D(e tA) ~ D(e TA) if 0 < t < T it is possible to introduce the inductive 

limit topology on SH,A' An explicit complete system of semi-norms for this 

topology can be constructed in the following way. 

Let B+ denote the set of real valued Borel functions 1jJ on IR such that 

- 1jJ(x) ;:: E > 0, E e IR, 
-tx - for all t,> 0 the function x ~ 1jJ(x)e is bounded on [0,=). 

By the spectral theorem for self-adjoint operators, the operators 1jJ(A), 
-tA 

1/J e B + are well defined and the operators 1jJ (A) , t > 0, are all 

bounded in H. Therefore on SH,A the semi-norms P1jJ are well defined by 

P1jJ(f) = 111jJ(A)fll. These semi-norms generate the inductive limit topology on 

SH,A' Exploiting these seminorms the following topological results are 

obtained: 
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- A subset U c SH,A is bounded iff there is at> 0 such that U c: D(e tA, 
tA 

and e (U) is a bounded set in H. 

A subset K c: SH,A is compact iff it is bounded and etA(K) is a compact 

set in H for some t > O. 

A sequence (fn) c SH,A is Cauchy iff there is t > 0 such that (etA f n) is 

a Cauchy sequence in H. 
- SH,A is complete, bornological and barreled. 

- SH,A is Mantel iff for every t > 0 the operator e -tA is compact on H. 
-tA - SH ,A is nuclear iff for every t > 0 the operator e is Hilbert-Schmidt 

on H. 

II. The trajectory space TH,A 

In H consider the evolution equation 

(1) du = _ Au 
dt I 

t > 0 • 

A solution F of this equation is called a t~ectory if F satisfies 

(2. i) Vt>o F(t) E H 

(2.11) V V e--rA F(t) == F(t +1') • 
t>O 'pO 

It is emphasized that limt +O F(t) does not necessarily exist in H-sense. 

A -tA A . Take e.g. F(t) == e x, x t D( ). The complex vector space of all trajec-

tories is named trajectory spaae and denoted by TH,A' The space TH,A is 

considered as a space of generalized functions. Heuristically speaking, the 

initial condition of F(t), which is not necessarily an element of H, is a 

"generalized function". 

H can be embedded in T H ,A by means of the linear mapping emb: 

H -tA emb: -+ T H ,A : (emb f) (t) == e f 1 f E H, t > 0 . 

Thus 
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In TH,A a topology is introduced by the semi-norms 

F 1+ II F (t) II , t > 0 . 

This topology makes TH,A into a Frechet space. 

The elements of TH,A can be characterized as fOllOWS~tALet F E TH,A' 

there exists w E Hand $ E B+ such that F(t) = w(A)e w, t > O. 

Then 

The following topological results are obtained: 

- A subset U c TH,A is bounded iff each of the sets {F(t) I FEU}, t > 0, is 

bounded in H. 

A subset K c TH,A is compact iff each of the set {F(t) I F E K}, t > 0, is 

compact in H. 

A sequence (Fn) c TH,A is Cauchy iff for each t > 0 

sequence in H. 

(F (t» is a Cauchy 
n 

TH,A is complete, bornological and barreled. 

TH,A is Montel iff for every t > 0 the operator e-
tA 

is compact on H. 

TH,A is nuclear iff for every t > 0 the operator e-tA is Hilbert-Schmidt 

on H. 

III. The pairing of SH,A and TH,A 

The pairing <.,.> between SH,A and TH,A is defined by 

(3) <g,F> TA = (e g,F(T» g E SH,A ' F E T H ,A • 

This definition makes sense for T > 0 sufficiently small and due to the 

trajectory property (2.ii) it does not depend on the choice of T. 

By means of the duality (3), weak topologies are introduced on SH,A and 

TH,A' It turns out that both spaces are reflexive in these weak topologies 

and in the strong topologies of Chapters I and II. Besides a Banach-Steinhaus 

theorem and a characterization of weak convergence of sequences we prove 

equivalence of the following statements: 

-tA - For each t > 0 e is compact on H. 

