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Summary 

This report describes an investigation of the influence of the 
shape of the teeth on permeance and on the tangential force
displacement curves of slotted structures. 
Chapter 1 presents the calculation procedures. First the in
fluence of varying slotdepth is calculated for rectangular 
teeth, followed by the calculation of the influence of rounded 
slots. The influence of the toothwidthjtoothpitch ratio is 
then investigated, the slotdepth being kept constant. These 
calculations are carried out for three assumed material con .. 
ditions, viz.: 
a Ideal iron, i.e. iron with infinite permeability, Ilr + 00 

b Normal iron, i.e. iron with a finite, non-constant 
permeability, excluding the influence of hysteresis 
and saturation of the teeth. 

c Normal iron, now considering also tne influence 
of eventual saturation of the teeth. 

In chapter 2 a description is given of a measuring device by 
which the calculated force-displacement curves are verified. 
These measurements are carried out for five different airgap 
values, seven different toothwidths and eight values of the 
excitation. 
Finally, in the third chapter, a comparison between the cal
culations and measurements is made and conclusions regarding 
the most suitable toothwidth for slotted structures are drawn. 
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INTRODUCTION 

The problem that is investigated in this report is that of the 
magnetic behaviour of two identical slotted iron surfaces oppo
site each other (see figure I). The problem is considered to be 
two dimensional; calculations will apply to units of 1 m per
pendicular to the drawing. Further the calculations apply to an 
infinite repetition of this pattern, end effects not being con
sidered. The relevant magnetic field may be generated by a con
stant current I in a coil of N windings giving an mmf 0 = NI. 

t s h 
A 

9 
x ~ 

Fig. 1. Doubly slotted structure. 

We are interested in the magnetic permeance between both sur
faces and in the horizontal force when one of the surfaces is 
shifted with respect to the other, keeping the airgap g at a 
certain constant value. Furthermore, keeping the toothpitch A 
at a constant value, the slotwidth s and the toothwidth t can 
be varied, resulting in various force-displacement curves. The 
above mentioned features can be of great importance when de
signing electrical machines with slots in stator and rotor, 
e.g. stepping motors. 

The toothwidth can be made such that, for a certain value of g, 
one finds: 
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a An as large as possible average force when varying the dis
placement from a position with maximum permeance to a posi
tion with minimum permeance. 

b An as large as possible maximum force. The displacement 
value at which this maximum occurs can be of importance. 

c A particular shape of the force-displacement curve. This 
can be important if one looks for a particular dynamic be
haviour of a machine. 

In this report the calculation of permeances and forces is 
presented. The influence of varying slotdepth is calculated 
for rectangular teeth, followed by the influence of rounded 
slot bottoms. Next the influence of the toothwidth/toothpitch 
ratio is investigated, the slotdepth being kept constant. 
These last calculations are carried out for three assumed ma
terial conditions, viz.: 
a Ideal iron, i.e. iron with permeability ~r + 00 

b Normal iron, i.e. iron with a finite, non-constant 
permeability, excluding the influence of hysteresis 
and saturation of the teeth. 

In ~, by nature the iron/air interfaces are equipotential sUr
faces. In~, a similar property is assumed, which may be con~ 

sidered to be a fair approximation. 

£ Normal iron, now including the influence of saturation 
of the teeth. 

Saturation of the teeth gives a change in the magnetic poten
tial along the iron surface. The absolute value of this poten
tial is higher in the slots than on the tips of the teeth, an 
effect that may be indicated by a virtual rounding off of the 
teeth corners and an increase of the airgap width. This re
duces the permeance and decreases the force with respect to 
the case without saturation of the teeth. 
To verify the calculations a measuring device was built. 
The measurements were carried out for five different airgap 
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values, seven different toothwidths and eight different val
ues of the potential across the airgap. 
Finally the results of the calculations will be compared with 
the measured results and some conclusions will be drawn. 
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1. CALCULATIONS 

1.1. Calculation of the Force 

1.1.1. Introduction. 

For the calculation of the force it is essential to 
know as precisely as possible the magnetic field in the air
gap. 
In this chapter we will first develop a method to calculate 
the force-displacement curves, requiring numerical computa
tions and after that find expressions for the average force 
under static conditions, i.e. the average force developed 
when one iron surface is made to move with respect to the 
other from a position with maximum permeance to a position 
of minimum permeance in a quasi-static way, keeping the po
tential across the airgap constant. 
To be able to carry out the calculations, a few simplifying 
assumptions will be made. 
a The field problem may be treated as being two-dimensional. 
b As the field pattern repeats itself every toothpitcn A, it 

suffices to calculate the field intensity and the force 
for one toothpitch. The total force can then be found by 
multiplying the calculated force by the number of teeth. 

c First, calculations will be carried out for slotting with 
ideal iron (IJr + 00). 

In this case only the magnetic field in the airgap has to 
be dealt with. 
After that slotting with normal iron and finally slotting 
wi th normal i ron and saturati on of the teeth will be i n
vestigated. 

1.1.2. Determining the formula for calculating the force. 

To calculate the force, two, closely related methods 

can be used. 
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a 14ake use of the total magnetic co-energy W' 
m 

The force is then found from [1 J 

aw' m 
F =-x ax 

in which x is the horizontal displacement 

( 1) 

b By integrating Maxwell's stresses over a flat plane in the 
middle of the airgap. 
The force then follows from [8J 

The integral should be extended over a surface that envel
opes one of the members; for our purpose it is acceptable 
to assume contributions for areas other than that in the 
airgap to be negligible. 

Both methods require a detailed information regarding the 
magnetic field intensity. 
In our calculations we will make use of method b as this re
quires evaluation of a surface integral, while in the first 
case a volume integral of the energy intensity has to be cal
culated. 
Furthermore the following of Maxwell's equations will be used: 

aE 
curl H = J + e; on (3 ) 

div B = 0 (4 ) 

and B=IlIlr!! (5) 
- 0 

As there are no changing electrical charges in the airgap and 
because the excitation coils are not situated in the airgap 
region, (3) becomes: 

curl H = 0 (6 ) 
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The magnetic field intensity is obtained from a scalar poten
tial such that 

!!. = -grad U (7) 

therefore (4) and (7) lead to Laplace's equation 

div. grad U = 0 (8) 

. , 
In a Cartesian coordinate system this can be wr,tten as 

The magnetic field in the airgap can be split into two parts 
with respect to the chosen plane in the airgap. (see fig. 2). 

y 

1 
!! 

A 

Fig. 2 Magnetic field. 

a Vertical component!!.y 

H = (H.n)n -y - --
b Horizontal component ~x 

~x = (.!! x !!.) x .!! 

!:! 

__ x 

(10) 

( 11) 
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From (2). (5). (10) and (11) it follows that 

Ftotal = ~o ff{Hy~ - i(H~ + H~)~}dA 

= ~o ff{HyHx! + HH~ - H~)~}dA (12) 

Each part of the area seems to be subjected to a vertical ten
sion 

a = i~ (H2 - H2) o Y x (13) 

and a hori zonta 1 tens ion. 

(14) 

As we are only interested in the horizontal force F. (12) sim
plifies to 

F = ~o ff HxHydA (15 ) 

For the two-dimensional case this results in 

F = ~o 1 t f HxHix (16) 

in which lt = toothlength perpendicular to the plane of draw-
ing. 
For our numerical computations this gives 

n 

F = ~oltz.if HXHy + error ( 17) 

when the airgap is divided horizontally into n equal parts per 
toothpitch and z is the number of teeth. The error can be made 
sufficiently small by a suitaple large value of n. 

'-
For these field calculations one·can resort to the method of 
conformal mapping. and to numerical methods. 
The first method is not suitable for our purpo'seowing to the 
rather complex shape of the area. For most ~o~putations' the 
finite difference method [9] was applied. but for the calcu
lations of section 1.2.2. the finite element method [10] was 
chosen. 
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1.2. Computed results 

1.2.1. The influence of the slotdepth, with ideal iron. 

The influence of the slotdepth is calculated for rect
angular teeth with toothpitch A = 2m, toothwidth t = slotwidth, 

s = A/2, (see fig. 1). 

Furthermore x = 0.5 m 
e/g = constant = 1 Aim 

1 t = 1 m 
The forces are computed for 

A/g = 40, 20, 10, 8.05 and 5. 

The slotdepth for these 5 values are 
0.6s, sand 2s respectively. 

The results of the calculations are given in table 1. 

h = 0.6s = 0.3A h=s=p h=2s=A 

A Fv F dev. F dev. F 
g % % 

40 0.0208 0.0206 0.96 0.0208 0.00 0.0208 

20 0.0347 0.0337 2.9 0.0345 0.58 0.0346 

10 0.0469 0.0440 6.2 0.0463 1.28 0.0466 

8.05 0.0479 0.0434 9.4 0.0467 2.5 0.0472 

5 0.0418 0.0350 16.2 0.0398 4.8 0.0405 

Table 1. 

dev. 
% 

0.00 
0.29 
0.64 
1.45 

3.10 

In this table the deviations with respect to Fv are given. 
Fv is the force calculated by Veltkamp and Brands [2J; their 
calculations were carried out for infinitely deep slots by 
means of conformal mapping, therefore considered to be exact. 

F and Fv are specific dimensionless force figures, derived 
from real forces by dividing these by 1I0.lt.e2 A. 
From table 1 we see that for increasing airgapwidth g the in

fluence of the slotdepth increases. 
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For further calculations a value of O.SA was chosen for the 
slotdepth, because this is a value that will often be met in 
practice, also because the influence of the slotbottom is 
slight in this case. 

1.2.2. The influence of the slot shape. 

Here the influence of rounded slot bottoms is calcu
lated. These slots consist of a rectangular part with depth h' 
and on top of that a semicircle as drawn in figure 3. 

js 
h 

9 

S t 

x 

Fig. 3 Rounded slot bottoms. 

The influence on the force is calculated for Alg = 20 with 
h = 0.5s, 0.75s and s respectively. Furthermore 

s = t = 1 m 
x = 0.5 m . 

0/g = 1 Aim 

It = 1 m 
In table 2 the calculated values are given 

h F 

is 0.0324 
js 0.0344 
s 0.0346 

table 2. 
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When comparing this with the values of table 1 we come to the 
conclusion that for a slotdepth h = s = 0.5A rounding of the 
slot bottoms has hardly any effect on force F. 

1.2.3. Calculation of the force-displacement curves for slot
ting with ideal iron. 

For the slotting as drawn in fig. 1 the force is cal
culated for a toothlength of 1m, a toothpitch A of 1m and a 
nominal magnetic field intensity H of 1 Aim, the latter ap
pearing in the homogeneous field if the slots were non-ex
isting. This requires fixed values of magnetic potential. 

This is done for 5 values of A/g viz. 40, 20, 10, 8.05 and 5. 
Calculations for A/g = 8.05 are carried out because, with 
this particular value, according to [3J and [4J, for tlg = 

= 3.05, s/9 = 5.00 and 0/g having a fixed value, the aver
age force should be maximum. 
For each value of Alg,calculations are carried out for tooth-

1 1 ·7 widths of SA, ~A ....... SA. The results of these calcula-
tions are given in figures 4 - 8, the appropriate values be
ing shown in tables 3 - 7. 
The permeance values are also calculated for lt = 1m, A = 1m 
and 0 = 1A and are shown in figures 9 - 13 and tables 8 - 12. 
In the figures and tables D stands for displacement and is 

equal to x. 



MAGNETIC fORCE (f) ON DOUBLY SLOTTED STRUCTURES. 

LENGTH = 1M, PITCH = 1M, NOMINAL MAGNETIC fIELD INTENSITY = lA/M. 

TIP ITCH 0.815 0.150 ·0.625 0.500 0.315 0.250 0.125 

2D/PITCH fORCE fORCE fORCE fO~CE fORCE fORCE fORCE 

0.00 0.0000 0.0000 0.0000 0.001l0 0.001l1l 0.0000 0.0000 
---

0.10 0.0464 0.0301 1l.0218 0.0168 0.0136 0.0114 0.0098 -0.20 0.0295 0.0348 0.0254 0.0198 0.0161 0.0135 0.0116 • 
0.30 0.0004 0.0335 0.0262 0.0206 0.0168 0.0142 0.0018 

0.40 0.0000 0.0261 0.0260 0.0210 0.0172 0.0145 0.0034 

0.50 0.0000 0.0036 0.0246 0.0208 0.0173 0.0140 0.0018 

0.60 . 0.0000 0.0000 0.0211 0.0205 0.0173 0.0059 0.0011 

0.10 0.0000 0.0000 0.0104 0.0196 0.0170 0.0028 0.0001 

0.80 0.0000 0.0000 0.0001 0.0118 0.0105 0.0014 0.0004 

0.90 0.0000 0.0000 0.0000 il.0130 0.0033 0.0006 0.0002 

1.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

Table 3, 
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MAGNETIC FORCE IF) ON DOUBLY SLOTTED STRUCTURES. 

LENGTH = 1M. PITCH = 1M, NOMINAL MAGNETIC FIELD INTENSITY = lA/M • 

••••• PITCH/G = 20 ••••• 

i . 
T/PITCH 0.875 0.750 0.625 0.500 0.375 0.250 0.125 

2D/PITCH FORCE FORCE FORCE FORCE FORCE FORCE FORCE 

0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.10 0.0393 0.0356 0.0279 0.0224 0.0183 0.0156 0.0133 -0.20 0.0265 0.0464 0.0378 0.0307 0.0253 0.0216 0.0182 
en 

0.30 0.0032 0.0'+42 0.0405 0.0336 0.0280 0.0240 0.0154 

0.40 0.0002 0.0306 0.0401 0.0348 0.0293 0.0250 0.0093 

0.50 0.0000 0.0078 0.0365 0.0345 0.0297 0.0233 0.0057 

0.60 0.0000 0.0004 0.0284 0.0335 0.0297 0.0149 0.0037 

0.70 0.0000 0.0000 0.0125 0.0309 0.0284 0.0083 0.0024 

0.80 0.0000 0.0000 0.0012 0.0261 0.0206 0.0045 0.0014 

0.90 0.0000 0.0000 0.0001 0.0162 0.0087 0.0020 0.0007 

1.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

Table 4. 
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7, TQOTHWIDTH/P ITCH =. e 75 f 

I 
.05 

6: =.750 
c· _,.525 U' 

4 : =.500 

3 ; =.375 
o. .::.Z50 ~. 

1 : = 0125 

5 .04 

2D/P ITCH .0-(--

Fig. 5 P! TCH/Q=20 



MAGNETIC fORCE If) ON DOUBLY SLOTTED STRUCTURES. 

LENGTH = 1M, PITCH = 1M, NOMINAL MAGNETIC fIELD INTENSITY = lA/M. 

***** PITCH/G = 10 ***** 

T/PITCH 0.815 0.750 . 0.625 O.SOO 0.375 0.250 0.125 

cO/PITCH fORCE fORCE fORCE FORCE FORCE FORCE fORCE 

0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.10 0.0166 0.0267 0.0251 0.0218 0.0188 0.0163 . 0.0137 -00· 
.. 

