EINDHOVEN
e UNIVERSITY OF
TECHNOLOGY

Determination of the quasi-static behaviour of viscoelastic
materials and spectral analysis

Citation for published version (APA):

Alhan, C. C. (1985). Determination of the quasi-static behaviour of viscoelastic materials and spectral analysis:
with an introduction to linear theory of viscoelasticity. (DCT rapporten; Vol. 1985.004). Technische Hogeschool
Eindhoven.

Document status and date:
Published: 01/01/1985

Document Version:
Publisher's PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

* A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOl to the publisher's website.

* The final author version and the galley proof are versions of the publication after peer review.

* The final published version features the final layout of the paper including the volume, issue and page
numbers.

Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

» Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
* You may not further distribute the material or use it for any profit-making activity or commercial gain
* You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:

openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 08. Feb. 2024


https://research.tue.nl/en/publications/027025b3-a803-4780-a51e-1cbebdcf9f45

DETERMINATION OF TH< QUASI- STATIC
BEHAVIOUR OF VISCOELASTIC MATERIALS

AND  SPECTRAL  ANALYSIS

Witk an Trntreduction to Linéar T]\(or‘y';:;eo{

| \/ isco e,\&s-i:(c;{g

‘Cumhur AHﬁSh

Eindho ven Uh iversity OC 'Tp_chholcg {j‘

De partment D‘(: | Funds mental Mechan (cs
Report - WEWB5-004
19 85



Ia the course of my student ({fe on the Eindhoven
lewiversfi£9 of Tec;hho(oguj, what struck e mosk was
a Mmode oﬁ rtascm(ng-, which eSSQnHaUq beina absurd,
nevertheless worked out Q\‘u(tl‘:uk\&).’ |

This absurd measoning (s pechaps at (bs best des.
cribed E'\:j (:Ljoéor Dos%gevskg:

I S‘icavrog‘m beix’tves, he does mot think he believes.
}ﬁ ;hé’ dives mot belleve, he does noct think he does not

believe.
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LNTRCDUCTION

The mathematical backgmumd of the theories of
v\’_sc,otkasjc{c%y s the <ame as +hat oﬁ the Linear
{m{:egr&k theow whicb applies to disercte
sgs%ems and all herﬁd({.@rﬂ Phe\xomena N Sa\\em\.
T this r&spect, Linear Viswa\asﬂcit;\u)’ )Cormg the
mechan cal anatogor\ @WC the (inear metwork thcorsj,
while +he descrEP{iQn of. the wviscoelastic eﬂ[ﬁec%s
may equallg eoell &PPL‘:) 1o the disc_r‘(p{ioh oﬁ \
such her-ed".t&r}j‘ phenomena as the dielectric }
behaviour and the \“ﬂag\"\eﬁdc éwfter'cg_ged:,
T\ﬁech@nfcalla‘, the integral theory of viscoelas.
’cic}ttj may be conceived as a ge\wera\i‘zatio\ﬁQL
the classical ‘E\\eertj o,(,- eL&&‘HQ{tb\! {:Qr Whieh the
interest centers Primsr{lg on the ‘t\\ﬁ’\'é*dﬁ\i)ﬁhs
et behaviour o.\f materials, ITn the present
Pawperw@ shauwc\sSCUSS ‘U")f, Li(hé&.\?"‘{:heor}j o-(r !
v(sc@c(gst(c{t}) and the charactevrization O.(; the
time- inveriant viscoelastic eﬁ(ecics in the short
end oJ: the +ime scale. In pr%m‘\pk, by tsing
the Uinear - Jcheovgj the same inj;ormat{on on the

viscoelastic af{fﬁcts can be obtained (row\ any

time-dependent loading pattern — such as stressorela

xation or Creep under resp. hommae\\eous strain and
N

stress, quas’\-s{a)cfc tests in which  the <tress and

.

strain vary  periodically with time; oo other types
Off tests in Which the stress or strain 135 jncreased

at a con stant rate/ or even & random stress or



strain s applied.ThrOLtgh the 4rsnsformation equ-
ations 9iveh Wy Chapter I, the results O’S: one tﬂpt
o;f ex periment  can be translated into those o.(
another. T+ is however ]mPochanJc 10 realize that
the ramge O'C these exper‘(men{s Varies cohs"xc\er&u%)‘,
depehéiﬁa on the fHPQ of the test. The o Uasi-static
experiments Sielc\ A ‘Formet‘“oh about the viscoelastic
e{:{fe,cts in between 1077-107° seconds while the
Fange OL the static +tests extends »Frowm a Qeu}
Seconds up to 4O 3e&r5, rpart\a due to this and
Par“tlﬂ due to the eventual 6Hor~kcom§n93 o\C the
theory, 1t s ,?ound thet the results ,(:fom Various \
types o,,ﬁ experiments do nect agree well with éhO‘t*,}
her Ke,epins this n mind, we will CO\’W‘F'ihﬁ our at- 1
tention mainly on the desc‘,rlP-‘cEOh of the short-time
behaviour, which we wWiIll assume *to be Hime-nva.
riant, ObviOLlS\Lj’ the mecdh anical Progoer{:?.ﬁ,.s need
not necessarn \LJ' be +Hime-invariant at konﬂ LTimes-
35 s the case oj; 2ging matedals-and a m™ore
3eher~a\ "theo\"ﬂ aacouﬁjcir\g {0\’ this fact s dis.
cussed Q'L‘Sﬁ,wha\—ﬂvg"\lq ,
In( C]ﬁaP%er .,2 <Lu~e_ ud«“ bir?e-g h;; Aiscuss t\ﬁe Charac~
terization cfr‘ v(scqtla.st?c EHECtS and the Eﬂpeﬁﬁ
experiments needed +to determine them. In the ‘app-
Licotions' which form the remaining part of the |
__present paper  we will _discuss the possible com bl
natlon o,ﬁ the most common method Lo determine the
qugs{—sfa‘t(c behaviour - the So-called dicect method -
wikth +the d(g(’cal 5?91\@\ aha\&fﬁs "tEC\\\'\.i:CiUQS.I‘ﬁ‘H‘ﬁ\Si
way {h,&:ormaﬁoﬁ on the ,‘;requeth Qom}sos’s‘lﬁm\ O,ﬁ




the material Propcr’c\‘es can be obtained {:or s whole
range o£ .Frcquu\u“es at once, that s without
\’\av'\mg to \\eproc\uce the ex\jer’wﬂthf ,?O\r each
,‘jrequthﬂj O’C faterest. The com Pu*:at(on OL dats can
further be wtilized Jchrouah the application of
Loast Fourier translorms (FFT). &leo, digital dats con
be used +to calculate the response of @ ¢given mate-
~al ‘o any. t&n:;e of stress or strain Msh‘)r‘j, Chapter
s comcerned with the discussion of these technicues;
the theoretical background given there is indispen.
sable lor the use of these techniques in perfor. |
2atls) the requ‘n—ed ex P€\~°ih’ﬁe\’\JC§, t?ma\\t) T3 C\’\&‘Ferqr;
we will discuss the Possi‘m‘%e app\s’c&{ioms of the ‘
above mentioned methad to non- linear charackeriza. |
tion,
Thmuahowc 1he text we will simp\}) ignore the term pe-
rature depehdehce OQ the viscoelastic ewf,\fec“csfﬂx%s!
however is not an essential s{mp\\ﬁ(caﬂom,s‘mce bgj
virtue o,{ the %?me-temPera{ure SL\P{\"FOST\‘EQQK\ Pr’mc}jb'lt
the dets obtained at a given Jcemperatura can be trans-
,Pormec\ to another JcemPemture b&) a s’%mp\ﬁ Jcrehs.(:o\rm&-
tion of the time-scale [21-17] To some extent, it is |
also possible to —trsnsJForm the results .grom‘\ static tests
Lo both shorter and lc\\ger times Ea the aid of
+his Primc?p\ﬁ“rhe 'U\eorLJ Siven Nere tokes also no
potice ol such microscopic effects as the moleculsr
constitution, average molecular weight | anisotrophy
and ?h\‘\Oh\oSehi‘\tzﬁ.&SOrﬁe o_[ The rezeree\ces Siveh at |
the end of this Paper discuss the influence o,ﬁ Micros -
copic e,c.gfects to the mechanical behaviour, in particuler

.‘ior \ﬂ‘\c)\’w Polﬂmeri‘c ~materials and .sa,‘_} b’nolog’ical ‘HSSU&S;%




Here emphasis (s laid on Prov{c\fmg a +theoretical
basis Lcr the proctical use of +the theory, rather
tham ex Jcenc\h\g the discussion +o +he evaluation of
the eventual success or «F&;lure ol +the theorj i
Predfc{‘(ng the short-+ime viscoelastie bebaviour
01( real viscoelastic materials. (Ue 5U‘99‘35t Alnats
this  be +he sub_ject ol [uture investigetions,
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. BoLTzMANN SuUPERPOSITION PriINCIPLE

@Qneralty speaking, a material (s said to be line-
arly viscoelastic when |

. »

L€M) v €518, D) = b{e (b [t D)) et

o in Other words, when the stress cutput due to
two arbitrary strain inputs Superposed upon one
snother, (.e. i€ ) +€, (£ TE], is equal to |
the =sum OL the stress outputs t\ﬁju\"Uh9 .From the
strain  inputs € and €, each @c%ing sqaargte[g.
T ,{:ur{he\j the mechanical properties Ow[ 2 given
viscoelastic material are presupposed to be
time -invariant  then the above requivement can
be reflormulated as

b4+ € (e =4 fe @ + 4 bea (k-0 (11)

where T £t This latter requirement, llastrated
) ng. 4.4, below, s called the Raltzmann su. |
perposition  principle after Roltzmann L8] who
Q’;rst _‘;th\,ul&%ecz‘l the Pr‘imc\pie o.{ i‘\ﬁFQC“JCL‘},
Dcnot?ha the response jCuhc“l:?on gcr Q step \’npu%
01[ steain bl:} G E) , Ohe has 7CDY“ the 1f%r‘s.'@c (mput
of strain €, LK \Utfg. 1.1) S
A= € o) Ul

.. the stress s Propor*t(onal to the app(iec\ strain c\g@
o the assumed iinearfjcg,_f_r\ the same wa&j’,‘the respon.. |
se to the second step-change og strain s obtained as



b, () = €, Gle-t) U (+-1)

ébccordlng 10 the Roltzmann 5Lx)§€r}:>os'{‘t\'om Pr(md Ple
the respon se to the com bination o{i these two <train

mPchﬁ LS equ&l te the sum og.v the responses Siven
above.

4

| €. Um o AN

) 40

’4&

, 4 vk
i1 y ,
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€ £ 44
e § e 2 — \
; .

£ i

€ h \5\
i % i
i ., H

: \N i él({ﬁ\,
] e :
R
| : 1
S © *' ' f“(’" o - t
t, t

F .'9 . 1 : B ottzm S0

noSUperpos riomny prine R te
LQ‘E LS Now f\ﬁ\’e.s‘-kfgate ‘H\e s:tu&t(om «(:OT an 8?‘)3»‘&
rary  strain mpu‘t € (b)), =bs Fig. 1.2 shows, an

i % o - J
arb\‘trériﬂ strain ‘giumction can be Ipproximated ES,,




the sum of N Stﬁp--inPuts @(: straip, e,

F_ig 1.2 {/ﬁepprcx‘imsti‘om o

4 tia

S X

L o voriable sirain )[uncfi‘on

]38 J  Sum o{: &l:ep»i’rxputs OL straip

N
€(t)= £(0) + L A€ U (4-4)

t= 4
where
be 05{&?nec§ {:ro'ﬁ\ (1) as

tis) Yt The stress respense te this

‘:h’DuJC can

N
() = €00) G (4) + Teu-t;) Lilt-+;) A€,

i={

LChen 4he num ber o@ s{:eP§

re_PLacimg +: bLJ T ond

N +ends +o nfinity,

thjdﬂg '£OV‘ the strsim incre

ALY

ment d€ {}om \-Hme, T to Tad~T %d@é(‘t\/d—cf ~dT e

. ebtain.

. t

&) = €00) G + /f Gt -
0

¢
: / G (t-7) delT) 4+
o dT

t=T

dt



Tn the last stﬁP the term €0)GE) {5 jocluded 10
the '\’mttg'\’al, tHErebH sh‘x__Pcimg the lower limit C)ﬁ
im“tesrgt(on WCrom G +to O, since we have ot this
Po'(n‘t O£ dfsccmt{mu{ty’ €' (0 =€(0ot) §(1). More
3@\0@1[3’, put the lower [imit —od  then

dT

t |
(k)= / Glt-<) d€X) 4 ({.2)
-4

I\w{'erch&ﬁg%mg the coles O-( ( and € we could
also obtain 2 sirlor re Lation or  strain in termss

wa gppl(&d stress ‘

.t
6&):/ Jt-7) dé(n) 4o (1. 3)
4L

The material {Tu\wc{:\“cns G (1) ond T in the
above relations are raspec%ive{fj called +the ‘relaxa.
tion _func%?oh' and  the (cr&ep ,(‘,\unc‘ﬁm\}, —=hs £ lgw
ev i c& €™ t /gro‘\\ the ‘-EO\“EVQQI\ hﬂ c‘l [ S CUSSon ,_ these
functions describe +the viscoelastic elfects wm. |
der  constant sStrain and stress. 1o +he L\:\\cwh\a;
we shall sometimes ra_(;Er to  thern le\’“Piﬁ.‘gI\\L)‘ as
+the static h\a‘%ﬁr?&\‘_g:unc%(oﬁsf |
The obove way OQ de‘v\vi’m@ the Herec\}-{:&rv‘ laws Q(;‘
\{35(:06[&5'{1(;:{3' - given by  the cquaticns (1.2) and
—43) s ,(;&'r : _;POF’\‘\ 'b’ef'\*\'S’ ~rigerous. Stl, his met_
hed s OW[‘EQﬁ Praw(erred i the ([ terasture 4o
make t plawsible that the stress ok o given Hme
i +the sum D;\C the responses  to the increments
0&: Streoin  over the wheoele strain l‘\iS{or%) OF vice
versa, [he Roltzmann sL\PerpcéiiiOn Pvihdple 'S Presen_

ted in the Literatiure as 3 heuristic law obtained b\g} 1



zshahﬂsfng the response o\[ mechanical models consis.
JCMCJ of  linear springs and das‘npojcs, whiech result
imte relaxation and creep func{(oms expressed as
a f%m"\tc sum of exponential ‘(L'\\WC“{,\'OH\S“ (Uhen the
number of springs and dashpots in these models

ncrease N C\e.ﬁﬁi‘teh we obtain an fn&eqreﬂ Lo,
but one .@cr which the relaxation and creep .(u\’\(__
tions - Or movre Prec\&.elg, the kermels— cam v the

Limit be expressac\ as Laplace inieSrsl&more

3e_ne,\-a\ relaxation and cceep ‘guncfc\’e\\s wWhich are
not ne,ce..&sasri(:\ .F{m"ce or inﬂc{nl‘ct SUM S of exponem_\
+ial Lunc%(OHS should thereﬁo(g be reserved -(:O'r the
integral theories o.,[ visgcelas;ﬂcﬁ:a cohich contan |
the. P\‘\éhomﬁﬁol.oaica(. “:‘hﬁb’fﬂj as a SP@CE&X YC\L&S& |

BH many authors  the BRBolizmann suPerPosi%IO\w prin
ci?le (= éccep{:ed as the Pri‘ncéple ojf the linearity
oJr' the viscoelastic eﬁfecfcs, although Volterrals L9]
J;ormulat?on of the linear heredi{&n\s e(asticitg allows
a2 more general analysis of the linesr viscelastic

e,(;{:ﬁcts which are not necessarily +‘im<e-invariant.

In the {ollow{ms{ we shall cOﬁ.}C{mc‘ curselves 4o the
ﬁrﬁemin\/&r&&r\t )’\ered;‘t&rg 1&@35 9§Vtﬁ b\J eq'.s ((Z\)
and (1.3}, and 1t is immoaterial 0 our discussion
whether one names 1t the princfPle o_ﬁ )\erec);{arﬂg
,,,,,,,,Q,Lésff,c:,“:b’) or the Boltzmann superposition prin ci’pi’e,’i

The more 9en€\—&l Linear ?htﬁgral theorﬂ
-t

S(4) = Aelt) - /.g (t,7) e dr
N A

where the kernel glt,T) can be c\ecomposad inte two
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poris dESchb‘ihS the \\on—éuper\sos‘sbkt static &A\NC\
quasi- static viscoelastic ex(%[ec‘ks is discussec
elsewhere T 171,

De_r\\&'\pé LS use\[u\ to meke & remark about
the term(mologcj er\ﬂplgaed here. BS the teem
quasi-static wWe  mean that +he neetia agects
D(: the material p&rt'xctes Are S\Lj&ter\\a‘bicg\la neq.
Lec{ed.@btso, When we sy linear Jcheora we mean
QXPUC{'tLS theat ocur interest s ‘Pﬁm\aril&j
simed at “4he descn ’PJCEOD o_(j the short-time beha.
Viour of viscoelastic materials (in the oréergﬁ

ot most Some minutes). The practic;g\ results SECR ‘
3@5% that +the complex nature bf the ViSCQQLéS\t\ACi
eggacts D\CJCﬁh requa?\rgs a separ—@%e c;r\altj.g{s FQ\P |
VArious Jcbj'pes Oﬁ loa C\inﬁ an de ormation L\\”&"th |
ries. &b 535tem&°cicst emp{\«(cal anA\«stS Wil revegl ]
whether +he linear viscoe lasticity "Ur\.e;\ry can 5a{€s{ac{m'{‘\y§
\grec\icic the  behaviour OL S Sﬁver\ material ot 5\.\‘(,(?“

clen tLU [or\a +imes,




1A

2. RELAXATION AND CRreeP KepNeLS

Dince the relaxation and Creep .Fumc’c(ons describe
the s{epwrcsponse resp. to 3 step-input of straim
and stress, t“eﬂ should be related +o0 one another,
Their relation s obtained b&} apply?ng the Laplace
Jcrahsj;orrﬁ to eqn‘s(‘l.2\ and (1.3). (Ve obtain thas

N the Lap(ace domain

b(s)= s G (s) € s)
€(s)= s T (s) & (s) |

ﬁhm‘;natimcj & and € in the above equations (lelds
Gls) T(s) = -5‘7 | (1.4)
I expression  1n the time domain  can be obtalned by
J

e\/s'\usjcén9 the (nverse Laplace ire\\sgorm of (1.6). The

result (s

t
[ Glt’—T) J_(.‘C) C\T =t . (15)
~of

I"t PS ‘\(E\’Lj L\SC;CL\i Tn th e t%heOI“\lj' O_f v;SQOQL&S_-ti.C;ty ‘EO Q)Ork
with  the Felaxation and creep kernels defined by the |
relations

(t) = —-d-G - \

E dt (1. 6)
. d7

" T (1.7)
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The above c\eﬁ\mi‘t?ons gugsﬁst that the kernel -(funt‘
tions are the ec‘uivaltnt o( (mpulse e sponse -(un ctians
n the ’d\to-rﬂ 01C linear sysjctnws:3L1bs%‘|-tu£§mﬂ eq.'s
(4.6) and (1.#) in (1.2) and (1.3 respectively, and
with the Tnittial conditions 4D =€ =0 ‘FQ" t<o
we arrive at the altermative formulstions of the

here_d'}fary laws

A1) = Aelt) - [gtt-t)ﬁtt)dT (1.%)
o
.t
€)= Bé(H) + / h(t-©) hx)dT 1.9)
o

(Ub Le obtaining these relations we have Par‘tislhj
3i\tegr&‘\:ed eq,‘s “-23 é’ﬁcl (1.3) (;J;*H\ r;sPect to T &nd
put A= GO , B=TJ(0) Clearly, A (=1/Rr) gives
the (fhstanmtancous e\asti‘c?j@:} DE a 92veh materisl and
we shall +erm 1t a3 the Hnstantaneous modalus’
DA C wlas', TThe %\ﬁ‘red\’ké'ﬁj lawo (1. 8)
was {ormalated by Volterrs as Lollows. The stress
N A cj%\/en viscoelastic matecial (s e_quat%o the
tnstantanecus response propor%(om&l to the strain
given instant decreased {39 an amo.

i
X

O "ﬂ"\g ‘i\“ﬁ\\;\r“{: mcd

applied at a
unt c\ePendh\g on the MEemory o{, the matedial .(:cr

the Past states O,(; <train. The resolvent ec\uéi{on

(1.9} may also be gu\gjec)cec\ Cto o similar inter.

