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Abstract

In this paper we consider the problem of discretization on a composite grid that consists of a global
uniform coarse grid and a local uniform fine grid. For elliptic problems a local defect correction
approach is described. The error of the resulting approximation is analysed. It follows that in
general the accuracy of this approximation is (much) better than the accuracy of an approximation
that results from an approach without local defect correction. The use of a ”buffer zone” in the
local defect correction approach appears to be essential for several problems. We discuss when
such a "buffer zone” is necessary to obtain satisfactory results.

AM.S. Classifications: 65N06, 65N50
Keywords :  Local uniform grid refinement, local defect correction,
error analysis.



1 Introduction

Many practical boundary value problems produce solutions that contain several high activity
regions. In these regions the solution varies much more rapidly than in the remaining part of
the domain. This behaviour of the solution may be caused by the differential operator itself,
by the forcing term in the differential equation, by the boundary conditions or by an irregular
boundary (e.g. a re-entrant corner).

Boundary value problems that produce such solutions can be found, for example, in the
field of combustion. All variables that occur in the combustion process have sharp gradients
inside the flame (which usually is only a small part of the region of interest). Outside the
flame they are nearly constant. In Figure 1 typical temperature, mass fraction and reaction
rate profiles across a planar flame are shown (cf. [7]).

fresh gases flame front burnt gases
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Figure 1: Temperature (T), mass fraction (Y), and reaction rate (w) across a planar flame.

In order to obtain a numerical approximation of the solution, the boundary value problem
can be discretized on a uniform grid. The accuracy of the numerical approximation depends,
among other things, on the grid size. Due to the large variations of the solution in the
high activity regions, a relatively small grid size is required there to obtain a sufficiently
accurate approximation of the solution. Outside the high activity regions the behaviour of
the solution is much more smooth. Therefore a (much) larger grid size seems to be sufficient
in that part of the domain. However, if we discretize on a uniform grid, the grid size is small
everywhere. Inside the high activity regions this grid size is in agreement with the behaviour
of the continuous solution, but outside these regions it is not. Because of the large number
of grid points in the uniform grid, the system of algebraic equations that results from the
discretization process will be relatively large. Furthermore, the numerical approximation has
to be stored at each grid point. So it is clear that approximating the continuous solution on
a single uniform grid is computationally inefficient for boundary value problems that produce
solutions that contain small high activity regions.

Instead, the solution can be approximated using several uniform grids with different grid
sizes that cover different parts of the domain. At least one grid should cover the entire domain.
The grid size of this global coarse gridis chosen in agreement with the smooth behaviour of the



solution outside the high activity regions. Besides a global grid several local grids are used that
are uniform too. Each of them covers only a (small) part of the domain and contains a high
activity region. The grid size of each of these grids is chosen in agreement with the behaviour
of the solution in the corresponding high activity region. In this way every part of the domain
is covered by a (locally) uniform grid whose grid size is in agreement with the behaviour of
the continuous solution in that part of the domain. This refinement strategy is known as local
uniform grid refinement (see e.g. [10], [11]). The solution is approximated on a composite grid
which is the union of uniform subgrids. Other approaches use a truly nonuniform grid (e.g.
nonuniform finite element meshes). Some advantages of using a composite grid are relatively
simple data structures, accurate discretization capabilities, and the existence of very efficient
solvers for uniform grids.

There are several ways of approximating the continuous solution on a composite grid. In
FAC-methods ([10]) the partial differential equation is discretized and solved on the composite
grid (which is nonuniform), but the uniform subgrids are where all of the actual computation
takes place. In the local defect correction method ([5]) the partial differential equation is
discretized and solved only on the uniform subgrids and not on the composite grid. The
local defect correction method is an iterative discretization method. At every step discrete
problems with respect to all uniform subgrids are defined and solved. The approximations on
the subgrids generate an approximation of the continuous solution on the composite grid.

If the number of local defect correction iterations that is necessary to compute a satisfac-
tory approximation is large, then the number of grid points that is involved in this iterative
discretization process may be larger than the number of grid points in a corresponding global
fine grid. Numerical examples (see e.g. [5]) indicate that the iterates in the local defect
correction method converge very fast. Moreover the limit value of this iterative process is
a satisfactory approximation of the continuous solution: its accuracy is comparable to the
accuracy of a corresponding global fine grid problem. Therefore it is interesting to consider
the approzimation that results after one step of the local defect correction iteration in [5]. An
analysis of this approximation is given in this paper. This error analysis results in a clear
insight into the accuracy of this approximation. Special attention is paid to the role of some
"buffer zone” in the local regions. From the error analysis it becomes clear when such a buffer
zone is necessary to obtain satisfactory results.

The remainder of this paper is organized as follows. In Section 2 the model situation is
described and some notational aspects are introduced. In Section 3 we consider a discretiza-
‘tion process without local defect correction. First the boundary value problem is discretized
with respect to the global coarse grid; then the boundary value problem is discretized with
respect to each local fine grid. The solution of the global coarse grid problem is used to impose
Dirichlet boundary conditions on the interfaces between the local regions and the remainder
of the domain. It is shown that in general the accuracy of the approximation that results
from this discretization process is not in agreement with the grid sizes that are used. In
Section 4 the local defect correction approach is described. This approach is an extension
of the approach from Section 3. After solving the discrete local problems, we return to the
global coarse grid and adapt the right hand side of the global coarse grid problem. The ap-
proximation that results from this new global problem is used to impose Dirichlet boundary
conditions on the interfaces between the local regions and the remainder of the domain. The
error in the resulting approximation on the composite grid is analysed and discussed. The
effect of the local defect correction approach is also shown by several numerical examples.
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Figure 2: Continuous solution U in (2.3) with A = 50 and z = 0.333.

