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Abstract

This report deals with the 2-D cyclic structure of cylic codes of composite length,
and the use of this structure. A bound of the minimum distance of the code can be
derived from this structure, but it is proved that in general this bound (the Jensen
Bound, cf. [3]), is not very good (compared to shifting). With the use of the 2-D cyclic
structure, however, the exact minimum distance of two codes, for wich this had not
been done before, hase been found. Finally, some good codes are constructed with use
of their 2-D cyclic structure.
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Preface

This report is an improved version of my Master’s Thesis [11] at Eindhoven
University of Technology. Compared to this thesis, only minor changes are made.
A few typing errors and some incorrect sentences were corrected, some superfluous
paragraphs were deleted and the appendix was left out.

Most importantly, however, some of the proofs in Chapter 3 are shortened.
For this, and for the help with and editing of our joint paper [12], I would like
to thank prof. van Lint. Furthermore, he provided much more elegant proofs
(compared to the ones I came up with) for the main results of Chapter 3, for
which I am grateful too. (These proofs are already included in [11].) Finally, the
choice of subject for the master’s thesis was inspired by his treatment of J. M.
Jensen’s paper [3].
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Introduction

This report deals with the 2-D cyclic structure of cyclic codes of composite length,
and with the use of this structure in estimating the minimum distance of those
codes.

Chapter 1 introduces the concept of 2-D cyclic codes, and is an adaptation
of the article by J. M. Jensen ([3]), where it was first shown that every 2-D
cyclic code can be decomposed in a direct sum of several concatenated codes,
with minimal cyclic inner and cyclic outer codes, and, conversely, that a 2-D
cyclic code can be constructed this way. Berlekamp and Justesen have shown, in
[1], that such a direct sum of concatenated codes is equivalent to a cyclic code,
whenever the lengths of the inner and outer codes are relatively prime.

Furthermore an estimate for the minimum distance of such a (2-D) cyclic code
is derived. This bound is called the Jensen Bound.

In Chapter 2 the performance of this bound is evaluated. This is done by
comparing it to shifting, which in general yields the best known bounds. For this
purpose a theorem is proved, stating that, under certain assumptions, the bound
provided by shifting is at least as good as the Jensen Bound. For all binary cyclic
codes of length 63 these assumptions are satisfied; and for ‘good’ codes of this
length shifting indeed performs much better.

Furthermore a criterion on when the Jensen Bound is sharp is derived. This
criterion proves to be of some interest with respect to the judgement of the
performance of the Jensen Bound.

We can conclude that in general, the Jensen Bound will not be a very powerful
tool in the determination of the minimum distance of cyclic codes.

In Chapter 3, however, we see that the 2-D cyclic structure of a cyclic code
reveals some useful information on words of minimum distance. In that respect
the Jensen Bound proves to be very useful, for it is one of the (necessary) tools in
the determination of the minimum distance of two codes that (to the knowledge
of the author) had resisted all earlier attempts (except computer search) using
other methods.

Finally, some codes are constructed with the use of 2-D cyclic structure.



We do not consider the use of the 2-D cyclic structure of cyclic codes for
decoding purposes. For this subject we refer to [14].



Chapter 1

2-D cyclic codes

1.1 Introduction

In this chapter 2-D cyclic codes are introduced. We show that a 2-D cyclic code
can be decomposed into the direct sum of a number of concatenated codes—with
primitive cyclic inner codes and cyclic outer codes.

Furthermore we show that a g-ary cyclic code of length n N with ged(nN, q) =
gcd(n, N) = 1 can be seen as a 2-D cyclic code. From the decomposition of the
2-D cyclic code we then find a lower bound on the minimum distance of the cyclic
code —the Jensen Bound.

1.2 Definitions

Let G be an Abelian group of order nN that is the direct product of two cyclic
subgroups G, and G, of order n respectively N. That is, G = G, x G, contains
(say) the elements {z'y’ |0 <i<n A 0<j< N}, (z" =y =1). Let gbea
prime power and ged(nN,q) = 1.

Definition 1.2.1 The group algebra F,G is the ring (with unity) consisting of
all (formal) polynomials

-1N-
Z Z cijz'y’, where ¢;; € Fy.

Addition and multiplication in FqG are defined in the obvious way:

n—1N-1
c(z,y) +d(z,y) = DY Y (aj + dij)z
1=0 ;=0
and
n—-1N-1

oz,y) Z Z Z Civiy t:Jz)‘B v,

1=0 j=0 i+ig=ed
j1+ia=s



where ¢,d € F,G and iy,%; € Z, and j,,7, € Zy.

Definition 1.2.2 Anideal 7 in a ring R is a nonempty subset of R satisfying:
1. Ifa,be T thena—~be .
2. IfacT andr € R thenra € I.

Definition 1.2.3 A 2-D cyclic code over F,G is an ideal in F,G.

We represent a codeword by the corresponding polynomial or by the n x N
matrix ||c;;||. We will not distinguish these notations, not even in maps and
functions etc.

Corollary 1.2.4 A 2-D cyclic code over F,G is invariant under cyclic permuta-
tion of rows and columns (in the matrix representation); we call this rowcyclic
respectively columncyeclic.

Proof: Multiplication by the polynomials z and y shifts the rows respectively

columns of the matrix representation of a codeword cyclically over 1 position.
O

Now we easily see the following.

Corollary 1.2.5 A nonempty subset C C F,G satisfying
1. ifa,b€C and A\, p € F, then Aa + pb € C (ie., C is linear);
2. C is row- and columncyclic;

is 2-D cyclic.

Proof: From 2. follows zC = C and yC = C, so z'y’C = C; with 1. we even
find f(z,y)C = C for all f € F;G. This means that C satisfies the second
requirement in Definition 1.2.2. The first requirement is easily seen to follow
from 1. O

If ged(n,N) = 1, then the Chinese Remainder Theorem provides a unique
pe{0,1,...,nN -1} forevery 1,7 (0 < i < n,0 < j < N), such that p =1
(mod n) and p = j (mod N). Defining Z = zy we conclude that this u satisfies
Z* = z'y’. Now every element of G is a power of Z, and Z has order nN, so G is
cyclic. (Of course there are more generators in G, but Z proves to be a suitable
choice for our purposes.) Knowing this, we can state the following.

Corollary 1.2.8 If gcd(n,N) = 1, G and q as above, then a 2-D cyclic code
C € F,G is cyclic.



Proof: C is linear (for it is an ideal in F,G), ZC = C and Z has order aN. O

The reverse of this result holds as well.

Corollary 1.2.7 A cyclic code of length nN, with ged(n, N) = 1 is 2-D cyclic.

Proof: Let Z = zy, where codewords of the cyclic code are polynomials in Z
and z and y are primitive nth and Nth roots of unity, respectively. Now Z* =
z'y’, wheret = p (modn)and j =  (mod N). Because the Chinese
Remainder Theorem provides a bijection {0,1,...,aN — 1} — {0,1,...,n —

1} x {0,1,...,N — 1}, we can represent every codeword as a matrix. This
matrix form of the code is row- and columncyclic, for # and y are powers of Z,
and Z*C = C. C trivially is linear. N

1.3 Concatenation

We can describe the concept of concatenation of codes as follows!. A first code
B C Fu G, —the so-called outer code—is used to encode the information. Next,
the letters of this code are as it were inflated by sending not the letter itself,
but a codeword from a second code .A —the so-called inner code. The receiver
first retrieves the letters in Fjx G, from those words in .4, then the word in B is
decoded.

A word emerging from the inner encoder consists of a row of codewords of
A. We can place these words as columns in a matrix. If we want to make a 2-D
cyclic code this way, we must require a number of things of .A and B: obviously
A and B must be cyclic, and .4 must be a code over F,. Furthermore, a necessary
condition of course is that the map Fx — A is injective; so A must have at least
¢* words. This map also should satisfy some conditions, for example that a cyclic
shift of the words in the inner code corresponding to letters of a codeword does
something to these letters that makes the resulting word a codeword.

We do not go into this any further (see [8] for more details) and give the
construction from [3].

Let A, be a minimal cyclic code of dimension k in F,G,,> and B a cyclic
code of dimension K in FxG,. We must find a bijection A, < Fu such that the
concatenation 4,08 is an ideal in F;G. We choose the isomorfism ¢, : A, — Fa
given by ¢, (a(z)) = a(3,), where 3, is a nonzero of the generator of A,.

Trivially, ¢, is a homomorfism; we show now that ¢, is bijective too. Suppose
¢, (a(z)) = &, (b(:n)), a,b € A,. Then a(3,) = b(8,). From this we find a(8?) =
b(89),a(BT) = b(B7),...,a(B8 ") = (87" "), so a(x) = b(z) for all nonzeros of

the generator of A4,. For the zeros of this generator of course the same holds,

!We give a special case of the Blokh-Zyablov construction; we do not complicate matters
more than necessary for our purposes; see [2].
*In other words, 4, C Fy[z]/(z" - 1).



so we may conclude {a — b}(z) = 0 for all nth roots of unity, so a = b, since
deg(a — b) < m. Apparently ¢, is injective, and because |A,| = [Fgx| it even is
bijective, so it is an isomorfism.

The inverse ¥, of ¢, is defined by:

n—~1 1

V,(6) = Z ;Trk(zSﬁ:i)z‘ for § € Fu.

1=0

Here Try is the tracefunction Fpu — Fy: Tra(6) = § + 89 + --- + 677", Indeed we
see

D) = 3 S Tea(68,)8:

n-1 1 k-1

- = @ gli-a’)i
WL

i=0 i=
k-1 n-—1

- iy (1-g7)i
= ;}né Zﬁ,

i=0
= §,

for the inner sum (in the last row but one) equals 0 if ﬂ:“"j # 1, that is,if 7 # 0,
and equals n otherwise.

Furthermore, note that ,(1) exactly equals the idempotent §,(z) of A,,
since ($(1)) = %(12) = (1), and %,(1) - a(e) = #u(1) - ¥. (¢ (al2))) =
Y, (1- ¢, (a(z))) = a(z) for all a € A,. From this we also find: ¢,(M,(z)) =
A6,(B:) = Ad, (8,(z)) = X and even ¢,(Aa(z)) = Ag,(a(z)) for all A € F,.

Let (@o,a,,...,an_1) € A,0B, where the a; are columnvectors® of length n
over F,. Then a; € A, for all 7, and (ao(8,),a:1(8s),...,an-1(3.)) € B. Now
perform a cyclic shift over one position with the rows of the matrix representation
of this word, that is, the entries within each column are simultaneously shifted
over one position. Then we find the columns represented by the polynomials
za;(z). All these are words from A,, so we may apply ¢, to all columns. Doing
this we see that these words in A, correspond to 3, times the old letter. So our
shifted word corresponds to a word in B. In other words: we have obtained a
word in 4,08, so A,0B is rowcyclic. A,OB is columncyclic because B is cyclic.

Finally, we show that A,OB is linear. Let A,u € F, and a = (ao,...,an_1),
b = (by,...,b~n_1) € A0B, (ie., a; € A,,(¢:(a0),...,¢,(an_1)) € B and
analogously for b;.) Now Aa; + pub; € A, for all i, and ¢,(Aa; + ub;) = Ad,(a;) +
p¢,(b;), SO ((],‘),(Aao + [.ng), ey ¢,(AGN-1 + ﬂbN—l)) = A@(a) + }L‘b(b) € B.
Therefore Aa + pb € A,0B. This proves the following theorem.

3We use boldface to indicate vectors, the corresponding italics for the corresponding
polynomials.



Theorem 1.3.1 If A, is a minimal cyclic code of dimension k in Fq, B is a cyclic
code of dimension K in FxG, and ¢, and G are as above, then A,0B is a 2-D
cyclic code (of dimension kK ) in F,G.

We summarize this construction in the following notation (where ¥, denotes
the map that maps a word in B to a matrix in 4,08).

N-1 N-1
‘I’,(b(‘y)) = ‘I’s (Z bjyj) - Z ‘f’s(bj)yj ) b(y) € Fq‘Gy‘

j=0

¥, is an injective homomorfism FuG, — F,G, as 7, is an injective homomorfism
Fgo = F,G..
The inverse map @, of 1, is defined as

N-1n-1
®,(c(z,y)) = @, (Z > Cijxiyj)

=0 i=0

N-1 n—1
= > ¢ (Z Cijmi) ¥, c€ ¥, (FaGy).

i=6 =0

1.4 Decomposition of 2-D cyclic codes

In this section we show that a 2-D cyclic code in FyG can be decomposed in a
unique way into the direct sum of concatenated codes .4,08 as in the preceding
section.

We have several codes A, now—so we have several fields Fx too. Therefore,
the field Fx corresponding to A, will be denoted as F, in the sequel. The related
code B will get an index s as well.

For the primitive idempotents 6, of the (minimal) cyclic codes over F, the
following holds: F,G, = &_,(0,), X010, =1,6,-6, =0, and b, -0, =0if
8y # 8. We do something similar now for 2-D cyclic codes. First, we define the
2-D-analogue of an idempotent in a cyclic code.

Definition 1.4.1 ©, = ¥,(1), where 1 is the unity in F,G,. This is an idempo-
tent in F,G.

Notice that ©, in matrix form has 8, as its first column, and further consists
of zero columns only. We now prove that ©, indeed is worthy of the name idem-
potent. It is, by the way, not a primitive idempotent.