~ pretstion,
The relation between the relaxation and creep

kernels TCan eésiluj bt obtained b9 &Pplqimg +he
Fourier .Jcr&ns,go\rhﬁ +o eq. s (’(,8); and (1.9) Qré[t@:;
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natively the Laplace transj[orrh may be epplied. €[
mh\a{\’ng L and € W[rom the {ramS’Fo‘rn‘\eC\ relations
then ﬂiﬁlc\s

h(s)= icil‘ (1.10-a)
1-90s)

g(s)= _7]_“_(2}_. (1.10-b)
[+ h(s)

b Lso expressions 1n the time domain can be obta.
‘ned Jchroutg\*\ the fnversion of the above celations.
(When the kermels are ‘@rb;{\"&r}) ﬁumctio\xs of their
arguments t, T the Fourfer and Laplace "tr@hSWCOH\\S
cen o longer be applied. The relstions between
kernmels of this .Form are rather comp\(c&‘te,d, and
d?SCL(SSeC{ n L1, The (‘\\Jcegrgl equ&ﬂ:(or\s Cor\{él‘hing |
these kermels can be solved by anm i1terative schere,
known as the method of successive Ipproximations,
Here we ol restriect ocurselves +o convalution 4;:\)‘5%
kernels c{escr?b%r\a the time-iavarioant behaviour o,( |
Viscoelastic materials, TL ;s assumed that the ker
nels  as well as  the 4(:\,’\\‘\(:‘\:(0[\3 4 and € are bhoun.

ded and continuous , so that the integrals
b b
fifaﬂﬂlat > [}h(t)]at
=
o
o s
[.’é(t’)dt ;/[fc?a}dt
¥ 3

exist in the [inite jntervel (3,b)  in wWhich +hese




414

j;unc{(@ﬁs are dejfi'ﬁ&d,ﬁrhés s consistent with the
}\HPOJC\W&S}S that +he materials hasve s ~F@dina ™ e -
mMory —gor the more distant events. [ he ‘intErvcﬂIO(s
in%egmhi@m may be WC*im“ht or inwﬁ'in\te.f,or the more
%’)U‘lﬁ,’r@\ case where the S‘xvem .(;uﬁ(fc{@rws Ive piece.
Wwise wntinueus, suj[‘;\’u’cn‘t\ﬂ smooth and abs:ﬂu‘ce\j

§ﬁ{e8 cable.




2. CompPrex MoDuLUsS AND CoMPLEex COMPLIANCE

! . D i 3 »
(Ue vow wish +o mvesicxggte the cuasi~static beha
ViCUr OL viscoelastic materials under osciLLat(\\cj
strain amd stress, Let a harmonical strain Kis.

‘{:C(‘L,J be 93\\:’{%"\ bS
€ (1) = €6 eV L

where € is  the amp[ﬂcude and W is the -(requ-
ency og oscill ation. Follow%hgj the ususl convention
we mean here the resl port of the signal | (.e.
€)Y =€, coswt, 5ubsti~%utin9 this expression in the

i’\ﬁ\"ﬁd'&%&r\j’ laww él) Sj'i;’tlds .
bLe) = Ac, )W _ <c It / g(<) e*\jwrc\’(

Fut fbé
_ —ywT i
EGol= A~ | gDe™" "de= E'+jE" (1.41)
0
Then
ézE(J’w)ﬁ t— 4

1t \Co\lows that st su{i.{:{c‘\‘e\\‘ttj‘ Large t‘:mes/
when  a steady stete s achieved +4he
_response  to..

stress

& barmonical fv,),vﬂc 3;‘; strain 3PP o
lled at <=0 will also be a harmeni cal -‘:\,-U'\C\
tion of +ime, but one which s owt of phese
corth  the h\’}bu‘t since
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b= B €o Wb L 4 () lwExd) (1.12)

L‘\)\\ﬁ\’ﬁ

b= € |EGw)) :J/( E'™ B ¢,

ahd
@~ tan (E7) E">0

| he frtquenca respons e .Func‘b“on E(jw) s a c@m‘Plex
.funct{on o‘[ »‘Frequenc\j and t is called the ‘c@anlex
mododus, Its real and i\magir\arﬂ LcmPo»we\\‘Es E' and E“

are called the ‘s"to\raae ~odulus’ and the 'loss modulus)"

resFe_c-tivel&J,Theﬂ are related +te onme opother thrcug‘\
the Hilbeet ‘éréi\S-(:OTN\S*
of

Elte)= A + Lo f BT 4,
[ »fg - L

E (U)): —""L —Ej_(_}_‘l_ du
K LLJ"L’( )
=l

€qust§on [ERi2] expresses the \‘[&c{ that +he relgx&‘tieﬁg
™ odulus ané {\\6 C@r\NP'LQX moc\ulus ,(:Qr\“ﬁ o (\C)fx\eva~ |
lized) Fourier -{rahs{.orm pair  which we denote by the

nctation

that is
oo | f?—d ) o, Lot |
9t~ o= JIA-E(u] )™ do U43-a)
— 7 '

%T\ﬂs i when the consideced system s caussl, r.e.

ditr= €)= fer +<o.
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Cr

AJUC\“F)LH::I\; / E(jw)ejwtclw

104

(1.13-b)

(e may Cle;cem‘)ose (1.11) into real and ?r\\agi\v\gvgj
parts to express the quantities E! and B’ jn terms
oﬁ the relaxation kernel, T this w3y we obtain the
Fourier c¢osine- and sine t\r-&nsﬁom\ﬂs

— ~ bé
E (w) = A- / 9(1‘)(;@3@-ch

O
[;é (‘i."(3~c)
E'(w) = J 9(?‘)53m,ch\T

O

The lnversion {:crmula s of course ]

A <§ Uc) - 9 () :1_2‘;* j [ E '(LJ)CQSLQ{- E"C'Ld)sihu){l deo

O

C-‘,qua-Hoth.’\3~c3 may serve as o check gor the suwi-
%ab?li"‘éy or otherwise L‘\V\SL'\;{:e\lD;U\'}Zk) o(: the Lime-inva.
riant herec\i%ary law {,or the Q\escripiti‘ov\ o.( the
quasi-static behaviour D,C a 93\/€n material,

In +the delinition o_{: the complex medulics l:-pm_c,_.
Ten  we have assumed that the maoterial (s
€sjcre.5$~.€rfi€ at the instant the havr. |
menical  strain is app\iec\. Suach materiols are causal,
- This &;Sctmp%(on is ,qu;*:ﬁmné'%urél ~as all ph-&)s%cs!\

SLJS'{QH\S in nature are causal. Hpowever +he assumpq)

strain  an d

£lon Og: Qaus&\ikg Br’mgs Jcocje'ﬂ\er wHith & the
&%eacib\—s'{&tﬁ assurmptions LQV the degcfixp{zgﬁ QTrt‘ﬁ
obkained responsﬁ(To explain  this, Suppose that we
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a P'P\ﬂ & Strain K S'Jcorg) €)= €4 &‘jw’c at t= —4. (Qhence,
ol £ .
A(H) - A €5 Q)Lot—Qc / ejwtg (t-o)YdT
—od

ertscfihﬁ' the variable 04? §\\£e9ve;‘b’cn bﬂ U=+-71
qejcs

one

. o . ,
o) = A'Qct';Jwt-\—ﬂ / ?xjwuc“u)g(u\)du
o

. . o4 Ry
- Aege)vt_ €0 ert/ gl e JUMg4
o]

= E (jw){-;

é’ipp&raﬁtty‘i the steac\g)' state response +to an input
a‘PPUed at t=0 (< eqLuiva lent +o the reSponse o
an ?nput appt?ac\ at +t= —ob,

In 32 sielae Wey e can ‘mvest(gg‘te the qua&%s’@tk{
behaviour when the nput and the output are jntec
c\\ahgec\. For a Narenonical stress \\i&‘(:ow:j

9‘1\/@\ b\J
L) = Ao e J9F LU (1)

the carrespending stﬁadg-s%é
sed as

€00 = H (o) 4o eV 1)

‘e ou—EPuf May he expres.

(M jH) b el L JOE=D

with

Eo = b -

|H G| = e g,
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and

¢ = €an™ [ HY/ /) H" > o

Here H{w) s alled the ‘complex compliance’ and

its real and fmcag’m@rﬂ parjcs Aare ra.spec.{:?veh

| | tee.
med a3 the

's%omage cOmPUance' and the '(0;5"
Ccrﬁpli&ﬂce), For a catisal material H' and H” are
related t\\rouS\\ the Hilbeet ‘l:ransforms
4
H’(Ld)z B - —:‘;\—- / tl C“) du

{

oé !
Al = L [0 KUy

. 1t will be Ofy\ interest to cobtain the relations |
bi%wﬁﬁh the comphex comPl?&hCe and H\ﬁ_crﬁep ’ker_f
he\.Inser—Jcing the expression écﬂ:éaéjwt |

L) T
the \\ered%{&‘r‘:j laco /\'?m:@} we 9et
- — f”d; N =T
H(Jw\;z D+/ NhNiT) e J TdT (1.’15')
0
and .
hey =L [ jut
T A / [H(Jﬁ)\‘g] e dw (1.16-3)
o
or
4 L
i 723 i . [ ‘U.)l.' a =1
NEI B&(t‘»:ii;} H (jo)ed ™ dq (1.46-5)

The above relations can also be Si\gr‘tly denoted }>U the

one -sided

€q?.\s (1.16 - a,b) can be V,CKQCO\’\NPDSCd‘ inte real and
?nﬂag%ﬁar‘&‘ P;;‘r‘lcs +to obtain  the relotions

(Seher&\izec') ?our?eh ‘trsnj,.ﬁorn\ pafr h«<— H-R |

e

between
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the storagt and loss comFUences and the creep
kerr\e,\,leus

4
H’(w\=B+/ h(tcoswtdT
O (1.16-¢)

V4
H (W)= - f hiz) sinwtdt
O

and - S '
ht)+ BS(t)= WL/ [H/(mmﬂot_ H”(Lgk‘;ma%]dw@

o
Ingpec{?ov\ OST eq-'s (112) and (1.14) shows that
the relation between +the complex modulus and
the conﬁ\:)lﬁx Coﬁ\PUa\\ce LS given bg)

, : -\ |
Hifo) =4 o Lo o7 = |
RGO & (1.47)

The complex moedulas and the comp lex cam)’biia\wc-e
o tions are speci’&‘L‘L\:j c,\se,f:u\l »g:br the Cle\SC\'i)’)w
tion of +the quasi-static viscoelastic effects
and wCor this reason we shall also rewfer- to them
as the qu&éf—s{:&{?c ma}ceria\ {LU‘\C'E\[D\’\S.'T\'\ﬁ&J are
the ec,u'ivalen% D{: the {requehcv response ,@u\\c_
tions i~ the theorﬁ o,ﬂ Linear sgs%emsp s
their derivation suggests, "c%ﬂeL) can 6&5519 be |
determined r{ro,mw quasi- static tests ,,bg,mcagucing—f
the amplitudes OL the ioput and the ou'épu% o
gi‘ghsts and the CorrcsPor\dir\g ph&se~(a9;€"xpe_

Fimental procedures invaolving Fast Fourier Trans.
- .
-corms may ej‘f)[;cfentlg be used +to determine
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these rmaterial {—me:“ﬁons pver a desired .@requfy\cy
cange, Prov}dtc\ that the (nertis elfects are negli.
cjible within  the considered range. ctlso, by wsing
the data obtasined {:rom the quasi-static tests on
the composi*tion D{? the qug‘sf‘»s{a"cfc —@ur\cti‘ons,

other material ‘(:unc“t(ovws such as the kernels or
the static functions cam be itdentified To this

end Cnumerical prccedure& will be C\eveloped (ater
in this work. |
In the subsequent sections we shall give the rela
tions  among the various material -Cunctions inas }
muech as  they are not alre&c\s derived. The c\ev‘t\/a‘g
tion o,g: these relations are S"EFéig}\‘E‘Forwgrd and

can be (:ouhc\ i L1
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4 DisTINCTION BetweeN VIsCOELASTIC SoLiDS
AND F LUIDS, ReLATIONS ReTwEEN STATIC AND
QUASL- STATIC FONCTIONS

So %T&r wWe have oot dfs{;iﬁguis\\ed (™ our conside.
rations between Viscoelastic solids and fluids
and the implications this has Ler the moterial
| l;L\\wctionsQI\w J;@cjc, the distinetion between visco.
elastic solids and ftuic\s i< pot a trivial matter
35 it seems, since viscoelastic materials exhibit
2 combination of solid anmd fluid properties (Ue
may nevertheless chearacterize a material as ,gi(u’tc\
when the stress under maintained strain ulti-
ma{e‘lg dec&g)s to zero. From this de.ﬁn‘i”cion, %:'@rg
viscoelastic material to be s _((L{‘\é s neces.
sary thet
i S8 = Cic - (1.18)
t—>eb |

|

|

dlss, » visccelastic (:{uid, when su\;jedtd o a

simple shesr state of stress will ultimately creep
ak a constant raste. Thus, in addition tco the pre_ |
vfoush_) de{-\{ned Creep -FuﬁC%ion, a V?Scoelésﬁc.g(uilclz
must have an asdditional component under CO\\S‘E&R%E

i

stress , which i3 @rog;@r{for)gl +o time. Denokmg,“’c\\e .

Proporti‘/ona\i't—y‘ constant b\p)' 4/% (W& CAN eXpress tHhe
creep function of & viscoelastic fluid as

To(4) = J(t) « L
Jp LB =) 5 (1.19)
0
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., known as the =zero shear rate V\sca,sd:L) co el WC

c(er\‘c [ s ﬂt\r”em l)tj the (ormuta L1011, L4147

% O/w@(t)dtz//gq)d7cj{ (1.20)
© o

it

The relation between +the relaxaeation ?—LM’\C:‘%;{@T‘\ and
the complex modulus can be derived as

A- G

Az B fn @, (1.21)

JLU
ewwhielh veduices {:cv a vfsc@e‘\&s{(c p(u{d i to
Gt) — E (jw) (‘122),

J’w

Separ&{(ng this  last expression inte real and ima.
3f\\arg P&rts ocne obtains
Qb
£l = w/ Gh) sinwtdt
o

N\
y (1.23)
E (W) = w / GG coswtdt
Ld%"’ﬁi%?ﬁ Jc\\e, i‘mversion ‘.Coc\mutaﬁ are
™
N ) E'(w
C(H»«T’\——f = ) sinwtdw
W
O ]
- CUaw

o4 "
GUC): _%— / ———E——(—w—)—-COSwtC\Lu
! )
' o

Qﬁsain , these cquations may be wsed to check the
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appli caE{LIJcH of the linear \/\’scodas{fdic\g U\eorg —‘;orag‘lver
material. Ta these expressions  the termm M= E (W)
(s called +Ehe (c\_&)ham(c v(\sco\s\"c&)\, Sulss%itutiﬁ%
the second of (128 in dke W[irst of (1.23) we
obtain the Hilbert {r@NSFDFHW.S

~od
E‘L@r%— ) w2 du
o

5 Wwr-u*
(1.25)

1) - _z_/ E'w) L du

{ 14 Y2
o U< -

The evaluation 01[ these inte.g‘ra(s ts discussed in

{:?91[20} :Tma'u})} the relation Letween the creep ‘

7[ur\cHon and  the c@mplex‘ \c,cm})'(’i@hce Us ﬂ?veh 338
j“d - R = (ju}\ -B j

j W

+ T S(N)JQ . 1.2¢)
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5. STRUCTURE OF THE LINEAR THEORY

The forﬁgo(hg results are summarized in FCS.‘?.S
showing the structure ol the linear theory of viscodasﬂc?;g
<k =0 re{iereﬁCC (s made to the equ&t\'ons reLat'\mg
the various material .(:\unctioms +to one armother,
In this )C"Sure one  may c(fﬁ%imguish theee d(]qje-
rent levels both \Ecr relaxation and creep ewﬂﬁectig
The bottem and the top levels contain respec{ively
the static sand quasi~-static material Pu\\c{{o\\s!
whereas the middle-level Vs ceserved .Por the ker
nels. Ta the linear theory of viscoelasticity the kernels des-
CV:‘D& ‘t\—r’i transient rﬁSPohs—e O(. viscoelastic ™a te -
cials, Cdhen the kernels are expressed as a sum o.ﬁ
exponential &:unc’cior\s the UWnear vaCQQ)ASthWyJChQOrS
reduces '\:@ the P\\ehor\:\e&ﬁa\\Og%c&{ 4C"ﬁé@‘“ﬂ O'f ‘\/i‘SCO&'L@S'{(*
C(Jc(ﬂ which we will br(eg\b} discuss in the neyxt
section, Ln this case +he kernels —or +their Spectra-
describe the static bebhaviour @# \/CSQQQL&S‘UCHNQJCG_
~ials,

It s clear f‘:roc\.\. {:\cj\ 1.2 that there 's more thap
one Way og. obta‘(m\\g a certain material ;L\Y\Ct(O}j
{rom another The discrete ,\?érms oL the relabions
between +hese material AFLL\‘\C,)C{O\\S appropriate to
—debermine them '{:rcm'""c\'u"@'SﬂS"EA‘%ic “tests us'ing'
eithher P-ﬁriodfc or random bistories will be cleve_
\OPQC\ Loter 1~ thig LJ&'U‘, the :@&‘E Fatirier Trans_
combined  with Q\i“gi"m‘\ SPQC'V\“‘&\\ ar\aLUS\“s

__{jcrm S )



C"Dgham\’cg
Viscosity?
| Q: Ei@)

: (o

4) Ooly {:or viscoelastic pLu‘wt\S

2D Fov ]CLUKCLS

with %o =0/DJG (£)dt

e

Hilbert

Vrang form

JelB) = Teey+ Tt;

Ffs. {.3 'D:;hgré\’\ﬁ

Gt

S

eq. (1.25)

Co np Lex
M Od s
E i E

—eq.ls Faurier

&

A lgebrdfc
Relation

LA D~ 1113) | T s ns form

eq.“.!%’) i

(1.485)-(1.1¢) TrenSJ€ornw

j\?o ieler
R ela xation T 6‘_“5;0\’“1
Kﬁrﬁet QC\,\S("JO) -
glt=T)
| | Differential
eq. (1.6) !p\él(a%{oh
, kearal
Relaxation ]:)E;L:Q\'(jn
FuﬁthOﬁ e (1 5) -
» ec. L1.>
G @) A

the inear ‘t\'\ec‘)rg

Complex

Comﬂp liance

H{jw)= H'+j H”

€q. S Fourier

C reep
Kﬁrl‘ﬁﬂ(

h (t-7)

D ffeventis]
eq. 7)) Rielation

C, re_eP 1)

Fan ction
T (E)

Shom\'mg the <ctruclure O.F

Four*lver Tﬁaﬁ S-‘feor\'ﬁ e

g-'s (1:24) - {1.26)

!

T



S

2%

techniques will Prov:c\ﬁ an tﬁ@(’c{e\\ﬁ means teo
ir\vest\’gate the viscoelastice eHe,d:S and to deter
mine the relevant material AFL\!\C{:\’ODS bty Q@
desired {frequenc&j cange.

1£ (s oot required to have analytical expres.
210N s jfor Ehe material ’Qu\\cjt\ons «gﬁ_,‘r the prac-
ical gpa\{‘ca{\'ons o.@ the linear Jc\\ec:\v oC
w;c\,el&stlotJ 1 ke cl”q’ta\ data obtamec {rom
the quasi-statlec tests on the composition ol
the material J;wmct\ ns il be 5u.(l(:\mtx\t to
calculate the response O—F Q 3"wen swatermal to
various  Straln oc  stress histories, 1?\ For ins.
tonce, the response 4o o perio dical gtvain Nis_
Jcov:g s required, then the complex modalus
can \Dﬁ C‘ﬁfe‘*mkmed at variouws ‘(:\’equﬁ\\cr\ﬁs (aP@
10 \Ca\ {:LU’\C{fOD can be k‘EPreSir\tcd bJ an @P\
ro?r'\é'}:ﬁ :cu%-?e‘r series i’\Lé\ﬁ\ﬁC} S S\AH {cient
U ber 0_,[ }\srme\'n(cs§ Jbij ihe me_"t‘hgd dES—CU’\SS‘iC! |
in section 2 above., Then we can ea.s-{h) ca\cub*te?
"Hﬁt’, l:ow\rier,_)c\’ah3£0t‘med &’Cvess r&s\aor\iﬁ Jd\ﬁ,u\)\\
& (W)= E(JUQ)‘E(LJ}, RL{Er which the FET AV ersivn

ot Ul S\’\/a the t‘aqu.e\red stress f&\SPO‘i\SQ in The thine

domain, The response to an  ar brtrar\J hw&‘tu,w) c3n
be obtsined {n a siemilar way whevre the role of
Ehe Tourier series is rePLaced ‘p the Touriee

§
i
|

\,"x"ai*\sjc'd“r'ﬁﬁ".""d'!\So"?‘ahcz\icm Ristories msg) be treated
b}) taking the necersar statistical precautions,
The d?g&a\ &)C)?\:;\ ar\ahjs»s ‘tﬁC\\ﬁ!quES Specc\ L\P

these P’rOCQc‘:uves co ws\dem;buj sinece one can obtain

in.Formab‘on 3bout the frequ\ehcu) com position Df the
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material J;ur\d:sohs within a desired -Frequer\c;\) ran_
e and  to a desived deﬁvee oL ;Lcuracv ato once;
Le., without lﬂavmg to  repest  the ex perirments
.{:or cach {v—equencEJ o# nterest,
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6. KerNELS AS LAPLAC< INTEGRALS. Visco-

CLASTIC 3SPeCcTRrA

For the SPEC_Ea( cholce oﬁ N

e relaxation and creep
kevrmels as L&.P(&ce

N jcﬁqrals

o4 A
g(jc—"c): / F (=) t\%uc‘t)doz

0

* (£ -7)
hH—,:c):/ S()g) &-B B
&)

the heredik'artj laws (1.8}  and (1. 9) -‘tO\’l'X\ the UL

hﬁt;hﬁ case of the dfg{eve\\ti&l € quation with coV\S-i;
tant Qoe,@ﬁdents C43, 0121

d‘“‘é = Q€ « C{‘Q\_ﬁ_.f‘..._ﬂ;_an_i'jé (1.28)
4€" 4t i

(1.29)

G~

| é+P‘EE++ Pn

G

AsS N — o, -Eq, (1.28) s the constitutive relation cor.

rejpomcl(hs to the P\\e\ﬁ'oh\enclogic&\ theory| °€ Viécoe(ég

tielby and it is referred toas the differential form |

i
o‘(_ the Llinear viscoelastic (aw (as oppomd ‘o the in

teg ol Llaws). The gl,mct?ohs F) s3ad s (F’) ee C&Hac\;
resp‘ ‘the, \“e,\.é,)(ékic\\ Qr\d \"eJCrArc\c&t(Qn SPQCtFa, T\’\e&i
spectra give the distribution D{ the cha |

racteristic |
—constants-. Q;C the--| oM ogenecus equations co reespon d"\ﬂ

to the Lhis and . his of (1.28) respectively,
For the case oL Line spectra
| F (0 =) Fdle-) (1.29-5)
k=
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N

———

S(pl=) S d(p~By (1.29-b)
.y

the kernels H”l?) degeneré{:e into

g (t-1) - 7 = e "Hk(X-0)
k<1

(1.30)
[
H (‘L‘T>= Z Sk ‘e’& @k(‘t-—C)

k=1

which sre  {he homcﬁ-aheeus sol
rengtO {:\we Lk Se AN d . N.s. @1(,‘
Here e, Bk determine the

ations chr&speﬁc\ln\g
the equation ({.7%)
lecation of the Spectrel
lines  whi e e, Sk give thele ih-tehs;%a"l*_t s pos. |
sible te obtain the Coe{:gxfcit\\ts G.": the C“.F{terem‘
Loal equation Pk'qk prcﬂf\ the coeﬁ@c%&nts Fie oLy
or c;l{e\'-m&{h/thj ,from §i<,$‘k C17.

