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ON THE IDENTIFICATION OF CONTINUOUS LINEAR PROCESSES
A.J. Breimer

Eindhoven University of Technelogy
Department of Electrical Engineering

Eindhoven, The Netherlands

Abstract

The estimation of parameters of continuous, linear and time-invariant pro-
cesses is studied, It is assumed that the signals entering these processes

are band limited. Sample values of the input and the disturbed output of the
process are available. Two approaches are discussed: the use of a discrete
time model of the continuous process and the more direct methods based on the
derivatives or the spectra of the signals.

The properties of this discrete time model have been emphasized. For the more
direct approaches, estimation schemes are developed, based on the instrumental
variable technique.

Experimental results of simulated and practical continuous processes are

discussed.
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1.

Introduction

As part of the research program of the group Measurement and Control,
Department of Electrical Engineering, Eindhoven University of Technology,
techniques are developed to identify unknown processes.

In this report the identification is studied of continuous linear and time-
invariant processes, using band-limited input signals. Though in general

not necessary, it is also assumed that these signals are periodical,

n{t)

u(t) Process x(t) y(t)

- + —

Fig. 1.1

It is assumed that the process of interest (fig. 1.1.)} is completely des-
cribed by a differential equation of known order. This differential equation

is given by:

q
X(t)+a]-d-'—}<(—t)_+‘-.+a “-—(t)..:
dt 1 4
b (1.1)
bu(t) + b, du(®) , ., 4+ p 40
© dt P geP
with:

u{t) = the input signal
x(t) = the undisturbed output signal

a.; i=1, ..., q and bj; j =0, ..., p are the parameters of

the process.

It will be assumed that the input signal and the disturbed output signal are

available. The disturbed output signal is given by:

f

y(t) = x(t) + n(t) (1.2)

with:

n{t)

the additive noise.



As a result of our assumptions the identification problem can be reduced
to the estimation of the coefficients of the differential equation (1.1},
called the parameters of the process. Throughout the report this will be
done using techniques which are linear in the parameters. However due

to the additive noise at the output of the process, this will give in
general biased results [Eykhoff, 1974] .

This bias is considered here of main concern and therefore techniques will

be developed vielding hias-free parameters.

As in the discrete time case the bias prohlem is well understood and bias-—
free estimation techniques are available [ Talmon, 1971] , [ Smets, 1970] ,

we shall transform the differential cquation (1.1) into a finite difference
equation (chapter 2). In contrast to the known techniques using a data hold
circuit [ Smith, 1968 ], [ sinha, 1972] , this will be carried out using the
band-limited properties of the signals. It will be proven that the so-called
bilinear z-transform will be very useful for this purpose, Weshall give
restrictions for its use and discuss the crror involved by it.

On the other hand it is straightforward to develop least squares estimators
for the assumed process, vielding directly the parameters of the continuous
process. This can be done either by generating the derivatives from the
signals [Vlek, 1973] or by spectral analysis of these signals [ Shinbrot, 1954]
The additive noise, however, will give a bias to the estimated parameters.

In contrast to the discrete time case it is yet not known which noise process
will give a bias—free least squares estimator, To overcome this problem, in
chapter 3 simple estimutors, based on the instrumental variable technique

[Wong, 1966 ] , [Smith, 1972], are developed.

Finally some practical results are presented in chapter 4 concerning a

simple model of a biclogical process.
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2. On discrete time appreach to the identification of continuous linear processes.

In this section we will establish relationships between the continuous process
obeying the differential equation (1.1) and a discrete time model of this
process working on the sample wvalues of the input and output signals only

(fig. 2.1).

t ontinuous x(t
u(t) ol con ( 2
process
H/
u discrete X
N . LU,
model
Fig. 2.1.

The discrete time model will be denoted by a difference equation of the
following type:
(2.1)

2 g £
X +oa.2zx +qg.zx + .., + Z’x =fu + B zu + .., + Zu ; —e<n <o
n 17"n 2 "n t %" T on 1% n vt Bgz g

with:
u = u(nT), the sampled input sequence. T is the sampling time interval
X, = the sampled output sequence
o3 i=1, ..., g and Bi; j=1s .., £ are the parameters of the dis-

Crete model

~ . . Lok
z = the shift operator; defined by: =z X, 0= X
It is assumed here that the model given by this equation describes the process
output completely, i.e. the output sequence of the discrete model is equal to

the sample wvalues of the process output.

A possible way to investigate the properties of equation (2.1) can be based

on the interpolation polynomial through the sampling points of x(t) (fig, 2.2).
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Fig. 2.2,

It will be assumed that this interpolation poiynomial reconstructs the function
x(t) without error, which will be the case for x(t) belonging to the class of
polynomials but also for other functions which have a restricted variation
between the sampling points. With this assumption x{t) can be written in a

form originating from Newton (Appendix I):

{ = + T
x(t) %5 (l

z=0x, +(;] (z-l)zxo ‘... +(;) D%+ o (@2)

Truncation of the righthand part of this equation after k terms yields an

interpolation polynomial of order k, based on k + 1 sampling points.

The derivatives of eq. (2.2) are given by:

n

d"x() _ d"x(r) (d_r)n _
de- dtn

dt
) ) ) (2.3)
li;-(T)(rq)+... iE(T)(rqf‘+.” —
) dt 1 dt k T

The derivatives of the binomial coefficients can be calculated from their

generating function:
3 k
z' = ) (i) (z-1) H |z=~1] < 1.
k=0

from which it follows:



d T n - a° T k
2 = eg "= ] S [f) @0
dr k=0 dT1

Comparing this result with eq. (2.3) one finds for the point 1t = O
dnxo I .
=~ (log z) {x} (2.4)
4t " o

It should be noted that this formula is only a shorthand notation of eq. (2.3)
indicating that the coefficients of this expression, operating on the sequence
X s are the same as those of the Taylor expansion of the nth power of log =z

arounc¢ the point z =1,

Also of interest is the inversion of eq. (2.4}. This can be obtained by virtue

of Taylor's theorem. Let x(t) be analytic at t, then:

k
x{t+nT) = x(t) + nTx(l)(t) + ...+ ngl- x(k)(t) + ... (2.5)
k!
which can be written as: J
kO k
2"x(t) = (1 +no7d + ...+ (n1) -d—k + ...} ox(E)
dt ki dt

Comparing this with the Taylor expansion of the exponential function, it

follows:

ar 4

x(t) =e 9F [ x(t)) (2.6)

Which formula should be interpreted as a shorthand notation of eq. (2.5).

The results given by eq. (2.4) and (2.6) can be directly applied to the
identification of the discrete time model by interpreting the relations as
identities between operators., At this point, however, we first derive con-
straints for their validity. This can be easily done by transforming the
problem to the s-plane. For this purpose we will assume in the sequel that
the input signal of the process is band-limited and periodical, i.e. it can

be represented by a Fourier series:



k (2.7)

N = the number of sampling points in one period

2m

Yo ° NT

As u(t) is a real time function, it yields:

The highest frequency of the signal u(t) is given by:

W
= 3
2

j=ud
e IE]

where ms stands for the sampling frequency. The signal obeys also Shannon's

eriterion and is uniquely determined by its values at the sampling points.

Transforming the differential equation (1.1) to the s=-plane, ignoring the

initial conditions which is permitted for the considered signals, gives:
X(s) b +bs+...+bsP

1 (2.8)

u(s) 1 + a;s + ...+ aqsq

H{s) =

H

where U(s) and X(s) are the transforms of u(t) and x(t} respectively.

it is well known that the output of the process with the continuous signal

of eq. (2.7) as input, is given by:

d e ; with dk = ckH(kao) (2.9

Relations of the same kind can be derived for the output of the discrete
model (fig. 2.1). Therefore we shall calculate the stationary output of this
discrete model. This can easily be done by making use of the so-called
z~transform [ Jury, 1964 ] . As the discrete model is a linear system, it

suffices to calculate the stationary output for one of the components
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of the sampled input signal u(nT), also from eq. (2.7):

jkwonT
uk(nT) =c.e

where uk(nT)standS for the kth component of the input signal., In the appli-
cation of the z-transform we shall truncate this sequence to n 2 0, which
will be allowed as only the output for large values of n is of interest.

Now it follows, with Uk(z) denoting the z-transform of uk(nT):

= - = jkwonT -
U (z) = Zu (nT)} = z u, (nT)z = = Z c, e z
K K K L
n=o n=o
kaoT -1 kaOZT -2
=c, {1 +e .z + e vz o+ . )
k
So:
c. .z

Uk(z) = _-*‘Tﬁ5;;f (2.10)

Let G{(z) be the transfer function of the assumed discrete model, cf. eq. (2.1),

its output is given by:
X (2) = G(2)U, (2)

where Xk(z) denotes the z-transform of the output sequence and G(z) is given by:

B + Bz + ... + sz

1
z

G(z) =

l +oa,z+ ... +a 2z
l g

Assuming for simplicity only, £ < g and G(z) containing only simple poles,

then Xk(z) can be calculated from the partial fraction expansion:

Zr zZr
Xk(z) S— » —2 + ..+

z - P1 z - p2 zZ =~ p z -
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withs

p. 3 J =1, «e., g8 are the poles of G(z)

. ~]
. = lim (z-p.)G(z)U, (=z)z
r, - ( PJ) (2)U, (2)
Pp.
] jkaT -l
e. = lim (z-e y G(z)U, (2)z
k . k
Jkw T
o
z+e

Application of the inverse z-transform to the first g terms yields:

- [ 2ty 2r, zr o n n

vA [ + T T - S S TP H TPy *oaes t rP,
z-p  z-0p, 2= P,

The right hand part of this expression is the transient response of the discrete

model, Assuming that G(z) is a stable system, it holds:
lp.] < 1
]

and consequently all terms of the transient response can be neglected by choosing

n large encugh. The steady state output then becomes:

ze

S
kaoT
Z — e

Xk(Z)‘=

with:
jkmoT jkw T
e. = lim (z-e YG(2)U (z)z-i =¢c Gle 9)
k k k

zre

It will now be clear by comparison of this equation with the z-transform of the
. . th
sample wvalues of the output of the continuous process of which the k¥~ component

is given by (cf. eq.(2.9)):

dkz

kaoT
z - e

Xk(Z) =

that necessary for both representing the same output, it should hold

e for all k.

K- Y%
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The z-transforms of the steady-state, sample values of the input and out-

put signals, are therefore given by:

N
2 ckz
Uz) = ] T (2.11)
k -N z - e ©
2
and:
XN
2 dkz jkon
X(z) = — T with d,_=c G(z=e ) (2.12)
_~N o]
k—i Z — e

Extensions of our results can be obtained by letting the number of samples N

in the signal description (eq. (2.7)) go to infinity, which permits the treat-
ment of the general class of band limited signals., The discrete variable jkwO
can then be replaced by the continuous variable juw, :%< w < %—. Then it
foliows from inspection of eq. (2.9) and eq. (2.12) that the transfer functions

H(s) and G{z) are related to each other by the transform:

zZ=e s with s = Juwy; =< u3<-% (2.13)

(This tranform should be well distinguished from the z-transform used before.

The z-transform is applicable toa continuous process of which the input consists of
a sequence of delta functions; the spectrum of such input signals reaches to
infinity. The main difference will then also be the restriction of the trans-
form of eq. (2.13) to a finite interval of the frequency axis of the s-plane.

The advantages of such a restriction are important: the transform of eq. (2.13)
has an inverse, whereas the z—transform, applied to continuous systems, has no

(unique) inverse).