Theorem 1.4.2 If F,G, = @®'_,(d,), then
1. F,G = @,.,(9,), where (0,) =¥, (F,G,);

3



2. 0,-0,=0, foraﬂs;@,,'@,, = 0 for 3; # 8;

3 Zv-l

Proof: 1. It is easy to see that (©,) = ¥, (F,G,) and consists exactly of those

matrices in the matrix representation of F,G of which all columns are words of
(6,)-
From this it easily follows that Y"?_,(©,) = F,G. So the only thing left to
prove is that this sum is direct. We do this by showing the following: if
v=1 (2, y) = 0 (where ¢,(z,y) € (®,) ), then ¢,(z,y) = 0 holds for all s.
Solet 375_; c,(=,y) = 0 and c,(z,y) = YN 4u(bsy)y’ € (©,). Then it follows
that 3=, 3, 9,(b,;)y’ = 0, so 3i_; ¥,(b,;) = 0 for j = 0,1,...,N — 1. Now
Pa(bs;) € (6,) for all s and j; and we have N equations in F,G,. Since F,G,
equals the direct sum of the (6,), s = 1,2,...,v, we have ¥1(by;) = 2(be;) =
o=1P,(b;) =0forall j,0 <j<N.

2. If we consider ©,, and ©,, as polynomials, we see that O, -0,, = 6,,-6,,.
This proves 2.

3. Analogously it follows that >7_, ©,=%7"_ 6§, =1 a

This has provided us with the tools to prove the announced Decomposition The-
orem.

Theorem 1.4.3 Let C C F,G be a 2-D cyclic code. Then the following holds:
1. C=@,eC,, whereC, =C -0, C (8,) for all s and I = {s|C, # 0};
2. C, = (6,)0B,, where B, = ¢, (C,).

Proof C is a 2-D cyclic code, so C =(C-1 = C - Z,_l w=1C 9,
4=1Cs. This sum is direct, for C-©, C F,G - 0, (@,}. This shows us
that C, C ¥, (F,G,), which implies that B, déf ®,(C,) is a cyclic code in F,G,.
Finally, (4,)0B, = (6,)0%, (C,) = C, as a consequence of the definitions of ®,
and concatenation. ]

In this way we can consiruct a 2-D cyclic code too, as follows from the next
theorem.

Theorem 1.4.4 Let there be given a number of minimal cyclic codes (8,) of
dimension k, in F,G, and cyclic codes B, in the related fields F,, s € I. Then
C =@,c;(0,)0B, is a 2-D cyclic code of dimension },¢1 k, - dim(B,).

Proof: The sum of a number of ideals is an ideal, so C is a 2-D cyclic code.
Since (4,)08, C \0,) the sum is direct (see Theorem 1.4.2). The dimension
follows immediately from Theorem 1.3.1 and the definition of direct sum. DO

10



1.5 The Jensen Bound

For a code A,0B, we easily find a lower bound on the minimum distance. Let
d, and d; be the minimum distances of A, respectively B. Then 4,08 has at
least d, nonzero columns, all of which have weight at least d,. So the minimum
distance d,,, of the concatenated code satisfies d;, > d;d,.

We apply this idea to an arbitrary 2-D cyclic code C = @,¢;((f,)0B,), where
B, C F,G,. Denote the minimum distances of the composing codes as follows:
dy = dmin (@ael,uglwa)); dat = drmin (Bl)-

Take a word ¢ € C of minimum weight, say ¢ = 3_,¢; ¢,, where ¢, € (4,)08,.
Now let | = max{s € I | ¢, # 0}. Analogous to the argument above, we find
that ¢ has at least dy; nonzero columns. Each of these columns is an element
of @,cr,<i1{0s), so each of them has weight at least dy;. With this we find the
following theorem.

Theorem 1.5.1 Let C = @,¢;((6,)0B,) with B, C F,G, for all s € I. Then

the minimum distance d of C satisfies:
d 2 min{dudz[ | l € I} (11)

The value of d in this theorem still depends on the numbering of the idempo-
tents 0, (and, as we will see in Section 2.2, not on the choice of the 3,). We find
the maximal value using the numbering of the 6, that satisfies dy; < dyy <--- <
d3s.y> Where s,0, = max{s|s € I}.

Proof of this claim: let dy > dj ;1. If we interchange these two, only the terms
dydy and dy 11d3 4, change. Using a somewhat sloppy notation —where d'y; =

drmin ((@.51_1(9.)) ® (0;+1)) > dj ;41— this boils down to

1
dudy — d'ydayy > dyadaie,

dygpidagsr = dypday > d1,1+1d2,t+1-

This means that our new estimate is at least as good as the old one.

From now on we choose as index for a primitive idempotent 6 the smallest
(or sometimes any) value of s satisfying 6(3°) # 0. So in this notation, if 3° is
an nth root of unity and sq¢* = s (mod n), 6,(z) is the idempotent of the code
with generator (2" — 1)/{(z — 8°) - (z — §*0)---(z — 8°*""")}. When applying
Theorem 1.5.1, we will always use the optimal ordering of the composing codes,
without renumbering explicitly.

Finally, we introduce the Jensen Bound.

Definition 1.5.2 The Jensen Bound is the estimate for the minimum distance
of a cyclic code of length nN found by using Theorem 1.4.4 and Theorem 1.5.1

11



An example will not yet be given, for calculations prove to be quite elabo-
rate using only the tools this chapter provides. Moreover not much insight in
the structure of 2-D cyclic codes will be gained. Therefore, an example will be
postponed until more tools are available (in Chapter 2).

12



Chapter 2

Performance of the Jensen

Bound

2.1 Shifting

In this section we present the method, called shifting, introduced by Van Lint
and Wilson in [6], that yields a lower bound on the minimum distance of a cyclic
code. The method only makes use of the zeros of the code. In the next sections
we try to apply shifting to 2-D cyclic codes and to compare the results found in
this way with those obtained by the Jensen Bound.

We will only give a global idea of how shifting works and introduce the nota-
tion we will use in the rest of this chapter. For proofs we refer to [6].

Definition 2.1.1 Let C be a cyclic code of length n over F,, and 8 an nth root

of unity in an extension field of F,. The defining set R of C is the set of zeros of
C:

R ={B" | Veec[c(B") = 0]}.

Furthermore we denote the set of zeros of a codeword ¢ € C by R(c).
Notice that R = e R(c).

Definition 2.1.2 If I = {i,,i,,...,u} then the matrix M(5,,0;,...,B8:)r looks

as follows: ) ' )
1y 2, $
1P 1
b 2 s H
2 P 2
M(ﬁl:ﬂh"':ﬁt)lﬁ . . .
i gia .. g
t P t

Let C be a cyclic code with defining set R; let ¢ be a codeword in C with sup-
port I C {0,1,...,n—1}; let ¢(B") # 0 and {B,, 5, ...,B:} C R. Now the follow-

ing holds (cf. [6]): r (M (B1,9s,...,8:,8"),) = L+ (M (By, Bz, B);), where

13



r{ M) denotes the rank of the matrix M. Moreover, for all I and {B*,B5,...,8"}
the ranks of M (8%,...,B8%), and M (8*7,...,B%"+7), are equal. We can use
these two properties to estimate the weight of a codeword. Trivially wt(c) >

(M (81,8, ...,8:);)-
This implies:
wt(e) > (M (51,8, ...,B);)
= 141 (M (850,820, ..,6"Becn) )
if B7{B,,...,Be-1} C R(c) and BB, € R(c)
= 2+1(M (8%8:,87By, ... 07B1),)
if 3%2{B,,...,B-2} C R(c) and B#B,_, € R(c)

= t—1+1(M(g*4) ) if ##-{Bi} C R(c) and B3, ¢ R(c)
=t if 46; ¢ R(c)

In the sequel, this method will be called shifting. Clearly, this method does
not work for every arbitrary {8;,...,0;}. We can construct such a set for which
the method works ‘bottom up’ though: start with 8; and B’ such that the
requirement in the last row is fulfilled; next, find B, and 8% such that the
requirement in the last row but one is fulfilled, and go on like this up to the top
row. We capture this idea in the concept of independent set.

Definition 2.1.3 Let S C F, where F is an extension field of F,. (In general S
will consist of nth roots of unity and F will be the smallest extension field of F,
containing all these roots.) A subset A of F is independent with respect to S if
it is an element of the family of sets that is constructed inductively as follows:

1. O is independent with respect to S;

2. If A is independent with respect to S, A C S and b ¢ S, then AU {b} is
independent with respect to S;

3. If A is independent with respect to S and ¢ € F\{0}, then cA is independent
with respect to S.

Elements b as in 2. will be called added elements.
This leads us to the following theorem:

Theorem 2.1.4 [6] Let ¢ be a word in (F,)"; let F be the extension field of F,
that contains all nth roots of unity. Then wt(c) > |A| for all A C F that are
independent with respect to R(c).

14



The best estimate shifting provides for the minimum distance of a code is called
shifting bound. For a proof and a somewhat less restricted formulation we refer
to [6].

We can determine an independent set using 1, 2 and 3 from Definition 2.1.3:

Ao = @
Al = b;, b1 Q R(C)
Az = d,z/h U {bg}, bg ¢ R(C), a2A1 C_.:_ R(C)
Aer = ap1Ar U {b1}, bir & R(c), ae-14:-2 € R(c)
Ag = atAg_; U {bt}y bg g R(C),agAt..l Q R(C)

To illustrate the ideas in this section we give an example.

Example 2.1.1 Let C be the binary cyclic code of length 63 with generator
mgm,msmy;, where m; denotes the minimal polynomial of a*. Let ¢ be a code-
word. Here R = {o' | i = 0,1,2,4,5,8,10,16,17,20,21,32,34,40,42}. We

distinguish two cases.

¢ c(a®) = 0. Now c has 7 consecutive zeros (viz. a°,a!,. .., a®), so wt(c) > 8

by the BCH-bound. (This trivially can be achieved by shifting.)

e c(a?) # 0. This implies we can use a®, o%,a'?, a®, a*® and o® as added
elements. Again we distinguish two cases.

- c{a®) # 0. Sinnce we may use o’ as added element we can shift:
A{) - @, A} = {a“}, Az = C!ﬁlAl U {as} = {as,ae}, Ag = alsAg U
{a¥} = {a®,a®, 0™}, Ay = a 845 U {a®} = {a*, 0%, 0?0}, 45 =
a4, U {a'®} = {a%,a!7,a!® a®,a®'} and 4 = a %45 U {a®} =
{1,a,a?,0a% a* a®}. We conclude wt(c) > 6. We abbreviate the
notation of this sequence of independent sets as follows: (§) — (5,
6) — (20, 21, 24) — (4, 5, 8, 9) — (16, 17, 18, 20, 21) — (0, 1, 2, 3,
4, 5), where the added elements are underlined.

—- ¢(a) = 0. Here R(c) contains R and the set{a’ | i = 9,18,36},
so we find (in abbreviated notation): (3) — (2,3) — (1,2,3) —
(16,17,18,24) — (8,9,10,16,24) — (0,1,2,8,16,24); again yielding
wt(c) > 6.

Remark: we obtain the same result by the Hartmann-Tzeng bound:
{1, @, &?} - {1, a®, a’®} C R.

Since the exact minimum distance of C is 6 (see [9, 13]), the shifting bound is
sharp for this code.
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2.2 Zeros of 2-D cyclic codes

In the preceding chapter we have seen that every 2-D cyclic code with ged(n, N) =
1 is equivalent to a cyclic code of length nN. Since this cyclic code is fully
identified by its zeros, the corresponding 2-D cyclic code is fully identified by
those zeros too. In this section we will see that the zeros of the cyclic code
correspond to the zeros of the 2-D cyclic code (in the obvious way). Hence a
2-D cyclic code with ged(n, N) = 1 is identified by its zeros. We will assume
gced(n, N) = 1 in the rest of this chapter.

Let C be a 2-D cyclic code over F, and let a be a primitive nNth root of unity
in an extension field of F,.

The zeros of C (regarded as a cyclic code, where (as before) we take Z = zy)
are powers of a, say a™*, k = 1,2,...,¢t. That is: Zzlzvo’l cu(a!*)* = 0 for all
k€ {1,2,...,t} and all codewords ¢ in C.

The Euclidian Algorithm provides A and g such that AN + un = 1. Now
B = a*/ is a primitive nth root of unity, and ¥ = o a primitive Nth root of
unity, and o = 4. Thus a power of a can be written as a product of powers of
;6 and ¥ o = ﬁ{ r_ ﬁimodn,yimodN.

Notice that a coefficient ¢, in the cyclic code corresponds to the coefficient
Cumodnwmedn iN the 2-D cyclic code. From this it follows that if Z = o' is a zero
of a word ¢ € C (as a cyclic code), then (z,y) = (8™, v'™°4V) is a zero of ¢
considered as a word in the 2-D cyclic code:

nN-1 nN-1

Z cvalu - Z cyﬁ{v,ylu

pr=0 v=0
" lvmodn,_ lvmodN
= Z cumodn,umod)\’ﬁ vmodnytvme (21)

v=0
n-1 N-1

= Z Z cij(ﬁ‘m"d")"('y'md”)".
=0 J=0

This enables us to find the zeros of a 2-D cyclic code from the zeros of the
corresponding cyclic code, and vice versa. A similar relationship between the
(non)zeros of the inner and outer codes and the (non)zeros of the concatenation
of those codes will prove to be very useful in almost any calculation involving a
2-D cyclic code. Especially these results, and the way in which they are derived,
will be crucial in the proof of Theorem 2.3.2.

First we investigate the case C = (#,)0B. The nonzeros of (§,) are the
elements of the cyclotomic coset modn containing (*; let it have cardinality &
(i.e., i - B3*). Let the nonzeros of the outer code B be v1,7,,...,vx. Now, for
any codeword ¢,

., n-iN-1 . N1 a .
(BT, 9T) =303 BT = Y AT Y w8, (2.2)
u=0 v=0 v=0 u=0
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where the inner sum represents a word in F,G, for all v; therefore it equals
(T2} ¢,(8°)*}¥. This in turn —assuming (w.lo.g.) that 3° is the value chosen
for B, in the definition of ¢,— equals (#,(c,))?, where ¢, is the polynomial
S8 cuyz®. Hence

I

. N-1 ) N-1 ¢
(0, 70) = T (e = (X aers) #0
B E Y va=0

for the vector (¢,(c1), ds(ca),. .., ds(cn-1)) exactly equals the word in B corre-
sponding to the word in C we started with, and ~; is a nonzero of B. Hence all
the pairs (ﬁ"’i,‘yg‘), 0 <1<k, 1< j< K are nonzeros of C. All those pairs
are different, so we have found kK nonzeros. Since dimC = kK these are all the
nonzeros of C. So we have proved the following lemma.

