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Chapter 1

Constitutive laws

1.1 Introduction

In this chapter three constitutive models will be analyzed. The models are in literature
given by strain-energy functions. In the first section the relation between the strain-energy
function and the 2nd Piola-Kirchhoff stress tensor is given. With this relation the 2nd
Piola-Kirchhoff stress tensors for the three models are derived.

In the next section two simple test problems, uniaxial stretch and simple shear are worked
out using the three models. In the last section the plane stress situation is given for each
model.

1.2 The strain-energy function

With the second law of thermodynamics, it is possible to derive that the 2nd Piola-Kirchhoff
stress tensor can be related to the free energy. The stress-deformation relation is simply:

IE) _ Bp(C) . ()

'P(,S) = fo

where:

P = 2nd Piola-Kirchhoff stress tensor

S = 2nd Piola-Kirchhoff stress tensor based on the deviatoric stress
po= mass density

= free energy

€=Green Lagrange strain tensor

C=Cauchy Green strain tensor

W=po ¢ is an elastic potential energy function (also called the strain-energy function).
The stress-deformation relation becomes:
ow ow(c
p(8)= VE) 5 IW(E)

3¢ ac (1.2)




In the next subsections these relations are used to determine the 2nd Piola Kirchoff stress
tensors from three different strain energy functions.

1.2.1 Strain-energy function by Mow/Holmes

The strain-energy function used by Mow/Holmes [1] to describe the non linear isotropic
characteristics of soft gels and hydrated tissues in ultrafiltration yields:

| €ep (a1 (J1 —3) + a2 (J2 — 3))

pob(C) = W(C) = o =

(1.3)
where:

Y = free-energy

W = strain-energy function

po = mass density

o, a1, ig= positive constants

,3 =01 + 20[2

J1, J2, J3 = three principal invariants of the Cauchy Green strain tensor

Using equation 1.2 it is possible to determine the second Piola-Kirchhoff stress tensor.
(Appendix A)

J: UT ] _ _
P=2W{(as+axs — ZB) T+ (—az + = B)C— =C?} (1.4)
J3 J3 JS

1.2.2 Strain-energy function by Bovendeerd

Bovendeerd [2] uses the following strain-energy function to describe the mechanical be-
haviour of the passive (heart) myocardium (transversely isotropic with respect to the €;-
direction).

W(g) =cC [6$p (G1IE2 + azIIE + (Z3E332 -+ a4(E312 + E322)) - 1] (15)

where:

c, ay, ag, ag, a4 = material parameters

Ig =En +Egs + Esz = J3

g = E?, + E2; + E2, - E;1Eg; - EgyEg3 -Eg3Eyy = -J;

J1, Jo = principal invariants of the Green-Lagrange strain tensor

Because of the incompressibility of the cardiac tissue, the scalar IIIz = det(£) is left out
of this strain-energy function.



Equation 1.2 supposes that W is symmetrized in the variables E;; and Ej;. If this is not
the case, the symmetry of S;; can be maintained by writing [3]:

1 oW oW

Sij = 5(5@; a_@;)

(1.6)

Assuming that a; = 2 a; = a3 = a [2] and using equation 1.6 we obtain: (appendix A)

Ey Eyp Esgs 0 0 Em3
S=2a W(g) Eyq Ey Eg + a4 W(g) 0 0 Faq (17)
Es Es 2E33 Es; Ez O

1.2.3 Strain-energy function by Huyghe

To describe the passive behaviour of myocardial tissue (orthotropic), Huyghe [4] specified
the strain-energy function W by:

W(E)= cn {ezp(acsEr1) — acsEn + exp (ac4E2) — acpEa + exp (ayEaz) — aypEss
[exp (asEr1) — ayEyy] [exp (asEas) — apEgs]

[ezp (apFr1) — as 1] [exp (a3Fs3) — as E3a]

[ea:p (abEzz) - abEzz] [€$P (abE33) - abEss] - 6}

cs{exp [as(E12Ers + E1sErs + EyaFas)] — 1} (1.8)

+ + + +

where:

¢, = initial normal stiffness

¢, = initial shear stiffness

a,; = exponential factor in cross-fiber stiffness
as = exponential factor in fiber stiffness

a; = exponential factor in bi-axial stiffness

a, = exponential factor in shear stiffness

The above strain-energy function assumes implicitely that the stress-strain relationships
in direction 1 (transmural) and direction 2 ( plane cross-fiber direction) are the same.