2 Description of the Model Situation
In this paper we consider a Dirichlet boundary value problem

LU =f inQ,

U=g ataQ. (2.1)

We assume that Q@ = (0,1) in the one dimensional case and Q@ = (0,1) x (0,1) in the two
dimensional case; 92 is the boundary of  and £ is a scalar, linear, elliptic, second-order
differential operator. We assume that the solution U of (2.1) contains one high activity
region. Inside the high activity region the solution U varies much more rapidly than outside
this region. We assume that this behaviour of U is induced by the right hand side f in the
partial differential equation or by the right hand side g in the Dirichlet boundary condition.

Example 2.1
Consider the one dimensional Poisson problem

U = f(z) O0<a<],
U(0) =a, (2.2)
U(1) =b.

If the right hand side f is given by

o) = A2 tanh(A(z — 2))
flz)=4 cosh?(A(z — 2))’

and if
a = (tanh(—Az) +1)/2, b= (tanh(A4(1 - 2))+ 1)/2,

then the continuous solution is given by
U(z) = (tanh(A(z - 2)) + 1)/2. (2.3)

In Figure 2 this function is shown for A = 50 and z = 0.333.

We see that U varies very rapidly in a small region around 2 and that it is nearly constant
outside this region. a



Figure 3: Examples of ©, @; and I in R! and IR2.

In order to obtain a numerical approximation of U we discretize (2.1) with respect to a
uniform global grid with grid size h. This uniform grid is called the global fine grid and we
denote it by Q". Finite difference discretization yields the global fine grid problem:

LM = fh, (2.4)

Here u* and f* are grid functions on Q. The Dirichlet boundary conditions of (2.1) are
incorporated in f*. If we substitute U in (2.4) we obtain the local discretization error vector
of this discrete problem:

d" := Pyt — fh, (2.5)
In (2.5) U is the restriction of U to Q. In the remainder we use a similar notation for
restrictions of U to other grids. At each grid point x € Q" we have

dM(x) = ¢(x, h)R", (2.6)

with k the order of consistency of the finite difference scheme that is used. We assume that
the same finite difference scheme is used at all grid points. The factor ¢(x,h) depends on
higher order derivatives of U in the neighbourhood of x (see Example 2.2). Since U varies
much more rapidly inside the high activity region than in the remainder of the domain, it is
clear that |d*(x)| is much larger at several grid points inside or near the high activity region
than at grid points away from this region.

Example 2.2
If we discretize the one dimensional Poisson problem (2.2) using the central difference scheme
on a uniform grid with grid size h we get

B(x) = (U@~ £-h) + U (a + 4 )2
with 0 < £_,€; < 1. We see that c¢(z, h) depends on fourth order derivatives of U in this

case.
a

Combination of (2.4) and (2.5) yields
LMU? — uh) = d". 2.7

4
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Figure 4: Examples of global coarse grids @ and local fine grids Q} in IR! and IRZ.

If L" is nonsingular, then the error vector U" — u” is given by
Uh —uh = (L)~ 'dh. (2.8)

So the error vector U" — u" depends on the local discretization error vector d* and on the
inverse operator (L*)~'. We have seen that some compononts of |d*| are much larger than
others. The error ||U"* — u”||, is determined by these large components of the local discretiza-
tion error vector. Suppose that the grid size h is such that

|U* — u*|joo = TOL.

Then for this tolerance criterium the grid size h is in agreement with the behaviour of the
continuous solution inside the high activity region. However, outside the high activity region
the continuous solution behaves much more smoothly and such a fine resolution is not needed
there.

Now we introduce a local region ; that satisfies the following four conditions:
1. CQ,

2. the high activity region is contained in Q,

3. near the boundary 99Q; the continuous solution varies smoothly,

4. Q; is a "small” extension of the high activity region.

Some part of 9Q; may coincide with Q. The remaining part forms the interface I' between
Q; and Q (see Figure 3).

In the following sections we consider discretization processes that use a global coarse grid
QF and a local fine grid Qf‘. The global coarse grid Q is a uniform grid with grid size H,
H > h, that covers the entire domain. The local fine grid Qf‘ is a uniform grid with grid size
h that covers the region €; only (see Figure 4). The ratio of H and h is called the refinement



Figure 5: Examples of coarse interface grids ' and fine interface grids I'* in IR! and IR?.

factor p ;= H/h. We note that Q] does not contain grid points on the interface. We assume
that the interface I' coincides with grid points of Q¥ in the one dimensional case and with
grid lines of O in the two dimensional case. Then we can introduce the coarse interface grid
' =T N QH and the fine interface grid T* = T'N Q" (see Figure 5). In the one dimensional
case we have that I'* = ¥ while in the two dimensional case ' ¢ T".
Finite difference discretization of (2.1) with respect to QF yields the global coarse grid
problem
LHyH = fH, (2.9)