The transform of eq. (2.13) respresents a mapping of the s-plane into the

z-plane (fig. 2.3). This mapping has an unique inverse:

g =

|
— 2.14
T log 2z (2.14)

where the principal value of the logarithm should be taken.
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Fig., 2.3,

Eq. (2.13)and (2,14) are formally the same as eq. (2.4) and (2.6) respectively.
The first ones however are somewhat easier to handle as they state a mapping
of the s-plane into the z-plane, whereas the second ones yield relationships
between operators.

In Appendix II a derivation of eq. (2.13) and eq. (2.14) is given, directly
based on the definition integrals of the z-transform and the Laplace-transform

respectively.

By making use of eq. (2.14), the discrete transferfunction can be directly
obtained from its continuous counterpart (eq. (2.8)):

1 i p
1T log z + ... + %)&f log z)

G(z) = S

(2.15)

Regarding the transfer function of the discrete model, given by eq. (2.15),

as a difference equation, it is clear, by series expansion of the logarithm,
that this difference equation is of infinite order. The least squares esti-—
mators available for the identification of difference equations [Talmon, 1971]
can not handle this case. Therefore the transfer function will be truncated
to some finite number of terms, cf. the assumed form given by eq. (2.1). By
this truncation an apprcximation of the discrete process as defined by eq.
{(2.15) is obtained:

£

Fg (2.16)

oy o fo t B2t 8

l + o2z + ... + 0 &
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Transformation of this equation to the s-plane gives an approximation of

the continuous process H(s):

. B, * 61eST + Bzes2T +...._+.BfeSfT
H (s) = (2.17)
I + o eST + ... *t 0O eng
1 g

The introduction of the approximated discrete model gives rise to an error
between its output and the sample values of the output of the continuous

process (fig. 2.4), the model error.

u(t) - H(s) ] x(ti

K/ X(z)

U(z) o X*(2) M(z

Fig. 2.4.

This model error is given by:

[

M(z) = X(z2) - X*(z) s

Cr:

Il

M(z) = (G(z) - G (2))U(2) (2.18)

For its power spectrum one finds:

() = €@ - F @)™ - ) u@ e (2.19)

where the bar indicates the complex conjugate.

- - ) . . *
At this point we will assume that the approximated discrete model G(z) is
derived from G(z) by minimizing the mean squared model error, given by

eq. (2.19) when integrated around the unit circle in the z-plane.
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As will be clear from inspection of eq. (2.19) the value of this mean squared
error will be independent of the particular phase of the input signal U(z).

With respect to the minimizing of eq. (2.18) the phase information of U(z) can
be ignored. S, the approximated discrete model G*(z) is a fit to the function
G(z) on the unit cirecle, in the classical least squares sense, with weighting

function U(z), understood as stated above.

Now we can state the main problem of the identification of continuous processes
using discrete models as: In which way can the original continuous process

be reconstructed from its approximated discrete model?

In the sequel of this section we will discuss some approaches to this problem,
One way of identification of the original process H(s) can be based on the
approximated transfer function H*(s) (eq. (2.17)). Though nothing is said

yet about the choice of the order of the discrete model given by eq. (2.16),

it should be noted that at least will yield:
f+gzp+gq

Otherwise the number of degrees of freedom will be insufficient to reconstruct
the original process.

It can be tried to find a fit in the least squares sense, of the same form as
H(s}, to H*(s), with the input signal as weighting function. Calling this fit

F(s), the error involved by it is:
* * .
M (juw) = (H (s) - F(8)).U(jw) (2.20)

where U(jw)stands for the spectrum of the inmput signal. Transformation to the

z=plane gives:
M*(2) = (6 (2) - F(2)) U(2)

Though formally the same as equation (2.18), it is not known if F(z) = G(z)
holds. The minimization is obtained with respect to the parameters of F(z)
(cf. eq. (2.15)), whereas the minimization of eq. (2.18) is obtained with
respect to the parameters of G*(z).

The difficulties arise from the fact that the analytic solution of eq. (2.20)

can not be found. Let:
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o
g

F= 2 =R

F(s) =

fal

[+

w1 B Y e

The mean squared error S, calculated from eq. (2.20), using the signals of

eq. (2.7) 1is:

2
I b (Gu)P
s = MGy |* =T |2 - B (k) | [UGka) |
k * . q
g aq(kao)

Minimization of this expression with respect to its parameters gives:

This set of non-linear equations can not be solved analytically. As the
approximation problem of eq. (2.20) for the assumed rational functions F(s)
is basically non~linear , also no use can be made of the theory of orthogonal

functions.

If the weighting function in eq. (2.20) has only significance in the neighbour-
hood of & = 0, then the reconstruction of H(s) can be based on the Taylor ex-
pansion of H*(s) round s = 0, For this purpose one can construct a ratiecnal
function F(s) of the same form as H(s) whose Taylor expansion has p + q + 1
terms equal to the expansion of H*(s). Such a rational function will be called
a (p,q) Taylor convergent, A simple method for their construction is given in
Appendix III.

The same as has been said for the least squares fit to H*(s) applies here:

it is not known to which degree of accuracy the function F(s) reconstructs the

original process,

Finally the reconstruction of H(s) by means of a data hold circuit should be
mentioned [Smith, 1968] , [Sinha, 1972 ] . For this purpose one assumes that
the kth derivative of the input signal of the continuous process (fig. 2.5)

consists of a sequence of impulses (k-1 order hold).



“n o Hold u® o Ee o) N,
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Fig. 2.5.

The signal u(t) can also completely be reconstructed from its sample wvalues
using the holdcircuit., This hold can be understood as a (simple) integrating

rule. The discrete transfer function of the process of fig. 2.5 is:

6(z) = ZL " {KR(s)H(s)) 2.21)

where 7 stands for the z-transform, L_l for the inverse Laplace transform
and K(s) is the transfer function of the holdeircuit,

From eq. (2.21) H(s) can be calculated:

_ 12 6(2))
K(s)

H(s) (2.22)

For band limited signals the assumptions for the validity of these trans-—
formations are viclated. The relation between the sampled inputs and outputs
of the continuous process 1s given by eq. (2.15) which differs from eq. (2.21).
However one can use eq. (2.22) for the reconstruction of H(s), by putting
G*(z) into it, yielding an approximation H*(s) of the continuous process.

As the transfer function of the hold circuit K(s) is a low pass process,

the approximated transfer function H*(s) at large values of s will heavily
depend on the used hold. (This differs from the case used by the derivation
of eq, (2.21) and (2.22), where the hold has a special function, viz. the
exact reconstruction of the input signal). Reascnable results of this re-
construction can also only be expected for simple low pass processes

[ Woolderink, 19727 .

2.3, Approximation operators

Instead of reconstruction of the original continuous process from eq. (2.16)

or (2.17), it can also be tried to estimate the parameters of H(s) directly
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from the discrete data.

At this point we will recollect that the available information of the signals
(eq. (2.7) and (2.9)) are the complex numbers Cl and dk’ known at the fre-
quenties kmo . The transfer function H(s) is also known at these frequencies.
The reconstruction of H(s) from these data will be the search for that inter-
polating rational function which fits the data in a least squares sense.

The discrete problem can be formulated in a similar way: The discrete transfer
function is known at the points z = ejkon in the z-plane, to them an inter-
polating functiom is sought.

The points jkr.u0 in the s-plane can be projected on the unit circle in the

z-plane (fig. 2.0) with some suitable conformal mapping:
z = f(s) (2.23)
The transform of H(s) belonging to this mapping will be denoted as:

H*(z) = H(E ' (2))

where f_](z) is the inverse of f(s).

[ kao jkaT
e

20 "\ E (ko )

" o
- JU_]

o
0 0 1
s~plane z-plane

As stated above the discrete transfer function G(z) is known at the points
ik P * . ,

= eJ moT. Fitting of H"(z) in the least squares sense to G(z) will now
give a difference between the interpolating points, viz, f(jkmo) instead

of ekaoT. The difference originates from the arguments:

& = arg(f(jkwo) = jku T A (2,24)
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We shall assume that the frequency distribution of the signal u(t)} is
sufficiently fine in such a way that the discrete variable kmo can be
replaced by the continuous variable w. It will also be assumed that the
frequency spectrum , @uu(w) of u(t), is flat and has a highest frequency

Wy small with respect to the sampling frequency (fig. 2.7).

¢uu(w)
o = In w
h T T —
Fig. 2.7.
Now eq. (2.24) reads as:
8({w) = arg (£(jw)) — uT (2.25)

By Taylor expansion of 8(w) and selecting f(s) in such a way that the first k
terms of this expansion equate to zero, &{w) behaves in the neighbourhood

of w =0 as:
§(w) = ot (2.26)

Regarding the highest frequency of the signal as the variable w then, with
the aSSuﬁptions made, §(w) will go to zero faster than the highest
frequency of the signal, provided k =z 2. So for some w > 0, &§(w) can be
made arbitrarily small.

" The condition for the neglecting of the error in the interpolation points

will also be:

mh << ‘ms (2.27)
where oy represents the highest signal frequency and 0 the sampling
frequency.

This condition can be extended to other frequency spectra than those of
fig. 2.7. As stated before (section 2.2), the fit of H*(z) is obtained
by using the input signal as weighting function. With this knowledge the

following criterion can be formulated (fig. 2,8):

"If for some W, eq. (2.27) holds and for w > w, the spectrum of the signal

decreases fast enough, then the error in the interpolating points can be
neglected™. (2.28)
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Fig. 2.8,
. ; ; *
For the signals discussed above one can identify the transform H (z) ob-
. . . . * .
tained from H(s) with the approximated discrete model G (z), discussed

in section 2.2 {(cf. eq. (2.16)):
c*(2) ~ BS(2) (2.29)

This relation holds exactly if the difference in interpolation points,
given by eq. (2.24) may be ignored. The fit H*(z) will therefore be called
almost least squares with respect to G(z), the exact discrete model.

With respect to this discrete model (eq. 2.15) the constructed function

f(s) acts as a linear approximation operator:
1 -1
T log z + £ (z) (2.30)

The actual choice of f(s) is restricted in our case: if eq. (2.29) is

. »* . . ..
assumed to be wvalid, both H (z) and H{s) are raticnal functions. Restricting
the order of the approximated discrete model to the same order of the

continuous process, one immediately obtains transforms of the type:

_a+ bs
c + ds

As all parameters of the continuous precess and its discrete model will be
real, also the coefficients of this transform are real. Furthermore the
imaginary axis of the s-plane should be transformed onto the unitcircle

of the z-plane, with the point s = 0 projected in z = 1. The left half

s=plane should be mapped into the inner part of this circle. One finds:

g = J_* bs (2.31)
1 - bs

with b a constant, still to be determined.
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With this transform the imaginary s-axis is projected symmetrically on
the unit circle in the z-plane, with respect to s = 0

The argument of eq. (2.31) is given by:

arg(z) = arctan 229——775 s jw

1 -bw

]
<]

Now from the goniometric identity:

2 tan u
tan 2u =

1 = tanzu
with tan u = bw, it follows:

arg(z) = 2 arctan bw (2.32)
Taylor expansion gives:

3 5
(bw) {bw)
3 "5

arg(z) = 2.(bn + + vedd, [bw| <1

Comparing this expansion with eq. (2.25), one finds:
T
b=3

and eq. (2.26) reads:

§(w) :%5 3 (2.33)

The constructed transform is also:

2 = f(s) = 2+ 18 (2.34)

2 -~ Tsg

and its inverse:

N
I
—

m
u
h
FainY

N
L
n
Hlro

(2.35)

4]
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This transform is identical to the so-called bilinear z-transform

[ Sinha, 1972] , [Haberland,1973] . It should be noted, however, that the
derivation presented here differs from those of the authors cited, They
consider the reconstruction of the continuous process with the aid of a
hold circuit. (cf. eq. (2.22)),The transform is then based on the continued

pkT

fraction expansion of e , with P @ pole of the continuous process. From

this continued fraction a(l,1) Taylor convergent is formed, yielding:
2 + Tpk

ekaz

- T
2 Py
For its wvalidity it is necessary to assume:;

<< W (2.36)

for all poles of the considered process. Comparing this with eq. (2.27)
shows the main difference: instead of restrictions on the continuous
process, a restriction is made here on the signal entering the process. It
is also shown that the transform will then be almost least squares with
respect to the exact discrete model. In Appendix II another application of

this tranform is given.