Using equation 1.6 we obtain: (appendix A)

Sii = en{acs Eii — acp + ap exp (apEi + Ej;) — azexp (E;;) i=1 j=2,3
—ay E;jexp (apEy) + as’Ej;} i=2 j=1,3
=3 j3=1,2 (1.9)
Sij = %cs{ZasE,-jezp (as(E12E12 + E13E13 + Ea3Eas))} i, =1,2,3
i J



1.3 Simple test problems

Our aim is to implement the non-linear elastic constitutive equations in the Finite Element
Package DIANA [5]. If we want to test these implemented equations it is necessary to
compare the output of DIANA with analytical solutions. Therefore the analytical solutions
for two different (simple) test problems are derived: uniaxial stretch and simple shear.

1.3.1 Uniaxial stretch and compression

Consider a uniform compression or extension of the block in figure 1.1, in the €3-direction.
It’s length changes from lsp to 13, and its cross-section changes from Aq to A.

I

10| 2

Figure 1.1: deformation of a block

The deformation gradient tensor F depends on the material symmetry:

* isotropic/ transversely isotropic &-direction

A 0 O .

0 0 X\

* orthotropic

o~
o

(1.11)

w
[=]

A 000 ; ]
— - — 2 —_
F = (()) /})2 ;)3 /\1—71—0 /\2_75 Az =



1. Uniaxial stretch/compression in the model of Mow/Holmes

The equation for the 2nd Piola-Kirchhoff tensor has been derived in section 1.2.1 (equation

1.4).

J2 J,
7’=2W{(al+a2J1—ﬁﬁ)1+(—az+iﬁ)6—%c2}

The Cauchy-Green strain tensor C for isotropic uniaxial stretch/compression yields:

X0 0
C=FF=|0 X0

0 0 A2

where:

Jy=1t2(C) = A} + 2 )3

T = 1 { (br (0) 2(C?) }= 2 X2X3 + M
J3 = det( C )= A}

substitution of this equation in equation 1.4 gives:

Py = 2pWlog + az)\i + 0‘2/\§ - ‘)I‘B_z]
2
Py = 2p0W{C¥1 + 0-’2)\1 + 0’2/\2 - 7\5]
2
Ps3 = 2pWley + 20223 — ')'\ﬂ‘z‘]
1

where:

WZCYQ

exp (a1(A2 4 2X2 — 3) + a2(2A3A3 + A3 — 3))

(A1)

(1.12)

(1.13)

(1.14)

It is difficult to interpret the second Piola-Kirchoff stress tensor. Therefore the first Piola-
Kirchhoff stress tensor (77) is used. 7T is directly related to the force on an undeformed

surface.
T =PF°
In this case:

AP 0 0
T = 0 AP 0

0 0  APss

(1.15)

(1.16)



In the case of uni-axial stretch/compression in €3-direction, T, and T2 have to be zero.
T11 = T22 = /\2[2p0W(Ot1 -+ 012)\% + az/\g - %)] =0 (117)
2

The relevant solution of this equation yields:

2
A; _ -1 — az/\% + \/(a]_ + az/\%) + 4&2,8 (1.18)

2(12

Substituting A2 in Ts3 gives:

T33 = )\1P33 = Al W [—az)\f + \ﬁal + az/\%)z + 4a2ﬂ - %] (119)
1

In the next figure T33 is given as a function of A;:

Ty [KPa]

Figure 1.2: T 33 as a function of A;, where ap=1, 04=0.3 and 0=0.2.

