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ABSTRACT 

EDDY CURRENTS IN THE ALCATOR TOKAMAK 

by 

D.C. Schram* and J. Rem 

Association Euratom-FOM 

FOM-Instituut voor Plasmafysica 

Rijnhuizen, Jutphaas, The Netherlands 

A one-dimensional model of an aircore transfarmer is developed 

through which it is possible to analyse the effect of eddy currents in 

the primary windings - and of similar currents in the field coils for 

the toroidal magnetic field - on the time dependenee of the current in 

a Tokamak experiment. The model is applied to the "Alcator" Tokamak at 

MIT and its accuracy is tested by camparing analytical results for the 

harmonie behaviour of the transformer, with experimental data. The 

time-dependent behaviour of the plasma current - for a constant plasma 

resistance - shows that eddy currents in the primary windings will lead 

to a reduction of 8% of the current maximum. The eddy currents in the 

"Bitter" coils are found to affect predominantly the initial current 

rise, they lead to a steepening of the current rise. Finally, the in

fluence of the time dependenee of the plasma resistance is investigated. 

* Since 15 December 1972 at the Technical University of Eindhoven, The Netherlands. 
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1. INTRODUCTION 

In toroidal plasma experiments of the Tokamak type the induc

tion of a toroidal current in the plasma is an essential feature. This 

current heats the plasma and provides the poloidal magnetic field nec

essary for equilibrium and confinement. The magnetic flux reguirements 

(in Vsec) for bringing the current up to a desired level and maintain

ing it for some time were until recently such that an iron core could 

be employed (cf. Fig. la). By this means an appreciable flux can be 

produced with a relatively small energizing primary current. This sys

tem has the advantage of a good coupling between the primary and the 

plasma, i.e., the control over the plasma current during the experiment 

is good. 

Progress in the Tokamak research reflects itself in larger 

plasma currents for langer periods of time, this is especially true in 

high current density devices as Alcator. Conseguently, the flux regui

rements increase to the point where an iron core would have to be driven 

beyond its saturation value. In that case an aircare transfarmer must 

be resorted too. Here, the primary current has to be appreciably higher 

to obtain the desired flux levels, and high stray fields do arise. 

Since stray fields at the plasma location are undesirable, a compensa

tion system is reguired. Another disadvantage is the weak coupling be

tween primary and secondary. Even when the primary is located near or 

on the plasmachamber (Fig. lb)-the coupling factor is of the order of 

k 2 ~ 0.7, while with an iron core it is close to unity. Unfortunately, 

it is aften impossible to locate the primary windings so close to the 

plasma. In that case they can only be placed in the centre bore around 

the axis of symmetry (Fig. lc), which leads to an even weaker coupling 

between primary and secondary. The Alcator Tokamak at MIT's Francis 

Bitter National Magnet Labaratory has such an aircare transformer1 ). 

pr 

~~ pr 
~ m 

iy 

~ 
~ ~ 

® @ @ 

Fig. 1 Three Tokamak arrangements; iy iron yoke, pr = primary windings, 
m = main magnetic field coils, vc = vacuum chamber, pl =plasma. 
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The high primary currents in an aircare transfarmer necessi

tate the use of primary windings with a large cross section. Therefore, 

changes of the primary and secondary currents will cause eddy currents 

to flow in the copper windings. In Alcator the thickness of the copper 

windings is such that the skin time is close to the desired primary time 

constant and to the rise time of the plasma current. As the copper vol

ume is almost twice the air volume, these eddy currents will apprecia

bly affect the rate of change of the primary flux and will lead to a 

decrease of the induced plasma current. Similarly, eddy currents in the 

copper of the coil for the toroidal magnetic field, which are of the 

Bitter type, will counteract a flux change i~duced by the plasma cur-
/ 

rent. They cause an increase in the rate of change of the plasma cur-

rent during the early phase of the discharge; the current maximum is 

only slightly reduced. 

The effects of the eddy currents on the performance of the 

A.lcator aircare transfarmer will be investigated on the basis of a model 

which we introduce in Sections 2 and 3. In Sections 4 and 5 we campare 

the harmonie behaviour of the transfarmer with measured data, while in 

Section 6 we analyse the time behaviour of the secondary current. In 

this presentation we focus our attention on the Alcator aircare trans

farmer. The arguments, however, are general and can be applied to other 

geometries. 

2. THE ALCATOR AIRCORE TRANSPORMER AND A MODEL 

The Alcator device is designed to produce a plasma with elec

tron densities up to 10 14 /cc and temperatures ofseveral keV for a time 

period of 100- 200 msec. The estimated required flux is approximately 

1 Vsec. The relevant components of the experiment are (Fig. 2) a torai

dal vacuum vessel in which the plasma will be contained, a copper shell 

around the vacuum chamber, a toroidal Bitter coil for the main magnetic 

field, and the aircare transfarmer with compensation coils. All tbese 

components will b_e caoled to liquid ni tragen temperatures. 

The main coil of the primary is built up out of 36 pancakes, 

each being a spiral of 6Y3 turns of copper bar with a square cross sec

tion. The stray fields from the coil are compensated by the coils (C
1

) 

each having 24 turns and two pairs of other coils (C
2

) at a larger ra

dius (Fig. 3). 

The plasma forms the secondary winding of the aircare trans

farmer. If the plasma current is assumed to be homogeneously distribut

ed c:jver the plasma cross section (radius rp) the inductance of the 

pla~ma is: 
/ 

/ 
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( 1) 

where R
0 

is the major radius of the plasma toroid. With R0 - 0.54 mand 

rp- 0.10 m we find L2 ~ 1.37 ~H. 

ports 

transformer 

coils to com
pensate the 
vertical mag
netic field 
from air-core 
transformer 

vacuum 
chamber 

coils for ver
tical magne-

"Bitter" coil tic field 

Fig. 2 The A1cator experiment. 

Fig. 3a 
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cufvc8~J j 

Prj 

Sketches of the Alcator experiment and model. 

pr = primary windings 
BM = Bitter magnet 

Cu = copper shell 
vc = vacuum charnber 

Dimensions are presented in Table I. 
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The campensatien of the stray fields frorn the prirnary results 

in an apparent lengthening of the prirnary which permits us to introduce 

a model in which the prirnary can be considered as a sectien of an infi

nitely long coil. To account for the extra inductance introduced by 

the campensatien coils, the effective length of the prirnary coil is 

taken 0.94 rn insteadof the actual lengthof 0.75, while the nurnber 

of pancakes is taken as 45, i.e. 285 turns instead of 36, i.e. 228 

turns. Furtherrnore, we shall approxirnate the helical windings of a pan

cake by circular windings connected in series (Fig. 4). 

With the approxirnations made so far, the rnagnetic field of 

the transfarmer has becorne dependent on one dirnension, the radius. Sirn

ilarly, we shall approxirnate the secondary of the transfarmer so that 

also there the associated rnagnetic field depends only on the radius. 

This approxirnation is found by stretching the entire structure of vacu-
; 

urn shell, liner and plasma winding in the z-direction, i.e. by approxi-

mating it by a belt-pinch configuration. In this approxirnation the 

plasma is replaced by a cylindrical current sheath with no net current 

or flux in the z-direction and the vacuurn shell and liner are replaced 

by coaxial cylinders (Fig. 3b). 

The model described above, that of an infinite belt pinch, 

could have been analyzed per unit length. Instead of doing this we have 

taken a specific length: the effective length of the prirnary. In this 

way we can readily campare results between the model a~d the real trans

farmer. 

The inductance of the secondary winding in the model is chosen 

equal to the actual one: L2 ~ 1.37 wH; sirnilarly, we have taken the in~ 

ductance of the liner Lt and that of the capper shell Ls to be equal to 

the actual ones, i.e. 

~n 
8R 

2l LQ, WORO 
0 

W 'ITR 2 1.02 WH ~ 

rt J 0 Q, 
eff 

( 2) 

Gn 
8R 

2l L WORO 
0 'ITR2 0.90 WH = wo ~ 

s 
L r J 8 eff s 

Table I lists the actual geornetrical quantities of the transforrner.and 

the effective va lues used in the model. 
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TABLE I 

I 

N number of pancakes 

n number of windings per pancake 

Nn total number of windings 

Q,jN height of one pancake 

Q, length of coil 

2d thickness of winding 

a:= r 1 average radius of outer winding 

R ma in radius of plasma column 
0 

r plasma radius p 
!!, length of plasma sheath 

R+ outer radius of Bitter magnet 

R inner radius of Bitter magnet 

R effective radius of copper shell s (and vacuum vessel) 

RQ, effective radius of liner~ 

Actual 

36 

611.3 

228 

0.021 

0.75 

0.02 

0.22 

0.54 

0.10 

0.24 

I I I 

I \ \ 
I ' I 
I \ I 
I I 
I 'x 

:~ 

m 
11 

11 

11 

" 
11 

11 

I ' I 

J Fml I LFm(x} 

J J i'!' 
I , I 

I I I 
I I 
I ' I 

/.h 
I I I I I 

Fig. 4 Cross section of one pancake and detail. 