0.20 0.0153 0.0398 0.0404 0.0359 0.0312 0.0272 0.0218 

0.30 0.0062 0.0388 0.0468 0.0430 0.0380 0.0330 0.0223 
.. 

0.40 0.0016 0.0268 0.0468 0.0464 0.0417 0.0355 0.0183 

0.50 0.0003 0.0116 0.0411 0.0463 0.0429 0.0334 0.0134 
.... _-

0.60 . 0.0000 0.01l33 0.0302 0.0441 0.0426 0.0266 0.0095 

0.70 0.0000 0.0008 0.0158 0.0387 0.0387 0.0183 0.0065 

0~80 0.0000 0.0002 0.0053 0.0301 0.0293 0.0112 0.0040 

0.90 0.0000 0.0000 0.0012 0.0161 0.0150 0.0053 0.0020 

1.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

Table 5. 



19 

7 : TOOTHWlDTH/PlTCH ~.e75 f 

I 
.05 

6: ~.750 
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MAG~ETIC FORCE (F) ON DOUBLY SLOTTED STRUCTU~ES. 

LENGTH = 1M. PITCH = 1M. NOMINAL MAGNETIC fIELU INTENSITY = lA/M. 

T IPITCH 0.875 0.7S0 ·0.625 {I.SOO 0.37S 0.250 0.12'> 

~U/PITCH fORCE fOQCE FORCE FOIKE fOiKE FORCE FORCE 

0.00 0.0000 0.0000 0.0000 .0.0000 0.0000 0.0000 0.0000 

0.10 0.0105 0.0210 0.0219 0.0199 0.0176 0.0151 0.0125 

'" <:) 

0.20 0.0112 0.0326 0.0368 0.0342 0.0305 0.0269 0.0<:'0'1 

0.30 0.0059 0.0326 0.0437 0.0425 0.038S 0.0336 o.oas 

0.40 0.0021 0.0237 0.0442 0.0463 0.0430 0.0365 0.0200 

0.50 0.0006 0.0122 0.0389 0.0467 0.0446 0.03,+8 U.0156 

0.60 0.0001 0.0046 0.0288 0.0441 0.0438 0.0291 0.0116 

0.70 0.0000 0.0015 0.016'> 0.!JJ83 0.0393 o. 021 a 0.0084 

0.80 0.0000 0.0004 0.0069 0.0290 0.029tl 0.0134 0.0051 

0.90 0.0000 O.OUOI 0.0021 0.0158 0.01S7 0.0064 0.0024 

1.00 0.0000 0.0000 0.0000 O.UUOO 0.0000 0.0000 (j.OOOO 

Table 6. 
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" 05 

6: ~. 150 
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MAGNETIC FORCE (F) ON OOUdLY SLOTTED STRUCTURES. 

LENGTH = 1M, PITCH = 1M, NOMINAL MAGNETIC FIELD INTENSITY = lA/M. 

***** PITCrl/G = 5 ***** 

T IPITCH 0.87.5 0.750 0.625 O.~OO 0.375 0.250 0.125 

20/PITCH FORCE FORCE FORCE FORCE FORCE FOt<CE FORCE 

0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.10 0.0024 0.0100 0.0137 0.0143 0.0135 0.0120 0.0091 
N 

0.20 0.0033 0.0165 0.0242 0.0259 0.0251 0.0228 0.0167 
N 

0.30 0.0027 0.0181 0.0305 0.0343 0.0337 0.0296 0.0200 

0.40 0.0016 0.0153 0.03lfl 0.0388 0.0390 0.0337 0.0204 

0.50 0.0008 0.0106 0.0290 0.U398 0.041U 0.0329 0.01110 

U.60 0.0005 0.0062 0.022'1 0.U374 0.039d 0.0297 0.0148 

0.70 0.0002 0.ou32 0.0157 0.0320 0.034tJ 0.0232 0.0111 

0.80 0.0001 0.0015 0.00119 0.U235 0.0261 0.0160 0.0073 

0.90 0.0000 0.0006 0.0039 il.0125 O. U 139 O.OOiH 0.0037 

1.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 O.OUOO 

Table 7. 
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PERMEANCE OF OOUBLY SLOTTED STRUCTURES. 

LENGTH = 1M. PITCH = 1M. MAGNETIC POTENTIAL = lA. 

T/PITCH 0.875 0.750 0.625 O.SOO 0.375 O.bO 0.16 

20/PITCH PERM. PERM. PERM. PERM. PERM. PERM. PERM. 

0.00 3f>.77 32.a 27.64 22.84 17.99 13.14 8.27 

0.10 36.11 31.39 26.74 21.90 17.06 12.18 7.32 
'" ..,. 

0.20 35.26 30.u5 2S.2A 20.38 15.53 10.63 5.76 

0.30 35.0b 28.67 23.72 18.77 13.87 8.97 4.26 

0.40 35.06 27.45 22.13 17.08 12.15 7.22 3.52 

0.50 35.06 26.1:14 20.61 15.43 10.44 5.49 3.20 

0.60 . 35.06 2b.1:l2 19.20 13.75 8.69 4.2<1 2.97 

0.70 35.06 26.H2 18.18 12.16 b.98 3.81 2.87 

0.80 35.06 26.b2 18.01 10.63 5.42 3.55 2. 7t> 

0.90 35.06 26.e2 lA.Ol 9.38 4.i:l2 3.45 2.75 

1.00 35.06 26.d2 18.01 8. ,ll 4.bS . 3.39 2.74 

Table 8. 
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PERMEANCE OF OOUBLY SLOTTED STRUCTURES. 

LENGTH = 1M, PITCH = 1M, MAGNETIC POTENTIAL = lA. 

T/PITCH 0.875 0.7:>0 0.625 0.500 0.375 0.250 ,0.125 

2D/PITCH PERM. PEfiM. P!:RM. PERM. PERM. t>ERM. PERM. 

0.00 18.83 16.72 14.53 12.22 9.87 7.52 5.15 

0.10 18.70 16.51 14.2R 11.95 9.bl 7.24 4.87 
N 

0.20 11l.51 16.07 13.7" 11.39 
0'0 

9.03 6.66 4.28 

0.30 18.46 15.62 13.17 10.75 8.37 5.97 3.68 

0.40 18.46 15.23 12.55 10.05 7.63 5.22 3.23 

0.50 18.46 15.07 11.9R 9.37 6.91 4.49 3.00 

0.60 18.45 15.04 11.47 8.67 b.14 3.1:18 2.1:11 

0.70 18.45 15.04 11.16 8.05 5.43 3.S6 2.74 

0.80 18.4S 15.04 11.06 7.45 4.77 3.35 2.64 

0.90 18.45 15.0 .. 11.07 7.04 4.43 3.27 2.63 

1.00 18.45 15. U4 11.06 6.87 4.31 3.2<' 2.60 

Table 9. 
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PERMEANCE OF DOUBLY SLOTTED STRUCTURES. 

LENGTH = 1M, PITCH = 1M, MAGNETIC POTENTIAL = lA. 

***** PITCH/G = 10 ***** 

. TIP ITCH 0.875 0.7:'0 0.625 0.:'00 0 •. 315 0.2:'0 0.125 

20/PITCH PE~M. PERM. PERM. PEkM. PERM. PERM. PERM. 

0.00 9.60 8.77 7.77 6.71 5.61 4.51 3.39 

0.10 9.59 8.13 1.72 6.65 5.55 4.44 3.32 

'" ex> 
0.20 9.57 8.b5 7.59 6.50 5.39 4.27 3.16 

0.30 9.55 8.:'4 1.43 6.30 5.17 4.05 2.96 

0.40 9.55 8.46 7.25 6.07 4.92 3.78 2.17 

0.50 9.55 8.41 7.09 5.!:I5 4.66 3.52 2.64 

0.60 9.55 8.'+0 6.95 5.bl 4.38 3.28 2.53 

0.70 9.55 8.39 6.87 5.'+1 4.14 3.12 2.47 

0.80 9.55 8.39 6.83 5.23 3.91 3.00 2.41 

0.90 9.55 ':1.39 6.82 5.12 3.78 2.95 2.39 

1.00 9.55 8.39 6.1\2 S.08 3.72 2.92 <'.38 

Table 10. 
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PERMEANCE OF DOUBLY SLOTTED STRUCTURES. 

LENGTH = 1M. PITCH = 1M. MAGNETIC POTENTIAL = lA. 

TIP ITCH 0.875 0.750 .0.625 0.500 0.375 0.250 0.125 

2D/PITCrl PERM. PERM. PERM. PERM. PERM. PERM. PER"'. 

0.00 7.73 7.13 6.37 5.56 4.71 3.85 2.99 

0.10 7.73 7.11 6.34 5.52 4.67 3.82 2.95 
w 

0.20 7.71 7.06 6.27 5.43 4.57 3.71 2.85 C> 

0.30 7.71 7.Ul 6.17 5.31 4.43 3.56 2.72 

0.40 7.71 6.96 6.06 5.16 4.2b 3.38 2.59 

0.50 7.70 6.93 5.96 5.01 4.09 3.21 2.50 

0.60 7.70 6.':12 5.88 4.1l6 3.91 3.05 2.41 

0.70 7.70 6.':12 5.82 4.73 3.74 2.':13 2.37 

0.80 7.70 6.92 5.79 4.62 3.59 2.84 2.32 

0.90 7.70 6.92 5.78 4.55 3.51 2.80 2.29 

1.00 7.70 6.92 5.78 4.54 3.46 ?78 2.2P, 

Table II. 
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PERMEANCE OF DOUBLY ~LOTTED STRUCTURES. 

LENGTH = 1M, PITCH = 1M, MAGNETIC POTENTIAL = lAo 

TlPITCH 0.875 0.750 0.625 O.~OO 0.375 0.250 0.125 

20/PITCH PERM. PERM. PEKM. PEHM. PERM. PERM. PERM. 

0.00 4.90 4.60 4.21 3.77 3.29 2.80 2.32 

0.10 4.90 4.60 4.20 3.74 3.28 2.79 2.30 
~ 

'" 0.20 4.90 4.59 4.18 3.73 3.25 2.76 2.28 

0.30 4.89 4.58 4.16 3.69 3.20 2.71 2.23 

0.40 4.89 4.57 4.13 3.64 3.14 2.64 2.18 

0.50 4.89 4.5b 4.10 3.60 3.08 2.59 2.14 

0.60 4.89 4.55 4.0B 3.55 3.02 2.51 2.10 

0.70 4.89 4.55 4.06 3.50 2.9b 2.47 2.07 

0.80 4.89 4.55 4.05 3.47 2.91 2.42 2.05 

0.90 4.tl9 4.:>5 4.04 3.45 2.88 2.41 2.04 

1.00 4.89 4.55 4.04 3.44 2.>17 2.39 2.03 

Table 12. 
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If one is only interested in the average force the following 
simple approach may be used. thus omitting expensive numeri
cal computations 
From the general expression for the force. see ref. [IJ 

aw' 
F = __ m 

ax (18) 

we may express the average force as 

(19) 

where X is the displacement between the position of minimum 
permeance to the next position of maximum permeance and 
W'm( ) is the magnetic co-energy in the relevant extreme 
positions. keeping excitation at a constant value. 
Now P(O) = permeance per toothpitch per meter toothlength 

for position O. tooth facing tooth in Wb/A. 
P(-X) = permeance for position -X. tooth facing slot. 

Mukherji and Neville [3J. present expressions and values for 
the permeances.P and P . It must be noted that these authors 

I Z . 

for simplicity omit the factor ~ • which should be replaced 
. 0 

for actual calculations. 
To find the re1evant values of P(O) and P(-X) that apply to 
our models it will be evident that for one set of teeth with 
1 ength 1 t 

P(O) 
P(-X) 

= ~ .1t· P 
o I 

=1l. l t· P 
o. Z 

Applying quantities as defined above. in reference [5J an ex
pression is derived for the average torque based on (18). for 
a stepping motor. In our case this becomes 

P - P 
f = ~ HZ • "i7g2 2 .1t.A.z o max (20) 

Here Hmax is the fieldstrength that would appear in the homo-
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geneous part of the airgap field between teeth. 
Inspection of expression (20) suggests the introduction of a 
factor of merit of the tooth configuration 

(21) 

This figure should be as large as possible if the maximum av
erage force is to be derived from a given slotted structure. 
The calculated values of fl are shown in table 13 and in fig
ure 14. The maximum value is reached for A/g = B.05 and is 
equal to 0.0193. 

10- 3 X (PI - P2)/(A/g)2 for t/A = 

>./g 1/8 1/4 3/8 1/2 5/8 3/4 7/8 

5 11.55 16.41 16.98 12.89 6.69 2.09 0.10 

8.05 10.90 16.57 19.24 15.67 9.11 3.26 0.37 

10 10.08 15.87 18.97 16.30 9.53 3.76 0.50 

20 6.38 10.74 13.91 13.37 8.68 4.19 0.95 

40 3.48 6.09 8.34 8.77 6.02 3.37 1.06 

Table 13. 

An illustration of the optimisation is given in figure 15. 

showing the hatched area that represents the difference of 
co-energy between the two extreme positions. The hatched ar
ea should be as large as possible. with a given excitation. 

-i 

Fig. 15 Permeance diagram for airgap. 
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The elevation of the permeance lines is determined by P(O) 
and P(-X) respectively. Values from (21) that make fj maxi
mum will optimise said area for a fixed excitation. 
Idealisation is only valid if the iron in the teeth and the 
rest of the structure is exploited far below saturation. 
This means that the weight and volume of the iron is not 
used optimally. A limitation bears on the allowed value of 
Hmax ' because the latter is a measure forairgap induction, 
which in turn determines the iron induction. In search of 
better force production the previous idealisation will be 
dropped. 

1.2.4. Influence of properties of iron, excluding satura

tion of the teeth. 

In this case W'm contains contributions from the 
airgap volume as well as from the iron parts of the magnet
ic circuit. The total m.m .. f. can be thought to be divided 
into two parts that follow from the line-integral of the 
field intensity. 

This division is shown in figure 16. 

