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§ 1. Introduction

It will be shown in this paper that uniformly packed, binary codes, with
e 2 3, do not existexcept for the extended Gelay code of length 24,
For e = | and 2 there are infihite sequences of uniformly packed codes

known (see [2], tables I and II).

§ 2, Notations and definitions

C a code in a binary vectorspace V,

n length of the code (= dimension of V),

d minimum distance of C (= min{d(gl,gz) ‘ ¢, € CgyeCyog # 32}),
e error correcting capability (= [d ; ]]),

Cr 1= {x eV | d(x,C) = k}, 0 < k <n,

B(x,i) := [{c ¢ C | d(x,c) = i}, x eV, 0 < i <n,

p(x)  :=min{k | B(x,k) # 0}, x ¢ V.

A code C is called uniformly packed with parameters (\,u) if for all x ¢ V

with p(x) 2 e the following holds: either

B(x,e) =1 and B(x,e+1) =1,
(2.1) or
B(_}g_,e) = (0 and B(_:s,e+1) =y ,
(2.2) p{™ (4) = 12{ ey If DI () krawtchouk polynomials
' k e A i M- poty .
1=0 i=0
Bj characteristic numbers of the code C, 0 < j < n, (see [2]),
N(C) :={j|1=<]j<n, B # 0},

Fc(x) characteristic polynomial of C defined by

n

(2.3) -T-CT Toa-%.
jeN(C) J
r external distance of C := degree of Fc(x),
r
oy (i =0,1,..4,r) defined by Fc(x) = E akP§n>(x).

k=0



§ 3. Known results

Lemma 3.1. For every code C one has

r

(3.1) Veey L1 o Bk =11,
-— k=0
Proof. [2], corollary 1.1, page 7. t

Theorem 3,2. (Lloyd). € is uniformly packed with parameters (Xx,u) iff

e~-]
- (n) _ A (n)
(3.2) Fo(x) = kzo P (x) + (1 'J)Pe () + ..p 1) .
Proof. [2], theorem 12, page 17, O

Corollary 3.3. Necessary conditions for the existence of a uniformly packed

code with parameters (A,u) are

U e+l

e—1
(3.3) i) |c|{ ) <>+c1-—>(> Lenyy=o®
k=0

e~1

(3.4) iD) Q@) = | PMe) + (1 - L™ oy + L e 6o
k=0

has e +1 distinct integer zeros in [1,n].

Proof. Substitution of x = 0 in (3.2) and (2.3) yields i), while ii) follows
from (3,2) and the definition of Fc(x) in (2.3). {1

Theorem 3.5, For the parameters (X,u) of an uniformly pacxed code, the fol-

lowing inequalities hold

n~-e
(3.5) 0 £ < —T ¢
(3.6) <y <23

Proof., See [2], page 20, formula (28) and (29). O



Lemma 3.70

Kk
G ] 2P =M -
i=0

Proof. See [3], corollary 5.4.18, page 110, a

§ 4, Side trig

The next theorem places this paper in the context in which it should be

placed.

Theorem 4.1, Let C be an e~error correcting code, Then C is uniformly packed

iff its external distance is e +1,

Proof. The implication to the right is covered by (3.2). So assumed that
r =e+l, It follows from (3.1) that p(§) < e+l for all x € V,

Let x € V with p(x) = e, i.e, B(x,0) =...= B(x,e~1) = 0 and B(x,e) > O,
Since d = 2e+1, it follows that B(x,e)} = 1. Now (3.1) reads

a, * ae+lB(§,e-+l) =1, i.e. B(x,e+1) is constant (let us say A, with
o, + Aae+l = 1), Let X € V with p(g} > e. Then it follows from p(X) < e+1,

that p(x) = e+1, i.e, B(x,0) = B(x,1) =...= B(x,e) = 0. Now (3.1) reads
ae+13§§,e-+1) =1, i.e. B(x,e+1) is constant (let us say u). The theorem
follows from definition (2.1). [

§ 5, Basic tools

Let Q(x) be defined as in (3.4). Using lemma (3.7) one can rewrite Q(x) as

(5.1) '&{uPén-i)(X’“I) + Péﬁa(x) - APén)(x)} .