Lemma 2.2.1 [8] Let (6,) have nonzeros 3¢, 0 < i < k and let B have nonzeros
71,72, -,7k- Then, assuming that é,(a) = a(B°) for a € (8,), (6,)OB has
nonzeros (ﬁ"",ﬁ'), 0<i<kand1<j<K.

The set of nonzeros of a 2-D cyclic code C = @}, C, can be found by taking
the union of the sets of nonzeros of the C,.

The following corollary is used in the derivation of Lemma 2.3.1 and Theo-
rem 2.3.2.

Corollary 2.2.2 A pair (8,7) of an nth and an Nth root of unity is 2 nonzero
of the 2-D cyclic code {4,)OB if and only if # = 8% and v = 7;", where £, is the
nonzero of §, that is used in the definition of ¢,, and v; is a nonzero of B.

When calculating the Jensen Bound for a cyclic code, one might expect that
the next four choices influence the value one finds in Equation 1.1.

1. The choice of G, and G, given G (i.e., the choice of n and N given nN).

2. The relationship between the generators Z of G on the one hand, and =
and y of G, and G, on the other hand.

The natural choice of course is Z = zy, but any choice Z = z°y® with
ged(a,n) = ged(b, N) = 1 is legitimate. If @ and b are not both equal to 1,
a codeword is put in matrix form in a different way compared to the case
Z = zy. Hence the inner and outer codes may change. It is not at first
sight clear if the the right hand side in Equation 1.1 remains the same. In
Example 2.2.1 we will see it does.

3. The relationship between the n Nth root of unity a and the nth and Nth
roots of unity 3 and ~.
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The natural choice would, if Z = zy, be to take  and 7 such that a = 37,
for in that case a (non)zero of corresponds to a (non)zero (B/modn, yimedN),
But again any choice a = 3°y® with gcd(a,n) = ged(b, N) = 1 is legitimate,
and again inner and outer codes may differ to those found using the natural

choice. (And again the estimate of d remains the same; see Example 2.2.1
below.)

4. The choice of 3, given a minimal cyclic code (6,).

Obviously this choice determines the maps ¢, and ®, (and their inverses).
In Example 2.2.1 however, we will see that the estimate of d does not depend
on it.

Example 2.2.1 Let C be the binary cyclic code of length 63 with check polyno-
mial m;(Z)my,(Z). C has nonzeros o', i = 1, 2, 4, 8, 11, 16, 22, 25, 32, 37, 44,
50.

Ay n=T7,N=29,0=a% v=a®® (This is the choice of 3 and 7 as in the
beginning of this section, and indeed a = 8v.)

As a 2-D cyclic code the zeros of C are: (3%,49), (1,5) = (1,1), (2,2), (4,4),
(1,8), (2,7), (4,5), (4,2), (1,4), (2,8), (4,7), (1,5), (2,1) (corresponding
toa',i=1,2,4,8, 16,32, 11,22, 44,25, 50, 37 respectively). It is easy to see
that the (only) inner code is {6,}, with nonzeros 3, 3% and #*. (6,) has
minimum distance 4.

1. If we take 8, = 3, we find as nonzeros of the outer code B: v,7%,7%,7%,
ie, B =M, & M;.! Then B has minimum distance 5.

2. If we take 8, = 2%, the nonzeros of B are v2,v7,7%,7%, so B = M; &
M5, with minimum distance 5.

3. For B, = * we find B = M; ® M, , again with minimum distance 5.

Conclusion: Theorem 1.5.1 yields d > 20 in all three cases.

This is not so just by accident: notice that a change of §, = #* to 3, = 3 results
in a new outer code B that can be found from the old one by the map v — ¢
(for its zeros can be found this way). This means that for any word ¥ b3’ in the
old code we can find one (unique) word ¥ b7y’ (of course with the same support)
in the new one. Hence both codes have the same minimum distance. The inner
code of course does not change at all, so neither does the related estimate for d.

10uter codes will be denoted as a direct sum of minimal cyclic codes; throughout this paper
these minimal cyclic codes are denoted M,”, where 4* is a nonzero of the idempotent of this
code. Notice that the field in which the letters of the code lie must follow from the context
(i.e., from the dimension of the corresponding inner code). In a sum (6o)0M, & (6,)0M; the
first M is a g-ary code; the second M is a code over Fq:.; k need not be equal to 1!
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B) Z = 2%y, the rest as above. In this case a coeflicient ¢, in the cyclic
code corresponds t0 Caumodnumodny in the 2-D cyclic code. Analogous to
the discussion at the beginning of this section we find: Z = o is a zero
if and only if (z,y) = (BY/3!medn 4lmodNY s & zero.

So in this case the nonzeros of C are:(8',47), (3,7) = (5,1), (3,2), (6,4),
(5,8), (3,7), (6,5), (5,4), (3,8), (6,7), (5,5), (3,1), (4,2). (b =1/3:
1mod 7,3 =1/3-2mod 7, etc.). So the inner code is (f3) with minimum
distance 4, and 3, = 82 yields B = M; @ M, with minimum distance 5.
Hence d > 20.

C) Z = =zy® the rest as above. In this case Z = a' is a zero if and only if

(z,y) = (Bmodn 1/simedN) 45 5 zero. With this it follows that C =
(6,)0(M; ® My ), again yielding d > 5-4 = 20.

From B) and C) we see that Z = z®y changes the inner code only (compared
to the code yielded by Z = zy), and Z = zy® changes the outer code only. In fact
it is not hard to prove that in general Z = z°y® results in inner codes (6;), where
B is a zero of an inner code (§;,) we find using Z = zy. For the outer codes
B;, any zero ~; corresponds to a zero 7} of an outer code we find using Z = zy.
This means that neither of the minimum distances is different from those found
by using Z = zy. (Any cyclic code maps into an equivalent code under the map
€ — £° (where £ is the primitive root used in the code, and a is coprime with the
length of the code), for any old word ¥ b;y* corresponds to a (unique) new word
Y. bigy* (for obviously ¥ b;,y* has a zero ¢° if and only if ¥ b;y* has a zero ().)

D) Z=zy,f=0a’ 7=0a"(ie,a = B%*). Here Z = o' is a zero if and only if
(z,y) = (BAfmedn, yHmedN) i5 5 zero (use Equation 2.1). Analogous to the
calculations above, we find C = (8,)0(M; @ M, ) (with 8, = 3*); and again
Equation 1.1 yields d > 20.

In general any legitimate choice of 8 and v will yield a = 3%y® for some a and
b with ged(a,n) = ged(b, N) = 1, which in turn results in the ‘equivalence’ of
ol and (Botmedn bmedN) - Analogous to the discussion immediately above D) we
find that any legitimate choice of 3 and ~ gives inner and outer codes equivalent
to those found with the natural choice (s.t. & = f8v), and thus yields the same
value in Equation 1.1.

From now on 1t is always (unless indicated otherwise) assumed that Z = zy,
a = fv and all 3, are those nonzeros of the (f,) that are the smallest power of
8.

Finally we come to the choice of n and N, given their product. This choice
does influence the value in Equation 1.1.

E) n =9, N =17 Of course we find the zeros of A), only the order of the
nth and Nth roots of unity is reversed: (8%, 7) under A) is denoted (87, 7')
here.
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Then C = (6,)0(M; & M, ), (the M are codes over Fgq having only
one nonzero (Fgy contains all 7th roots of unity!)). Equation 1.1 yields
d>2-6=12

Conclusion: The choice of z, y, B, v and of the 8, does not influence the value
Equation 1.1 yields; the choice of n and N does.

2.3 2-D cyclic codes and Shifting

2.3.1 Introduction

In Subsection 2.3.2 we attempt to make a comparison of the performances of
the Jensen Bound and shifting. To do this, shifting is applied to a cyclic code,
making use of its structure as a 2-D cyclic code; more precisely: of independent
sets with respect to the zeros of the inner and outer codes. This yields an equation
much like Equation 1.1, and in fact some extra requirements on the inner and
outer codes guarantee that shifting provides at least as good an estimate on the
minimum distance as the Jensen Bound does. All binary cyclic codes of length
63 fulfill these requirements on their inner and outer codes (Subsection 2.3.3).

2.3.2 Independent sets and 2-D cyclic codes

To be able to compare shifting to the Jensen Bound, one must

either obtain (an estimate of) the Jensen Bound from the knowledge of the zeros
of a word of minimum weight (or even from an independent set with respect
to those zeros)

or produce an independent set (with respect to the set of zeros of a word of
minimum weight) from the knowledge of the 2-D cyclic code (especially the
inner and outer codes).

The latter is tried in this subsection.

LetC =6)_,C,,C,={6,)0B,,s=1,2,...,vandc =Y, ¢c,, ¢, €C, for all
s. Every component ¢, of ¢ is the image under ¥, of a word in B,: ¢, = ¥,(b,),
b, € B,. Denote the ith column of ¢, as ¢,; or (as a polynomial) as c,;.

Let, for all values?, of s, B = {y.}, B = 5,8 U{1..}, ..., B;;Z =
b,'d,,Bé:i_l U {7,.d,,} be a sequence of independent sets with respect to R(b,),
and AP = {80}, AL = 0, Al U (B}, AL = apu, AL U{Ba} 2
sequence of independent sets with respect to R(6;, + 83 + --- + 6,), where all g,;
are nonzeros of 8,. Write 8,; = 8%, where of course each ¢; is a power of g.

2we will choose one specific value in Lemma 2.3.1 and use all of them in Theorem 2.3.2
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Lemma 2.3.1 If s = max{t | 3;[cs(B,) # 0]} (where B3, is a nonzero of 9,) in

other words: ifb =b, +--+b,, b, # 0 and b, = 0 for t > s, then the set Cdl 2
constructed below is independent with respect to R(c).

) = {84 (2.3)
cy = e u By

C](.fii, = bl&:. g’gg,—lu{ﬁ‘l’ystf:,}
C = 4,0l U{Bart
cy = 8305 U {8

C‘.(’;)Q, = ba a2, C§ das—1 U {;3327:1{3.}
C(‘) — C U {ﬂ tdh}
di,, 1 T Qs d, dy~1,ds, a,di, Va1
] ¢ t
Cila = B3O U {Buami}

t s .
Ct(i:z,d:. = b::i;.ctstz,daa—l U {'6’ dl-7tdt}14}
This can be summarized in: Equation 2.3,
C(J+1 = b:._H-l (‘) U {ﬂﬂva g1 1 S 7' S dlhl § .7 < d?n (24)
C:(l)x 1 T an.i+1ci,d,, U{Buit17il'}, 1<i<dy, (2.5)

Remark: Notice that the construction falls apart into d,, arts each consisting

of d,, steps. Each part applies the construction of B in a ‘twisted’ way.
The way in which it is twisted in the ith part is decxded by a,; and 8, (from

the construction of A,(,:)) The whole construction roughly is a product of
the constructions of Ag and B ,in fact C¥ = 4By,

Proof: It is sufficient to prove that:

1. all added elements ﬁ,g‘}':;- are nonzeros of ¢;

2. all sets a,‘C, . and by C,( 3)4 are subsets of R(c) (i.e., contain only zeros
of ¢).

Proof of 1: B,; is a nonzero of §,; 7,; is a nonzero of b,. Hence c,(ﬁ,,,'y,, =
c(BL,v%) # 0, because ¢; is a power of g. (Use Corollary 2.2.2.)

Since B,; is a zero of all {6,), t # s, the pair (,8"-,7:;) is a zero of all ¢, t # s.
(Again as a consequence of Corollary 2.2.2.) Hence ¢(8,i, ‘)’:}) = co(Bsis ’7:}) # 0.
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Proof of 2.: To prove this, all sets C,(; ) are split into two halves:
the inheritance of the previous part: Ci(j)l,dg‘ multiplied by a,:b5b5% - - - bl;
the elements introduced in the current part: multiplied by a factor as well:
Bl is multiplied by bi’;“lbi';“z ces bi;, (1<l<y)

Any nNth root of unity can be written in a unique way as the product of
an nth and an Nth root of unity. Those factors are called the 3-component
respectively the y-component. It is easy to prove by induction that the -
components of the elements of any Cf;)z are in AY"). Thus the inheritance of
the previous part has as -component the product of an element of AE'_)I and
@4, SO its J-component is a zero of 6, + 0, + --- + 8, i.e., it 15 a zero of all §;,
1 <1 < s, and thus all elements of the inheritance are zeros. (Use Corollary
2.2.2 again.)

The newly introduced elements have y-component v;b},,,b},, - b,

which

is an element (and not the added element) of B;—") to the power ¢;. So the
~-components are zeros of b, to the power ¢;. This implies that the elements
themselves cannot be of the form ( f‘,*y;?t) with v; a nonzero of b,, so they
must be zeros of the concatenation of (6,) and any code containing b,, and thus
of ¢, as well. Since 3,; trivially is a zero of all (6,), (¢t # ), Beivibliyy, -+ b%; is
a zero of all other ¢, t # s, as well, and hence a zero of c. O

t.
(23]

This lemma, together with Theorem 2.1.4 provides the tools necessary to ap-
ply shifting to a 2-D cyclic code. The words of such a code C can be partitioned
into v 4 1 classes corresponding to the value of s in the lemma: v classes corre-
sponding to the v possible values of s, and one extra class containing those words
for which no ¢ exists such that 3;[c,:(8;) # 0].

