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A GENERAL PUR}OSE TI{O-DÏMENSIONAL MESH GENERATOR

S c h o o f s  A . J . G . ,  v a n  B e u k e r i n g  L . H . T h . M ' ,  S l u i t e r  t ' 1 ' L ' C '

Department of Mechanical Engineering

Sindhoven Un ivers i ty  o f  Techno logy ,  The Nether lands '

INTRODUCTION

Cornposing and checking input for f ini te element programs is

.r"ty t"tórl t  intensivel this is part icular true for the divi-

s ion  o f  rhe  area  to  be  s tud ied  in to  e le rnents '  In  the  pas t

many programs, cal led mesh generators, have been developed in

order  Èo au tomate  th is  job .  A  survey  o f  these programs is  g i -

v e n  b y  B u e l l  W . R .  a n d  B u s h  B . E .  ( 1 9 7 3 ) '  T h i s  p a p e r  d e a l s  w i t h

. r""í l  generaror for two-dimensional areas; the principal

charactárist ics of this nesh generator, named TRIQUAMESH' are:

l .  a  user  o r ien ted  input  language w i th  debugg ing  a id  i s  p ro-

vided; the user wil l  only have to supply siurple cornposable in-

pu t  da ta .
i .  Uottr single and rnult iple coherent two-dimensional areas

with a 
"orp1.* 

geometry àan be divided into tr iangular and/or

quadr i la te ra l  e lements .
3 .  easy  spec i f i ca t ion  o f  the  magn i tude o f  the  e lements '

4 .  suUst ruc tur ing  fac i l i t i es  have been incorpora ted '

5 .  the  shape o f  ihe  gener " ted  e lements  i s  op t im ised '

6 .  the  t " . | t  g . r , " . . to r  has  sone poss ib i l i t i es  to  reduce the

bandwid th  o f  the  assembled  s t ruc tu ra l  mat r i ces '
7 .  the  ou tpu t  o f  the  mesh genera tor  can be  used d i rec t l y  as  a

par t  o f  thà  input  fo r  th reá  f in i te  e lement  p rograms,  inc lud ing

ASKA and }4ARC.

Af te r  in t roduc t ion  o f  some bas ic  concepts ,  the  method used in

TRIQUAMESH wil l  be dealr \ í i th. Afterwards the use and possibi-

l i t i es  o f  TRIQUAMESH wi l l  be  i l l us t ra ted  by  means o f  some ex-

amples .  ,

BASIC CONCEPTS

The area  to  be  d iv ided G can be  d iv ided in to  ns  subareas  G,  r
. . . .  G  i n  o r d e r  t o  s p e c i f y  e l e m e n t  a n d  m a t e r i a l  p r o p e r t i à s

and tonflef ine the subslructuring of the area G. I t  is dernanded

>--*
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tha t  subareas  are  s imp le  coherent ;  n - fo ld  coherent  a reas  can be
made s imp le  coherent  by  rnak ing  a t  leas t  n - l  cuËs.  The contour
^ c  ^ -  ^ - ^ ^  r  : ^  ^  s u b a r e a  G .  h a s  C  a s  c o n t o u r  a n d  t h e  o v e r a l lU L  é l l  d l E d  U  I n  ! ,  r *  c

c o n t o u r  o f  a l l  s u b a r e a s  i s  C  ( f i g i  l . r  .

j

G (83"w w
Figure  l .  An  arb i t ra ry  two-d imens iona l  a rea  (a )  and a  d iv is ion
thereof  in  s imp le  coherent  subareas  (b ) .

In  G a  number  o f  so-ca l led  bas is  po in ts  i s  f i xed ,  by  means o f
numbers  and coord ina tes .  These po in ts  w i !1  supp ly  a  bas is  fo r
the  geomet r ica l  descr ip t ion  o f  con tour  C-  and fo r  the  de termi -
na t ion  o f  o ther  user  w ishes ,  fo r  example  the  des i red  e lement
s ize .  Wi th  t Í ^7o  or  more  bas is  po in ts  o r ien ted  e lementary  curves
c a n  b e  d e f i n e d ,  f o r  e x a m p l e  s t r a i g h t  l i n e s ,  a r c s  e t c .  ( f i g .  2 a ) .
A contour part ( ident. i f ied by a number) is a non-branched coup-
l ing  o f  e lementary  curves  and has  an  or ienÈat ion .  The geomet r ic
descr ip t ion  o f  the  conEour  par t  cons is ts  o f  the  coup l ing  o f
descr ip t ions  o f  the  cons t i tuent  e lementary  curves  ( f ig .  2b) .

( b )( a )

l
i

i ,

l
i

l

i

,'y't.,

{-.<--i
a .e 2 .

(b) (c)

3 , 2
1 , - 3

( a )

F i g u r e  2 .  D e s c r i p t i o n  o f
(b )  and subcontours  (c ) .

e lementary  curves  (a ) ,  a  contour  par t

Subcontour  C cons is ts  o f  the  coup l ing  in  a  c losed curve  o f  one
s

or  more  contóur  par ts .  For  reasons  o f  un ivoca l i t y ,  C^  is  des-
c r ibed by  denót ing  the  nurnbers  o f  the  an t i -c lockwise-sequence
of  jo in ing  cóntour  par ts .  I f  a  contour  par t  i s  met  in  a  d i rec-
t ion  oppos i te  Ëo i t s  o r ien ta t ion ,  the  number  o f  th is  contour
par t  i s  denoted  negat ive ly  ( t ig .  2c ) .  A  subs t ruc ture  is  de f ined
by  one or  more  subareas .  A1 l  subs t rucLures  together  fo rm one
s t rucËure :  the  area  to  be  d iv ided G.  The concepts  ment ioned are
h ie rarch ica l l y  o rdered.  The bas is  po in ts  de f ine  e lementary
c u r v e s .  T h e s e  d e f i n e  c o n t o u r p a r t s  e t c . :

3  R L 4 4 CM 6,5



l o ld  coherent  a reas  can be
; t  n - l  cu t .s .  The contour
ls  contour  and the  overa l l

) .