Theorem 5,2, Let Xy i=1,...,e+l be the zeros of Q(x) then

e+l
: _m+ru=Ne+ 1)
(5.2) i) izl X, - ,
(5.3) ii) y xx, = 13-53125k3n2-+3(2u-2x -Dn+6u+2e-2},

l€i<j<e+]



-1

2
Gy i) ] omxp? =Sy en? - - 28

}
1si<j<e+t 3 L 3
e+] n e
. ; _Hle+D)L 27 u(e+1)}, n l..n,_.m

e+i

(5£)V0f+ﬂz(xi-U=(n—1Mn—2L..@—eH)hﬁ-en+(e+D(u-k*ﬂn
! —ele+ D(u-2-2)}
e+l etl

(5.7) vi) 2 ) (x;-2) = (n-2)(n-3)...(n-e+1) X
i=1

X {n{n=-Dn=-e=x=-ex) +(e+1)(n-D((u=-4)(n-e) +4)e)

- 2e(e+1)((u=-2)(n=-e) + 2x(e~1))} .

e+l
Proof. Since the coefficient of xe+I in Q(x) equals éT%%?TYT it follows that

(_2)e+] e+l
(5.8) Q(x) = MOEEM 121 (x - Xi) .

Now (5.2) and (5.3) are easily derivable by regarding the coefficients of

<"1 and xe, resp. xe+3 and xe_l in Q(x), using of course the formulas (5.1)

and (2,2). Now (5.4) is easily computed, since

(x. - x.
iZj o

2 2
Y= e Z P 2 'Z' XX .
i i<j
The formulas (5.5), (5.6) and (5.7) follow directly, if one substitutes x =0,
x = 1 resp, x = 2 in (5.1) and (5.8). O

It turnsout that we need more information on the distribution of the zeros
of Q(x).

Since Krawtchouk polynomials (after the right normalization) belong to the
classical polynomials ([{4], section 2.82), we may apply the standard results

in this theory.

(n)

Lemma 5.9. The zeros of Pk

(x) are real, distinct and located in the inte-

rior of [1,n].

Proof, [4], theorem 3.3.1, page 44, 0



Lemma 5,10, Let Uy < u, < Lea < uy be the zeros of Pin)

(n)
K+l the zeros of Pk+l(x). Then

(x) and
VSV, < e %Y

Pevpcupcvy <uy < <vp <y <y, <n.

Proof. [4], theorem 3.3.2, page 46,

(n)

Lemma 5.11, The polynomials P

(x) satisfy the relation

G DR = m-20p™M @ - -k DR

Proof. [1], formula (4.11), page 59.

We remark that (5,10) follows from (5.11) and an induction argument,

(n)

Lemma 5.12, Let u, < u, < 4ae < Uy be the zeros of Pk

(x) then

(5.12) u; +u =n, 1=1,2,...,k.

k-1
Proof. From (2.2) it follows that Pén)(x) = (—l)kPén)(n-x).

The lemmas above enable us to prove a theorem, which turans out to be essen-

tial in this paper.

Theorem 5,13, Let Uy < uy < eee < Uy be the zeros of Pinnl)(x—l), and

V) SV, < el < Vol the zeros of Péi}l)(x~l). Then
@ =T 2™ P2 Ap@ g Lp@
R O U NI e C

has distinct real zeros x, < x

1 9 € eer X 0 such that

i) 0 < X, < u, < X, < u, € iee X x, < ug < xe+1 < n
ii) X, > v, ifu-2~-120
< v ifu=-x=-=1x<20,



Proof. By virtue of lemma (5.12), we rewrite Q(x)

(5.14)  Qx) = (n -1 4 (u-A-l)P(n Dix-1) + XP(n D -1

According to (5.11)
e+ -1 = ==, -1

Hence

aCu) = 22T -1 D () D} =to-228pi D -,

e+1

(

Since P )(x) and P(n ])(x} are both p051t1ve in x = 0, we can deduce from

(5.10) that the sign of }E’(n 1)( - 1) is (= 1)l ! and consequently, by (3.5),

that the sign of Q(ui) is ( )l. Moreover, since

- § n 1 n n
Q(0) = izo (D + 24 =2 >0
and
m = & ‘)e+1{< Y+ A =+ () - CDEEN
Qn .,.-—--ﬁ——- +l e e e-l ) O 3

i,e, the sign of Q(n) is (-l)e+1, it follows that part i) of this theorem
is proved.