• i 

Fig. 16 Flux-to-excitation diagram. 
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It shows the curve for the eiron depending on the total mag
netic flux, and the lines pertaining to eair = NI - eiron 
are also drawn. The latter emerge from point E, which indi
cates the value of the total available excitation NI. 
Line EA illustrates the required excitation for the airgaps 
in the case of teeth in alignment; line EB applies to the 
other extreme position. The intersections of the airgap 
lines with the curve for the iron part, points A and B re
spectively, show the fluxes ~A or ~B that will appear in ei
ther of the mentioned positions. The perpendiculars through 
A or B show the relevant division of the total excitation in
to the main portions, as required by eqn. (22). 
The area included between the horizontal axis,the iron curve 
and the airgap line appears to be the magnetic co-energy for 

the complete slotted structure assembly. For instance, in po
sition x = 0, area EAC indicates the contribution of the air
gap space to W'm and area OBAC that of the iron parts. Trian
gle EAB indicates the difference of the co-energies of the 
two extreme positions. Its area is therefore a measure for 
the work performed during the motion from position x = -x to 
x = O. It is also a measure for the average force. 
To ascertain the exact shape of the force curve applicable to 
iron that is considerably saturated an expensive numerical 
computation would be needed; instead the following approxima
tion is suggested. 
The force curves for a slotting with idealised iron have been 
calculated in paragraph 1.2.3. Once the appropriate curve of 
the idealised iron is available, it is most interesting to 
learn how its shape is altered by observing real iron proper

ti es. 
This may be accomplished by the use of a corollary of the 
basic expression for the force which can be applied in -con
junction with figure 17. 
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r 

--_. i 

Fig. 17 Flux-to-excitation diagram. 
Determination of actual force curve. 

dW' 
F(x) : ~ . ~ (constant excitation) (23) 

This expression can be applied to both the ideal (triangle 
EPR) and the actual iron (triangle EQS). The ratio of the 
values of the forces then appears to be: 

Factual (x) 
=",",;':'::':'-;---;-- : 
Fideal(x) (

QE(£)) 2 

PE(£) (24) 

if we accept that the curve between A en B is replaced by its 
chord. 
If the relation £ : £(x) is available, the actual force can 
be derived from the ideal force curve by a simple geometrical 
operation. This procedure has been introduced and applied in 
ref. [6J. 
This procedure was also applied (using the calculated values 
of the ideal forces) to a measuring device (see chapter 2). 
Instead of the force the torque was calculated but the force 
can be found by dividing the torque by the average radius of 

the rotor and the stator of the device. The calculated val
ues of the torques can be found in tables 14 - 18. 
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CALCULATED TNORH VALUES I .. NI' FOR _LAHBDA/G = 40.00 

TOOTHWIOTH T =0.125 LAMBUA 

I (AMP, C J 4 5 " 7 8 

POSe TNORM HOfeR"" Tf\jU~M T .... Os.:M TNORM Tf-.lOPM TNORM TNOk'M 

0.00· 
.. 

0.0000 0.0000 0.0000 U.OOOO 0.0000 0.0000 0.0000 0.0000 
0.10 4.9727 Ib.B074 21.3649 23.1221 25.3303 26.5662 27.5761 2b.43u4 
0.20 5.9927 23.9757 37 .J,,~t1 'tJ.1491 46.7934 49'''7e~ 51.6095 53.J'11i3 
0.30 4.08t1~ 16.J515 35.53,6 47.1571 53.4169 57.7082 60.8933 b3.4b~t) 

0.40 1.7825 7.1316 16.0472 2~.7309 JI.23JI 34.b302 31.0512 38.9.300 
0.')0 0.9706 3.e633 &,7.31::11 15.01~2 1~.2650 21.1j4S7 23.6229 ~'-.971b 
0.60 0,5970 2.3836 5.3671 I.J.54)2 12.894~ 14.996'11 16.4039 11.44~1 

0.70 O.371':t 1.481Cj 3.34~O 5.9516 8.3052 9" 7G11 ) lu.171a 11.~:dl';:) 

0.80 0.21b7 0.e681 1.':i5~U 3.4714 5.0121 6.0180 0.6823 1.1t,)2 
0.90 0.1020 0.41ll 0.':11247 1.6435 2.3825 2.8682 .. ,-1880 3.4197 
1.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 \l.OOOO O.OOUO 

TOOTt-tIllIU1H T =0.<50 LA.BOA 

I I AMP) C :, 4 5 " 7 0 

POSe TNORM T""'C;R~ TNl.lk'" TNORM 1 NOPt-A T:'\IO~M 1 NOkM T NOt<1'" 

0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 O.OOOU O.QOOO 
O,JO 4.70&& 7.4&59 8.'t5IJJ 9.0804 9.5504 9.4292 10.24&4 10.S,,01 
0.20 5.6716 1l.2lb3 12.91il 13.9501] 14.7119 15.3180 1~.r.:271 Ib.2bbS 
0.30 6.0779 15.6409 18.~~b':;. 20.23&5 21'.4454 22.3907 2J.1707 .::'3.H .. ltI 
0.40 6.3262 21.72QO ,~1.tdUJ JO.'H7b 33.0363 34.bSYO :J~h"1789 :n.l0~1 

0.50 t..2116 24.8360 41.3213 4M.35CiJ2 52.6796 SS.tl26~ ~b.3143 t\O.3t117 
0.60 2.6123 10.6912 2J.la.) JO.5365 34.5754 31.l85i:::: 39.33'tl 40.904 1 
0.70 1.2466 ~ .. o.;961 11.2J"0 16.5709 19.4229 21.2't2J 2£'.5730 23.6.::'bo 
0.80 0.0421 2.5691 5.1tHltl "1.18Ci~ 11.1042 12.l91" 1.J.13YJ 13.7'7'-il.J 
0.90 0.2179 1.1138 2.~O':)O 4.01368 5.0135 5.-:'822 :'.9844' 6.29~~ 

1.00 0.0000 0.0000 O.UOuO O.OO(}O 0.0000 O.OOOU 0.0000 O.aOuo 

TOOTH,.IOTH T =0.375 LAMBDA 

lUMP, C 3 4 5 6 7 8 

POSe TNOHM Tfo.ICfoIM TNORI-1 T~OR~ TNORM _TNORM lNORM TNO~'" 

0.00 0.0000 0.0000 O.OO("U 0.0000 0.0000 0.0000 0.0000 0.0000 
OelO 3.238~ 4,J811 4.62'12 4.933R 5.1654 5.J549 '.SI51 5 .6~ 17 
0.20 4.4034 5.8905 6.5,17 7.001~ 7.3399 7.6131 7.8461 8.0,10 
0.30 5.3431 7.t020 e.s',,':to 9.1317 9.5812 9.958'i 11.1.2680 10.S"1~ 

0.40 5.9218 ".e508 11.1/j~9 1~.031q 12.659S 13.1662 1).5903 13.9~~b 

0.50 6.0576 12.<;06S 14.1J4~b 16.18,3 17.0911 17.bOB7 Ib.4060 18.9.21Y 
0.60 6.1597 17.3348 20.tl7YJ ci.S67b i!4.Z709 25.3720 lb.2768 21.0o:,Oc' 
0.70 b.20~S 22.1171 30.1101 33.135] 36.1643 38.001 .. 3-:;.4973 40.1~t>u 

0.80 3.9{)OC 15.6039 27.4007 3c'.472Y 3S.S2Q 3 37.120' 3'i.'t544 40.80SI 
0.90 1.2402 4.>S15 9.95bc' 12.4150 13.8066 14.173b 1,.5171 i6.1C::':l::' 
1.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 U.OOOO O.oouO 

TOOTHiolOTH T =0.500 LAHiIDA 

I (AMP) I 2 3 4 5 0 7 8 

POS. TNORM TNCRH TNO~" TNORH TNORH TNORM TNORH TNO""'" 

0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.\0 2.1168 2.5794 2.8271 2.9990 3.1334 3.243-:; ~.3J7a 3.41-:;4 

0.20 2.8207 3.4819 3.824d 4.0611 4.2456 4.J97~ 4.524':i 4.b.Jd6 

0.30 3.3782 '+,.2465 4.6bl£ '+.91ijl 5.2093 5. j95~ 5.5'360 5.6'1h9 

0.40 3.9920 5.1523 5.70S1 6.0782 6.3b38 6.5916 -b.79S1 6.9603 

0.50 4.bI4t1 6.1939 6.b~jl 7.3661 7.1222 8.0136 d.2~72 B ... 714 

0.60 5.2609 1.5358 6.'+So~ 9.0627 9.5166 9.8821 10.1924 10.461c 

0.70 5.4008 8."i842 10.2010 10.9134 11.5458 12.00,,0 1£.3941; 12.7307 

0.80 4.9641 10.JO,J 1l.19U~ 12.87b8 13.5888 14.1551 14.6214 15.03j6 

0.90 3.6960 9.2814 10.'1e<;4 11.9491} 12.6533 13.20Sb 13.6618 14.0bl.J 

1.00 0.0000 0.0000 O.OOlIO 0.0000 0.0000 0.0000 0.0000 0.0000 

Table 14a. 
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TOOTh"YOTh T =0.625 LAMtiOA 

IIAMP) " 3 ~ 5 6 7 " 
POSe TNORM n~CR~ TNOr.l:·· TNO~M TNORM HIIORM T""O~M TNO"'''\ 

0.00 0.0000 0.0000 O.()O\iU 0.0000 0.0000 0.0000 0.0000 O.OuJO 
0.10 1.0215 1.700" 1.85-71 1.9660 2.0498 2.1201l 2.1809 2.23j6 
0.20 1.8]9~ 2.2186 2.4£:vd t.5b37 2.6752 2.1677 t..84"~ 2.91:'(: 
0.30 2.1263 2.58,8 2.82'3 2.9961 3.1272 3.2359 3.3300 3.4107 
0.40 2.3837 2.9216 3.2061 J.4034 3.5537 3.,,78, 3.7861 3.87'-Jb 
0.50 2.5569 3.17'11 3.490c J.7069 3.8746 0.0111 ~ .1283 4.cJ13 
0.60 2.4674 3.1127 3.42.:10 3.6442 3.8119 ).9470 ... 0643 ... lotI} 
0.10 1.3288 1.~993 1.tH':lb 1.99b3 2.088H 2.1639 2.2291 C.204b 
0.80 0.0131 0.0161l 0.Oh6 0.019101 0.02e7 0.021 .. 0.0221 O.{)£C6 
0.90 0.0001 0.0001 0.0001 0.0001 0.0001 0 •. 0001 0.0001 0.0001 
1.00 0.0000 0.0000 O.('OvO 0.0000 0.0000 0.0000 v.oOOo 0.0000 

TOOrt-W!OT'" T =0.750 LAIoItllJA 

I (AMP) i' J 0 5 " 7 8 

POSe TNORM TNCR~ TNO~I"I TNORM TNORM TNORM rNORM T 1110101'" 

0.00 ·0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 V.OOOO o.oove 
0.10 O.992b 1.1130 1.27"0 1.]4t68 1.40)7 1.'+501 J. .440B 1. ~~b6 
0.20 1.2208 1.4487 1.tl7oCtt:; 1.664] 1.7]54 1.192~ 1.84),. 1. abM4 
0.30 l.c83l 1.5279 1.bb.Ju 1.75t;e. 1.833S 1.dg5~ 1.9492 1.':iI~=-P 
0.40 1.0819 1.2936 1.40'70 1.4903 1.0;545 1.6071 l.bS2o. 1.b"cJ 
0.0;0 0.1537 0.1842 0.201'7 v.2124 0.2215 0.2291 0.235b 0.2'd", 
0.60 D.DOvO o.OOOv O.O-oUu 0.0000 0.0000 0.0000 0.0000 O.OOvO 
0.70 o.ooou 0.0000 O.OOllU u .• ·oooo v.llono a.uDoti v.OOOO O.OuuO 
O.HO 0.0000 0.0000 D.UOvll 0.0000 o.ooon o.uoou u.OOOO U.QOUO 
0.90 0.0000 0.0000 O.OOuO 0.0000 0.0.000 0.0000 0.0000 O.OUtiu. 
1 .00 0.0000 0.0000 O.OOuO 0.0000 0.0000 O.OOOll 0.0000 o.auLO 

TOOTH.IOTH T =0.875 LAMHOA 

I (AMP) 2 ) 4 5 " 7 8 

POS. T/'.iORM TNCRM TNO~~ TNORM TliOR"" TNOk ... l~ORM TNQR'" 

a.oo .0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 O.oooe 
o. 10 0.;819 0.~149 0.7316 0.7722 0.8042 0.tl300 0.853' 0.81::S1U 
0.20 0.3854 0.4493 o .48bb a .51 3~ 0.5351 0.553C U.1.)683 0.'::11'"1'1 
0.30 O.OOSe. 0.0003 O.OOh" 0.0073 0.0076 0.007d U.OOdU O.Ollo2 
0.40 0.0000 0.0000 O.OOuO 0.0000 0.0000 0.0000 0.0000 O.OOuO 
0.50 0.0000 o.COOO O.OOuO 0.0000 0.0000 O.UODu v.oOOo u.OU0U 
0.60 0.0000 0.0000 0.00(;0 0.0000 0.0000 o.uooo 0.0000 o.ooco 
0.70 0.0000 0.0000 O.OOvO 0.0000 0 .. 0000 0.0000 0.0000 O.OlivO 
0.80 0.0000 0.0000 o.oouo 0.0000 0.0000 0.0000 U.OOOO o.OUuo 
0.90 O.UOOO 0.0000 O. UOU{I u.OOOO 0.0000 o.uooo 0.0000 o.oauo 
1. 00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 O·.ouoo 

Table J4b. 
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.CALCULATED TNORM VALUES IN NM. fOR LAMBOA/G • 20.00 

TOOT"~IOT" T -0. IZ5 UM~DA 

I UMPJ 2 3 4 5 I> 7 8 

POSe TNORM TIOCRM • T"OR~ TNOR" TNOR .. TNORM TNOR" TNOkJllo\ 

0.00 0.0000 0.0000 . 0.0000 0.0000 0.0000 O.UOOO 0.0000 O.OOUO 
0.10 1.7254 6.897Z 13.JOu~ Ib.2696 17.9854 19.191~ ZO.1286 20.894b 
0.20 Z.3618 9.~132 20.48tiO d .0592 30.6362 ·33.037" 3'>.8527 36.3140 
0.30 2.0151 8.0486 18.100 i7 .1171 33.0120 36.303d lit.68lt1 40.S~bO 
0.40 1.22810 •• ~148 11.05~0 18.8961 24.0891 27.2444 ;I~ •• 258 Jl.Ob41 
0.50 0.751" 3.0026 6.76UO 12.0116 16.0539 18.595~ ;10.3032 C:."1.57&4 
0.60 O.48~2 1.9.13 •• 3682 7.1659 11.0372 13.1299 1 ... 5123 15.5<16 
0.70 0.311~ 1.2"99 2.fl117 ".9970 7.265. 8.761:' ~.7474 lO.4b1.l5 
0.80 0.1864 0.7 .... 9 1.6770 2.979~ 4.4392 5.4564 b.1265 6.60b4 
0.90 0.0914 0.3651 0.8UO 1.4604- 2.1826 2.689~ 3.0241 3.2b38 
1.00 0.0000 0.0000 0.0000 0.0000 0.0000 O.OOOU U.OOOO O.OOuO 

TOOTHWIOTH T -0.250 LAMBDA 

IUI<PJ 2 3 4 5 I> 7 " 
POSe TNORM TNORM TNOR~ TNOR" TNORM TNORM INOPM TNO~'" 

0.00· 0.0000 0.0000 O.OO~O 0.0000 0.0000 . 0.0000 0.0000 0.0000 
0.10 1.6811 5.8017 7.4301 8.1896 8.1485 9.1790 9.5275 9.8246 
0.20 2.3461 8.7880 1l.84~2 i3.202~ 14.169 .. 14.~Olo:, 1~.491J 1!).9'12~ 