3. THE EQUATIONS GOVERNING THE MODEL 

Model 

45 

6lf3 

285 

0.021 m 

0.94 11 

0.02 " 
0.22 " 
0.57 " 

0.94 " 
0.45 " 
0.24 " 

0.46 " 

0.49 " 

The model introduced in the previous section is essentially 

one-dimensional, the magnetic field strength depends only on the radius. 
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Without eddy currents the transient response of the model is very 
~ 

simple: only the L/R times of the primary and of the secondary appear 

(cf. Sectien 6). The eddy currents, however, introduce two new time 

scales: 

the skin time of the copper of the primary 

and the average skin time of the Bitter magnet 

(3a) 

( 3b) 

where nis the resistivity of the copper and 2dB_is the average thick

ness of the Bitter plates. Eddy currents inthe copper windings arise 

due to two effects: IFl due to flux changes caused by the primary cur

rent r 1, and IF 2 due to flux changes caused by the secondary current r 2 . 

Since the response is linear, the total eddy current is the sum of 

these currents. The eddy current IFB in the copper of the Bitter magnet 

can only be caused by changes in the secondary current, because the 

Bitter magnet is located outside the primary coil and no reverse flux 

is assumed to exist in our model. Using the definitions of Table II, we 

can write twö equations in which we set the total applied and induced 

voltages equal to the resistive voltage drop, one equation for the pri-

TABLE II Definitions 

flux change caused by as seen by 

dcpll dcpllF dil diFl 
dt 1 ' dt dt dt primary 

dcjll2 dcpl2F di2 diF2 
11 

dt dt dt dt 

dcjl21 dcp21F dil diFl 

dt dt dt dt secondary 

dcjl22 dcp22F di2 diF2 
11 

dt dt dt dt 

dcjlB diFB 
11 

dt dt 
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mary winding of the transfarmer and the other for the plasma: 

d<jlll d<jlllF 
+ 

d<jll2 d<jll2F 
+ Rlil --+ dt --+ el dt dt dt ( 4a) 

d<jl 2] 
+ 

d<jl21F 
+ 

d<jl22 d<jl22F 
+ 

d<jlB 
+ R2I2 0 ---at dt dt+ dt dt (4b) 

To make the Eqs. (4) a complete set we must add a number of equations re

lating the fluxes to the primary and to the secondary currents. The anal

ysis to obtain these relationships is carried out in Appendix A. Substi

tution of the relationship between the fluxes and the currents (A9, All, 

Al2, Al4, Al6, Al8, Al9, and A22) into the Eqs. (4a) and (4b) leads to: 

~ l Ü ~ jF2 xaj Llil [ N'd jFl xdj . 
+ Ml2I2 + F + Rlil = e 

12 

(Sa) 

ü x dj ÎB x dj 2- . r 2- . 
L2I2 + F2 d JFl + FB Lb dB 

JFB + 

Ü ia jFl 

l 
+ M

12
I

1 + Fl2 x dj + R2i2 0 (Sb) 

which tagether with the relationships between the driving currents and 

the eddy currents, 

2-
n N JFl (x) + 11 o 

lx 
n2-JF2{x) + po 'I ~ 

x 

n2-JFB{x) + 110 j 

l d 

2- j (x 1 )dx 1 +x J 
N Fl 

x 
dxJ 

d l 
X I 2-j (X I ) dX I + x f dF2 (x')dxJ F2 

x 

dB l 
X I 2- j (X I ) dX I + x f 2-jFB (x I) dx' I FB 

x J 

( 6a) 

farm the complete circuit equations. The relations (6a) and (6b) between 

the eddy current density JF(x) and the prirnary and secondary currents 

describe the diffusion of the corresponding fluxes (frorn the prirnary and 
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secondary currents) into a winding; equation (6c) describes the diffu

sion of the flux from the secondary current into the capper of the Bit

ter plates. The coefficients of induction L1 , F1 , M12 , F12 , L
2

, F
2

, and 

FB depend on the dimensions of the transfarmer and are defined by the 

relations (AlO, Al7, Al3, A20, AlS, A2l, and A22). For the dimensions 

listed in Table I (page 6) these coefficients take on the values listed 

in Table A in Appendix A. 

4. FREQUENCY DEPENDENCE OF THE PARAMETERS ON THE SYSTEM AND EXPERIMENTAL 

VERIFICATION OF THE MODEL 

On the basis of the derived cir/cuit equations we investigate 

the harmonie behaviour of the transfarmer and campare the results with 

measured data of the Alcator transformer. 

If a harmonie signal, e
1 

= ê
1 

eiwt, is applied at the primary 

of the transformer, all quantities will vary harmonically in time. The 

integral-differential Eqs. (Ea), (6b), and (6c), which relate the eddy 

current densities to the primary and secondary currents are readily 

solved in this case. Upon differentiating (6a) twice with respect to x, 

we obtain the simple differential equation: 

From symmetry considerations i t follows that the solu'tion is: 

Q, 
N JFl (x) G ~+si xJ c1 sinh Lu J 

(7) 

(8) 

where o = v'2n/Jl w is the skin depth of the capper windings of the pri-s 0 
mary. The constant c1 is found upon substitution of Eq. (8) into Eq. 

(6a), taking x= d: 

C, 
.1. 

0 s 

-(l+i) 

cosh 

With this salution for JFl we find: 

d 

J N~ jFl (x) xdx 

0 

0
s [l +i 

(l + i)d tanh -o
s 

Similarly for JF2 the following relation can be derived: 

9 
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d r 0 îl 
J 

11_ 
jF 2 (x) xdx s (1 +i . 

d - L - (1 +i) d tanh l-0- dJj I2 
0 s 

and for JFB: 

dB 

~ 0 

[';si aBJ] r t 

J dB 
jFB(x)xdx s tanh I2 

0 L ( 1 +i) dB 

Substitution of these expressions into Eqs. (Sa) and (Sb} leads to: 

( 9) 

where L1 , L
2

, and M
12 

are equal to: 

M12 - F12a(w) 
(10) 

a(w) 
0s/d (1+i)d 

1 - 1 + i tanh 0 s 

The real parts of these functions have been plotted in Figs. S, 6, and 

7 as a function of the frequency at room temperature and at LN2-temper

ture; for the coefficients L and F we took the calculated values of 

Table A (Appendix A).Experimental values measured at room temperature 

are also shown. The overall agreement proves that the model is a good 

approximation. 

Two discrepancies are apparent. The mutual indoetanee measured 

to several loops (Fig. 6) around the primary should be the same if there 

is no return flux; loop 2-I is closely wound on the primary while loop 

2-II is at the plasma location. In reality there is a difference: the 

mutual indoetanee to 2-II does not change as much with the frequency as 

predicted. This must be ascribed to a failure of the compensation at 

higher frequencies due to the change in flux distribution over the cross 

section of the primary coil. As a consequence a reverse-Foucault-flux 

arises which is approximately in phase with the original flux and there

fore causes an extra indoeed voltage in the second loop 2-II with 
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-
Re L,(mH) 

~ 
1 

5 

4 

x 
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3 
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fLN 2 temp. (Hz) 

Fig. 5 Primary inductance as a function of the frequency. 

f room temp. (Hz) 

30 

20 

15 

10 

5 

...--.....,..._ 
0 

~ 
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Fig. 6 Mutual inductance as a function of the frequency. 
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1.0 
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0.6 

------- Re L.t ---------- ------- -" 
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........ ......... - ......... 
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0.2 

Fig. 7 Plasma (2), shell (s), liner (1) inductances as a function of the frequency. 

respect to loop 2-I. This is shown schematically in Fig. 8. This effect 

implies the existence of a vertical magnetic field attenuated by the 

capper shell at the plasma location. If this field is tolerable we can 

numerically introduce this effect by taking F 12;M12 = 0.54 instead of 

F 12 /M 12 = 0.70. In general, such a field cannot be tolerated because of 

force problems, and a dynamic compensation must be designed (F 12 /M12 is 

then again 0.70). Such a dynamic compensation can be realized by arti

ficially delaying the collapse of flux in the compensation windings2 l . . , 
This can be achieved by connecting a resistor parallel to the compensa-

tion coils. Figure 9 shows the scheme and the effect of the dynamic 

compensation. 