Since, by lemma (5.10), P (n l)(x 1), P (n l)(x--l) and P(n ])(x-]) are po-

sitive on [O,VIJ, X, > v, for u=-2x- I z 0, Similarly these polynomials
have sign (-1)e*!, (~1)€, resp. (—l)em1 on [ve+1,n]. Consequently, for

. +1 .
L =Xx=150, Q(x) has sign (=1D)%"" on [ve+],n3, iees x ) <V 0

There is one more crucial theorem in this paper. In order to state this, we

need a definition.

Definition 5.15. For any n € N, A(n) := the largest odd factor of n, i.e.
= A(n).ZQ for some %,




Theorem 5,16, Let C be a uniformly packed code with parameters (A,u)., Then

e+
. _AwA(le + 1))
(5.16) i) ii] A(xi) = IXCLID)
.. e+l n+ |
(5.17) 1) ilil A(xi) < A((e+l).)-e-_;-—1 .

Proof. Statement (5.16) follows directly from the first equality in (5,5),

while, in turn, it self implies (5.17), since

AGWA(e+ 1))

e SAMWA(e + D) sua((e + DY) =2

e

Lo Ae+ DY),

(here use (3.6)). : O

(n)
k

(A= Vi(k = )n/2
2

Lemma 5.18, The zeros of P {(x) all lie in the interior of the interval

ot vk(k-Dn/2y ooy s o

(5.19) , 5 .

Proof, Let uj < Uy < eae < up be the zeros of Pén)(x). Since Q(x) in (5.1)
(

equals Pefgl)(x-—l) for A = 0, u = 1, we deduce from (5.4), after replacing

e+1 by k and n~1! by n, that

2
2 (k-Dk 2(k - 2)
) (u; = u) =~T——{n~————}.
1<i<jsk. 3t 3
Now
k=1
I oGmup? = mup?e T ot mup? e o mu®y e
1gi<jzk 3 i=2
u, +u +u
I Gamup?e o up? s (s D~ b e (R Lou
2<i<jsk-1 1 J
+ 0 =-125-(uk - “132 .
Hence

2 k(e =1 20k - 2, . k& - Da

(uk - u1>

The lemma now follows from the observation that u tu =m0 (by (5.12)). O



Lemma 5.19. Let f < m be integers. Consider f distinct integers Z:h

i=1,2,444yf, Let F(m,f) be the product of the powers of 2 in these numbers,
Then

(5.19)  Fam, s 3D,

% = 2&-6’ 0 <8 <1, (here [x] denotes the smal-

lest integer k such that k 2 x). These are exactly £ multiples of 2“, which

are at less then or equal to m, where % = LJ%J < £§ .
2 2

Proof, Let o := leog %ﬂ and

F(m,f) is maximal if one takes for ZisZgseensls these £ multiples of 2% and

f-2 multiples of 2a-l. Hence
2 2 %
log F(m,f) < (£-2)(a—-1) + fa + L§J + LZJ +,0. S

fla=1) + 28 -1 5 f(a-1+2]_e)—] S fla-8+1) -1

(since 2* -~ x <1 for 0 £ x < 1), [N

§ 6, Main theorem

Theorem 6,1. There are no uniformly packed codes for e 2 3 except for the

extended Golay of length 24,

Proof A, Upper bounds on n for e 2 4, According to theorem (5,13) there are

at least e roots of Q(x) in the interval (VI’Ve+1)s where v, and v are

(n-1)

e+l

e+l

the smallest, resp. largest, zero of P (x-1). According to (5.18) this

implies that all these zeros lie in

041 -/ele lé(n =D /el I%Cn - 1)

2 ’ 2

(6.2) L ] .

Q.
Let o, be defined by X, = A(xi}2 .

We renumber the zeros X: 88 Y sYgseeesYo,ys in such a way that Yysesesy, are

all in the interval given by (6.2) and that a, <

1 S aee SO

% e



By lemma (5.19)

) __/e(e + Dn-~-1)
2

- e-1

T 20000 Femt

[n.*.
2

2 J
(6;3) A(y y LRI y_. )'-' - ¥ : -
172, o’ g=] 2a1+a2"‘n.+ae_l F(‘/e(e + I%(n ]) ,e - 1)
Y AR ICIND) A
>2(e—l)e-l 2
€ el= VACERMCERY) J )
2