( b )

area (a )  and a  d iv is ion
) .

s  is  f i xed ,  by  means o f
w i |1  supp ly  a  bas is  fo r

C and for the determi-
1e  the  des i red  e lement
iented elementary curves
i n e s ,  a r c s  e t c .  ( f i g .  2 a ) .
) is a non-branched coup-
r ien ta t ion .  The geomet r ic
ts  o f  the  coup l ing  o f
t a r y  c u ï v e s  ( f i g .  2 b ) .

,'--\'-'-../ \ \
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- 7  C 1 :  3 ,  2

C 2 : 1 , - 3

(c)

r v e s  ( a ) ,  a  c o n t o u r  p a r t

in  a  c losed curve  o f  one
u n i v o c a l i t y ,  C _  i s  d e s -
an t  i -c lockwis  eos  equence
par t  i s  met  in  a  d i rec-

number of this contour
A subs t ruc ture  is  de f ined
ures  together  fo rm one
he concepts mentioned are
ts  de f ine  e lementary

Basispoints + elementary curves + contourparts -+

subareas  +  subs t ruc tures + s f rucÈure .

Dur ing  the  d iv is ion  o f  a rea  G in to  e lements ,  use  is  made o f  the

rough;ess  func t ion  g2(x ,y ) .  I t  i s  pos tu la ted  tha t  in  G,  92  ís

d i rác t l y  p ropor t iona l  to  the  des i red  magn i tude o f  the  e lement

sides; the length .0 of any element side between the points (xl '

y , )  a n d  ( x r ,  ! r )  t h e r e f o r e  s h a l l  h a v e  t o  b e t t t h e  b e s t  f i t

o o ê s i b l e " :  
-

v  =  \ t g 2 ( x r ,  y , )  +  g 2 ( x r ,  v 2 )  ] . R r

The proport ional constant RÏ has the

wi l l  be  ca l led  the  s tandard  e lement

f in i t ion  o f  the  roughness  concept .

DESCRIPTION OF THE },IETHOD

( l  )

dirnension of length and
s ide .  Equat ion  I  i s  the  de-

Globaly TRIQUMESH has been developed as fol lows:

l .  Check ing  and man ipu la t ion  o f  inpu t  da ta .  *
2 .  Genera t ion  o f  noda l  po in ts  on  the  to ta l  con tour  C '

3 ,  D iv is ion  o f  subareas  in to  e lements .
4 .  Pos t -p rocess ing ,  such as :  op t im iza t ion  o f  e lement  shapet

bandwidth reduction, transformation to elements with more nodal

Fo in ts  and ou tpu t .
The aspec ts  ment ioned above w i l l  be  descr ibed subsequent ly '

Checking and manipulat ion of input dgta
e  has  been deve loPed so  tha t  the

input  can be  in te rpre ted  s imp ly  and e labora te  tes ts  fo r  e r ro rs

in  the  input  da ta  a re  poss ib le .  The program expec ts  the  input

to  be  de l i vered  by  $eans o f  punchcards  or  by  ueans o f  a  f i le
to  be  found on  a  d isk -un i t .  F rom th is  input ,  a r rays  are  de ter -
mined which r^r i11 serve as input parameters for the next steps.
Dur ing  process ing ,  Ëhe input  i s  a lso  checked fo r  syn tax  and se-
mant ic  e r ro rs .  Poss ib le  e r ro r  messages are  fo r  ins tance:

I  TRTAX3 2,5)
* >>>> LEFT PARENTITESIS ENECTED

* >>>> UNKNOI^ÍN SUBAREA

@ va lues  fo r  the  roughness  func t ion
g 2 ( x , y )  f o r  e a c h  o f  t h e  b a s i s  p o i n t s  i n  a r e a  G .  D o i n g  s o ,  u s i n g
a chosen roughness  behav iour  a long the  contour '  the  roughness
on the  to ta l  con tour  C^  is  f i xed .  Scar t ing  f ro rn  th is ,  and to -
ge ther  r , r i th  the  user  g iven  s tandard  e lement  s ide  RI ,  the  noda l
po in ts  to  be  genera ted  on  C^  w i l l  be  de termined.  Because o f  the
assembly  o f  a  subcontour  ou t  o f  con tour  par ts '  wh ich  in  tu rn
cons is t  o f  e lementary  curves ,  i t  L / i11  on ly  be  necessary  to  ex-
p la in  the  genera t ion  o f  noda l  po in ts  on  an  e lementary  curve .
Consider an elernentary curve K with length I and curvi l inear
c o o r d i n a t e  s , 0  s  s  <  l ;  f o r  r e a s o n s  o f  s i r n p L i c i t y  a  n o n  e s s e n -

E-_
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t ia l  s imp l i f i ca t ion  to  a  s t ra igh t  l ine  is  made.  0n  curve  K a
number  o f  bas is  po in ts  a re  denoted ,  numbered loca l l y  w i th  j ,
j  =  0 , 1 , . . . r 8 ,  w h i c h  d i v i d e  L . h e  c u r v e  i n  m  p i e c e s ,  á r r a ,  i y
means 

-of the user given values gk; r a piecewise harrnonic rough_
n e s s  f u n c t i o n  i s  d e f i n e d .  ( f i g .  3 J :

8 k i * B k . i * ,  g k . - g k . * ,  s - s .
gk(s) = -# * - t -*  .  cos ; ; i - l  ?r ;  i  = 0..m (2)

- j + l  - j

i  QXe

I
t -

S=0

o  k  i -  i ?

s=SZ S:s3

func t i on  on  an  e l enen ta r y  cu r ve .