On the basis of the inductances and resistances appearing in 

Eqs. (9), we can define the following quality factors: 

Re(L
1 

(w)) 

Re (M'12 (w)) 

Im (M12 ( w) ] 

12 

( 11) 



100 50 0 50 100 
- radius (cm) 

magnetic field from primary coil. 
magnetic field from compensation coils. 
toto! magnetic field. 

__ magnetic field 
trom primary coil withouteddy currents. 

----- magnetic field trom compensation coils. 

magnetic field from eddy currents 
··············in primarycoils. 

-·-·- toto I magnetic field. 

Fig. 8 a. Sketch of magnetic field strength in the absence of eddy currents. 

." .... 
c 
:) 
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>. 
0 ... .... 
." 

t 

b. Sketch of magnetic field strength with eddy currents (without Bitter 
magnet). 

1000fo I I I 

100fo 1- -

ma in coil 

1 Ofo 1-

no.1Q comp.coil 
y '1 -

0.1 Ofo 
0.1 10 100 1000 

-Hz 

Fig. 9 Vertical magnetic stray field without compensation, with com
pensation coils, and with resistive compensation 2). 
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In Fig. 10 a discrepancy between measured and predicted values 

for these quality factors is apparent. For frequencies above the skin 

frequency (ws = 1/Ts) as defined in Eq. (3a), the quality factor should 

increase with the frequency.Measurements (x,O) show,however, that above 

that frequency the quality remains close to 3 at least to frequencies 

of 800 Hz. This may be due to vertical proximity effects between the 

helical windings of the pancakes. In conclusion we may state that the 

model describes reasonably well the frequency behaviour of the Alcator 

transformer. 

Q 

1 

101 

40 

20 

10 

7 
0 

x 
4 

2 x 
0 

101 

froomtemp. (Hz) 

----012 
0 

0 0 x 

0 

Fig. 10 Qua1ïty factor as a function of the frequency. 

5. INDUCTIVE HEATING OF THE LINER AND DISCHARGE CLEANING 

With the results of the preceding section we can estimate the 

energy required to heat the liner or to perform repeated discharges at 

low levels (so called "discharge cleaning"). Both methods are generally 

employed to improve the quality of the Tokamak discharge; especially 

the latter method appears to result in an appreciable decrease in the 

contamination of Tokamak plasmas. As for these two methods the resis

tance and the inductance of the secondary (R2 ~ 4.7 m~) are comparable, 

the same treatment applies to both. We shall focus our attention on 

liner heating but we shall also give results for the case of discharge 

14 



cleaning in the absence of the liner. We note, however, that in the case 

of discharge cleaning the power dissipated in the liner will be approxi

mately equal to the power dissipated in the discharge. Therefore, it 

would be better to have a higher resistance for the liner. 

Several methods can be employed to induce a current in the 

liner. Consecutively, we shall consider excitation by means of the air

care transformer, of the copper shell, or of the compensation coils. If 

the liner is heated by means of the primary of the transformer, then 

Eqs. (9) describe the harmonie behaviour of the system. The total dis-

sipated power, P is equal to: diss' 

Pd. lSS 

Expressed in terms of the power dissipated in the liner this is (cf. 

Fig. ll): 

Pl. 
~ner. ( 12 ) 

2 

The expressions for ~1 and M
11 

are obtained from Eqs. (10) by replacing 

2 by 1. The quantities F
1

, F
11

, M
11 

are equal to F 2 , F 12 , and M12 , re

spectively, and L
1 

is equa1 to the value given in Eq. (2). The quanti

ties Pdiss/Pliner and Pdiss/Pdischarge are sketched in Fig. 11 as func-

Cl> 

"' I.. 
c 

I.. .s: 
Cl> u 

.!:: cl) 

ä:"ri: 
""-.._ ""-.._ 

"' "' "' "' 
" " a.. a.. 

I ! 

70 

40 

20 

10 

7 

4 

2 

~ 
~ 
~ 
~ 
~ 
~ 
~ excitation with 
~ Cu-shell 
~ 
~ 
~ 

' .............. ------

f roorn temp (HZ) 

15 

Fig. 11 

Dissipated 
power as a func
tion of frequen
cy. The total 
dissipated power 
is normalized to 
the liner dissi
pation in the 
case of liner 
he a ting (--) 
and to the dis
charge power in 
the case of dis
charge cleaning 
(----). 



tions of the frequency. In bath curves it is assumed that R2 = 4.7 mQ 

and that the operation is done at room temperature (R1 = 6.5 mQ). 

We abserve that eddy effects in the primary and the Bitter 

magnet make the dissipation so excessive that it is impossible to apply 

this scheme at 60 Hz; this frequency is too low compared to the in

verse of the secondary time constant (open transformer) and is too 

close to the skin frequencies of the capper parts of the machine. At 

higher frequencies we approach the optima! loading of the transfarmer 

(w ~ 1/T
2

) and at the same time the Q-factor of the primary increases. 

Extrapolation of the curve in Fig. 10 would e.g. yield a Q of ~ 5 at 

1.5 kHz. Further measurements showed Q's in the order of 6 - 8. This 

would give rise to a dissipation in the primary which is 5 times the 

liner dissipation at 1.5 kHz. 

If instead we would drive the capper shell, there would be a 

slight difference between liner and discharge cleaning. In the first 

case the inductance is lower and consequently the stray inductance be

tween exciting and secondary system would be smaller. Again we will de

scribe the liner heating only~ We now assume, that the primary is open 

so that only eddy currents cause additional dissipation. The following 

relations hold: 

( 13) 

where is' I~, Ls' Rs' Ms~' L~, and R~ are the current in the shell, the 

current in the liner, the inductance of the shell, the resistance of 

the shell, the mutual inductance between shell and liner, the liner in

ductance and resistance, respectively. If we assume that in the con

sidered frequency range the capper shell is a magnetic surface 

L s 
r 
~n 

8R 
0 

r s 
( 14) 

Analogously as in the first case, we can express the total dissipated 

power in terros of liner power if we replace in Eq. (12) the subscripts 

1,~ by s,~. Again Pd. /P
1

. is plotted (Fig. 11) as a function of the 1ss 1ner 
frequency .. We abserve that the power dissipation at 60Hz is remarkably 

reduced, though there may still be too much dissipation in the capper 
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shell. Again excitation at a higher frequency is better. 

A third possible means of excitation is to make use of the 

compensation coils, which are located outside the Bitter magnets. This 

case is estimated to be intermediate between the .two foregoing methods 

of excitation. From a practical point of view the last methad may be 

the most preferable one as the compensation coils are water-cooled. 

6. TIME BEHAVIOUR OF THE PLASMA CDRRENT 

In a Tokamak there are several ways to operate the trans~ 

farmer. If the required flux is not too large and an iron yoke can be 

used, the initial flux can betaken zero~-In this type of operation 

the stray fields from the core are initially zero and the plasma cur

rent is limited by the saturation of the core. For larger plasma 

currents it is advantageous to start with a m~ximum reversed flux and 

drive the transfarmer until the flux reaches the maximum possible va

lue ("double-swing" technique); in this case there are stray fields 

but the forces will be smaller. An aircare transfarmer can be dis

charged in the same way but has the disadvantage that the primary flux 

decays with its own time constant after the swing. This means that 

one must take precautions to make this time constant sufficiently long. 

In the Alcator experiment, this type of operation is not necessary and 

the flux change is obtained by the decay of the primary current to zero. 

At the beginning of the actual discharge the primary current has thus 

its maximum value and the electric field driving the plasma current is 

induced by rapidly decreasing the primary current. The rate of decrease, 

which determines the magnitude of the induced electric field, depends 

on the size of the resistor placed across the primary 1 ). 

In this section we analyse the time behaviour of the plasma 

current in our model. This behaviour is described by the circuit equa

tions if we add the initial conditions 

I (t = 0) =: I 
1 0 

I (t=O) =0 
2 

( 15) 

and take R1 to be the sum of the D.C. resistance of the primary and 

the resistance across the primary. In order to be able to point out 

the effect of the eddy currents we first consider the time behaviour 

of the plasma current in the absence of eddy currents. 