Each weakly convergent sequence in SH,A (TH,A1 converges strongly in 

SH ,A <T H ,A) • 
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IV. Characterization of continuous linear mappings between the spaces 

SH,A ~ TH,A 

The following four types of continuous linear mappings will be studied in 

detail: 

In addition we shall characterize the continuous linear mappings from SH,A 
into SH,A which can be extended to continuous linear mappings from TH,A 
into TH,A' 
Here I only mention the following simple result. Suppose P 

a continuous linear mapping. P can be extended to 

P : TH,A -+ TH,A 

H P* P iff the -adjoint of satisfies 

* D(P) ~ SH,A and 

Of course one has 

< P* ff F > = < f,P:F > 

for all f € SH,A' F € TH,A' 

V. Topological tensor products of SH,A and TH,A 

On algebraic tensor products of SH,A and TH,A several locally convex topo

logies can be imposed. In part C, Chapter V, four cases are considered and 

the completions are fully characterized, As examples I mention the following 

simple cases: 

SH,A ® SH,A = SH®H,AEA 

TH,A ® TH,A = TH®H,AEA 

Here the Hilbert space H ® H is the set of Hilbert-Schmidt operators from H 
into itself and A E A = A ® 1 + 1 ® A 
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VI. Kernel theorems 

The topological tensor products of Chapter V can be put into correspondence 

with the continuous linear mappings of Chapter IV. 

For example, let K E TH®H,AEA. Then the corresponding operator K 

is defined by 

~ -(t-E)A ~ EA 
(Kcp) (t) = e K(E)e cp 

This definition makes sense for E > 0 sufficiently small and the result 

does not depend on the choice of E. 

If TH®H,AeA comprises all continuous linear mappings from SH,A into TH,A we 

th t k I th h ld Th·· . I th . f -tA H H say a a erne eorem 0 s. 1S 1S prec1se y e case 1 e E ® , 

i.e. is Hilbert-Schmidt, for all t > O. 

Similarly, three more kernel theorems are discussed. 

In [EThJ the operator theory of Chapters IV, V and VI is developed further. 

Amongst others, a kernel theorem is proved for extendable operators. 

The program of this paper has also been carried out for general distribution 

spaces of tempered type by Van Eijndhoven [E2J. 

I conclude part A with a series of examples mainly of analyticity spaces. 

The first example is very simple. It is discussed in some detail for illus

trati ve purposes. The other examples indicate the scope of applications in 

analysis of the present theory. In the examples I often denote SH,A by S 

and TH,A by T. 

Example 1: d
2 

A=--2· 
dx 

2 The domain D(A) of A is the Sobolev-space H (IR). The trajectories are 

classical solutions of the elementary diffusion equation 

(4) X E IR, t > 0 , 

wi th the property V t>O F (., t) E L2 (IR) . 
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Corresponding to any "initial condition" f € L2 em) there is a trajectory 

given by the well-known formula 

co 

(5) F(x/t) = (e-tA f) (x) = ~(1ft)-~ f f(~) exp(- (x~.;)2)dxl t > 0 • 

-tA 
From the strict positivity of the integral operator e it follpws that for 

a given trajectory F ( • I t) there exists at most one g € L2 (IR) such that 
-tA F(-/t) = e g. In general there exists no g € L

2
(IR) such that 

-tA 
F (. I t) = e g. 

Consider e. g • 

(6) G(x,t) 
-~ (x - a) 2 = 2 (1ft) exp - 4t 

Note that G(x,t) "tends" to the a-function a(x-a) for t 4- O. Any derivative 

of G is again a trajectory. 

With (5), its inversion formule (see [BJS]) and some straightforward L2-

estimates it can be shown that f E L2 (IR) belongs to S iff 

(a) f can be extended to an entire analytic function; 

(7) 
(b) 3 V 

A>O/B>O y€IR 

zA 
Examples of continuous operators on S are eiRe z ~ 0, Ra' Tb , ZA' V and 

iax composi tions of these. Here (Raf) (x) = e f (x), a E IR, (Tbf) (x) = f (x +b) , 

b € ~, (ZAf) (x) = f(Ax), A € IR, A F 0, (Vf) (x) = df(x)/dx. These operators 

can be extended to T. 