If eq. (2.27) does not hold, the treatment is complicated substantially.

In view of the fact that both the continuous process and its approximated
discrete model are described by rational functions, one still can assume
that the transform will be given by eq. (2.31) (restricting the order of
the discrete model to the same order of the continuous process). However

it is not clear if this approximation operator is still linear . In par-
ticular the constant b of eq. {2.31) might vet be a function of the
parameters of the continuous process.

As an approximation, we will neglect this dependency. Instead of the Taylor
expansion of eq. (2.25) around w = 0, this function can be minimized along
an interval of the w—axis. This can be done by choosing the mean difference
in the interpolating points equals zero, For a flat spectrum of the input
signal (fig. 2.7) with highest frequency w, one gets from eq. (2.25) and
{(2.32):

i w W

h h h
] s(w)da = f 2 arctan buwdw - f wTdw = 0 (2.37)
o o 0



-22=-

Instead of solving this equation, the reversed problem will be treated: to
the given interpolating points of eq. (2.34) a fictitious sampling frequency

T is sought, fulfilling the conditions stated above:

w
h Tw h »
J arctan = dw = [ wI do - (2.38)
o o
from which it follows:
2 2
Tw Tuy T w
" =~ (—2 arctan —% --% log (1 + —L)) (2.39)
Tmh 2 2 4

For a highest signal frequency equal to half the sampling frequency:

this leads to (fig. 2.9):

2
*» _8T = r_1 Ty =
T = "2 ( 5 arctan 5 5 log(l + 7 Y) 0.77437
m
T arg (e°T)
*
arg (eST )
2+sT
arg (5oo7)
0
0 L w
T
Fig. 2.9.

So the transform is:

*»
ST 22T . ¢ 2006T"

2 - sT



_23_

* .
Replacement of T by T gives:

2 + T]S .
7 T e ; T ='1.2916T 2

5 - T g L (2.40)

' 1
wh = Vs 3
and its inverse:
_ 2 z — 1

s =3 oz o+ 1 (2.41)

An other approach for signals violating eq. (2.27) is the following. The
transform given by eq. (2.34) can be interpreted as an approximation of

the series expansion of eST. Now, if more terms of this expansion are

taken into account, the truncation error due to the finite number of terms
will be smaller. So the parameters of the discrete model will be in a better
agreement with the series expansion. This can be obtained by choosing in

eq. (2,16), the approximated discrete model, the order £ > p and g > q.
Transforming this model with eq. (2.34) to the s-plane gives an approximation
of H(s), the order of which is (f, g). From this approximation a (p, q)

convergent has to be formed.

Application of this kind of approximation can be found in the field of

simplification of discrete transfer functions [Shih, 1973] .

2.4. Considerations_about the errors_involved in the bilinear _z-transform.

The expected error in the parameters of tﬁe continuous process due to the
difference in the interpolating points can be calculated along the same
lines as eq. (2.41) was derived. For an arbitrary spectrum of the input
signal, this spectrum should be introduced as a weighting function at

both sides of eq. (2.38).

For a flat spectrum, this =zr~or hrs been calculated using eq. (2.39). The
results, TI’ cf. eq. (2.40), are shown in fig, 2.10 as a function of ciw
highest frequency of the signal, It should be noted that if it is known that
the input signal fulfils the assumptions given, the constant TI can be . "en
from fig. 2.10 and the transform of eq. (2.40) can be carried out, assuming

its linearity.
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T
1,5} _t :
T
0,5¢
0 A :
4} I I w
2T T —ay
Fig. 2.10.

The relative error in the parameters of H(s) is also (obtained by comparing
the results of substitution of eq. (2.40) respectively eq. (2.34) into

*

G (z), eq. (2.16)):

i
a, T
1 l .
= - (.__ s i=1, veey q (2.42)
ai T

where the asterisk denotes the estimated process parameter. A same formula

holds for the coefficients bj, J =1, vvay P

An other important criterion on which the relevancy of the bilinear
z-transform can be based is the model error (fig. 2.4)}. To this aim we
shall calculate the truncation error due to the replacement of the differen=
tial operator by this transform,

For some function y = £(t) it follows:

dy(nT) _ ;IanT) 2'% . L= z-! . y(nT)
dt 1 +z2

or:

§]EnT)

2(3tem) - yar-m) - §' a1y + RCD.
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where R(T) represents the truncation error.
R(T) can be calculated for polynomials, one finds R(T) = 0 for polynomials

upto the second degree., So it follows, for sufficiently smooth functions:
1 .2.(3)
R(T)=ETf (to) ; n3:<to<n:[‘+:r

As the operator (eqg. (2.35)) is linear , the model error will satisfy a

relation of the same form. For its power one finds:

4
v (0) = cT (2.44)

with C a constant, depending on both the signals and the process.
This expression shows that the model error can be made arbitrarily small

by choosing the sampling frequency high enough.

Though until now no restrictions have been imposed on-the process, it will

be clear that with the finite frequency contents of the signal and with
finite accuracy of the calculations, no reasonable estimate can be ob-

tained for poles or zeros which become arbitrarily large.

This yields a discrepancy between the bilinear z-transform of the continuous
process H{s) and the approximated discrete model G*(z), eq. (2.16). Suppose
H{s) has a zero S.» and the behaviour of the estimator for s, > == ig5 of
interegtT The discrete model G{(z), eq. (2.15), contains in this case a zero

o

o R
zZ = e , so for s0 + - , G(z)} has a zero in z = 0.

. . * .
It is reasonable to assume, the least squares fit (G (z)) of G{z) contains

also a zero in z = (. However with the transform of eq. (2.34) the zero

So becomes:

Back transformation of G*(z) with eq. (2.35) gives for the zero in z = 0:

N
1

=2 (2.4
T 45)

w
O »
it
=] o
N
+
N
i
o

i = = * =2 . .
So instead of the zero SO = == | a zero 30 = -T_. is estlmated.
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For finite poles and zeros, large with respect to the frequency contents
of the signal, an intermediate behaviour may be expected, also a bias with

respect to the real value of the pole resp. zero.

If it is a priori known that H(s), eq. (2.8), contains a number of zeros
in s = ~® (p<q), then it is possible to transfer this knowledge to the
discrete model G¥(z) by demanding the same number of zeros in z = 0. Then
for a number of (g-p) zeros in z = 0 this gives in eq. {2.16):

Bo, BI, vewy Bq—p = 0. Rew?iting this equation with the backward shift
operator gives:

(2.46)

where the asterisk denotes the new parameters obtained. With this approach
the approximated discrete model has also the same form as H(s), cf. eq. (2.8).

Transformation of this discrete model with eq. (2.34) to the s-plane now,

. . . -2 . .
however, results in a multiple zero of order @ - p in s =— instead of in
§ = ==, These zeros should also still be removed from the transfer function

{cf. section 2.2). The use of some other a-priori knowledge about the

continuous process is treated in Appendix IV,

Finally some remarks: should be made on the method by which the parameters
of eq. (2.46) are obtained. If this is done with a method linear in the
parameters, e.g. the so-called extended matrix method [Talmon, 1971)

(see Appendix V for a short description), the estimator dves not fulfil

the conditions assumed in section 2.2 (cf., eq. (2.18)) as the output signal
is also involved in the weighting function. So in general biased results
have to be expected from this estimator with respect to the discrete model
G*(z) fulfilling the conditions of eq. {2.18). Treating the model error
(fig. 2.4) as an additive noise term, correlated with the output signal,

shows that this bias will only be absent under the condition:.

wxe(i) =0 ; i=1, 2, ... p (2.47)

with:

"
1l

the output signal

the equation error; defined by

]
Il

: * -1 * = .
e =(1 +a.z + ... t Qa2 q)m ; m is
n 1 : q n n
the sequence of model errors.
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In general this equation does not hold.

For signals fulfilling the condition (2,28), where the spectra of x and
m are almost disjunct, we assume that the correlation between x and m
can be neglected for at least p points of its crosscerrelation function.

Putting (cf. fig. 2.4):

then it follows from eq. {(2.47):
wme(i) =0 3 1=1,:2, «eu, P

This condition can be fulfilled by modelling the sequence e as a white
noise sequence (extended matrix method).

Apart from this case one can, however, always assume eq. (2.47) to be
fulfilled, if the power of the equation error and so the model error is
small enough. This can always be obtained by selecting the sampling fre-

quency high enough (cf. eq. 2.44).

2.5. Experimental results of some simulated processes.

A number of continuous processes have been simulated using periodical input
signals (see also chapter 3). One of the signals used was a recording of
the heartpressure signal (cf. chapter 4), in fig. 2,11 the power spectrum of

this signal has been sketched.

o 4
qblil.l.l(f)
0 | (d8)
-40 |
-60 |
-80 l I
0 1 2 3 4 5 6 f£(Hz)
————:
Fig., 2.11,

The power spectrum of the other signal used was flat, with an adjustable
highest frequency (cf. fig. 2.7). As we are concerned about the error of
the calculations random drawings are taken from the power spectrum of the

used signals [ Papoulis, 1965].
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From 5 such drawings the standarddeviations of the procesé parameters have
been calculated, this standard deviation has a confidence interval of

90%. '

Throughout the iterative version of the extended matrix method (Appendix V)

was used here. The weighting factor in this algorithm was chosen to be:
p = 0.9913

and
Ap = 0.025

which choice gives results with almost the same standard deviations as
when no weighting factor was applied, provided the number of samples is
high enough. The use of a weighting factor results in estimated parameters

which are slightly "better" than without a weighting factor.

The transfer function of the first process studied, is given by:

b0 + b]s

H(s) = — (2.48)
1l + a.s8

1 ,
with:
b =1
o
b, = 2.1072
a, = variable

The estimated discrete model will be:

¥z) = 2>—1 (2.49)

In addition to this model in most cases also two parameters of the noise
ﬁrocess are estimated (cf. Appendix V). The number of samples taken into
account was 500.

In fig. 2.12 (appendix) the estimated parameter & of the continuous process

1
is shown, using the heart pressure signal as input. This estimate is obtained
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from eq. (2.49) with the bilinear =z-transform (eq. (2.34)). As can be
taken from fig, 2.1] at every sampling frequency the criterion (2.28) is
applicable.

At poles above the sampling frequency a bias is present in the estimates.
It is thought that this bias is mainly causeéd by the correlation between
the output signal and the model error, ¢f. section 2.4, it should be noted
that the assumptions made there are more applicable at a higher sampling

frequency. The influence of the estimated noise parameters is also shown.

In fig. 2.13 the power of the output signal compared to the power of the
equation error (cf. eq., (2.47)) is shown. The latter power is almost equal

to the power of the model error. As an increase of three times in the

sampling frequency would give a decrease of 19dB in the model error, according
to eq. (2.44), it can be seen that this equation is in good agreement with

the calculated error. For high pass processes (al < 2.10F2) some deviations
can be observed at the lowest sampling frequency. This 1s due to the

necessary filtering of the signals at this sampling frequency, in order to

satisfy Shannon's criterion.