6a. Time behaviour of the plasma current without eddy currents in the 

primary and in the Bitter magnet 

The analysis of this simple case will enable us later to 
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understand the effect of the eddy currents. The circuit equations de-

scribing the behaviour of the currents in this simplified model are: 

Ll 
dil 

+ Rlil + Ml2 
di2 

0 dt dt 

di2 dil 
( 16) 

L2 dt + R2I2 + Ml2 dt 0 

With the initial conditions (15) the Laplace transfarms of these equa

tions are: 

(l+pT 1 )ilp + p 
Ml2 

i2p I 
Rl oTl 

(17) 
]\,' M 

( 1 + pT
2

) i 2p + p 
11

12 
i lp I 

J."J.l2 

R2 0 R2 

and one finds, using the usual definitions for the coupling factor 

k 2 = Mf 2/L1L2 and the primary and secondary time constants T1 = L1/R1 
and T2 = L2/R

2 

[(1 +pT 2)Tl- pk 2T1T2 ] 
I 

[,(1 +pT 1 ) (1 +pT 2 ) - p2k2T 1T2 ] 0 

Ml2T2 
L

2
[(l+pT

1
)(l+pT

2
)- p2k2T

1
T

2
] Io 

The roots of the denominators of i 1p and i 2p are (pi 

PII = -l/TII): 

TI,II 

(For a weakly coupled transfarmer the time constants TI and TII are 

close to T1 and T2 .) 

(18) 

(19) 

When we take the inverse Laplace transfarm the currents are found to be: 

Il (t) _ 1 Ur _ Î -t/TII ( J -t/T;l 
I - - T 1 TIJ e + lT II - T 1 e "I 

o TII TI j 

I 2 (t) 

I 
0 

18 

-t/T 
= e I 

, (20) 

(21) 



The$e results are shown in all figures by the label NF (= Non-Foucault). 

The secondary current is maximum when di 2/dt = 0, i.e. at the time: 

t 
TI 

ln 
TII 

ma x 1-TI/TII TI 
(22) 

and the magnitude is: 

I M12 
-t /T -t /T 

e max II max I 2max - e 
I L2 (TII-TI)/T2 

0 

(23) 

Later on we shall show that with any Foucault effect this maximum is 

lowered. Note that the time at which the maximum occurs is proportional 

to TI and only weakly dependent on the secondary time constant TII" In 

t ""' ma x 

and 

I 2max 
""' I 

0 

T 1 1n 
T2 

Tl 

M12 
[Tl/T2] 

L2 

T.,..,. 
J..J.. 

Tl/T2 

""' T., we find: 
"' 

. ( 24) 

( 2 5) 

In Figs. 12a and 12b, the results (22) and (23) are compared with roea

sured data. In the absence of the Bitter magnet we find that the simple 

results (22) and (23) are applicable to a primary time constant long 

compared to the skin-time constant. If the primary time constant ap-

proaches the skin time then we obtain larger values for t ma x and lower 

values for I 2 /I than predicted. This is, max o of course, due to the 

Foucault effect in the primary windings. Figure 12b suggests that the 

rise time of the plasma current is larger than 3 msec at room tempera-

ture and larger than 17 msec at 90 K. 

Fig. 12a 

@ 
0-2 

10 100 
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10 

- - - 1-

10 

t 2 = 35 ms 

measured 

calculated 
(k 2 •0.1) 

100 

Fig. 12a and b Maximum plasma current and ~ax as a function of T2/T1 • Ex
perimental data are obtained in the absence of the Bitter 
magnet; the effect of eddy currents is not taken into account 
in the calculated values. 

6b. Time behaviour of the plasma current with eddy currents in the 

primary and in the Bitter magnet 

With the effect of the eddy currents the time behaviour of 

the model is described by the Eqs. (5) and (6) and the boundary condi

tions: 

I (t=O) = I 
1 0 

To solve this system we praeeed as above, i.e. we take the Laplace 

transfarms of all currents. The equations that these Laplace-transformed 

currents satisfy are: 

L, (pi, . -I) + F. p ~f .!, 
.l - .Lp 0 .L- J j_\JQ 

0 

i., 

Nd 

i., J x'dx'l d F2p 

J 

J x'dxJ Flp 0 

2û 

J __ x'dx'l 
-F<:!p J 

( 26a) 

ti x'dx'+ dB FBp 

(26b) 



x d 

- ]J x (pi2 ) 
0 p n.Q_JF2p+]Jo f xlp.Q_JF2p(xl)dxi+]JoX f p.\I_JF2p(xl)dxl, 

- ]J x (pi - I ) 
0 lp 0 

- ]J xpi
2 0 p 

0 x 

x 

f x I p ~ J F lp (x I ) dx I + ]Jo x 

0 

x dB 

( 27a) 
d 

f P ~ J F lp (x I ) dx I I 

x 

(27b) 

f X 1 p.\I_JFBp(X 1 )dX 1 +]J
0

X f p.\I_JFBp(X 1 )dx 1 

0 x 

(27c) 

We express first the Laplace transfarms of the eddy current densities 

J~,-~ Jv~~~ and JPQ in terros of the Laplace transfarms of the primary 
r~~ ~~~ L~P 

and the secondary currents (I lp 1 I 2p) . These tran'sformations are similar 

t.o the Fourier transformations in Section 4: 

d 
E f 

,\!_ 
J X 1 dX 1 -(pi -I ) G - j l tanh y'2pT sJ d N Flp lp 0 2pTS 

0 

d 

E f Q,J X 1 dx 1 = - pi G - J 1 
tanh y2pTj (28) d F2p 2p L 2pTS 

0 

dB 

_E_ r tJ x'dx 1 

dB J FBp 
0 

The time constants 's and 'B are defined in Eqs. (3a) and (3b). With 

the help of these expressions the Eqs. (26a) and (26b) can be written 

in the same form as Eqs. (17): 

( l + PT l) I lp + p 
M'12 

I2p T'lio 
Rl 

(29) 

(l+pT'2 )I 2P + p 
M'12 

I lp 

M
12

I
0 

R2 R2 
where 

Ll Fl 

~ vÇp
1
T tanh y'2pTJ 

Rl Rl s 

L2 F2 · G - vÇP\ s tanh v'2PT J -FB 
~- v;p\ tanh y2pt~ , 

R2 R2 R2 B 
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I 

H12 - F 12 ~ .- vÇp
1
T s tanh y2pT J . (30) 

Hence, the Laplace transfarms of the primary and secondary cqrrents are: 

where 

1 
p 

1 
pD 

(31) 

If we denote the roots of D by p , the inverse Laplace transfor~s of n 
I 1p and r 2p in the rea1 time domain are: 

where 

= 
00 

k 
n=1 

1 00 

k 
R2 n=1 

pnt -
e (1+pn-r2) 

p DI (p ) 
n n 

p t 
e n 

DI ( ) = [dD] pn dp 
p=pn 

( 32) 

In figure 13a the plasma current is shown as a furietien of 

time (normalized to the primary time constant T 1 ) for SQme (::Pc3..facteris-

tic cases, cf. Table III. 

TABLE III 

T2/Tl 4 16 64 16 

Ts/T1 0 (NF); 0.25; 1; 4 0 (NF); 0.25; 1; 4 0 (NF); 1; 4 1 

TB/Ts 0.16 0.16 0.16 0; 0.16; 1.0 

Figure 13a IFig. 13b (I
2

) and 

Fig~ 13c (d~2/dt) 
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Fig. 13a Normalized plasma current as a function of normalized time (t/T 1 ) for va
rious values of T2/T

1 
and Ts/T

1 ; (NF) =without eddy currents (Ts/T 1 = 0). 

The curves can be compared with those labelled NF (Non-Foucault) 1 for 

which eddy currents have been neglected. Comparison o~ the curves for 

increasing values nf Ts/T 1 at a fixed value of T2/T 1 and TB/Ts (0.16) 

shows that the eddy currents in the aircare transfarmer lower the max

imum plasma current by an increasing amount, especially if the secon

dary time constant is small. A reduction of 8% must be anticipated in 

the case of Alcator (T 1 ~ Ts 17 msec 1 TB ~ 3 msec 1 T2 ~ 270 msec). 

Naturally 1 this reduction is large when the primary time constant Tl 

is small COIDpared to the skin-time constant T i for small skin-time s . 
constants (Ts/T 1 = 0.25) the effect is very small. Note~ that a factor 

of 4 in the skin-time constant corresponds only to a factor of 2 in 

the thickness of the lamination (cf. Eqs. (3a) 1 .(3b)). 

In Fig. 13b the net effect of the eddy currents in the Bitter 

magnet is clearly demonstrated by comparison of the plasma currents for 

TB/Ts = 0; 0.16 and 1.0 for fixed values of Ts/T 1 = 1 and T2 /T 1 = 16; 

TB/Ts = 0.16 corresponds to the average width of the tapered Alcator 

Bitter plates. The eddy currents in the Bitter plates affect predomi

nantly the initial current rise and have little influence on the cur

rent maximum. The initial current rise is steepened (cf. Fig. 13c for 

di 2/dt). This effect can be made plausible as follows. An appreciable 
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part of the volume between plasma and primary is filled with copper, 

that of the aircare transfarmer itself and of the Bitter magnet. On a 

time scale short eeropared to the skin-time constants eddy currents 

prevent the magnetic flux from decaying in the copper. 