0.30 2.6253 10 ... 9.$ 15._~U9 11.7989 19.2"66 ZO.317~ 21.1760 .c:l.ti'JI4~ 
0.40 2.7651 11.0$35 ·19.81~5 cJ.412lt 25.6496 27.;l55l cd.5116 29.5~~~ 
0.50 2.5"'76 10.3838 21.7~ •• if.74JIt 31.101" 33.3929 3!:h 1452 36.!)b~1 
0.60 1.6638 6.6565 1 ... 97&1 c:: 1.6428 25.2072 l7.499b 20;.1833 JO.5~(j7 

0.70 0.9282 3.7135 8.3S~~ 13.2 .. 5. 15.9841 17.6811 Ut.895a 1-,) .1i4JO 
0.80 0.~1I3 2.0,.29 4.6001 7.674J 9.5695 10.7239 1I.~3J0 12.1,J3 
0.90 0.2297 0.9189 2.0676 3.5046 ".4338 4.9985 S.389tf S.bbo;3 
1.00 0.0000 0.0000 O.GOuO 0.0000 0.0000 0.0000 b.OOOO D.DtlDO 

TOOTHWIDTH T .0.315 LAMBDA 

J(A"P' I 2 l .. 5 6 7 8 

POS. TNO~M . TNORM T .. ORM T .. OR" TNORM TNORM 1 NOFolM TNuRt-< 

0.00 0.0000 0.0000 O.OOuu 0.0000 0.0000 0.0000 0.0000 0.0000 
0.10 1.6033 3.9193 ".57UO 4.9708 5.2596 5.488~ ~.b774 5.830;;7 
0.20 2.23"3 5.9825 7.0753 7.7261 8.1909 8.5$"~ tI.856Z 9.1l~!> 
0.30 2 ... S63 7.4252 8.97'11 1j.8635 10 .... 840 lO.Y6bd 11.36b2 11. 70~~ 
0.40 2.1>233 8.8008 11.0371 12.2332 13.0508 13.1>81> 14.1988 1".6373 
0.50 2.6797 9.9718 13.l499 1".8693 15.9506 16.·'66l 17 ,"305 17 .9.80 
0.60 2.7035 10.8163 15.9944 18.324) 19.8111 20.9157 21.7973 22.5)1& 
0.70 2.6106 10.4445 18.33ult ll.7139 23.7555 25.2257 20.3813 27.3'05 
0.80 1.90Z& 1.61Z8 15.4473 19.3173 21.5911 n.121S 24.296:0 lS.2SbO 
0.90 0.8081 3.<278 fht;,677 9.1641 10.3633 11.169, 11.7800 12.271 , 
1.00 0.0000 0.0000 0.001)0 0.0000 0.0000 0.0000 0.0000 O.OOuo 

TOOTHWIDTH T .0.500 LAMBO. 

I CAMP) I 2 3 .. 5 6 7 8 

POSe Tf~ORM TNORM THOR .. TNORM. T .. O .... TNORM TNORM ' .... 01<"\ 

0.00 O.OOOU 0.0000 0.0000 0.0000 0.0000 0.0000 u.OOOO 0.0000 
0.10 1.5281 2.6212 2.9810 3.2094 3.3179 3.513'" 3.6272 3.n5~ 

0.20. 2.1070 3.9170 4.4810 4.'8325 5.0915 5.2984 S.~7JO ·5.6223 
0.30 2.3l!$5 •• 7338 5."Sd7 5.9020 6.2271 6.4846 b.7017 6.abd2 

0.40 2."300 5.50n 6.41 .. 1 6.9591 7.35"0 1.6678 . 1.9286 8.1~19 

0.50 2."302 6.1071 1.21~8 7.8642 8.3215 8.692'1 ts.994H 9.ZSJ7 

0.60 2.3708 6.7023 1.0800 8.8S19 . 9.39S5 9.tl22:' 10.1738 10 •• 74~ 
0.70 2 .ZO 11 6.e690 8._8SS i.3549 9.9594 10."211 10.8132 : 11.13't!;) 

0.80 1.8147 6._114 1.2001 9.1136 9.7362 10.2140 10.6022 . 10.9331 

0.90 1.1735 4.i61tl S.b2~i 6.2977 6.7"71 7.0891 7;3670 7 .60<2 
1.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 o.ooou 

Table ISa. 
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TOOTHWIOTH T =0.625 LAMBDA 

I lAMP) 2 3 4 5 6 7 8 

POSe TNOJolM TNCRM n,.OR:'" TNORH TNORM TNORH T""O~M T"'ORM 

0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 O.ouOO 
0.10· 1.2747 1.7816 1.9946 2.1341 2.2397 2.3251 t:..J977 2.4609 
0.20 1.8033 2.5806 2.H969 3.102" 3.2585 303837 3.4901 3.5~~i 

0.30 2.0519 2.9966 3.3765 3.6219 3.8056 3.9543 4.0196 .tt.ld71 
0.40 2.0497 3.2367 J.6&.Jc 3.9357 4.1386 4.J031 '10.4409 If..5!J':1~ 

0.50 1.8738 3.2027 3.6428 3.9204- 4.1266 4.2918 4.4305 4.5513 
0.60 1.4601 2.6821 J.Obb2 3.3054 3.4828 ).6243 3.7425 3.84:'] 
0.70 0 .• 644-6 1.2371 1.'10109 1.531" 1.6145 1.6806 1.7362 1.7&4\1 
0.80 0.0639 0.1244 0.1429 0.154) 0.1627 0.169 .. 0.1749 O.17lJ/:j 
0.90 0.0034 0.0067 0.0017 0.0083 0.OGa8 0.0091 0.0094 O.O()~7 
1.00 0.0000 0.0000 0.0000 0.0000 0,0000 0.0000 0.00.00 D.QuOO 

TOOTHWIOTH T =0.750 LAMBOA 

t (AMP) 2 3 4 5 6 7 8 

POS. TNORM T~CRH TNORM TNORM THORM 'NORH TNORM TNOFf"l 

0.00 0.0000 0.0000 0.0000 0.0000 0.0000 O.UOOO 0.0000 0.0(100 
0.10 O.8~S7 1.1668 1.29.JB ! .37~" 1.4451 1.498'1 i.5439 i.5tU} 
0.20 1.1910 1.5834 .1.7S\<3 1.876h 1.9665 2.039< 2.101~ 2.1~~!:S 

0.30 1.1837 1.5928 1.77~0 1.8920 1.9830 2.0512 2.1198 2.1746 
0.'t0 0.8491 1.1550 1.2875 1.3751 1.4418 1.'t9bl 1.5421 1.50822 
0.50 0.2188 0.2993 0.3337 0.3566 0.3740 0.J880 0.4000 0.4104 
0.60 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 U.OOOO O.DUuO 
0.70 0.0000 0.0000 O.OOvO 0.0000 0.0000 0.0000 0.0000 O.OOOU 
0.80 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
0.90 0.0000 0.0000 O.OOUO 0.0000 0.0000 0.0000 0.0000 0.0000 
1.00 0.0000 0.0000 O.OOUO 0.0000 0.0000 0.0000 0.0000 O.OOOU 

TOOTHW10TH T =0.875 LAH60A 

1 (AMP I 1 2 J • 5 6 7 8 

POS. TNOFl'" TNeRII( TrtORM TNORM TNORM tNORM l~ORM TNOR"1 

0.00 0.0000 0.0080 0.0000 0.0000 0.0000 0.0000 1).0000 O.OOvD 
0.10 0.39850 0.15058 0.5576 0.5928 0.6203 0.b42b 0.6617 0.67ti4 
0.20 0.<725 0.3568 0.3l:St6 0.4069 0.42507 0.4411 0.4542 0.46S6 
0."30 0.0333 0.0424 0.0467 0.0497 0.0520 0.0539 0.0555 O.OSb~ 

0.40 0.0016 0.0021 0.00<3 0.0025 0.0026 0.0021 0.0027 " o.oo(::!:S 
0.50 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 v.OOOO O.OOtiO 
0.60 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 u.oooo o.oOUO 
().70 O.ODOO 0.0000 0.0000 0.0000 0.0000 0.0000 v.oooo o.ooou 
0.80 O.OODO 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
0.90 0.0000 0.0000 o.oouo 0.0000 0.0000 0.0000 0.0000 O.OO(rO 

1.00 0.0000 0.0000 0.0000 0.0000 o.ooon 0.0000 0.0000 0.0000 

Table ISb. 
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CALCuLATED TNORN VALUES IN NM FOR lAM80A/G ~ 10.00 

TOOT~"IuTH T =0.125 LAHBOA 

I(AMPI 2 J • 5 6 7 8 

POS. TfrIllORM ThORM .. TNO}O(M. fNORM T~ORM TNORM INORM TNOWI", 

0.00 0.0000 0.0000 D.OOOO 0.0000 0.0000 0.0000 0.0000 o.OOUO 
O. 10 0.4456 1.7190 4.00:'1 6.7506 8.4215 9 ... 56~ lu.1173 10.7jU~ 

0.20 0.7062 2.8253 6.3572 11.31)7 1'.2590 16.2338 17.5864 18.6100 
0.30 0.7253 2.8959 6.52U~ 11.5968 15.7020 18.2753 1'11.9997 21.21..,0 
0.40 0.5951 2.3856 5.3b43 9.5336 13.720. 16.4.50 18.2398 19.5 .. 55 
0.50 0.4388 1.7520 3.9't::JO 1.00~9 10.4388 I2.a21l 1'+.4008 1~.5C:.o2 

0.60 0.3117 1.2~71 2.&Ot)2 4.9890 1.59f10 9.5665 10.S801 11.BO~4 

0.70 0.212, 0.e502 1.1:11':'1 3.4012 5.3144 6.6956 7.6815 1=1.)142 
0.80 0.1316 0.527' 1.ltsbO 2.1019 3.2929 4.i31:1d '+.'7064 51.31)0 
0.90 0.0646 0.2590 o.~a~~ 1.0353 1.6173 2.097'1 2.'355 2.6716 
1.00 0.0000 0.0000 0.0000 0.0000 o.ooao 0.0000 0.0000 0.0000 

TOOTH.IDTH T =0.250 LAMBOA 

I (AMP I ;: 3 4 5 b 7 8 

POS .. TNORM TNCRM TNOR"" n"oRM TNORP-t T"'011", TNOI1'" TNO~'" 

0.00 0.0000 0.0000 D.aovo 0.0000 0.0000 0.0000 0.0000 0.0000 
0.10 0.4461 1.7811 3.771.0 4.8365 5.4337 5.839b b.1492 b.39~~ 

0.20 0.7456 2."~30 b.'t'1IJ 8.5581 9.6969 10.460b 1I.03bt 11.50u] 
0.30 0.9099 3.~330 B.ltW5 11.212~ 12.Btl76 13.Q8.7 14.tlO07 15.4::>2'1 
0.40 0.9814 3.9185 B.tslll lJoIlSY 15.4244 16.d91~ 17.9611 Itl.BlI~~ 

0,50 0.92'0 3.e:9b9 B.3107 13.311 3 16.1386 17.8852 19.1327 <0.1010 
D.bO 0.739b 2.9591 6.6492: 11.2517 1'.1959 15";840 17 .2282 18.1104 
0.70 0.508' 2.03B2 4.~~ .. 1l 8.1452 10.4176 IId057 1~.9198 13.61:S46 
0.&0 0.3120 1.2'57 2.804~ 4.9833 6.6557 7.1060 8.4134 B.':.I40b 
0.90 0.1478 0.5912 1.32~5 2.3b27 3.2170 3.752~ 4.1102- 4.37~J 

1.00 0.0000 0.0000 (1-. DODO 0.0000 0.0000 0.0000 0.0000 <.I.OuvO 

TOOTHIiliIOTH T =0.375 LAMBOA 

I tAMP J 2 3 •• 5 b 7 8 

POS. TNORM TNORH TNORM TNORM TNORM TI'~ORM TNORM TNOwr-' 

0.00 0.0000 0.0000 D.OQuO 0.0000 0.0000 o.ooou 0.0000 0.0000 
0.10 0.4237 1.6916 2.9042 3.3913 3.7003 3.9246 4.1017 't .24·"i2 
0.20 0.7053 2.821B 5.03.U 5.9366 6.5002 6.904-:' 7.2224 7.4b::>6 
0.30 a.b61't 3.4390 6.44b~ 7.7246 8.5001 9. O~ 11 'i.480B 9.H.J4l,o 

0.40 0.9452 3.7895 7.5024 9.2039 10.20Z' 10.9007 11.440~ 11.8823 
0.50 0.9780 3.9130 8.15"0 10.3132 11.5397 12.380j 13.0228 13.54"6 
0.60 0.91~3 3.8979 8.48~2 11.2046 12.7012 13.7010 1'+.4579 IS.Ooh/ 
0.70 0.&893 3.550b 7.~8..1'" 11.034] 12.7013 13.1901:S 1 ... 6007 15.24/1. 
0.80 0.b733 Z.~940 b. Otd ~ S.971J-.... 10.5359 11.5287 1".~539 1~.82bl:i 

0.90 0.3468 1.38'b 3.11..:l~ 4.7859 5.69)8 6.260, 6.6717 6.99'tb 
1.00 0.0000 0.0000 O.OOUu 0.0000 0.0000 0.0000 0.0000 0.0000 

TOOTHwlOTH T =0.500 L~HBOA 

I (AMP' Z J • 5 6 7 8 

POS. TNORM TNCR .. H~ORM T~OR" TNORM TNORM lNORM TNO~'" 

0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.10 0.3891 1.4935 2.0lC,1 2.3017 2.4744 2.60't'i 2.7100 2.7.,d4 

0.20 0.6413 2.5073 3.48b7 3.9539 4.2575 4.4850 4.6685 4.e~c:'6 

0.30 0.7716 3.0608 4.3874 5.0013 5.3969 5.b911 .~.9280 6.120£ 

0.40 0.6313 3.3260 5.01~1 5.7518 6.2321 6.~8Z't a.801O 7.0~oO 

O. SO- 0.6332 0.3335 5.2912 6.1336 6.6595 7.04~c:' 7 .)522 -, • btJ!:) 1 

0.60 0.7979 3.1857 S.35r:,~ 6.2787 6.8443 7H~55d 7.5803 7.64~~ 

0.70 0.7000 2.8007 4.934b 5.8511 6.4034 6.aOO .. 7. 1130 7.37"" 

0.80 0.5"80 2.1800 4.00~4 4.8138 5.2901 5.6291 5.8943 6. 1130 

0.90 0.3036 1.214B Z.28b2 2.7691 3.0511 3.2S0d 3.'t066 3.Sj't7 

1.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 O.OOuO 

Table 16a. 
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TOOTHIIIIIUTH T =0.625 LAMBDA 