This last class thus consists of all ¢ = 5 ¢; where all columns ¢;; have a zero
Be. Since this is the ‘only’ nonzero of (8,) (which is the code that contains all ¢;;),
all ¢;; must be equal to the zero word (being the only word that is zero in all nth
roots of unity), so ¢ = 0.

All other classes contain nonzero words only, and allow application of the
lemma above and Theorem 2.1.4. Given a class, the value found this way is
decided by the zeros of the b, only. Hence this value depends only on the shifting
bound for the B,. This proves the next theorem.

Theorem 2.3.2 If for1 < s < v, dy, is the cardinality of the largest independent
set with respect to R(6, + 0, +---+6,) with the extra assumption that all added

elements are nonzeros of 8,, and if dy, is the shifting bound for the B,, then the
shifting bound dgyg, for C = @)_,(6,)0B, satisfies:

dshift 2 min{dlsdh l 1 S 3 S U}* (26)
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This theorem does not allow a general comparison of the Jensen Bound and
shifting, but it will help to make this comparison for specific codes, and will give
some insight in the performance of both bounds in general, as we will see in the
next subsection.

First however, we will investigate the situation that arises when the extra
assumption in Theorem 2.3.2 is not made. In that case there may be 3,; that are
nonzeros of some other 8, 1 <[ < s. Then write 8,; = 3 (where ¢; is a power
of g). Now ;v is a nonzero of ¢ if and only if ¥, equals a nonzero of B; to the
power ¢; (for Bj*v;; is a zero of all ¢, with t # I). This is the case if 7,; itself is a
nonzero of B; and u; = {;.

As soon as this assumption on the 4,; is made, all the arguments under ‘Proof
of 1’ become valid again if we let §; play the role of §,. Since the arguments
concerning the inherited elements are not affected at all, we even can replace
the Bg'), (1 €35 < dy,), by Bf;‘}, (1 €7 < dy). If we do this, the arguments
concerning the newly added elements become valid as well. This proves the next
lemma.

Lemma 2.3.3 If s is defined as in Lemma 2.3.1; if the A" and B{" constitute
sequences of independent sets with respect to R(6; + 6, + - --+6,) for all (appro-
priate) 1 and all I, 1 <1 < s; and if we denote 8,; = f:, then the sets constructed
as follows

e = Bar )k
Cifhy = B O UBart 11 <i<dy, 1< <dyy;

t

Ci(-:-)l,l = a‘a,i-%lci(:i),,i U {ﬁs,i+l7lt;‘+1,1}? 1 <1 <dyyj

it

are independent with respect to R(c).

This allows the conclusion that

dll
wi(c) > ¥ dy,.
=1

Therefore we can drop the extra assumptions on the Ag’) in Theorem 2.3.2 without
consequence for the bound this theorem yields, if all the dy, are equal to ds,.

2.3.3 Application to nN = 63.

In this subsection the ideas of the previous subsection are applied to all binary
cyclic codes of length 63. First, two examples of the construction of indepen-
dent sets as in Lemma 2.3.1 are given; next, it is examined for all codes if the
assumptions on the inner and outer codes from Theorem 2.3.2 are satisfied.
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Example 2.3.1 Let C be the code of Example 2.1.1. Then C has nonzeros o',
i=3,6,70,11-15, 18, 19, 22-31, 33, 35-39, 41, 43-62. (Here a-b denotes the
numbers a to b inclusive.)

Forn =7 N =9, we find C, = (6,)0M;, corresponding to the zeros of
my; G = (61)0(My & My & My ® M;), corresponding to the zeros of mg, my;,
mys and ma, tespectively; C; = (6;)0(My © M, & My & M, ), corresponding
to the zeros of mga, m;3, my; and my,; respectively. Equation 1.1 yields d >
min{7-2,3-3,1-3} = 3, for the minimum distances of the outer codes are 2, 3,
and 3 respectively.

Forn =9 N =17 wefind Co = (6)0(M; & My ); Ci = (6,)0(My &
My @ Mg @ My @ Mg); Ca = (63)0(My @ My ); from this it follows that
d > min{9:2,3-2,1-3} = 3. (The order of C; and C; is implicitly reversed here.)

Conclusion: The Jensen Bound for C is 3.

Note that for this code the BCH-bound is 4, so this is an example of poor
performance of the Jensen Bound. However, this does not imply that this code
is not illustrative for the methods of the previous subsection.

We will now construct independent sets with respect to words of C as in
Theorem 2.3.2. Since the independent sets corresponding to the Jensen Bound
use independent sets of cardinality 1 and 3 for the inner respectively outer codes,
(as these are the values of dy, and dy, for which the minimum in Equation 1.1 is
taken), we take a look at a second one to gain more insight into the construction.

We take n = 7, N = 9. Of course this choice is of no influence here. First we
renumber the C, as follows: Cy +— Cy; Cy — Cy; C3 = C3. This will help to keep
notation clear.

Since 6, +0;+63 = 1, an independent set with respect to R(8; + 0, +63), with
the extra assumption that all added elements are nonzeros of 83, is AP ) = = {#%}.
Moreover this set cannot be extended, as 1 (as a polynomlal) ha.s no zeros

The outer code B; has nonzeros 0; v and 77; 4* and ~%; 7* and 7% If we
assume 73 to be a nonzero of a word of minimal wel%ht of By, we find, usmg
the sequence of independent sets (w.r.t. this word) B{®) = {3}, B{*) = 73(3
{(v*} = {7,7*}, B = y"B® U {1°} = {7,7%,7%}, that the weight of this word
1s at least 3.

We may indeed assume 43 to be a nonzero, for if it is a zero, assume 4* to be
a nonzero and take ; = v* and b,; = 7 for all 1; now we find wt > 5; if both 4°
and 7* are zeros, the BCH-bound (which trivially can be achieved by shifting)
yields wt > 5.

This means that the shifting bound for Bj is 3, and that this sequence of B( )
is a sequence that satisfies the conditions of Theorem 2.3.2.

We follow the construction of Lemma 2.3.1. Since B3 = 83, all the ¢; are
equal to 1. So C¥) = {8%} = {a%}, C¥) = v CE U (B3} = {e¥,o?},
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¢ =4¢cHu {8%7®} = {a!7,a,a%}. C) is ‘maximal’: there is no c4 such
that c,C% C R(C).

As a second example, C )is constructed in the same way. We take Aﬁ” = {8},
AP = AP U B4} = {B°, ﬂ‘*} AP = g2 AP U{B} = {B°,8° B} as independent
sets with respect to R(6, + 6,). (6, + 6, has nonzeros 3, 32, 8%, and 1.) Note
that all added elements are nonzeros of 8,.

B, is the same code as Bj; since the structure of the constructlon probably
will become clearer if the b’s and v’s are different, we take B = {¥*}, B(z)

B U {*} = {4%,7°}, B = v*B U {+°} = {7,7%,7°} as independent set
for B;. This yields

) = {B(r)) = {a),

PICR U (BT} = {ol%,0™},

Cly = 70 U{B?} = {o%,a¥% 0},

Céf’ - ﬂCf?U{ﬂ“‘y“} {a®®, 0520, o®},

C§§’ — 75-402(,?) U {8495} {a®, a4s,a1 32 480}

il

Q
-
N N
~—
fl

1
il

Il

i

2 .
C"(’g) = 4% 40(2) U{B***} = {a?a!? a%,at 32’ o®},
2
C§1’ - ﬁzc( ) U {87%} = {a',a% 0%, a3 a¥,a®® o’}
2 2

Notice that several nonzeros of C3 appear, (a®2, a®, a*®, etc.) Again the perfor-

mance of the Jensen Bound is quite poor: the BCH-bound for C; & C, is 10; and
this can of course trivially be achieved by shifting.

In this example we saw a code for which the shifting bound is sharp, and
the Jensen Bound is even lower than the BCH-bound. A little more could be
said about the performance in general of the Jensen Bound if we would know its
performance for all binary cyclic codes of length 63. We will investigate this by
means of Theorem 2.3.2.3

We do this as follows: for all possible inner and outer codes we construct as
large independent sets as possible under the assumptions of this theorem, and
check whether or not the shifting bound is sharp (under these assumptions). If
it is, Theorem 2.3.2 guarantees that shifting yields at least as good an estimate
on the minimum distance as Equation 1.1 does.

Inner codes of length 7

3See [13] for a computer produced list (based on the list in [9]) of all those codes with
true minimum distance, BCH-bound, and the estimate for the minimum distance found with
Equation 1.1 for n = 7, N = 9 (‘half’ the Jensen Bound). There are 8190 such codes; if
equivalent codes are identified , as is done in [13], we find 1554 different codes.
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There are 3 minimal cyclic codes of length 7 (over F;): (6), (6;) and (f3),
with nonzeros 1 respectively 8, 8% and 3* respectively 32, 3% and 3°. Hence outer
codes will be codes over F, or Fs.

For the codes with idempotents 8, §; and 83 the BCH-bound is sharp—and
can be achieved by shifting with appropriate (in view of the extra assumption)
added elements. The codes with idempotents 8348, and 85+ 63 have d = dgey = 3;
here too shifting can be applied with appropriate elements, for the sequence of
consecutive zeros that yields the BCH-bound is delimited by nonzeros from either
of the minimal cyclic codes.

The remaining two codes have minimum distance 2 respectively 1, so we triv-
ially can reach the true minimum distance with independent sets that satisfy the
assumptions in Theorem 2.3.2; we denote this as OK.

Binary outer codes of length 9
The minimal cyclic codes are: M, with a single nonzero 1 and dimension 1; M;
with nonzeros v, 4%, 7%, 7%, 77 and 4® and dimension 6; M, with nonzeros v*
and 4% an dimension 2.

Since these codes can be inner codes as well, we will treat them more extensive
than necessary at first sight.

Mgy : d = dgey = 9, so trivially OK.
M[: d =2, so trivially OK.

My : d = 6, shift as follows: (6) — (7,8) — (8,7,6) — --- — (2,1,0,8,7,6).
Denote this as 6(+1). OK.

My & M[: d = 2; trivially OK.

My & My : d = 3; shift (0) — (1,0) — (2,1,0) or (3) — (2,3) — (1,2,3). (Or,
in short notation, 0(+1) or 3(—1).) OK.

M{ & My : d = 2; trivially OK.
My & M7 & My : d = 1; trivially OK.

Outer codes of length 9 over F;

The minimal cyclic codes are: My with nonzero 1 and dimension 1; My, My,
M;, M; with nonzeros v and v® respectively 7% and 47 respectively 7° and +®
respectively v* and 4°, and all with dimension 2.

All these codes are (equivalent to) BCH-codes; since shifting always reaches
the true minimum distance for such codes, viz. by a shift of the form i(+7), all
codes trivially are OK.

For example:
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M : d = 8; shift §(+2); ok

Mj : d = 8; shift 7(—4); OK; equivalent to M; .
MT @& Mj: d = 6; shift 3(+2); o

Mg & My & M;: d =5, shift §(+4); ok

My ® M; & My & M, : d =3, shift 6(+2); oK

Inner codes of length 9
The minimal cyclic codes of length 9 are (6p), (6;) and (63), with dimensions 1,
6 and 2. Hence the outer codes will be codes over F;, Fgq and F;.

For all inner codes we can find ‘appropriate’ independent sets that attain the
true minimum distance, see outer codes of length 9 over .

Binary outer codes of length 7
See inner codes of length 7.

Outer codes of length 7 over Fg,
Feq contains all the 7th roots of unity, so we have 7 minimal cyclic codes M,
each with one nonzero 4' and dimension 1.

We only give the codes with d # dpcn, where we interpret the BCH bound in
the narrow sense*; we will see that all codes are equivalent to a code with sharp

BCH bound (which is the BCH bound in the usual, broader sense).
M7 ®M,,,0<i<6,k#0 (mod9): d=_6; shift i + k(+k); OK
M ® M, &M, 0<i<6:d=0>5;shift i(+3); 0

M7 ® M, ® M, 0<i<6: d=>5;shift 1 + 4(+2); oK.

M7 @M, ® Mg 0<1i<6:d=>5;shift 1 + 2(+2); 0

MO M, &M ;0 M,,0<1<6: d=4; shift 1 + 3(+3); OK.
M7 ® M, &M 3® M5, 0<i<6: d=4; shift i(+2); OK.
M@ ML, &ML, M5, 0<i<6:d=4 shift i(+3); oK.

All sums of 5 M ’s: d = 3; if this code has zeros 77 and 4/**, then shift j —k(k).
OK.

41.e., we set the BCH bound to 1 + the number of consecutive zeros of the code; usually we
do this for all possible choices of the primitive root. This broader interpretation means that
the BCH bound (in the narrow sense) of equivalent codes are taken into account as well.
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Outer codes of length 7 over F,

We find the same minimal polynomials as in the binary case. This implies that
each code has a binary subcode with the same generator. So the minimum
distance of any of these binary subcodes is an upper bound on the minimum
distance of the corresponding code over F,.

Because shifting depends on the zeros only, the shifting bound of a binary
subcode is a lower bound on the minimum distance of the corresponding code
over F4. As we have seen under ‘Inner codes of length 7’, both bounds are equal.
This proves that the shifting bound is sharp for the codes over Fy as well.

Conclusion

Corollary 2.3.4 For all binary cyclic codes of length 63 shifting yields at least
as good a lower bound on the minimum distance as the Jensen Bound does.

In several cases it will be better (cf. Examples 2.3.1 and 2.1.1), often even the
BCH-bound is better (see [9]).

2.4 Good binary cyclic codes of length 63

In the preceding section we have seen that shifting is at least as good as the
Jensen Bound for all binary cyclic codes of length 63. Since the shifting bound
is good for all binary cyclic codes of small length, one might expect it to perform
reasonably well for all binary cyclic codes of composite length with only small
divisors, compared to the Jensen Bound. In this section we go deeper into this,
especially into the relative performances of both bounds for ‘good codes’.