The relaxation and creep ﬁpunc‘cioms c@rrespox\,dim& o
the kernels oﬁ the ‘Form (1.27F) are given by

of
G (4) = / A () [4- ey-—df]c\d.u(t)
(o]

(1.34)
v ) |
(D = [ Bp [ 1- e“BJ‘]ag.um
T
Alr- B e(p) . S() (1.32)

R

obtained .(:rom the kernmels
(1.27) ’Ehmugh the inversion of the
§orm. b Pumericsl approximation method

The spectra can be

L@PL& Ce +trans_
L‘Q’h(ch 1S
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OWCtﬁn used s A\(:reg’s L aplace inversion method
discussed in Ref. L1333, 014l This involves however
a complicated mathematicsl process. Ta some cases,
the Laplace Jcra\ws,pcrn\ Moy be Y‘QPL&C&C\ ba the
Fourier {r&hsgorm . simce 1t May be conceived as
2 generé\}zstiam QL the |atter. 5Pﬁc:.§\?c&uﬂ",2£ the
S‘Pectr@ ire absolutelfj §rﬂc€9rabl€, (.e. {ov i stance
when / ZF("Qld"(<°é . the L&PL@CE t\r&‘\sgovms (1.27%)
ceduce ¥ to the Fourier -Eran.sforms. &b sul{ielent
condition {—’or this +o cccur s that the spectra
vanish as 1tl— o, For viscoelastic ;QLL\QC\S 1t is
found that +his condition s satis{ied, so0 that
the application o£ Lourier {rahs%rm &D&s not
give rise to  eny Al Lficclties. For viscoelastic
solids, on the other hand, the spectra converge

te & bpon-zero constant  @hich \mPUQS that the
herec\‘i%@r'j' gc*‘t,(on ult(ma{elv centinoes .go«r thege
~materials T_é] Tt s still ‘Dﬁss;bi\e w~ this case |
to tmploH the TFourier £ran$~(:or\ww i arder T ob
taln the spectrs ;rom thelr corre_sp@‘r\dlﬁg

kernels, r\:er instance, ({: Jche f‘ELaX&Jdoﬁ Spﬁd:rum
converges o & non-2evo constant Die).sggji‘t\jeh thgé
Laplace trans%‘rm ©£ EFl) il be identical o
the Fourier ‘E\"&\’\Sgor‘h\ O,(‘: = (&) ahdot, CZ&?QCOY‘A([\ 'L.;d)
the celaxation spectrum cany easily beobtam\ed
. _F&—cm this ”"'L;S*’tméxpwrﬂé.s}siom after the Fourier *Lrahii
,(;Qrﬂ’\ i s aPPUecﬁ to invert +the ﬁ%rs‘t of the |
equations (4,29, |
The spectra can also be cbtained jCrom the quasi-
static {:unCJC'\'ODS,'Tc derive the relaticns bet ween
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these matertial \[U\NQ‘E\DDS we  substitote eq.'s (1.27)
o (1) and (1.15). The ce lation between the

complex modulus and the relaxation spectrum (s

‘H\Qn cbt@ihtd S35 ‘
4 |
EGu-A- [ _FW g

L o (1.33)
oY, \Separ&tfmﬂ into res\ &hc\ ?rﬂ&g‘ihaa}) P&H:S
Ve

E'lw) = A —/ o ELO 4,

P 2 J2

0 LT (1.34)
b

E'(w)- f WE) o
- L 4wt

o)

For the relation between the Ccn\PLﬁy cox\nP[L

ance and the jetacrdation spectrum oane bas

H“ju&: B -+ [Dé 5(.@
B

*\) &0

.
Q . — H
P (1.35)
o |
or, QCJme‘ clecampasmﬂ iNntd  real ond

pa(ts

AR I a H'\al'%J

H'tw= & f £2@)_ g
W

£ (1.3¢6)
Hlléw): - / {QS(E\ dF

éPP? ximaste methods Of iﬂV€V't§ncJ these 5‘&’\6(&)’@5
\ﬁ‘E&CL)‘ra s  are discussed in Cis1-117). <A Ti&obousf
inversion methad is given however in L4381, C191.The

I Ve TrsSion gormulae .[:ok— eq.'s (1.33)- (1.34) are
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Fl=2 & T §E (wetd™3

TW
Fl)- o ?ZTJ Ten [ E'(w tj‘j%‘); (1-3%)
Flw= t Z Re E”(waij%)?

el

cobere E (we,t)w) s N ,‘:aci Q 5\9h\\>0\§c Way Q..ﬁ
Lo‘rttjcf\mcj (im E (- 'ij €) and the <y mbols T
“ E=>0 b . \ 7 h
Q@, cle\m\ﬁ:t resP, t(ﬂe \hxsgzhar3 é\’\d ceal COem _
Ponen’ts oL Tthe caEve\w e xpressions,
St Lgrh)'/ the inversion ,-(\Orﬁ’\ulai ,(:or cq-'s (1.3B)-
(1.26) are
I LA o Htu&ijﬂ-
Slwl=T — In % L )%

Slu=2 2 I {R'(wetiT) (1.38)

1t s poted thet —Ahe gh&lgj“ﬁ(cgl representation
ol the dﬂneﬁ’micg\ data s réthired Qor the app.

(! eation 6][ this ?r\verS{QQ m ethod, T hen JdneA variakle
W 1S ’raPL&ced b(ﬁ we;)g o )LO by we‘f)vl and

the chﬁ\p\ex eXpPression Thus obteined s decom._
posed "to real and ?m&gé‘ngry Parts +to obtain
_the desived éalufien—?lg —the T gﬁpgrj CSMmPon ent
vanishes Hhen the rigorous way  should be token
and  the  Umit should be calculated predsely
to obtain o non-trivial solution. The result will

them be & lLine in the SPQC’trum.The rel.&tfons:be"t

ween the relaxation 3n0d retardation spectra are ob

tainaébaj the same method[gol
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1t s comventional +o express the keenels (1.2%)
in terms of the reciprocals of the vartables « and
B, te. in fermms of 14¢ and ‘i/]g respect\\(eLJ Then
the role L,L the spectra (s replaced bj the so-
called distribubton {:metxons Hence

S .

SL'E“'C)Z/\QJLLY(U)Q ‘tl%d(lj> (,'\::?
O
(1.39)
o

- (£-1) _
h (+-7)= ' | - 4
( )O/ vZ(v)e = v d[%) \u%

where +he punc%\'ons
N{uw) = L Fa = 2 Al e

= B S(B)--p*B(p)

are colled  the distribution ‘FLAHQJ(\O?\ of the TQL&X::);

an  times and the distel bution ,{:me‘t\on 0{1 the
retacdation Limes f‘&SPﬁthety In the case of =
discrete disteibution one has

(j:)._

ID

Y(w) = > A § lu-uy) uk:o%k
k=1 ’
. (1.41) |
Z(v)= Bk (( (v- VQ Vi = A
L Bk

k=1

where  Ug and v are +the celaxation and the retar
dation 1ime constants, rcspacts\,e l%} (Ohen the ec'\ 'S
('iq’” Mial@ <Ub<+"):' Lﬁd "\\ ‘H“’ l @P\QICE’L [ LQCT”@L_)

(13’9\ ther\ Jche ker‘nﬁb degeﬂerate ‘yn“to
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SLchLZ Ay o) o~ Sk =T Zp ~ ol (£
k=1 k=1

({.42)
H L—E—’C):... - nggkt Ek L ‘

_ Z S}( o {Sk *-7)
k=1 -/

The prev | OuUs

spectra

discussion about the viscoe lastic

'Pphﬁs also tc the distribution {:unchm\s
Since the relations betwreen the

distrl bution
.&:Lxhc"\:'l()ﬁs and other

Mmaterial Q\,mct\“ons are <imi_

lar 4o +hat L’L the V(sc@e(as‘t?c s'peci\"a we woill

averd here the ur\neuas.s@n)

repetition, La\s‘UJ) 1o
obtain a

com p lete Plc{ure o.(: the Jc\weova) we give
the celation between the

relaxation spec{rum
and

the zero shear ate \/ascos\ty ch_{{ilcxeh‘t

From eq.'s (1.20), (1.31) and (1.32)
aasf\hj' fbé
= ) EE (1.43)
O
The &(&9‘rsm 01[, the
structure o,£ the Jc\‘\eurb; can be exten.
ded +o  +he spﬁc?&( case when the kernels are

expressable a5 a Laplace integral ol their cor\res"g
Por\ding Cspectra, This s given in F]j. 1.4 below, |
_ here the between  the spectra and -
@und:ions are also imcluded. ITn
(,mhec;esséry comp lications, the digt
ore NOt ineluded » the AF\’“SL\\"Qe
C\C ceur,se the use of tws 'aSran’\ Makes sense
@nlﬂ when the L exponen‘t ial t\LjPQ kerhels dre @Paé

oM € D\j t&\F\S

(-

v,
BAL

Pr?_v’\OUS section 5\\0Lu\n9 the
(:r\ear

celations
various material
order 4o avod

ribution ,CuhC‘l:\onS




Stieltjes Transforem eq.'s (1.33)-(1.34)-(1.37)

A

1.

2

yas

keraels ( ) see

LlLL(C‘S.)

C omplﬁx
Comp liance

H(jw)

— Complex ’Ql 9; i‘:é‘c
' ‘ . e lation
_— Medulus -
— eq. (1.1%)
= (J 75) 9
S L £] @
=2 Y oim Nt
Ny I
S 0 ol
Y L K
L -
E e
5 Eoar
h AQUurver
C - —
0 Re Laxation fea nsﬁowﬁ
% T KErnﬁ[ - 'M O) >
eq.'s(1.10
: g(‘l:‘-l’) N
oy =
TN e 2 .
N tTo 3
=1 E LR~
~ 3 U D] ~—
. s L;_‘j U-
gl L v o
0 %
¢
C
G R elaxation I“£€9“‘l
2 [ o Relation
% CL'\(\C“&\GD -
g
)
o -~
9 251 =
O !;;2 D
—d __pj o
c Vvl o~
HYl ©
5"&(&\{‘:)'&5
N 1 s — ,
,,’ e E‘Q—\QXQ%\G'\ - l r,é,r\s,_‘;r\\;:mk,,,
) Spected - A _ —-
b P eq. (1.37-(138)
FlO=Ab) | Ref. £20]

£ 3
L ¢ =5 o —
vV Ol = ‘(\3 o
Loyl T ;_, M
52l v = .
L =2 S
L c -

— = ‘; ~
<
™

e
CPEQP L—:J)—- ‘T’
Keenel - ;7 ’;;)a’"a
a .
= “
< > -
= L e L Ms :
7O ol T
9 > ER R Y
?—’ i L=
el R 5| ol €
o -l z
LS. LL o
o [¢3} &=
5° ik
£l w
Sl
Creep 317
§ A ‘/) lf\:
i » pra—
unetion g -

R . %

J () Y
%

“) p?
P V )
= &1 = @ | en
-2 M 2
3}; Z a |
= Wl e -
ceod| T
Hoy
- Retardation |- |
Spectra
B P

P;'he.nomenollogfc&lk J'C\\ecv*y ot th exponen Eial ESPe
eq. C{.49) Lor viscoelastic
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le of Frec\(cjcing both the quasbsta{?c and the
statie behaviour of s g iven viscoelastic material
L.€. when it s Pcszﬁ;@,;ble +to combine Tthe
PhenOmehoLOS’\cal and the Ulnear v(s—coe,kas-'ticitg
{hcorg t\\rouﬁ\'\ The $PCC‘E\*U~0\ Qp\\ﬂctQO\WS, o e the
materiols fested 1t s however ﬁkpecﬁteé\ that
such on approach (s unbikely to have success;
sthough  the spectrs con be used to approximaste
the relaxatlen and Creep curves to any desired
c\&g‘rc@ o,(l éce:uréc%}, ‘theg Are n~ot aPPmPM;ﬁ;Q +o |
predict  the viscoelastfc eﬁecfcs for non-homa_ |
geneous strafin er stress bhistories,




I
CHARACTERIZATION OF VISCO€LASTIC

€FrecTs
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i CHARACTERIZATION OF STATIC BEHAVIOUR

in 5£ud5§n9 the viscoelastic eH:ects, coit aﬂpzw
excep“tiomal cases, almost ihvari&b\ﬂ one-dimensional
expeciments are performed to determine the mmate.
rial .(L\ﬁcjc{owsal‘m thig ~-€/\\a\>%er voe =hall restrict
cur  digcussion -+to the 54;(,@\8’ o.(j one-dimensional
behavicur, the more becawse the consideration Q{:g
r\\u\‘tﬁ-c\(n\ﬁn‘s{onal case ma%) be due wWhen one has
C\\LQ.(;icu\\Jc,\A63 1N descr"xb’mg the one-dimensional beha
vicur, One-dimensional +ests can be emploaed Both |
{lor shear ond ex%ension/ccmpressiom and we il \
use the s<ame kskgmbols .(:or the m™material ,,Q\nct\‘gm;
in both 0; the Ltwo cases.
T he =static behaviour ’CD}E a viscoelastic matecial
can be determined ‘t\\%-ough a stress-erelaxation
test or a creep test ; or Jc\r\rcug‘\w a combination
og these tests known as a creep—@\\d— e cOVer ‘Les'jt;z
These  three +types ol tests will ‘br(ejﬁj be discus |
sed  below. Fer a more ex tensive trestment see Ref. |

027,057 and L2117,

{1 Stress —relaxation

In o  steess-relaxation experiment, the stress is
—determinedas a ?me{( oo of time al+er @ step

fimction of skrain  is applied. (Fig. 2.4). The stress

moy  decay to an equilibrium  value or zero, depencl‘m%ﬁ

on  whether +he S&mPk material (s a yiscoelastice

solid  or .g,\kuick.zée&ll&)} e. When a +truce 5{2@{*\&11_;
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9¢ could be reaﬁzed, the stresc
by the [ormuals

A1) = €6 GG LK)

response 'S Ssvm

(2.1)
1L (s however Pract]caﬂg F?\\NPOSS”D\e to nteo
'm.(;in?)ce c\ﬁanﬁa of

duice an
Strain correspor\c\img to the block
[T C‘3,2| and  the practicel sitwation will be
similac +o thet 5%\/€n ba the dotted- curves N the

Lfsure.T\'\us the

cessible  and  the

CcClrves

{mpéc‘\: rﬁoc\u\us corll hard LU‘ be as_
kmga§uyem~“@m£§ C&J\\(\ be r\elz&btt
on Lﬁ’) a_Pcer Q& certain  timmve Nas p;ss:sec\,'

€ (1) !

€o - 7

\ &“t

1:58,2,’1 Compar\"son QWC {:im'fe and fn?[m{‘te rate
' ap strain @Ppﬁcaf{on
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T\ﬁeove’%(cat\y,‘th{s process OWC loading 2T an m{in({ely
Hg\w rate oﬂ strain due to the sudden application
o{i strain  can be considered as a c\ahm\ﬁc&‘.
process and ih,‘zOﬂ’ﬁ&"t\hOh about the short-tieme
be haviour 01; & given material can be obtained
.From qu&5i~st&tfc o c\s)namical tests, I+ s noted
that ]Eor many viscoelastic materials the rﬁﬂ‘or
part ol the stress-relaxation takes p(&ce iMmme -
diately a,‘:{:er— the strain s appllied | whence the
importance o£ the determination soﬁ the short._
time behavicur | ,especi&u}) .‘:or dHnam{c@l éPP(IQ&__
tions | is clear,

.2 Creep

In & creep Lest, the strain s determined as a
§unc,4:(on 0{; time aj({:er a 5tep~chah8¢ of st-
~ess (S &P'PU ed. H:fS. 2.1, The straln n’wa\L) SPp-
V‘O&C\\ 3 .(:‘iﬁf'\’tﬁ equ;l}br{um '\{&Lu.('l oY {\—scragse
‘mdefini{&lﬂ,depend?na on whether the test mate_
cial s a  viscoelastic solid or _[!.U;C\.Thﬁ Streain
response to o \S"tep\c,h&\\@e, o]( stress s Qﬁxveh bLJ

€W =4 J u) + L4 (2.2)

L

where "/QO=@ ]Cor o wviscoelastic %ol’;da

Heee , teo, tis practicall g - impossible 46 prodiee

a3 true éi:ﬁpfun@don cjt stress and/ s §s < hown

n Fig. 2.2, ?,g special  notice is not taken of this
ﬁ,[&ct the results obtained may be ﬁ"»?ﬁ‘\,ﬁ&c\l\lﬁ\c‘)i '

.,
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A
&)
s .
/
/
/
/
/
/
‘/
> T
. A
€ (1)
RIGEN
e S

,4;/ SRR = *,i?; 4 |
Béa = 7/ il ° ‘
|
b B4, |
; » i
-t |

Fi’g.zi Comparison of finite and inLinite rate of

stress & PP Lication

For viscoelastic puids, the amglysw’s oﬁ creep data s

more complicated +than +tbhat oﬁ +he S‘jcrcss*reLaxaﬁomj

becatse c:q(: the hecess'ﬁcuj Qﬁ Separatin

~.

g the (ﬁc*r&clita.rkjj

and ﬁeuu'tomi'ah~]flo<,u com ponents o.{: Creep

1.3 Creep and r‘&C,C\,/eFL)

Ina  creep and r"écov'eraM”:EEKS%W 5 square-wave of
stress s applied  and ke COvresPoncl(nc)- strain
response s determined (Fig. 2:2). Hience \Lcr 5 stress
history 53\! e by |
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{ QO +t <O

- éo 4 4 .‘s

6 (+) ( Q ¢ ft“c» (2.3)
O t > &

eq. (1.‘{‘%3 Ss’etd$ -Fcr the strain response

L= €. ) = 4 - T(d) QL t <+,
€)= €. 6) ~ 4, T (4-t) L2.4)
= € ) — €, (£- 1) & 2 G
é 4
do
!
|
g
|
&, .

Bg - r\ € (t)) 1
. S . X LEW of
I to & |

t-t,

[:19 2?) C,i-&ep (_:)V\C{ f‘fCOVE\"(:)';. .lror” L

Llinear materials

"t should bold that Colti~to) =€ (4) or in other

words , : ; 0 [ ' |
, recovery s (dentical with the Jtransformecx cceep,

I+

.

(\ i . (\ i i n R g
,‘_Ql‘\ﬁwi + oM ‘Ehe_ Second OL CQ.LF) 'Hﬁat JC\WQ tecd

very is E:)‘}ven )Dy
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€ () = €cE-4o) = b JEt0) (2.5)

t.e. the creep recovery € s dentical with the
trs\\sﬁormﬁc\ Lreep  cueve The curves in Cf9-2~3 des _
cribe  the deal sc‘lzua‘}:\or» in which 2 ptr{-ec‘f square
weve ol stress g &PPUad' but Prac%(calts c\\(ﬂ'
3 saw-tooth Llike application QL stress cen be sco
hfeVec\.