The use of the signal with flat power spectrum in this case, is shown in
fig. 2.14. Here the highest frequency ¢of the input signal is varied from
%E W, till %ms where Wgs the sampling frequency,is fixed.
The poles above the sampling frequency are estimated badly, the calculated
error grows fast. The biag in the estimated poles below the sampling fre-
quency 1s in very good agreement with the calculations of section 2.4
(fig. 2.10). The results of the transform of eq. (2.40), applied to the
case w ='%ws, are shown. Some deviations, however, remain: it is not
known if this is dvetothenon-linearity of eq. (2.40) or due to the in-
fluence of the correlation between the output signal and the model error
in the estimation scheme.

In fig. 2.!5 the calculated power of the equation error is shown, the

results are in good agreement with eq. (2.44).

As mentioned at the end of section 2.3, in the situation where eq. (2.17)
is vialated, it can also be tried to estimate a discrete model of higher

order than given by eq. (2.49). This is applied to the previous case with

w, = lm . The discrete model used is:
h 27s
-1 -2
- Bo + Blz + Bzz
G (z) = (2.50)
— _2 .
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Transforming to the s-plane (eq. 2.34) gives:

b + b,s +"b‘s2
H*(s) __o 1 2
- ~ 9 (2,51)
+ *
] + aIS azs
Now it is found in practice that the coefficients b2 and a, are both very

small when compared to the other parameters. At the same time the smallest
coefficients of eq. (2.51) shall also be the most inaccurate, so it is not
advisable to construct a (1, }) Taylor convergent frgm H*(s). The best
thing to do seems to be to neglect thg coefficients a, and 52 coTpletely.

In fig. 2.16 the estimated parameter a, is shown (the parameter b0 compares

[

always very good with bo’ whereas the parameter b] shows a similar behaviour

as a, in the neighbourhood of a 6 = 2.10-2). Comparison with fig. 2.14 shows

1 1
that the results are remarkably better, especially for poles above the sampling
frequency. In fig. 2.17 the calculated power of the equation error is shown,
comparison of this error with that of fig. 2.15 shows that the first one is

decreased with about 9dB.

Finally the influence of additive noise on the output signal (cf. fig. 1.1)

is studied. The results are based on the use of the heart pressure signal as
input to the processes. The sample wvalues of the output signal are disturbed
with a discrete white noise sequence, The discrete model used is given by

eq. (2.49).

In fig., 2.18 and fig. 2.19 the estimated parameters obtained from this model,
after transformation (eg. (2.34)) are recorded. The influence of the estimation
of parameters of the noise process is shown.

An other simulated process is given by:

b+ b,s + bzs2
H(s) = — (2.52)
1 +a,s + a 32 + a 53
1 2 3
with:
b = 6,013 _ a, = 8.473
L ° 107! b 107
b, = 9.513 _ a, = 5.793 _
1 10 1 2 10.3
b, = 1.911 4 ay = 4.105

10 10



This process has poles in: 126.3 rad/sec

7741 + 11,755 rad/sec

1

0.633 rad/sec
497.2 rad/sec

- o rad/sec

and zeros 1in

This process will also be met in chapter 3.-
The input signal to this process will again be the heart pressure signal
(fig. 2,11). Choosing the sample frequency high enough, the bilineair z-trans-

form will apply, and the discrete model will be (cf. section 2.4):

B +8,z +8
1 2
° — = — (2.53)
1 + a]z + Q

¢*(z) =

The calculated power of the equation error of this model at a sample fre-
quency of 99 Hz is -82dB compared to the power of the output signal.

. * .
Transformation of G (2z) to the s-plane (eq. (2.34)) gives:

" b0 + bls + b252 + b353
H (5) = (2.54)
I + als + azs + a3s3

The estimated parameter b3 is small with respect to the ther paEameters and
will be neglected. In fig. 2.20 the estimated parameters 24 and b2 are shown
as a function of the signal to noise ratio at the output of the process,

the remaipning estimated parameters are shown in fig. 2.21. 1000 samples were

used for these data.
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3. Direct approaches to the identification of continuous processes.

3.1. Least_squares_estimators.

Let the output of the continuous process (fig., 1.1) be disturbed by an

additive noise signal:
y(t) = x(t) + n(t)

Then eq. (1.1) can be written as:

P q
Y(t) = bou(t) + b]M + ...+ b d u(t) - al dY(t) — esse — 4 “""‘l_d (t)+
dt P g¢P dt T gcf

q
+ n(t) + 31-521351 Fouu. +a Sn() (3.1)
de 4 g

We shall first assume that a sequence of sample values of the signals and

a sufficient number of their derivatives, are known. Denoting these sequences
1 -N . N .

as u., ug 2 5 <1. = bE then eq. (3.1) gives:

M, ..« bpugp)— a yil)— R aqygq)+

1

(1) (q) .
+n. + alni + ... + aqni ; (3.2)
- _E<'<E
7 =t 273
Let:
e. =n, +a ngl)+ ees + a ngq) (3.3)
1 i 171 q 1

where e, represents the sequence of equation errors. The N + 1 equations (3.2)

can be written in a matrix notation:
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y= .Q]_}a +te (3.4)
with:
y =l y_z, s ,yl, ses y yﬂ.]
T .
E "[ bo, b], LI I bp, al, s sy aq]
T
e =[ @ _gs tevs €is wens egl
r (1) (p) (1) (@ ]
u_2 u_ﬁ' “oas u‘_z Y__R‘ R y__E
3 ) M@
ﬂl u1 ui esas ui yi yi s
' e (@
u, ug Ceees ug Yp Teeee Yy |
- N
=3

It is well known that the least squares solution of eq. (3.4) is given by:
_l T
El = Ql ﬂ] ] ﬂrz , (3.5)

. . T. . . .
assuming that the matrix ﬂlﬂlls non-singular. If the equation error segquence
e is not identically zero, this solution has a bias with respect to the

parameters b, given by:

-1
5, -3=[nf n,} 2, (3.6)

The expected value of this bias can be calculated by using the limit in

probability [ Goldberger, 1964) . So:



T T
lin E(g - ) = p lim G L e
Mo e N N
1 -1
T T
ﬂl Q Qe
=plim | ——| , p lim —
N0 N I N-+oo N
Assuming again that the matrix-% QTﬂlis nonsingular, this expectation will
only be zero if the expected values of the elements of the vector-% R{g are
zero. Calculation of this vector gives:
T E "'
1 2
- Z u.e,
N -N 1
13—-
2
1 (1)
T
i
1.T _ :
e~ 1 W) . (3.7)
N i i
1 (1)
RS
i
1 (q)
LY oeg
[ i ]

As the sequences u, and e, are assumed to be uncorrelated, the -expected value
of the first p + | elements will be zero. The other elements of the vector are

only correlated with the additive noise n., so:

T

B 2je) = [0,..., 0, BG ] ngl)ei), coes BG ] niq)ei)] (3.8)
1 1

If the noise process is stationary, the right hand members of this equation

can be interpreted as crosscorrelation functions (fig., 3.1):
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1 (r) _ ] }
Eéﬁ Z n; Aei) §+w ¢£r)e(0) s r=1, ..., q (3.9)
L
e(t) ' - g(1) n(t) o
Fig. 3.1.

Now it follows:

r

=4 .
¢n(r)e(0) = dTr{g(T) * wee(T)}T=0 ;T

cees 4 (3.10)

where ¢ee(1) denotes the autocorrelation of the equation error and g(t)

is the impulse response of the process given by eq. (3.3).

No solutions of this equation, however, are known, yielding wn(r)e(O) = 0,
r=1, «v., 9. If the equation error is a white noise sequence, i.e.

¢ee(1) = §(1), then it follows from eq. (3.10),

d"g(x)
wn(r)e(OJ = -—é%;——- ; T cees @ (3.11)

dt =0

The Laplace transform of g(r) is given by (cf. eq. 3.3):

L{g(t}} = G(s) = (3.12)
| + als + ... F aqs

So eq. (3.11!) gives:

v (r) (0) = lim 5.8G(8) 1 r =1, ..., 1

S5-»co

which limit does not exist for r = q.
In contrast to this stationary noise case it might , however, be possible to

solve the bias problem with non-stationary noise sequences. This will be touched

on at the end of this section.
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If the process 1s assumed to behave stationary, f.e. if the initial conditions
of the differential equatiom (1.1} can be neglected, the least squares

estimator can also be based on the Laplace transform of eq. (3,1):
Y(s) = bOU(S) + blsU(s) e, + bpsPU(s) - ale(s) - e T aqqu(s) +

(3.13)
+ N(s) + a]sN(s) S aqsqN(s)

where Y(s), U(s) and N(s) represent transforms of the recorded signals y(t),
u(t) and n(t) respectively.

For the identification of the parameters of this equation, we shall assume

that the signals can be represented by Fourier series, of which N + | coeffi-
clients are available. Denoting these coefficients as Ui’ Yi and Ni respectively,

then equation (3.13) becomes:

- . . \Pyy  _ . _ _ . .4
5{.1 boUi + bljmiUi + oa.. + bp(Jmi) Ui aljmiYi - aq(Jwi) Yi +
(3.14)
. . q .
+ Ni + alJmiNi + ...+ aq(Jwi) N, 3
=N N
FEL 25 3
where Wy is the frequency at which the Fourier coefficients are given.
Let:
= 3 2 q
Ei Ni + aIJmiNi + ... + &q(Jwi) Ni (3.15)

vepresent the sequence of equation errors in this case. The N + 1 equations
{(3.14) can be written in a matrix notation:

Y=2a +E ' (3.16)

2
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with:

T _
Yo=Y, e, Y, |
T
E = [bo, bl, “e vy bp, al, gy aq]
T
B = | E_ys »vv s By vony By ]
GI ju U (jw )pU Juw ¥ Go )%y ]
-2 L -t -3/ Y-g L -4 W g
S . . \P . N |
§2 U; Jug U, (Jmi) U, Jug X, (Jwi) Y.
U jw. U Gw )P U jw. Y Gu )y
A} IR Ly L 2 % zJ
N
=3
The least squares solution of eq. (3.16) is given by
B =[§ZT*Q}_] T
=2 2 a, Y (3.17)

where the asterisk denotes the complex conjugate., The bias of this estimator
can be calculated along the same lines as in the previous case. The elements

1 *
cof = Q Tlg become:

N "2
XN

-I—T*ET—[O olf TR M 27 (3 )qN)*E]

(N 92 )T o= » eers Yoy -N(Jwi i Ei: e [ ]mi i i (3.18)
i= > i

The sequence of equation errors in this case will in general not be stationary
{the coefficients of the Fourier series expansion of a recorded stationary noise
signal is only a stationary process if the noise has a flat power spectrum).

The expected value of eq. (3.18) will now be interpreted as a cross-power:
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X .
] % (Gw,)N)'E Tw (s"N(s))*E(s) ds;
2 w. . A ;
N i=f§ 1 i i e 1 (3.19)
r=1, .vo, 9 3 58 = jw

Upto a factor 27j, the right hand member of this equation is equal to that
of eq. (3.9). So the bias problem of both estimators, eq. (3.5) and (3.17)

is the same.

Now suppose E(8) is obtained by integrating a white noise process E(t)

(fig. 3.2); so:

E(s) E () = -22 (3.20)
5

where P is the power of £(t).

t .
E(t) — J g(T)dT E(Qb

Fig. 3.2.