1.0 

0.9 
~, 0 .......... 
~ ~ 

...J i 0.8 

I 0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

0 
0 4 8 12 16 

t 
t, 

20 

Fig. 13b Normalized plasma current as a function of normalized time (t/T
1 ) for va

rious timeconstantsof the Bitter magnet: TB/Ts = 0, 0.16, 1, and for 
fixed values of the normalized time constants T2/T

1 
and Ts/T 1 . 

This leads to a reduction of the secondary (plasma) inductance from L2 
to 

and to a larger coupling factor 

(1- F, ...,/I-1, ...,) 
k2 • L "'- .L "'. 

(1- F1} [1- F2_ FB) 
L1 L2 L2 

(33) 

As a consequence the plasma current increases faster since approximate

ly (weakly coupled transformer) 

(34) 
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Fig. 13c The norrnalized time derivative of the plasma current as a function of 
normalized time for the same parameters as in Fig. 13b. 

In the present discussion (a constant plasma resistqnce) this effect 

leads to a faster increase of the plasma current and therefore to a 

favourable increase of the ohmic heating during the ionization phase. 

However, in a more realistic description, the time dependenee of the 

plasma resistance (which is an extremely rapid varying function of time 

in the beginning of the discharge) must be accounted for. A complete 

analysis should include a nonlinear differential equation for the 

plasma current coupled to the diffusion equations for the eddy currents 

and to the equations for the energy and the partiele balances of the 

plasma. 

In Appendix C we have investigated the effect of a time

dependent resistance on the plasma current in the initial phase of the 

discharge on the basis of a nurnber of simplifying assumptions. In 

particular, partiele and energy losses are neglected and it is assurned 

that at any time sufficient power is available for ionization and ex

citation. In this simplified model, the equation for the plasma current 

is deccupled from the partiele · and energy balances: the resistance is 

a known function of time and does nat depend on plasma current. 

Two phases are distinguished in the initial stage: phase A 

where electron-neutral collisions dominate, and phase B where electron-
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ion collisions are more frequent. For both phases we evaluated the 

additional reduction (above the reduction caused by eddy currents) 

of the plasma current, both without (C.l9, C.35) and with eddy currents 

(C.l9F, C.35F). The estimated reduction is small for Alcator for long 

primary time constants (a few per cent); inclusion of the eddy currents 

in the model leads to an increase of this reduction by a factor of fk 

which for Alcator is in the order of 2 (cf. Eqs. C.l9F, C.35F, and 

Eq. 33). The eddy currents in the Bitter magnet are now found to play 

a dominant role in contrast with their net effect in the case of a 

constant low plasma resistance; that reduction of the current was shown 

to be mainly caused by eddy currents in the primary. 

As stated above the plasma current is only slightly reduced 

if the primary time constant (T 1 ) is long compared to the duration of 

the ionization phase ~t. Since the reduction is proportional to ~t/T 1 , 

the ionization phase should be as short as possible. Consequently, it 

is of importance to start with a good preionization, in particular for 

devices with relatively small primary time constants. Additional 

electron heating e.g., hf-heating will also be advantageous. A higher 

electron temperature will lead to a shorter ionization phase and the 

additional power input will make it easier to fulfil the energy re

quirement. In the case of Alcator (with a larger T1 ) a good preianiza

tien should not be epsential, at least in view of this simple analysis. 

The analysis is based on the assumption that the power input 

due to ohmic heating is, at any time, sufficient to supply the required 

power to dissociate and ionize the gas. It can be made plausible that 

this is not difficult to meet in phase A. In phase B, however, it is 

difficult to fulfil this requirement (C.37) simultaneously with the 

requirement that the electric field strength should remain below the 

Dreicer limit (C.39). In practice the power requirement may not impose 

a serieus problem because the drift velocity of the electrans will be 

well above the ion-acoustic speed. Hence, ion-acoustic turbulence can 

be anticipated to occur and the corresponding anomalously high resis

tance may lead to a sufficient increase of the power input. 

It should be emphasized that the model must be regarded as 

optimistic because partiele influx, the influence of impurities and 

losses are neglected. All these assumptions may well be invalidated, 

in particular during phase B and consequently, the reduction of the 

plasma current due to the time dependenee of the resistance is under

estimated in this model. 
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7. CONCLUSIONS 

a) Eddy currents in the primary of the aircare transfarmer lower the 
I 

attainable plasma current by a considerable percentage and intro-

duce campensatien problems for the vertical magnetic field. These 

eddy currents can be avoided by laminating the primary windings 

such that the skin-time constant Ts is smaller than the primary 

time constant T1 • 

b) Eddy currents in capper structures between the primary and the 

plasma, e.g. Bitter magnet, enhance the rate of rise of the plasma 

current. The influence on the maximum attainable plasma current is 

small provided that the skin-time constánt of the Bitter magnet 

(TB) is not toa long. 

c) The reduction of attainable plasma current due to the time depen

denee of the plasma resistance is small for 'long primary time 

constants. A good preionization and electron heating minimize this 

reduction. 

d) Eddy currents in the primary windings and Bitter magnet enlarge the 

reduction of the attainable plasma current if bath Ts and TB are 

langer than the duration of the initial phase. 

e) The requirement that the ohmic heating power should be sufficient 

at any time to supply the ionization and excitation losses is 

difficult to meet if the electric field strength ·i;S supposed to be 

below the Dreicer limit. However, anomalous resistance due to ion

a~oustic turbulence may lead to enhanced heating. 

The simplistic analysis of Appendix C clearly indicates the 

need for a more detailed knowledge of the initial phase of the dis

charge. Precise measurements of T and n during the build-up of the · · e e 
plasma current would be of great help in establishing more _elaborate 

~reatments and should indicate which additional effects have to be 

included in the analysis. 
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A P P E N D I X A 

CIRCUIT EQUATIONS FOR THE PRIMARY AND THE SECONDARY 

OF THE TRANSPORMER 

The circuit equations derived in Sectien 3 contain several 

fluxes. Below we shall derive the relationships between these fluxes 

and the primary and secondary currents (e.g. ~ 11 = L
1

I
1
). However, we 

shall first derive relationships between the eddy currents and the 

primary and secondary currents. To arrive at these we have to consider 

in some detail the diffusion of a rnagnetic fi~ld cut of ·a copper 

winding of a pancake, or a plate of the Bitter coil. Let us first con

sider the relation between IF2 and I 2 . 

A change in the secondary current induces a magnetic field 

change . . I2 
(A.l) B2 = llo T 

at the location of the primary. This flux change causes eddy currents 

to flow in the capper windings of the primary. To determine these 

currents we consider a closed loop of thickness dx in the m-th winding 

Fig. A Cross sectien of one 
pancake and detail. 

of a pancake at a distance ± x from the 

centre line of this winding, rm. The 

induced voltage in this loop is (cf. 

Fig. A): 
. 
I2 

= 2x 21rr ll -o 
m o "' 

(A. 2) 

The eddy currents in the m-th winding 

driven by this flux change are a func-

tien of x. The tqtal voltage they induce 

in the loop under consideration is: 
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~l ~ 2nr 2x'j (x')dx' 
o m F2 d J r • 

+ 2x l JF 2 (x')dx' (A. 3) 

Since the sum of the induced voltages must be equal to the resistive 

voltage drop we arrive at the equation (dividing by 4nrm): 

x d 

njF2(x) +~of x•jF2(x')dx' + ~ox f jF2(x')dx' (A. 4) 

0 x 

The derivation of the relationship between IF
1 

and r 1 is similar to the 

one just derived1except that the souree term- the magnetic flux varia-

ti on now depends on m, the label of the winding. The flux increases 

with m (the outer winding being numbered 1). If we assume B to be con

stant over one winding and equal to the value in the middle of the wind

ing the flux change caused by di
1
/dt is 

2x 2nr ~ m o 
(A. 5) 

The eddy current in the m-th winding will thus also depend on m through 

m- ~. Therefore 1 we introduce an eddy current density which is indepen

dent of m: 

(A. 6) 

where JFm is the eddy current density in the m-th winding. Proceeding 

in the same manner as in the derivation of Eq. (A.4) we obtain for JF 1 
the equation: 

. 
- ~ XI 

0 1 
Q_ 

= nJF1 (x) N + ~o 

Analogously1for the eddy current in the Bitter magnet we find 

. 
- ~ xi 

0 2 

x dB 

r x•j (x')fl-dx' + ~ox f ; FB 
Q_jFB(x')dx'. 

0 x 

(A. 7) 

(A. 8) 

The Eqs. (A.4) 1 (A.7) 1 and (A.8) describe the relationships between the 

eddy currents and the primary and secondary currents. We considered 

these relations first1 because the flux ~ 11 F1 occurring in Eq. (4) is 

most easily expressed in terros of rF
1 

(Eq. (A.16)) 1 whose introduetion 
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occurred here naturally. 