Given length and alphabet, a nontrivial code is called ‘good’ if it satisfies:

1. There are no cyclic codes with both larger minimum distance and larger
dimension;

2. There are no cyclic codes of the same minimum distance with larger dimen-
sion;

3. There are no cyclic codes of the same dimension with larger minimum
distance.

(The first requirement is not superfluous: a [63,5,30] cyclic code satisfies 2 and
3, but does not satisfy 1: there exists a [63,6,32] code, see the computer output
in [13].)

First we give, in Table 2.1, a list of all ‘good’ codes of length 63, (where all
equivalent codes are identified with one another), with the dimension k, with the
true minimum distance d, with the BCH-bound dpcy of the equivalent code where
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this bound is maximal®, with the Jensen Bound d;; and with the shifting bound
—together with hints how to find an independent set that yields this estimate—
in the column under ‘shift’. In this column an asterisk indicates we have used
some extra tricks to reach the minimum distance; a * indicates we have used the
parity of the weight of codewords.

In the column ‘(non)zeros’ the (non)zeros of one of these equivalent codes are
given, where an ‘n’ denotes that the nonzeros are given, a ‘z’ that the zeros are
given, and an integer 7 denotes the cyclotomic coset containing o'

Notice that for the codes with numbers 8, 20, 21, 23, 26, 29, 30, 35, 36 and
38 the Jensen Bound is odd, while these codes are even weight codes. For code
38 this observation immediately yields the true minimum distance, for the other
ones it does not make a lot of difference, for the performance of the Jensen Bound
is quite poor in these cases.

In a few cases the shifting bound is not sharp. We have tried to find large
independent sets that could be used for shifting with the help of a computer
program, see [11], Appendix A.

For the codes 15-19 and 26 this program ‘proved’ that the indicated indepen-
dent sets really are the largest possible, and thus that d.p;p is equal to the value
given in the corresponding example. Except for code 15 however, with some extra
tricks (in most cases only concerning the parity of the weight of codewords) it
was possible to find the true minimum distance of the code.

The following examples indicate how the shifting bound, as given in Table 2.1,
can be reached.

Example 2.4.1 All of the nonzeros of this code can be used as added elements:

if @® is a zero, see code 6; if a® is a zero, we can find an independent set of
cardinality 24, for the Jensen Bound for this code is 24 (use Corollary 2.3.4); if
a'? is a zero, notice that the exponents of all the nonzeros of this subcode are a
multiple of 3.

Now shift as follows: (3) — (0, 3) — (0, 48, 60) — (6, 45, 57, 60) — (0,
6, 39, 51, 54) — (12, 27, 39, 42, 51, 57) — (15, 30, 42, 45, 48, 54, 60) — (0,
8, 15, 21, 27, 30, 39, 45). (Or take any independent set of cardinality 8 for the
code of length 21 with generator mgmgsmyms and multiply the exponents by 3
(mod 63); this is how this set was found.)

Notice that we have only shifted over multiples of 3 (i.e., multiplied by a* for
some [). Now multiply this set by a (i.e., shift over 1).

The new set consists of zeros of the subcode (with extra zero a'®) only. If
we shift this set over multiples of 3, the resulting sets still consist of zeros of the
subcode only. So add o?, and start shifting as above. (That is: multiply by a3,

add o®; multiply by a3, add a*; etc.)

5This estimate can be found by shifting for all the equivalent codes!
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(non)zeros k| d|dscy | de shift
1in21 2|42 42 | 42 | 42 | 42(+1); (BCH-code)
2(n9 31361 36 | 36| 36 |36(+1); (BCH-code)
31n23 6 32| 32 | 32| 32 | 58(+5); (BCH-code)
4/ no,23 7031 31 |27 | 31 | Q(+5); (BCH-code)
5 n 13,27 9]28| 28 | 28 | 28 | 52(+11); (BCH-code)
6 n9 13 9128 28 | 18 | 28 | 38(+5); (BCH-code)
700,18, 27 10 | 27| 27 | 27 | 27 | 0(+11); (BCH-code)
8 n9, 13,21 11 26| 26 | 9 | 26 | 38(+5); (BCH-code)
9 n9, 13,23 15241 24 | 16 | 24 | 58(+5); (BCH-code)
10 n3,9 13 15 24 18 | 18 | 24 | Example 2.4.1
11 ' n0,9,13,23 16 /23| 23 | 12 | 23 | 0(+5); (BCH-code)
12 | n 9, 13, 21, 23 17122 22 | 8 | 22 | 58(+5); (BCH-code)
13/n0,9, 13, 21, 23 18121 21 | 8 | 21 |0(+5); (BCH-code)
14 {n 0,11, 13, 15 19119 14 9 19 | Example 2.4.2
15 | n 11, 13, 27, 31 21 {18} 12 | 16 | 16 | Corollary 2.3.4
16 |n13,15,23,27,31 |27|16| 14 | 12 | 16* | Example 2.4.3
17 | n 3,9, 13, 23, 31 27|16 | 12 | 14 | 16" | Example 2.4.4
18 n0,13,15,23,27,31 1 28 15| 13 | 9 | 157 | Example 2.4.5
191n0,3,9,13,23,31 28115 11 | 9 | 15* | Example 2.4.6
20 n7,11,13,21,23,27 129 14 12 | 7 | 14 Example 2.4.7
21120,1,3,5,7,9, 31 291 14| 14 | 7 | 14 | BCH-code
22120,1,3,5,7,9, 11 29|14 | 14 | 6 | 14 | BCH-code
23120,1,5,7,11,15,27 (29 | 14| 12 | 7 | 14 | even wt. subcode of 25
24 1z1,3,5,7,9, 11 30,131 13 6 13 | BCH-code
25121,5,7, 11, 15, 27 30113 11 | 7 | 13 | Example 2.4.8
26120,1,3,5,9, 31 35 (12| 10 | 7 | 12* | Example 2.4.9
27 | z 0, 1,3,5,7,9 35112 12 | 6 | 12 | BCH-code
28121,3,5,7,9 36 (11| 11 | 5 | 11 | BCH-code
29 | z 0 1, 3,15, 31 38110 10 | 5 10 | BCH-code
30 20,1,3,5,31 38 10| 10 | 7 | 10 | BCH-code
3120, 13,5, 7 38 10| 10 | 6 | 10 | BCH-code
32021,3,5 7 390 9/ 9 | 5| 9 | BCH-code
331240,1,5,9,21 45| 8| 4 4 8 | Example 2.4.10
34121,5,9,21 461 7| 4 4 7 | Example 2.4.11
35|20,1,31 50| 6 6 3 6 | BCH-code
36120,1,3 50| 6| 6 3 6 | BCH-code
371z1,3 511 5| 5 3 5 | BCH-code
38 20,1 56 | 4| 4 3 4 | BCH-code
39 z1 571 3, 3 3 3 ! BCH-code

Table 2.1: Good codes of length 63
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This provides an independent set of cardinality 16 (with respect to a word in
the subcode, with nonzeros o® and a®). This process can be repeated to yield an
independent set of cardinality 24.

So only the case where o®, o® and a!® are nonzeros remains. In this case shift:

(48) — (33, 47) — (24, 39, 53) — (29, 41, 44, 58) — (12, 17, 29, 32,
46) — (0, 6, 29, 34, 46, 49) — (0, 23, 28, 33, 40, 43, 57) — (3, 20, 25, 30, 37, 40,
54, 60) — (4, 10, 27, 32, 33, 37, 44, 47, 61) — (8, 13, 14, 20, 37, 42, 43, 47, 54,
57) — (6, 11, 16, 17, 23, 40, 45, 46, 50, 57, 60) — (1, 3, 8, 11, 20, 25, 30, 31, 36,
37, 54, 59, 60) — (0, 3, 17, 22, 23, 27, 29, 34, 37, 46, 51, 56, 57) — (1, 10, 15,
20, 21, 27, 30, 33, 44, 49, 50, 54, 56, 61) — (0, 5, 8, 17, 23, 27, 28, 33, 34, 37,
40) — (2, 6, 11, 16, 21, 22, 27, 28, 31, 34, 45, 50, 51, 55, 57, 62) — (0, 3, 5, 10,
11, 16, 17, 20, 23, 34, 39, 40, 44, 46, 51, 54, 58) — (0, 5, 8, 10, 15, 16, 21, 22, 24,
25, 28, 39, 44, 45, 49, 51, 56, 59) — (4, 5, 7, 8, 11, 12, 22, 27, 28, 32, 34, 39, 42,
46, 51, 54, 56, 61, 62) — (0, 8, 10, 15, 16, 20, 22, 27, 30, 34, 39, 42, 44, 49, 50,
55, 56, 58, 59, 62) — (0, 1, 6, 7, 11, 16, 17, 21, 23, 28, 31, 35, 40, 43, 45, 50, 51,
56, 57, 59, 60) — (0, 1, 4, 5, 6, 10, 11, 15, 20, 21, 25, 27, 32, 35, 39, 44, 47, 49,
54, 55, 60, 61) — (1, 2, 6, 7, 8, 10, 11, 14, 15, 16, 20, 21, 25, 30, 31, 35, 37, 42,
45, 49, 54, 57, 59) — (0, 1, 5, 6, 10, 11, 15, 17, 22, 25, 29, 34, 37, 39, 44, 45, 49,
50, 51, 53, 54, 57, 58, 59).

Notice that only once an added element is not a zero of mj; both times it is
a zero of m,3. (This makes the remark concerning the subcode with extra zero
a® superfluous.)

Example 2.4.2 This a is rather hard example: we have to distinguish 8 cases,
viz. all possible subcodes with extra zeros from {a'!,a!®, a!®*}. (Whether or not
1 is a zero does not matter: 1 is not used as a zero nor as a nonzero in the
independent sets we construct.)

If none of of, i = 11,13, 15 is a zero, shift as follows:

(13) — (10, 13) — (1, 4, 26) — (2, 13, 24, 62) — (1, 12, 23, 37, 61) — (9, 12,
23, 34, 37, 48) — (3, 6, 17, 28, 31, 39, 42) — (7, 10, 19, 21, 32, 35, 43, 46) — (4,
7, 16, 18, 29, 32, 40, 43, 57) — (8, 10, 11, 21, 24, 32, 35, 49, 59, 62) — (6, 9,
11, 23, 33, 36, 45, 47, 48, 58, 61) — (10, 20, 23, 32, 34, 35, 37, 45, 48, 56, 59,
61) — (4, 7, 9, 21, 31, 34, 37, 43, 45, 46, 48, 56, 59) — (7, 17, 20, 23, 29, 31,
32, 34, 42, 45, 53, 56, 57, 58) — (4, 6, 7, 9, 13, 17, 20, 28, 31, 32, 33, 45, 55, 58,
61) — (5, 7, 8, 10, 14, 18, 19, 21, 29, 32, 33, 34, 46, 56, 59, 62) — (1, 7, 9, 10,
12, 13, 16, 20, 21, 23, 31, 34, 35, 36, 48, 58, 61) — (6, 9, 12, 13, 18, 20, 21, 23,
24, 27, 31, 32, 34, 42, 45, 46, 47, 59) — (1, 4, 5, 6, 13, 18, 28, 31, 34, 35, 40, 42,
43, 45, 46, 49, 53, 54, 56).

If a'® and a'' both are zeros, shift 52(-1); if a'® and a'® are zeros, shift
11(+5); in both cases we find independent sets of cardinality larger than 19.

If all three of them are zeros, trivially d = 63. The four remaining cases are
somewhat harder, but again we can find independent sets of cardinality 19.
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Example 2.4.3 If o' is a zero, we find d > 16 by the BCH-bound; if it is a
nonzero, shift (13) — (12, 13) — (9, 10, 13) — (6, 7, 10, 38) — (5, 6, 9, 13,
37) — (8, 9, 12, 16, 40, 41) — (5, 6, 36, 37, 40, 41, 44) — (17, 18, 19, 21, 22, 25,
49, 50) — (1, 2, 32, 33, 34, 36, 37, 38, 40) — (16, 17, 18, 19, 20, 21, 22, 24, 48,
49) — (4-10, 12, 13, 36, 37) — (3-9, 11, 12, 13, 35, 36) — --- — (0-6, 8-12, 13,
32, 33); because 1 is a zero, the minimum weight is even, so we conclude d > 186.

Example 2.4.4 Corollary 2.3.4 guarantees the existence of an independent set
of cardinality 14, and the computer program could not find a larger set.

We can use a trick however, viz. a theorem due to McEliece (cf. [6, 7]). This
theorem states that the weight of every codeword is divisible by 2!~! if [ is the
smallest number of nonzeros required to get product 1.

Since the product of two nonzeros cannot be equal to 1 (@ ¢ R if and only if
a*€R),1>3,504]|d. Henced> 16.

Example 2.4.5 If we have a word of even weight, 1 is a zero of this word, and
d > 16 by Example 2.4.3. So now take a word of odd weight (i.e., 1 is a nonzero).
If a'? is a zero, we find d > 16 by the BCH-bound; if a!® is a nonzero, shift
as in Example 2.4.3, only omit the last step.
This yields an independent set of cardinality 14. Since d is odd, we find
d > 15.

Example 2.4.6 If 1 is a nonzero, we distinguish the two cases: a® is a zero and
a® is a nonzero. In both cases we may assume a?® and o are nonzeros, for if
one of them (or both) is a zero, we find d > 16 respectively 14 (shift 58(+5)
respectively 48(+5). In both cases we find independent sets of cardinality 14.

A word of even weight however, is in the subfield subcode (code 17), so we

immediately can conclude d > 15.

Example 2.4.7 Because of the BCH-bound of the subcodes with zeros a” and /or
a®®, we may assume that they are nonzeros.