We now obtain from eq. (3.19):

] 0 joo
[ (s"N(s)®E(s) ds = - [ sTG(s)E(s)E(-s) ds

-jw -jw

1}

i
P f s" 2G(s) ds 3 r = 1,000, ¢

"'j“"

where G(s) is given by eq. (3.12).
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From this it follows:

1 -'d(rHZ)

. ()
—_— f sr'zG(s) ds =
.-.joo

(r=2)

r=1, ..., q

-
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dt :
=20

for r = 2 < 0, the differentiation has to be replaced by an integration.

As can be seen from:

(x=2) -2
4 80 lim ==& 3 E =1, «evy g
_2) g0 q
dT(r I +as+ ... as

all limits exist and equate to zero.

The noise process of eq. (3.20) is the so-called Wiener-Lévy process

[ Papoulis, 1965 ]. It should be noted that also a multiple integration of
the white noise process Z(t), would yield bias free estimators. These
processes are not stationary.

It will also be proposed that bias free estimators can be obtained (only
in the limiting case N+w=) if the additive noise n(t) is derived from a

white noise source E(t) with a filter (fig. 3.3):

¢*(s) =4 . ’ < 5 k2| (3.21)
5 l +as+ ... +a_s
1 q
e(t) > G (s) n(t)b
Fig. 3.3.

The consequences of this filter scheme are not studied, it seems rather
difficult to establish estimators fulfilling this scheme for an arbitrary

noise signal n(t).
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3.2. Instrumental variable mgthods.

As well known in the discrete time case [ Wong, 1966 ], [ Smets, 1970 ]
the bias problem can be overcome by changing the least squares estimator
somewhat, To this end the estimators (eq. (3.5) and (3.17)) are altered

into:
S L
B =128 Zy (3.22)

with a bias given by:

B~-b= [ZTQ] | Z?g (3.23)
where Z represents the so-called instrumental variable matrix, of which

the dimensions are the same as the matrix . The elements of the matrix Z
are chosen in such a way that they are uncorrelated with the additive noise
n(t) and consequently they are uncorrelated with the equation error e.
Furthermore they are selected to have as maximal as possible a correlation
with the signals u(t) and x(t), the latter being the undisturbed process
output. (It is however not tried to give a minimum variance estimator).
Assuming again the matrix ZTQ to be non-singular, it is easy to see that
with the chosen matrix Z, the expected value of the bias, eq. (3.23),

equals zero.

To obtain the elements of the matrix Z, two methods will be given.

The first one is based on an auxillary model of the process (fig. 3.4).

n(t)
y(t)
u(t) - process x{r) + -
e model W(t—)—b

Fig. 3.4.
The output of this model w(t), can be used as an instrumental variable,

fulfilling the stated assumptions if the model resembles the process.

rather wellr Based on the least squares estimator (3.5), the i.v. estimator
will be:
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~1
T T )
E1_i._v. - [21“1] 2x (3.24)
with:
ith row of Z = [ u., ugl),..., ugp), wgl), cen, W€Q)
| 1 1 - 1 1 1

The i.v. estimator based on the least squares estimator (3.17), using the
Fourier series expansion of w(t), the coefficients of which are denoted

by wi, is:

-1
z1%q } zl*

Baivv. T [ 2 L ) (3.23)

with:

.th _ . . P . . g
i~ row of 22 = [Ui,Jw iUi’ cees (Jmi) Ui,JmiWi, ceey (Jwi) Wi ]

The model output can be calculated from:

-~ - - P ~ -~ q
w(t) =b_+b dudt) o . 4p Q—Eéfl - a dw(e) _ o, dwl)
© dt P gt dt 9 g:1
(3.26)

-~ -~

where a. and bi denote the model parameters. In the second case the Laplace
transform of this expression can be used.

The parameters entering these equations, however, are not known at all.
Therefore, the estimation scheme can be started using a least squares
estimator, The estimated process parameters obtained from this estimator,
can be used in eq. (3.26). With the aid of this calculated model output,
an 1.v. estimation can be done. In order to obtain a maximal correlation
between the model output w(t) and the undisturbed process output x{t),
this procedure can be repeated, i.e. by calculating a new model output,
using the estimated process parameters obtained from the i.v. estimator
and so on.

The iterative version of the i.v. estimator [ Smets, 1970 |, (in Appendix V

a short description is given) is also suited for this purpose.

Another i.v. technique can be based on the use of a delayed version of the
disturbed output signal of the process as an instrumental variable. In the

application of such a technique the statistical properties of the equation
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error as well as those of the signals are important. In most cases the
demands for the construction of the instrumental variable (uncorrelated
with the equation error and a (maximum) correlation with the undisturbed
process output) can hardly be satisfied. If the delay time is increased
in order to obtain a smaller correlation between the delayed process
output and the equation error sequence, the correlation between this
delayed process output and the real-time process output will in general
also decrease., This difficulty can be overcome completely if the signals
entering the process are periodical, as their auto-correlation will then
also be periodical. In that case the instrumental variable fulfils our
assumptions, provided the delay time is chosen to be an integer number

of the period time of the signal, assuming that with this delay time

the correlation betdgen the delayed process output and the equation error
sequence can be neglected.

The matrix Z, entering the estimator (3.22) can be obtained from the matrix

ﬂ] given at eq. (3.4) as:

.th _ (1) 1
i row Z]D = [ui, U T yeeaey uip), y£+i,......, yggi] (3.27)

where k denotes the number of samples in one period.
Another possible choice can be based on the matrix 92 given at eq. (3,16):

.th _ . . P . = - q5
i row Z,, [Ui’ ju U vas, (Jmi) u., (Jmi) Y.s eees (Jmi) Yi]

(3.28)

where the bar denotes the spectrum of the one period delayed cutput signal.

Finally it should be noted that the use of a delayed version of the input
signal at the same time, should also result in a bias free estimator

with respect to the input noise,

3.3. An estimator of mixed discrete and continuous type.

Though, in contrast to the discrete time case [ Talmon, 1971 ] , the con-
dition of white residuals to obtain a bias free least squares estimator
seems not to be met in the continuous time case {cf., section 3.1}, it
can be tried to obtain white residuals in the latter case too.

As in the estimator of eq. (3.5) only discrete time samples are involved,
it should be possible to model the sequence of equation errors e, as
being the output of some suitable discrete filter, the input of which is

a white noise sequence. So:

1

s r .
, = EL - d.e, ., + &, 3.29
e E CJE 3 jgl ele £ ( )
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with:

= a white noise sequence

vy

c. 3j=1, .v., 8 and dj 3 J=1, ..., r are the parameters
of the assumed noise process.

Equation (3.4) can now be rewritten, yielding:

y={8{b. + & (3.30)

...,C ,-dl, tey _dr]

- “EL) . ”EE) YEL) . VEE) by Sp-s %-g-l e
) . - |
523 = ‘ uil) . UEP) YE ) Eq) £y gl_s e, L.
Y “Elj “ép) El)' yEQ) g-s fgms %11 -
N
Y =3
The least squares solution is given by:
T 17t
Bop = [ %3] By (3.31)

As the elements Ei and e, of the matrix R, are not available, they will be

3
replaced by their estimates. To handle this an iterative version of the
estimator (3.31) is required, yielding estimates of the process and noise

parameters after each iteration (c¢f. Appendix V). The estimates of the
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elements e, and gi can then be calculated from:

‘
)
n
b
+
Il 20

1 (o

and:

Lad -

T
T
i=1

where the Greek symbols denote the previously estimated parameters.

3.4. The calculation of derivatives and spectra.

A comprehensive study of the generation of the derivatives, necessary in a

number of estimation schemes given, can be found in [ Vlek, 19731} .

We shall restrict ourselves completely to the case of band limited, periodi-

cal input signals. These signals can be represented by a Fourier series:

N
2 ko t

ug) = §J ee ° (3.32)
k:hy.

2
with:
w = %% , T representing the sample time and N the number of
o

samples in one period.
As the signal u(t) will be a real time signal, it holds:

¢ = (3.33)

where the asterisk denotes the complex conjugate. The signal of eq. (3.32)
obeys Shannon's criterion; it is also completely determined by its values

at the sample times nT. The coefficients ¢, are given by:

N
E *
ep =i ] ) u(aTye IKGT (3.34)
n=-"'§

This expression is known as the discrete Fourier transform of the sequence

u{nT). The inverse discrete Fourier transform of eq. (3.34) is given by:
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c. e {3.35)

identical with eq. (3.32) for t = nT.

Eq. (3.34) and eq. (3.35) represent discrete variables, enabling the use of
a digital computer for the necessary signal processing.

With respect to filters, described in the frequency domain, the initial
conditions will be neglected as only the steady state response will be of

interest. The output x{t) of some filter G(s) can then be calculated from:

N
2 jkw nT
)

x(nT) = G(jku de e © (3.36)

In the same way the values of the qth derivative of the signal u(t) at the

sample times nT can be calculated:

N
% jkwonT

oDty = (ko )le, e (3.37)

Finally a remark should be made about the implementation of estimators based
on the spectral components of the input and output signals (cf. eq. (3.16),
eq. (3.25) and eq. (3.28)). The sets of complex equations given there can

be made real by using eq. (3.33)}, which will be somewhat easier to handle.

3.5. Experimental results.

The performance of the estimators given in this chapter, are tested on a
process, instrumented on an analogue computer. A description of this in-
strumentation and the meaning of the process can be found elsewhere [ Vlek,
1973 ] . The transfer function of this process 1s the same as the simulated
process treated in section 2.5, eq. (2.52), which will be repeated here for

convenience:

bo + b]s + b252
H(s) =

2 3 (3.38)
1 + a,8+ a.,s + a.s

1 2 3



with:
b = 6.013 _ a, = 8.473
0 107! ! 1072
‘b = 9,513 a. = 5.793
1 107! 2 T
b, = 1.911 _ a, = 4.105
2 1073 3 1075

The input signal is the same one as used in section 2.5 (cf., fig. 2.11).

From the input and output signals sample values are taken with a sampling
frequency of 99.5 Hz. The results given in this section are based on three
series of measurements, each containing 199 samples of the input and output
signal. The calculated standard deviations of the estimated parameters, based
on these three series will also have a confidence interval of about 80%.

If for some reasons more samples of the signals are necessary in the esti-
mation scheme, these are obtained by periodical continuation of the available
gamples.

The noise on both input and output signal, amounted about -80dB with respect
to the signals, .

As it will appear, however, none of the presented estimators of this chapter
can handle this noise level, and therefore the noise level will be reduced

by the use of a low-pass filter. The transfer function K(s) of this filter
was chosen to be a Brd order polynomial filter with Paynter coefficients

[ Kohr, 1967 ]:

1
2 3
L+ 0.2145 <5 4 0.1865(-.—5—A) . (_)
jo, jw Ju,

The output of the filter can be calculated with the aid of eq. (3.36).

K(s) = (3.39)

In fig. 3.5 (Appendix, page 67) the results of the time-domain least squares
estimator (3.5) and its i.v., extension (3.24) are shown as a function of the
cutoff frequency of the Kohr filter. Only the estimated parameters ;3 and ;2
have been recorded, all others compare well with their nominal values, For

these results the iterative i,v. algorithm (Appendix V) has been used; the
weighting factor was selected to be 1. After a least squares estimation, applied
to the first 200 samples (the results of which are shown}, the i.v. éstimation
scheme was started. After every 50th iteration this estimator has been

interrupted in order to calculate a new model output, As it was observed that

afrer the calculation of 3 such model ocutputs, no further improvement was
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obtained, the estimator has been stopped at this point.

From the results (fig. 3.5) it is clear that with this i.v. technique,
still a bias is present in the estimated parameters. The origin of this
bias is not known, a possibility seems to be the effect of rounding-off

errors in the iterative estimation scheme.