Further I want to show that certain strongly divergent Fourier integrals can 

be interpreted as elements of T. 
This interpretation is closely related to the Gauss-Weierstrass summation 

method. Let g be a measurable function on lR such that for each E > 0 the 

function g{y)e-
Ey2 

is in L2 (IR). The possibly divergent Fourier integral 

1"" g(y)eiYX dy can be considered as an element of T. Its trajectory G is 
-co 2 
given by G(x,tl = fro g(y)e-ty eiYXdy. This simple illustration of our 

_co 

theory certainly has some elegant features, but in some respects the 
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-tA . illustration is too simple. Since e 1S not a Hilbert-Schmidt operator 

there is no kernel theorem in this case. That is to say, there exist con

tinuous linear mappings from S into T which do not arise from a trajectory 
2 of the diffusion equation in L2 (IR ). Cf. Chapter VI, case b. 

EXaIllfle 2: 

D(A) is the Sobolev-space H1(IR). In this case 

¢<) 

-tA r 
(e u) (x) = J K

t 
(x, y) u (y) dy 

_0<) 

with 

1 = -
11' J 

1 t exp(-!klt) cos k(x-y)dk =- 2 
11' t 2 + (x _y) o 

which is just the Poisson-kernel for solving the Dirichlet problem in a half 

plane t ~ O. This is not surprising, since, at least formally, 

Here S consists of the functions f which are analytic on a strip around the 

real axis and which satisfy 

¢<) 

sup f If(x +iy) 12 ax 
-h<y<h -<lO 

< "" 

for h sufficiently small. The width of the strip depends on f. 

Example 3: 

A 2~ D( ) is the periOdiC Sobolev space H ([0,211'J). In this case per 



21T 

-tA J (e u) (x) = Kt(a~x,y)u(y)dy 

o 
with 

"" 
Kt(aix,y) = 2~ I exp { - I n I 20. t + in (x - y)} = 

n=-oo 

20. } exp{ -n t} cos n(x-y) • 

For 0. = 1: 

Here 93 is one of Jacobi's theta functions [WW], p. 464. 

For 0. = ~: 

1 sinh t 
Kt (~;x/Y) = 21T cosh t - cos (x -y) • 

A.ll 

In the latter case the smoothing integral operator is the Poisson kernel for 

the solution of the Dirichlet problem for the unit disc. For a general 

discussion of this phenomenon see Example 8. 
2 For each 0. > 0: K

t
(0.1·'·) € L

2
([0,21T] ). Therefore in this case kernel 

theorems hold. See Chapter VI. 

Certain strongly divergent Fourier series do have a meaning within this 

theory. 

Let a > 0 be fixed. If a sequence of complex numbers {c}"" is such that n n=-oo . 
{ 2a , 00 ~nx 

Ic I exp -elnl } ~s a bounded sequence for each E > 0, then E c e 
n n=-oo n 

can be viewed as a generalized function. The corresponding trajectory is 

given by 

G(x,t} = 
n=-a> 

c exp{ - I n I 2a t + inx} • 
n 

For 0. = 1, S consists of periodic entirely analytic functions f with period 

21T and growth estimate 

If(x +iy) I ~ Ae
By2 

where A and B depend on f. 
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For ~ = ~, S consists of periodic functions which are analytic on a strip 

around the real axis and have period 21T. 

This example can be generalized to analytic test function spaces on n

dimensional tori. 

Example 4: 
( dZ)~ 

A = log I I - -Z . 
\ dx . 

2 2 2 -tA 
For the domain of I - d Idx we take again H (IR) • For t > 0 the set e (H) 

equals the usual Sobolev-space Ht(IR). In this case we have 

S = H+O = U Ht 
t>O 

T = H-O == n H- t . 
t>O 

So the test functions (generalized functions) are only a tiny little bit 

smoother (more singular) than the L2 (IR) - functions. 

H+O ( ). "nd" H"" (IR.) n Ht ( ) IR ~s an 1- uative limit in contradistinction to = t>O IR I 

a current test space of smooth functions I which is a projective limit. 

Cf. eGS] • It follows from Chapter r Th. 1. 11 and; Chapter '.It Th. 2. 11 that 

H+O (IR) and H-O (IR) are neither Montel nor nuclear. (Neither is HO) (IR}.) 

If we replace IR by some finite interval [a,b] and if we take self-adjoint 
2 2 +0 -0 

boundary conditions for the operator d Idx , then H ([a,b]) and H ([a,b]) 

are Montel but not nuclear. (The space Hoo([a,b]) is nuclear now!) 