J (AIo'IP) < 3 4 5 b 1 8 

POSe TNORM TNORM TNOwfo' TNORM TNO~foII TNORM TNORM TNOHM 

0.00 0.0000 0.0000 D.DOllO 0.0000 0.0000 0.0000 0.0000 0.0000 
0.10 0.3317 1.089? 1.Jb/j9 1" 51 S3 1.6162 1.b9Jb 1.7514 1.81~2 
0.20 0.5343 1.1928 2.26;;5 2.5110 2.6B60 2.~167 ~.922b 3.01J~ 
0.30· 0.6208 2.1313 2.72btS 3.0316 3.2395 3.J980 3.S2Hl 3.631:10 
0.40 0.6215 2.1960 2.84oH 3.1742. 3.3960 3.5b4t1 j.7023 J .tu 08 
0.50 0.5484 1.9188 2.Sq~7 2.9069 3.1140 3.210., 3.398& 3.5ubb 
0.60 0.4021 1.4807 1 ._9b~~ ~.2087 2.3681 2.4894 C:".5873 2.61Ul 
0.10 0.2101 0.1849 I.OSc4 1.1822 1.,2'686 1.3340 1.3867 1.4J13 
O.RO 0.0101 0.2625 0.35JJ 0.3<.11) 0.4264 O.448~ 0.4662 u."+tHJ 
0.90 0 .• 0 165 0.0611 Q.ObJl 0.0935 0.1004 0.10516 0.1098 O.lJ..JJ 
1.00 0.0000 0.0000 D.DOuO 0.0000 0.0000 0.0000 0.0000 u.ouno 

TOOTH_IUTH T ;0" 150 LAMBDA 

I (AMP I 2 3 4 5 6 1 " 
POSe TNORM TNCRM TNO~~ TNOWM TNORM TNURM lNORM TNO~~; 

0.00 0.0000 0.0000 0.0000 0.0000 0.0000 a.uoou 0.0000 O.OGOO 
0.]0 0.~321 O.t::SOS 0.70;;:6 0.85bd 0.9092 0.9503 0.984) 1.01-'2 
0.20 o .34~O 0.9834 1.1~b3 1.299Q 1. J80 1 1.4421 1.4944 1.530~ 
0.30 0.3391 0.9151 1.1tiUb 1.29<+"i 1.3154 1.437~ 1.489H 1.5JJtS 
0.40 0.2342 0.6832 0.8291 0.910b O.~b15 1.ul1':11 1.0485 1.07"",., 
0.50 0.1011 0.2991 O.36Jb 0.3994 0.4245 0.4441 0.4601 0.4f.lb 
0.60 O.02Hb 0.0842 O.10il;) o .1l.26 0.1191 O.12:5~ 0.1296 O.l,:Llb 
0.10' O.OObS 0.0193 O.O~-'S 0.02~" 0.027 .. O. 02t:U O.0211ti O.OJf17 
o.~o 0.0015 O.OO't3 O.OU~~ 0.0051 0.0061 0.00b4 0.006b O.OObb 
0.90 0.000) 0.3338 O.OOlU 0.0011 0.0011 0.0012 0.0012 O.OUl) 
1.00 0.0000 0.0000 0.0000 0.0000 O.flOOO 0.0000 0.0000 u.OUIJO 

TOOTHWIDTH T =0.815 LAMaDA 

ICAMP) 2 3 4 5 6 7 8 

POSe TNOR,.. TNCRM TNORM THORM TNORM TNORM TNORM THORI>.1 

0.00 0.0000 ·0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
0.10 O.071S 0.1140 0.2046 0.2221 0.2356 0.2456 0.2543 O.colt 
0.20 O.Obbl 0.1615 0.18119 0.2061 0.2188 0.2283 0.2361 0.2,+'-4 
0.30 0.0268 0.0655 0.0171 0.0839 0.088A 0.0921 0.0959 O.O':lldb 
0.40 0.0068 0.0161 0.0197 0.0214 0.0221 0.0231 0.0245 0.0252 
0.50 0.0015 0.0031 0.00'+4 O.004H 0.0051 0.u05-' v.COS5 O.OO~b 

0.60 0.0000 !I.OOOO O.OOUo 0.0000 0.0000 0.0000 (,1.0000 O.ouuO 
0.70 0.0000 0.0000 0.0000 v.OOOO 0.0000 0.0000 V.OOOO O.OOUU 
0.80 0.0000 0.0000 0.0000 0.0000 0.0000 O.OOOtl 0.0000 O.OOUO 
0.90 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 O.OOVU 
1.00 0.0000 0.0000 0.0000 0.0000 0.0000 o.ooou 0.0000 O.OuOO 

Table 16b. 
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CALCULATED TNORH' V-'LUES IN NM FOR LAMeOA/G = b.OS 

TOOTH.IOTH T =O.ll5 LAMBDA 

I(A.~P) C 3 4 5 6 7 8 

POSe TNORM TNORM TNOft'" THORM TNORM TNURM TNORM TNQI-o!t..; 

0.00 0.0000 0.0000 O.OOUo 0.0000 0.0000 0.0000 0.0000 0.0000 
0.10 0.2013 1.0454 2.)4.,.0 4.1776 5.7157 6.0286 1.2603 1.721::11 
0.20 0.4378 1.7516 3.<;,413 7.0070 9.9024 11.0569 12.8528 13.72'11 
0.30 0.471';' 1.e911 4.25,,7 7.5599 11.0713 13.3240 14.83tD 15.931':.:; 
0.40 0.4213 1.6~5b 3.781ts 6.7364 10.1723 12.5912 14.1230 lS.3btd 
0.50 0,.321:16 I .314S 2.~5t!4 5.2~96 8.2183 10.2171 11.6680 .I.2.t~.,.'1 

0.60 o .244~ 0.9801 2.20)'::1 3.9168 6.1189 1.~806 9.1214 9.9b'i~ 

0.10 0.1702 0.'.25 1.53,+1 2.7275 4.264) 5.::'80':1 tl.soao 7. 1 ~~~ 
O.~O 0.1079 0.4)08 0."688 1.7235 2.6920 3.5840 4.21.74 4.b~'JU 

0.90 0.0~27 0.2104 O.47j7 0.8415 1.3154 1.lMW C.0949 2.3t::::'::b 
1.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 o.oaoo 

lOQTI-!'wLOTH T =O.~50 LAME;DA 

I (At-4~) 2 3 4 5 b 7 0 

POSe THORM TNCRM TNO~f<1 TNORM TNOP'" TNuWM (t-./ORM TNOI"("' 

0.00 0.0000 0.0000 O.OOO{J 0.0000 0.0000 0.0000 v.OQOO O.OOull 
0.10 0.2670 1.0104 2.400b 3.5414 4.1418 4.535':01 4.8196 5.0l.t39 
0.20 0.41&0 1.9085 4.2913 0.5350 7.7432 6,,050 ';01.051:11 ~.4'1cJ 

0.30 0.5975 2.3905 5.37->0 8.5211 lO.27A5 11.3690 1£.1497 12.7i;,dll 
0.40 0.b527 2.(::059 5.8677 9.7016 12.0293 13.447d 14.4436 1::'.210'7 
0.50 0.6220 2.4886 5.59'1d 9.59~4 12.2803 13.9082 150.030"l 15.M~"b 
0.60 0.5212 2.0d11 4.67'7':;1 8.3242 10.9388 12.6001 lJ.722~ 14.50.$7 
0.70 0.3770 1.5084 3.38'16 6.0282 B.2491 9.b41J. 10.S106 11.2579 
0.80 0.2401 0.9606 2.H:d4 3.8427 5.4203 6.4221 7.085d 7.571:' 
0.90 0.11 57 0.'4631 1.04~0 1.853" 2.6456 3 .15~3 3.4917 3.7J70 
1 .00 0.0000 0.0000 O.OO(JO 0.0000 0.0000 0.0000 0.0000 o.ouoo 

TOOTHwIDTH T =0 .375 LAMSDA 

I (AMP) ;: 3 4 5 0 7 8 

POS .. TNORM TNCRM TNORIo" TNORM TNOWM Tt'tORM TNORM TNOt<F, 

0.00 0.0000 O.OUOO 0.0000 0.0000 0.0000 0.0000 u.OOoO 0.0000 
0.10 0.2575 1.0302 2.13u3 2.7031', 3.0229 ].i:425 .J.410'=> 3.5 .. 71 
0.20 O.447i1. ).7929 3.77i~ 4.,8508 5.4464 5.852d 0.1618 6.41c~ 

0.30 0.5662 2.2604 4.b1.J4 6.4032 7.2383 1.7Y96 8.2247 8.56b4 
0.40 0.6328 2.5317 5.SYOl 7.5646 8.6337 9.3413 9.8710 10.2'n:, 
0.50 0.6580 2.6214 S.'71'o4 tS.27S9 1,1.551)6 10.38B!j 11.0056 11.4":i~," 

0.60 0.6466 2.5869 S.H(iOt'l 8.6046 10.0"AA 11.0364 11.7283 12.2/h'o 
0.70 0.5832 2.32AS 5.2410 t:I.12~ 1 9.7001 10.085.$ 11.3Q56 11.9::2<.,1 
O.BO 0.4415 1.1665 3.':117'04 6.4100 1.8040 8.b634 ~.274j ':II. 74~'io 

0.90 0.2323 0.';2Q) 2.0c,..$1 3.4'oS"l 4.2505 4.7430 S.OH99 S.:.1'=>el 
1.00 0.0000 0.0000 O.OOuO 0.0000 0.0000 O.OOou 0.0000 O.OOuO 

TOOTH. 10TH T =0.500 LA.IISDA 

I lAMPJ ;: 3 4 5 6 7 8 

POSe TNORIo4 TNO~M TNOkl"l TNORI"t TNORM TNOR,.. lNOJ.lM 1 NORp., 

0.00 0.0000 0.0000 0.0000 0.0000 O.OOCIO O.OOOU 0.0000 O.ouOO 
0.10 0.2310 0.9224 1 .. 58'+9 1.B61 j 2.0390 2.1030 ".2610 2.3'oi:'Q 

0.20 0.3971 1.5886 2.1H~1 3.2985 3.6083 3.8313 4.00bc" 4.1519 

0.30 0.4Y)0 1.<;791 3.5110 4.264) 4.6177 4.9130 S.C-047 5.3'103 
0.40 0.~409 2.1597 4.U3bO 4.8730 5.3638 5.712" ~.9B41 6.2C.d6 
0.50 0.5450 2.1H04 4.21u':ol 5.14Y7 5.61,123 6.0741 0.3701 6.61~7 

0.60 0.5\73 2.0653 4.1141 5.1016 5.b714 6.0644 6.3610 6.61:,5 
0.70 0.4492 1.79.72 3.b7~J 4.6314 5.1672 5.':i3btS ~.8207 6.0Sl-' 

O.BO 0.3400 1..3602 2.8430 3.6339 4.0723 4.372(:: ~.6014 4.1t:J74 

0.90 o .18S6 0.1442' 1.5738 2.0325 2.2854 2. 4 570 2.5876 2.6~3b 

1.00 0.0000 0.0000 0.0000 0.0000 0.0000 o.OOOu 0.0000 0.0000 

Table 17a. 
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TOOrl-lwlDTH T =0.625 L'~~DA 

I (AMP) 2 3 4 5 6 7 8 

POS. H~ORM T~CRM TNOR;o.· TNORM THOPM TfliORM TNQRM rNO.· .... ; 

0.00 0.0000 0.0000 O.OOuO 0.0000 0.0000 0.0000 0.0000 o.oouo 
0.10 0.7550 1.0b48 1.~1L'1 0.1891 1.3075 1.371:\6 1.4356 1.4837 
0.20· 1.268ij 1.@224 2.0~OO 0.3118 2.2448 2.J6MO c..4667 2.54~~ 

0.30 i.SiZe; 2.2233 2.~4~O 0.3781 2.7509 2.9036 3.0255 J.l~-7ts 

0.40 1.5321 2.3094 2.6Sjes 0.8210 2.8726 3.0343 ).1633 3.2712 
0.50 1.348~ 2.0853 2.,+O~7 0.3376 2.6077 2.7561 2.8751 2.9741 
a.flo 1.0003 1.!::i765 1.&21:11 0.2500 1.9810 2.0951 i!.1862 2.lb20 
0.10 0.~717 0.~134 1.0600 o .142"i 1.1513 1.2182 1.271~ 1.31~q 

0.80 0 .• 2394 0.3853 0.4477 O.059H 0.4865 0.514'7 0.5375 O.5~b2 

0.90 0.0742 0.1197 O.13f,11 0.0185 0.1512 0.1600 0.1670 0.1728 
1.00 0.0000 0.0000 O.OOvO 0.0000 0.0000 a.aDOu 0.0000 0.0000 

TOOTH. 10TH T =0.750 LAMBDA 

ICAMPI 2 3 • 5 • 7 8 

pos. TNO~M "IiOH'" TNOR~ TNORM HojORM TNuRM INORM TNO""'" 

0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 o.oouo 
O. 10 0.1199 0.4.316 0.5660 0.6326 0.6774 0.111' 0.7394 O.7~t:d 

D.20 0.1861 O.~744 0.881H 0.9934 1.0641 1.117, 1.161b 1 • 1 ':IIob 
0.30 O.lBtlJ 0.~802 0.H999 1.007~ 1.0801 1.1350 1.179b 1.217.J 
0.40 0.1358 0.4989 O.66JO 0.1432 0.7968 0.8375 O.tH05 O.8':ftiJ 
0.50 o .Ob':~b 0.2570 O.3'tt:::] il.3840 0.411A 0 ... 32-.1 0.449'9 0 ... 0 .... 
0.60 O.OZ63 0.0971 o .12~~ 0.1453 0.1558 o .163t.i U .1702 0.11':> 1 
0.70 0.0084- 0.0311 O.041~ 0.0466 0.0500 0.052:' 0.0540 0.0:'0" 
O.dO 0.002, O.OOQl 0.Ole3 0.013'3 0.0148 0.0160 0.0162 O.Olb7 
0 .. 90 O.OOOb 0 .. 0024 O.OO.J2 O.D03f1 O.OO3A 0.0040 (.I.0042 O.OO4~ 
1.00 0.0000 0.0000 O.OooQ 0.0000 0.0000 0.0000 0.0000 C).QuuO 

TOOT~wIDTH T =0.875 LAMBDA 

I (AMf-') • 3 • 5 • 7 ~ 

POSe TNORM TNCR'" TNOH:~ TrtORH TNORM TNOf.(P4 THORM lNOk~ 

0 .. 00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 O.OQUO 
0.10 .0.0298 0.0978 O.l~t:'':i 0.1360 0.1451 0.1521 0.1578 O.loc:6 
0.20 0.0317 0.10" O.13!~ 0.1.52 o .}549 0.1623 O.}o.84 0.11J. 
0.30 0.0169 0.0556 0.06-1"1 0.0713 O.08~5 O.086~ 0.0897 O.O':ll.:-S 
0.40 0.0060 0.0196 0.02 .. 7 0.0273 0.0292 0.0306 0.0317 0.0327 
0.50 0.0017 0.0057 0.0072 v.OOBO O.OO8~ o. OQar." IJ.OO~3 O.Uv'1b 

0.60 0.0006 0.0018 O.OOi:,j 0.0025 0.0027 0.002~ U.0029 o.Ou30 
0.70 0.0000 0.0000 0.00(.00 0.0000 0.0000 0.0000 0.0000 O.OUIJO 
0.80 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 v.OOOO 0.0000 
0."10 0.0000 0.0000 0.001)0 0.0000 0.0000 0.0000 0.0000 0.01.100 
1.00 0.0000 0.0000 D.DOuD 0.0000 0.0000 0.0000 O.~OOO 0.0000 

Table 17b. 
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CALCuLATED TNORM.VALUES IN NM FOR LAMBOA/G = 5.00 

TOOTrt.IOTH T =0.125 LAMS!)A 

I lAMP) 2 3 4 5 " 7 ti 

POSe TNORM ThORM TNORM TNORM TNORM TNORM lNORM TNOl-ij·, 

0.00 0.0000 0.0000 O.DOuG 0.0000 0.0000 0.0000 .0.00.00 O.ouuO 
0.10 0.0727 O.C902 0.05:"S 101610 1.8144 2.440i: 2.8107 3.1760 
0.20 0.1324 0.5286 1.1903 t!.1147 3.3056 4.415J 5.288. S.86d7 
0.30 0.1592 0.1:370 l.'dl~ 2.54:'8 3.9718 5.460d 0.5229 7.2009 
0.4(1 0.1619 O.f:416 1.oItS71 2.5879 4.0445 5.6171 0.7812 7.614~ 

0.,0 0.1431 O.572tl 1.28e~ i..290d 3.5791 5.0187 0.1221 6.91 ('-; 
0.'>0 0:1171 0.4706 1.O~f;:J 1.8832 2.8244 4.160~ 5.1250 S.Bt! 13 
0.10 0.0878 0.3513 ('.7916 1.4068 2.1975 3.1b4J -,.8702 4.l.t~11 

0.80 0.0581 0.2331 O.SZ'+2 0.9316 1.4554 2.095:, C:.590B 2.97J1 
0.90 0.0297 0.1189 0.2614 0.4152 0.1423 1.068d 1.3262 1.Sc:'+'::I 
1.00 0.0000 0.0000 O.O{.!uo 0.0000 0.0000 0.0000 0.0000 O.OOUl! 