To complete the circuit equations we still need relationships 

between the fluxes and the currents, i.e. the coefficients of induction. 

To keep the calculation general we take the number of windings in a pan

cake equal to n and the total number of pancakes equal to N. To obtain 

the primary inductance we sum the induced voltage in each winding. The 

induced voltage in the m-th winding of the M-th pancake, due to the 

primary current (which flows through all the windings of the primary) 

is: 

[
d<Plll N~n ~ di 1 

- -- =- ~- 1: 7f(a-2s·d·)2 + (m-~)7f(a-2md)2 --dt M o Q. s=m ... ··· dt m, .· 

Summation over all n-windings of the M-th pancake and over all N-pan

cakes yields a total induced voltage of: 

d<Pll N2 n ~ ~ " (a - 2sd) 2 (m->l•(a-2md)~ dil 
- dt ·- - 110 1: + dt 2 m=l s=m 

N2 n ( 2m - 1 ) ( a - 2md) 2 dil dil 
= - 11o n27fa2 1: n2a2 dt - - L dt (A. 9) 

i m=l 1 

Here L 1 is the coefficient of self-inductance of the· primary coil in 

the absence of eddy currents (i.e., at zero frequency): 

110 

Analogously we find: 

n 
1: 

m=l 
( 2m - 1 ) (a - 2md) 2 

n2a2 

N n di 2 = 11
0 

L TI (a- 2md) 2 dt -
Q. m=l 

N n di 1 = "o - L 7f (a - 2md) 2 dt ,_. 2 m=l 

"" 5.70 mH (A. 10) 

(A .ll) 

(A. 12) 

M12 = M21 is the mutual inductance between primary and the plasma wind

ing at zero frequency: 

110 
n 
1: 

m=l 
(a- 2md) 2 

na2 

31 
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Finally, the inductance of the plasma at low frequencies in our ap

proximation is: 

d<jl22 
L2 

di2 

dt dt 
(A.l4) 

L2 ""' 
N 7rR2 110 Q., 0 

(A. 15) 

We recall, that this value of the inductance in the homogeneaus field 

approximation is chosen equal to the actual one. 

For the evaluation of the flux changes produced by the eddy 

currents we have to return to Fig. A of this Appendix. The induced 

voltage in the m-th winding of the M-th pancake due to change of eddy 

currents in all windings with s ~ m is: 

N ~n dJ Q.,jNFs lloi s~m 27r(a-2sd)2 

0 

xdx - 27r (a- 2md) 

Like in the preceding section we replace JFm by JFl 

Eq. (A. 6)): 

The total induced emf in the primary due to these eddy currents is: 

n 
2: 

m=l 
(m- J:i) 24d (a- 2md) 

n2a2 

where F 1 is the coefficientöf "Foucault"-inductance: 

Analogously we find: 

d<jll2F 
dt 

n 
2: 

m=l 

and 
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3.30 mH 

Q., 

Nd 

(A.l6) 

(A.l7) 

(A.l8) 



(A.19) 

where the coefficients F 12 and F2 have the magnitudes: 

Nmra2 ~ (m-~)4d(a-2md) 19 . 1 "H 
~o ~ m~l na2 ~ ~ (A. 20) 

7T (a 2 - (a- 2nd) 2) v
0 

~ ~ 0.167 11 H (A. 21) 

Finally, the contributiqn to the emf in the secondary winding due to 

the eddy currents in the Bitter magnet will be calculated under the as

sumption that the Bitter plates have a uniform thickness dB and extend 

from R = R to R+. We take dB equal to the thic~ness of the actual 

wedge-shaped Bitter plates at a radius of 0. 7 (R+- R_). Though the 

Bitter magnet contains practically no air volume, there is some stray 

inductance due to the presence of the insulation plates. We shall take 

this into account through a correction factor g (~ 0.9). We find: 

with (A.22) 

Substitution of the expressions for the various flux changes into the 

Eqs. (3a) and (3b) leads to: 

+R
1

i
1

=e, 
(A. 23) 

jF1xdxl = 0 (A. 24) 

J 
These transfarmer equations 1 tagether with the Eqs. (A.4) 1 (A.7) 1 and 

(A.8) 1 forma complete set.The numerical values for the various induc

tances of the Alcator aircare transfarmer are listed in Table A. 
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TABLE A 

calculated measured calculated measured 

L1 5.70 mH 6 rnH - - -

M12 27.2 lJH 27 lJH F1/L1 0.577 0.55 

L2 l. 37 lJH - F l2/M12 0.70 0.69 

F1 3.3 mH 3.3 rnH F2/L2 0.122 -
F 12 19.1 lJH 19 lJH FB/L2 0.446 -
F2 0.167 lJH - (Fq + FB) /L 2 

0.565 -
FB 0.61 lJH - - - -

Note that the ratios F/L indicate the relative influence of 

the copper. 

In Appendix B, several characteristic quantities of aircare 

transfarmers of the Alcator pancake type are calculated as a function 

of the relative capper volume. 

34 



A P P E N D I X B 

OPTI~~LIZATION OF THE PANCAKE-TYPE AIRCORE TRANSFOPJ1ER 

In Appendix A various coefficients of inductance are formally 

expressed in terms of N, ~, a, n, and d. Also other characteristic guan

tities as stress, heat/volume, time constants etc. can be expressed in 

terms of the parameters. With the help of these expressions we can eval

uate the variation of these guantities with,one or more of the parame

ters. We will express these guantities specifically in terms of N/~, N, 

a, n, S = 2nd/a; the last parameter S is a measure of the relative "cop-

per part" of the primary of the aircare transfa.rmer. 

Firstly, we list several guantities: 

Mutual inductance 

i 

primary inductance 

coupling factor 

peak voltage over the breaker 

N 2n2~a2 Nn 
" I (a ) m g-n ogL ~,n = ~ V 

"- Tl 0 
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stress in case of total cooperation of all windings 

l -
(J 

co op 

In Fig. B these quantities g have been plotted as îunctions of S for 

n = 613 We abserve that the value of S ~ 0.55 chosen for Alcator is 

the optimal value as far as stress is concerned. However, if we reduce 

S to 0.35, the stress is only 15% higher. In other words, a reduction 

of the flux ~ with 7% yields the same stress value. At the same time, 

however, the total power needed and the breaker rating are reduced by 

20% and also the total mechanical preloading can be appreciably less. 

In conclusion we may say that the most optimal design is that 

of the Alcator (apart from the fact that the windings should be laminat

ed because of the eddy currents). An appreciably smaller S, however, 

is nat much inferior and may be appreciably cheaper in design for coil, 

generator, and breaker. Besides, the higher coupling factor could be 

advantageous in the beginning of the discharge. 

gk 
9,, Qç. 
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Fig. B Typical quantities for a pancake-aircore transfarmer as a function of the 
relative copper volume, 6 = 2 nd/a. 
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breaker "quality" 

Q,</;2 
0 

stared inductive power 

1 
-2 L r2 1 0 

internal resistance 

R. 
N2n2 

l n -Q,-

internal time constant 

Li ]Jo 
T. 

~ 
-

l n 
l 

heat/unit volume 

21T 

a2 
2 

1 2 -2 R. I T. 
H = l o l 

gR. 
l 

gT. 
l 

na2 Q,S(2- (1+~)S) 

D.C. generator voltage 

rr jq2 
:"L -H 

.p2 
0 

nN2 n 2 n2Nn ~ 
Q, Io·2nq_R. = --z- ~ gv a o 

l 0 

maximum stress (no cooperation) : ~ ~I ( 1 - 1/ 4n) I 

( 1 - Q/2n) 2 I 
1-' g2 

2(32 M 

js:;;:;;; l:2/(1-1/4n) j 

(1- (3) (2- 1/n) I gZ 
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A P P E N D I X C 

A NON-CONSTANT PLASMA RESISTANCE IN THE FORMATION PHASE 

OF THE DISCHARGE 

In Section 6 the time dependenee of the plasma resistance is 

neglected in order to obtain a clear insight in the net effect of the 

eddy currents in the aircare transfarmer and in the Bitter magnet. How

ever, in the initial stage of the discharge the plasma resistance is a 

strong function of time; it is large in the very beginning of the dis

charge and after completion of the ionization phase it decreases fast 

with increasing temperature. It is clear that this will affect the time 

dependenee of the plasma current; in the presence of eddy currents this 

effect may be even more pronounced as the eddy currents affect the ini

tial rise of the plasma current (see Section 6). It is possible that 

the resulting change in the time dependenee of the power input in

creases the duration of the ionization phase, which means an enhanced 

loss of flux. To get some insight in these problems, essential for op

timum design of the aircare transformer, we shall present here a rather 

qualitative model. Basically we shall make two simplifications: we 

neglect partiele losses and we assume that at any time enough energy 

is available to supply ionization and excitation losses. These assump

tions decouple the multiplication process from partiele and energy 

balances. 