One can use the same finite difference approximation formula as when discretizing on the
global fine grid. However, this is not essential. The theory also applies when (2.4) and (2.9)
correspond to different finite difference approximation formulas. The local discretization error
vector of the global coarse grid problem is given by

df .= [HyH _ fH, (2.10)

Similarly as for |d"|, we have that |d¥| is much larger at several grid points inside or near
the high activity region than at grid points away from this region: ||d” ll Qm\Q, < [|d¥ || oo

(||dH||oo Qi\Q, = maxerH'\Ql |d¥(x)|). In the remainder it is assumed that the grid size H
and the local region §; are such that

max |d¥(x)| & max |d"(x)|. (2.11)
xeQ\Q, xeQh

Relation (2.11) is a specification of the statement that the grid sizes h and H are in agreement
with the behaviour of the continuous solution inside, respectively outside the high activity
region. For the problems under consideration here we have i < H. Relation (2.11) is
reasonable when H is not ”too large” (the high activity region must contain several grid
points of 27) and € is not "too small” (several grid points of 27 must lie inside ; but
outside the high activity regioin).



In the following sections we consider discretization processes that make use of the global
coarse grid 27 and the local fine grid Q. As a result we get approximations of the continuous
solution U on the composite grid Q¢ = QF U QF.

3 A Discretization Approach Without Local Defect Correc-
tion

We start by discretizing (2.1) on the global coarse grid 2. The resulting global coarse grid
problem is given by
LHyH = fH, (3.1)

In (3.1) v and f¥ are grid functions on Q. Next we discretize (2.1) with respect to the
local fine grid Qf‘ We have to define Dirichlet boundary conditions at all grid points of T'*.
Therefore, we restrict the solution of (3.1) to the coarse interface grid I'¥:

(reuf)(x) = wf(x) xeTH. (3.2)

In (3.2) rr is a trivial injection that restricts grid functions on Qf to TH. This trivial
injection yields Dirichlet boundary conditions at all grid points x € I'*. Dirichlet boundary
conditions at grid points x € I'*\I' result from interpolating these values. We note that this
interpolation can be omitted in the one dimensional case, since then I'! = I'*. The resulting
local fine grid problem is given by

Lhu} = fp ~ Liprrru!. (3.3)

In (3.3) u} and f}* are grid functions on Q). Natural Dirichlet boundary conditions on 9Q;N9Q
are incorporated into f,h. The incorporation of the artificial Dirichlet boundary conditions
on I' is given explicitly by the term —Ll’ipprpuH (see Example 3.1). In this term pr is an
interpolation operator that prolongates grid functions on I'! to T*. In the one dimensional
case pr is the identity operator on T'¥. In this discretization process on the local fine grid we
use the same finite difference scheme as in the discretization process on the global fine grid:

Lrhwh(x) = LrwP(x) + LEwl(x) x € QF,

for all w", w}, and wk with
wi(x) = wh(x) x € Q},
wh(x) = wh(x) xeT™

Example 3.1
Consider the one dimensional Poisson problem (2.2):

Uz = f(z) O0<z<],

U(®) = a,
u(l) = o
Suppose that H = 1/8, Q; = (0,1/4), and h = 1/32.
Define
z; = 1xH 1=1,...,7,
yi = jrh j=1,...7.



If we use central differences we get the following local fine grid problem

2 -1 uf (1) )+ & 0
-1 2 -1 f(y2) 0
ﬁ = . —ﬁ u (.'172) O
-1 2 -1 0
-1 2 uf (y7) fQyr) -1

From this discretization process the following approximation on the composite grid
Q° = QF UQ} results:

hx) x e Qb ‘
W (x) = { Z’H((x)) X gg\g? . ‘ (3.4)

It is clear that the accuracy of this approximation depends on the accuracy of the global
coarse grid approximation u* at grid points outside €; and on the accuracy of the local fine
grid approximation u;‘ at grid points inside ;. We have the following expressions for the

error vectors U¥ — u¥ and U,h - u?.

Theorem 3.2

The approximation u satisfies
LAWUH —ufy=dl. (3.5)
with d¥ as in (2.10).
Proof:
Combination of (2.9) and (2.10) yields (3.5). o

Theorem 3.3
The approximation u} that results from (3.3) satisfies

LY(Uf = uf) = df + LE(prUF — UR) = Lgprrr(UY — o), (3.6)

with
dh(x) = d"(x) xeQ} (3.7)

and d* as in (2.5).

Proof:

Since the same finite difference approximations are used in the discretization process on the
local fine grid as on the global fine grid we have that

LU} = ff - Uk +

with
dh(x) = d'(x) x €

and d”* as in (2.5). We rewrite this equation as follows
LpUP = fi = LhprrpUH + LA(prUE - U) + df.

Subtracting (3.3) from this equation yields (3.6). O



From (3.6) it follows that the error vector U} — u} can be divided into three parts:

Ul —up = e} + E} + €}, (3.8)
with
Lher = d}, (3.9)
Ly Ef = — LUt - prUf), (3.10)
Liet = ~Lhpprp(UH — of). (3.11)

We do not expect that cancellation effects occur in the right hand side of (3.8).
Since dff(x) = d"(x) at all x € QF we have that

lleflloo < €llU* = oo,

with ¢ &~ 1 independent of h. Discrete problems (3.10) and (3.11) are related to the homoge-
neous partial differential equation

LV =0 on

with homogeneous Dirichlet boundary conditions on 9Q; N 9 and inhomogeneous Dirichlet
boundary conditions on I'. They result from discretization of this partial differential equation
on Q}. Suppose that a discrete maximum-minimum principle holds for these problems. Then
the errors E} and €} satisfy

1B o < UF = prUf |lco,
letlloo < llrr(UH = uH)llco.