Shift: (7) — (6, 7) — (5, 6, T) — (3, 4, 5, 35) — (30, 31, 32, 46, 62) — (15,
16, 17, 23, 31, 47) — (0, 31, 32, 33, 35, 39, 47) — (1, 28, 32, 33, 34, 36, 40,
48) — (12, 14, 16, 17, 18, 20, 24, 32, 48) — (0, 1, 2, 4, 8, 16, 32, 58, 59, 61) — (I,
2,3,5,9, 17, 33, 58, 59, 60, 62) — (0, 2, 3, 4, 6, 10, 18, 34, 58, 59, 60, 61) — (0,
2, 4,5, 6, 8, 12, 20, 36, 58, 60, 61, 62) — (1, 2, 3, 4, 6, 8, 9, 10, 12, 16, 24, 40,
58, 62).

Example 2.4.8 We may assume that a®' and a®! are nonzeros, for the subcode
with extra nonzero a?! is code number 19 in Table 2.1; for the code with extra
zero o shift Q(+5) to find wt > 15.

Now shift as follows: (55) — --- — (40, 45, 50, 55) — (25, 30, 35, 40,
59) — (1, 30, 35, 40, 45, 47) — (22, 27, 32, 37, 39, 42, 56) — (20, 25, 30, 35, 37,
40, 42, 54) — (17, 22, 27, 32, 34, 37, 39, 47, 51) — (15, 20, 25, 30, 32, 35, 37, 45,
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49, 55) — (1, 5, 11, 34, 39, 44, 49, 51, 54, 56, 59) — (10, 15, 20, 25, 27, 30, 32,
35, 40, 42, 44, 50) — (5, 10, 15, 20, 22, 25, 27, 30, 35, 37, 39, 42, 45).

Example 2.4.9 If either of a” or a'® is a zero of a word, then the BCH-bound
yields wt(c) > 12; if none of them is a zero, shift as follows:

(28) — (12, 28) — (8, 24, 56) — (8, 39, 40, 55) — (0, 16, 47, 48, 49) — (0,
31, 32, 33, 39, 47) — (0, 1, 2, 8, 16, 32, 60) — (1, 2, 3, 9, 17, 33, 60, 61) — (2,
3, 4, 10, 18, 34, 60, 61, 62) — (0, 1, 4, 5, 6, 12, 20, 36, 60, 62) — (1, 3,4, 5, 8,9,
10, 16, 24, 40, 60);

we find d > 11 and d even (for 1 is a zero), so d > 12.

Example 2.4.10 If o® is a zero, then the BCH-bound yields wt(c) > 8, if itis a
nonzero, shift (3) — (17, 33) — (2, 6, 18) — (5, 6, 9, 21) — (1, 2, 5, 6, 17) — (4,
5,6, 8,9, 20) — (16, 17, 18, 20, 21, 24, 32) — (0, 1, 2, 4, 5, 6, 8, 16).

Example 2.4.11 As Example 2.4.10; only omit the last step.

In the table we can see a few things:

¢ The BCH-bound is better than the Jensen Bound 28 times, they are equal
nine times, (of which they are sharp six times), the Jensen Bound is better
only twice.

¢ The Jensen Bound is only six times sharp®, and in all cases the BCH-
bound is as well. Moreover all these codes have dimension or codimension
(= length minus dimension) at most 7. For the other codes the performance
of the Jensen Bound often is quite poor.

e Shifting alone already reaches the true minimum distance 33 times; the
parity of the weight of codewords yields the true minimum distance another
three times, and twice an extra trick suffices. Only one code remains; here
shifting falls 2 short of it only: we find d > 16 instead of 18 for code 15.

2.5 A criterion on when the Jensen Bound is
sharp

In this section we give the announced criterion on when the Jensen Bound is
sharp. This criterion will also be of some interest in view of the judgement of the
performance of the Jensen Bound.

Lemma 2.5.1 If, for some I, 1 <1 < v, the following holds:

Swith the help of the parity of the weight of the code (code 38) and the ‘trick’ of Ex. 2.4.4
we find two more cases
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L R(B,) - R(Bg)for all i < l,‘
2. There is a g-ary word of minimum weight in By;

then there is a word of weight dydy.

Proof: Let b be a g-ary word of minimum weight in B;. Since all the B; with
i < ! have B; as a subcode, b is in all these codes as well. Let 3i_, ai(z) be
a word of minimum weight dy; in (6, + --- + ;). Notice that the a; represent
{g-ary) words in the corresponding (#;). Now the word

i

H N-1 { N-1
C = ; \I’,(a,(ﬁ,)b) = Zl v, (as(ies) Z bjyj) = Z as(m) Z—% bjyj

J=0 s=1

has wt(b) nonzero columns, (viz. those columns where b has a nonzero entry),
while each column is of the form b; 3 a,(z), that is, each nonzero column has
weight wt(3 a,) = dyi. So wt(e) = dydy. a

This lemma itself is not very helpful; with an extra observation it becomes
slightly more helpful.

In Section 2.2 we saw that — without changing the code itself — a different
choice of the 8, yields a different representation of a cyclic code as a 2-D cyclic
code with different, but equivalent outer codes, and the same Jensen Bound. We
use this idea to extend the use of the lemma to a larger class of codes, and to be
able to say something about when the Jensen Bound is sharp.

It is not difficult to prove that, if we take 8, = 3¢ instead of 8, = 3, we find
outer code B, = @; M, instead of B, = @; M. With the appropriate maps the
codes ,(4,)08, and ,(,)OB! represent the same cyclic code; and moreover
they have the same value in Equation 1.1. From this it follows that it suffices to
require the existence of integers £,, 1 < s < [, such that the corresponding B,
satisfy requirement 1 in the lemma, and the existence of a g-ary word of weight
dy, to find a word of weight dy;dy. This proves the following theorem.

Theorem 2.5.2 If there is an integer I, 1 < ! < v, such that:

1. There are integers t,, 1 < s <l such that the codes B as described above
satisfy R(B.) C R(B]) for all s < [;

2. There is a g-ary word of minimum weight in B,;

3. dudzg > dudzl for all ?:,'

then the Jensen Bound is sharp.
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Now consider a code C that satisfies the conditions of Theorem 2.5.2, and
a second code C' with the same inner codes and outer codes B) of the same
dimension as the corresponding B, and minimum distance such that the value in
Equation 1.1 does not change. If we do not have that B) = B, for all s, we can
not apply the lemma, so the Jensen Bound need not be sharp for C'. Hence C’
might have larger minimum distance.

Additionally we possibly can take B’ with larger dimension than the B, for
s # 1, i.e., add some extra nonzeros, while condition 3. remains satisfied. Hence
there may be codes, possibly of larger dimension, for which the Jensen Bound is
not sharp, that is, with larger minimum distance. We give an example.

Example 2.5.1 Let C be the binary cyclic code of length 63 with generator
polynomial mom,msmsmemysma,. Then, as a 7 x 9 2-D cyclic code, C =
(63)0(My & My & M3 )B(0,)0(M; & M;)B(8,)0OM;g, so in this case Equa-
tion 1.1 yields d > min{4 -3,2-6,1-6} = 6. C satisfies the conditions of
Theorem 2.5.2, and indeed the Jensen Bound is sharp: d = 6.

If we take By = By, B} = My @ My and B = My @ My ® M, we find code 22
from Table 2.1. Equation 1.1 still yields d > 6, for the case 9 x 7 it yields d > 5.
As we have seen however, C' has minimum distance 14. Since this was a ‘good’
code, we cannot add extra nonzeros without ‘losing some minimum distance’.

The observations made after Theorem 2.5.2 are not restricted to codes with
sharp Jensen Bound that satisfy the conditions of this lemma, as the next example
shows,

Example 2.5.2 Let C be the binary cyclic code of length 63 with generator
polynomial mymgmomemy;myymazms,. Here By = My & M; & My, By = My
and By = My . Equation 1.1 yields d > min{4-3,2-6,1-9} = 9, which is the
true minimum distance.

If we take B} = M; and B} = My & M; & M, , we find a code with the
same Jensen Bound, which is taken for the same value of I: Equation 1.1 yields
d>min{4-3,2-8,1-9} = 9. (B} has larger minimum distance than B, but this
has no effect on the value in Equation 1.1.) For the 9 x 7 2-D cyclic code we find
d > 6 by Equation 1.1. The true minimum distance however is 15.

If we add My to Bi, we find code 18 from Table 2.1, still with the same Jensen
Bound and minimum distance, but with dimension 28 instead of 22.

We can do this the other way around as well: first add M, to B, (after which
we find a code with dimension 28 and sharp Jensen Bound of 9); then change B;
to Bj (as before; B} already is as before by adding M, ).

These examples and observations give rise to the impression that the Jensen

Bound does not perform too well for good codes. Inspection of ‘Bijlage 3’ (the
computer output mentioned before) shows that Equation 1.1 for the case 7 x 9
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(‘half’ the Jensen Bound, and probably in general the best half) is only inci-
dentally sharp for the best codes of given dimension, while it is quite often for
the worst ones. Together with the performance for the good codes of length 63
(see Table 2.1) and the observations above, this leads us to the suspicion that
the Jensen Bound does, in general, not perform too well for good codes, and
reasonably well for bad ones.

2.6 Other lengths; conclusions

The observations made after Theorem 2.5.2 are restricted to codes such that we
can always choose an other outer code, inequivalent to the given outer code.

Now consider codes of length n N = 69. We will see that forn =3, N = 23
the Jensen Bound is exact for all codes but one, exactly ‘because’ we cannot
choose these (inequivalent) outer codes.

For n = 3, the outer codes must be codes over F, or Fy. Over both fields, we
find the same minimal idempotents. This immediately shows that requirement
2. from Theorem 2.5.2 is satisfied. Since the code generated by M, is equivalent
to the code generated by M_,, we see that requirement 1 is not satisfied only if
1 i1s a zero of B, but not a zero of B;. By inspection of the few remaining codes
for which requirement 1 does not hold, we find that the only code” for which the
Jensen Bound need not be sharp is the code (§o)CM; @(6,)C M, , for which we
find d > min{3 - 8,123} = 23. Since this code is an even weight code, this
implies d > 24; the true minimum distance for this code is 24.

We construct a table again compiling all ‘good’ codes of length 69; see Ta-
ble 2.2 (cf. the table in [10]).

As we have seen, the Jensen Bound is sharp for all codes in the table.

Comparison with Table 2.1 however, reveals that none of these codes, except
possibly codes 1 and 10, are as good as the good codes of length 63. (Either there
is a code of the same dimension and larger minimum distance, or there is a code
of the same minimum distance, but with larger dimension.)

So this good performance of the Jensen Bound is not contradictory to our
suspicion that the Jensen Bound does not do too well for good codes.

Furthermore, the usefulness of the remarks made in the previous section may
be restricted if " — 1 and/or ¥y — 1 have only few irreducible divisors (over
the appropriate fields). Apart from nN = 69, this also holds for the three next
smallest odd composite lengths, viz. 75, 77 and 85.

First, consider the good codes of length 75, see Table 2.3. (see [10] for all the
codes of length 75.)

From the table we see that the Jensen Bound is exact ten times; with the help
of the parity of minimum distance we find the true minimum distance another

Tup to equivalence
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Zeros k d| dacy
110,1,3,5 15| 246 46
210,1,3,5 13124 18
31.L,3,5 14121 15
403,51523 |23]16] 9
511,3,15 25|14 7
610,1,3 35112| 6
711,3 36 |11] 5
80,1 46| 6| 4
9 115,23 561 4| 3

10 | 23 67 2 2

Table 2.2: Good codes of length 69

(non)zeros k| d| dscu | diB
11n25 2150| 50 | 50
2|nd 4 140 40 40
3inG,5 5135, 356 | 25
4 1n15,25 6130] 30 | 25
5| n25 35 6130 30 | 30
6 | no, 25, 35 7|25 25 | 25
7 | n 15, 25, 35 10 120 0 20 15
8/no0, 15253511 15 15 | 15
91nb,15,25,35/14 10, 10 10

10(20,3,7,25 (32 8] 7 | 8
11123,7, 25 33, 7, 7 5
12]20,1,3 4, 6| 6 | 6
13120, 1,7 34 6| 6 5
14121,3 351 5| 5 5
15|20, 1 54| 4| 4 | 3
16 |z 1 5,1 31| 3 2
17 |z 25 73 2 2 2
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Zeros k| d|dsen | diB
110,1,3,7,33| 3|44 44 | 44
211,3,7, 33 41331 33 | 33
310,1,3,7 6122 22 | 22
410,1,3 16|14 | 14 | 11
511,733 34| 8| 6 8
613,11 4| 6| 5 6
717,33 64| 4| 3 4
8 11 4| 2 2 2

Table 2.4: Good codes of length 77

three times. This is, compared to the performance of the Jensen Bound for codes
of length 63, relatively good. The BCH bound performs better though: this
bound is sharp 16 times; for the only code where it is not, use of the parity
immediately yields the true minimum distance as well.

Comparison with the good codes of length 63 in Table 2.1 again shows that
the good codes of length 63 are better than those of length 75, (possibly with
the exception of codes 1, 2 and 17), so again these results do not contradict our
suspicion.

Next, consider the good codes of length 77. Again we find, in the case 7 x 11,
that the outer codes have binary subcodes with the same generator, so again we
might expect relatively good performance of the Jensen Bound. But, just as for
the codes of length 69, the good codes of length 77 are not as good as the codes
of length 63, see Table 2.4, (again see [10]).

Again these results do not contradict our suspicion.

In [3] however, four codes of length 85 are given, all of which are ‘good’, (again
cf. [10]). These codes seem to be about as good as codes of length 91 and 93.

We will consider these five codes more closely now.

1. The first one has parameters [85,37,17], and is the only code (up to equiv-
alence) with these parameters.

2. The second one, a (85,41, 16]-code, is one of two, nonequivalent codes with
these parameters. For the code that is not given in [3], the Jensen Bound
is at most 10, (and at least 7): as a 5 x 17 2-D cyclic code, this code equals
(mimaymismyrmagmar) = (60)0(My & M3 )D(6,)0(M; & My @ Mg &
Mg).