TOOT I-1w101 H T =0.250 LAMBO,a, 

I (AMP) 2 3 4 , 6 7 " 
POSe TNORM TNCRM lNOh'1" H~ORM n~ORM TNCriM lNORM TNOI-<f"\ 

0.00 0.0000 0.0000 a .0Ot'U 0.0000 o.oono 0.0000 0.0000 O.OO(JU 
o. 10 o .o~n 0 0.3241 0.124r5 1.2917 1."565 2.211':3 c.4558 2.6C'~2 

0.20 0.1537 0.~161 1.Jb:>c 2.46;(:1 3.55~3 4.i:177 4.7~O'1 :,.o..,. ... c 
0.30 0.2010 0.2027 l.bO':>O 3.2111 4.6qe6 5.6957 b.3S1H 6.~i:::'4 

0.40 0.2284 0.S121 2.v~J5 3.6488 5.4353 6.6791 i.5002 ~.Otl7c 

0.50 0.223"+ 0.e930 2.ClOb6 3.56"6 5.3763 6.6831 7.5484 8.ltd) 

0.60 0.2014 0.8059 l.bl.JJ 3.223" 5.0362 6.232<.J 1.1070 7.7cJJ 
0.70 0.1573 0.6294 1.4162 2.5178 3.9342 4.946b 5.6103· 6.1 I 'Ii!. 
0.80 0.1083 0.4335 0.471>3 1.7351i 2.1117 3.4779 4.0 18.1- 4.3':tb7 
0.90 0.0550 0.c205 O.4'i~7 0.8811 1.3765 1.772b 2.051ts 2.24"10 
1.00 0.0000 0.0000 0.0000 0.0000 0.0000 O.,OOOU 0.0000 O.OUUll 

lODTh.dUTH T =0.315 LAMBOA 

I (AMP) 2 3 4 5 6 1 8 

POSe TNORM lNeRt-'! T~Oj.(.., TNOR"'I TNORM n~ORM 1 NOR'" TNOI'<"" 

0.00 0.0000 0.0000 0.0000 0.0000 0.0000 O.Ooou O.OOOU O.OUOO 

0.10 0.0757 0.30n 0.OH02 1.1767 1.5077 1.1113 1.8513 1.9,/5 
O.iO o .loCtUb 0.5626 1.26~'"1 ,2.1~10 2. "311 3.2210 3.4882 3.6~O4 

0.30 0.11186 tI.7546 1.6'1bO 2.9705 3.11691 4.4220 4.1998 5.0b'+0 

0.40 0.2188 0.8753 I.Y72;' 3.-5051 ,,+.5845 5.272< ~. 7376 b.Obe':l 

0.50 0.2301 0.'1223 2.073'1 3.6858 4.9308 5."710':1 6.2350 0.6i:::')0 

0.60 O.C240 0.£1945 2.01"'1 3.S7t13 4.8,q:79 5."1060 0.2525 b.6:,f'-:3 

0.70 0.1961 0.7828 1.10e7 j.134~ 4.3626 5.1344 !:).647} b.OC 44 

O.tiO 0.1470 0.5881 1.323"+ 2.3503 3.)2~6 3.9460 4.3566 4.6StJ,? 

0 .. 40 0.0764 0.31J6 0.70':17 1.2546 1.71'390 2.131~ ~.3583 ~.5cJ4 

1.00 0.0000 0.0000 O.OOUO 0.0000 0.0000 O.OOOu u.OOOO O.OOuO 

TDOTl,.IOTH T =O.SOO LAMBDA 

I (AMP)" 2 3 4 5 6 7 8 

POSe TNORM TNCRM TNOHM TNORM TNOR'" TNORM TNORM TNOt-<:-1 

0.00 0.0000 0.0000 0.0000 0.0000 0.0000 0 .. 0000 0.0000 O.OUOO 
0.10 0.Ob37 0.2544 0.5130 0.881:;2 1.0605 1.16b" 1.245"1 1. luob 
0.20 0.1157 0.4618 1.OJ~Cl 1.6116 1.9)40 2.131<; ~.274J 2.3Cl60 

0.30 0.1 S33 0.~120 1.3101 ~.16a3 2.6055 2.t!17o ").072<; 3.2c'':l0 
0.40 0.1734 O.~939 1.55~J 2.4843 3.0032 3.32oCto .".5054:' 3.7J34 

0.50 0.1774 0.7110 1.6012 ~.5Bu7 3.1415 3.4e!b9 3.7326 3.~c.J3 

0.60 0.1670 0.6682 1.50J~ ~.4524 3.0054 3.J450 ).5854 3."1714 

0.70 0.142"1 " 0.5718 1.28rl4 <.1220 2.6193 2. ':123 .. 3.1375 3.3U30 

0.80 0.104t:i 0.4202 0.94"Y 1.56HS 1.94"6 2.177.J 2.3392 ~.464tJ 

0.90 0.0557 0.2232 0.501~ 0.8)76 1.0431 1.169.J 1.257) 1.3c'+/j 

1.00 0.0000 0.0000 0.0000 0.0000 0.0000 O.uoou 0.0000 O.OOtiO 

Table 18a. 
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TDQTH",lOTt1 T =0.625 LA'"180A 

I (AMP) 2 j 4 ., & 7 & 

POS. TNOR/1011 TNCRM TNOk .. , TNOR/loil TNOR'" TNO~M TNORM TNOl"(f~ 

0.00 0.0000 0.0000 O.UOLJO 0.0000 0.0000 a.OODu u.oooo O.OOHO 
0.10 0.0454 0" 182 f 0.4094 0.:'545 0.635" 0.6889 0.1286 0.70U4 
0.20- 0.080) 0.3221 O./24j U.9864 1.1317 1.an 1.2983 1. JS~) 
0.30 0.1016 0.4057 O.91tJ 1.2S33 1.4408 1.56J~ 1.6541 1.7~17 
0.40 0.1061 0.4236 O.9Sc6 1.320'-1 I.S2It-. 1.652"1 1.1499 l.f:lld~ 
0.50 0.0966 0.3859 o .H6t:H~ 1.2143 1.4017 1.5231 .L .6142 1.6bb2 
0.60 0.0764 O.~O49 O.bE:iho 0.9661') 1.1177 l.iI5'1 1.2886 1.3404 
0.70 0.0522 0.20e, O.46~~ 0.6644 0.7695 0.d376 0.8879 0.9219 
0.80 0,.029& 0.1191 O.26dl v.3808 0.4413 0.".a04 U.5094 O.~J24 
0.90 0.0130 0.0520 O.llt:~ 0.1664 0.1929 0.<101 li.2227 O.2J2h 
1.00 0.0000 0.0000 0 .. 0000 0.0000 0.0000 a.UDOO 0.0000 o.OOtlO 

TOOTHo10TH T =0.750 LA~tlDA 

I CAMP) 2 3 , 5 6 7 8 

pos. TNORM TNO~M TNOt-l1"l thORM T~ORM INORM 1 NO~M TNOI-(M 

0.00 0.0000 0.0000 0.0000 u.oooo 0.0000 o.uoou V.OOuO O.OOvO 
O. 10 O.U2(?1 0.08~3 0.18:'0 0.23811 0.2670 O.c86d U.301'i O.314C 
0.20 0.0365 0.1463 o. JfJ ( 1 0.39 .. 4 0.4426 0_ .. 75::. 0.S006 O.:,clO 
0.30 0.0398 0.1596 0.3J~d 0.43}11 0.4849 0.521U V.S4es. O.S7U~ 

0.40 0.0331:; 0.1357 O.2tibO 0.3684 a .413A O.444t:1 0.4683 O.4t:i(4 

0.50 0.0233 0.0935 O.19i':i 0.254':::1 0.2660 0.3074 (J.3237 0.3Jb'; 
0.60 0.0137 0.05'7 U .IIS6 U.1492 0.1677 o oIB03 0.1899 O.lY/h 
0.70 0.0071 0.0285 0.06U3 O.017tj O.DIH4 0.U94U v.u9YO O.IU."u 
0.80 0.0033 0.0133 O.02~J. 0.0363 0.0408 0.0439 0.0462 O.O'+!"!l 
a.YO O.lHil3 0.0053 D.OIle:: O.O14~ 0.0163 0.U170 0.0185 O.Ol'1~ 

1.00 0.0000 0.0000 O.UQUO o.ooou 0.0000 0.0000 0.0000 O.OOGO 

TOOTH. rOTH T ~0.875 LAHeeA 

I (AMP) 2 3 • 5 6 7 8 

POSe lNOR.,. TNORM TNORM TNORM TNORM TNORH INORM lNOkt-: 

0.00 0.0000 0.0000 .0 .• 0000 0.001)0 0.0000 0.0000 V.OOOO O.OuuG 
o. 10 0.0027 0.010& 0.Q210 0.0259 0.0288 0.0307 0.0323 O.O::.1J~ 

0.20 O.DOJb 0.01.' 0.02b5 0.0352 0.0391 0.0417 0.0431-3 0.O'+~5 

0.30 0.0029 0.0117 O.02J2 0.02&7 0.0319 0.0341 0.O)5d 0.0.;71 
0.40 O.OOlb 0.0072 0.01'2 0.0176 0.0195 0.0209 O.021Q O.O~c7 

0.50 0.00011 0.0034 O.ClOoJ O.OOl=lj 0.0093 0.009~ 0.0104 O.OICo 
0.60 0.0005 0.0019 0.0037 0.0046 0.0051 0.O05~ 0.0058 0.00&0 
0.70 0.0003 0.0011 0.00e2 0.002Q 0.0031 a.uO)) 0.0035 O.OuJe, 
0.80 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 v.ooao 0.000(1 
0.90 0.0000 0.0000 0.001.10 0.0000 0.0000 a.ooou 0.0000 O.OiJuO 
1.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

Table 18b. 
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Typical is the deformation of the original (ideal iron) curve. 
This deformation is brought about by the fact that eqn.(24) in
creases the more the unstable position is approached. The 
force curve of figure 18 serves as an example, it shows the 
curves for s = t = 20g . 
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Fig. 18 Diagram of force vs. displacement. 

----- experimental force curve. 
++++++++++ calculated force curve. 
---------- force curve for ideal iron . 

. These curves apply for excitations that 
produce equal magnetic fluxes in posi
tion x = O. 
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This alteration of the shape of the force curve can be of im
portance when considering the dynamic properties of a machine. 
It is also of interest that with a large iron reluctance the 
force is not proportional to the square of the excitation. In 
addition, for relatively higher values of the current it is 
even less than directly proportional. It is reasonable to as
sume that a certain maximum value for the induction is to be 
observed when considering various slottings for best perform
ance. We shall now discuss which combination of t/g and s/g 
offers a maximum average force for a given size of slotting. 
In this case the discussion is simplified by assuming another 
extreme materiaal condition, which we will call ideal satura
tion (see figure 19). 

o 

Fi g. 19 

B 

• i 

Flux-to-excitation diagram, 
idealised saturation. 

Here the essential part of the iron curve appears as the line 

of constant flux ~ = ~A' 
Since tan AEQ = P(Q) and tan BEQ = P (-X). the average force 
appears to become, using (19). 

F = (25) 
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~A can be expressed in terms of maximum allowable induction 
Bmax in the bottom of the teeth by 

With eqn. (25) the average force, considering eqns. (26) and 
P (0) = ].101 t' z. P I and P ( - X) = ].1 0 \. z. P 2' becomes 

F = B~ax [l/P2 - I/Pll.z.l .A 
max ].10 [A2/t2 t (27) 

The value to be optimised is now 

f2 = I/P2 - l/P I (28) 
A2jt2 

It is not hard to see that eqn. (28) is favoured by a small 
P 2 and a 1 arge PI. The 1 atter can be increased arbitrarily by 
reducing the airgap as far as mechanical restriction will al
low, whereas P2 can be reduced by selecting a narrow tooth
width. However, the denominator in eqn. (28) opposes the ef
fect of such a tendency. Calculation of the value of eqn. (28), 
using an extremely· small gap, leads to the upper curve of fig
ure 20. 