For  real ~iscoelastic materials, dsta obtained
,[rom relaxation and creep tests do not succe "/'\Hf}
predict “Ehﬁ coeep and recovery behsvicur oc other
sitmilor aclmc) situations in @hich  a mulE\Pk ‘
0.(: st@—@ Lhanaes @:C stress and strain is &PP(\ed |
CehSequam‘H}j, VESC&QLGS‘E(C materials are ,%Ohxe\?:m\esf
modelled 5@@&\(@%&(3‘ .Por Vacious oc’\dim\c) and
LthQc;d\ﬁg programs. Tt seems thet s certain inte_
raction occurs between events (ECCancj at Jdilfe.
rent  times, ohieh may be attributed to the non- |
Une;ri‘l:bi Q,\C the material o at least to the V\WLF‘(E
cox“nP\] cated material behaviour than the Bgltzmsnn‘
5uPerPosH:Con pr"mc%Ple \arevs(ts,, Tn ocuc @Pimfgmi {t
should be Possab\e to Soxm rHor e '?msiqukt\ into.
+the mMmatker Du a- 5L\5ﬁer~mé£\cak e\«npmmaL ona 155\\_\,
The A\J\t&l Qpcd:rc;l ana ysis ‘methods discissed
preseﬁ‘tlt\)& may Pprove to be (’;»SPC(A lL\Lj u&e_,_{:u‘l

‘(or this - purpose. R ,
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2 CHARACTERIZATION OF DYNAMLIC ReHAVIOUR

5u§fgice to obtaln comp lete
Mmechanical belhaviour of visco-

Stotic tests  do not
In{zorn’\&{:i)ﬂ about the
elastic materials. &As it has Previouslg been menti-
oned , for most materisls the Mafor pact of the

é%ress_ relaxation, ,p()\r instance, takes pléc,ﬁ, imn\ﬁdiaﬁ\g
é)s:‘ll;Er the load (s removed and & dynamical &n&l&)m’s s
‘mdfspens’ab\e in ordec €0 investigate the short-time
behavicur OQ viscoelastic materials. Further, the stress
or stvain histories cohsis%(h\) o& a muljc(?\e a.s; S‘Ee\b-\
produce viscoelastic el;gec‘cs Which are

not SMCC,Q‘S?L/L\“‘-] Prﬁdxctﬁ& \L)\) the C}«&‘t& —(\”\,m St&‘t\c

tests. Dynamie tests Prov;de twice as mueh direct
fn.ﬂ:orﬁ\at{'or\ as static tests because

Unections

experimen tal
+wo imc\epenc‘\e\\% Mmeasure ments L“’@\Sﬁé“? ‘i‘h{ 3MpP-
,j%,%f%?'éﬁé’;f‘ﬁ@ﬁi ~and. Lr\e_ Pha—s@a@,ng e} re  m™a de at
ﬁ(‘eruemcy o{: invterest, Lo {:act the curves WCO"‘
the static {:unC‘E\OHS are +the DW\T‘TO\"»H’\‘\&C\*)&S O-ﬁtht
correspohding quasi- static ?unctfcn curves under
approp'ri;ﬁcc conditions such as time - imvariance and
Une&ri%ﬂ, 1L the functions E’lw) and H'(W) sre
plotted against log (—23\) , then this has the el{ect
~of refllecking the curves in the axis of logw=0. -
Ig: calso, the CorreSPor\c:\;r\g static {:unc,t\on curyes

Ave plottﬁd @5&;\\5{: Lo\g*: in the same scale, ’(hﬁ‘r\f

they will be {ound to trace the same i\ssﬂ\ tovth
E l((,t)) an C\ F\ / (LQ) . O'P coetrse t\ﬁi Cuy yves —FOV‘

also be brou\g’ht nte the same

r&ﬁ?;

EYw) and H"(w) ¢ an



{:Orr\\ as G&) sand JW  since ‘U\ﬁ(j are vot ’inc\epen-
dent ol the -Func-b‘ohs E'l) and H'(W wnder the
conditions o,g assurmed Ume,&r}{&)’o B;LS the ald 'o,f this
method  the stotic tests ex"ceha\’\hﬁ to L&PSQ valiies (’)f
tirme can be com b‘mﬁd w;th Cl&jhsmicoll +ests ?or the
short -dime behaviour i arder to obtsin the material
cesponse over & wide conge of time (221 L2231,

T he dg)‘ﬁam;c&l methods 1o dedtermine the viscoelas.
tic e,jc,ﬁedcs can be divided into +wo cathegories,
dePend?hg on  whether +the sample s{ze,cgnséstfih@j ]
and frequenca are  such that the (nertis oﬁ the |
sample moterial  can be neglected. (Jhen the charec
teristie lehs“t\ﬁ of the sample U | length in the direc.
tion of stretch in simple extension and  thickness
P-erPend\’culsr to the direction of <lide -in \s'%n\P\e
shear) 1s  small  When comparec‘l with  dhe w‘avelﬁhfﬁ\
of elastic wawes propageted at the {jrequﬁ\cg of
measurement e, L < LEI/F)VZ/»LU , the ‘nmertis o,.f; the
sample can  be c:\isregc;rc\ec‘ and  in this case we see
c;onsi‘c{ering the ciasi- statiec tests [2..41@{:]\&@&9,

we are CQnsiclering the dji"}&ﬁ‘ﬁ\’tét +ests.

The most commeoen qQuasi-static method 1 the
so~called direct method in Which the éppl{ed 'hs'rm(ig
nrcal \Cur\c{\’om og Strain or stress and them—phase
___and sut "-"O;;P'*”P%“ié36 “compan ents 0{[ the response dre ]c\h\e..ct
ltj Measured Jﬁox— & given {:raquthc\uj,z& me thod 07[
qu‘\‘ckening this Procedure such that the quasi-
Statie ,gunats'ons can b¢ measuced {jor P«erfeéic@L, |
ab&;(w&elﬂ ‘mtegrsb\e o even random Wistories ‘Corg
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a whole rahgc D.p «F\‘ﬁC‘LLQﬁC{tS is the {ZQUQLQ%mcj,Fronj

section 1.3 e have gor‘ the response to @ harmoo
S g - o , . 1,

nical strsin \m&torﬂ € (£ = €, &Ju”t

& = E ) e )

where  w, is the Lvequencuj ojf oscillation. T » perio_
dical strain \w\“s{or)‘ s a‘PP\(ac\ tnstead Df > BNarmont
cal \\?5'%ort)‘, then it ey be rep‘resentcd btj’ the

Fourier serfes c;omp‘r‘is%r\c) Q; §n£§r\§‘t€\t) many B armonics
> X

€)= N g o Jnust
[_ "¢
N —of

where 4he Q,oe,(;ﬁcfev\*ts € = lﬁn\e))gﬁn are Siveh b9
_ | T —jnuat
'én“\:“ / e VT g
v,

Here T s +he period o£ the Spp Ved strain \\mtory.

the sticess response ecan also be expre\ssac\ as
o4

é C‘E) - ; éh &jh(.do &

N= ~b

with the coe(:.(:\‘c(ar\"cs
‘ T o ,t
e AR L s
O

; : .

A,ﬂo@ the CC)!D\TQ lex c)r:}ui.u SR Py bé ' cl eterrine f‘}\ s"xo vy
E (G € ’t =3 éﬂ

h ( ] N uo} ____ﬁ_gn (;2 6.) |

S’mﬁlarlj ,one has ter the complex compliance

- (jr\wo} = ‘i‘\ (?.l) |
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Simee the puﬁcfﬁmxs €8 and & () represented
by thelr Cerespor\c\\’ng Fourier series ave delined
only ?Qr the 1ﬁ{{96r values of o the coel{icients
éh snd € gorm\ Limne 5Pectr@ as Shown in F?g_
2.4 The C\u@htijc.\’es Kéﬁ‘, [€5] ond szn can also b;,
gﬂof%ed &S AELHC%&&W of the discrete greqmemgg
W=NnW, ond Jc\weﬂ are called resp. the amplitude
and phase 5PecthL

a -
3 d
-~
<,
¢ 4 93 5:.\
c';l R}J:
aqm lt}qi"
$ S5 b, b,
b T
ot e | b
*f A
H i H
S RO A
B
i i " o d Lol

L ML

{
—~
<
|
o
-
¢

L]

~— ¢ JE— & . -
%MQC\— 2»4 Tg"'e LY‘f.CiLkéi‘aCL‘l SEhe o Ty ~ 1 A < famal € ()
- 1 H \_j ~ u\.. -~ \)l.\_iin..k LV VO W
AR TR i’, o [ e e v 1\ ST ) rr .
(s eh mag be Tepresentec Dy eSS L“’Q%f(uemtb
!

e

{;,.E;amjbn fngca:l 2w /T &P@r“%,

Ubhen  +he applied h?sjconj ts pot a Pcr(odi‘c fr\umc
tion  t can not be epresente d by an a PPmPﬁL
t I r s i H N = o= « RN = o
d3Te I ourier Series, L)et, ot a&bs.{l\as the condition

e

[T lewlat < o L

-7 | i

£ e ;'E’ may be though{: as havimg a Pe«r\“od T —= =4

and 't can be represen ted bs the Fourier (oo

‘te "r&‘L /
9 3 ‘ 4 jot

€ (t) = — £ (w) e ClUJ

AT -
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N e J LL\%':’

3 the integral sum of the hsrmonics €(w

L. €.
5?!’\(.6’, }'E (S &\SSU\”ﬁﬁd t\'\@t T"—*OS p ALQ“*O Fre K,’qi

2.4 and the S‘})@C'Jcrgl Unes mMerge ‘E.oget\wer +o -(:Qr;'\ﬁ
a  continuouts ‘F\requenc\j 5Pec£vum,The Qumct\‘o\\
IS de..c‘med b\t}' the Fourier Eréhé.pcrnﬁ
‘ 1 »..jLJt
€ (W) = / £ eV dt

— L

such that € (1)

€ (W), SEmlLarLﬂ, one has
_(:cr the response A (E) 4 (W), Thus, L the
strain and stress RNistories are BBSOLuteL%) im{gﬁ*
rable, then Ehe quasihsjc@tic material gmncti‘m\s
can e&s'ﬂﬂ be determined —?rﬁ\\”\ the ratiois OL
the Fourier —l:r&mswﬁo-rm> o.(: the stress and strain

e _ bW, (2.8
=Lt o <) )

The situation %:cr candom  histories will be oiscus-
sed in the next chapter,

i
t

hn  alternstive way oﬁ SPQQ\!Q\L)"W\\C)‘ the quasi-
static material ‘FuﬁCfH()ﬂi bp) the direct method s

.
ratio of voltage T o current rather

!

+o measure the
than the ratio o(. stress +to strain 6?‘&&\" COr\verHr\q
the obtained mechanical signals fnto electrical ones

by means of an electromechanical transducer The
‘ contained i ats Pre_

"”"*’"é‘iflj vV ﬁ{&ge ) 51[: “)L.\Tﬂlﬁ mﬁ‘lt\hdc‘l s
cision when the d?spl& cements are \<¢PJ¢ excee Am\g{g

small, &b Ehird  quasi-stetic method te be menti
(s +that o.g a resonant kgujs"’tem it

cned  here
k&rc)'e, mass M s sttached

added inertia, where »
to the specimen whose inertia is heg(\‘gibh_j small



cempared to that 9{? the 2dded mass M. T hen the
$93—'tcm S Fcrcxc\ 0 vibreate at the resonance
%:'requency whﬁreﬁore tNe dsham{QdL properties can be
measured and the quasi-static material QLH’WC"UQ\“LS £an
&as-ﬁl\uj be calculated. zﬁz({evme{ive\j the system mey
be brcuS\\t to vibrate ,(re,ckﬂ and the logarithmic

C\e(,rement vV (s obtained a3 the wnatural \oaari'thmﬁ o‘(;

-~ - L ¢ 9 >i i &‘
‘\:he, ratio »c{: two successive i’jgmﬂat\on& 4 ti“‘se%‘*a ine

guasi-static properties are cbtained fbm the s%m):le
relation E”/E' = V/Y‘T( at the natural .CY“EC{LT\EV\QH of
the sejsjcem.ln these experiments the sample ~ate
rial s treated as a épeda( spring whose ?raporif_\
onality modulas (s a coth\ex function of £ eqLJlQ\'\Q:jri
which 01(' course (S an ove\mslr\\p\’\.({caiior\ oﬁ the
U'ﬁﬁarﬁ, thﬁorig\aéﬂzh»@ther m&jor d?’saévg\ntage O‘fﬁ
these +tests 13 the ,(:&c’c that the (requencnj o.(:

Mmeastrement Js discrete and 1t can be altered

Oh\bg bﬂ hcgﬂ&c?ng the @dded ~ertia Gr Cha‘ns‘mg the
S&m}ﬂe SQOme'l:rS,c»ﬁ%@ discussion about these methods as well
as the required apparatus can be found in T241-T291.

&t s .cc\* the c\'ﬂ'm&m’\c methods for which {he N e
tia oﬁ the Ssample material is not r\e_g'{”‘ic)'ibie, e M en-
tien  the case which s similar to t\wke, La’S‘j‘:-r\ﬁeV\‘tioA
Vr\e,cl method | but where the characteristic Lehg'ﬂ\

of the specimen s of the same order as el of

~the wav’e,'lenj%‘n oﬁ the elastic LVUSVV\?;; 5ucRTl\sf rve‘so
nent  vibrations can be excited in the &amPla, In N
this case mo inertia need be added since the reso
nance is  provided by the sample tsel . Natu_
rally, this method has +he same d(sac‘vam%agﬁs as

i

the one wikth added ertia,
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& second Aujiwam(cal method  the impulse response
method, involves 4he measurement ol +the transient
response due +o an (mpulsiv»@ imput OC stress. This
method has been wsed ,(or t’omwprgs<5o\W‘ ef-so £t visco-
elastic solids and shear of viscoelastic Llaids [24]
Other C’Unam(cal methods to be mentioned here
involve the wave propaga'tnoﬁ 'techhiqt_\es {Ohen the
critical  dimension 01C the Samplﬁ S Largﬁ C,omP@red
with  the wwetens’t\\ 0‘( elastic waves Drup&gé‘téd at
the %Crequﬁ\\cg) 01t ir\Jcht*sJC, the imertia og the SéhﬁP[E‘
can not be \\tﬁlectcc\ and +there s no si‘m\b-le rela. |
Lion  between the app\i‘tc\ load and the C\eg\orma{fom
The mechanical propevt{es of the sample material
cen  bhowever be derived [rom +the ve\oc\”c%) and ’Uﬁfﬁ
attenpiation 01(. 1he elastic weves Prbpaﬂa{;gd ﬁgte@d:
o£ Observmg the stress and strain. 1[, .(.urt\\ew* the |
amplitude o{: the wave d&cavs t0 zero bﬁ][\we t
ceaches the opposite \DOLW‘;C‘&\"E}I‘t\\eﬁ one need not
observe the wave at al\; it s 5uf{:\‘c{eﬁf to measure
the com\)lex ratio of; Wcume to velocd;gj at the sur_
{:ace wLf“cjm which the wave s prOPaJéteC\ N order
+e determine the cormp Lex ~odulus. b H:\oug;l\ the
latter  method (s easler, the measurements are res.
tricted to the 5pcud\ choices qu .ﬁv e quency. ’_}\e
wave Propéga‘tm/h *ttch\‘nquts are a—«eque\'\‘tij L,LStd |

‘-L:\QLJ ehabie one- ‘l‘\r’“‘\'f“‘m ““'%vv*fg

(_,,,,e,sPﬂ,-,C\&;le) because
mation on the \/(Scoe,lasstxc e.@ﬁects at shorter trmeg

than ik is possible bﬂ the aid of the Pre\/)uu&LLJ

mentioned methods The (Vave  pr ation te c«.uques

are *treoated n L6l [i1] [20]1-12 1

LD
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To allow o comperison, the ranges OQ the quasi-

static and dJ*\amu. methods are 9;\/8\\ t~ Vable Z.1
below. | hese Fanges are not absolute Limitations
and represent the +ime intervals wWhich have
ufsua\lg been covered 6X’perimeh£&\\g.

Table 2.1 (faken {rom [247)

Compav—i.sons Ojf Various qu&si“s%ajc{c and C\\(_Jﬁaﬁ"ﬂc ~wethods

Class T’;’)Pﬁ Time renge lsec)
4 Direct method 107 _ 106
2. Direct method with electro- 1074 _ 4ot
Fuasi-static ~echanical transducers
3. Resonance measurements 1075 _ 102
with added tnertia
4 Resonance medsurements - )
without added tnertia o T
Dghamic 5. ImPu(Se response QX/‘O'?
6. Wave Pfop&ga‘b?on 1072~ 4 x 107"

(bulk waves to 107)
+ Wave atte~uation o 1077

In addition to the quiasi- 5ta’c\c and dgx&m;c Pﬁ\_‘!:\\ocljj

Wc‘,\scussed 3b0Ve,t‘ﬁe short-time bthé\/lour o.[ viscon

elastic matecials cam  be

de{ﬁr ﬁ'\\\‘\&d A‘erhﬁ e X per\-

mMents e L&\\ic\\ the 5am\PLe hﬂa-'tev‘(@l N lcacied or

to

stretched at a constant rate. (Ue shall Proceec{

d%scuss Jcherﬁ i~ Tthe De,x“(: section,
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S, CONSTANT RATe TesTs

TV he short-fime behaviour o@ viscoelastic materials
can also be determimed 1Cro\w\ constant rate tests
n which  elther  the strain is increased at a
constant rate and +the v\esu‘ljcing stress (s mea.-
sured or, less common Ui)f the stress s (ncveased
un}{jorm\g and the cgrresponding Strain {8 mea sui
red. For o linear viscoelastic material, this yields
the same ir\wform&t(on as the other Jdma-c\ependent
stress and strain histories discussed above [237,
Toe make this Pl&us?‘a\e, consider an experiment in
which the specimen 15 stretched umfgormlg ]Eram
ts original length to a certain value D{: strain
€, which is held constant aftercwards. The st-
re,)cc\\%ms Process takes P\&Ce ot a S‘u@{ﬁfcien‘tlv
'Large_ ( constant) rate o!f strain (FI’E}.Q,S.)‘

(‘T\
5

t

So/y

F?gQS b comstant strain rate test

- i N i P v f -__\ 8 = oo 3 .
LU we substitute S(JC-T)_,_._ a6t ) _dGt-19 in

eq. (1.%) we obtain with  A- @(Od)({‘ﬁ dt
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, +
L) = GLO) € - / M < (t)dT
A dt
T_n{cg ré‘t“ﬁg this expression Pgrt‘;allg with rﬁspe_,ct

O T Hi‘ﬁlc\s

()= G(o)ec{)~[66t-r)6(r>J+ /@c{-——ac\ﬂﬂ dt

3 dr

or, 81”:6%’ siTmpUﬁ{cg{iorw
t
L) = €0) G(1) + / G(t-7) dET 4 (2.9)
ot

dT

ﬁow, C\‘\S&Y"Eiﬁg the strain \\,is‘borﬂ illistrated in
F(g- 1.5

0¢t< Xe
€@ = ¥
€, Y €5
‘i:___ Qb/'b;
o eq. (2.9), one obtains simply
£o/y |
b= ¥ / Glt-t)dT (2.10)
0

since € (0) = O,T‘ﬁus the stress l’\’\ﬁa&urﬁclt N A cons .
tant cate c:aJ; strain test s related to the ;\\tfg\
ral Oﬂ‘[ the relaxation gumc{ien by eq. (2.10) and
the relaxation ,Cund:?@h can  be determined ‘bg
“dif{erentiating  the obtained experimental curve, I[
the strain rate (s SLt£¥i‘c{ehtly Nigh, then +his |
corr«esponc\s to the short-4ime behasviour since the
El;l;tci: &.(_\ increash\g the strain rate (3 the same o
compressing the time scale For, at t=€/y,

as



ec‘.(,’ZgTO) S”a\/es

L) [T (% e

¥

Qe’PL&C\i‘\'\Cﬂ the wvariable o\C i\'\{?ﬁg‘rainﬁ T bj Q/X , the
above EXpression becomes

é(-i'i>=/.L.6(€°‘Q)dQ
vy Y
A s 2{ InNCre ases 1N (gew(‘\\\\ste_kj/ B ois clear that

I[EH) -G e ;¥ —or. (2.11)

Comple-l:ebj consistent with this result, discomﬁﬁugw
‘n strain catises a d(‘scoi\‘tinu}%ﬂj in  stress proportio.
nal  +o the ?mpe\ct modulus G(O) or in other LQOVC\S/
gar an iﬁdﬁ,{fn{‘tﬁ\t} l\\{gh rate ij strain the yicco-

elastic materials bebave elastically Thus At s pos.
sible  4to some extent to obtain i -F;rn\a-):i‘or\ about the
(mpact bebhaviour of viscoelastic materials [ the rote
tnvolved 1is suw[(:\“ci“e\\%’[g BYSEQI{: is p‘r‘f’.‘(c’r&\)‘Lﬁ to wse
the dets obtained ﬁmn\ constant rate Lests to predict

=3 U (G ‘\1| e v
the material behavicur ot 51,'\\33"&;@{;‘3[[5 lower strain
or stress rates, since the relaxation or creep rates

are in 9er\eral c,oms%cier‘arbitjw !\fgﬁ at Very s\\d\“‘t-time;

—and—the resultts obtalned- "-{"roi’*ﬁ' lower rates mMag be -

S [e&d(r\g

€xperi’rﬁaﬁ‘ta\ observations show that +he data thg\j

5 i i~ i —_ il
ned Trrorn constant rate o*’: {oad\mCJ tests generally

do not predict the material bebaviour safisﬁac“:@r:t&);
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at & constant rate of wn Lo&ﬂ%mg,THfS s due to s
More c@mp'\iCQted j[orm ol the mechanical ’x\tjs‘l:tresis
curves under CSCUC loac\ihg, More will be discussed
about this in the next Sectfoh,gece\\'tL\(j; constant
rate OJ; lOad\nﬁ tests bhave been uwsed SLLCCQSST.?uU&
ba F—L\hg and his collaborators in hﬂoc\elti’nj the mec-
hanical behaviour O{j so\C‘*t biological +tissues [34] -
[39]




4. DISSIPATION OF £N€RGY IN VISCOELASTIC MATERIALS

Consider an element OL a tension bar with cross-sec
tion A TL forces AA are applied 1o this element of
‘Le\xgjch dx at ts ends, the strain will ncrease by’
€dt 0 the ihfirxitesi‘m&\ time interval dt. The work
done 59 the external (or‘cﬁs May be ﬁ,xPPCSSEd as

dWA dx = LA . dx € dt

where dW is the work done Per unit volume of the
bar. I_C the deﬁ@rnwa%fon contiolies ,‘?or a —§C§r\:t€,
time , the work done on a unit volume (sPeci.C{c
work) _ﬂjb'r o sujU;ic“entlv small velue of C\&A(»\O'rmé'tfoﬁ
[ S Sﬁven b(:}'

wzjdw:jéédt, (2.12)

In an elastic bar this work is converted into
elastic energy, which will be recovered compld:ehj
upon unlc‘admg,]}\ 3 wviscoelastic bar however, all or
part,o(: this work is —Er&ns{ormec\ into heat and
Jc‘nereqr[cwe, d{SSH’Détﬁd;TO quantitize the dis&ipg{.ed'

emergg,we choose a Rarmonical strain }\\StDrL)

"€ = '60 1S J! S L

~ The étﬁéc\5~ state res ponSe— ot b&rrgt‘,vgn | N T _

be by e ILWERS)

iubsiitutmg these exprrﬂ<<?(‘m< 0 eg. (2.12) ) int

> TESS OIS Y \,Cl A B A

e
ration oOver one Pﬁ\’:Od 1= f)—W/Lu and clisc:._xrtitwg t
iaginary part  we gejc
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W=TY'€02EI/(LO) (2.13)

Durin
enecgy  given by eq. (243) (s dissipated. In view of

q every period of oscilletion s amount ol

the second law oﬁ thermodynamics, the dissipsted

enerf)(,)‘ mus t be ﬁoﬁ»meg&‘tive, whence
i
£ >0

¥0\- the 93'\/6\\ irreversible Process.qﬁytse, C‘i\&'s'd\"m9 (2.13)
by T =27/, (ve obtain an exXpression fm— the average

encrgy C‘{ss%pa{ed per unmit time

Wy = —€ 5w E"lw) . (2.14)

A
2
@wiﬁg te the energy é\iSSRPa‘\:ion in & viscoelastie
material sub\)’ﬁc{:ﬁc\ +o Cyctfc (Dc}diﬁaj the (Dad{mg
and L\ﬁlogdiﬁq curves exh‘ibﬂ: a \WL)sjccresfS \@oP as

shown in 4+tRhe <Stress- strain c:\iag)rcsm be low ij“g, 2.5).