In fig., 3.6 the results of the frequency-domain least squares estimator
(3.17) and its i.v. extension (3.25) are shown. As the signal entering the
process consists only out of a few significant frequencies (cf. fig. 2.11),
it appears not to be recommendable to use in this case an iterative estimatiom
scheme, The results presented are therefore based on the definition of the
estimators, i.e, obtained by matrix inversion.

After a least squares estimation, bhased on the 199 a¥ailable frequency
components of the signals (the results of which are shown), a model output

is calculated and the i1,v. estimator (eq. (3.25)) 1is applied. Repeating this
procedure gave no further improvement.

From the results it can be seen that this i.v. technique is remarkably better

than the previous one.

Comparison of the results of the least squares estimator in the time-domain
(fig. 3.5) and the one in the frequency-domain (fig. 3.6) shows that they

are the same, as should be {cf. section 3.1).

The use of the spectrum of a delayed version of the output signal as an in-
strumental variable is shown in fig. 3.7. These results are based on the
estimator of eq. (3.22), with matrix Z given by eq. (3.28) (estimated para-—
meters obtained by matrix inversion). The presented results are obtained
using all available 199 frequency components of the signals; the least
squares results of the previcus estimator are also shown for reasons of com-
parison, The delay time was selected to be one period (99 samples, the
available signals consist of two periods). The results show no bias, the cal-
culated standard deviation, however, increases much faster than the previous
i.v. estimator. The estimator is also somewhat less accurate at low cut off
frequencies of the low-pass filter, The large standard deviations might be
overcome by taking inte account a larger number of samples. It should be
noted also that the delay time could not be adjusted to exactly one pericd, as
the number of available samples was odd.

In fig. 3.8 the remaining estimated parameters, obtained from this estimator,

are shown.
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Finally some results of the estimator of mixed discrete and continuous type
(section 3.4) will be presented (table 3.1). These results are obtained
without additional filtering.

The weighting factor in the iterative algoritim used (Appendix V) was
selected to be: p = 0.99i3 and Ap = 0.025. The number of iterations applied
amounted to 1000; there are 3 backward parameters of the noise process
estimated; the results of no noise parameters estimated (least squares) are
also shown.

For reasons of comparison also the results of the complete discrete estimator
{chapter 2) are shown (one forward and one backward parameter of the noise
process estimated, further details are given in section 2.5). These results
are also obtained without additional filtering. It should be noted however
that the bilinear z-transform used in the construction of the discrete

model 1tself acts like a low-pass filter.

esh imatur a, 32 a3 bo b] h2
eq. (3.31); ¢ =0, =0 737 | 4.02 | 7.82 i 6.08 _} 8.69 _ | -6.68 _,
{least squares) 10 10 i0 10 10 1¢
+ 0.12 + 0,53 __ |+ 3.29 +0.03 _l+ro06 _l+r.3s
- TEdE 103" 1077 1o”! 107! 10
. (3.3 £ -3, s =0 7.71 1 508 1 859 _ & 5.98 _ | 9.20 | -3.72 _,
(id., with noise para- o - 10 10 10 10 10
netars)
0,21 i+ 082 0+ 69 _ |+ 0.04 1% 0.20 _ 4* ).23 -
10 10 10 10 10 10
eq. (2.34); v =1, s = 1] 843 _f 5,75 [ 3.98 o[ 5.98 1 841 ) 203
(complete discrete 10 10 10 1] 10 10
scheine) £0.05 _[+0.03 _|roa7 _|+0.03 _i+0.03 _l+0.23 _,
] - 10 77 10 7" to 10 10 10
ominal values B.47 _ 5.79 4.11 6.01  _ 9.51 _ 1.91 -3
. 107 T 107 107! 107! 10

Table 3.1

When it is tried to obtain better results of this mixed estimator by filtering
of the signals, the number of necessary noise parameters increases rapidly.
This causes an increase in the standard deviations of the estimated process
parameters, and the resulting estimates are not better than the least squares

estimates,



4. Results of parameter estimation applied to a model of a biological

EIOCESS .

The process of interest represents a (part) of a hydraulic model of the
human aorta[Leliveld, 1972],The results presented here concern the closing
admittance of this model, the electrical analogue of which is shown in
fig. 4.1.

o— | — Y YL 1
—i(r})
R L L
sa sa per
—_— R oer
p(t) C
5a
[ —
Fig. 4.1

The element values of this network as proposed by its designers are:

R = 8.00 ,-2 mmH ml_]s,
sa 10 g
R._ = 1.58 mH ml s,
per g
C =  0.71] nl mm H - R
sa g
= -1 2
=~ 2,16 -
LSa 10 2 mm Hg ml ‘s,
L =n~6.22 -2 mnH_ ml 'sZ,
per 10 g

The admittance of the network, with these element wvalues will be:

2
I(s) _ Dot Sthys

H(s) = = (4.1)
P(s) 2 3
1+als+a25 +a3s
with:
b = 6.024IO—I a = 1.045]0-1
b, = 6.758]0—1 a, = 1.67310—2
b2 = 2.660]0—2 8y = 5.746|0—4
This process has poles in: - 24.4 rad/sec,

- 2.41 + 8.1 j rad/sec,
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and zeros in: - 24,8 rad/sec,
- 0.95 rad/sec,
- @ rad/sec.

The input p(t) of the process represents a simulated heartpressure

(cf. fig. 2.11). The flow i(t) and the pressure p(t) (fig.4.1) are
measured with an electrodynamical flow meter and a pressure transducer of
the semiconductor type. The transfer functions of these transducers can
be neglected with respect to this process and the used signals, as far

as their frequency dependence is concerned. The absolute value of these
transfer functions will be calculated from the estimated d.c. component
and its claimed value (bo).

The pressure and flowsignal are sampled with a sampling frequency of

100 Hz. The results presented concern 9 independent observations of the
signals, each containing 300 samples. Also results are presented con-
cerning the same process, of which the value of Csa is decreased with

a factor 2. In this case 5 series of observations were available. The
calculated standarddeviations concerning the estimated values will have

a confidence interval of 98% in the first case and 90%Z in the second case.
To the calculated standard deviations, however, not too much importance
should be attached, as the main cause of the deviations in the estimated
parameters is due to a rather deterministic error in the apparatus by

which the samples are taken.

The parameters of eq. (4.1) are obtained by using the technique discussed
in chapter 2. The discrete model given by eq. (2.53) applies here too.
_As the signals are contaminated with noise(the signal to noise ratio
amounted to about 40dB), it is necessary to estimate parameters of the
noise process as wellyin order to obtain bias-free estimates of the pro-
cessparameters. It appeared that the use of 2 such parameters (one for-
-ward and one backward) was sufficient.

It should be noted here that these noise parameters describe only the
-additive noise at the output of the process. Nothing has been said about
. the noise on the available input signal. Thisg drawback is basic to all

known estimators (cf. section 3.2 for a possible solution).

In table 4.1 the means and standarddeviations of the estimated parameters

of the two versions of the process are given.
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Nominal EI 52 1 33 I Eo 5] ! 52
value ' i i
0 1 ‘
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VT T : i
1
- B I S 2. -1 3,30, - 1,68 -3
16547 1.25 -2 . Typ73 815 ! gt "
0.7t 30,227k | £ 0,07, -2 12 0,585 ¢ Oulb o1+ 070 =1 vr 041 o
-_ —_ _— - : _Q
110,71 | 7.9, | N L B BT
3 - - -5 L 0e - 0, - 34 =3
0.36 + 0,03, -1 |+ 0.37 -3 li 051,752 0.09, 471 [+ .08 - ‘: 0.3,

Table 4.1

From the estimated parameters the element values of the process (fig.4.1)
are calculated (Appendix VI). As can be seen from eq. (4.1) there are

more parameters of the process available than necessary for these calcu-
lations. As 53 is the smallest parameter (and consequently the most in-
accurate estimate) this parameter has been omitted in the calculations.
The available estimated b-parameters are determined up to a comstant,

as said before already. In the calculations of the element values this
constant has been determined from the estimated parameter Bo with respect
to its nominal value. In principle the calculation of the element values
is a non-lineair function of the estimated parameters. This can introduce
an extra bias in the element values. This bias is investigated by compa-
ring the element values calculated from the mean estimates (table 4.1)
with the mean of the element values, obtained by calculation from each set
of estimated parameters. The results of these calculations appear in table
4.2, The standard deviations given are obtained from the last mentioned

calculations.
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Values obtained from: Fper Lper oa Lsa “sa
- S S —
indivi 5 . - 2 - 7 20 8, -
individuyal parameters 1.45 7 610 3 ']|O 1 i, io ; 110 1
- - e
+ 0.02 12.1103 tOZlOI 103|0g‘:l.4mi
1
mean paraneters .45 7.15]0'—'5 2 ]]G—l 1 7078 ! 8 Lygo!
!
mins 2 . . - a. - 2 -2 -
nominal values 1.58 62 .’:‘10 3 0 SIO i "10 2 7 J!O 1
indivi . . - R -2 ! ’ -
individual parameters 1.41 2 310 3 2 610 | 2 T : 5 2|0 1
t
+ + 2.6 - 2 - 2 -
+0,02 |+ 2 ﬂoj + ozm 1 101102|10 267!
7 . . - 2, - - | . -
mean parameters 1.41 8 310 3 610 1 2 110 2 | 4 210 !
nominal values 1.58 62.210 3 G 8]0—1 2 210—2 ‘ 3.610—1

Table 4.2

As can be seen from the results most element values are estimated rather

well., It also appears that the non-linear transform does not cause bias,

The estimated value of L
g per

compares badly with its nominal value; this

nominal value itself, however, is only a guess. The decrease of CSa with

a factor 2 is well estimated.
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5. Conclusions and suggestions.

For the identification of linear continuous processes two different
approaches are given: the use of a discrete time model and the more direct
techniques, based on the derivatives or the spectra of the signals. Com-
parison of the results presented shows that the first one can handle a

higher noise level than the second one, if no additional filtering is applied.

The investigations of the discrete time model are in good agreement with
the results obtained from simulated continuous processes. It is shown that
the bilinear z-transform constitutes a discrete model, which has almost

least squares properties with respect to the continuous process.

In the case of estimators of the continuous type emphasis has been given
to the development of techniques yielding bias—free estimates. The results
of wusing the techniques presented, all show an improvement with respect

to simple least squares estimators.

A number of basic problems not treated here, are suggested for future work

on this topic:

- The treatment of additive noise on the input signal of the process. This
is of great concern in practical applications of the estimators.

- Study of the statistical lower bounds for the standard deviation of the
estimates.

- Application of an optimal filter in the estimation scheme (in order to

obtain a maximal signal to noise ratio in these schemes).
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List of often used symbols,

u(t) = process
x(t)
y(t)
n(t)

process

n

input signal

output signal

disturbed output signal

additive noise signal at the output of the process

U(z), X(2)yeeeeas.= Z-transforms of the signals

U(s), X(s)y¢uv+....= Laplace transforms of the signals.

= the number
the number

= the number

H W o 9
[

= the number

of forward process parameters minus one
of backward process parameters
of forward noise process parameters

of backward noise process parameters




_55_

Figure captions

Fig. 2,12

Estimated backward parameter of first order process is shown versus the
instrumented parameter, Input signal obtained from random drawings from
the power spectrum of a recorded heart pressure signal. No noise added

to the output signal. The sampling frequency f3 has been varied:

1: fS = 99 Hz , 2: fS = 33 Hz and 3: fS = 11 Hz.