-s l

Figure  3 .  Harmon ic  roughness

Star t ing  fo rn  th is  func t ion  gk(s )  noda l  po in ts  a re  genera ted
on curve  K,  th is  ís  done i .n  two s teps :  f i r s t  the  de terminat ion
of  the  number  o f  noda l  po in ts  and subsequent ly  the  computa t ion
of  the  cor rec t  loca t ion .  Suppose tha t  n - l  noda l  po in ts  w i l l
have to  be  genera ted  (and there fore  n  e lement  s iáes)  on  the
e lementary  curve  ( f ig .  4 ) .

l

I
/n ê\rffi_

f--'
I

s=0

Figure  4 .  Noda l  po in rs  and

S:Si- l  S:Si S=l

e lement  s ides  on  the  curve

From equat ion  I  fo r  e lement  s ide i  the  fo l low ing  can

pn

be  de -
r i ved :
t i - t i - l  t i * l - t i

Bk i *Bk i_  t  Bk l *  1  
-Bk '  \ r

Th is  can be  rne t  "as  good as
by  comput ing  n  as  fo l lows:

- - r  )  ur r - ; ? . Í - - - T o s
r ( r  

b  
g K ( s ,

=  l  r 2 r .  .  . r n - l )  ( 3 )

p o s s i b l e "  f o r  a l l  e l e m e n t  s i d e s ,

( 4 )

i \ , --sk(s)



)  i s  made.  0n  curve  K a
r m b e r e d  l o c a l l y  w i t h  j ,
i n  m  p i e c e s ,  a n d ,  b y
piecewise harmonic rough-

l :  Í ; i = 0 . . m ( 2 )
+ l  " j

gk (s)

-\\
@ i

J

s= s3

on an elementary curve.

1  po in ts  a re  genera ted
f i rs t  the  de terminat ion

equently the computation
n- l  noda l  po in rs  w i l l
e lement  s ides)  on  the

I
^ l

.  Q/ , io
n-l n

S:1"

es on  the  curve  PQ.

fo l low ing  can be  de-

- l  )  ( 3 )

f o r  a l l  e l e m e n t  s i d e s ,

( 4 )

7

Af te r  wh ich  n  i s  rounded o f f  to  an  in teger  in  a  su i tab le  way.
A s  s o o n  a s  t h e  c u r v i l i n e a r  c o o r d i n a t e s  s r . . . s - _ ,  a r e  k n o w n ,
one can eas i l y  de termine the  coord ina tes ' in  t t ie 'overa l l  t v ro -
d imens iona l  sys tem.

l

Genera t ing  o f  e lements  in  a  subarea j

À  contour  i s  de f ined by  sequent ia l l y  connected  noda l  po in ts  on
th is  contour .  The connect ion  is  made by  s t ra igh t  l ines  ( the

e lement  s ides) .  Every  subarea w i l l  have to  be  d iv ided e i ther
in  t r iang les  or  quadr i la te ra ls ,  depend ing  upon the  user  g iven
e lement  type .  The noda l  po in ts  on  contour  C-  o f  subarea G^ are
n u m b e r e d  l o c a l l y  I  . . .  n c p  ( f i g .  5 ) .  "

et(r

7 <=rrq)

F igure  5 .  Loca l  number ing  o f  con tourpo in ts  on  C- .
J

Subarea G is concave whenever one of the angles enclosed by
t h e  c o n t o i r  o :  >  r .  L e t  i  a n d  j ,  w h e r e  i  *  3 l  b e  n o d a l  p o i n t s
on C such thà t  the  in te rconnect ine  l ine  be tween i  and i  l i es
comple te ly  w i th in  G^ .  Whi ls t  d iv id íng  G^ in to  e lements  

-such

l ines are frequentl !  used, and an instaitanuous check wil l
have to  be  made to  see whether  th is  l ine  is  ac tua l l y  w i th in
G^;  fo r  ins tance the  connect ion  be tween po in ts  B  and l7  ín
f ig .  5  i s  no t  acceptab le .  These checks  fo r  concave areas  are
quite cornpl icated and therefor a concave subarea is spl i t  into
Ë\^ro or more convex part ial  areas, after which thèse areas
are  d iv ided in to  e lemencs .

SPl i t t ing  a  concave subarea in to  convex  par t ia l  a reas  A noda l
p o i n t  i s  c a l l e d  c o n c à v e  i f  s - .  >  n ,  ( f i g .  5 ) .  T h e  s p l i t t . i n g  i s
done by  the  fo l low ing  s teps : r
l .  Take a  concave noda l  po in t  on  the  contour ;  ca l l  th is  po in t
P .  I f  no  such oo in t  ex is ts .  the  area  w i l l  be  convex .
2 .  Determine t i te  ;accumula t ion  V,  o f  noda l  po in ts  on  the  contour
wh ich  are  v is ib le  f rom p .  '

3 .  Determine ou t  o f  Vr  Ehat  noda l  po in t  Q in  such a  r , ray  tha t ,
b a s e d  o n  g i v e n  c r i r e r i a ,  P Q  i s  t h e  b e s t  s p l i t t i n g  l i n e .
4 .  Determine the  accumula t ion  V.  o f  noda l  po in ts  on  the  contour
wh ich  are  v is ib le  f rom 0 .  