é ]

F‘f} 2.5 The .cchc response of a %qPiCaL E;OKOS\‘C&,‘,?

RN . »‘/
r\'"\&ter‘;d\. H’\& ArvyOuLJS uS(”\OLu e LO&dit\L} a\\d ’Uﬁﬁi Ly,

{o&c‘[ncj P@r)c.s OL the curve.
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T he \’\Hj—l:cre§\5 LOOP Qorms a closed curve when the
mechanical
c!{ng to o material  wikh C,O\\\/O(ut{on~‘c9’pﬁ kernel.
€ xperimental i\\v6$£{gatf0hs show that {jor certain
bfclogicet tissues the l\’\&}s{trtsis curve stabilizes
onhj’ a{:ter a number of Lac.[e_s (usuaUg €v10c5des‘).
This is called 'Prec@\\dﬂc{o\\‘mg' the 8}\/@\ material,
The dests are Per.l[orr\'\&c\ Dh[';j aijuzer proper pre-con-
cjﬂ:\’or\ihg under the {t.th}\wS,] conditions [(strain rate,
Jcﬁm?era{ure,t‘tc.) S ac'h;eveclep.\:jt the ‘Ees{:iﬁ\c) condi.
tions oalter, then the specimmen sShould be Prfcor\c\i\
ticned once more prior to Perﬁorming hew tests
L3411 [357. Dota indicate that the \\&)S‘Etrﬁéis loop gets

B

pProper ties oare time-invariant, correspon .-

Larger as the strain rote decreases. T his w*&sul’t"‘(‘s;‘
N aqgreement with ouwr intuition that J;ov— lower

Strain rates the material has more time to C{eve(op
ks herec\({arg action. Lt was seen that the mate_
rial behaeves almest elast?csllﬂ at very h{S}\ strain
rates ond ‘t\\ereqﬁ@re exhibits r\aa(ic\:}r\blﬁ h&)s%ﬁre‘si&
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5. STrResS5- STRAIN Curves

The most commen ™means OL C\WarsC‘)ctr\zi\\g the
mechanical  behaviour of Fraditional materials s
‘Ehm}ug\w 3 stress-strain curve. &b simple stress-
straim  cuvrve s L‘Lsegu‘. to obtain i\\“[o\rl\’\&'ti&}\'\
about the variocus dewfom\*\ati’on regimes anrnd  in Par-
ticular, to C{E,g,\;ﬁf_ the region 01[ QSSG\W'EE.QUL\) ((near
behaviour For many engineering aterials this s
possible becattse the 7[orm 0¥ the stress -strain
curve (s pot s{ronghj' sensitive to pavameters such
as the rate of Loac\maj except poss’\\:'\&j‘ tinder ext_
ceme  conditions, Tn condrast, the mechanical beha-
Viour oq[ viscoelastic matevials s 5{rar\3(%} time-
dePendem% and the concept of an almost unique
stress- strain curve does not exist. gﬁt,‘the stress~
strain curves can be use(ul N c\e[inia\\cj the region
@Sj U‘nearittj and this will be Pursu.tcj here o Little
ijther, F(S_Q,é lustrates o number of possible

7 P
&

h

tr:ss 2.6 Sehematic stress-stranm curves W{or

i

various viscoelastic materials UXx clemof’ea WC'SZLU"’E?;



60

Stress-strain curves {;o\" various viscoelastic materials
Curves A and B are J\:H'P%csl Lo rcs'\:e_ctivelﬂ brittle
and ductile materials. Many Po\c:)*'mev—s assume a Pa‘ﬂ\
Like 4hst of A or B on the stress-strain plane, dle-
P-enéimg on the rate of Lo&d‘ingj or other velevant

Parametars,_‘—\nus a waterial wWhich s ductile at

low rates of (ogclina at a given temperature, havimq
> carve like B in F{g.;’l.é, may act in a brttle

Mmanner at \'\ig\\ rates , thalt s lLike A, Clrve C repre-
sents the behaviour of glass-rein{orced plastics;

't has 2 higher &I:'?@;ﬁnﬁss thon that of 4he unrein-
.Farcad matevials due +to the less ductile SLaSS»v.\[?behs,\
\—:inall:,), curve D (s -l:\d‘p‘{ca\ o{: Pok-jme\v’ {:oa\ms under |
compression or 01[ b\’o(09ical tissues under sienple elon_é‘
gstien. For the P"’\\jme" \[oams the lower modulus at |
moderate strains s due to the collapse of the cell

i

walls. &As Jor the biological tissues, the load is ma’m\g

L
7

carried buj elastine ,;f:?bﬁr's ot low straing while the
contri bution o( CoHagcr\ fiB-ﬁrs gra c\uallﬂ increase with
the increasiog stress. 1 he rate é\epe\wds\xce OW[‘ a Jc\u)p?cal
Ef{ologica\ material s Wuwstrated in Fs‘gﬂ 2.3 below.
Because 01( the stron ‘r‘épﬁ-dEPE‘\*\C‘\é""‘\Cﬁ, 3 whole se"t%

or the mechanical chavracte_

“+ WO

OQ curves {35 needed

rizabtion v the entire deﬁornﬂékfon range. i:}%"i:.,. (N
pr&cb"s;,si, aPPUCaJc(onSI the Steatnn s oWCte\\ restrictec\g
o a jew percent an vl the assumption ol Lmtgrrﬁg;
can be mainktained within this low strain region |
the mechanical belhaviour cam bSe m~odelled adequ-

» ro . A o ,;
alce‘\a BLJ the aia ol the Llincar viscoelastic law.
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) (6. 1. F . Siple < h,:mﬂz:‘rwc,:\ SEoa Jﬁi‘jp\c&l bio (ijii&g

] 3 A N - i { - e . g )
av'\ﬁ&{t'raé\ .:E:‘{, W i OLLS ;‘:’L‘!’ R T B AL Y L\J‘ti"’Lf(\\i/Pﬁz\"\

(,U\'\er\ 'U\\S \iS 4;\\9, Case, H: Loiu be .su\C.(:iC\'a\‘\{: to
determine the various material mec’dons and the
level og skrain and the range O.L strain-rate .Lor which
the &SSU\’\’\PEfOY\ o(. Une;ri{g can be maintained.
The most u\saful strain-stress curves {or viscoelastic
~akerials are those £that are obtained j(ronﬂ “sochro-

f \ PN i 3 [ ¢ .—;\ ey
nouts' creep or relaxation data \\—sS.Q.bL lhese cur.

6

/ 100 howes

- {oCo hours

~ €

viscoelastic

o

F€91$§ Teochronous Craep‘c;_u'\.w:s %\Cr

material
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ves ave obtained 1Er@r\-\ the relaxation and creep
Lests jEor vacious values of re>ped:\\/ﬁ\tj strain and
stress. Cach curve cUr\rcsPunds to the relaxation or
creep  values measured at a given timme \Eor a \/av(e)cy'
of applied strain or slress, @bs it Wil be shown
Prﬁserﬂ:lv the LH’\tSVl‘E%} o\f a given material can
O\\lﬂ be deduced ,(ro\r\\ the isochronous Stress-strain
CuYrves,
Data ]Eor stress-strain curves are cor\ﬂmoh\cﬂ Produ\
ced by one of the two test methods: constant
strain rate tests and isochronous data L\*om creep
%ﬁsjcS, COﬁS'iCler A(:i\ns% the constant strain-rate Jcesjcs;
Let the skrasin \’\(sjcor-y be given bﬂ
O £t<o
€h) = £ 30

where k s o Po\sd:\ve constant. Subst\‘tuknmﬂ this

o0 ;‘(\\ .e(;‘ \2,9! :j\k,‘C\;S

*

O

3 i L
EK‘JY T

t
b (k) = l</ G-dde = kT (8 (2.45)

(Ui4h k=€ and +t=%€/¢ we write (2.15) in the

ble. €)= £ T(€/¢e)

Ir\ Se_hera\’ 1 'S a non- Linear WCL\\WC‘E\RB\‘\ Dq[ ‘i)CS argu,-
ment and a,cccw&ir\ghji the stress-stvain relation
.{:o\r— A 9\\/-2'\’\ Jé wiU. generauy 1Dﬁ hor\-'x‘fheé‘v”. 3\'"3;’(3}?

; 3 ‘ . y
a non-Linear ,S,fP‘QSS-S'Er&\\’\ cLarve Ok)'ta\\’\(ick ]C\'O\’T\
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constant  Strain rate test does not in Seneral rule
out +he Llinesr mechanical be\\aviour) nor do linear
curves ’frﬁphj L\‘hear'{‘{:ﬂ O( the 9iveh material. &
check WCO‘— Uneari%ﬂ s wWhen the dsta plotted as
é/ﬁ VEerSuWs '6/,6 W[a\l on the same curve .Lor various
values o‘{: €  but such a test is not Pmc%a@uy
useful,
Cornsider now a Cveep test. (Ue werite oomxp\ete\ﬂ
aha\ogous to eq. (2 S) |
€)= 4(0)TJW+ / T (-1 déx) 4 (2.16)

o* T

For a s%ep»w[ur\cjt‘ior\ of stress &=, LLE) the above
equation  gields

HQ\‘\CQ’ j[\c)\,s— isochronous data obtained ot any \q*\vehg
time  the Ulinear mechanical behaviowr is re(,\\egteclz
N a linear S’icr&\"ﬁ \S‘Ere.$5 curve CONW?LHC&CX +O\r Al J(J;eJ
rent  values OI by, ks in Fig. 2.8 the rﬁec\wsmgal;
behaviour COPresPO\*\c\mg to low strains is c)q[te\mm\\ﬂ%
m’\l&\})‘ aon-ltineav For many viscoelastic uxxétgr{als
't is possible <o deline o low -strain region OWC
&Pproxim&te\j linea~ bekavicur (uP to 2-3 ). <hlso,

2 S Pcss“me to approximate the isochronous clrves
by €wo or more straight lines cj\e\:)er\é‘hcc on the |
'r«aquirec? 2 ccuracy. lJ; +his s _‘joL\hC\ m\suu\c\tnf to
handle the given problem, then one should take |
reﬁu\gg in & non-linear characterization. &4 cli,C.C?cu\"t‘Lji
Rowever 1s that dhece exist a num ber @A( non - linear



theories and the experimentsl charscterization prog -
rems ap\}rcpr(é"t‘t +to these +theories ave o{:{-en rather
iavolved. Seveval Ofg these theories Prtdlc{ better
results when compm—ec\ to others, c\epenc\{ﬁg on the
JC\jPQ O£ the stress or strain histories involved. Varous
nonlinesr characterization methods in the Preswi‘ Are
discussed in AL UA1] 0121 U34%], 0390 -0421. (Ve shall
have more to say about the nonlinesr characteriza-

tion ol viscoelastic materials in.Chapler &




APPLICATIONS
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CHARACTERIZATION OF LIN€AR VISCOeLASTIC
MATERIALS THROUGH DIGITAL SPECTRAL

ANALNSIS
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{, SAMPLING T HEOREM

Ln +the present chapter we sre concerned with
the digit&h spectral &haLSsiS methods v so .E&r

as ‘U\e}) dre important J;cr the direct determina-
tion o£ the qussﬁ»s%stic properties O.C U\\tsrtv

viscoelastic materials as discussed in sSection 2.2

above. No attempt will be made +o cover the sub-
ject matter exa[us?\/ehj‘ and attention will be con. |
j[‘%r\e,c;\ mainly on  the essentisl topics necessary |
Qor the application on the C\igi{a\ spectral ah&t\u)sf3‘§
methods to the characterization OWE viscoelastic
rmaterials. t the ehc‘k Qﬁ this C\ﬁ&‘P‘ter we wnll Cleve~

lop  several numerical procedures to obtain the mate_|

rial W[umct?orxs dcscrib?mﬂ the short- time viscoe lactic
e,J;JyeC‘ES b’gj the aid of 6\39?%@,[_ spectral ahs\ysi‘s‘\:oré
a detaled discussion of the c{isktsl <ignal 'theowj', |
the rceader s ‘r&{errec\ te a vast number Ol. bext-
books writkten on the SUE\jec“:. For a mathematical |
jtreéh»uF the discussion E)%ver\ im the ap‘pﬁﬁc\ices at the
end o{l this Paper ot LU be use.(uL |
@ﬁnj absolutehj ?h)cegrab\c j[,unctien can be "SamP“;?
led ot reqular  fntervals (without qus of infor. |
mation, | he gonow%ﬁg +heorem 13- khowh‘[‘-}éj,f%{\:g
Let a ﬁuncjc‘\‘oxw € (1) be bandlimited, {le. €K)
e £ (W) and €l)=0 Wflor bl > w, (the arrow
ciehoJceS +He Fourier {réhs,gorm\nbrhﬁr\
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w £ -nT)

od —
€ () = Z e (nT) 20 (ole =)
M=-s8

oL
3 Ar) sin (wE-nT) _
= € N 4 (3/0
wk —on
Nz~
whevre w2 e and T:W/w < W//foc~ Thus & band-

Ll ted qunction ay be represented ba the Sequ
ence 0‘? s samPLes with a sp&c?r\g O\C Tg‘%c_.
{zqu&{fon (3,{) 'S knowh as 4he SaﬁwPlhﬁg thearem
in the Hme domoain. S{m‘i[srtg)) given a [unction |
€G] such thet €)= 0 for [t] > T, the sampling
theorem jn the §requenc\\) domain is S‘iven \ay |

A

et ¢ (o) sinleToon 32
{

Wl —namw

N=—ob

where  w < T/"Q,Thus the /Cv‘e(:‘\U«f_hCH sPedxum may
equ&\\\'\j be rep‘rcse\ﬂcec\ bﬂ the values ﬁ(-f}—;i)staQQC\

by a distence smallee than or eqgual to W//TC

1S known as  the ﬂy‘qu;s:t i~terval,

2. SAMPLING ©OF A ConNTINUOUS TiMe RecoRD5

Consider +he Pe'riodic S&te .(?unchTon (ng‘ 3. 'ﬂ, u\)h\d\
Comprises of o train of rectanguler pulses ol 'ke\'g% Af



&7

and gatewidth 1T, repeating at intervals of T iy
v—anﬂe —f <t <4,

(a)

A
2T T 0 T a7
21T
(b)
=T T

—)?_—)

H
l’u/,c B
\:(g. 31 (a) the

per{oc\\’c 9&{6 ‘Qunc%{'om
(b) the F

Fourier series representation ( lne spectruny |
OL +the 'Per‘i'c)c\fc CJaJCfi J;u\wc%(on.
lhe Fourier series

representetion of the Pﬁriodic ‘}]a%e
.(_:melc\’om (C{S. 34.b) s 93\/@\ bLj ;
€. = 2AT

SN, T

—

| his -cuDC‘E‘\cm
;OhLLj’. ..ccr +tNe

(3:3)

NuT ‘
has o sine (sinu/n) enve lope hich e,xis%;gs;;
Fm‘ce%u- values of n.Thﬁreqcore, the S'P@CJQ;



c3

ral  lines occur ot hsrmonics of the repetition -(requ-
ency  We= 27/ The distance between the =zeros in the
sinc envelope (s 5(\/&\\ bLJ’ Nuwe = T/t , stueh that the number
of the spectral Llines within the first lobe becomes
ﬂ=W@%T'—-—T/2T, truncoted 4o the nearvest imtaﬁer,_\_"\\g
amplitude at zero -W[rec\uthc%}, 2ZAT s called the dec.
am‘Pl;qudt. Now, ' £ T remains {;"n‘(ed while T — o4, then
we obtain the Fourier “E\’&ﬁsl{iﬁrﬁ'l oaﬁ Y sizwgle rec‘tahsu-
lar pulse OWC width 27, Ln this case a continuous spect-
Fum s obtained reprﬁscn%cd by the sinc envelope in
T:(g, 2.1-b. On 4the other Hahd, if T remains .‘jﬂﬁ(tﬂ but
T s reduced +o zero in a Unﬂ‘l:i’h\c)“ process sueh
that ecach pulse has unit area (Az 1/_21‘)1 then the
Peh’odic gata .puncjcfeh 10 Figk 3.1-2 becomes a train

O{: eciispaced unit impulscs as shown in 1:'(9, 3.2,

|

- 3 ('LJO \Z(L;g - U:)o o (,Uo = ;g— 2(0@ 3 wg
1

th 3.2 (a) the 5amplfr\3 \Cuhcﬂcfon with 3 5amp(§09
interval of Tz 2w/, . |
(b) the spectrum of £he samPUng dunction
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oo,

lhe unit impulse train of \?(9. 3.2.a (s also known as the
tgampl\’ng‘ Tuaction' 1Tt may be regav—ded as the Um\’jc{ng
case ol the periodic gate [unction as we have seen. The
s‘P{c-Erum of the 5am\3L‘ii\9 WCumc*c(om shown in F{g. 3.2.b
is tbhe Urﬁ{{ihﬂ case OL F—\'g.l’ﬁ,’{\.b with the ‘-f:{rsjc zZero
Qcc;ur{nﬂ at infinite (\requehcg)@-\”he interveal between
the spectral limes is the kss.amptiﬁg AFr'ﬁc?(uencg) Dy »

The :‘;awwpliﬁcj W(u\\c“tion has +he sampt’mg proper%ﬂ that
mu[t\’-\)((cak(on o[ an &rb\”cré.r%} continuous S(Sﬁé( € (t)
59 +the i'bﬁpu(si sequence OL Pfg: 32.2.a results inthe
Sa\ﬂ’\PLEC\ Version O{: the ‘ngﬁa‘\ o the "{:fhﬁe cicamair\,és |

showna In \“\’9. 3.2 below.

| ] T

- DU
€« f

(1) /\/\

=

(c) ;; !

€ (rA) I , | ;
i T

F(c-J, 3.3 The nﬂuii‘\'p"\(cg{\’or\ o,(. anr arb{ﬁ:rarLj iﬁqn cton (b)
with the impulse sequence (&) results inmtc the samp.
led version of that Lunction (o). ‘



Hence the Lsampw_d s\ghat may be n ‘cerpreted as a se.-
quence of ‘mpulses wafﬂh‘tid by the (mskantancous
values oﬁ the continuous 5\'8\'\81 at the moments |t
wwas 5ampte_d, In £he &ime domain +£he sampled ‘siﬂma(
may be expressed as
C) = €4 o 4(4)
o

Z €A § (£-r A)

z—ed

(3.4)

where A s the period of the sampling function (the
5&\ﬂﬁ\>iin9 interval),

“The spectrum og the Sdrﬁpkecl 5‘(3&\&( can e@sﬂg be
derived WCro'm'\ ‘e .pa,dc that +the convolution process
i the tlime domain (s a multiplication process in
the -‘Crequer\ck) domain, Thus the Fourfee ‘Erams.ﬁc-ﬁm
o( (3.3) S{ﬁ(ds

o4

ormmme

A _ywr A
£ (nw,) = > €(rA) e J (3.5)

==

J \'\ﬁrﬁ =N, .