0.03 

0.02 

0.01 

0.1 

Fi g. 20 

0.2 0.3 0.4 0.5 0.6 0.7 _In. 
Force parameter vs. t/A. 
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Its maximum value is approximately 0.0288. the toothwidth then 
being t = 0.414A. Since. owing to mechanical restrictions. 
some minimum airgap is necessary and because the pitch A is 
determined by external design conditions, the ratio A/g 
can be considered to be a fairly independent quantity. It is 
therefore reasonable to derive curves for fixed A/g ratios as 
shown in figure 20. Apparently, by increasing this parameter 
the maximum value of f2 increases rapidly. The best ra-
tio t/A for any value of the parameter appears to be around 
0.42. 
From the previous discussion it follows that it is advanta
geous to design the iron circuit with a reluctance of large 
magnitude. This is elucidated by a study of figure 16. The 
hatched area consists of the fairly fixed contribution EAD 
from the airgap; it is augmented by the iron co-energy ADB. 
The greater the saturation, the larger the latter becomes. It 
should be pointed out that the highly saturated part should 
not contain the teeth themselves. 
It has been stated already that the behaviour as indicated in 
figure 19 represents a fictitious idealisation. Figure 17 
illustrates a more realistic situation. 
The previous considerations may then be extended by the fol
lowing correction. Let it be assumed that the essential part 
of the iron curve may be replaced by the straight line AB, el
evation y."The expression for the average force becomes 

f = 1 + tan yiP 0 
1 + tan y/P(-X ~ z.lt· A (29) 

1.2.5. Influence of saturation in teeth. 

The previous assumption of the teeth not being satu
rated implied that the iron-air interfaces were approximately 
equipotential surfaces. If, owing to large inductions, low val
ues of jJ in the teeth material appear, this assumption has to 
be dropped and we will have to refer to more elaborate calcu-
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lations in which also the varying iron permeance is accounted 
for. 

Computer programs have been developed to calculate field quan
tities for configurations we are concerned with. The calcula
tions give the permeances in the extreme positions for the 
airgap and its environment between equipotential lines AA en 
BB (see figure 21). 

A-- -- -- --.- -- ---A 

-----III L..----I 

JI,------, 
B-- ------------ B 

Fig. 21 Airgap and environment. 

These lines are situated sufficiently far inside the iron where 
the field can be considered to be homogeneous and the term 
equipotential surface;s warranted for the planes AA and BB. 
The calculations were carried out for iron with an induction 
curve as given in figure 22. It is not hard to see that'at low 
values of the excitation, iron influence is negligible and the 
the theory of section 1.2.3. applies. 
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With increasing induction in the teeth the lowering permea
bility, particularly near sharp edges, is going to have ef
fect, decreasing the overall permeance. 
A typical set of permeance lines is shown in figure 23. 

~ 

1 

A/g = 20, t/A = 0.4 

Fig. 23 Permeance diagram, computed for real iron. 

The general shape of the lines is easily understood; it is 
however, remarkable that the two lines tend to become paral
lel, actually a slight deviation can be observed. 
To facilitate analysis of force production and optimisation 
the following idealisation of these curves is introduced. 
Without introducing serious errors the P-curves of figure 23 
may be approximated as sets of straight lines as shown in 
figure 24. Here again the lines are drawn in mirror fashion 
from the point of total excitation e = NI. 
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II 

I 

'I i 

Fig. 24 Permeance diagram, saturated teeth. 

The bend in both P-l ines .appears to 1 i e on the same fl ux 1 eve 1 
(at least for the conditions we are interested in). This level 
appears to be determined by the cross section of the tooth 
base multiplied by a certain value of magnetic induction, 
which discriminates between "saturated" behaviour and "ideal" 
behaviour. 
These marginal values will be indicated with s; the typical 
induction as Bs and the relevant flux as ~s' related by: 

(30) 

It must be stated specifically that these simplifications are 
developed on grounds of observed curve shapes and do not have 
any underlying theoretical base. 
The average force now can also be calculated along the lines 
of section 1.2.4. 
The limiting flux through the system is taken as ~n' .with some 
geometry it follows from figure 24: 
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Area II : Area I ~ (~n - ~s) : $s 

2$ - ~ 
or Area (I + 11) ~ n s. Area I 

~s 

Area I can be related to the similar triangle of figure 15. 
Considering that the force is proportional to the area of co
energy swept out, it is clear, with (28) and replacing Bmax by 
Bs' that: 

2$n - ~ s 
~ .A.z.l t 
s 

(31) 

Calculation of the force-displacement curves for teeth
saturation was not carried out because the expenses involved 
with the elaborate numerical computation were not considered 
justifiable. 
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2. MEASUREMENTS 

In this chapter measurements. that were carried out in 
order to verify the calculations. are described. 
The calculations for ideal iron can only be compared with 
measurements carried out with very low excitations. to keep 
~r large. in the order of one hundred or preferably more 
throughout the entire investigated region. 

2.1. Description of the measuring device 

A cylindrical stator and rotor were made. as drawn in 
fi gure 25. 

/ 
I 

I 

Stator 

Rotor '\ 
\ 

\ 

" 

\ 
\ 

" " '\ \ 
\ 

Fig. 25 Teeth configuration of measuring device. 

To avoid the influence of the normal forces and end effects a 
cylindrical device was chosen. 
For the purpose of simple calculations the curved airgap re
gion was developed as drawn in figure 1. 



'0 , 

Scale 1:2. 

Fig. 26 Stator-rotor combination. 
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This development is allowed as the machine has a sufficient 
number of teeth (z = 20) and as the airgap width g is small 
compared with the toothpitch A. 

2.1.1. The stator. 

The stator is made of iron tha~according to the manu
facturer, contains very little impurities. With this iron very 
high inductions are possible before saturation becomes prohib
itive (see figure 22). 
The stator has a bore of 80.00 mm and 20 rectangular slots. In 
the first instance these were very narrow slots (0.125 Aj and 
for every new set of measurements they were widened. The max
imum slotwidth was 0.875 A. 

Between both parts of the stator ;s an annular coil with 498 
windings of 0.95 mm 2 copper wire. 

2.1.2. The rotor. 

There were 5 rotors made, also of the same iron men
tioned above. They have diameters as given in table 19. 
Other important dimensions are: active toothlength 40 mm rotor 
neck diameter 50 mm. 

rotor nr )../g di ameter (mm) 

1 5 74.99 (74.97) 

2 8.05 76.89 (76.88) 
3 10 77 .51 (77 .49) 
4 20 78.75 (78.74) 
5 40 79.38 (79.37) 

Table 19. 
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Photograph 3. Stator (t ~ A/8) 
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Photograph 4. Rotor (t ~ A/B) 
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The values between brackets are the ones that were aimed at. 
the others are measured values. Stator and rotor are shown in 
photographs 1 - 4. 
Photographs 1 and 2 show the smallest and 3 and 4 the largest 
slots. 
The stator is fitted between two aluminium shields in which 
the bearings of the rotor are placed so that it can rotate 
freely. 

2.2. Description of the measuring equipment 

2.2.1. Measurement of the force. 

The force is measured by means of two straingauges. 
These are glued. one on each side of a metal arm that is con
nected to one of the rotor ends (see photograph 5. and figure 
27). 
The extreme end of the arm. that reaches radially from the ro
tor shaft. is caught by a revolvable ring. the latter being 
clamped to the stator. When exciting the stator coil the rotor 
wants to go to its equilibrium state. As the extreme end of the 
arm is fixed relative to the stator. a bending torque will be 
exerted upon the arm which results in the resistances of the 
straingauges becoming unequal. As these straingauges are con
nected in a bridge circuit this bending will result in an output 
voltage directly proportional to the force between stator and 
rotor. By moving the ring by means of an adjusting apparatus 
the rotorposition can be varied. 

2.2.2. Measurement of the displacement. 

In order to measure the displacement a potentiometer 
is attached to the other end of the rotor. By connecting a DC 
voltage across the potentiometer we can measure a voltage di
rectly proportional to the displacement. 
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Photograph 5. Complete measuring device. 
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clamping screws 

arm 

straingauges 

Fig. 27 Forae measuring apparatus. 

for gauging 

purposes 



Photograph 6. Complete measuring apparatus. 
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2.2.3. Measurement of the magnetic flux in the neck of the 
rotor. 

The magnetic flux in the neck of the rotor is meas
ured by means of a coil around the neck consisting of two 
windings and a fluxmeter. By commutating the stator current, 
we can measure the flux in the neck of the rotor. As this is 
the narrowest part (excluding the teeth) of the iron circuit 
this flux gives an indication of saturation of the circuit. 
Actually the mmf for the iron can be ascribed to this part of 
the circuit, the remainder being of much larger area anywhere. 

2.3. Measured results. 

In the following figures the measured curves, togeth
er with calculated values are given. 
The calculations are for normal iron, not including satura
tion of the teeth. The calculated values can be found in ta
bles 14 - 18. A total. of 35 sets of curves were measured. 
Instead of the force the torque of the machine was measured. 
If one is interested in the force this can be found by di
viding the torque by the average radius of stator and rotor. 
For measurements of fl ux in the rotorneck and in the teeth, 
see ref [7]. 



69 
T!Nml 

r-------r---------.-~-r------1" ) 

I.=~ 
calculated I '\ r=.::.::.::==-+-----+-----I-----+-+-.7AA-' ---+1.0 
'M ,/~\ 
o 3A 16A \ 

[!J lA • ~ 

rn 
!"\; 
2~ \1 

c-- O.B 

r(\ 
1+f-----;O~~T\4I1-+0.6 

lA • \ 

(\ 
", 1\ 1-----+----+------1---1411 \ ~"' 

1/ \ 

~ 
t-----+---__ -+ _____ f-__ ...-JIf---+---.\0~3~5~AL-_+1I+0.2 

/ "-" 

1.0 
2x 
T 

0.9 O.B 0.7 0.6 0.5 0.4 0.3 

Fig. 28 A/g .,.40. t =7/B A . 

\ 

/ \ 
\ , 
\ 
\ 

0.2 0.1 o 



70 

T(Nm) 

.---r----------r--------r----.------..25l 

calculated 

• 8A 

o 3A 
~ 1A 

1.0 0.9 
~. 
A 

0.8 0.7 o 

Fig.29 Al9 =40, 1=314 A 



71 

calculated 
r='~8~A~~--t------Hff~~--~~~~------~--------~4 
o 3A 

~ 1A 

1.0 
~ 
A 

0.9 0.8 

H-~--~---------+---------+----~~~1 

0.7 0.6 05 0.4 03 02 0.1 o 

Fig. 30 A/9 = 40, 1-5/8 A 



72 

T(Nm) 

.----:-----r---r-----r---;--------r" 1 

1A 

1.0 0.9 o.S 
2x .... _--
A 

O.SA 

0.2SA 

0.6 

calculated 

• SA 

1!)3A 

(!)1A 

0.4 

Fig. 31 A/g = 40, t = 1/2 ). 

0.2 0.1 o 



73 

T(Nm) 

r-------~.----·~--r_------._------,_------~401 

calculated 

1.0 

• SA 

o 3A 

~ 1A 

2x 
).. 

• 

0.9 O.S 0.7 0.4 03 0.1 0 

Fig. 32 A/9 = 40, t =3/S" 



• 

74 

T(Nm) 

1.=8A 

r----=-~--+----__+-___H'_/"~\\_+_----+----___1.40 
• 8A 

calculated 

G) 3A 

1iI1A 

r-----+-----~YLf_~-~~~--~------~30 

11'0 
2x ~,-
A 

0.9 08 

• 

0.7 0.6 0.5 0.4 

Fig. 33 A/9=40, 1=1/4 A 

,--------110 

0.3 0.2 0.1 o 



75 

T(Nm) 

r---,---,---,----.,---- 4o f 

calculated 

• 8A 

o 3A 

I!l 1 A 

• 

• 

r---------t---------+--------I.~~~----~~1_----~20 

• 
10 

0.9 0.8 0.7 0.6 0.5 0.2 0.1 o 
2x 
T 

Fig. 34 Alg -40, t = 118 A 



76 

T(Nm) 

r-----r----r---,------.r---'"1 
calculated 

1.0 

·8A 
@3A 

~lA 

0.9 
1l<~'----
~ 

0.7 0.4 0.3 0.1 o 

Fig. 35 A/g=20,t=7/8 ~ 



77 

T(Nm) 

r----r----,-------.----------r~,.1 

calculated 
~~~~~-4-----------+----------~~~~-~--~~~------+20 

1.0 

• SA 

@3A 

1!J1A 

0.9 
2x ..... _---

0.8 0.7 0.6 

Fig. 36 

----+1.5 

H+~'--------+-~--+\\t--+1.0 

0.5 

0.5 0.4 0.3 0.2 0.1 o 

X/9=20, 1=3/4 X 



78 

T(Nm) 

r-----r----r-----r-----r------.' 1 
Is=SA 

calculated 
r-.~SA~-----t---------A~~~--~~~~~--~------~4 

®3A 

l!l1A 

r--------4----~~~----~--+_----~_\~~----~3 

1A 
c----I-2 

~+_---r---------+---------+----~4W~1 

O.SA 

1.0 0.9 O.S 0.7 0.6 0.5 0.4 0.3 0.2 0.1 o 
2x ... ,----
A 

Fig. 37 11/9-20, t- S/S II 



l 

/' 

0.9 1.0 
~41---

A 

79 

• calculated 
-8A 

'.8A 

7A 

@3A 

1!J1A 

O.SA ------. ..1-~-+------ -
0.25A ----+--_ .. _--

0.8 0.7 0.6 0.5 0.4 

Fig. 38 A/9=20,t=1/2 h. 

0.3 

.---+3 

0.2 0.1 o 



80 

• 

calculated 
~--------~~~~~~~--------~----------~----------+20 

-8A 

®3A 

[!]1A 

~------~~~--~~--~~~\-~~-+-----------+----------41S 

• 

~---+S 

14 

~ ~ 
~ 

O.SA 

1.0 0.1'1 0.8 0.7 0.0 0.5 0.4 0.3 0.2 0.1 0 
2x I 

T 

Fig. 39 )./9=20, t=3/8 ). 



81 

r ____ , ____ -,e_""i""::a;: __ r-____ -r-____ --,{m' 

e 

r----------t----'e.-.H~f-~---~J_Jr\\\_-~---------~20 
·8A 

calculated 

@3A 

~lA 

1.0 0.9 0.8 0.7 0.6 0.5 

lA 

0.4 0.3 0.2 0.1 o 
2x~I----
). 

Fig. 40 )../9 = 20, t =1/4 ). 



82 

T(Nm) 

.------r-----'-----T----'-----------'''1 
• 

calculated 
~~------i----------t----------~~~~~~----~--~20 

·8A 
@3A 

1!l1A 

~--------i----------t-------ffl~-f------~~~-----415 

• 

5 

• 

1.0 
2x 

0.9 o.a 0.7 0.6 o.s OA 0.3 0.2 0.1 o 

A 

Fig. 41 Alg-20. t=1/8 A 



calculated 

to 

• 8A 

@3A 

[!]1A 

2x ... '----
T 

Fig. 42 

83 

1 

0.4 0.3 0.2 0.1 o 

"/9= 10, t = 7/8 " 



84 

T(Nm) 

r--.----.--~-------,,.1 

calculated 

• 8A 

® 3A 

!!J1A 

f--- ---+-----+------.,VIA-I-~---P\__\_\! ~--+1.0 

1.0 0.9 0.7 0.6 0.5 0.4 0.3 0.1 o 
ll'----
X 

Fig. 43 X/9 = 10, t=3/4 X 



85 

T(Nm) 

r-----r---'----j-------,.-----r---4j 

• 8 

®3 
[!]1 

• 

r---------t------ti~t_~------+_----~~~~r_----~2 

• 

1.0 0.9 0.8 0.6 04 0.1 o 
2x .... _---

Fig. 44 X/9-10, t=5/8 X. 



86 

r----r---e-'--_,e:--_-=e __ -r-___ -,..-------. "r' 

calculated r. ~8===-=-=-=----fAr.FIiI--::;;;;o~ ....... :::-----,~~~,\--+------l.5.0 
®3 
[!]1 

1.0 0.9 
2x~. __ _ 

>.. 

0.8 0.1 0.6 0.5 0.4 0.3 0.2 0.1 o 

Fig. 45 >"/9_10, t=1/2 >... 



87 

T(Nm) 

r---r--~. ------r-----'-----'''I 
• 

calculated 
r-.~8~A-------r--~£-~-+~,-------~--------4---------~~2 

@ 3A 

[!] 1 A 

• 

2A 

• 

• 

~~--~~-------+----------~------~rl-~~~---+3 

lA 

1.0 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 o 
~ .... ----

>. 

Fig. 46 >./9-10,t-3/8). 



88 

T(Nml 

,-------,-~. ----r---r--------,oo1 

• calculated 
~~~~~-+----------1-~~~~~~---------+---------~15 

• B 

@3 

I!l 1 • 

r----------t----1+~_F+_~~----_4~~~~~Y_--------~10 

• 

r------.~~~--~--_+----------~--------~~~~--_15 

2A 

lA 
• • 

I!l 

1.0 0.9 O.B 0.7 0.6 0.5 0.4 0.3 0.2 0.1 o 
2x II 

T 

Fig. 47 >-/9=10, t=1/4 >-



89 

T(Nm) 

r------t----------r---

0 

--t-------.--~,,1 

lculated 

• 8 

® 3 

~ 1 

• 

0.9 

• 

0.7 0.6 0.5 OA 

Fig. 48 ;I./g=10. 1=1/8;1. 