L

5 . -Def ine  on  PQ a  roughness  funet ion ,  based on  the  roughness
va lues  o f  the  noda l  po in ts  in  V ,  and Vr .

b-
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6.  Genera te ,  us ing  tha t  roughness  func t ion ,  noda l  po in ts  on  pO.
7 .  Def ine  two ner r  a reas  separa ted  by  l íne  pQ.
8 .  Cont inue w i th  s tep  I  fo r  bo t .h  a reas .
Exp lanat ion  Step  l .  Po in t  P  is  chosen to  be  the  most  concave
po in t  on . the  contour  o r  to  be  the  rn idd le  po in t  o f  a  ser ies  o f ,
a lmost  egua l ly  concave po in ts .  . s teps  2  and 4 .  The de terminat ion
o f  v i s i b l e  p o i n t s  i s  i l l u s t r a t e d  ! í i t h  a n  e x a m p l e  ( f i g .  6 a ) .  C o n -
s ider  a  cont inuous  contour ;  B"  i s  de f ined as  be ing  the  ang le
between l ine  P-K and rhe  tangËnt  o f  the  contour  in  f ;  n ig .  Ot
shows 8U as  func t ion  o f  curv i l inear  coord ina te  s .

( a )  ( b )

F igure  6 .  Determinat ion  o f  f rom p  v is ib le  po in ts .

9r.

ï

K 3 K L P
+ S

Poin ts  o f  in te res t  in  the  de terminat ion  o f
those concave po in ts  L  o f  the  contour  where

v i s i b l e  p o i n t s  a r e
B, is a local ex-

is a local maximr:m;

is  a  loca l  m in imum;

t remum;  no t  v is ib le  w i l l  be :
l .  P o i n t s  K  w i t h  s , ,  >  s ,  a n d  8 . ,  <
fo r  example  po in ts \e twàen rc ,  ànd
2 .  P o i n t s  K  w i t h  s , ,  <  s ,  a n d ' 8 , ,  >
fo r  example  po in ts \e twËen x .  ànd

Ê
:L
K ) .

p -
I

K , .
4

. f  
B L

. f  
B L

\_:_/

F i g u r e  7 .  S e a r c h  f o r  a  s u i t a b l e  s p l i t t i n g - l i n e  f r o m  p o i n t  p .

S t e p  3 .  C o n s i d e r  f i g .
b o u r i n g  p o i n t s  o f  P .
a r e a  i n  s e c t o r s  I ,  I 1

/ :  r n e  p o ] - n E s  P
The l ines  PP 

'  
and

a n d  I I I .  A t  f i r s t

.  _ + la n d r P  a r e  t h e  n e i g h -
PP d iv ide  the  v is ib le
E . h e  m o s t  s u i t a b l e  p o i n t



. c t ion ,  noda l  po in ts  on  P0.
r l n e  r q .

.n to be the most concave
d l e  p o i n t  o f  a  s e r i e s  o f
2  and 4 .  The de terminat ion
.  an  example  ( f ig .  6a) .  Con-
ined as  be ing  the  ang le
h e  c o n t o u r  i n  P ;  F i g .  6 b
o o r d i n a t e  s .

K1 Kz K,

(b )

i b l e  po inËs .

o n  o f  v i s i b l e  p o i n t s  a r e
where L is a local ex-

L

i f  B -  i s  a  loca l  max imuml
L

i f  B -  i s  a  loca1 min inum;
L

\
I

t ing-1 ine  f rom po in t  P .

'  
a n $ , P  

'  
a r e  t h e  n e i g h -

nd PP d iv ide  the  v is ib le
s t  t h e  m o s t  s u i t a b l e  p o i n t

* i - j  i s a c c e p t a b l e
l .  t h e  a n g l e s  \ 1 r  \ 2
an( l  q .  ,  a re  Ene
cut t làgJ l ine  then

K . P
+ S

Q in  sec tor  ï  i s  searched fo r ;  i f  such  a  su i tab le  po in t  in

tha t  sec tor  ex is ts ,  the  concave ang le  in  P  can be  e l im ina ted .
However, i f  l ine PQ does not meet some minimum demands, the

search ing-area  is  ex tended ! í i th  sec tors  I I  and I I I .

Poss ib le  sp l i t t ' i ng  1 ínes  are  se lec ted  w i th  respec t  to  th ree
c r i t e r i a :  l .  t h e  a n g l e s  ' ( , . . . \ t , ^ w i 1 1  h a v e  t o  f i t  a s  g o o d  a s
p o s s i b l e  m u l t i p l e s  o f  6 0 " ' o r  9 Ó -  ( r e s p e c t i v e l y  f o r  t r i a n g l e s
a n d  q u a d r i l a t e r a l s ) ;  t h i s  r e s u l t s  i n  a  d i f f e r e n c e  À y ;  2 .  t h e
length  o f  the  sp l i t t ing  l ine ,  wh ich  shou ld  be  as  shor t  as  pos-
s ib le ,  y ie lds  a  d i f fe rence Ag;  3 .  the  number  o f  noda l  po in ts  on
a sp l i t t ing  l ine  is  rounded o f f ,  wh ich  g ives  a  Àn.  From a l l
poss ib le  sp l i t t ing  l ines  tha t  l ine  is  chosen fo r  wh ich  A =

C , . a -  *  C r . A o  +  C . . 4 . -  r e a c h e s  a  m i n i m u m .  T h e  w e i g h t i n g  f a c c o r
c l ,  ë ,  

" "á  
c l  havÈ b8en empi r ia l l y  de termined.

Step 5. A twó-dimensional roughness polynomial 92 is determined
by means o f  a  we igh ted  res idua l  meEhod;  le t  gk , -  be  the  rough-
n e s s  i n  c o n t o u r p o i n t  k ,  s o  i t ' s  w e i g h t i n g  f a c t à r  w i l l  b e  l / g 1 \ , .
The result can be reduced to an one-diurensional polynornial gl^
o n  t h e  s p l i t t i n g  l i n e .