Substituting (6,3) in (5.17) results in

A
A CEIICIC]
2

n + 1

(6.4) -1

<n+1

e—1l.e
2(4) ele n -

2

which implies

1

e-1,/2(n-1) _ 1)5(n+1)e l(

4 Y e(e+ 1) 2{e + 1
1
Ve PR RS
A 1
e SR
2
(6.5) (n-l)slﬁiéﬁ_fl.‘.’_).( s e+ )2
'S
(6.6) a-D@+D ! < 2e+3, ez23.

T e+

yeT

A(le + 1)),

1

A((e+1)! ))e 1

A

Forn = % e(e+1) + 5, it follows from (6.2) that at least e zeros of Q(x)

are in

1
(-5 n
part.
Hence by (5.17)

A(le+1)D)

(6.7) =

(n+1) 21.3.5.7 o0 (2e-1) .

'3 n). This implies that all these zeros have different odd

Since the asymptotic behavior of this lower bound roughly behaves like 2®

(or more), it is easy to verify that this lower bound contradicts (6.6) for

e = 13,

4"
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Hence n =< e(e + 1) + 5 for e 2 13,

w Mo

For e = 4,5,,..,12, we repeat this whole argument, except that we use (6.4)

instead of (6,.6).

It turns out that for e = 7,8,...,12 we obtain again a contradiction with
(6.7).

Hence
(6.8) n s %-e(e + 1) + 5 for ez 7,
For e = 4,5.6, we find respectively.

(6.9) n < 11,000, n £ 1450 and n < 1050 .

B. Lower bound on n. All cases e 2 4, We define pz(n) and p3(n) as the second,

resp. third degree polynomial, between the brackets in the right hand side
of (5.6), resp. (5.7).

Making use of (3.5) and (3.6) it immediately follows that pz(n) < 2n2 and

p,(n) € 2n°, Let n-i be the factor in (n-1)(n-2)...(n-e+1) divisible

b

by the highest power of 2, say 2%, Let 2° and 2° be the powers of 2 in p,(n)

resp. p3(n). We denote this by 2% (n~1i), etc... Clearly

(6.10) 4un’ = n.n.2n2.2n3 > 22,22,2P,2C = p2atb*c

.

Since 2% (n-1i) and (n-1i) contains the highest power of 2, it follows that

X9 (a-Dm=-2)e(n~i~-Dm-1i+1)e..({n-e+1) where

xs |S22] 4 [22E] ¢ 252 L,

which is at most e -3,

Hence 27 (n=1)(n=2)...(n=~e+1). pz(n) where y S a + b + e - 3 and simi~

larly 24 (n-2)(n=3)...(n=e+1). p3(n) where z < a + ¢ + e - 3, However
e+l

p2(er) 7y (x; = 1)(x; -2) is clearly divisible by p3(er)
i=1

tain the inequality 3(e+1) < 2a + b + ¢ + 2(e - 3). Together with (6.10)

this vields

. We therefore ob~-

4n7 > 2e+9 y 1.€4

(6.11) e+7

nz2 .
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For e 2 103 this inequality contradicts (6.8), which proves the theorem for
e = 103,

For e = 4,5,6,.4.,102, we still have a finite number of possibilities given
by (6.8) and (6.9). These possibilities were all checked on a computer., It
turned out that none of them satisfied the necessary conditions, This means
that the theorem is proved for all e 2 4, The total computer time was rough-

ly 14 hour on a Burroughs B6700.

Remark, In [2] (theorem 8 and corollary 12.2) it is shown that the code words
of fixed weight in an uniformly packed code, containihg‘g, form an e-design.
In the computer program we used the divisibility conditions for designs as

the most powerfull tool to reject possibilities.

C. The case e = 3, For n £ 2300 we have checked all possibilities on a com-

puter and it turned out that only the extended Golay code of length 24 exists.
In the sequel we have n > 2300,
By lemma (S5.13) there are at least 3 roots in the interval (Vl’u3) or (ul,va).

For this small value of e it is easy to calculate these zeros explicitly.

6.12) v, = 25| = |v, - 21| < /30 + n/3
I 1
(6.13) lu3-“* ]=]l-9..%‘___]<gv"§n.

n+ 1l -

Wal/3 + /3 + /5y

We first treat the case that u is even, Then by (3,6)

(6.14)  A(y)A(y,) « 4

u_. (n+1)
(6.15) A(U) S-fi 5 .

For n 2 2300 we now deduce from (6.14) A(y3)A(y4) < 3, i.e.