The initial stage of the discharge can be separated into two 

distinct phases: in phase A, where ionization causes the very low (but 

finite) initial electron-number density to rise to a level where elec

tron-ion collisions start to dominate over electron-neutral collisions 

and in phase B, where the ionization is completed. Two additional as

sumptions enable us to evalua~e the current in and the duration of 

these two phases: we assume that during phase A, E/p is constant and 

that during phase B the electron temperature is constant at a value 

of about 10 eV. After phase B the ionization is complete and the ohmic 

heating leads to a fast increase in electron temperature. 

The model must be interpreted as an optimistic characteri

zation of the start of the discharge as partiele loss and influx of 

neutrals are neglected. These assumptions are not unreasonable for 

phase A, when ne increases fast; however, during phase B the assump

tions of negligible losses and sufficient power input may well be in-
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validated3 ). Therefore, the analysis will lead to minimum reguirements 

on the flux. At the same time we shall get some indication about the 

additional effect of the eddy currents. 

The resistive loss of flux during the initial phase 

(C. 1) 

leads to a reduction of the attainable plasma current r 2 in the final 

hot phase, according to (t >> T 1 ; r 1 (o) ::o: 0) (cf. Eg. (16)): 

(C. 2) 

where Mi~) is the low-freguency mutual inductance. 

An estimate of the extra contribution to this loss of flux, 

due to the high value of the time-dependent resistance can be esti

mated by the calculation of: 

::0,: - I 2 (t) R2 (t) dt, 
A 

( C. 3a) 

where R2 (oo) is the small resistance of the plasma during the hot phase 

and 

( c. 3b) 

The normalized loss of flux 

is an indication of the extra reduction in the attainable plasma current 

and will be estimated for phases A and B, both without and with eddy 

currents. 

39 



Another quantity that needs consideration is the power input 

I~R2 which should be sufficient to supply the required excitation and 

ionization losses during the build-up stage; for both phases this quan

tity will be compared with the ionization losses. 

For these two calculations an estimate of the resistivity of 

the plasma is essential. This is the starting point of the present dis

cussion. 

In phase A, the electron-neutral collision-dominated regime, 

the neutral number density is high. Electrens lose momenturn in e-o 

collisions and we can obtain multiplication factors from classical 

data
4>. The multiplication factor 13. (number of ionizations per second) 

111 

L 
L 
0 
f-

! 

8 
10 

usu al 
Tokamok 
regime 

104 105 

--- Ê/p (V/m Torr) 

Fig. C.l 13/p as a function of reduced 
electric field strength Ê/p 
for H

2 
and He. 

40 

is shown in Fig. C.l as a func

tion of Ê/p for molecular hydra

gen H2 and helium. In the ini

tial stage of a Tokamak dischar-

ge the electric field strength 

E is typically between 5 V/m 

and 15 V/m and the filling 

pressure for hydragen is 2 to 

5 x 10- 4 Torr. The quoted E

values relate to open loop volt

ages: for the interior of the 

plasma column smaller values 

can be expected. Corresponding 

Ê/p-values are in the range of 

10 4 to 7 x 10 4 V/m Torr and a 

typical 13/p-value is: 

13/p ""2 x 10 8 (Torr s) -1 • (C. 4) 

Throughout phase A, this value 

of 13/p is assumed to be constant. 

This is quite reasonable because 

P "" p
0 

= constant as well as 

Ê = constant if the primary time 

constant T 1 is long compared to 

the duration of phase A, tA' 

which in general is the case. 

We assume that the initial elec

tron-number density is non-zero; 

it may, however, be very small. 



In the absence of loss (or more precisely, a characteristic 

diffusion time should be langer than 1/S), the electron-number density 

ne(t) and corresponding ionization degree a(t) increase according to: 

ne(t) 
a (t) = 2nH (o) 

2 

( c. 5) 

Phase A is supposed to be terminated when electron-ion collisions 

start to dominate over electron-neutral collisions, i.e, 

V . (t) 
e-~ 

ne 
""' 2 x 1 o- 11 -.......,----

T Yz (eV) 
e 

n (t ) = n = 2 x 10 20 x p x T% (eV) and a eA eA oe A 

where v is the callision frequency. 

The duration of phase A, tA' is short, even for a small initial 

ionization degree: 

and is typically a few tensof a millisecond (StA -10 à 15). In 

phase A the plasma resistivity is dominated by the electron

neutral momenturn transfer: 

3x10 7 v (t) e-o 
ne-o(t) = n (t) 

e 

1. 6 x 10- 6 -St 
a(o) e 

so that the resistance of the plasma is given by (TeA ""' 10 eV) : 

2R 1.6 x 10-6 
0 

r~ a(o) 

-St e 
2R

0 
1.1 x10 17 p

0
(Torr, H2 ) 

r~ ne (t) 

R 
and the secondary time constant is (for aspect ratio A= r 0 ""'5) : 

p 

0.85 r~·a(o)eSt 
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(C. 7) 

( c. 8) 

(C. 9) 

(C .10) 

(C.ll) 

(C.12) 



The transfarmer equation fora weakly coupled transfarmer (k 2 <<1) in 

the absence of eddy currents and for constant plasma inductance (no 

appreciable pinching during tA) is (cf. Eq. (16) and Eq. (20)): 

Ml2Io e-t/Tl ""Ml2Io 

'1 '1 

The solution with initial conditions (15) is: 

--St' 
e 

or in terros of e~ponential integrals~) : 

00 

E1 (x) I -x' 
- exp (e ) dx' 

x 

we find for t' << 1 
'I 

t' + dSt' 

Fr om Eq. (C. 12) we reeall that for Te - 10 eV (cf. Eq. (C.8)): 

-St A 
1 1 1 1 e <<I 

ST20 ST2(tA) 
-

ST2A !3·0.85 r~aA 
= 2.7 x 103 r2 

p 

(C.l3) 

(C.l4) 

(C.l5) 

Note, that ST 2A depends only on TeA' p
0

, and r~ and weakly on Ê/p. 

Since TeA ~ 10 eV and p
0 

'- 2 x 10- 4 Torr the only dependenee is on 

plasma radius, and such, that the larger r~ the better inequality 

(C.l5) is fulfilled; for Alcator ST 2A ~ 30. Under condition (C.l5) the 

plasma current at t = tA is*:, 

(C. 16) 

*) Note that in the presence of Foucault currents ST
2

A is reduced to: 

ST (F) = 2.7•103r2 (1- F2_ FB) 
2A p L

2 
L

2 
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For the usual case of weak preionization ST 20 "" 3. 4 x 10 2 a (o) << 1, so 

that the plasma current_at t = tA' r 2 (tA) can be approximated by 

(E1 (l/ST 20 ) can be neglected): 

-
1
- + St - ln(-

1
-} - 0. 577 

ST2A A ST20 
(C .1 7) 

For a good preionization, but a(o) still smaller than aA, ST 20 ~ 1, 

which is identical to a(o) > 3 x 10- 5 /r~ according to Eg. (C.l2), we 

find for the plasma current (C.l6): 

(C.l8) 

' The loss of flux (à~A) can be obtained by noting that: 

tA tA 

à~ =- f I 2 R2 (t) dt ~- f {-L2 
di2 M12 I

0 -t/L 1} 
dt + e dt"" A Tl 

M I 12 0 
t +L I (t ) 

Tl A 2 2 A 

and is 

"" -

0 0 

egual to ( 1/S I T20 

ln,--1--~ + 0.577 
j3T 20-

1
- 1 1 -, 
F2o- ~-

"" -ST 1 

<<tA<<Tl) 

where ~0 = M12 r
0 

is the available flux. 

weak preionization 

(C.l9) 

; ST 20 ~ 1 

good preionizatión 

In this model the loss of flux will be small (especially 

in the second case) as ST 1 >> 1 (in the order of 10 2 to 10 3 ); even 

in the case of weak preionization it is a few % at maximum. For small 

primary time constants (cf. T1 ~ 2 msec for ST-Tokamak*) this loss may 

be an important factor, and a good preionization may be essential. 

Note that the loss of flux originates from the small deviation of the 

plasma current with respect to a linear increase with time (see right

hand side of Eg. (C.l7)). This linear dependenee would be the salution 

for a constant very low plasma resistance. 