Dividing a convex area into tr iangles The contour of a convex
par t ia l  a rea  is  de tern ined by  n  noda l  po in ts .  For  any  o f  these
p o i n t s ,  1 o c a 1 1 y  n u m b e r e d  i ,  i = 1 . . . n ,  E h e  c o o r d i n a t e s ,  t h e  c o n -
tour-enclosed angle o- and the roughness gk- are known, An
ang le  o , .  i s  ca l1ed shárp^whenever  o , -  .  80- r 'because cu t t ing
a n d  s p l i t t i n e  o f  c .  =  8 0 -  v i e l d s  e q t a l  d i f f e r e n c e s  w i t h  r e s -
p e c t  i o  6 0 " ;  s o  o - t -  6 0 o  =  6 0 "  -  o r / 2 .  t t "  a c t u a l  d i v i d i n g  o f
a  convex  area  can 'be  descr ibed as  fo l lows:
l .  I f  n  =  3 ,  one t r iang le  i s  fo rmed and the  area  is  exhausted .
2. Lf a sharp angle is found, subsequent layers are cut from
the area  as  long as  th is  i s  in  accordance w i th  g iven c r i te r ia .
These layers  a re  d iv ided in to  t r iang les .
3 .  Sp l i t  the  remain ing  area  in to  t r , ío  par t ia l  a reas .
4. Define tr^/o contours for those part ial  areas and continue for
bo th  a reas  w i th  s tep  l .
Exp lanat ion  Step  2 .  A  cu t t ing  l ine  i  +  j-
r t  i t  s a t i s f i e s  t w o  c o n d i t i o n s  ( f i g .  8 ) :
Y 3  a n d  y O  s h o u l d  b e  >  4 0 - ,  a n d  2 .  i f  g ; + . i
roughness  va lues  in  the  end po in ts  o f  thé
roughness  go  on  tha t  l ine  shou ld  sa t is fy :

1
z

n i n  { g k i + j ,  B t i _ j } .  g t .

This  c r i te r ion  reduces  ooss ib le
f ig .  8b ,  wh ich  causes  bàd shaped
on an  êccepted  cu t t ing  l ine  are
roughness  o f  a1 l  con tour  po in ts
t ia l  a rea .

.  m a x  { g k . . . ,  s k ,  . }  ( 6 )
-  1 + 1 -  "  1 - 1

conf igura t ions  as  shown in
e lements .  The noda l  po in ts

genera ted  based upon the
in the original convex par-
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F igure  8 .  Cut t ing  layers  s ta r t ing  a t  sharp  ang le I .

Fig .  9  i l l us t ra tes  the  d iv id ing  o f  a  layer  in to  e lements ;  in -
s ide  a  layer  no  noda l  po in ts  w i l l  be  c rea ted .

ro) (D (c)

Figure  9 .  For rn ing  t r iang les  w i th in  a  layer .

I f  LM <  KN ( f ig .  9a)  then LKM wi l l  be  the  nexr  r r iang le  to  be
formed;  o therw ise  KMN wi l l  be  c rea ted .  F ig .  9b  shows a  poss i . -
b le  end s i tua t ion  and f ig .  9c  a  s in i la r  s i tua t ion  fo r  the  f i rs t
layer ;  the  t r iangu la t ion  o f  such remain ing  areas  is  t r i v ia l .
S tep  3 .  The aspec ts  w i th  respec t  to  wh ich  poss ib le  sp l i t t ing
l ines  are  se lec ted  ( i .e .  ang les ,  leng th  and number  o f  noda l
po in ts  to  be  genera ted)  a re  the  same as  fo r  the  sp l i t t ing  o f
L V r r 9 4 V  g  é t  g d S  .

The method is nain-
ly  ana logous to  the  method fo r  t r iang les .  An ang le  o ,  i s  now
sa id  to  be  sharp  i f ' o - .  <  120" .  The ac tua l  d iv is ion  oÈ 

"  "o . r . ru*area  in to  quadr i la te rà ls  i s  shown in  the  f ,o l low ing  s teps :
l .  I f  n  =  4 ; ' o n e  q u a d r i l a t e r a l  i s  f o r m e d ,  a n d  t h e  a r e a  i s  e x -
haus  ted .
2 .  Í f .  n  =  6 t  2 ,  3 ,  4  o r  5  quadr i i "a te ra ls  w i l l  be  fo rmed,  and
the  area  is  exhausted .
3 .  F ind  a  combina t ion  o f  two contour  po in ts  i  and  j  fo r  wh ich
b o t h  a .  à n d  q .  a r e  " s h a r p , t a n d  t h e  b e t w e e n  i  a n d  j  s i t u a Ë e d
ang les*cU =  180- ,  wh ich  means tha t  i  and  j  a re  co inec ted  w i th
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sharp  ang le  i .

layer  in to  e lements ;
c rea ted .

(c l

l a y e r .

e  the  nex t  t r iang le  to  be
d .  F i g .  9 b  s h o w s  a  p o s s i -
la r  s i tua t ion  fo r  the  f i rs t
a in ing  areas  is  t r i v ia l .
w h i c h  p o s s i b l e  s p l i t t i n g
gth and number of nodal

a s  f o r  t h e  s p l i t t i n g  o f

erals The method is main-
les .  An ang le  o -  i . s  now
tua l  d iv is ion  o f  a  convex
the  fo l low ing  s teps :
ned, and the area is ex-

a ls  w i l l  be  fo rmed,  and

ro in ts  i  and  j  fo r  wh ich
t w e e n i a n d j  s i t u a t e d
:.nd j  are connected with

Ln-

a  s t r a i g h t  l i n e .  C u t  o f f  l a y e r s ,  a s  l o n g  a s  t h i s  i s  p o s s i b l e
wi th  respec t  to  g iven  c r i te r ia ,  and d iv ide  these layers  in to
q u a d r i l a t e r a l s .
4 .  Sp l i t  the  remain ing  area  in to  two par t ia l  a reas .
5 .  C o n t i n u e  w i t h  s t e p  l .
Exp lanat ion  Step  2  i s  necessary  because o f  the  geornet r i ca l l y
and topo log ica l l y  d i f f i cu l t  e le rnent  fo rm.  Typ ica l  geomet r ies
w h i c h  w i l l  c a u s e  2 ,  3 , 4  o : 5  q u a d r i l a t e r a l s  a r e  s h o r " m  b e l o w
( f i e .  I  0 )  .

r u f r m
F i g u r e  1 0 .  D i v i d i n g  a  h e x a g o n  i n t o  2 ,  3 , 4  o r  5  q u a d r i l a t e r a l s .