The dashed curve (1') shows what happens when no parameters of the "noise"

process are estimated,

Fig. 2.13

The equation error of the discrete model concerning the process of fig. 2,12
is shown (F = 10 log Pout/Peta).

l: fS = 99 Hz , 2: fS = 33 Hz and 3: fS = 11 Hz.

Fig. 2.14

Estimated backward parameter of first order process is shown versus the
instrumented parameter. Input signal obtained from random drawings from a
flat power spectrum with adjustable highest frequency fh’ sampling fre-

quency fh,= 99 Hz, No noise added to the output signal.

1: fh = 49 Hz , 2: fh = 16 Hz and 3: fh = 5 Hz.
The dashed curve (3') shows the transform with Tl = 1.29 T,
Fig. 2.15

The equation error of the discrete model concerning the process of fig., 2.14
is shown (F = 10 log Pout/Peta).
l: fh = 49 Hz , 2: fh = 16 Hz and 3: fh = 5 Hz.

Fig. 2.16

Estimated backward parameter of first order process is shown versus the
instrumented parameter. Input signal obtained from random drawings from

a flat power spectrum with highest frequency fh = 49 Hz , sampling frequency

fs = 99 Hz. No noise added to the output signal. Here a second order discrete

model has been used.
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Fig. 2.17
The equation error of the discrete model concerning the process of fig. 2.16

is shown (F = 10 log Pout/Peta).

Fig. 2.18

Estimated backward parameter of first order process is shown versus the
insprumented parameter, Recorded heart pressure used as input signal, sampling
frequency fS = 99 Hz. White noise added to the output signal:

1t S/N=w, 2:5N=50dB, 3: 5/N=40dB and 4: S/N = 30 dB.

Signal to noise ratio's measuyred at the output of the process.

Thejdashed curve {(4') shows what happens when no parameters of the noise

process are estimated (S/N = 30 dB),

Fig. 2.19

Estimated forward parameter of the first order process of fig. 2.18 is shown
versus the instrumented backward parameter.

b: Sm=w, 2:5/N-=50dB, 3: 5/N=40dB, 4: O/N=230dB and 4':

no noise parameters estimated (S/N = 30 dB).

Fig. 2.20

Estimated parameters (53 and 52) of a third order process are shown versus
the signal.to noise ratio (S/N) at the output of the process. Recorded heart
pressure used as input signal, sampling frequency fS = 99 Hz.

1t two forward and two backward parameters of the noise process estimated,

2: no noise parameters estimated.

Fig. 2.21

2. and 52) of the process

The remaining estimated parameters (Bo, Bl’ i

of fig. 2.20 are shown.,
Solid line: two forward and two backward parameters of the noise process

estimated, dashed line: no noise parameters estimated.
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Fig. 3.5

Estimated parameters (53 and BZ) of a third order process are shown versus
the cutoff frequency of the used low~pass filter. The time domain least
squares estimator 1s compared with its i.v. extension, A model of the process

has been used for this i.v. technique.

Fig. 3.6

Estimated parameters (3, and 62) of a third order process are shown versus the

3
cutoff frequency of the used low-pass filter. The frequency domain least squares
estimator is compared with its i.v. extension. A model of the process has been

used for this i.v. technique.

Fig. 3.7

Estimated parameters (53 en 52) of a third order process are shown versus
the cutoff frequency of the used low-pass filter. The frequency domain
least squares estimator is compared with its i,v. extension. A delayed

version of the output signal is used for this i.v. technique.

Fig. 3.8
The remaining estimated parameters (BO, B], 31 and 52) of the process of
fig. 3.7 are shown,

Solid linet i.v, estimator, dashed line: 1.s. estimator.
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Appendix I: Newton's interpolation formula.

The interpolating polynomial of degree n in t, based on n+l equidistant va-

lues of some function f(x), can be written as[ Sauer, 1968].
f(x) = f(x ) + (t)a. £+ (t)Azf + . ce. + (t)Anf (I.1)
o . o 9 ° e n o

with:

b
"

x, + th; h is the interval length,

i=20,1, ... ,n+l, the values of f(x) at x = 0, h, 2h, ..., ih,....

o=
]

the forward difference operator

This expression is known as Newton's interpolation formula.

The forward difference operator is defined by:

Af, = £, - £, (L.2)

ATE, = A . - A f. (I.3)

The given interpolation polyncmial can be rewritten, using the forward shift-

operator z. The shiftoperator is defined by:

z £f. = £, ' (I.4)
So it follows from eq. (I.2):

Afi = (z—l)fi
Now assume the following relation to be wvalid for some k:

k, _ , .k

b7E, = (zm1)E (1.5)
Then it follows from eq. (I.3) for k+l:

k+] k

_ _ oAk _ _+k _ N
A fi = A fi+1 A fi (z=1) fi+1 {(z-1) fi

z(z-!)kfi - (z—])kfi - (z-1)k”fi
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So eq. (I.5) is also valid for k+l, when assuming its validity for k.
Then from complete induction it follows that eq. (I.5) is wvalid for all k.
Application of the derived relationship between the shiftoperator and the

difference operator to eg. (I.l) gives:
() = £ ) + (DEDE + G DI+ G0 (1.6

This represents of course only another notation of the interpolating poly-

nomial.
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Appendix II: Approximation to the inverse Laplace transform.

The inverse Laplace transform of some function F(s) is given by:
c+j™

£(t) = F(s)et ds (II.1)

1
2m]

c-jeo
where f(t) denotes the original time function.
It is assumed that the convergence region of the integral in this equation
contains the imaginary axis of the s-plane, which allows the choice c=0.
An approximation of eq.(IT.1) can then be obtained for some functions F(s)
of which the functional values for s=jw become arbitrary small, provided w
is choosen large encugh.
Let w =-% denote a frequency above which the values of F(s), with s=jw, can

be neglected. The integral of eq.(IT.1) can then be splitted up into three

parts:

% -z j=
T
. ts ] ts 1 ts
f(t) = 33 J F(s)e = ds + Vsl J F(g)e ™ ds + T3 J F(s)e ds
—E _jm 1
T T

The approximated timefunction, f (t), can be obtained by ignoring the last

two integrals, yielding:
i

T
£ e) =—27’r—j J F(s)e ™ ds. (I1.2)

-

T
For the calculation of this equation use can be made of the Z-transform
[Jury, 1964). By choosing a sampling frequency of twice the highest frequen-

cy, and substituting in eq.{(II.2), the sampled values of f*(t) become:
. m

T

£* (o) = F(s)e®™T ds, 0=0,1,2,...... (I1.3)

L
2n]

SIS NS

Transformation of this equation to the z-plane, with
z=e 3 -—3< 8< =] (IT.4)
and

s =-% logz ; principal value of the logarithm (11.5)
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gives:

» I T S O | n-1

f (nT) = T § T F(s T logz)z dz (I1.6)
where the contour integral has to be calculated on the unit circle of the
z-plane.

The inverse z-transform of some function G(z) is given by:

g(nT) = 3%? é c(z)z" ! az (I1.7)

where g(nT) denotes the sequence of sample values of the original of G(z).
Comparison of eq.(II.7) and (II.6) shows that, apart from a factor T, the
function F(s ='% logz) is the z-transform of the sequence f‘(nT). In order
to calculate the values of f*(nT) directly from F(s =-% logz) a second
approximation will be made, This is necessary as the function is transcen-
dental in 2z, which makes it impossible to expand it into powers of z_l
(long division). The coefficients of such an expansion are the values of the
discrete time function.

For the approximation of F(s = % logz) one can use approximations of logz
as substitutial approximation operators. A large number of such approxima-
tion operators are known, for a review and results see [ Cuénod, 1969].

They can be constructed for example from the continued fraction expansion
of logz, round z=1, and the use of its (1,1) Taylorconvergent as a linear
approximation operator:

% logz =

e

z~]
z+1

Sl

Or, when applied directly to F(s):

N
1

(I1.8)

n
1t
TN
N
+
I

This equation is readily recognized as the bilinear z-transform. In the appli-
cation discussed here the operator (I1.8) is known as Tustin's operator
[iustin, lgéj].

Using of this and other substitutial operators one is able to transform ra-
tional functions F(s) into rational functions F(z). The sequence of sampled
values obtained by expansion of F{z) in powers of z-'1 yields also an approxi-

mation of the original time function £(t), the inverse Laplace transform of

F(s),
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Appendix TIT: The comstruction of Taylor convergents.

#* . . .
Let H (s) be a given rational function:

f

2
¢ +c,84c,8 *,...%+C .8

] 2 £

1+d, s+d 52+.....+d o8
1 2 g

From this given function another rational function of lower order, H(s), has

H‘(S) =

(I11.1)

to be constructed:

H(s) = 212 ips £, q< g. (I11.2)

1+a, s+a sz+....+a sq
1 2 g

When this construction is performed by demanding that a maximal number of co-

b +b s+b 52+...+bpsp

efficients, i.e. in general p+q+l, of the Taylor expansions of eq.(III,l) and
eq.(III.2) are equal, such a construction is called a (p,q) Taylorconvergent

of H*(s).

The coefficients of the Taylorconvergent H(s) can be obtained by multiplying

the Taylor expansion of H*(s) with the denominator of H*(s) and the denomina-

tor of H(s), yielding:

s+c252+.....+cfsf)(]+a s+a 52+.....+aqsq) (I11.3)

(co+c 1 2

1
Multiplying of the Taylor expansion of H(s) with the denominator of H!(s)
and the denominator of H(s) gives:

(bo+hls+b

52+....+bpsp)(l+dls+d s2+....+dgsg) (I11.4)

2 2

By equating both polynomials (III.3) and (III.4) equal upto the degree

p+q+l, a set of p+q+l equations is obtained:

d.b +d. b +d. b +......+d
i Ti-

(By*d; ok, iy (I11.5)

e, +cC. oo tC,
€1T%-1%17%-2%2 ®i-q%q’

i=0,1,2,....,p%q;

with the convention: ao=l 3 ai=0 for i > g or i< 03

bi=0 for i > p or i < O.



This set of equations can be written in a convenient matrix notation:

with:

"o me

g-1

O O O O A e

e=0Qb,
cT =[e ,c, ,ec
= o*"1*72 ¥
T
B” = [b .b sbyse.
0 0‘-!....!.0
1 0 .
d, ] 0 :
d, d, 1 :
: 4
. - i
. : . . d
dg_2 dg_3 dg_a.. ..d
. dg-l dg—2 28—3. L ld
d d . 0d aeeeeas
g g-1 g-2
0 d d ...
g g-1
0 0 :
g
0 0 0
0 0 0..d ... d

_75_

0
c
0
¢
€2
1 .
€1
g-p-1 cf
0
g-p
g-p+l 0
g-p+2 9
g-p+3 .
0
q

.,bp,—al,-az,;...,ﬂaq] .

..,cf,0,0,,,..,O ] ; dimension p+q+i,

Ovenerenns 0

0 :

0 :

o
0

: .?°

&eger L

Ce_prrrrer cf_q+l

cf_l ...... cf-q+2

Ce - ""cf-q+3

[ O Y

(with the same convention for the indices as in eq.(III.5)).

The coefficients (parameters) of H(s) can also be calculated from:

assuming Q to be a non-singular matrix.

(III.6)

(111.7)
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. . *
As can be seen from its construction only terms up to the degree p+q of H (s)
enter the calculations., Tt is therefore possible to apply this scheme also

to functions of the type:

c0+c wis)+c w2(5)+....+c wf(s)

1 2 £

T
H (s) = 5
1 +d1w(s)+d2w (s)+....+dgwg(s)

(111.8)

. 2 .
By Taylor expansion of w(s), w (s), etc. up to the degree p+q, a rational func-
tion is constructed, of which the (p,q) Taylor convergent is the same as the

*H
one of H (s).
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Appendix IV: Incorporation of some a-priori information of the continuous

process in its discrete model.