If the order of the interpolation operator pr is high enough, we have that

10 = prUffleo < U™ — u*loo

and thus
1B oo < IU" = ut|oo.

Usually linear interpolation suffices, because U is assumed to behave smoothly near the in-
terface I'.
From the definition of rr it follows that

lre(UF — uf)||eo = max |[UH(x) — uH(x)| =: || UT - uH||oo TH-
xel'H '

Now the following estimate of ||U}* — u}||co results
107 = wblloo < 10F = w |yt + (e + DIV = v, (3.12)

with ¢ &~ 1. So the accuracy of the solution of the local fine grid problem (3.3) depends on
how accurate the global coarse grid approximation u is on the interface T.
From the definition of u° in (3.4) it follows that

10 = wlow = max{|U = w¥|_ 11, - 0P = o}, (3.13)



where

Pl _omg = max [wH(x)]
oo, 1A\ XEQH\QI

Since T'H ¢ Q7\Q; we have from (3.12) and (3.13) that
10° ~ wlleo < 07~ H)_ 11, + (e 4 DT = . (314)

From Theorem 3.2 it is clear that the error ||[U¥ — uH”ooQH\Q, depends on the local dis-

cretization error d¥. We recall that |df| has a very typical behaviour: at several grid points
x inside Q; the error |d¥(x)| is much larger than at grid points outside ;. For some problems
the error |UH (y) — u(y)| is small whenever the local discretization error |d*(y)| is small. In
general, however, this is not true. The inverse operator (L)~ may spread local effects over
a large part of the domain. For the one dimensional Poisson problem with central difference
discretization (LH)~1 is known and the spreading effect is illustrated in the following exam-
ples.

Example 3.4
Consider the one dimensional Poisson problem (2.2) from Example 2.1. Discretization on Q7
yields the finite difference matrix

with H = 1/(M + 1).
The coefficients of (L¥)~! are given by

_ H3(M+1-i)j j<i
Hy-1y. . _ -
((Z7) )m"{HB(M.*_l_j)i i>i

Suppose that the components of d¥ are given by

(dH)jz{ K j=0 1ci<m,

with K > tol/(min{l, M + 1 — [} H?).
Then we get
((LH)—ldH):{ i(M+1-DEKH® 1<i<I<M
! (M+1-9)IKH* M>i>l>1"
The largest component of this vector occurs for ¢ = I. A linear reduction holds for the other
components. The smallest component is reached for ¢ = 1 or ¢ = M. We have that

(L) 1dH(x) > min{l,M + 1 -1} H® K > tol.
So we see that all components of (L)~1d" are relatively large, although almost all compo-
nents of d are equal to zero. O

10



Example 3.5
Consider the one dimensional Poisson problem from Example 2.1:

_ .o tanh(A(z - 2))
Ve = 2cosh2(A(m - 2))

0<z<1 (3.15)

with Dirichlet boundary conditions.
The continuous solution is given by

U(z) = (tanh(A(z — 2)) + 1)/2.

We discretize on a uniform grid with grid size H = 1/16 using central differences. In Figure 6

300 T T

OF + + + o+ L I D T I

Figure 6: Local discretization error for (3.15) with A = 200 and z = 0.333.

the local discretization error d¥ is presented for problem (3.15) with A = 200 and z = 0.333.
At the grid points z5 = 5/16 and z¢ = 6/16 the absolute value of the local discretization
error is much larger than at the other grid points. If we consider the local discretization error,
a reasonable choice for the refinement region ; seems to be Q; = (3/16,8/16). In Figure 7

o8

0.6}

0.4

0.2

Figure 7: Global error |U(z) — uf(2)

for (3.15) with A = 200 and z = 0.333.
the global error |[UH(z) — uf(2)| is shown. We see that at the grid points z3 = 3/16 and

zg = 8/16 this error is still ~ 1, although the local discretization error at these grid points is
~ 1074, )

11



Example 3.6
Consider the one dimensional convection-diffusion problem

2tanh(F2) + 1

2¢ cosh?( =2)

— €Uz + Uz =

0<z<l, (3.16)

with Dirichlet boundary conditions. The continuous solution is given by

x

U(z) = (tanh(

—2)+1)/2.

The diffusion term is discretized using a central difference scheme. The convection term using
a first order upwind scheme. We discretize on a uniform grid with grid size H = 1/16. In Fig-

OF + 4+ + + + & + 0+ o+ o+ o+ A

Figure 8: Local discretization error for (3.16) with € = 0.01 and z = 0.5.

+ v+ o+

Figure 9: Global error |[UH(z) — u(2)| for (3.16) with € = 0.01 and z = 0.5.

ure 8 and Figure 9 the local discretization error and the error U (z) — u¥(z)| are presented
for € = 0.01 and z = 0.5. The local discretization error |d¥| has a few large components near
z. At grid points away from 2z (e.g. @ > 11/16) this error is very small (= 10~°). The global
error |[UH(z) — u¥ ()| also reaches its maximum value at a grid point near z. At grid points
z > z this error hardly decreases. For grid points & > 11/16 we still have |[U¥ (z)—u(z)| = 5.