This example can be generalized to (open subsets of) IR
n 

in an obVious way. 

2 1/2a. 

H = L2 (IR) I A == (x2 
- ~2) I a. ~ ~ • 

We can write 

-tA I (e u) (x) = Kt(~;x,y)u(y)dy 

An explicit expression for K
t 

if ~ = ~ can be found in [B]. In a probably 

not generally known paper [GZ], the Chinese mathematician Zhang Gong-Zhing 
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So. L has proved that the Gelfand-Shilov space 0.'0. ~ ~ consists of precisely 

those L2 em) - functions which satisfy 

O 1/20. (f,tP) = (exp(-m ) 
n 

for some T > O. Here tP denotes the nth Hermite function, n = 0,1,2, •••• 
1/2

n 
Since AtPn = (2n + 1) a tPn ' it follows that S~ = SH,A 
For each t > 0, a ~ ~ 

I 
n=O 

_tn1/ 2a 
e tP (x) 1jI (y) • 

n n 

This kernel belongs to L
2

(]R2}. Therefore all spaces S~, a ~ ~, are nuclear. 

See Chapter I, Theorem 1. 11 . 

In [GZ] the dual space (Sa)' has been described by means of Hermite pansions 
a 

introduced by Korevaar, [K]. 

Gong-Zhing has proved that the dual space (Sa)' can be identified with 
a 

Hermite pansions l: a 1/J which satisfy n n . 

It will be clear that Hermite pansions of this type correspond to trajec

tories F in the following way: 

ti+-
0:> tn1/ 2a 
I a e- 1/1 

n=O n n 

* ~ 1 
The spaces S~ and S1 deserve some special attention. The test space, intro-

~ duced and studied in detatl by De Bruijn in [B] is in fact S~. It contains 

entire analytic functions f of growth behaviour 

M, A and B are dependent on f. For his description of the dual (S~l' 
De Bruijn introduces the concept that is called a trajectory in the present 

paper. 
~ 

Further, S~ is the analyticity domain of a unitary representation of the 

Schrodinger group in L
2

(]R). Cf. Example 9. 
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The functions f € Si are analytic on a strip around the real axis and obey 

the estimate 

sup 
-h:;;yQl 

If(x +iy) I :;; Ae-B1xl • 

A, B and h are dependent on f. 

Si is the analyticity domain of a unitary representation of the Heisenberg 

group in L2 (IR). Cf. Example 9. 

Example 6: ( 
2' )k+1/2k d 2k A= ---+x , 

. dx2 , 
k E :IN. 

2k k+l/2k 

( k d 2) A = (-1) ~ + x , 
dx 

The S-spaces are the respective Gelfand-Shilov spaces S~~:i, S~~:i. 
These spaces are all nuclear. For the proofs see [EGP]. 

Example 7: H :: L2 (0,00) , (l > -1 • 

For each (l the S-space consists of functions f such that x-«l+~)f(X) is an 

even function in the Gelfand-Shilov space S~. For the proof see [EG], [E 1]. 

For each (l the S-space is nuclear and invariant under the Hankel transform-

(lEE f)(x) 
(l :: f 

o 
J (xyl/XY f (yldy 

(l 

The preceding examples can all be generalized to n-dimensions in a direct 

obvious way. These generalizations can also be obtained by application of 

the theory of Chapter V where topological tensor products of the spaces S 

and T are formed. 

Our type of distributions can be introduced on any, not too bad, differen

tiable manifold M by taking for A a positive elliptic differential operator 

which is self-adjoint in an L2-space over M. On a compact Riemannian manifold 
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one may take the Laplace-Beltrami operator. This can be done on the q

dimensional unit sphere $I in IRq+1 for example. In the latter case however 

a very nice semi-group of smoothing operators can be chosen which is closely 

related to the Poisson-integral solution of the Dirichlet-problem for the 

unit ball in IRq+1• This is the subject of the next example. 

Here ~ denotes the Laplace-Beltrami operator, 1 denotes the identity 

operator. 