Suppose ¥y = 22k+l. Since 1y3 n* 1[ iVn(3 + /3}, it follows that
n < 22k+2 + 2k+3 and V/n < 2k+1 + |, Consequently 1} /a(/3 + /3 + /3) < 2k+2.



. I
Hence as possible values of Yy and y, one has 22k+} + 2k+l or 221{4‘1 - Zk+

(at most one of these), with an odd factor Zk + 1 or Zk = 1; further possi-
’

bilities are 22k+1 + Qk, 22k+l * 3.2k, with odd factor o+l 4 1, resp.

2k+l t 3, etc. |
Clearly A(y])A(yz) is at least (Zk - 1)(2k+1 -~ 3). However by (6.15) and the

inequality on n above

3,,2k+2 k+1

3a(w) = (2 + 2 + 1),

i.e. we have established a contradiction with (5.16). The case vy = 22k does

not yield a contradiction, if we treat it the same way,but two possibilities

k k~1
2k 2 2(2 2 1
a) y, =2 + 2%, ¥, =2 k-+2k+l, p =22t 1)§ * 1) , A(lch =1,
(6.17)
k k~1
2k 2k k+i 2027 = 1) (2 - 1 A(|C|) = 1.
by y, = 27625, y, = 2% -2 = X )§ ) » adlcl

n+ 1

Since ly3 —"'?f"f < 1vn(3

+

/3), one has in both cases

n - 2/n < 22k+I <n+ 2/n

%(n-a/{{)sus%(n+4/§>.

Since 0 < X < %,(3.5), one has by (5.2)

11 4 7

'—6n‘-§n$y1+y2+y3+y4$-§-n+ n .

w] &

Consequently,

l-é-n»“n—:s(g.-» 2/1;)5y43-§n+%/5~3(%—2/€) ,

1 22 5 22
§-n—-3-v/r—1—$y4$3-n+—3-v’;ﬁ".

On the other hand by (6.16) A(ya) = 1, and the only power of two between
these two bounds is V3 for n 2 19,000,

For 2300 <= n < 19,000, this leaves us with one possibility y3 = 4096,

7840 < n < 8560, In this case one can compute the two possibilities for Y19,
and u from (6.17), With these more precise figures one now also obtains a

contradiction, after reasoning as above.
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We conclude that uy has to be odd, So u = A{y) = E%—-i- .
Since n 2 2300 we deduce from (6.14)

(6.18) A(Y3)A(Y4) 5,
(6.19) 1 = = Aly)Aly,) .

Let us assume that Yy = X Then by (5.5)

3y 2P -1 _ 3un -1 3 PG e+ 2/m-3

X

n . s e :
p .

Hence XZ;;; 15 and therefore X is divisible by 8., If one of the zeros Yis

n+1-2

i £ 3, is not divisible by 8, then A(yi) z i( > n). Since at least one

other zero x has A(x) 2 (M), we do get a contradiction with (5.17).

2.2/n
Since this later argument also applies if Yy = X, We conclude

(6,20) all x, are divisible by 8 .

By (5.2), (5.4) and (5.6) we have

(6.21) n+u-2Xx20 (mod 4)
(6.22)  3n + 3 =A% = 6u -4 = 0 (mod 16)

(6.23) (n=-Dm-2){(n=-8Y(n=-3-42) +4u(n—-3) -8x} = 16 (mod 32) .

As in theorem (5.2) one can easily derive

(6.24) Z XXX = £p3(n) = £{n3 + 3(u-—l«-])n2-+(3u-+3l~+4)n-+8u'~2k}.
i<j<k J

By (6.20)
(6.25)  pg(n) = 0 (mod 2'%) .

Substitution of (6,21) in (6,22) yields
(6.26) 3n{n + 1) —6u - 4 = 0 (mod 8) .

Since u is odd, we deduce from (6.26) n(n+1) = 2 (mod 4)., Suppose nz 2 (mod 4).
Then by (6.21) A is odd. However this contradicts (6.25), since

p3(n) = =2X = 2 (mod 4). Hence n = 1 (mod 4). Since the expression between

braces in (6.23) is congruent to n(n=~3) = n2+n 22 (mod 4), it follows that
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n-128 (mod 16), Substitution of this result in (6.26) yields u =3 (mod 4).
By (6.,21) A = 0 (mod 4). If one reduces p3(n) (mod 8), one obtains pB(n)

=2+ 6u = 4 (mod 8), contradicting (6.25), 0
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