]

12



From (3.14) we have that the accuracy of the approximation «® from (3.4), which is
measured by ||U°® — 4|, depends on two terms: ||[UY — uH||oo QH\Q and [|U* = u*]|0o-
Clearly we cannot expect that u¢ is more accurate than the glbbal fine grid approximation
and in general ||[UH — uH||oo QH\Q, is the dominant term:

1U° = oo = U ~ UH”OO,QH\QI'
We have seen that
10 =~ M g, % o0 = ¥l

where 0 < 0 < 1 depends on the spreading effect of (Lf)~1. If ¢ is close to 1 (which is the
case in Example 3.5 and Example 3.6), then the accuracy of u° is comparable to the accuracy
of the global coarse grid approximation. So despite the fact that the grid sizes that are used
in the discretization process are in agreement with the behaviour of the continuous solution
(see (2.11)), the accuracy of the resulting approximation is not in agreement with the grid
sizes that are used. The reason is that the accuracy of the approximation u® depends on
components of |df| at grid points inside ©; (which are much larger than components of |d"|
at grid points inside ;).

4 Local Defect Correction Approach

In the local defect correction approach the approximation u} (from (3.3)) is used to update
the global coarse grid problem (3.1). The right hand side of (3.1) is updated at grid points
that are part of a local coarse subgrid Q. This is a uniform grid with grid size H that covers
a region Q; C ;. The interface between 2, and § is denoted by T, (see Figure 9). We

Q

Figure 10: Example of the regions , Q;, and Q, in IR?.

assume that this interface I'; coincides with grid points of 9 in the one dimensional case
and with grid lines of 7 in the two dimensional case. We also assume that the distance
between a point on I'; and T is constant. We define:

dist := min{|x - y| |[x € I's, y € T}. (4.1)

13



If dist = 0 then Q, = Q;, I, =T, and QF = Q,H. The local coarse grid QIH is a uniform grid
with grid size H that covers the local region ;.
The updated global coarse grid problem is given by

LHgH = fH (4.2a)
with

H ‘u X U X X H
7 (x) :={ 00+ (HrrDE) X ey (4.2b)

The operators L,H and LIH result from finite difference discretization of (2.1) on QIH ; they are
the coarse grid analogues of L} and L} from (3.3). In this discretization process the same
finite difference scheme is used as in the discretization process on the global coarse grid:

(LFw?)(x) = (LfTwf)(x) + (L of )(x) x € Qff (4.3)

H

for all grid functions w™, w{{ , and w{j that satisfy

()= w(x) xeaf,
wf(x) = wl(x) xeTlH,

The trivial injection r| is used to restrict grid functions defined on QF to Qf:
(ruf)(x) = uP(x) x € Qf.

The restriction rr has been defined in (3.2).
We define the characteristic function y by

X X H

Then we can rewrite (4.2a), (4.2b) as follows:
LHgH = fH 4 X(Lf{rlu.;‘ + L{frruH - . (4.5)

So the right hand side of the global coarse grid problem is corrected by the defect of a local
fine grid approximation. (Hence the name local defect correction approach). Once we have
solved (4.5) we can update the local fine grid problem :

Lyap = fp - Liprreaf. (4.6)

From the local defect correction approach the following approximation on the composite
grid Q€ results:

—h h

In order to obtain this approximation we have to solve two discrete problems on the global
coarse grid and two discrete problems on the local fine grid. We note that (@7, @}') is equal
to the first iterate in the local defect correction iteration by Hackbusch ([5],[6]).
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The accuracy of @° depends on the accuracy of @ at grid points outside ©; and on the

accuracy of ﬁf‘ at grid points inside §2;. For the error Ulh — ﬁf” a similar expression holds as

for the error U' — u} (see Theorem 3.3).

Theorem 4.1
The approximation @ that resuls from (4.6) satisfies

LAUP - ad) = d} + Li(prUH — UE) — Liprrr(UF - afl), (4.8)
with
df(x) = dh(x) xe€Q}

and d" as in (2.5).
Proof:
Analogous to the proof of Theorem 3.3. O

Equation (4.8) is very similar to (3.6). The only difference is that on the right hand side of
(4.8) the error UH — @ is involved instead of U7 — u". We have (cf. (3.12), (3.14))

IN

10k = @lloo < 107 =@ s + (e + DIT* = 0o (4.9)
Ve =l < (07 =P g, + (e + DIV? = s (4.10)
with ¢ & 1. Thus ||U® ~ @°||e, depends on |UH(x) — @ (x)| at grid points x € Q7\ Q.

Theorem 4.2
The approximation @ that resuls from (4.5) satisfies

LHUH —afy = (1 - x)d" + xLIr(L})7Vd} + xLE (L) LE(pr UF — UR)
+ x(LE — LH (L) Lapr)rp (U - o). (4.11)

Proof:
From (2.10), (4.3), and (4.4) we have that

LRUH = fH 4 x (LUl + LRUf = ) + (1 - x)d".
Combination of this equation with (4.5) yields
LHWUH —gfy = x(LHr(UF = ul) + LErp(UH — o)) 4+ (1 = x)d".
From Theorem 3.3 we have
UP = up = (L) + (L) LR - U) - (L1 Eprre (U = o).
Using this we get

LHAUHE -ty = (1-x)d¥ + xLPr(L)~'d} +
X(LE = Lfm(Lf)  Lhpr)ro(UH — u) + x L m(L}) ™ Li(pr U - UR).