After introducing orthogonal spherical coordinates Xi = rFi (61, ••• ,6q), 

1 ::; i ::; q+l in mq+1 we obtain for the Laplacian 

(8) 
q+l 32 32 3 1 

t!.= I _=_+51_+_1::. 
. 1 ... 2 ,,2 r or 2 LB 
l.= C1X. C1r r 

l. 

From this it follows, see (M] p. 4, that an m-th order spherical harmonic 

is an eigenvector of I::.LB with eigenvalue equal to - m(m +q -1) • 

A simple calculation shows that each m-th order spherical harmonic is an 

eigenvector with eigenvalue m of our operator A. 
Introduction of r = e -t in (a} transforms the Laplacian into 

The expression between { } can be factored into two evolution equations. 

Thus 

2t (1 2 
I::. :: e (at + ~ (q -111 + {~(q -11 1 I::. }~J' 

LB 

3 2 ~ • (1;t - ~(q -1)1 + {~(q -1) 1-- ~LB} ] • 

The second factor can be written as a/at + A. 
From these considerations it follows that substitution of r = e-t in the 

Poisson integral formula, cf. [M] p. 41, leads to an integral expreSSion 

for e-tA 
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(9) 
(2-1et)~(q-1) sinh t 

~( +1) u(n)dw (n) • 
(cosh t + ~'n) q q 

Here ~ and n denote elements of ~, Le. unit vectors in mq+1• The "surface 

measure" of ~ is denoted by dw , while ~·n denotes the inner product of ~ 
q 

and n. 

For fixed n the kernel in (9) denotes the trajectory of the o-function 

centered at n. For a representation of the kernel involving zonal harmonics, 

see (GSe]. Here the operator e-tA is obviously Hilbert-Schmidt. So kernel 

theorems are available. Similarly to Example 3 certain strongly divergent 

sequences of spherical harmonics can be "summed". 

EXample 9: Analytic vectors. 

In [Ne], Nelson introduced the notion analytic vector. He uses the notation 

C
W 

{A>. for SH,A' 
The notion analytic vector was also introduced for unitary representations 

of Lie groups {see [Ne], (Wa], [Go] and [Na]): 

Let G be a finite dimensional Lie group. A unitary representation U of G is 

a mapping 

g '"'" U(g) , g E: G 

from G into the unitary operators on some Hilbert space H. 
A vector f E: H is called an analytic vector for the representation U, if the 

mapping 

g 1+ U(g)f 

w is analytic on G. We denote the space of analytic vectors for U by C (U). 

Let A{G) denote the Lie algebra of the Lie group G, and let {Pl, ••• ,Pd} be a 

basis for A(G). Then for every p E: A(G} 

S 1+ U (exp (ap) 1 

is a one-parameter group of unitary operators on H. By Stone's theorem its 

infinitesimal generator, denoted by aU(pJ, is skew-adjoint. Thus the Lie 

algebra A(G) is represented by skew-adjoint operators in H. Put 
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A = I -

Nelson, [Ne], has proved that the operator A can be uniquely extended to a 

positive, self-adjoint operator in H. Denote its extension by A, also. Then 

we have, with [Ne], [Go], COJeu) = SH,A~' 
Following [Go], proposition 2.1, an op~rator aU{p) maps SHtA~ into itself. 

Since aU (p) is skew-adjoint, continuity follows from Chapter IV Theorem 4.2 •. 

In several cases the space SH,A~ is nuclear. We mention the following cases. 

SH,A~ is nuclear if U is an irreducible unitary representation of G on H and 

one of the following conditions is satisfied: 

(i) G is semi-simple with finite center. 

(ii) G is the semi-direct product A ® K where A is an abelian invariant 

subgroup and K is a compact subgroup, e. g. the Euclidean groups. 

(iii) G is nilpotent. 

For a proof see [NaJ, possibly other cases can be found in [Wa]. 

This example has been taken from [ETh]. 



A.18 

References 

[B] Bruijn, N.G. de, A theory of generalized functions with applications 

to Wigner distribution and Weyl correspondence. Nieuw Archief voor 

Wiskunde 3, XXI (1973), pp. 205-280. 

[BJS] Bers, L., F. John and M. Schechter, Partial differential equations, 

Lectures in applied mathematics, Vol. III, Interscience Publishers, 

1964. 

[es] Choquet, G., Lectures on analysis. Vol. II W.A. Benjamin, Inc. 