2. uni-axial stretch/compression in the model of Bovendeerd

The equation for the 2nd Piola-Kirchhoff stress tensor has been derived in section 1.2.2:

Ein By Eis 0 0 Eis
S =2a W(g) E21 Ezz E23 + ay W(g) 0 0 E23
Esy Esp 2Es3 Es; Ez O




The Green-Lagrange strain tensor £ for transversely isotropic uni-axial stretch /compression

yields:
1 1 A2 -1 0 0
=—2-(.7"'..7-"°—I)=-2- 0 A-1 0
0 0 A1
Substituting equation 1.20 in equation 1.7:

Su=aW(E)(2-1)
522 =a W(g)(A% - 1)
333 =a W(g)()\g - 1)

where:
W(E) = cleap (7a(X ~ 1)) =1
In this case Ty; and T3 have to be zero.
Tu=Ta=XSu=XaW(E)(M-1)=0
The only solution for this equation is Ay = 1.

T3 = XSz =a W(S) ()‘% - 1)

T, [kPa]

A

Figure 1.3: Ta3 as a function of Ay, a=3 and ¢=0.5 [kPa)

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)



3. Uniaxial stretch/compression in the model of Huyghe

In section 1.2.3 the 2nd Piola-Kirchhoff stress tensor for the model of Huyghe has been
derived.

Sii = cn{acs Eii — acf + ap ezp (asEi + Ej5) — avexp (asEj;) i=1 7 =2,3
—ay’ Ejjexp (avEii) + > Ejj} i=2 j=13
i=3 j=1L2 (1 o5
Sij = 3¢.{2a,Eijexp (a,(Er2Ers + E13Er3 + Ez3En3))} i,j = 1,2,3
1# ]
For orthotropic uni-axial stretch/compression the Green-Lagrange strain tensor yields:
1 A -1 0 0
£ = 5 0 A2 —1 0 (1.26)
0 0 A2 -1

Combining these equations and equation 1.15 gives:

1 1 1
Tu= A cuf{acrezp (acfg(/\f — 1)) — acs + arexp (abf(/\% -1+ ab§(/\§ -1))
1 1 1 1
—  apexp 5(%()\% -1) - agi()\g —~1)exp (ab-2—(/\f -1)) + a§-2—()\§ -1)
1 1 1 1
+ asezp (abg(xf -1)+ abg()\g —-1)) - afi()‘g — Deap (as5(A — 1))

~ eap (o (3 — 1)) + a5 ~ 1)} (1.27)

1 1 1
Too = Ao cu{acsexp (acf-z-()\§ —1) — acs + avexp (ab-2—()\§ -1)+ abg()\g -1))
1 1 1 1
— a0~ Dewp (ag (3 ~ 1)) — mezp (a3 (¥ — 1) + a5 (0 — 1)
1 1 1 1
+ wezp (w5 (X — 1) + @508 — 1)) — a;5(A3 — Deep (ar5 (X3 — 1))

— meap (a3 — 1)) + a5 (- 1)} (1.28)

1 1 1
Ts3= As cn{acsezp (acf—2-()\§ — 1) — acs + avexp (abg()\f -1)+ a,bg(/\g -1))
1 1 1 1,.,
— anenp (@s (0 — 1) — 2 ~ Deap (w508 — 1) + o204 ~ 1)
1 1 1
+ aezp (a5 — 1) + @500 — 1)) — aseap (a5(X; — 1)

1 1 1
— agi()\g —1)ezp (ab§(/\§ -1)+ afi()\g -1)} (1.29)

9




In the case of uni-axial stretch Tq; and Ty have to be zero.

T11=0 A%Z].
Ty =0 2=1

Substituting A? and A2 in T3 yields:

1 1
T35 = Ascn{acsexp (Zacf(/\g —1)) — acs + 2asexp (Zab(,\?; —1)) — 2as} (1.30)

T10

Ty, [kPa]

e

Figure 1.4: Tss as a function of A3 where c,=0.01 [kPa], a;;=10, a;=12.