0
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We note that for one dimensional problems the third term on the right hand side of (4.11)
is equal to zero, because in the one dimensional case we have I’ = I'*. In the case of a one
dimensional Poisson problem with a central difference discretization the fourth term on the
right hand side of (4.11) also equals zero. In this case the approximation (&, &) from (4.5),
(4.6) is equal to the limit value of the local defect correction iteration that is described in [5],
[6]. This also holds if instead of the trivial restriction another restriction r; is used.

The effect of the local defect correction approach is illustrated by some numerical exam-
ples.

Example 4.3

Consider the one dimensional Poisson problem from Example 2.1 with A = 100 and
z = 0.4. Let the coarse grid size be fixed: H = 1/32. Let the local region be given by
Q = (10/32,16/32) and let dist = 0 (see (4.1)). In Table 1 the errors ||[U¥ — @¥||,
|[UH - z‘LH”oo QH\Qp |U} = @P)|oo, and ||[U" — w?||oo are presented for different grid sizes h.

The error |U° - 4°|| is equal to the maximum of the numbers in the third and fourth column

B 107 = [T07 =T g, | 10F — @l | 107 = w1l

1/32 2.7¢ + 01

1/64 2.7¢ 4+ 00 2.2¢+ 00 2.7¢ 4+ 00 2.7¢ 4+ 00
1/128 2.9e — 02 2.5¢ - 02 4.7¢ — 02 4.7¢ — 02
1/256 5.1e — 03 7.3¢ — 05 5.1e— 03 5.0e — 03
1/512 1.3e - 03 7.6e — 05 1.3¢ — 03 1.2¢ - 03
1/1024 3.7e — 04 7.7¢ — 05 3.7¢ — 04 3.1e—-04
1/2048 1.4e — 04 7.7¢ — 05 1.4e - 04 7.6e — 05

Table 1: Results for Example 4.3.

of Table 1. We see that for this example we always have |U¢ — @°||co = ||U} = @}||co- The
numbers in Table 1 indicate that the accuracy of @° is comparable to the accuracy of the global
fine grid approzimation u" for this model problem. The approximation ¢ that results from
the first approach (see Section 3) satisfies ||U° — u°|| = 2.2e 4+ 01. Thus the accuracy of u® is
comparable to the accuracy of the global coarse grid approzimation «¥. The numbers in the
second column of Table 1 indicate that also the accuracy of 4/ is comparable to the accuracy
of the global fine grid approximation. We see that ||[UF — ﬁHHooQH\Ql < ||JUH - @)oo
for several values of h. Probably this is due to cancellation effects. We note that these
cancellation effects do not essentially improve the resulting local defect correction approxi-
mation. Finally we note that the results obtained with the local defect correction approach
with dist > 0 are not as good as the results obtained for dist = 0. a

For other one dimensional problems (e.g. convection-diffusion problems) the fourth term on
the right hand side of (4.11) is not equal to zero. In this case (#,a}!) is not equal to the
limit value of the local defect correction iteration in [5].
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Example 4.4
Consider the one dimensional convection diffusion problem

_ A% tanh(A(z — z0)) — A/2

—sz - Uz b
cosh?(A(z — z))

O<z<l,

with Dirichlet boundary conditions such that the continuous solution is given by

Ule) = tanh(A(x2— z0)) + 1'

Let A =100 and zo = 0.4. Let the coarse grid size be fixed: H = 1/32. Let the local region
be given by ; = (10/32,16/32) and let dist = 0. Both the convection and diffusion term are
discretized using central differences. In Table 2 the errors ||[UT — z‘LHHOO QH\Q,’ NUE = @}|cos

and ||U* — u”||., are presented for different grid sizes h. The error |U¢ — @°|| is equal to the

h [ NUH —a™| 10 = @l | U = v leo

oo,QH\QI
1/32 2.6¢ + 01
1/64 2.1e4+ 00 2.7¢ + 00 2.7¢ 4+ 00
1/128 2.4e - 02 4.7¢ — 02 4.7e — 02
1/256 8.1e — 05 5.1e — 03 5.0e — 03
1/512 8.5¢ — 05 1.3¢ — 03 1.2e — 03

Table 2: Results for Example 4.4.

maximum of the numbers in the second and third column of Table 2. We note that for the
approximation u° that results from the first approach the following holds

[|U€ — 4|0 = 2.2¢ 4 01.

So, the accuracy of u¢ is comparable to the accuracy of the global coarse grid approximation
uH | while the accuracy of @ is comparable to the accuracy of the global fine grid approzimation
u? for this convection-diffusion model problem. As in Example 4.3 the results of the local
defect correction approach with dist > 0 are not as good as those obtained for dist =0. O

Next we consider an example for which the local defect correction approach with dist > 0
yields better results than the local defect correction approach with dist = 0.

Example 4.5
Consider the one dimensional convection-diffusion problem (see also Example 3.6)

2tanh(¥"2) + 1

2¢ cosh?(Z=%0)

_eUa:x + Ua: =

O<e<i,

with Dirichlet boundary conditions such that the continuous solution is given by

tanh(£=%0) 4 1
2

U(z) =

17



dist [ TU7 =PI _ g q, | 107 =%l

0 3.01e - 01 2.55e - 01
H 1.82e - 02 3.24¢ - 02
2H 7.62¢ — 02 6.19¢ — 02

Table 3: Results for Example 4.5.