Step 3. Apart from the demands for the angles with the contour
and the minimum and maximtm roughness on the cutt ing-l ine as in
the  case o f  t r iang les ,  i t  w i l l  be  a  demand tha t  the  number  o f
nodal points on the cutt ing-l ine is equal to the number on the
prev ious  cu t t ing- l ine  (o r  the  or ig ina l  l ine  be tween i  and j ) .
In  Ëhac case,  the  d iv is ion  o f  the  layer  i s  t r i v ia l .

Pos t -p rocess ing

thape improvement of the elements It  has been found that the
f internal nodal point k can
be improved in an eff icient way by giving point k new coordi-
nates as the average of the coordinates of his nk neighbouring
po in ts  ( i .e .  noda l  po in ts  wh ich  are  connected  to  k  w i t .h  an  e le -
n e n t  s i d e ) :

. n k
I

K nk  .  
- .  ' - k i

1 = l

. n k
I

r r  .= - l -  I  rr- K  n K ,  - K r

The i te ra t ion  process  is  s topped as  soon as  none o f
na1 nodal point changes signif icanrly.

( 7 )

the inter-

Bandwidth reduction The nethod r^rhich TRIOUAI"ÍESH uses for the-ctrviding of an aiea G into elements causes that the coeff icient-
oa t r i ces  o f  subs t ruc tures  de f ined in  G,  w i l l  have a  bad or  no
band structure. Because i lany f ini te element programs only work
e f f i c ien t ly  by  means o f  an  acceptab le  band s t ruc tu re ,  some pos-
sibi l i t ies have béen provided in order to reduce band-width by
renumbering the nodal points in a suitable way. The user can,
fo r  each subs t ruc ture ,  de f ine  more  renumber ings ;  f ina l l y  tha t
one is  chosen wh ich  g ives  the  bes t  band s t ruc tu re .  The ava i l -
ab le  renumber ing  methods  w i l l  be  descr ibed subsequent ly .

CMK-Benunbering This rnethod of renumbering was developed by-
Uuth i l l  E .  and Mckee J .  (1969)  and s ta r ts  f rom the  topo logy  o f

and

:'
È-
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d e g r e e  =  l 0  d e g r e e  =

F igure  I  l .  Degree o f  a  noda l  po in t

CMK-remrmbering proceeds as fol lows:
I  .  Choose a  s ta rË ing  po in t  k ,  and g ive  th is  number  l .  The ac_cumula t ion  v  o f  renumbered pó incs  now cons is ts  o f  the  noda lp o i n t  k , : V  =  { k ,  } .
2'  Nunbêr sequerlt ialry the not yet renumbered surround.ing points
o f  each noda l  po in t  in  V ,  accorà ing  to  an  inc reas ing  degree,
with their new numbers
3 .  Def ine  V =  {noda l  po in ts  to  wh ich  new numbers  were  g iven in
e t .  an ? ]

_a.  
i f  V  i s  empty  the  process  s tops  o therw ise  repeat  s tep  2 .

Because of the fact that the cMKlrenurobering ,r.",  ,ro g"lrn.tr i-
ca1  da ta ,  th is  method w i l l  be  espec ia l l y  u"á f r r l  in  thË case o f
subs t ruc tures  w i th  an  i r regu la ,  geo*e t .y .

Lir", l ,  Di"t""""- .  
" irre 

These methods are basedon Ëhe geom@oord ina tes  o f  noda l  po in ts ) ,
and are real ised by rneans of a, user-given, ,r .r ,u C"rt.r ia.,  .oor_
ornate-sys tem x ,  y .  In  o rder  to  ach ieve  th is  two bas ispo in ts  p
and Q wi l l  have to  be  spec i f ied .  The or ig in  o f  the  

" . r ' r y ra" *w i l l  be  e ;  y  i s  o , " . r r r r "á  a long the  l ine  pQ and x  a long a  l ine
or thogona l  to  pQ.  In  th is  sys tem a  noda l  po in t  k  can Ëe char_

Ëï: Ï ; i . in  
two wavs:  the pai r  ( iu ,  vu)  à"a. r ' "  p . i r - l io , - iu l .

t 2

E h e  e l e m e n t  d i v i s i o n  o f  t h e  s u b s t r u c t u r e .  L e t  ê r ,  ê o r . . . r e(n  >  l )  be  the  e lements  in 'h ich  conra in  noda l  po iJ r ;  k? ' r ià 'J " *  r
1 3 d a f  n o i n t "  ï ,  k ,  . . .  k _  d e s c r i b e  r h e  e l e r n e n t s  e ,  .  . .  e  s ot h a t  n o d a l  p o i n t  t .  h a s  d Ë g r e e  m  a n d  k ,  . . .  k m . r " , r , r i r o . , * a i . , g
p o i n t s  o f  k .  ( f i g .  l l ) .  I

degree =  7

1.