*) Note, however, that an assumption of low coupling factor has been made. 
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In the preserree of eddy currents we find for T
5 

<< T1 and 

1 

( 1 - F l2 /Ml2 ) 

( 1 - F l /L1 ) 

13T20 [1 - FL2- FLB] ~ 1 • 
2 2 

In both cases the eddy currents in the primary and in the Bitter magnet 

increase the loss of flux in phase A of the initial stage. 

The dissipation I~R2 in the plasma should be sufficient to 

supply the reguired ionization and excitation losses: 

I 2
2R2 > ne (t) E. (volume) 13 = n (t) E. 2n 2R r213 lon e lon o p (C.20) 

With Eg. (C.lO) we can rewrite ne(t)r~ = 2.2 x l0 17 p
0

R
0

/R2 (o)e-l3t, 

and with E. 10- 17 joule and 13/p- 2xlü8 we find: 
lOn 

(C.21) 

The function e-St St is minimal for maximum St (the function is also 

a minimum for St = 0, but averaged over the first e-folding time it 

is not small), so 

(C. 22) 

StA 
ro ...: __ - n _ ...... _ n _ _ "'' "ï ...... , n ~ __ ? I ,., , ~ \ • L. 1- ,_ - - - 1: :1 ::1 _~___ .::>.LIH.;t:: PL 20 e: = PL 2A = L;,t A LV~Lp \1.-.L::>J ln c:.He aust::nct:: uL eaay curren1-s, 

we find: 

t 
M I __!2 > 1. 4 x r 2R ""' 0. 7 x 10- 2 (Alcator) 

12 0 Tl p 0 
(C. 23) 

This reguirement is mostly fulfilled within a reasonable margin; e.g. 

for Alcator: M12 I
0 

= <î·
0 

= 1 Vsec, tA = 0.2 msec, Tl ""'15 msec. Inclu

sion of losses may however render this rnarginally. Note, that an upper 

limit is imposed on the primary time constant: it should not be too 

long. 
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In the presence of eddy currents the requirement (C.22) is 

relaxed: 

x 

or 

tA F 
= 1. 7 M12 I - > 0 • 7 x 10- 2 • ( C. 2 3 ) 

0 '1 

Observe that especially eddy currents in the Bitter magnet are advanta

geous. This is quite understandable, as the reduction of the secondary 

inductance yields an increase in the rate of rise of the plasma current 

and therewith the power input. 

In phase B where electron-ion collisions dominate, the elec

tron temperature is assumed to be roughly constant at a value of 10 eV. 

It is difficul t to estimate the duration of this period: tB - tA = Ll.tB . 

Besides dissociation and ionization of molecular hyd~ogen, ionization 

of atomie hydrogen will play a role 4 ): 

(a) H2 + e ~ H + H + e 

(b) + 
~ H2 + e + e 

(c) e ~ (H;)* + e ~ H + H+ + e (dominant process) (C.24) 

{d) H + e ~ H+ + e + e 

We observe (Fig. C.2) that ob - 1.5 ad and that the dis

sociation processes (a) and (c) are relatively fast for the electron 

energies under consideration (Te - 10 eV). Therefore, we estimate the 

time dependenee of ne, as if already at t = tA all the molecular hy

drogen was dissociated and the only important process is (d) : 

n (t)nH(t) <av >. H~ n (t) (2nH (o) -n {t))<av >. H e e lon e 2 e e lon 
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or 

da(t) 
dt 

where 

"' o<( 

b 

1 

' H -H+H -• 
2 I 

, 
I 

I 
I 

1 
10 

\ 
\ 

' ' 

2 
10 

3 
10 

electron energy { eV) 

Fig. C.2 Cross sections for dissociation and ionization 
of atomie and molecular hydrogen. 

a(t}(l-a(t))2nH (o)<ov >. H=a(t) (i-a(t))SH 
2 e lOn 

In this model the electron-nuffiber density rises according to: 

a (t) 
ne(t) 

""' - 2nH (o) 
2 

1 

The duration of phase B can be estimated to be twice the time 

required to ionize 95% of H according to (C.26): 
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(C.26) 
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(C.28) 

Like phase A, phase B takes approximately a few 100 wsec, provided 

that the power input is sufficient to supply the ionization and ex-
-citation losses. Note that in phase B the electric field strength E 

should be below the Dreicer limit. 

During phase B, Te is assumed to be constant and egual to 

~ 10 eV. Therefore, also the plasma resistivity is constant and egual 

to (Eg . ( C • 7 ) ) : 

The plasma resistance is egual to: 

2R 
0 

· 'i::2 = 100 n 
p 

(Alcator) 

and the secondary time constant is for aspect ratio A = 

w0r~ ln [ 1. 38 R0 /rp] 

l 2•10-:iT-% . e 
0.7 r 2 

p 

R 
0 

r 
p 
~ 5 

(C.29) 

(C.30) 

(C.3l) 

Observe that this time constant may be smaller than the primary time 

constant T 1 ; e.g. for Alcator T 2B ~ 7 msec, T 1 15 msec. In the ab

sence of eddy currents the plasma current can be calculated from Egs. 

(16) with initial conditions: 

I
0 

[ l - tAJ and I 
Tl 2A 

(C.32) 

The Laplace transfarm of the plasma current is (compare Eg. (18)): 

Mf2 
M T ( l + PT l ) T 2 - p Rl R2 

12 2 
I = IlA + I 2p D D 2A 

with 

D 

So, with t' _ t - t 
A 
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Since for a weakly coupled transfarmer Tl ~TI, this reduces to 

MI -t 1/TII -t'/TI 
I (t 1 )~ 121Ae -e 

2 R2 TII - TI 

tA -t 1/T 
e II , (C.34) 

and the loss of flux is 

tB-tA 

{ 
= J R2I2 (tI) dt I (C.35) 

0 

The loss of flux and therefore the reduction of attainable plasma 

current is small; it amounts to a few % at maximum. In the presence 

of eddy currents the loss of flux is enhanced by a factor of fk: 

1- F12;M12 f = ~ 1 . 7 (Al ca tor) , so k (l- F 1/L1 ) (1- F 2/L2 - FB/L2 ) 

M(F) 
B 

However, as we will see later, the assumption of negligible losses 

and sufficient available power is quite optimistic in this phase. A 

lengthening of phase B will increase the loss of flux and thus lead 

to a reduction of the plasma current. 

' The requirement, that the ohmic heating power I~R2 should 

be ample to supply the ionization and excitation losses is more dif-

ficult to meet in this phase: Obviously, the inequality is the same 

at the beginning of phase B as at the end of phase A at t = tA. In 

phase B, the plasma current I 2 increases at most linearly with time 

( c f. Eq • ( C . 3 4 ) ) : 

M I 
I (t) ~ 12 o t 

2 L 2 Tl 
(C.36) 

and the plasma resistance is constant 

6 10- 4 T -% . 2R I 2 
• e o rp 
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On the other hand, the ionization and excitation losses increase fast 

( c f. Eq. ( C • 2 5) ) : 

[ nte] E. ·volume 
. l.On 
l.On 

2nH (o) a (t) (1- a (t)) SHE. 2n2r2R 
2 l.On p 0 

which reaches its maximum at a(t) 

yields in this case 

l 
2 . The inequality I~R2 > Losses 

(C.37) 

With Eqs. (C.29), (C.31), aspect ratio A~ 5 E. - 10-17 J·oule 1 
l.On 

n 0 (o) - 7 •10 18 /m 3 , T - 10 eV, SH ~ 1. 5x10 8 p
0 

(Torr) we find for 
u 2 eB 

the electric field strength 

E 250 V/m (C.38) 

This has to be compared with the requirement that E has to be smaller 

than the Dreicer limit ED in order to avoid runaway (Te - 10 eV, 

p - 2•10- 4 Torr): 
0 

E < ED . ~ 2-10-17 n ~ 250 a (t) V/m re1.cer e (C.39) 

It is obvious that it is difficult to fulfill both requirements at the 

same time. Taking into account that the assumption of negligible losses 

is unrealistic we must conclude that this phase will take some more 

time. This will lead to an increase in the loss of Vsec. On the other 

hand, even if Ê < E0 , the conditions will be favourable for the ex

citation of ion-acoustic turbulence, especially at the beginning of 

phase B. As a consequence, the resistance will be anomàlously high, 

which will lead to an enhanced power input. In the presence of eddy 

currents the power input will increase by the factor of f~ (cf. Eq. 

(C.35F)), therewith suggesting a relaxing of the power requirement 

(C.38). However, also the induced voltage is increased, so in order 

to keep the field strength below the Dreicer limit, the primary time 

constant should be enlarged. 

We will close the present discussion with the observation 

that a more elaborate and more detailed study of this phase should be 

undertaken to elucidate all these facets. 
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