Let 29 = 0.4 and € = 1.0e — 02. In this case we have a convection dominated problem. Let
H =1/32,Q; =(10/32,16/32), and h = 1/512. The convection term is discretized using up-
wind discretization. In Table 3 the errors || UF — EHHOO Qf\Q, and ||U}' — @}||o are presented

for several values of d. For this model problem we have ||[U* — u”||o = 3.24e — 02. In this
case the local defect correction approach with dist = H yields a much better approximation
than the local defect correction approach with dist = 0. A further increase of dist does not
yield a better result. An explanation of this phenomenon is given later on. o

The first and second term on the right hand side of (4.11) involve local discretization error
vectors that are related to boundary value problem (2.1). The third and fourth term on the
right hand side of (4.11) can also be expressed using local discretization error vectors. For
the third term on the right hand side of (4.11) we introduce the following Dirichlet boundary
value problem with zero right hand side:

LYV = 0 in

V = g, onT (4.12)
V. = 0 ondoQ\T
with
9(x) = U(x) — (prU)(x) x€T. (4.13)

Here we consider prU# as an interpolation function on T'. Discretization of this boundary
value problem with respect to Q,H yields

LEvH =0 (4.14)

since
gu(x)=0 atallxe€ rH,

Discretization with respect to Q} yields
Lro} + LR UL - prUE) =0 (4.15)
since
g9u(x) = (Uf - prUf)(x) xeT".
The local discretization errors d and d! are defined by
dﬁ’ = LIHVIH (4.16)
and

dh = LIV + LUE - prUfY). (4.17)
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Here V/ (resp. V}*) is the restriction of the continuous solution of (4.12) to Qff (resp. QF).
The third term on the right hand side of (4.11) is rewritten using these local discretization
error vectors.

Lemma 4.6

Lfr(L}) LA (prUH — UE) = dF — LH (L}, (4.18)
Proof:
From (4.15) we have
(L)' Li(prUE - UE) = op.
Thus
LHr (I LU — Uf) = Lffrof.
Using (4.16) we get
Lfrwp = Li'n(o} - V* + V1)
LIVH — Lfin(V} - of)
= & = LIn(LP) T LRV o).

From (4.15) and (4.17) we have
LYV = o) = db.
Using this we get
Lrwp = dff — LHr(L)~tdk.
a

For the fourth term on the right hand side of (4.11) we introduce the following Dirichlet
boundary value problem:
LW = 0 iny

W = g, onT (4.19)

W =0 on 891\1“
with

gu(x) = (prro(UY — uf))(x) x €T, (4.20)

Here we consider pprp(UH — uH) as an interpolation function on T'. Discretization of (4.19)
with respect to QFf yields

LHwf + LErp(UH - W) =0 (4.21)
since
gu(x) = (U7 = uH)(x) x € TH.
Discretization of (4.19) with respect to Q} yields
Liw} + Lhprrp(UH —uH) =0 (4.22)

since
guw(x) = prrr(UF — wH)(x) x €T,
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The local discretization errors dX and d” are defined by

d .= LHWH + LErp(UH - ) (4.23)
and

dh = LW} + Lhprrr(UH - u¥). (4.24)

Here W (resp. W}) is the restriction of the continuous solution of (4.19) to Qf (resp. Q).
The fourth term on the right hand side of (4.11) is rewritten using these local discretization
error vectors.

Lemma 4.7

(LF — LEr(L}) Lpr)ro(UH — uH) = dfl — Lfr(L}) '], (4.25)
Proof:
Since
LErp(UH —uf) = —~LFwf!
and '

LI’lprrp(UH - uH) = —L;‘wl"
we have that
(LE - LHr(L])  Lhpr)rr(UH — uH) =.  Lirw} - LAwf
= LErwp — LFWH 4+ LAWH — LHwf
(4.23) LHr(wh — Wiy + af
= L W - )
WDl - L)

O

Now the right hand side of (4.11) can be expressed using local discretization error vectors
only.

Theorem 4.8
The approximations @7 and @} that result from (4.5) and (4.6) satisfy

LHUHE - af)y = (1-x)d" + xLEr(LM)"1a}
+ xdy + xdf]
— XL r(LP) 7l = xL{Tr(LE) 7, (4.26)
LR =) = db+ LGrUE - U - Dhpere(U¥ — ). (420)

Proof:
This follows immediately from Theorem 4.1, Theorem 4.2, Lemma 4.6, and Lemma 4.7. O

We recall that the accuracy of the approximation @° from (4.7) depends on the accuracy
of @ at grid points x € QF\Q;:

1U° = @lleo < 1UH = @7 garyg, + e+ DIU* = w¥llo.