F i g u r e  1 2 .  C h a r a c t e r i s a t i o n  o f  a  n o d a l  p o i n t  i n  t n e  ( i , y ) _ s l s r e . . r .



u r e .  L e t  ê r  ,  € ? r . . .  r e n
noda l  po i i r t  k i  The m'^+  I

e  e l e m e n t s  e ,  . . .  e  s o
r -  ^ - ^  I  ^ , , - * ^ , , D '  '

I  
. . .  k m  a r e  s u r r o u n o r n g

l 3

B y  m e a n s  o f  t h e  n o d a l  p o i n t s  k ,  w i g h  c o o r d i n a t e s  < = t l  i , J - l l
( ; , , 6 , )  a n d  k ,  w i t h  c o o r d i n a t à s - ( x 2 ,  Y 2 )  o r  ( r r ,  Q 2 ) ,  t h r e e

re i runbêr ing  meEhods can be  specr t : -ec l :

k ,  w !11  fo l low k r - í f t

r l  ( " r  ,  
- *z)  

u t ( i r  = i r )  , r  ( r ,  ,  
l r r ,  

"L ine"-renumber ing

z .  ( í t ,  i z )  ,  ( ( ; l  =  i r )  n  { 0 ,  t  
l t l l  

" n i s t a n c e " - r e n u m b e r i n g

3 .  ( O l  ' 6 ) ' ( ( Ó l  =  o r )  n  { i ,  ' r 2 ) )  " A n g 1 e " - r e n u m b e r i n g

Fig.  l3  shows some typical  examples of  e lement  d iv is ions which

""áh 
in  turn are typ ical  for  the d i f ferent  renumber ing methods.

-t

a ^ - - ^ ^  -  au E Ë l s g  -  ,

e th is  number  l .  The ac-
cons is ts  o f  the  noda l

.numbered surrounding points
o  an  inc reas ing  degree,

new numbers were given in

.herw ise  repeat  s tep  2 .

.mbering uses no geometri-

.11y  use fu l  in  the  case o f

g  These de thods  are  based
ioord ina tes  o f  noda l  Po in ts )
'g iven ,  new Car tes ian  coor -
:ve  th is  two bas isPo in ts  P
origin of the nev/ system
.ne PQ and x along a l ine
rdal point k can be_chaf-
y 1 )  a n d  t h e  p a i r  ( r u '  ó 1 ) .

F igure  13 .  Typ ica l  e lement  d iv is ions  fo r  (a )  L ine- ,  (b )  D is -

tance- and (c) Angle-renumbering.

Genera t ion  o f  n idpo in ts  The t r iang les  and (o r )  quadr i la te ra ls

f f i  been d iv ided,  can be  seen as  e lements

v i th  th ree  or  four  noda l  po in ts .  However ,  in  many cases  one

wishes  to  use  e lements  w i th  more  noda l  po in ts .  Examples  o f

these are the ASKA-elements TRIM6 and QUAMB; these have, apart

f rom the  noda l  po in ts  on  the  corners ,  a lso  noda l  po in ts  on  the

edges o f  the  e lements  (so  ca l led  n idpo in ts ) .  In  o rder  no t  to
lose the band structure which was obtained by renumbering the
nodal point.s, for each new midpoint a number wil l  have to be
chosen which does not exceed the maximum or minimum nrmrber of
the  corner  noda l  po in ts  o f  tha t  e lement .  Th is  w i l l  be  ach ieved
by giving a roidpoint between k, and k, the exact or nearest

" f ree ' r  va lue  o f  (k ,  +  k " )  /2 .  rL  i s  ev ident  tha t  a  spac ing  w i l l
have to  be  made in ' the  6r ig ina l  base o f  corner  po in ts ;  th is  i s
done by roult iplying the numbers of the corner points by 4
(wh ich  is  a  qu i te  a rb i t ra ry  va lue) .  A l l  l i nes  de f ined by  two
corner points are gathered and for each of these l ines a nid-
point is generated by the trethod mentioned above. Afterwards a
new topo logy  is  composed by  the  o ld  topo logy ,  these l ines  and
the  newly  c rea ted  midpo in ts ;  a t  las t  the  spaces  le f t  in  the
nunbering wil l  be el iminated.

us ing@e user  can ob ta in  an  ou tpu t  o f  the  re -
su l ts  o f  TRIQUAMESH on a  l inepr in te r ,  card  puncher ,  d isc -pack
or  on  a  p lo t te r .  The charac ter isa t ion  o f  the  genera ted  d iv is ion
in elements, is presented in such a r,ray on punch cards and (or)
d ise-pack ,  tha t  i t  w i l l  match  the  demands o f  var ious  f in i te
e lement  p rograms.  A t  th is  moment  i t  i s  poss ib le  to  c rea te  ou tpuË

r 1  p o i n t  i n  t h e  ( x r Y ) - s Y s t e " . , .

--



l +

which  can serve  as  input  fo r  t .he  sys tems ASKA,  FEMSys and MARC:
e x t e n s i o n  f o r  o t h e r  s y s t e m s  i s  e a s i l y  p o s s i b l e .

THE USE OF TRIQUAMESH

TRTQUAMESH'has  been progranrned in  BEA(Bur roughs Exrended A lgo l )
and has ,been imp lemented on  the  Bur roughs 87700 cornputer  o f  the
un ivers iÈy  o f  Techno logy  E indhoven.  The program can be  used bo th
in  ba tch  and in  the  87700 t ime shar ing  sys te Í ! .  In  the  la t te r
case an  e f f i c ien t  use  can be  made o f  a  cRT te rmina l  (TEKTRONTX
4014)  in  o rder  to  ob ta in  g raph iea l  ( in te rmed iare)  ou tpu t .  The
use o f  TRIQUAMESH wi l l  be  i l l us t ra red  by  an  example .  I ^ Ih i l s t
compos ing  the  input -da ta  the  user  makes a  ske tch  o f  the  area  to
be d iv ided and spec i f ies  there in  bas ispo in ts ,  con tourpo in ts ,  sub-
3 r e a s  e t s .  ( f i g .  I  4 a )  .