The outer code By is a QR code of length 17; it has minimum distance
6. (This can be seen by considering the code {(§,)0B, of length 51 with
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this code as its only outer code: this is code 125 in [6], and has minimum
distance 12. Since all columns of this code are words of (6,), all columns
(of all words) have weight 2, so d(B,) = 6.)

The other outer code has BCH bound 7, and minimum distance at most 10
(by the Singleton Bound). Now Equation 1.1 immediately yields the stated
lower bound.

The case 17 x 5 provides d > 4.

3. This code has parameters (85,45, 14], and is — again up to equivalence —
the only code with these parameters.

4. The fourth code is one of the five nonequivalent codes with parameters
(85,49, 12]. For all four codes not listed in [3], the Jensen Bound is at most
11. (Analogous to what we found under 2.; once the BCH bound of B, is
11, and is sharp (Singleton Bound), so the Jensen Bound is equal to 11 in
that case. Furthermore, in all cases the same outer code B, as under 2. is

found.)

5. The last code of length 85, given in [3], is a [85,53, 10]-code. There are four
codes with these parameters; the one given in [3] is equivalent to the code
with generator m;mamsm,;, given in [10].

o The first one that is not given is a nice example of a difficulty that

sometimes — especially with codes that consist of a small number
of C; — arises when calculating the Jensen Bound. This code C =
(m3m5m7m15> = (ol)D(Mo— O &My &My & Mg )B(6) My, so
d > min{2-d(B,),1-17} = 2-d(B,).
Now d(B;) > 4 by the Hartmann-Tzeng bound, (and shifting does not
improve this). To find the true minimum distance of this outer code,
however, is not much easier than finding it for C itself, for the number
of words in B, is half the number of words in C, but the outer code is
a code over Fy3.

So if we do not want to do the extra work involved in calculating the
minimum distance of B; — which is quite logical, for it might yield
less information than the calculation of d(C) itself®— we find d > 8.

o For the second one, (msmsmgm,3), we find the true minimum distance
5 of d(B;) by shifting, and By is the same QR code we saw before. So
d > 6 by Equation 1.1 as for the first one. (Again the case 17 x 5 does
not improve this. )

8we might find that the true minimum distance is 4; then we do not know anything more than
before doing all this, while doing the same thing for C itself could provide the true minimum
distance of C
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e The third code that is not given in [3], has Jensen Bound 6 as well,.
(this time d(B,;) = 5 by the BCH bound).

This leads us to the following formulation of our suspicion:

Conclusion: In general, the Jensen Bound does not do too well for good codes,
it does reasonably well for ‘bad’ ones; probably the performance is better
for lengths nN that satisfy some of the following requirements.

e z" — 1 and/or y" — 1 have only a small number of primitive divisors,
(over F, respectively the fields F},).

o All codes in F,G, have a subcode with the same generator in F,G,.

(For specific codes the Jensen Bound of course may be good (or even sharp),
even if it does not do well for codes of this length in general.)
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Chapter 3

Use of the 2-D Cyclic Structure
of Cyclic Codes

3.1 Introduction

In Section 3.2 a more or less new method of estimating the minimum distance
of a cyclic code is presented. The basic idea is quite simple, and based on two
observations. Firstly, shifting seems to perform quite well in general, but it is
an elaborate method, especially for longer codes: in fact we must shift for all
subcodes of the code of which we want to estimate the minimum distance, and it
is quite hard to see how we should perform shifting to get optimal results. Often
we can skip a lot of those subcodes: in Example 2.4.2 we could ignore whether
or not 1 is a zero of a word of minimum weight.

Secondly, the Jensen Bound seems to perform not so well. However, it mostly
is easier to calculate, and — more important — it provides information on some
of the subcodes: in Example 2.4.1 we saw, with help of the Jensen Bound, that
all the subcodes with extra zero a® have weight at least 24.

In Section 3.3, finally, some good codes of length 2047 are constructed.

3.2 The basic idea

The idea is to do the following: calculate the Jensen Bound, but instead of upper
bounding the weight of the words of C;, @ - - - @ C; with nonzero component in C;
by dudai, use the maximum of this estimate and the shifting bound or any other
useful bound for this code. Furthermore we can, especially for smaller (inner
and/or outer) codes, use the fact that not all symbols in the alphabet of the
outer code yield the same (minimum) weight of columns; this provides a better
estimate than the Jensen Bound itself. This last idea will prove to be very useful
in some cases.
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We can formulate the idea as follows:
d > min{d(Di)} | 1 <1< v}, (3.1)

where D; = {c € @}, C: | ¢ # 0} and d.,, is the best estimate we can find for
the minimum distance of the code, using the 2-D cyclic structure of the code.

We look at some codes of length 65. The next example is treated in [6] as
well, but there a special trick is needed; with use of the Jensen Bound this trick
becomes superfluous — at least in this case.

Example 3.2.1 Let C = {my;myms;), binary and of length 65. This code provides
a nice illustration of the idea.

As a (5 x 13) 2-D cyclic code C = (6,)0(My & M; & Mg )®{6,) My,
yielding d > min{d(C,),1-13}. Since C, is the even weight subcode of C, and
since dpey(C1) = 14, we immediately find d > 13, which is the true minimum
distance.

The same can be done by principles 1) and 3) in [6]; these principles state:
for a code of length 65 with generator g the following holds:

1) if ms | g then d even or d > 13, (g the generator of the code)
3) if d even then the even weight subcode has the same minimum distance.

It is not hard to see that we can either derive these principles from the 2-D cyclic
structure of the code, or, as we did in this example, use this structure itself to
obtain the same result.

The next example is treated in [6] as well.

Example 3.2.2 Let C be the binary cyclic code of length 65 with generator
g = myms. As a 5 x 13 2-D cyclic code C equals (6,)0(My & My & My &
Mg ) D {60)OMy, yielding d > min{2d(B,),1-13}. So d > 13 or all words of
minimum weight are in C; (which is the even weight subcode).

Now the Hartmann-Tzeng bound shows that d > 7, for {a' | i = -2, ~1, 15,
16, 32, 33, 49, 50, 1, 2} = {a' | i = -2, —1}-{a' | i = 0, 17, 34, 51, 68} C R,
that d > 7. Because d is even, we conclude d > 8, which is exact.

Remark: in [6] this is proved in a different way (by principles 1) and 3), as
quoted above); it can be proved in yet another way: either shift' 0(+5) (to find
d > 13) or assume 1 is a zero of the codewords of minimum weight. All three
methods give exactly the same result.

We will now prove a lemma, that will enable us to treat some other codes of
length 65 (among which some quite hard ones).

'S80 in fact this is not such a good example to indicate the usefulness of (3.1), for we can do
this by shifting alone!
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Lemma 3.2.1 Let 8, be the primitive idempotent of the binary even weight code
of length 5, and B, a cyclic code over Fig. Then the minimum distance of a code
C = (6,)0B, is equal to 2-d(B,) if and only if there is a word b of minimum
weight in By such that none of its symbols c; is in {1,8,...,0%}.

Proof: Obviously there are only five words of weight 4 in 8, all other words have
weight 2. In fact the five ‘heavy’ words are z'6;,1 =0,...,4. In Section 1.3 we
already saw that t;(1) = 6, and ¥,(8:a) = 2¢y(a). From this it immediately
follows that a letter 8%, i = 0,...,4, results in a column of weight 4, and all
other letters (field elements of F;¢) give rise to a column of weight 2. 0

A corollary of this lemma is that the weight of a word v,(b) in (6,)0B; is
4-|{s | b2 = 1} + 2-|{s | b # 0,1}|. With the aid of this we can treat the next
example. (This code appeared (as Example 57) in [6] as well.)

Example 3.2.3 Let C be the binary cyclic code of length 65 with generator
mymsmy. For n =5, N = 13, we find C = (6,)0(My & M, & Mg ) @(6o)CM; .
This yields d > min{2-5,1-13} = 10.

We will show now that all words of minimum weight in B; have at least one
coordinate in {1,...,8*}. Since the minimum distance of B, is 5 (by the BCH
bound), this implies d > 12: by the lemma this inequality holds for all words in
the outer code of minimum weight 5; trivially it holds for all words in the outer
code of weight > 6.

Let ¢ be a generator of Fig, and denote the trace function F,4 — F; by Tr,
ie, Tr(z) = z + z* for all z in Fig. Furthermore denote the vector (Tr(c,),
Tr(er),. . ., Tr(e12)) by Tr(co, cay - - -, C12)-

The zeros of B; are v, v*, 7%, 747, 4!° and +!2. Notice that B; is a QR code.
Since y is a zero of B, if and only if y* is a zero, b(y) = ¥, biy' is a codeword
if and only if ¥(y) = X;bfy* is a codeword (b(y) = 0 if and only if ¥(y*) =0).

So if b is a codeword, then Tr(b) is a codeword as well. Now the trace of a
word is in the subfield subcode (over F4) with the same generator. Since we can
take a scalar multiple of b to make sure its trace is not equal to 0, the subfield
subcode has the same minimum distance. (This part of the argument appears as
Theorem 9 and its proof in [6].)

Let b be a scalar multiple of an arbitrary word of minimum weight in B;,
such that b has at least one coordinate equal to 1. Since Tr(1) = 0, we find that
wt(Tr(b)) < wt(b), so Tr(b) = 0. Hence, for all 7, b € {0, 1,£%,£'°}, which is the
set of field elements (of Fig) with zero trace.

Define a; = |{j | b; = ¢'}| for all i. Now suppose only one of ag, a5 and a9
not equal to zero. Then we find a binary word of weight 5, a contradiction, as
the only binary word with zeros v and 4* is the all-one word 1. So at most one
of ag, as and ayq is zero.

Suppose exactly one of the as; is zero, say a,9. Then there are two nonequiva-
lent possibilities: ag = 1 and ao = 2; all other cases are equivalent to one of these
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two (by taking a scalar multiple) or can be treated analogously (by renaming the
elements of F,, see below).

We take a scalar multiple of b such that all five coordinates are w or w?. Then
write b(y) = wfi(y) + w?f2(y), where the f; are polynomials over 5, and either
wt(fi) = 1 and wt(f;) = 4, or wi(f;) = 2 and wt(fo) = 3, corresponding to
ay = 1 respectively 2.

Now b(y) = w?fi(y) + wfa(y) is in the QR code with defining set {y' | i =
2,5,6,7,8,11}. (This follows from the fact that (§(y))? = (b(v?)).)

But then b(y) - b(y) is in the repetition code of length 13. Since obviously 1 is
not a zero of b, nor of b, this product must be the all-one word.

However, b(y)b(y) = f2(y) + f2(y) + fi()f2(y). In the case ag = 1 we find
that this is the sum of 1 +4 +4 = 9 powers of y, (fZ contributes one power of y;
f} four, as does fi f,); for ag = 2 we find 2 4+ 3 + 6 = 11 powers of y. So in both
cases we cannot have the all-one word, a contradiction.

This proves that in all words of minimum weight exactly three different
nonzero symbols occur; these symbols constitute one of the sets {¢*, go+i gro+iy
0 <1 < 5. In other words: all words of minimum weight are scalar multiples of
words of minimum weight in the subfield subcode. Since all these sets contain a
power of 3, viz. £¥,0 < j < 5, we conclude d > 12.

The code in the next example contains the same outer code B; again, and we
can use the knowledge we have just gained to deal with this code as well. (It is
given as an example in [6] as well.)

Example 3.2.4 Let C = (mgm;my) = (6,)OM; @(6,)0B; in the case 5 x 13.
Theorem 1.5.1 yields d > min{5-2,1-5} = 5. We immediately see that d > 6, as
C is an even weight code.

In terms of the matrix representation this is easy to explain as well: Cy obvi-
ously consists of all matrices with an even number of all-one columns, while C,
consists of columns of weight 2 and/or 4 (viz. words of (6;)) on the support of
b,. So if we add a word ¢o = ¥g(by) in €y and a word ¢; = ¥;(b,) in C;, we can
get only columns of weight 1 on the (whole) support of by, only if wt(b,) is even,
which implies d > 6.

This means we can try to do the same thing for this code as for the code in
the previous example.

Let the number of ‘heavy letters’ in b; be @ = |{j | b}, = 1}|. Now there are
two kinds of candidates for a word ¢ = ¢4 + ¢, in C of weight less than 8:

e wt(b;) = 5. The minimum weight for wt(by) = 2 is at least 8 and words
with wt(bo) > 6 trivially yield a word of weight at least 10, so we need only
consider the case wt(bo) = 4.

o wt(b,) = 6. Then, if @ is even, the minimum weight is assumed for @
columns of weight 1, and 6 — @ columns of weight 2. If @ is odd, then
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minimum weight is assumed if we have a word in by with weight @+ 1.2 So,

we find
a+2(6—a) if @ is even,
=l a+3+2(6-a~1) ifaisodd.

We first treat the first candidate. In the previous example we saw that the
nonzero by; take all values in one of the sets {¢*, €5+, ¢1%+'} for exactly one 1.
Therefore at least two by; are not a 5th root of unity, whence wt(c) > (6 — @ —
1)2+13+a-12>8. ‘

The second candidate is even easier to deal with. In order to prove d > 8§,
we must show that @ # 6. A word of weight 6 with six ‘heavy’ letters, however,
must have at least one of those letters occur at least twice, and at most five times
(because, if it would occur six times, we would have a binary word of weight 6,
but these do not exist). Now take a multiple, such that 1 occurs (at least) twice;
the trace of this word has nonzero weight at most 4, which is a contradiction.
Conclusion: d > 8.