20



The error ||[UH — af ||oo QH\Q, depends on the size of the components on the right hand side
of (4.26). ’

We compare (4.26) with (3.5). In Section 3 we have seen that the large components of
|d| at grid points inside §; are the reason that, in general, the approximation u° from (3.4) is
only slightly more accurate than the global coarse grid approximation «. The first term on
the right hand side of (4.26) only contains components of d¥ that correspond to grid points
outside Q, (see (4.4)). If Q, is large enough, i.e. if dist in (4.1) is small enough, then the
large components of |[d*7| do not appear on the right hand side of (4.26). In the special case
that dist = 0 we have from (2.11) that

11 = Xx)d7 floo = [ld*[lco-

On the right hand side of (4.26) five other terms appear. All these terms have zero
components at grid points outside 2, (see (4.4)). The second term on the right hand side of
(4.26) contains components of the local discretization error d* (see (3.7)) that correspond to
grid points inside ;. These components are sufficiently small, since we have assumed that
the grid size h is in agreement with the behaviour of the continuous solution inside §;. These
first two terms are in some way inevitable in a local defect correction approach. To show this
we consider the following ”ideal local defect correction approach”. Suppose that the global
fine grid approzimation u® from (2.4) is known. Then we can use the grid functions u}* and
uH that are given by

wh(x) = wh(x) xe Qb
wH(x) = ut(x) xeTH,

to correct the right hand side of the global coarse grid problem as in (4.5):
LHaH = (1 = )7+ x(LHruh + LE ).
For the error U¥ — u* we can derive the following expression:

LAY -y = (1= x)d! + xLir(L}) ' d} (4.28)
4 x(LiT e — Ll L) LUk - i) |
with
W) = wh(x) x ek,

This expression is derived in a similar way as the expression in (4.11). The first two terms
on the right hand side of (4.28) are the same as the first two terms on the right hand side of
(4.26).

The third and fourth term on the right hand side of (4.26) involve local discretization
error vectors d and dH. These correspond to the boundary value probems (4.12) and
(4.19) respectively and to the coarse grid size H. The size of the components of these local
discretization error vectors depends on the behaviour of the continuous solutions V' and W
respectively. The Dirichlet boundary value problems in (4.12) and (4.19) both have the right
hand side of the partial differential equation and the right hand side of the boundary condition
on I\T equal to zero. We have assumed that the existence of the high activity region for the
continuous solution U of (2.1) is due to the forcing term f or to the right hand side g in the
Dirichlet boundary condition in (2.1). Therefore V and W have a much smoother behaviour
inside €; than U. On the interface ' an inhomogeneous Dirichlet boundary condition is
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prescribed. Derivatives of V and W can be large near the interface. For the one dimensional
convection-diffusion problem in Example 4.5 we have

—eWoe + W, =0 10/32 < 2 < 16/32,
W(10/32) = U(10/32) — v1(10/32),
W(16/32) = U(16/32) — u*(16/32).

For € < 1 this problem is strongly convection dominated. In general W(10/32) # W(16/32)
and then W varies very rapidly near the right interface point. Thus || has relatively large
components at grid points near the interface.

For two dimensional problems we have to interpolate Dirichlet boundary conditions on the
interface. If a low order interpolation operator is used (e.g. linear interpolation), then |d|
and |d¥| have relatively large components at grid points near the interface. (For higher order
interpolation operators these local discretization errors are expected to become smaller). If
2, is small enough, i.e. if dist is large enough, then these large components are replaced by
zero in xdH and yd.

We note that an optimal choice for dist with respect to the third and fourth term on the
right hand side of (4.26) (i.e. “dist is large”) contradicts with the optimal choice for dist
with respect to the first term on the right hand side of (4.26) (i.e. dist = 0). In general
a small dist > 0 (e.g. dist = H, dist = 2H) yields a satisfactory approximation @° in the
two dimensional case (see the numerical examples in [5]). For the one dimensional diffusion
problem and the one dimensional convection-diffusion problem in Example 4.3 and Example
4.4 respectively the corresponding continuous solution W behaves smoothly near the interface
and then the local defect correction approach with dist = 0 yields satisfactory results.

The fifth and sixth term on the right hand side of (4.26) are also related to the boundary
value problems (4.12) and (4.19). These terms correspond to the fine grid size h. We have
assumed that this grid size is in agreement with the behaviour of the continuous solution U
from (2.1) inside the high activity region. We do not expect that derivatives of V- and W are
larger than corresponding derivatives of U in ;. Then the fifth and sixth term on the right
hand side of (4.26) are not larger than the second term on the right hand side of (4.26).

Concluding we can say that the accuracy of the local defect correction approximation u°
depends highly on the choice for dist in (4.1). For one dimensional problems the optimal
choice for dist depends on the behaviour of the solution of the two point boundary value
problem

LW = 0 in §,
W = 0 on O\T,
W = UH—ufl onT.

If W behaves smoothly in €, then dist = 0 is a good choice (see Example 4.3 and Example
4.4). If W varies rapidly near the interface ' (e.g. in case of a convection-diffusion problem
with strong convection, see Example 4.5) the local defect correction approach with a small
dist > 0 (e.g. dist = H) yields satisfactory results. In both cases the accuracy of the resulting
approximation is comparable with the accuracy of the global fine grid approximation.

For two dimensional problems the choice for dist depends on the behaviour of the con-
tinuous solutions of the boundary value problems (4.12) and (4.19). The behaviour of these
continuous solutions near the interface depends on the choice for the interpolation operator
pr. If alow order interpolation operator is used (e.g. linear interpolation, which is a practical
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choice), then the continuous solutions of (4.12) and (4.19) have large derivatives near the in-
terface. In this case the local defect correction approach with a small dist > 0 (e.g. dist = H)
yields satisfactory results. The accuracy of the resulting approximation is comparable with
the accuracy of the global fine grid approximation.
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