The discrete spectrum thus obtalned (s called the
‘discrete Fourier ‘E\'Q’L\’\S,CO‘FF\’\}; abbreviated as DFT
It is the Fourier trans )ch’h og a signal whidh
eﬁh)’ ex{sts é)jt intervals o[ A.

3%%{%(,} z = erA - e‘SA

sults 1n the

= i~ the above ec:lu&{:for\ e -
(Z = ‘EV‘@XSS,PQ‘F'%T\),
H’\t ATSCT&‘EQ :O'ur{e\’ '.E\f‘ahs,por\ﬂ (,Jsu be ‘Ereat‘e_d

More ex‘tens%vglﬂ In the next section,



EX
3. Tre DFT oF A Periobic SieNAL

<A conkinuous per‘locl(‘c 5395\&( < (1) may be represen—
Eed }Dj the FEourier serles
o

1nwet o
(&) = 7 & ad (3.6)

N=—d

where the coe.?,(:;‘ciev\“ts €n are Séveh \35}
T ~jnuat
€ TL / e e J dt (3. %)

I( the PErn‘oci(‘c sx’gn&l 'S ‘pec\ {hrough an &\\elogueu—
Jcc«di’gs‘%é( comverter it will be sampled at \"eguté\rl%)"

5‘{3&(,6& +ices as shown in X:xﬂ 3.4, :

€ (+) |

e TTTN

D E
T 1l

F;ﬁ' 3.4 SsmPlincj o[ & p€rt'od(¢ ﬁunc%(on at regu lar
‘i:(\"\'\e ir\“(:\’ir\/ats A

Ll the ;amp\"ing interval s A, then the discrete values
of € a2t Lime £=rA can be deroted as €(rA) and :
the sequence E{:(r—L\\g, r=01,2,....,is called the discrete
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it series' o(: € (1), Since €W s Pem"o&ic o th Perio:‘
T=-NA, it will sullice to obtain the discrete time
sevies (€ (v A3, where = O\, L, ,IN-Y, T ERis case £he
integral (3.7) can  be approximated by the sum

\ il -7 (2mn) (v A)
€n=—:‘..l—> Ced)e 9T A
=
where 0=0,42 ..., (N-D) and (o = LI,

|
5L&b$&§{u£‘mﬂ T=NA inte therabove expression yields

Nt _ s _ .
~em-‘h> clrp) e 42T/ (2.8)
N L __
F=C
whevre n= O 4,2, .., (N=1),

i
|

Cquation (3.8) i< an approximate J;o'r'\:ﬂu\& ,Por calew |
laking the coeﬁ.@;c{em%s of the Fourier sevies (32.4)

Tt s the discvete Fourier —Eransﬁomﬁ ol; the discrete
bime series 1€ (M} <oy bypicsl velue €(-B) of the |

Sequience c?f:(rAH may be reqained ex‘act‘tb;) ‘H“s.mu;ﬂl\
J N, :

Gy ~ . \ —
the nverse discrete Fourier transform  ITDET

given
by - |
€0-)- ) e o J T/ (29 |
where r=0,1,2,.... (N-D).

The DFT of the discrete time series, %énzl obtained by The
successive app{\'ca%fcn of (38‘5 fo‘r n=O L2, . .. (N-1) can bhe
related to the Fourier translorm of the ‘um:ierhj*fng con -
t\auou s ﬁur\c}tfom € (), Prov‘\{c\ec:l that +the Unc\erbfrw) |
1Cunajci’on €W@) has no sudden discontinuities The rols.
tion  between the DFT and 4+he Fourier *E\"&OSLON’T\ s
Swem ioy
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€(w) = €(w) & J (W)
o , (3.10)
= >v—€ng(tuﬁ%4'%> o
N= -c%

({Ohen “4he Sequience %6&1\\% 's real, | & ma\L) be shown
that

€ = €h¥ =€\-n -Cor all n

€ .on= €n -(;Or all n (‘3;(,”]}; |

.*. ~§z0’f~ !'\;:C)p 1,,27"“' i (N/i)

€y +n =€ (n/2)-n
e, comsequence o@ the sa,m‘:[f\wg theorem is that the co.
Q‘QQ\QC'\%ﬁh{ﬁ €q calculated bj the DFET are +the correct

Fourier c,c&,gffciem%s L—O\" jtre,quahcies

whzhwe=2ﬁ 5__2_ (3.32) !

C.e. APO‘(‘ N in the ange n=0,1, 2, ... (N/2),
More over, 5£ there are frequemcfeS above T/A present in
the origimst :sfgma\, these introduce a distortion o the
spectrum called ‘sliasing’. The ih§33\ ;{\}requamcﬂ COMPO -
nents ona back arcund the io(éimﬂ ‘grec\ueh%f ™ /A
and  are SUPQV\DOSQA on the correct s‘pe,cbrum feorm O to
Yon Haz.
I&; W, (s the Yﬂ&Xihﬁumﬁ;.@gr&quehc&j compopent present in
tha éighat,then &Uasiﬁcjj canm bﬁ dVOédec{ b\L) QDSL\\"(D(j
that +the 5@mP(§\wﬂ intervel s small, such that q;c<7r/A;E
or with WCCz Gﬁc/l“
B < (3.13)

[

In Cj’imer&l} t is 3 3@0& rule to select ,{:Q one and a

L\&HE or two times greajcﬁ\“ than the maximum antici.

.P&Eed .W(\i—equeﬁci.) .
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<k nother way oj; &vcic\c’mg a[(’ssincj is to €H’f€‘r the data
prior to 5ax~m\3Um9 so that \,ﬁ_\:O‘r\*ﬁ&JCfOﬁ above a mexi.
Tmum ‘\'“QC\L;\Q\”\QL:) O,g: IMJCQVQSJE ZS r&\"ﬁoxre,cgf—r\\is \\\QJ(\’\QA

(2 Praj;erab\e sbove the .F\’rsjc Csince the Qui—o,(,,( Wﬁ\rea
quency maq be chosen equal to the maximum ,(reqLUZWCLJ
o,S: interest and a better c:onwpu'tima economy may be

achieved.

A4 Tre DFT OF A& EiniTe- NONDETERMINISTIC SIGNAL

— \_ . , ¢ CoL
The Fouriem sercies rtpr¢>‘-6ﬁ-&abor\ o{. a ‘mondeterministic

‘andom’ sianal does not exist. Furthermore since |

i

or
S{tatfohartj ramdom processes | which are convenient to
determine the quasi-static propecties ch a Unear iﬂsﬁa‘ﬂ,g
—ithecmeb’cau%j continue Wﬁore\/e\r, the condition [ }E{;t)\clt:
<& (s not sai‘z:(sﬁ(ed.hrhfs remders the a\s";f:ga%\’am |
Oj:_ the Fourier 4rasnslform mpossible. |
The DFT applies to signglﬁ whick \“epeat fﬁcleﬁ»‘mi‘(:elg
with Pericc.\ T, ihrough which  the {:im‘i{e Len\g*ﬁ:h of
record to be trar\sp@rmec\ (s Spec‘»ﬁ{edj (.e. N=T/A.
Now, since Pr@cjt,(caL\L} all data are [inike, Lhe {e‘ng‘?thg
of a [inite random record can always be CQﬁSQASPEA§
as the P&ﬁrfcﬂ ol the random 5(9\‘1@& and the DFT con |
st L be aPPUQC\‘HQDCQ the non-deterministic s'{’gr\a( can
be assumed o cepeat with a period equal to the

Lor @nahj*{:\’cak convenience, In order
(t may be said

Cecov d le.najch
to be more explicit on this matter,
that the Fourier series and Fourier Jcrahs{’:orms o(



data dffer n their +“heoretical properties but not,
for most practical purposes, (n  thelr C\(gita( compu-
totional details, This (s because only 2 g{\\;{t range
Fourler series or -Jcranswf\orm can &c:tusl\a be com-
puted with digi%(zed data, and this [inite range
can always be considered as the Pu—(oc} OL an 35S0~
clated Fourier series. However, this sssumption
iﬁevltably’ introduces an ercor  called ‘signal leak&ge"
which  we shall now discuss.

A finite signal €(t) recorded in the time domain
such thaet €W =0 for €I >T/4  can amalytically

}Dt t‘ﬁpvtée\w‘beck by

€ (t) for Jtl< T4
€ (1) By, (1) = (2.14)
@ Xfor | €] > T/
where B, (s 4he Box car ’\EUNC’-HC’“ (Fig- 35)’ A
| B, (4] -
(a)
- T —t
7 © 3
By, (0
(b)

T—EI\“\_/ ° %

E\g?)B(a) the Boxcae Cunoﬂ()ﬂ
(b} £he \SP{C‘{:FU.D\\ o;v[ the Boxcar gwﬂc—b@n




6

T his process O£ CUJchmg a signal OH. (n the time
domain corrabpohd> to U“Q"J ’c\n9 the spectrum of
the 31JnaL by the spectrum of +be boxcar _(Lmd:\un
g(ve\a 'n 39 2.5.b. The latter spectrum is sometimes
CaLte_c:! the! \ictaﬁgu(é\' window' spectrum.

T\’\& \’Qur\ew ‘EK‘QDS§—O\ ™ O£ (314\) E)\glds

€ (0) By, (4) e o T ( sm(m’r/z"))
L ‘ wT/z
) )
g T joy— :
/ecm 5-‘“’% /atw-w] 4 (3.45)
G ™ (to-u) ' |
B%} *‘we(ghtincj’! we mean the convolution of the spect._

LD Q( 8 1[&03‘&@ sfamci with the baslic (aj Window
(see also Fig. 3 A.B) (n the Lhtqucnuj domain, Theoreti
CaL\y,the c,orv*acjt Fesult would be obtained ﬂ\FOU\S’\

€W -1 —— (o e Jlw)

eohieh Vs 4he convolution wrth +he delta W(ur\c‘t{o\\ g(w}n
The boxcar we\"g}\tina causes ’sighdl leakac\]e\ beca_
use A ‘sha‘rp Spex:h‘cu Line (s sSmeared out over a
wide range o£ ,Crec‘uer\cxes (theoretical (‘j an Infinite
num bere o.ﬁ side lobes 1o :‘E) 3.5, b} the hal .( O-L which
are m&\)ak\\rﬁs. Dart\cu\&rlt‘) the gl“r&"c Lo side lobes
contribute to an erronecus result since they have
a \’\e\:\ht Q{; app\rgmnwate_lJ one- k [th ol that of H\e:
ain lobe. To I\W\Pr\,\{a the S ceuracy G£ U\Jegg?\t\ﬁg/(f
s ﬁ€C€§_§8rLJ to V\’TQC“‘QEJ the boxcar Loeigh%i\‘sg S 'ﬁ\e,j
Eime dorﬁéim such thet the Main lobe in the S\Dec‘t_Q
rum  1s broadened and  the side lobes are SUPP -
ressed. |
This may be achieved by ‘s,moot‘mnj the sFectrum»
{hvough the aPPLgCét%Oh of a AJﬂCeren% window
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j;\.m tion. For £his purpose, the LO5!W€ taper data
UJ\V\C\&,L\) 5P\ow B F!ng 36 13 D{:tﬁﬁ LRSE.C‘._

Cryp (E)

i T/10 e —f ‘/tO‘ﬂ-——

(a)

i
l
!
l
f

-t
O —
\/2
P Copyy (00)
(b) |
i
l - -
S o ! \\__//—_\\N (X
E
A/t

qu, 3.6 (3) the cosine (::mm— data window

(b) the cosine ’taper <ped;r<§( window,

Bu) ta permi:) the Orsg.hal time record at each er\cl the
my ddle Por‘bah OL the record g w&\ghtfid Mmore ‘Weav»(t}

H’W&\’\ JC tu)O QWAS _ ince e rega\ 4 +Ne Or‘!g‘,%h {'ttme
mecord . as 4 Pemo&ic _{\me“i:ion worEh pemoé T, LL\ ta. |
rcir-éncﬂ e rea ch_ the QQ,PQC% O]C $moo{:hxm§] +he d i Scon
Einuities at &he ‘jom"fcs’ ol the periodic ﬁuncﬁon

< Comparison ol l—\9 3.5 b and 3. 6.b shows +hat

the smmoothed spect rum has a (argar ~ain lobe and
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that the side (obe LeAkane ' S 3Li€>"\r€$5‘&é over that of
the rec%ancjular window Spﬁc’trurﬁ

<ba effect of tapering s to reduce the variance of
the tapehec( date relative o the ur\J al data.This
variance c\waﬁﬂe qiven bE) the ratio ol the areas under
B (1) and Crp ) s /0 975 The semooth Spectrum esti_
mates should be mu\%{p(iecﬂ b9 this {:&cj\:or ' order to
obtain the correct scale when the casine taper data
window (s wused.

1t is seen 4hat by using a larger main lobe the
variance 01: the measurements {s improved. But, this accurs
at the cost of .Prequer\c.u) resolution ;| since the [re_
quencies which are close £o one another can not e,s,\gi(LJ
be d\&‘t:\ﬁgtué‘ﬁﬁd

AAbove 1k s discussed unde— which conditions the
DFT  operation may be GP(\L\ﬂé to nondeterministic
Q\’"ni{ﬁ signals. Tt sbhould also be noted that the

5amp\’mq process should be Perl:or" med {n occordance

with  the ’\jquus{ criterion (312) such that aﬁasimg |
will pot occur
For & more detailed treatment of the subject mat’cetrf%

i this seckion, the reader (s celevrred +o 1471 Li}?“

CO'\/\PL&ANCQ F”"QR RANDOM

The CO\’\’\PLQX‘ modulus and compﬁamce: OL Linear visco.
elastic materials are delined wunder skeéégj‘ state con
ditions. <& .g.im;%;e, Fan dom process due o the random
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excitation O]C the material over a j[\{mijce (.e,_mgﬂw c(f timne
(s per ckegi:‘mi{\'oﬁ nonstationary amd t (s oot Po;sih(ﬁ
to obtain direct fnpcrm@tfon about the wfre'queﬁqjg com.
Posi{iom OL the quasi-static propert{.ﬁs QL the nateo
rial, This éi&:][?c_,u\)tgj‘ can be overcome bg Fourier ama_
L})‘si\ws, not the Saﬁ;Plﬁ series of the signals themselves,
but thelr awtocorrelation and cross - corcelakion qumc_
tioos, How this can be donme s the subiect of the
prestmﬁ section,

The mean value o the statistical exp»e.c%a\ﬁon OLS
Wcumcjcf@\ <€) s gﬂ‘eg%mecﬂ By

~ L]
M, = E\_'€3=/ € plelde
-y

where P(w”:) vs the Proha\o(u*tg c&ems{x}cy Quncﬂ@m oﬂ\%o
b exact khow(ecis)e O(r the Prcba\iu%ﬂ c\ﬁhszty' .(\unc,,
tion s in general not avallable. <k possible method o£
eékérﬁ@'\:{mg the mean value based wpon N §mc§€‘s~améem{;

observetions (s
% N

;’;:L = =\ 2 o
3 Tt
N L

L=t

where &, (s known as the 5&\“&‘3@\& mMean,
Mow the autocorrelation Lanction Re. (o) of a ran.
dom ‘FL\\’\C%iOﬁ € ) Is C.leii\”\ﬁcl as the mean value Oi
e Produc“’: €M) €&+, (e, |
Ree (0= E[ € ¥V & (k1) ] (3.16)
- very Lsrﬂe +le ?m%erval$,c‘e. T—of , the r&mADNS
%:ur\c;t?orxv will be urcorrelated so that 5
Ree (tomog) —s My (349
T the same way, the cross- correlation WCL'\\“\C'E;OV\; bet_
ween +the random signals €&) and 4 (s de_jfinad as
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Rey (0= Ej € é e+ (3.18)
Kg: '{:\'\ﬂ ’ré\i‘r\rc\g'{\"\ 5\Sm& LS ‘6/ éf\,é, é Qe UVBCQH"\“*&L&‘&&C\ —FOE‘
= Large time separsation T, then

Reg (T —> ) —— memy, (3.19)
(Uken 4he random exciitation €5 and ts response (1)
have no pevioé\?c com\soman%; then their mean values
me=Ele] and m, = E[4] may be mormalized such that

Ree (T— o) =Ry (e —t) =0 (2;20)
(lnde— +“hese conditions we obtain

=1
[ i\"zeg(f)yd’f/\‘ V4

S
o |
[ |Reglr)|dT < £
-
(Ohen *the above statistical pPrecautions are taken

(3.21)

then the autocorrelation and the cross-corcelation

.\Tm\\c%?omg ™S be Fourier {.v&hS\LO\”fﬁ&d to S%ve

S (W) = e “’J““ A 3.2}
Dee L) = :LT\' / Rﬁ&( T (522} .
Sﬁé (o) = g , (T)e )L)L (3.23)

where  See (s *Ume auto -spec ctral cle*r\\i{:j J;imrt‘{r\m O,[
strain  and Sey s the cross- SPedquk 5e‘r\5uﬂ %umcm
+Hon between +the strain and stress :\;uj*\ als.

1t May. be shown that the @U%Q‘S\Dﬁ@":\éﬁ.t &€msi\{:sj

;L\\‘EC’EC;OH and  the Qrossvspec%\*al Clﬁi’\i\;%g -@LMCHOH

are related “H\\ﬁough

D, () = H () Se e (W) (3.24)

S\"\\Cl



where W s £he cormp lex compliance and H*(W)
({S tjcs complex Qoﬁjuc_)&%e; S}mitar— rela‘}:;ODS \'\Old -1[0“"

the Complﬁx modulus and ks complex com\)‘uga":t

See (W) = E (W) Sey (w) (3.26)
and
See (w) = EMNW) S, (w) (2.27)
(D may there fore wiite
Elw) ==t Seeld \3.28)
H (U)\} Seé (L\)j :

ﬁow;w the random s?S\\&‘LS TE) and 4 sre propen
h) samplﬁd, then the DFT coefdlcients 1€nt and
1443 can be obtained %Hr@ugh the successive appli-
cation o£ (3.8). I that case +he au%o»spec%m{tderf
5{%3 and  the Cro.;g»spcc-&ra( c:\iemsijc;ﬂ @uxxc%x’aaxs can
ﬁési\cﬂ be computed ,Crom

th
h
!

€, & En (3.29)

Sﬁéf\ = é‘n* éﬁ (3;30)

a;’ter which the C_Omplﬁx ~odulus  and compﬁamte can
be estimated as

E(hw): 2¢€en . | 237
E (he) e, T (3. )

The sbove calewlations can  be Per{’.Ormeci qm”cktt) |
k\wvough the application of fast Fourier 4rams- |
1[orm (FFT) PrOCQdL\V“ﬁSzT\‘\ﬁ ﬁas% Fourier Jcrams.fcrmg
ls & computer a\gcr%hm which economizes +he |

COr\\Pu‘Ea‘Hon o£ the DFT {to a 3r~aat extend. Fov

commen EFET  algorithms 1t is required €hat the num.
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be- of samples N (s o power ol two,ie. N=2" Uhere
X 1% 2 positive inkteger This el Q@mk be achieved
bJ \EX‘EE\\A\’M’% t\\E’, \"g_CDt"“L (.*’\’WJJC}\ ‘E\"\\’OL\JB L\:lcl\r\g o
suir.%\ueh‘i: AU ber QL zevo 's.
The spe ectral window which s GYaherent' +o the
Mmost common FET Prok,ec(urfs s a -fl:r’%a\wg)u\a‘r win -
C\Q‘u) a\\/em *’\j

Wa, (D = {1 2H o 11T

O e.Lse.cohere

(2.22])

The DD\VL\\,\.?L/F\\\ wexcﬂh{w ey e Compe cnsated ba
;Qrﬁcs\uehcﬂ 5“’\OOthth3 , but '(:‘ﬁﬂ resultin C‘ evryov Ccan

O\‘whj be reduced at the expense of —ﬂ equency resolaw

tien as belore The FFT proces c\ures sve dxscussec\ at
'leruth AR L‘}31 L4s]. T Tl ,
Tt s @“Eec\ Lnauj that Jd\e clxs Jcal compus\t\oﬁ of

’Hwe C“‘mPLﬁX m‘woc‘uius Qﬁé the C”‘"’T\’Plﬁ)( comphanc,e, can |

be e,xpressed 0 @cc,ura&hm :,u‘th eas z,:_n Ho:t An the

e ;ﬁ % ! ﬁ\}u s f ©r r*:*s é};,:»

(O = - (nu ) - :Zj_n_ 3.0
Etw\_}dtt 3§ w N‘Z) (3.33)
and
(w) = ‘(0 ! - 2 | ’ ¥
H(w) h‘/_%A‘\-—\(rwﬁ g{w ﬁ) (3,34)

-év!u\vakinth ; equation (3.2) may appl g Thus  we may

x,u\t‘lc& TV‘” instance

E(w =

E(nw) sin {wNA a7 (3:35)
teNA — N

'.(\/‘&.