1.3.2 Simple shear

The top surface of the block in figure 1.1 is subjected to a translation in the é€;-direction
(u3), while the bottom surface is fixed. The deformation gradient matrix F for this proces is:

* isotropic/ transversely isotropic/ orthotropic
1 00
— — lus
F=]o010 )= [E&] (1.31)
v 01

1. Simple shear in the model of Mow/Holmes

In the case of simple shear the Cauchy-Green strain tensor yields:

1442 0 «
C=FF= 0 10 (1.32)
v 01

10



Using equation 1.4, 1.15 and 1.32 we obtain:

T11 = 0
Tos = 2p0 W (22 7?)
¢ (1.33)
Tis=Ts1=2po W {(—cz2+ B8) 7}
where:
W = % ezp (o1 + a2)7?) (1.34)

These functions are shown in the next figure:

; -
T [kPa]

Figure 1.5: Ty, T13 and T3; as a function of 4 where ap=1 , 2;=0.3 and a;=0.2.

2. Simple shear in the model of Bovendeerd

,72

o OO

1, . 1

o O

0
7

In the case of simple shear the Green-Lagrange strain tensor yields:
Using equation 1.7, 1.15 and 1.35:
T11 =a W(g ) ’)’2

) (1.35)
T22 =0

Tss = Y (a W(E) + 30, W(E)) (1.36)
Tiz=v(aW(E)+7a W(E) + 2asW(E))
Ts = y(a E(€) + a4 W(€))

11



where:

W(E) = clexp (i*ﬂ(a*yz + 20 + a4)) — 1] (1.37)

{30

25

Figure 1.6: T11, Ts3, T13 and T3 as a function of 4 where a=3, ¢=0.5 [kPa] and a,=0.5.

3. Simple shear in the model of Huyghe
Using equation 1.9 , 1.15 and 1.35 it is possible to derive:

Ty = cn{acrezp (2acp7?) — agr + 2apezp (ary?) — 24}

T2=0

Tss = rc,as7%exp (24%) (1.38)
Tis = jcsasy’exp (37°) + ven{acrezp (30:7%) — acr + 2asexp (3047°) — 20}

Ts = 3¢sasvexp (37°)

12



T - [kPa]

0,2 Bt 2 T

Figure 1.7: Ty, Tas, T13 and T3; as a function of 7y where ¢,=0.01 [kPa], acy=10, a,=12,
c,=0-1 [kPa] and a,=15.

13



1.3.3 Summary

Holmes/Mow Bovendeerd Huyghe
Uni- Tss | M200W[o1 + 2a2)‘§ - Tb?-] AlaW(Af -1) Aacn{acfez‘p (%acf (Ag -1))
axial where: where: —acs + 2apezp (Fap(A3 — 1)) — 20}
—ay —agd3+ 4 f(a1+aar)?+iazf . , .
M= i M; 24 W = clexp ($a(X? - 1)%) - 1]
tensile
— og eop(aa(A3]+223 =3)+ax(22] A3 4+23-3))
=% (Z55Hs
test N.B. /\f =1
b=c1 + 20 NB. A2 =1 A2 =1
Simple | 731 | O a W42 enlacpexp (%acf'yz) —acs]+
2a,exp (%ab'y2) — 2ap
shear Too 2poW(a2‘/2) 0 0
Tas | O 12W(a + %a..;) %-c,a.,'yzezp (%'yz)
Tis | 2poWl(a1 + a2)r] YW (a + av? + La4) tesasv?ezp (39°) + venlacsezp (Racsy?)
—acs + 2apezp (%ab'yz) — 2a,)
Ts1 | 200W(e1 4 a2)4] YW (a+ a4) Lesasyezp (34%)
where: where:
W = Z2exp (V3 (o1 + a2)) W = clezp $92(av? + 2a + a4) — 1]

In uniaxial compression the models of Bovendeerd and Huyghe predict T1; = 0 for
A1 ((A3) = 0. In practice Tq; has to go to minus infinity as A; ( As) approaches zero.

It is also remarkable that in the simple shear situation the model of Mow/Holmes

(T11, Tss = 0 ; Ty # 0) predicts the opposite of the models of Bovendeerd and Huyghe
(T11, Tas # 0 5 To2 = 0). In the simple shear situation, Ty can’t be zero. This can be
made clearly from the following figure:

14
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’ ’ \ i
/ / é>3

Figure 1.8: deformation block in simple shear

The upper plane moves to the right, but stays at the same height l; > l;o. To achieve
this there must be a force on the block in 11-direction. The model of Mow/Holmes must
therefore be distrusted in shear stuations.