We can do something more: it can be proved that all words of weight 8 in this
code have a component ¢; = ¥,(b,), with wt(b;) = 5 (and wt(by) = 4). This
will also yield some information that can be used in the next example as well.

To prove this statement, we must prove that all words with wt(b;) = 6 have
weight at least 9; in other words, we must show that @ < 4.

To do this, we use the trace of codewords again; we distinguish three cases.

¢ Tr(b,) = 0: In the same way as in the previous example, we can show that
in b; only symbols from one of the sets {¢7,£5+7 £19+7} occur. We prove
now that there are no words of weight 6 in B, that have only two different
nonzero symbols. We do this as follows.

Again trivially no words with only one kind of nonzero symbol exist; to
prove that there are no words with two kinds of different nonzero symbols,
we distinguish three cases, depending on the value of ao, which we assume
(w.l.o.g.) to be the smallest of the two nonzero a;.

For the case ap = 3 we need some extra notation. Define Ry = {1, 3, 4, 9,
10,12} and R, = {2,5,6,7,8,11}, and f(I) = T, 7*; calculate modulo
13.

Obviously f(0) = 0, and f(I)* = f(I) for all I. Therefore, for all I # 0,
f() =, i =1,2. (f(I) = 0 or 1 would imply the existence of a binary
word of weight 6 in the code (over F,) with defining set Ry or R;.) Finally,
f(l) = f(m) implies that ! and m are in the same R;, or [ = m = 0. Assume
f(l) =w if and only if ! € R,;; the other case goes completely analogously.

*Weight & — 1 provides a word of larger weight.
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Consider the sum S(b) = Y;cg, b1(7*). Since b, is a codeword, obviously
5(b1) = 0. On the other hand, if b)(y) = L}%,b;37, we see that also
S(b1) = X}l Ticr, 077 = T12,6;£(j). The fact that this sum is 0,
together with the fact that f(j) = w or w?, is enough to find a contradiction
in the case ap = 1 and 3.2

1. ag = 1: Then the other nonzero a;, say as, equals 5. We can write b,
as bi(y) = 1+ w(y® +y° +y°+y* +9°). Then S(by) = w(f(a)+ f(b) +
«+++ f(e)) = 0. This leads to a contradiction, for the sum of an odd
number of w’s and w?’s cannot be equal to 0.

(We can use the same argument as in the previous example as well:
since 1 is a zero of both b, and b, their product must be equal to the
zero word 0. However, we find that b;-b, consists of 1 +5 + 5 = 11
powers of y; so this product cannot be equal to 0.)

2. a9 = 2: In this case write b’ = wb; now &' only has coordinates w and
w?. So write ¥(y) = wfy(y)+w?fo(y), with wt(f;) = 2 and wt(f;) = 4.
We find that b(y) = w?fi(y) + wfz(y) is in the QR code with defining
set {y' |7 € Ry} U {1}, (analogous to the argument in the previous
example).

Since in this case both b and b have a zero 1, their product must be the
zero word. In this case we find 14 (not necessarily different) powers
of y: b-b= f2+ f2+ fifs. Write (wlog) fi(y) = 1+ ¢, and
)=y +y¥*+y+9% (0,4, a,...,dall are different.) Then we
have the following powers of y: %7, 7 =0, 24, 2a, ..., 2d,a +0, ...,
d+0,a+1,...,d+1.

Since the product of b and b is the zero polynomial, all the powers of
y that occur in the product, must occur an even number of times. We
will prove that this is impossible.

Assume, w.lo.g.*, that ¢ = 1. Since y° does occur, there must be a
second exponent 0. Obviously this can only beoneof a + 1, ...,d+1,
say a; so a = —1.

Furthermore, since 2 occurs as an exponent, it must occur at least once
more. so we must have (w.l.o.g.) that b = 2. Finally, since —2 occurs

as an exponent, it must occur once more, so {w.l.o.g.) ¢ = —3. Now
y?, ¥*? and y**' must cancel 5 different powers of y,® which clearly is
impossible.

3n fact all cases that are treated with the ‘b-b-method’ can be done this way as well. In
most cases this is quite tedious though.

4Multiplication does not influence the number of incidences, and this is the only thing we
consider here.

Svig, 97, j = —1,-3,-6,3,4
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3. ao = 3. Then write by(y) = 1 + y* +3* + w(y® + y* + y°). Now

S(bi(y)) = f(a) + f(b) + w(f(c) + £(d) + fle)) = 0,

from which it follows that f(a) = 1+ f(b). From S(y~*b:i(y)) = 0
and S(y%b;(y)) = 0 we obtain (analogously) f(a) =1+ f(b— a) and
f(b) = f(a —b), implying f(a) = f(b). Again we find a contradiction.

We find that all of ag, as and @, are at least one. Thus the only kind of
words with @ > 4 is a word with 2 symbols occurring once, and one symbol
occurring four times.

Suppose such a word exists, then assume without loss of generality that
bi(y) = 1 +wy® + W (y? + ¥ + ¥4 + ¥°). Then S5(bi(y)) = wf(e) + &*(f(b)+
«+++ f(e)) = 0. As a consequence f(a) = w. From S(y~%bi(y)) = f(—a) +
wiH(f(b—a)+---+ f(e — a)) = 0 however, we find f(a) = w?, so such a
word b; does not exist.

Thus we have proved not only that @ < 4, but also that this holds for all
multiples of b;.

e wt(Tr(b;)) = 5: In this case all symbols of b, are different, for two equal
symbols would imply 0 < wt(b; —€"Tr(b,)) < 5, for some value of [, (viz. the
value of I satisfying £!Tr(n) = 7, where 7 is the symbol occurring twice. This
weight cannot be 0 because the symbol with zero trace always contributes
a nonzero symbol to b, — ¢! Tr(b,)).

Now suppose 3, A%, 8% and B* all are symbols of ;. Call the last symbol
with nonzero trace 7, and the symbol with zero trace (. Now n = £¥53* for

some 7. Since both 1 and ¢*° have zero trace, but all of 3737

for j # i, as well as 37, have nonzero trace, we see that this implies
wt(Te(87'b1)) = 4, a contradiction.

Next, suppose that 1 and three other 5th roots of unity occur as a symbol
in b;. By taking a multiple #'b;, we obtain (for some value of i) a word
with 3, A2, 8% and * as symbols. Such a word cannot exist: we can apply
the argument of the previous paragraph for this word as well (only in this
case there might be two elements with nonzero trace; this is irrelevant to
the argument though).

Thus we see that in b; at most three 5th roots of unity occur. Moreover,
again we see that the same property holds for all scalar multiples of by

e wt(Tr(h,)) = 6: One of the scalar multiples of such a word has a trace of
weight either 5 or 0. These words and their multiples have been dealt with
in the previous cases.

All this proves that @ < 4, whence wt(¢) > 10 for all words with wt(b,) > 6.
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In the next example a sharp lower bound on the minimum distance of the
considered code is given; to the knowledge of the author this has not been done
before. (The true minimum distance has been found by computer search.)

Example 3.2.5 Let C = (momymsmemya) = (6,)0(M; & My ), (5 x 13).

The outer code has minimum distance at least 6, which can be proved by
shifting. (Shift (5) — (4, 5) — (3, 4, 7) — (0, 1, 4, 5) — (0, 3, 4, 6, 12) — (0, 1,
3, 6,9, 10).)

That the true minimum distance is in fact 6 can be shown by considering the
code of length 39 with generator m;mgam,3. As its outer code this code has the
subfield subcode of By = M; & My over Fy. The code of length 39 has minimum
distance 12, whereas the Jensen Bound proves d > 2d(M; & My ). Since the
inner code (of the code of length 39) only has words of weight 2, we conclude
d(M; & Mg)=16.°

We first consider the words in B; of weight 6. By applying the trace function
to words of minimum weight again, we find that these words are scalar multi-
ples of words in the subfield subcode. So again words of minimum weight have
coefficients from exactly one of the sets {¢7,£5+7 ¢10+7} 0 < j < 5.

We apply the same argument as before to these words: if only one kind of
nonzero coordinate occurs, we find a binary word of weight 6, which is impossi-
ble; if two kinds of nonzero coordinates occur, use the fact that the sum of all
coordinates of a codeword is zero, which implies that the parity of the number
of occurrences of the three different nonzero coordinates is equal. Then we are
in the case ‘wt(Tr(b;)) = 0, ap = 2’ of the previous example; we have seen there
that no such word exists.

Hence each word has exactly 3 different nonzero symbols from exactly one of
the sets {¢7, €59, €194}, 0 < j < 5.

Since the sum of the coordinates of a codeword of B; is 0, two 5th roots of
unity are coordinates of each codeword. The weight of the related word in C is
2-4+ 4.2 = 16.

Finally, consider a word b of weight 7 in B;. In Tr(b) there is at least one
symbol that occurs at least twice. So a suitable multiple of b has a trace of
weight at most 5, i.e., it has zero trace. This shows that the symbols of b all are
in the same set {¢, €5+ ¢19+}. It follows that b has at least one heavy symbol,
implying wt(¥:(b)) > 1-4 +6-2 = 16.

Conclusion: d > 16.

50f course this observation makes shifting for the outer code superfluous; for the code of
length 39 we must find another way (other than the Jensen Bound) to find the minimum
distance. In [8] this is done; cf. code 47 and Example 25.
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The same trick can be used for the last code of length 65 for which no proof
of the minimum distance existed (to the knowledge of the author).

Example 3.2.8 Let C = (momymsmy3) = (65)OM; @(6,)0(M; & Mg ). Equa-
tion 1.1 yields d > min{5-2,1-6} = 6.

In the matrix representation Cp consists of all matrices consisting of an even
number of all-one columns. Since a word of weight 6 in B, has, as we have seen in
the previous examples, exactly two ‘heavy’ letters, we find wt(c) > 2.1+42 = 10
for words ¢ in C we obtain from a word in B; of weight 6.

Next, let b be a word of weight 7 in B;. Then, if we denote the number of
times a 5th root of unity occurs as a symbol of b as @ =| {j | b} = 1} | again,

a+2(7-a) if @ is even;
wt(c) > ¢ @a+3+2(T—a—1) if @ odd and # 7,
10 ifa=".

So in order to prove d > 10, we must show that & # 6.

Suppose that @ = 6. Then there is a 5th root of unity, w.l.o.g. 1, occurring at
least twice and at most five times” as a symbol. But then 1 < wt{Tr(d)) < 5, a
contradiction. Hence @ # 6.

Finally, consider a word b of weight 8 in B,. The only possibility for a word
with weight less than 10 is one with eight heavy symbols. So, suppose b has
eight 5th roots of unity as symbols. Then one of these symbols, w.l.o.g. 1, must
occur at least twice. Then the weight of the trace must be 6. This leads us to a
contradiction, for in that case the trace has two 1's, two w’s and two w?’s, and
there are no 5th roots of unity with trace 1. Hence at most seven 5th roots of
unity occur as a symbol in b, so words of weight 8 in B; give rise to words of
weight at least 10. (With the same technique we can even prove that a word of
weight 8 has at most six heavy letters.)

Words of weight > 9 in B, trivially yield words of weight 10 in C.

Conclusion: d > 10.

"because the sum of the symbols is 0
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3.3 Construction of some binary cyclic codes

3.3.1 Length 2047

Good cyclic codes can be constructed using Theorem 1.4.4 and good cyclic inner
and outer codes, though not every appropriate set of good inner and outer codes
will provide a good (2-D) cyclic code. More ‘conditions’ can be derived from
Sections 2.3 and 2.4.

One of the first good codes that come to mind is the binary Golay code. We
will try to use its minimal components as inner codes. We describe the binary
Golay code as the cyclic code of length 23 with idempotent 64 -+ 8,. There is only
one minimal idempotent other than 6, and 8,; the corresponding code (8_) is
isomorphic to (§,).

First, we construct C;. (6,) has minimum distance 8 and dimension 11. There-
fore, B, will be a code over Fy. We will take an MDS-cyclic code for B,. This
is guaranteed if Fy1i contains all Nth roots of unity and if B, is a BCH-code.
Therefore, we take N such that 2047 = 0 (mod N). Since gcd(23, N) must
be equal to 1, this implies N = 89. Let B, be a BCH-code of length 89 and
dimension K over Fyi. B; has minimum distance 90 — K.

The outer code By is a binary code of length 89. Let By be the repetition
code; then it has dimension 1 and minimum distance 89.

Now Equation 1.1 yields

720 - 8K if K > 13

d > min{8-(90 — K),7-89} = { 623 if K < 13.

So we find a class of codes (2047, 11K + 1, > 720 — 8K] for K > 13 and a class
of codes [2047,11K + 1,> 623] for K < 13.

For this last class the exact minimum distance is 623 if 1 is not a zero of B,
for in that case the code satisfies the conditions of Lemma 2.5.2. From this it
follows that in that case the only interesting code of this class, if any, is the code
[2047, 133, 623] (K = 12).

If 1 is a zero, we can not apply Lemma 2.5.2, so, with an intelligent choice of
B,, the codes with X < 12 may have larger minimum distance than the Jensen
Bound guarantees.

The same applies for the codes with K > 12; in this case [ (from the lemma)
is equal to 1, so the only requirement of the lemma that is not a priori satisfied
is the second one: we do not know if there is a binary word of minimum weight
(and in any case we can choose the outer code B; such that there is no such
word). Hence all of the codes with K > 12 may have larger minimum distance
than 720 — K (again assuming an intelligent choice of the outer code).

However, comparison with known BCH codes (cf. [4]) show that the codes
with K = 20 to 34 are better than previously known codes. Jensen, in [3], gives
codes with the same parameters; probably the same codes.
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3.3.2 Length 4095

Using code 19 from Table 2.1, and outer codes of length 65, we can construct
a code of length 4095, superior to those given in {4]: this code has parameters
[4095,421,1008]; Jensen (in [3]) however, gives an even better code, with para-
meters (4095, 456, 1008].
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