2
"
{
&,
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6. DeTERMINATION OF THE RELAXATION AND CReeP
FUNCTIONS FROM QUASI-STATIC MEASUREMENTS

Ln the previous secktions we have discussed the applica-
tions ol +he di@‘r‘cc;l spectral ana\L_)s"\s methods to the
characterization of the quasi-static material fung%iohs,
The determination of the complex modulus and the
complex compliance [unctions frem peciodicsl Nistories
'S 'PY‘Q{:SY‘\‘QC\ above their estimation grén/ﬂ random his-
tories, simce the \Cormer method (eads te more sccurate
results by the aid o{j& less involved pr@cedureaﬁped!
L’Cal\k_)‘; no spec%&[ care must be taken ~\?or the s?gﬁaii
Léakége, ’Prov“\c\ed that +he 5{5r\al5 are 5am}3le.d over |
a whole ’Pe_r(oﬂ and In accordance cotth the \\Squ{st
criterion. In both cases the FFT aigor’\f\\\\xs may be
twﬁﬁ’\ciem’c\v‘ ewwpkoyed t0 economize the computation
Prccedure, '

Once the complex modulus and the complex compli-
ance @veér\owﬁ L Ehe Cer\a\bpmhéeﬁg kernels can be
computed by the aid ol the inverse discrete Fourier
{:rans?orm‘—rhus, Tgl .Qor instance , the original time ;
secies %é(r A)\i s Pev—ioéx‘c with T =NA, then in view
Uﬁ eq. (2.9) equation (1.13) can be written in the.ﬂ‘orm:

N-{ _ X
, Cl2mne /N |
9(‘r[ﬂ=—§—/ é“ eJ /N 4 A»g(rlﬂ (2.2¢)
INEPS
where r= 0,4, ..o ., (N-1). €q. (3.36) enables one to caleu. j

late the relaxation kernel from the digital data on

Lthe e,onwposﬂ:fo‘n of; the Complex o dulus,
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The relaxation .punc‘cuon can be obtained .fvom the

relaxation kernel *t\\rouSH
t

I ]
G(H=/ [—i—;/(/—\—F(Ju))) J“L‘wldr

o -4
cohi ch ma y be LUF\TJC‘EG‘\ in  discrete Wform as

)&

n=0

N -1

Pl2wne /)
e TN A L ALA 75(@\)

,\'/

i
@]

-

A
U
pa
A

N J(QKHP/N)
€

-

g}

]

A+ AA UGN (339

r' o

i
G
J
1

| he relaxation Lunct\on can also be o\bt@i\\ect C\\\reC‘U(:J
1Cromﬁ the comPLex modulus, Duttmcj

a é‘\ 9 ‘
Lpn - /'En - bn /€ (3.33)

J'Luh ] 21N
N A
eq. (1.22) con be written as
N~
(l‘l‘hr/N)
GlrA)- L b, o 3.39)
r=0 '

lo obtain a continuous expression .@or the re\sxatson
wE(,mcjcuon one c¢an write {n accordance (orth the s&mP\
ang theorem (4.1)

o (o {wlt-r 2D
G (b= L Glepy Dt P00 ~ (3.40)
=0 |

w [£-+ A)

where  w= lﬂ/NA




Sa’mi(ar resclts are O\cha{hec\ por the Q\”QQ'P Measurcs
133 interchar\g’mg the mput and  the ou;JcPch ‘Ss’gnal;g

The Crﬁe‘p ker\\&l can be Ca\cu\a%cd WCr-on\ ‘t\\&

quasi-static dats on +the compos%’cion Q]C the o:;-m\b\ex

CO\'\\PU&nCe {me‘t’tor\ by the _go\"h'\uké

N1 (2 ﬁr\/4 \
h(rA)= Z gé_n_QJ TTND miien) (3. &)
n= O

Where 20,1, ... (N=1) , A s the sampl(mg nterval,

N (s the record- Len\cjt\\ and T=NA,

The Creep LL\D ction can be obtained -C’rom the Creep
kernel thro u\cj‘ ) ‘
j(i’A)ZL %&QJ(Q‘KY\\’/N)'A_ BAUZT’A)

r=0 n=0 )
(3.42)

|

O &\‘Etrna“{:'\ve\%)’; E may be obtained C\;re,C‘ELL[ ‘F\“Q\m\ ’

+the Con\P\ex comp(iance b&) virtue @,C the ‘averse
Aliscrete ©

oL

er %raﬁs»’{orﬁ*\

N -1 :
(2o /N

©n e )

(G-
o~
B
1
1

(2,43)

n |

= — L)

Zm (3.44)
NA

To obtain con i nuous eXPression .gov— the Creep

a
jCunc’ciom we write n this case

sin ¢ w ({“PA\}
wWE-rA)

N-1 ,
T = L J(ra) (3.45)

=0
Where ag@f\\ Q= 2T\/NA»
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am—

lhe above calculations can be economized by the aid
ol FET slgorithms. "This should be preceded by the
determination of the impact ~odulus A and the equi -
Lbricm modull Gy and Ju .

F+. DETERMINATION OF TH€ VISCOE€ELASTIC SPECTRA
FROM QUASI-STATIC MELASUREMENTS

It was alrtadLj discussed in sectlion 1.6 under which
conditions the viscoelastie spectra can be obtained
{rom theim corrtspohc\ir\g kerne s ‘thrOngl\ the applica-
tion 01C the Fourier t"aﬁS.\?or\’\\Sc Heve we witl \s\’mFle

reproduce the relations through which the spectra - if
*Urweg exiskt - caﬁbé Q:i::f%:afngd .prom the quasi-static |
data, |

APP‘&)\‘”S IDFT +o eq. (3.36) one obtains Lor the rela-

¥xation 5ptc‘tv—um

N- N-1 . T
F oy = 7— §~Z‘ b ej(lwm\~/;\;}3 €’,J (2wnr /)

N~
+AZ

§ (e 2T/

i,

N-1

{
O
N-t N
o &
) )+

= ﬁ—‘-O

J U}-wm—/N)
€

J

+ A (346)%

)

O

where n=01, .. ____. . (N=1).
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§imﬁlarl9 one Has .‘;rom (3.41) ]Eor the creep spt(fcruw

S [ (threne /)
5(&3‘)3: Z /Y—‘ in QJ N + B (3;"‘*‘7’)
[ n
= O \‘1:0

These calculations cam be performed ecomomics lly
b9 the aid of the FET. 1. 9 strmilar né;aa%%@fcn, the
viscoe lastie spectra  can also be obtained from
the relaxation and Creep ﬁgmcf(onsé'_’t—ht derivation
of these relotions is left a5 an exercise to the

Y‘Q«&AQ\",
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APPLICATIONS TO NONLINEAR (HARACTERIZATION
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{, NONLIN€AR THEORLIES

There exist mumerous nonlinear theories oqc visco~
elas%(cl’cg im the litersture and there (s no gene-~
ral agreement as to which theory- is suttable to
odel 4he omonlinear mechanical behaviour of visco-
elastic materials, ms\w9 sttempts have been made
to model prer"ﬁ\c\\teﬂ data 55 the aid oWC the
txfstfng theories anmd +o compare them with one
another al{\woush this was not sullicient to eva-
Luate co‘nc\us’\vehj any ‘E\\eor%).ch seems that the
success oOr ¥ailuv~e o.f Q S‘ivem ‘t\wecrﬂ c\epe\\ds on
the 5Peci.§ic app lication.
It s bel:)oncl the scope Q-{j the present paper
to discuss the mathermaticol details of all the
ex‘isjc’mg nonlinear— theories ®£ V"\scoelast‘\dﬂct\,%a—
sing ourselves on the summarizing werks in the
[(terature L1411, L401-1421 we will consider here the
Poss%b\e spplications o(:. the quasi-static mmethads
Lo the nonlintar charecterization o(: viscoe lastic
materials, & detailed 4real ment oi the major
part of +he discussion given Nere , as well as
the determination OL the material Par&mettrs oS-

curing in these oonlinesr theories cam be {:oumcﬂ im;
the above-mentioned works. E

The most 9@\&\*&( non Linear thﬁO\"Lj 0’[ viscoelasti- |
c\JcJ is the Green- Rivlin t\\tc\’j) i Whieh the hOD\o
geneous j[me:Jc:{oms\ re\étih9 strain to stress is ex-
Pr‘essad as a \DQ LJHOI\\\&\ exp&\\StOh o_(: lineavr -(:me~

tionals o@ +the <ctrainm ‘ms)wry The one- c:\\mems‘orsa(
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J;orm of; s Jd\ﬁorﬂ .a:or noh—&g%\xg materials is 8{_

v en bLj’ thNe exX Pression

+

t

Jie) = f@,&_aé(—cmﬂ/ Gy b, £-T)€ (1) € (o).
—od

— &4

t
dr.dT, + ///63 (t‘—c”t—fl,ic-"ts\é(t)é[g\éu@dtd“(lclﬁ
=

goones (4 .1)

Where the ’mjces‘ra{{on .Funct{ons Gn can be assumed,
without loss OL 9@\'\@»3&%9‘,‘&) be symmetric coith res-
pect to their a\fgumeh‘b&

€q. (4.1) s not suitable _Cc,r proctical appli cations &r\C‘:
Various approximate methods of characterization have
been P'roposec\ L4211 One important approximation met-
hod s the so-called moc\?ffec\ SL\PﬁrFOS{‘h(Ot\ prin-
Civple, LOhCFQLOrﬁ the hfg‘r\er order kernel Qumcﬂcions
Gn are vestricted +o g funcﬂor\ oﬁ the smallest
€time éirgurﬂeh‘t,or ‘O_c the most recent Dccurehce.]__h
this way, e s Poss‘tble to reduce the r\wu\tiple

\”n‘ceghal polynemial into a sin

3\6 im{egré\ epre -
sentation 20 thet ed. (4.1) becomes

( [t de [\t i
‘é‘%’)z Y, G, (£-7) d\' aT + / G, k-1 [EZ(T)]AT -+
- T _Y aT

t
+*%/ 63(Jc~r\ad._T[€3(ﬂ]dT+-~~ (4.2)

where

G, (t-1) = G, (t-1, t-1) | etc.

For practical applications, the \\\Etgra\ po\ﬂnom‘ig\s
OL ih{jinif\:a order are +runcated aﬁte&- terms 07[



seme order, O.C-t’c\’\ the third. €ven then +the rt.su\’c‘mg
one-dimensional “H(\ﬁc'rlj‘ is “teco compl\csjce_d A?or rowtine
practical application.

hnother s‘occ_{a\ ‘t\\aomj 's obtained t\\\"DLL9\\ the

Se\werstiza‘t\”on O£ the linear viscoelastic law suceh

that +
Fls]- / G-t 4 H[e]dT (4. 3)
Uk 4T

Speci’al WCorms O{:' eq. (4.3) have been wsed by Li&C‘Qt—n\éﬁj
Rabotrow and \:ung.I{ (s shown in L4001 and L3501

that +4he eq. (4.3) can be obtained as o specializa- \
tion o(: the Green-Rivliin 'U'\eortj Tt s evident that |
eq. (4.3) 1s less 9er\er‘s\ than the Green-Rivlin —Lor—
mulation, since the Llormer fnvolves only a stngle
Linear J;unctic'n&\.lh sddition 4o the above- mentioned
{heor—?es, there are Several other i\’\ﬁpor'{m\“t theories one |
May Come 3Cross i~ the Literature. The ?\'\\Per{:&h‘t methods |
OL non-linear characterization can be

?) Green- Riviin Jc\\eorLJ;

2) cﬂpprox\mabcr\s of the Green- Riviin ‘H‘\éD\"LJ ‘er@uglﬁ

special assumptions on the {:orm of the kernel {lmcﬁcaons
3) Leaderman's %Heoﬂj

Lﬂ Rabotnow's ‘theorq

5) Sermi- empirical ‘HWEO\’\L) o{: }‘uﬂg

6) Lianis's -U-\eorLj oﬁ {nﬁ\‘te Lnear vxscoe\ashcr&a
?) RKZ - theories (Bev—ns{f:n Kears | eJ and Zap&s)
]) Sch&Ptr&) s Jd\eom o£ sjcress time superposition
9) LC,mP'.mcs,l {:mebon 1({4:mg

In addition 4o these the wwtra( theow of \/mcoe.lasjcm{yf
due to Voelterra is diseuwssad in “j

A
SUrm h‘\&%’"%Zﬁd Qs
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1t Vs noted that 4he +ests Perwformed so ][\ar to
V'“'\‘W(fj’ these theories are relab’vthj simple in thelir
time dependence ; Lthe moclelling  of the material beha-
viour has been obtained (n most cases Lov— ‘S{“Sk
and multi- step loadinS,THere are but {few experi -
ments repo'rtad 0 the Lliterature ' which the
material characterization (s obtained ‘(;hroush

other Jcﬂpes o]f histories.

2. Comprex MobuLus ForMULATION

The complex modulus Eori‘ﬁu\&'{‘.;ah corresponc&h\S to ‘
the Green- Riviin ‘E\W&OY‘\&j’ s 9%\/8h n L1711, Ta repro- |

duce vt we  write eq. (L},ﬂ iy the .(:orr\\
N

b (£) = Z bn (1) (4 &)

!"'.:’!
where

b of
én (¥)= // Calt, o w) €k-T) - € (-t d- - d e
o o

(A Y
(4.5)
'éq (4, l{») Can bﬁ FOL\V‘(QV‘ ‘Er’é ns_ﬁgrmed AS

N |
b (w) = by (W) (4.¢0)
L

where +he Fourier -Ershs.(:m-m og the relaxation {:uncg?
tiens Gn are delined by |
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N Y]
G (w,, w0, - ---,cun3=[.~~[ Gn (TG, T
) o

,.J'(w,r,-r Wy TGt - + (O T )
e 0 dT,C}Tzdtﬁ

(4. %)

cz‘br\alogeu_s to eq. (1.21) and with Gh (&)= 0O, we deline
a set DL complex moduali EL by’

= 0 \
Eolw,, -- --,wn)=J WG Wh Gn (-, wWa) (4.8)

U,\b‘{ﬁfj (4.7) and (4.83, the Fourier 'Er‘ans.l(:orm O‘{: (4.5)

can be 6><Pr~e.ssed Qs

| &b o4
_(27‘)‘—1["’/ En (w.'-;~’h.( wt\yéLwr\.-m{L(Un),
~d -4

dw,- - dw, (4.9)

18]

(
dulus formulajcfor) b][
N= Uwey reduce to

b () = E. (W) €(W)

which is equivalent to the camp ex modulus .[eru-
lation used o the linecar theDrJ The expernmﬁ\ta(
determination ‘\(: the quasi-static material {\unct\ons
de.cin&d above s rather involved. =k lsrga num ber
Oﬁ Cluasf static tests ore requarad and the q:-f)ae\\“(?
digita l spectrum a\ml&)s\s techniques discussed in
the previous chapter can no longer be CF\WP(OHQC\. In
the remalning part of +this section we will briefly
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discuss the delermination OL the skvress componemfs

q(or- an alkernatimg stvaia history. Consider a strain

l‘\is%ory toith  a Iirﬁlct N ber Q£ .;reque\\cLJ Cam po-
nents such that

™M
£(0) - Z SN O
m=1

éubsi:'i’cu’c{ng +this eEXpression in (4.5) L\)ieldi wnth

~=
| A - 4
é,(’U= Z‘émwm [ G (D) eas (twm(-‘c—f)?d"f
m=1 0

™

= Zém iE—,,'(LUm) COSL‘—’\\\'{:'*“ _E“‘”('Lom)5iﬁLO\\\JC>) (4’10)
=1

where E. and Ez” denote the real and the imaginary
Parfs o.g: the .C’\r\si:~ordev— comr)lex modulas ?. res)p~ac~—

H\re\g. SimQLarl&); ¥or n=Z one gets
M. M »4
b, () = [ L €€ W Wy I} G, (T, T2)cos {w,, (t—t)}
m:’i k:% 0

cos icuk ({-Tp.\? dr,dt .

Us*mﬂ (4.8) and ‘Erigonomt{\’ic rdentities, this can be
written as "

M
- , =/
éz (t)= 2 j 2 €€y ? -k, ( “Jm,wk)c‘lg[ (wm““dk)t] +
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- Ei(Ldm,~wk\b{h[(wm-tdk)‘t]} (4.11)

The h.’siwer stress components ecan be calculated in
a  =imilar wWay. (Ue will now illustrate the above
theory .por- the speciol cose of n=2 and M-1 <4
discussion D.ﬁ the second-order theorg with two fre-
quency components (M=2) can be _;ounc\ v L401, For a

stvrain impu‘f € ()= €, 510&7,{, eq.'s (4 4) (4 .10) and (4.11)
Sield

2
6(t)= X (w,€)+ Z ? Y. (w, €) cosmwt + Zn (w, €,) 5‘mnw‘t} ‘
n=1 ‘
(4.12)
where
X(w,,é,\=-z‘— €2 E, (w,,-w,)
YI(LQ,,Q): <, ﬁ' i'(w,) |
\{7. (Lv,,{,):—_‘\i—{,z E; [whwb (4’?%)

Zi lLU:=£:): £l ‘i:'i {LU]\}

‘ZZ (LOyl'E]):é_"é‘z EZI/ (LQJ',LUg)

1f E,=0 ,Ehen eqs (H02) - (4.13) reduce +o the linear |
‘U\eory, (Ohen @ spectral ane l%jsfs o{i the stress res;)gnseé
to +4he app\?ed strain is made, one will obtain values
jfcr E, (w)), El(w,) Elli(u).,u)‘), —Ei [wy,~©0) and TE—Z” (w,,w) at
the Parﬁcul&r {raquenc& w,. lo EXpress these moduli
as {:unctions Q{z !T'rec'ucnca, this procedure must be ,
repeated  for 4 sulficlent number ol ,][requﬁr\c(ej W
in the desired ronge It is poted ‘p‘ﬂg“ﬁ that the
,Follow‘sﬁs Vdentities hold :



—E—il ("u},) = Ell(cu,)

l

zl (— (.L}“-(.s.),): —E.Z/ (U-J\; LO,)

ElI/(LU,)-Ule:_O‘

M

2

-

"
("w“"w'):

(-w) = - E. " (w)

—

- tz_ (UJM(/O»

95
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3 R€LAXATION Ke€eRNtL FORMULATION

b alternative 't\ﬁeorLJ which 1s mueh casier to use
IS S‘iver\ bJ eq. (4. 3) above. The COrresPonc\'mq compl
modulus Ts obtamee\ analogous to the Unear -chch

Consader 7[0r th's ’Purpo&( the e_quatmh
+
FLAT= AHL€T - / glet-7) HL€]dr 4.14)

0o

where F and H are linear {juhct?onab o.ﬁ r—esFecbvehj
4 and €. The Fourier Jcr&ns.gwrm Q.{: (4.14) 94ﬁ\d3

F(w) = ng) H (W) (4.15)

where the comP\ex modulus t(\)uﬁ 's o_¥ the {:ovm(f’(‘ﬂ
Ih Crder +o E:XPYCSA [4‘ 14) \\\ terma O.{ the rt[&xa_

thion .Cunctfon we  substitute q(t— )= d Cc%{ T) so that
T

FLil= AHTew] - /MH[Q(L)]AT

pr—

or, Lupon Parhal m%egratxon with respac{ to T

FLél- ct) HI€ (0] + f G-ty & H[em] (4.16)

where we put A= G(o). An equation OL the ":Qﬂ'\\ (416)
with FLL]=4 Hhas been used bL) F_umc 1357 and his as-

sociates 1~ the deSCr\P‘bpn C).£ various sojﬁ: biol ogacs( tis_
sues. | he Jcheor:) 0,{ Leadermaen 1S D,‘? the .Corm 43) |

HL€wWw]=0 in (4.1¢) and ‘Fur“ther‘ FL21=A.

1.e.
Sieni Llar to that

The theomj used bL) Raebolnow i3
Propcmed b&j Leaderman  in b{m\) O‘F the ,\Corm
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(4.3) with FL&I=4, but it differs from it in that
df\querenjc WLerms OL the {:uhct\‘oha\ H are used

{ior {mcreasing and decreasa’nﬂ regions oj[ the < train
H:s{ory,ln L23al a sﬁmi-tmp\'r’\cal method s described
to determine +he relation between FL124 and Hi€]
through - \su][‘\[;'ciem%lﬂ high rate of - Loac\ir\fj- tests,
This is eépccfa“})‘ use{ul to predict the short-time
beRhaviour 0{: the g?ven material. For +the deScr{‘PEon
O](_ the viscoelastic eﬁ{ects at (ohaar ‘E(mes)‘the rela
tion between F and H  can be determined 1[ram the

isochronous data over the relevant Lime range,

‘équa’ci‘oms OL the .Por\\'\ (4.14) o (L4.16) are lincar

even u)her\ T‘\O\‘\U\\Ea\" stress ahd s%r;in MeEasSUres

E and H are wsed This enables one +o apph‘} the

characterization proceduiwes descr bed i~ the prev\'ous"‘

Ch@pi:ev—s alse n the nenlinear rance simce the
ihkecaral ‘tr‘&hs.Forms involved are valid rcgarc]less
the -,Corms ’o.( the .Func‘t\"on&h Fand H,.