• 

1A 

0.3 0.2 0.1 o 



90 

T(Nm) 

r------r------r-----r-----r-------..,o~l 

calculated 
1-.-

S
-

A
----I------t-------+-------.H---+---+0.20 

® 2A 

[!] lA 

f------+-----+------I---JL -I-+--+-+---+0.15 

f------+-----+------I--..,hf--I--+----++HO.10 

t-------+-----4---~~-J~--~~~--~-4H40.05 

---. ....-

1.0 0.9 O.S 0.7 0.6 0.5 04 0.3 0.2 0.1 o 

Fig. 49 . X/9 = 8.05, t=7/S X 



91 

T(Nm) 

~--r---~-----;"1 

calculated 

• BA 

@ 3A 

1!J1A 

r---------~r---------_t----------~~~~~~~~--------~1.0 

---+0.5 

1.0 0.9 O.B o 
11.< ... ----
A 

Fig. 50 A/9 =8.05, t =3/4 A 



calculated 

• 8A 

@ 3A 

~ 1A 

92 

• 

• 

r---------+-~~~--~--------~---------Pr-44~---+1 

1A 

1.0 0.9 0.8 0.7 0.4 0.3 0.1 p. 

~ .... ----
A 

Fig. 51 A/g=8.05, 1=5/8 A 



93 

T(Nm) 

,------r----;-----r------r---"j 
• 

• 

I =8A 

calculated 
r..R8~A~==--t--77.L--±~~;;::--=:~~:-------t-------+5.0 

@ 3A 

[!] 1A 

I---_II-J.~--+.~ -----t------If----~~ri_\\\_---_+2.5 

• 

0.9 1.0 
2x.,--
X 

0.8 

• 

0.7 0.6 0.5 0.4 

Fig. 52 X/g=8.05,t=1/2X. 

0.3 0.2 0.1 o 



o 

94 

T(Nm) 

r--r---:---r---,--O --,---,001 
o 

SA 
calculated 
r-.~8~A------~-f--~~~--~~--~~~\-------~---------!~s 

@ 3A 

[!] 1A 

o 

• 

2A 

t---i/H+---t---?~----+-----------I--~ ........ ------1-~...4'\\\'-----l2.S 

1A 

• 

1.0 0.9 0.8 0.7 0.6 0.5 OA 0.3 0.2 0.1 o 
2x .... _---
T 

Fig. 53 II/g= 8.0S,tm3/811 



95 

T(Nm) • 

.-------r-~~. ----,--,,1 
• 

• 

calculated 
r---------4-------~Tt_l~----~~~~~--+_--------~·10 

1.0 

• BA 

@ 3A 

[!J 1 A 

0.9 (l.B 0.7 0.6 0.5 

2A 

1A 

0.4 0.3 0.2 0.1 o 
2x ... '_---
}. 

Fig. 54 A/9 = B.05, t=1/4 A 



96 

r--------r--------~------~.----.----~------~T15'i"' 

calculated 

• SA 

1.0 0.9 
~ ... _--

>. 

Q.8 

• 

0.7 0.6 0.5 0.4 0.3 0.2 0.1 o 

Fig. 55 >.Ig - 8.05, t =1/8 >. 



97 

T(Nm) 

0 ~1 

calculated 
.20 

• 8A 

® 4A 

0 .15 

10 

'.=8A 

/ 
V 6A 

V ~. -- l""'" 4A ~\ 
1==-- ~ I--" ",0\ 

~-.. - OA ~~ _. 

05 

"\ 

. to 0.9 0.8 . 0.7 0.6 0.5 0.4 0,3 0.2 0.1 o 
2x.r---

>-

Fig. 56 ),/9 = 5, t =7/8 ). 



98 

T(Nm) 

r----t---'----r--'-----r------T---------, ,",1 

calculated 
t------t------t-----t-----+------t0.75 

• BA 

@ 3A 

rn 1 A 

• 

r-----jr------t----~"c-~~~tt----_t°·50 

1-------I------AH"-+~."c.-_+-----+~~~r----+0.25 

to 0.9 O.B 0.7 0.6 0.5 0.4 0.3 0.2 0.1 o 
2x .... _---

>. 

Fig. 57 >'/9=5.1=3/4 >. 



• 

99 • 
• 

T(Nm) 

....-----r-----+----,.r-
S
-
A
T------t-------t,s1 

calculated 
1-----.:...::-+----,~1t_1_--.;:::.4..:,____-_\.-\.~-------!1.0 

• SA 

@ 3A 

~ 111 

• 

1------fltj'++----.~-+_----__+-----+_+~r\l--___+0.5 

lA 
• 

~ 

1.0 0.9 O.S 0.7 0.6 0.5 0.4 0.3 0.2 0.1 o 
2x , 
A 

Fig. 58 A/g =5, t =5/S A. 



100 

calculated 

• r---------+---------~--------~--------_+--------~4 
• 8A 

@ 3A 
[!) 1A 

• 
• 

I =8A 

r----------+--------~~--7~A.-~~~----------~---------43 

~--~~L-~--------_4----------+_------~~~~~--_41 

2A 

1.0 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 o 
2x ... ·----
A 

Fig. 59 A/g=5,t=1/2>'. 



• • 

101 

calculated 
r-~~~--+-~f--?L-+-------~~~~----~----~--_t4 

• 8 A 

@ 3A 

~ 1 A 

4A 

r-------hrV-~--~~------~~--~._~~--------_t:3 

• 

1.0 0.9 
~ .... ---
A 

0.8 

1A 
• • 

0.7 0.6 0.5 0.4 

Fig. 60 A/g=5, t=3/8 A 

• 

0.3 0.2 0.1 o 



102 

o 

TINm) 

,----;------.--0 --,--------",--,,1 
o 

o 

calculated 
r------t----t--rt--~:::;;;;~;;;;;;::__t_-'l~--+----_j5.0 

• 8A 

® 3A 

~ 1A 

o 
~--~~A.~-~~-_+-----~---~~~~--~2.5 

o 

2A 

lA 

1.0 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 o 
2x ... ----
A 

Fig. 61 )./9=5, t=1/4 ). 

. 
'" .':~: ::: .. 



103 

r-------__ T-________ +-________ 4· _____ • ____ ~--------~,:rmJ 

• 

calculated r---..:....:....==--+-----+------f-------l--------+5.0 
• 8A 

1.0 0.9 0.8 0.7 0.6 0.5 0.4 03 02 0.1 o 
2x ..... ----
T 

Fig. 62 h/9 =5, t =1/8 h 





105 

3. COl~PARISON OF MEASUREMENTS AND CALCULATIONS AND CONCLUSIONS 

In this chapter measurements and calculations are com
pared with each other and from these results conclusions are 
drawn. 

3.1. Compari son of measurements and cal cul ati ons 

3.1.1. Idealised iron. 

For very low values of the excitation current Is' 
(Is s 1 A), one can say that there is no saturation and that 
the iron behaves in an ideal way. 
By calculating the torque for the measuring device from tables 
3 - 7 for ideal iron and Is = 1 A and comparing these with val
ues calculated for normal iron in tables 14 - 18 for Is = 1 A 
one can see that there is a very good agreement between the 
two. 
Figures 28 - 62 show a very good agreement between calculated 
and measured values for Is = 1 A. 

3. 1. 2. Normal iron. 

For values of the excitation current Is larger than 1 A 
the influence of the iron begins to playa part. Comparison of 
measurements and calculations shows differences that, for de
creasing toothwidths and decreasing A/g keep increasing. 
These differences are mainly attributed to the leakage fluxes 
that have been neglected in the calculations. 
In [6J the influences of the leakage fluxes are estimated for 
the same kind of measuring device as was used for our investi
gations, for a toothwidth t = ~A. It was shown that for a de
creasing A/g ratio the influence of the leakage fluxes keeps 
increaSing and gives decreasing force values. For, for instance, 
A/g = 8, [6J gives a ratio of leakage flux to working flux of 
13%, in the measuring device. 
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In our case we see that for a certain toothwidth the differ
ences between calculations and measurements increase with de
creasing A/g values, This could indicate the influence of the 
leakage fluxes. These fluxes are detrimental to the exerted 
force because they contribute to the saturation of the rotor
neck but not to the force. The influence of these leakage 
fluxes will be a case for further investigation. 

3.1.3. Normal iron with teeth saturation. 

The very large deviations between measurements and 
calculations (max. about 100%) for a toothwidth t = A/8 and 
A/g = 40, 20 and 10 are attributed to the occurrence of satu
ration of the teeth. 
Exact calculations for all positions of the rotors with re
spect to the stator were not carried out owing to very high 
costs of computation. 

3.2. Conclusions 

The endeavour of this investigation was to find a 
teeth configuration that was as good as possible. 
It will be clear that, if the excitation permits, the airgap 
induction should be as high as possible. The tables and fig
ures of chapter 2 show the performances with various parame
ters and, depending on the application, the most suitable set 
can easily be selected. 
Important appears to be the permeance of the iron part of the 
magnetic circuit. If this sets the limit to the flux, one 
should aim at an induction in the teeth close to saturation, 
if necessary by designing with shorter teeth, if the leakage 
fl uxes pe rmit. 
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Fig. 63 Influence of toothlength. 

As an example we refer to figure 63 from [llJ, showing the 
torque production in dependence of the toothlength, of a re
luctance stepping motor when the total flux is kept constant. 
The difference of the calculated to the measured results must 
be attributed to the'fact that the calculation did not take 
into account the leakage fluxes. 
If the teeth have a given length, and the iron circuit, as 
well as the excitation is kept constant, one arrives at the 
following conclusions, keeping in mind the criteriums men
tioned in the introduction. 
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a An as large as possible average force when varying the dis
placement from a position with maximum permeance to a posi
tion with minimum permeance. 
The area of the measured torque-displacement curves for 
Is = 8A was determined by means of a planimeter. thus 
glvlng the average values. These values are given in table 
20 and are drawn in figure 64. 

A/g 

t/").. 40 20 10 8.05 5 

7/8 0.22 0.19 0.10 0.09 0.06 

3/4 0.97 0.84 0.65 0.55 0.28 
5/8 2.66 2.66 1. 90 1.58 0.87 
1/2 8.79 7.21 4.66 3.83 2.03 
3/8 16.59 13.34 8.14 6.45 3.38 
1/4 20.50 15.51 9.65 7.52 3.84 
1/8 14.91 11.08 7.03 5.69 2.98 

Table 20. 

This figure shows that the maximum average torque (and the 
force) occurs for the smallest airgap (")../g = 40) and a 
toothwidth of about 0.26")... 

b An as large as possible maximum force. The displacement val
ue at which this maximum occurs can be of importance. The 

maximum torques were measured from figures 28 - 62 for 
Is = 8A and can be found in table 21 (torque in Nm). 
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)../g 

til-. 40 20 10 8.05 5 

7/8 1.01(0.14) 0.82(0.15) 0.32(0.16) 0.23(0.16) 0.08(0.20) 
3/4 2.20(0.32) 2.32(0.24) 1. 59(0.26) 1.24(0.28) 0.55(0.30) 
5/8 4.62(0.55) 4.60(0.46) 3.43(0.41) 2.78(0.40) 1. 45 (0.41) 
1/2 15.80(0.85) 10.40(0.73) 6.62(0.59) 5.45(0.55) 3.10(0.56) 
3/8 36.40(0.72) 23.41(0.70) 12.38(0.64) 9.66(0.61) 5.00(0.55) 
1/4 43.70(0.47) 29.35(0.49) 15.80(0.47) 12.25(0.47) 6.04(0.48) 
1/8 33.60(0.25) 22.00(0.29) 12.00(0.29) 9.30(0.33) 4.65(0.38) 

Table 21. 

The values between brackets are the displacement values x/X where the 
maximums occur. The torque values are drawn in figure 65. This fig
ure shows that the largest maximum torque (and force) occurs for 
I-./g = 40 and a toothwidth of 0.261-.. The table shows that these max
imums occur for a displacement x/X = 0.47. 

~ A particular shape of the force-displacement curve that suits the 
dynamic behaviour of the investigated structure. 
This was not looked i~to during this investigation. 
It would be possible to look into this matter by simulating the dy
namic behaviour of the moving parts of the apparatus and its load 
on an analogue computer, applying the various torque-displacement 
curves. Before that, however, there ;s to be found a consensus as 
to what is to be understood by "best dynamic performance". 
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List of symbols 

A 

B 

F 

g 

h 

H 

I 

J 

lt 
P{x) 

PI 

r 

s 
t 
T 

U 

W' 
x 

x 

m 

area 
magnetic inductance 
force 
airgap width 
slotdepth 
magnetic field intensity 
current 
current density 
tooth length 
permeance of airgap space for position x 
airgap permeance per toothpitch, 
position x = 0 
airgap permeance per toothpitch, 
position x = -x 
radius 
slotwidth 
toothwidth 
torque 
magnetic potential 
co-energy bf magnetic field 
position of one slotted surface 
relative to the other 
half of toothpitch in central position 

z number of teeth 
rp 

A 

o 

circulating flux 
toothpitcn 
excitation 
permeability in vacuum 
relative permeability 

m 

m 

A/m 
A 

A/m2 
m 

H 

H 

H 

m 

m 

m 

Nm 
A 

J 

m 

m 

Vs 
m 

A 

Vs/Am 
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