1.4 Plane stress situation

We want to use a membrane element in DIANA. The behaviour of this element can be
described in a plane stress situation. To compare the DIANA-results for this element with
analytical results, the equations of the 2nd Piola-Kirchhoff stress tensor have to be rewrit-
ten to the plane-stress situation. In the next subsections this will be done for the models
of Mow/Holmes, Bovendeerd and Huyghe.

In the plane-stress situation it is assumed that the 13-, 23- and 33-components of the stress
tensor are zero. With the equation P(S)ss = 0, it is sometimes possible to express Ez3(Cas)
as a function of E;;(Cy1) and Eg3(C2s). Substituting the equation for Casz in S1; and Sa;
yields the 2nd Piola-Kirchhoff stress tensor for the plane- stress situation.

If it is not possible to express Ez; as a function of E;; and Eg;, Es3 is left out of the
strain-energy function. Because S35 = %—l leaving Ez3 out ensures that Sz = 0. From
the new strain-energy function the 2nd Piola- Kirchhoff stress tensor for plane stress can
be derived. In the first situation the coefficients of plane-stress can be used in the 3-D
situation. In the second situation this is not possible.

1.4.1 Plane stress in the model of Mow/Holmes
The 2nd Piola-Kirchhoff stress tensor in the model of Mow/Holmes yields:

P =20 W {(aa + ands = 2 ) T+ (o + 1 B)C = 7€) (1.39)

In the case of plane stress, Cy3, C23, P13, P23 and P33 are zero.

4

J—30323 =0 (1.40)

J. J;
Psz = 2poW (01 + 0 J1 — 'j::ﬂ) + (—az + '.']iﬂ)csa -

15



where:

J1 =Cqu1 + Caz + Cas

Ja = C11Cz2 + C22Ca3 + C11Cas - C3,
J3 = C11CCss - C%; Cas

B=o+2a (a1(J1 — 3) (J, = 3))
W _ agerploalJi —3) + as(Js —
(E) = Po Js"

It is now possible to express Cas as a function of Cy; and Cas:
_ B
0a3C11 + 2052 + oy

Substituting Css in equation 1.4, we obtain the 2nd Piola-Kirchhoff stress P11, P2, and
Pi,, for plane stress:

Css (1.41)

J J
Py = 2pW(as + apdy — TZ'B) + (—az + T:'B) Ci1 — ‘%(Cfl +Ch)

J J-
Py = 2p0W(ay + 01 — u—;ﬂ) +(—aa + -Jlﬂ) Ca — JE(C% +C3,)
3 3 3

J-
Py = 2pW(—az+ J_:’B) Crz — %(011012 + C52C13) (1.42)

1.4.2 Plane stress in the model of Bovendeerd

In plane stress the equation for S33 in this model yields: (Ey3, Eq3 = 0)

The only solution is Es3=0. This means that in this model plane stress and plane strain
are the same. In practice this is not very plausible. With Ss3, E13,E;3 and Esz we obtain:

En E
S = 2aW (E) ( EE E:z ) (1.44)

Because we left out the és-direction in this 2nd Piola-Kirchhoff stress tensor, this equation
is now isotropic. (€1,€2-plane was isotropic)

1.4.3 Plane stress in the model of Huyghe
The equation for Ss3 yields:

ow
Saz = <%) = co{acsexp (acsEss) — acs + avexp (a5 Ery + ayEss) — avexp (asErr)

- afEnel'P (apEss) + aZEn + apezp (apEa2 + asEss)
— apezp (apEa2) — a2 Eyzexp (apEss) + a?Ez} (1.45)

16



This equation can be rewritten to the basic form:
Sss=ay’ +cyl+e=0 (1.46)

Solving this equation means that ay® + cy? = e, where b and d are unknown. This can
only be done numerically. Therefore the second method is used. Leaving E33, E;3 and Eg3
out of the strain-energy function gives:

W(E) = Cp {ea:p (acfEn) - a,c_fEn + ETp (acszg) - acsz;)
+ [ezp (avFr1) + ayEnllexp (apEos) + avEag]}
+ Cs{e$p (a3E12E12)} (1.47)

The elements of the 2nd Piola-Kirchhoff stress tensor for plane stress are:

ow
Sy = FEL= {acrexp (acsEur) = acy + avezp (apEyr + asEo)
— alEyexp (asEnr) — asexp (ayE22) + a2Eq3} (1.48)
ow
Sa = 9Fx = ¢, {acrexp (acfE22) — acs + apexp (ap By + ap Ey)
— apexp (a3 By1) — a?Evexp (a3 E2) + 0By } (1.49)
1(0W oW
512 = 521 = 5 <8E12 + aTzl-) = csasElge:cp (asElem) (150)

17
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Appendix A

In this appendix the derivation of the 2nd Piola-Kirchhoff stress tensor for three different
strain-energy functions will be made.

A.1 Mow/Holmes

Mow and Holmes use the following strain-energy function:

erp (a1 (Jl - 3) + s (Jz - 3))

po(C) = W(C) = o = (A1)
where:
Y = free energy
po = mass density
oy, 01, 0ig= positive constants
B =01+ 20,
J1, J2, J3 = three principal invariants of the Cauchy Green strain tensor
The 2nd Piola-Kirchhoff stress tensor can be related to the strain-energy function:
_ oW
P=2"%
_ oW 8(J1) oW 09(Jz) oW 9(Js)
‘2(mm o T 50 o¢ T 3 oC (A-2)

The derivates of the invariants to the Cauchy-Green strain tensor have the following form:

0(Jz)
oc oc

9(J3)
oc

=LI-C =J,I—JC+C? (A.3)
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It is now possible to determine the 2nd Piola-Kirchhoff stress for the model of Mow and
Holmes:

exp (a1(J1 — 3) + az(J; — 3))

3
ezp (a(J1 = i);_ o2(J2 —3)) a (J1IT —-C) +
3
exp (a1(J1 — 3) + azx(J2 — 3)) * (-8
=9 ea=9) +0) (17 e
J. J
P =2 W {(on+ ok — Z2B)T + (~an + 2)C — 2c7) (A4)
J3 JS J3
A.2 Bovendeerd
Bovendeerd uses the strain-energy function:
W(E) = clexp (a1 Ie? + az Ilg+ as Iy +as I15") — 1] (A.5)

where:

Iz = E11 + Ex2 + Eas

I,IE =E% + E% + E% —Ei Ex — EgEss — EssEn
IE = E33

H}z = Egl +E§2

To derive the 2nd Piola-Kirchhoff stress tensor the following relation is used:

1 W 0w
Sz’j_E(a_"E;; 5@;) (A.6)
o _ 1 oW (dUs) 85\ , 1 oW (30l 8(ITy)
“T 2 9(Ig) \OE; ' OE;; 2 8(1Ig) \ OE;; OE;;
1 oW (8(Ip)  0Up)\ 1 oW (0(IIy)  9(IIy)
2 B(15) (aE,-j t 98, | T 28011 \9E; | 0E; (A7)

The derivates of the invariants to the Cauchy-Green strain tensor are:
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1 (0(Ig) , 9(E) 0(Is) _

2( 3E; aEJ,)‘ 5g - T (49)
1 (8(Is) IIE) o

2 ( oE; T )‘g nt o
1 (a(IE) 8(IE)> 9(Ig) _ 3 3 3\‘ (A.10)
2 \ OE; Eji o€ 00 1} |
1 (a(lljg)Jr@(Hé)) {0 o ﬁg\ (A.11)
2 \ 0&; OE;i Eyzy Ess 0 )

Assuming that a; = 2 a; = ag = a, it is now possible to derive the 2nd Piola-Kirchhoff
stress tensor:

S= W() 2algT+2aW (E)[E — IZ] + 2aW () Es3
+  2a4W(E)[Es1 + Erz + Esp + Eg3 (A.12)

Or in matrix notation:

Eyy By Ess 0 0 Egs
8 = 2(J,W(8) E21 E22 E23 + a4W(£) 0 0 E23 (A13)
Es Fay Eas Es Esp 0
A.3 Huyghe