New York 1969. 

[E l ] Eijndhoven, S.J.L. van, On Hankel invariant distribution spaces, 

EUT-Report 82-WSK-Ol, Eindhoven University of Technology, 1982. 

[E2] Eijndhoven, S.J.L. van, A theory of generalized functions based on one 

parameter groups of unbounded self-adjoint operators, TH-Report 

81-WSK-03, Eindhoven University of Technology, 1981. 

[ETh] Eijndhoven, S.J.L. van, Ph.D. thesis, Eindhoven University of 

Technology, 1983. 

[EG] Eijndhoven, S.J.L. van, and J. de Graaf, Some results on Hankel 

invariant distribution spaces. Proc. Koninklijke Nederlandse Akaderoie 

van Wetenschappen, A86(1), 1983. 

[EGP] Eijndhoven, S.J.L. 

tion of the spaces 

To appear in SIAM, 

van, J. de Graaf and R.S. Pathak, A characteriza
k/k+l 

Sl/k+1 by means of holomorphic semi-groups. 

J. Math. Anal. 

[G] Graaf, J. de, A constructive approach to one parameter seroi-groups of 

operators in Hilbert space. Arch. Rat. Mech. Anal. ~ (2) 1971, 

125-153. 

[Go] Goodman, R., Analytic and entire vectors for representations of Lie 

groups, Trans. Amer. Math. Soc., 143 (1969}, 55. 

[GS] Gelfand, I.M. and G.E •. Shilov, Generalized functions, Vol. 2, Academic 

Press, New York, 1968 



.. 

A.19 

[GSe] Goethals, J.M. and J.J. Seidel, Spherical designs. In "Relations 

between combinatorics and other parts of Mathematics", Proc. Symp. 

p. Math. 1978, Ed. D.K. Ray Chaudhuri. 

[GZ] Zhang, Gong-Zhing, Theory of distributions of S-type and pansions, 

Chinese Mathematics 4 (2), 1963,211-221. 

[J] Janssen, A.J.E.M., Generalized stochastic processes, TH-Report 

76-WSK-07, Eindhoven University of Technology, 1976. 

[KJ Korevaar, J., Pansions and the theory of Fourier transforms, Trans. 

Amer. Math. Soc., 91, 1959, pp. 53-101. 

[LS] Ljusternik, L.A. und W.I. Sobolev, Elemente der Funktionalanalysis, 

Akademi Verlag, Berlin, 1968, 

[M] Muller, C., Spherical harmonics, Lecture Notes in Mathematics !I, 
Springer, Berlin, 1966. 

[Na] Nagel, B., Generalized eigenvectors, in "Proceedings NATO ASI on 

Math. Phys.", Ed. A.C. Barut, Istanbul, 1970, Reidel, 1971. 

[Ne] Nelson, E., Analytic vectors, Ann. Math. 70 (1959), pp. 572-615. 

[PW] Protter, M.H. and H.F. Weinberger, Maximum principles in differential 

equations, Prentice-Hall, Inc., New Jersey, 1967. 

[RS] Reed, M. and B. Simon, Methods of modern mathematical physics, Vol. I, 

Academic Press, New York, 1972. 

[S] Streater, R.F. (ed.), Mathematics of contemporary Physics, Academic 

Press, New York, 1972. 

[sea] Schaefer, H.H., Topological vector spaces, G.T.M. Vol. 3, Springer, 

Berlin, 1971. 

[T] Takashi Ichinose, Spectral properties of tensor products of linear 

operators, Trans. Amer. Math. Soc. (237), i978, pp. 223-25<4. 

[W] Weidmann, J., Linear operators in Hilbert spaces, G.T.M. vol. 68, 

Springer-Verlag, New York, 1980. 

[Wa] Warn~r, G., Harmonic analysis on semi-simple Lie groups, Springer, 

1972. 



[WW] Whittaker, E.T. and G.N. Watson, A course of modern analysis, 

Cambridge, U.K., 1952. 

A.20 

[Y] Yosida, K., Functional analysis, Grundlehren Band 123, Springer, 

Berlin, 1971. 

Acknowledgement 

I wish to thank Dr. S.J.L. van Eijndhoven for making valuable suggestions 

on the presentation and the examples. 