/ ' ^ \
\  4 /

Figure  14 .  Input  ske tch  and
hook.

( b )
genera ted  contourpo in ts  fo r  a  c rane-

T h e  i n p u t  f o r  t h i s  p r o b l e m  i s :
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. . xo lanat ion
$BASISPOINTS:  conta ins  the  bas is  po in ts  and rhe i r  coord ina tes .

$COtlfOUnpfSCES: defines how each of the contour parts is com-

p o s e d .
$suncoNtoun: defines subcontours by means of contour parts'

$susstnucruRE: defines which subarea belong to which substruc-

ture and the element type of each subarea'

$G36DING: contains infármation about the desired magnitudê of

the  e lements .
$RENID,ÍBER: control data for bandwidth-reduction'

$OIJTPUT:  de f ines  the  way ou tpu t  w i l l  have to  be  presente ' l '

F ig .  l4b  shows the  genera ted  contour  po in ts  and f ig '  l5a  the

d iv is ion  in to  e lements .

(a )  (b )  (c )

F igure  15 .  E le rnent  d iv is ions  fo r  a  c rane-hook .

The d iv is ions  accord i .ng  to  f ig .  l5b ,  c  and d  are  c rea ted  by

making some sl ight alterat ions in the input above
F i g .  l 5 b :  t h e  c ó n p l e t e  d i v i s i o n  l e s s  c o a r s e  b y  a  f a c t o r  2 '
( R I  =  7 . 5  a t  l i n e  2 3 0 ) .
F i g .  l 5 c :  L o c a l l y  r e f i n e m e n t  i n  t h e  b a s i s  p o i n t s  1 0 ,  l l , !  1 2 ,
1 3  a n d  1 6  b y  a  f a c t o r  2  ( a d d  c V  0 . 4  ( 1 0 ,  l l ,  1 2 ,  1 3 ,  1 6 )  a f t e r
l i n e  2 3 0 ) .

( d )

I ig .  t5d :  as  f ig .  l5c  v r i th  quadr i la te ra ls .  (QUAM4 ins tead o f
TRIM3 ar  t ine  260) .

-;-
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The nex t  example  dea ls  t ^ t i th  a  p is ton  o f  a  d iese l  eng ine  wh ich
i s  s i m p l i f i e d  t o  a n  a x i - s y r n n e t r i c  c o n s E r u c t i o n  ( f i g .  l 6 a ) .  T h e
moulded a lumin ium p is ton  is  o i l -coo led  by  means o f  a  mou lded-
in  s tee l  tube wh ich  serves  as  a  coo lan t  sp i ra l ;  in  a  rad ia l
p l a n e  o n e , c a n  s e e  4  c r o s s - s e c t i o n s  o f  t h e  t u b e :  t h e  s u b a r e a s
2 , 3 , 4  a n d  5 .  A - t  t h e  l o c a t i o n  o f  t h e  u p p e r  t w o  p i s t o n  r i n g s ,
a  cons iderab ly  h igher  wear  res is tance mater ia l  i s  used:  a
rnou lded- in  cas i  i ron  r ing ,  the  c ross-sec t ion  o f  wh ich  is  e iven
by  subarea 7 .

( a ) ( b )

(a )  and e lement  d iv is ion  (b )F igure  16 .  Genera ted  contourpo in ts

In  o rder  to  be  ab le  to  make an  op t ima l  des ign  o f  the  fo rm o f
the  cas t  i ron  r ing ,  i t  i s  pu t  in to  a  sepera te  subs t ruc ture  to -
ge ther  w i th  i t s  sur round ings  (subarea 6) .  F ig .  l6b  shows the
m e s h  g e n e r a t e d  f o r  t h e  p i s t o n .

DISCUSSION AND FUTURAL DE\i'ELOPMENTS

The meshgenerator TRIQUMESH has proved to be quite an useful
too l ;  the  most  revea l ing  advantages  o f  wh ich  are :
-  user  o r ien ta t ion ;  one tends  to  work  w i th  i t  qu ick ly .
- freedom in choice of geom.etry and number of subareas.
-  s imp le  cont ro l  o f  e lement  s ize .
-  poss ib i l i t y  o f  quadr i la te ra l  e lements .
Irtrhi lst using the program, a number of useful extensions have
become c lear  wh ich  sha l l  be  made in  the  near  fu tu re ;  th is  w i l l
be  done in  the  f rame work  o f  a  p re-proeess ing  sys tem,  w i th
which one can generate the complete input (mesh, kinematic and
dynamic  boundary  cond i t ions  e tc . )  fo r  two-d imens iona l  p rob lems

Li  terature
fi;Iff iR. and Bush B.E.
Transact ions of  the ASME:

( 1 9 7 3 ) ;  M e s h  G e n e r a t i o n  -  A  s u r v e y ,
Journa l  o f  Eng ineer ing  fo r  Indus t ry ,



of  a  d iese l  eng ine  wh ich
s t r u c t i o n  ( f i e .  l 6 a ) .  T h e
d by means of a moulded-
n t  sp i ra l ;  in  a  rad ia l

the  tube:  the  subareas
upper  two p is ton  r ings ,
m a t e r i a l  i s  u s e d :  a

sec t ion  o f  wh ich  is  g iven

(b)

) and element division (b)

I  des ign  o f  the  fo rm o f
sepera te  subs t ruc ture  to -

6 ) .  F i e .  l 6 b  s h o w s  t h e

'ed  to  be  qu i te  an  use fu l
, f  wh ich  are :
:  w i th  i t  qu ick ly .
Lumber  o f  subareas .

r t s .
use fu l  ex tens ions  have

:he  near  fu tu re ;  th is  w i l l
:ocess ing  sys tem,  w i th
-nput (mesh, kinematic and
:  two-d imens iona l  p rob lems.
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