Huyghe specified the strain-energy function by:

W(E) = {ezp (acsEr1) — acgEry + exp (acsEaz) — acp By + exp (ayFEa3) — apEas
lezp (asE11) — asEn1] [exp (asEaz) — apFas)

[exp (asFr1) — asEn1] [exp (asEss) — apEss)

lezp (a5 E22) — a3 Eas] [exp (a3Es3) — apFEss] — 6}

ci{ezp [as(BraErz + EzEns + EpsEs)] — 1} (A.14)

++ + +

This equation can be written as:
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w(E)

cn{ezp (acsBr1) — acp By + exp (acsEz2) — acgFag + exp (afEss) — apEss
€xp (abEu + abE22) — apEqexp (abEzz) — apEsyexp (abEn) + GZE11E22
ezp (asEu1 + a5 Ess) — asEssexp (apFu1) — apErsexp (a3 Eas) + af B Ess
exp (apEzz + a3 Fs3) — apEssexp (apEa2) — apEazexp (aEs3)

azEzzEss — 6} + cs{ezp (as(EraFrz + E13Era + EaEys) — 1)} (A.15)

+ + + +

Using this equation and equation A.6 we obtain:

Sll =

S12 =

523 =

S31 =

532 =

ow
( 55 ) cn{acrexp (acEr) — acp + asexp (apEry + apFaz)
11

— aperp (abEzz) - aszgea:p (CLbEll) + agEzg
+ asexp (aFr1 + apEss) — af Essexp (apFn1)

— apezp (apEss) + a?Es3} (A.16)
1 /(oW ow 1
5 (_—BEH + 3E21) = 5c,{2a3E12e:cp (as(E12E12 + E13Ers + EozEng))} (A1)
1/0W oW 1
) (E-E; + B_.Ea;) = 503{2a3E13ezp (as(E12E13 + Er3Eqrs + EjsEas))} (A.18)
1/0W W
3 (TE;I + —5E_12> S12 (A°19)
ow
= cp{acsexp (acsEon) — acs + arexp (apFry + asEa2)
O0Es
— a?Enexp(ayEz) — avexp (a5E11) + af By
+ asezp (apEa + avEs3) — a?Eszexp (ap Esp)
— apezp (apEs3) + a?Ess} (A.20)
1(0W ow 1
-2- (BE_zs + E_E—;;) = ‘2'c3{2asE236$p (as(E12E12 + E13Eq3 + E23E23))} (A-21)
1/0W oW
) (8?31 + 3?13) = S13 (A.22)
1 /0w ow
) (aTsz + -3—E-£> = So3 (A.23)
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ow
S = (__3E33) -

+

This can be written as:

cn{acsexp (acs Esz) — acy + asexp (apFry + a3 Ess)

apexp (ayE11) — a2 Er1exp (ayEss) + a?E1;
avezp (apEaz + ayEss) — azexp (ay Eg)
a2 Epsexp (ayEsz) + a?Es} (A.24)

Sii = cn{acs Eii — acof + ay exp (asEyi + Ej;) — avexp (apEj;) i=1 j=2,3
—asz‘jje:cp (abEii) + aszjj} 1=2 j3=1,3
1=3 =12 405
Sij = Lc,{2a,E;jexp (as(E12E1s + E13Ers + Ea3Es))} ; 1,2,3

23



	1 Constitutive laws
	1.1 Introduction
	1.2 The strain-energy function
	1.2.1 Strain-energy function by Mow/Holmes
	1.2.2 Strain-energy function by Bovendeerd
	1.2.3 Strain-energy function by Huyghe

	1.3 Simple test problems
	1.3.1 Uniaxial stretch and compression
	1.3.2 Simple shear
	1.3.3 Summary

	1.4 Plane stress situation
	1.4.1 Plane stress in the model of Mow/Holmes
	1.4.2 Plane stress in the model of Bovendeerd
	1.4.3 Plane stress in the model of Huyghe

	A.1 Mow/Holmes
	A.2 Bovendeerd
	A.3 Huyghe