&b more 9elﬁe,r-al ‘t\ﬂtf}rv 1 s Prcposgd i L1, where
the Veolterrs equation (414) has a uniformly com-
' ‘Unuous ker\\el. wh(d\ 'mtaé\ not t\e.c,éueSSé’\*\ill:) bt 3 .Eung,
+ion OAC the &i{l{:erﬂr\ce OL s argunwe(\’fs._Qqué"t?chs
D£ this ¥orm are still Hntar‘ Ar\d Canm bf’, SO\VCC\ b\.}
Ehe method GL successive JApproxXimations, Such a
U\eomj is especia\ky use(ul when the mechanical

properties o@ the given material alters in time asin
the case O{: various plastic resins, concrete and biolo-

8{C‘;l materials that age. Tt s also Possq}b‘lﬂ to ‘trea)t‘é

the <hort-time and the \ch()—'time viscoelastic e_,C-
.Pecl:s sePars'JcelL),s%mce a unl{ormlpj con tinuous




9K

kernel k(t,t) cap be decomposec\ inte two Parts
stuech that

k (+,T) = 9(t,t§ + PH:,“J X

T\'we_ kerne( 9({\”& ma.’u) bi C\WOSEh appropria%e ‘o
describe the short-EHme viscoelastic eﬂ:ec{s, Since
the material properties can be assumed to be time-
invariant {for su{i{icfer\tlg short times, there is
nothing cag&imst setjcing 9(%,‘3}5 c\r)(*t~ﬂ.This enables
one 4o determine the short-time bebaviour 4{:rom |
quasi-static methods discussed above The kernel
P(t,“t) s a c\ecaehera"tc kernel wWhich Ma y be written

in the Form
n

plEiT) = _-2 a () by, (1)

k=1 |

The {junc_{»“cms a and by can be selected +to 3PP - |
reximate the relaxation and Creep curves to anyg desired

" 4 . G - ‘
C‘ieg)ree O.‘E &Ccurac:tj@ &n \Dossib\e choice s O.(: course
N

N oAt ol T
P (t,7) = \L_ L—k e €
k=1

where 4he cgeﬁ.f:icients Fk»vék may be ‘injge\rp'r-e{eck as

a wviscoelastic sPec{rum.Tn this way vt Ts '\bass’sble

to combine the ?n"’cegral and P\wehomeﬁolo‘gical‘t]\eau
cles awﬁ vfscoetast‘fc’n{y within a 5PeciaL noo linear
‘(:\’\eor(j accoun“f:‘mﬁ both 1Co\—— the short-term and the
\ong "l:&rh‘\ viSCOel&&ETC. e,.(:,ﬁec“tS. I‘E fs n@%ttd -H\at

o wer J%me;%&'ons are ™MOre Uke\(j to be. suCCrL.sS.(zuL
in predicting the behaviour ol various polymeric mate_
rials [ 1217,
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APP{.NDH( Ai Fourier Series and Tr‘ans.{:Orhﬁ

A1 Fourier Series

The basis of the Fourier series representation is
that a 9ive\‘\ Perioc\%csl gLK\WC‘E;Oh can be rep‘rt&thtecl
by & sum of. > set of orthogensl functions and that
the representation improves as the number of t\we.jﬂmc_
Hons in the or’t\xoa@h&l set increases.

Let -the guhct\"on € (t) be p?ecewiée smooth and
Periocﬁc with period T, (e, €E+T) = €(8) {:o\f all t;
then +he Fourier secies o{i €(t) s CO\\v-erSQ\’T‘E corth

the sum

. |
4 + ) '-—X - e jhwot (A-ﬂ
! ?e(t)+e(t)) ;ﬁne |

where we=2™/T and the coeHicfec\‘ts n &reﬁ%ven by

=? €(te dt (A.2)

Fucther, \(: €E)  is  a continuous ‘Fuhc‘t\“on of t, then
€ (%) = €(t) = €1) and the sum o@ the Fourier series
equals €, A Per(oc\(‘c sfgnal € s ‘U\eregore repre-
sented [~ the ]ﬁreq‘uencg domain BH‘ the coeﬁ{icitnts .
We s Kknown as the ‘{:undammtal (frequer\cy' or the
‘rtpa{’\i‘(on {reqL(er\ qj",Tht cemplex (;ot]q:Iciervts €N {form
a discreke -g:‘\"tC‘uehC%} spectrum as shown in tig.iq
above,



A 2 Fourier Tv*ans{:orm

(Ohen +he Luncﬁcion €lE) s not periodic, it may sl
be conceived as a Puiodic guncfc(on wtrtR pfr«’oc\ T—ot
and 1ts prequer\a) domain representation will 1 Hais

case be 93ver\ bg the Fourier 'trahs{:orm, Let €w&)

[N

be an a\)so\utelﬂ imteﬁrable Piece wise smooth {fL\v\c,~
tion in the interval \:’3\: T, %‘T}.‘T\ﬁih € (1) can be

represenkec\ bl:) the "\r\'l:egral S U of_ harmonieal com.

ponents € (W) ert as | —= o« stech that

o .
€= L /gwww‘cdw (A.32)

—od

|

Feor an ?\\J;Eni“te Pe‘riod Ao—0 iy \—:\“9.2.4 and o
continuous .‘:requehct,) &Pectrum 's obtained. The .(:\,mc-\ |
tion €(w0) is called the ' Fourier %_re\%swﬁorm' or the |
‘cpectrum’ 07C € (). Lt can be conceived as the Uimi_ |
'{:ing case o£ the Fourier series reF‘re\Se\\ta{(onO’ﬁ Q
peciodicsl {:unct‘icﬂ whose period tends to "\r\c@'n?‘tﬂ. it
is obtained \C'rovx\ the oHS%hal .Fu\\c*cion b}j the .((3\*— |

mu la

e 't
£ = /f cw IV (A |

-4

The J(:uncJt:TOrws € (1) and € (W) jfo‘_m 5 YE arion ‘Ergns__é

,Pm-m Pé;'—‘- \Si,jmechuj we wnrte
€ (1) 'E(Ld)

éq. (A3) s called the 'inverse Fourfer transﬁorm. [

the gu\'\CHOﬁ ’Q(‘D 'S raal —as {3 4tNe case .Q:or a
sYgr\g\—- J(j)ﬁeh ?Jc cCanm be, showh Jcha'b ﬁ(u)) §5 Q }\er\'\‘\;~
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Hc Q\,'\ﬁc“tioﬁ, C.e. éc"(,d\= 6*(1*)) Lohﬁre €*CLJ) VS the
complex o h\]ugate of E€(W). Also the reverse s true.

APP%N DIX B De,pn\‘\:mng 0{,\ Some 1xﬁﬁpor£a\\‘t S‘Igna[

Flunctions

ﬂ t“iéVfSide le:“t .CL,\\WC_‘Hohz

O v :
LL4) = i for  ELE (8. 1)
1 ‘For £t YO
.2) Roxcar .stumcfiah:
, or |tl< LT
B (¥) = E t 2 T vyo (B.2)
o for ll>tT

32) Tri«;hgular PuLSaz
(1= 1Bl for lEleT

Q. (b) = T T Vo
‘ | O -Fc’)r l+1 > T
(B.3)
- _‘_F B (b ® B(D
4) Sign WCumct;‘ohz
S ( -t \Cor + <0
sgnltl= 3 © for t=0 (B.4)
t 1Covr + >
5) Dirac delta TCm,mcl:i"m\:
§(vH=0 +#40
(R.5)

OA .
f Jodt =4
-d
Note: The symbol ® denctes the convolution process (Appanc\ix D)
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APPeND X C: Generalized Functions and Generalized

Fourier \rahs‘form
C,'i. Geheralézgc\ :unc‘HOHS

The def\'n‘iﬂons Of_ the Dirsc delts w{:uwﬁc%im\ 83\/6&\ b\y
eq.'s (B.5) are ccnfn;clfdcory, because I]Ces ,Func_'ti'cn

equals zero exCePJc St ohe P@irﬁ:, then the \“ntesr&‘loﬁ
that 1fur\cjciom also equals zero. &b remedy to this

cli{:.ﬁcul“by Was given by Schwartz  who introduced ‘
the c,onceP{ 07£ 9ehera\ized 1Cwmctic)r\ o cli‘s‘i:rfbu{:}on,
which s a 9eher$l§2&‘tioh ol the c\ass‘{(:g\cohcept
O-C {:uncﬁom Consider the set oﬁ .Functioms P, B [

P, () = i 2 {or H:l<:‘ZL°é (C.4) |
N R |

twhere o 70. Po(H) describes a4 rcc;)tangutar PU\SQ cm'"t\\;g
&h\P\.;’{TUC{Q 4/‘)( and C\Urainh AL . 1_@ ' A'Cur“‘c\'\er a COY\%i\'\M..j
ous L unction L) s given, then we have the follo-

Lo‘mg rule -

> od V3
[ JO [ de- Lim [ P, ) fivdt =L@  (c.2)
iy o(«H’b_i‘ |
This leads +to the alternative de[\hi-\:‘\or\ o{l the delta ;
Lunction
S0 Uim' 10

40 (c.3)
AQCOr&ing +to +thig dej(inf’ci‘onl the delta ,ﬁunc‘cfcn iy the
Uit o)f a  train oﬁ pulse with fncreasing he\’gh% and
c\ecreasing duration so0 that 4he ares o£ each 07C the
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pulses always equals L‘\h;JC\L), For this reason, § (1) is
also known as the umt-impulse ,‘:unC’HOh,Thﬁ delta
w[\:\\‘\Q{E‘Oh s the i\\"ce_grsl o,‘t the Heavigide unmit

,Cunc‘cion since

t o4
[ f(odv =/ JoUt-t)dt=J) e L) = LY .
-

- of

One May ”cf\ﬂerewﬁov—e v e

Jv) = L

. 4)

where the derivative s taken in the ‘84?_h€rahzec\ Sen~
se’. Note that LK) s not d‘aHerenJciable at +=0 n
the usual sense. In the Lal\owingi we List the pro-

Per*\:fes o( the delta jCumc"ci’orﬁ.
C.2 T)ropert'\'es of the Delta Flinetion

o
/ S)ydt =1
=

ol
/ o fde = [ (o)

-

f § (t-t) [ (odt =]L (+4)
-4

t
/ Jtodt= U ; t“ﬂzu’(t)
-4

fw e {0 =

tf=0

L) §t—te) = £ (k) & (£—t0)
$(at)= ‘il‘aT SO 5 §-0 =40

(c.e)

(c.9

(C.8)

(c.9)

(C.10)
(c.11)
(C.12)
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C.3 Generalized Fourier T\f\ans_(jornq

The Fourier )crans{»orm o.f S WCuncﬁon € () exists
under the condition ["& ‘ﬁtt)]dt < &b. 1 here are how-

ever SOMe ’nmPor’Cs“t”“( ,gunch(ohs such as constant

1Cunc+,{ons or step-,gumctions which are not abso lutelc
?n%esrghle.'—ro overcome this cl\ﬁi}cult&), the classical

F-'oum’er 'trans{:orm can b-e 9Q\ner&l{zed ’\m "!:he .FOU.O~
wir\g w&y:

2 of i

_ , - t 1wt . |

€(w) = Lie [ e = lf(t) eJLO dt (Cl'13)
L0 Sy

It can be shown that ZF € s aEsOLu‘tﬁ[&j integ-
rab\e, then eq. (C.12) reduces +o the c\‘ef‘m{i:ioh O—ﬁ
the classical Fourijer trshs£orm (A 4). The inverse
Seheralizec‘ Fourier Jcrams{:o\—-m s de(ined Qs
ok
g Limy L -l wt |
€ - 0(?2) 27 / < €(w)ed dow (c.14)
_ |
T he c\;jthera‘l?ze.c\ Fourier {ra\ws‘?or\m ojf the constant
guncHOn € B =1 can be obteined as
i £l _iwt ;
{ . Um e_oz\t\ e.\)w e L'.T ;Zlocl
o(‘to —/51 OZ*U oL T

- 2w ¢ (W) (C.15)
hs }Cor the Heaviside wnmit ﬁunctmﬂ Oone may write
‘ 4 :
) —s Y™ /@"""tei)wt& - lim !

eleO b0 oL jw

= Lim f < -—J:&)———-}:T({(Lo)"\‘r":‘ (c.16)

L0 ettt Pt Jw j
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C.4 Some Usegul Fourier ‘-\—_\”snstorrs\ Pairs
J(&) —-— {

U —— b |« J 0
jw
t
2 je
_?'(JC) @_u_é\)'w‘(:'(w) f,f Lien .F(JC)=O

L—=Y4
g(ﬁ\({) é—————é() u))ﬁﬁ (L\.)y ;ﬁ L‘)ﬁ‘\ sj (k)@t)zo ; k:O,’l,“ - ',(h~0

, Lot
fl-t) e e I0F

e‘juﬂ:c 2w J (W~

coswot T $lw-w) + J RETRS

sgh y — o 2

A

Jw
By (H) . 2 sin (% ©T)
"
si‘;"[t - X B:ZT (W)
oot WwT
q*r (":) -— 4 Sihl(T>
T w2
sin? (Tt) g
-ALLIN N2 W)
* Tt qlT(
—alt .
c-oleEl . _4s Re{al >0
a*+ w?
_a )t i
C 11\ R ?
e LiCE) 2t jw Retal >0
+
e S LD - ! Refa) >0

a-jw

\,
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~at” e
e — 3 A a Y0
P o [
flat) e—u _;_ (L)
fl-t)—— [ et

o jot .
™ L (w-w)

\D p
(O [ b - ™ (W)
e'a'tcos'bjc U(4)

a-i-\Ju.) Rc§ai>o

(a +\ j w))’-r b*

£ et 1
(n-1l \ &_————*(anhjw')n Rl ol 30 j i 3o

APPEND\X Dz Convolution Process

The convelution o-‘E two Tﬁu‘n ctions i;(*:) and ql(t)
'S de,sjinec\ b9 |
\ o |

]C(Jc) ® glt) = / .F(T)S(-t-t)d‘r (D.1)

—

The su,ﬁ,{j(c’;en"t condition ?or the existence O\C

L) ® g(t) is that either [ is bounded and
Si‘t\ S &bsolutely }k’\'Eﬁgf”Able or 9Ct\ s bounded
and j[Ud is &bsolut'ety ?n'-l:egmb[e..'l‘?c can e&&il\\j be
shown that the convolution 1S 3 commutative Processf
Subs{‘i-hd:;nﬁ T=t-T in (D.A) one gets |

of ol
~/ Pﬂg(e—r)cﬁ:-/g(i)é(tq)d;
2 ~od

1t ,gollows that J[:(Jc) ® g(ﬂ =g(t) @ {: (+).



Tt s reéd?hj seen that \?-F -%LC‘U and SHZ) are both
causal {unctions,‘thcn the convolution (D.4) |s also
causal siace +

{:(t) Q@ 9(‘{)= /( (t)gtt—r)dr.

0

The convolution theorem in the time domasin |s stated
as I}o\(ows. Let f(t) and 3&\ be +two aiaso\u’cel\u ™ -
Jcegmb.lc 7CL(Y\Q+,,€G\‘1$ so that their Fourier irensﬁorn\
exist. Then +the Fourier ~l:r~ah$$orm Q£ the convolution
) » g(’c) (s obtaiaed as

R 4
{0 @ g () e—n / eV 'cl't/‘ fwgtt-o)de =
~ U

of
d ~ Tt
- [ hedr o0l
—od ~4
> 1w
= [{:(T>~C)(w)e“ Cl"C

- [ L) glw) (D.2)

Thus +the conve lution process Tn the +ime domain
s a mu\%ipl(cs%:ibh process in the .(frequehcﬂ' domain.
C’onvensd‘t}, the convolution theovem 3~ the {‘requemj’
domain 38 stated as (vari\f‘uﬂt

+ D gt)

:ZJ;; ]E(u)) G?S(LO\~ (D.3)

It can be shown that “4he convolution theorems

remain valid  when one o{f the given ﬁunc‘t{ohs {s a
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constant V-Funcjc(‘or\ , 5{51\ jﬁumc’clom or wnit £Ll\\CtiGﬁ.
For instance, the (Sthﬁral\zeﬁ‘n Fourier “E\’SV\SWCOFV\\
c\p gL‘t) ® U(t) ;5 D&)"La\hec\ &S ﬁo“ows, Lléiﬁﬂ (C’i‘]é)

we  write

9 (+) @ Ult) «——s 9(e® [ T § (W) =+ 3)‘{:;]

\,

Th view ojf the rule (C.6) this becomes

glt) ® UR) =— = 9(0) Slo) + Sl (D.4)
) J
o
wWhere g (0) = / g(t)dT
~ 4

See aslse the Fourier trans {zorm Q-@ the In’cﬁﬁral
t \

/( {'(‘C)C\T i Appeﬁdix C. 4.

v

APPeNDIX E : Hilbert Trahs.corm

The Fourier -‘transgorm o,(; a Qunc"\:\‘on € ) can be
weitten  n the {:erm € W= 2l + b(uﬂ,'I{:{ )
s &  causal WC'ur\cLJCQO(\, Hhen the resl and theima_
ginary comgor\.er\.ti &g’, the Fourier %rgnsﬁpsrm are not
?ndeptx\der\f Irom each otther Dam:*!:irxg the causasl
Lunekion € (4) by €@ U, we obtsin its Fourier
Jc're\\s{:c»rm Fvorﬁ the convolution theorem

£ B Uy = : £ (0w ® [—'— + I J(@)]
27 Jw
o < (Ld} & jw + 7 \6(&)} T ‘Q(;\.O) ®JLQ

Decompos%ngj Ihe above result into real and ima-




e

ginsry P;rts we ™Mayj write

o4 ,
aLu)+J blw) = L [ aLL‘\+L} b(‘U\du (E.1)
" ) 2 LU — UL
or
oA
alw) = L / _bluw) du
T -y
(E.2)
b lw) = - L _alw) gy
o= U

{q s (E.2) are called the HRilbert %k’&i\s{joﬂ’\\ SL)fm

b@bc:lh) e (Orte

;(w:_sl—F %b(a@)} ; b(u)\:~LP fauu)\s :

T0 4he qu\\dcicm <) contains an in\Fu\sg MO -
nent A X(t) , e dq:{ne a new .Func:'i:io‘n € - AdW)
with the Fourier -Erahs-FOrm LW - A= alw)- Afj b (W)
Since

oA w- € : T
A / A Cl L= L‘\ %)) _‘_ ( / + / ) A d U
Y o~ U &»oﬁ-—»oé n tv-Uu

) "T w-t €

i el ot

= 0O

eq.'s (E,Q) Are g{hersl&ed as

o
alw)-= A+—|——[ b(u) du

0 —U

\6
BLLQ)“___J__/ &LLL) C\Ll

Y
=y -1




€qu&%§ons (E.2) af{‘ﬁh Fesult Tnte {n{‘&sre} ls which
are C\I{iﬁ(cu\t to eveluate. A more +ractable metbod
to 'p'ro(;eed ,Fur‘t\wer s then S'iveh b}’) the Fourier
—Ersns.i(:om\ws,The relations (E.2) can be written in the

-ﬂ‘:c\*m

(W)= L | blw) ® 2 ; =L ol oL (F
a (W) o= J bl @J,w ,Jb(uﬂ 7 a (W) ®:)@ (E4)

Let s () —— alw) and b blw) . Then the
inverse | ourier "{—,rans,(:orm O.C (E.4) s obtained as

a(t) = b) sgn (1) ; Kt =a (t) sgn (t) . (E‘S)
dfzccordlnglg, the inverse Foucier ‘E'\'“ar\s,ﬁorh\ of €)=

2w+ jb(w), i.e. € (s given by
€)= a B+ b(H) = a(t)[ 1+ sgn L{)} (£.6)

Fromm the above equation it s ‘reac\"«ly seen thet
€W=0 [for £<0,; or in other words, €1 (s s
causal  function. Now, let alw) be known and we
recl‘uire, an QKPr&ssioh .KiOr- b((;d\. One 1\’135 Proceecl A3 |
,&jo\\ows, Determine w[Ers{: a () — 2lWU). Then .{’row\
(E.5) b= a (B £gn () and one has .grom (£.4)
&(’C)SSHUﬂ J blw). The r\e\ic:\u‘ired Fourier trans_
s:orms Can ewr\tua\[ﬂ be obtained {rom o table of
Fourier “:ransf—'orm pairs,
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APPQN’D(X F LaPL&CQ Trgns§orm

The Laplace Jcrar\s)form can be conceived as o gene-
t‘a[%za{(oh 0'1[ JC\\e Fourie*‘ ‘EF:DT\S,FOHT\, L—ojr\e&re Q con-
vergence ‘Factor e~ St g introduced nsicle the
mnkegral. Let a Luhctioh €@ be delined in [-¢,u)
gor' £ >0 and ‘m’ceﬁ-r@ble _(fo\.- each ,L’\h‘l'ke, sub-in ter
val. Then  the uni- latero LaFl&ce {rghs-(jcrm(or—
shortlj the Lgpl&ce v'trar\s)[o‘rm’\ ojf € (L) is déﬁne‘d as
€)= £ t€Wi= Uim fﬁg () e“‘Sf’tei}‘*‘ﬁt

eto -~ |

Y

-=/ ) e St dt (F.1)

O.\ ;

with 5= Sot jw.

I][ the Convergence {:acjcor Se equals zero, the La,;(scej
Jcrm\sior“m reduices to the Fourier trans

.‘:6'\"\'\’\, A suHL
grven tunetion |
?\\Ee\QVébie. Amalogous 1o the Fourier
inverse (umi-lateral) LaPl&ce %?@V\S‘Fortx\

clent condition 7[@» this s that +the
€M) g c‘s‘bsoiu%ehj
*En;i\s,ﬁorm . the v
IS C\e’.ﬁhed 33

&
- \ | -st |
€= £ %e(s\,}z . /f € e dwo (F.2)
A

O- i
The Laplsce {VST\SJ:Q’H\\ oqf the delta {:'unc%i‘O\\ s Lu\{%\y,
In the & bove equstions the - lower fhtegi'eﬁoh it is
Laken a5 '

o aPpr’oPr?a‘te te  include the Pois‘)lbgli

Y
9§ven _,FunchFOh €(t) contalns an tmpulse

that the

‘k‘ﬁ\"i”ﬁﬁ«