It will be assumed here that the bilinear z-transform applies to the discrete
model of the continuous process. As will be clear from substitution of this
transform in thetransfer function of the discrete model, the continuous para-
meters are lineair combinations of the discrete parameters. For example, the
d.c. component b0 is given by:

q

Lo (Iv.1)
i=1

p

bo B izo Bi - bo
where Bi’ o, are the parameters of the discrete model. Relations of the same
kind apply to the other parameters of the continuous process.
If a number of parameters of the continuous proecess ig known, or alse, if
linear relationships of these parameters are given, this information can be
transferred to the discrete model, yielding a number, say k, of linear re-
lations between the parameters of the discrete model. Let these relations be

given by:

+ & 4 9 a =
Hyp Bo * Mg Byt -en tu, BTy

Moy By ¥ lgp B+ eeveenn v Uy B, = vy
. . . (IV.Z)

Mep Bo Mo By

+ ieieeees T Pig Bz Vi

With:

uij; vy i, 3 =1,....,k are the given coefficients,

B: 3 i=20,....2 are the parameters of the discrete model (for simpli-
city, no difference has been made in the notation of forward and

backward parameters).

Using the elimination method of Gauss, this set can be written in a semi-diago-—

nal form:
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™ 8 . *. *

]J}] o u],k+] Bk 'Oncnn-+ u]z Bz
* + u* B . B
Moo B1 2,k+1 Tk "ot oz Pz

y g + > + *
e Bra uk,k+l Bk ceeeenet U Sz

The partial solution of these equations is:

_ % o *n *
80 = “1,k+l Bk R ulz Bz + vl
*H e T

Bl = “2,k+1 Bk e uzz Bz + v,
R * Ty

Bk-l = My k4] B oot Mg BZ * vy

B = Bre

g_ = B

N
N

1

(1Iv.3)

(IV.4)

where the parameters Bk,....,Bz have been added to make the following matrix

notation possible:

8 [ BysBpaynrsroresBe]

The elements of the matrix u and the vector v can be obtained from eq.

(1v.4).

(Iv.5)

Equation (IV.5) contains the available information of the continuous process,

obtained by eliminating k discrete parameters.

Writing the output of the discrete model as:

y=e8f
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It follows:

y=aug +0yv (1v.6)
The least squares solution of this equation is given by:

é* = [(9 u)T Q u] “la u)T(z - Qv) (Iv.7)

From these estimated parameters, estimates of the parameters of the discrete

model can be obtained by using eq. (IV.5).
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Appendix V : Discrete estimation schemes.

V.l The extented matrix method.

o e e o = ek B e e e R B e et S e . o Pt Y ot P e

Only a short description of this technique will be presented here. A detailed
analysis of this method can be found in [Talmon, 1971].
Consider a discrete process (fig. V.}) whose input and output relationship is

given by the difference equation:

? q
x, = .Z by oy _; - ‘Z TR qzp (v.1)
1=0 i=1
with:
X = the sequence of output samples,
u = the sequence of input samples,

bi’ a; are the parameters of the discrete process.

u discrete y
process
Fig, V.1

The available output is disturbed by an additive noise signal n,

Vi = ¥ + 0, (v.2)

Combining eq. (V.1) and eq. (V.2) gives:

P q q
wew Lobyweg - Lagyegrmer Ioagm g (v.3)
i=o0 i=1 1=1
Define the equation error e, with:
q
e T Ty * 121 8 M—i (V'“?

Now suppose that the equation error sequence can be obtained from a white

noise sequence Ek:

r
] c; &g * 121 d; e s (v.5)

®
=

I

e
=

+
1l ~1t0

i
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withs _
C:5 di the forward, respectively backward parameters of the assumed

noise process.

Together with eq. (V.4) and eq. (V.3) it follows:
| % a s T
ve= L byuy - Toaye v Does g - 1 e g (V.6
i=o i=| i=] i=]
The extented matrix method is based on this equation. The assumed white noise

sequence Ek guarantees that the application of a least squares estimator will

be bias-free.

Let N samples of the input and output signals be available, yielding N-q

equations of the type (V.6). These can be written in matrix notation:

y=92,b, +5 (v.7)
With:
T _ [
¥ yq+1, yq+2,..........,yN »
T
E = [ Eq+]’ Eq+2,tl ------- .’EN] s
bl = [b, b b, - -
- [ o? 1*° . ’ P’ a]’ """ »78 cls. o ,Cs, "'dl, ..... ,"dr]
qHLtnT e q+1-p yq ....... ¥ Eq ...... Eq+l—s eq. . eq+l-r
By = : : : : :
i uN,,......uN_P Yu—l""yN-q EN*I""EN-S et Ny j

A consistent estimator of b is given by:
[ T J" T
E] = Q] Ql 91 y (v.8)

The sequences ey and Ek are not available. Therefore it will be necessary to

use an iterative version of the estimator (V.8), yielding estimates of the
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parameters after every k samples, k =1,.,.,,N, Estimates of the values of

e, and Ek can then be calculated from:

k
e =¥y * ‘Z a; (Ky, . - .Z B; (), _. (v.9)
i=1 1=0
and:
r S
E, = e+ izl 8, (ke - izl \FROLAP (V.10)

where ai{k), Bi(k), Gi(k) and yi(k) denote estimates of the parameters

after k iterations.

The iterative estimator of eq. (V.7) is given bys:

B

—k+1 =B

By = Py Oy e

T -1, T
ey Py Yt Gy By - v
with:

- T
P =5 Py " P &y Lo v om0 oy op ), i

£
1

th .
et 1 (k+1) row of the matrix ﬂl; the elements ek and Ek replaced
by their estimates,

p = a weighting-factor.

The weighting factor has been introduced as the estimates of the equation

error and the white noise sample will be bad in the beginning. The use of a
weighting factor however fixes a lower bound to the standard deviations of

the. estimated parameters. This can be precluded by increasing the weighting fac-

tor in an exponential way during the iterative scheme, viz.

V.2 The instrumental variable method.

A comprehensive study of this technique applied to discrete processes can be
found in [Smets, 1970). Only a short description is given here.

Based on eq. (V.3) and eq. (V.4) a set of equations can be obtained for N
available samples of the input and output signals. These equations can be

written as:
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y=Q,b, +e, (V.13)

T.—
y o= [ yq+|, yq+2,.........,yN ] ,

e = [ eq+1, eq+2"""""’eN] ,

b, = [ b b],.........,bp, -a],.........,—aq] s
[ ?q+1"""""'?q+l-p ?q...........Yl 1
gy Tyegeeeeee e Vigeg )

A congistent estimator of this equation is given by:
[ 270, | "
B,= 12 9, 'y (v.14)
with:

.th
i row of Z = [ui,.......,u s Wil psereracens,W

i-p i-q]

i =gl N
v, = the output signal sequence of a model of the process

The consistency of thig estimator is based on the fact that the model output
sequence W, and the noise sequence n, will be uncorrelated.

The parameters of the model of the process are not available. An iterative
version of the estimator (V.14) can therefore be used, yielding estimated
parameters after every k samples, k = 1,......,N. An estimate of the model

output can then be calculated from:

P q
we = 1 OBy - § e (Kw (V.15)
i=0 i=1

where Bi(k) and ai(k) denotes the estimated process parameters after k ité-

rations.
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The recursive form of the estimator (V.14) is:

T -1
= B {p + w

T
B kT Pr Epy Dt P et @y B T Vi)

—~k+1

with:

=— (p -p z, {p+ wt p z }_lmT
Py k-1 k-1 “k 2 Pr-1 2k k Px-1°

O |-

n

(k+])th row of the matrix @

Zr+1 2?

Zyy T (k+l)th row of the matrix Z; the elements w

estimates,

k

p = a weighting factor.

replaced

by their

The weighting factor is used as in the beginning bad estimates of the

model output are obtained (cf. section V.I)
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Appendix VI: The calculation of the elementvalues of a network,

Let H(s) be a given admittance function:

b +b,s +b 52 + vineese + b s
1 2 D

H(s) = (VI.1n)

2
l + a.5 + azs + 4eseeas + A sq

1
If the network represented by this transfer function is also specified, the
element values of this network can be obtained by use of the results of network
synthesis [Weinberg, 1962 ] . In general this will be a rather difficult task
and in a number of cases no unique solution can be obtained (this occurs if
the specified network contains more elements than the number of coefficients
in eq. (VI.1).
In some cases, however, the element values of the network can easily be cal-

culated. Consider for example the 'delay-line' of fig. VI.l:

Fig. VI.l

If eq. (VI.1) is supposed to represent the input admittance of this network,
it holds:

2n~1,

o]
1l

(V1.2)

L

2n,

where n is the number of sections of the network.

The elementvalues of this network can now be calculated by first removing
the first series branch from the impedance function H_l(s), observing that
the order of the numerator of the remaining network decreases with 2:

2 2n

1 + a.s + a + ..s4s. + A, 8
- : 2n

|
2
b0 + bls + bzs + ,.... +Db

]
H_](s) - 2

2n-1
Zn-lS

a* + aTs + oLeesas t a; 2 sznm2
R] + sL] + n- =
: bo + b]s + eei.. t b2n-1 8
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The coefficients R],

2n+1 linear equations,

L and az can be obtained by long division, or solving

Next the first parallel branch of the remaining admittance function is re-

moved: i
b+ b.s + b8 4 suvees + b g 2n-
H*(s) __o 1 2 2n-1 -
™ R . * 2 . . * s2n—2

aO als 825 ss e s azn_z
* »* * 2n-3

G] + SCI +b0 +b]S ¥ cieenas + b2n-3 s
* * * 2n~2
ao + als + 4 8 & & & 3 B + a2n-2 S

These calculations can be repeated until the complete network has been’
realized.
The preceeding calculations yield the coefficients of the following conti-

nued fraction expansion of H-l(s):

+sL1+ ! 7
G, + sC,_ +

H_l(s) = R1

R2 + st +

LI B R N SRR BN R R A BRI B R ]

P I B N R R N R R R A N AL R R

]

R +sL +—777.
n n

G + sC
n n

vee t

(VI.3)

As an application we will finally treat the network discussed in chapter 4
of this report (fig. VI.2). Let H(s), with p = 2 and q = 3, again represent

its input admittance.

; L
sa sa
R
per
H(s)
=
sa
L
per
o

Fig, VI,2
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First remove the series branch from the impedance function Hnl(s):

2 3
- 1 + 2,8 * 8,8 + 3,8
H "(s) = 5 = (VI.4)
b +b s + b,s
o 1 2
a: + aT s
Rsa * SLsa * 2"
b +b s+ b,s
o 1 2
From the remaining admittance function, the first parallel branch is re-
moved:
2
b + bis + bzs 1
H*(s) = o = gC + (VI'S)
a* + a*s sa g + sL

o~ % per per

This removal, however, is only possible without error, if it holds:

13 285+ (VI.6)

the closure equation,
. . * * .
Together with the equations for a, and a obtained by the removal of the

series branch, this gives the following set of equations:

b= %o * boRsa
a8 = aT * biRsa * b2Lsa
a8 = bZRsa * blLsa (VE.7)
a3 = b2Lsa
0 = —bza: + blaT

As in practical application the coefficients entering these equations are
only estimates, the set of equations given will be false.

This can be overcome by neglecting the 4th equation, observing that the
coefficient a, is very small, and will be the most inaccurate estimate. The

equations can then be solved easily.
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