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Unit vectors with non-negative inner products

A. Bos and J.J. Seidel

1. Introduction

In [1] W. Kruskal is credited with the following

Conjecture. 1.1. The squared length of the sum of n unit vectors in
d :
R ', having mutually non-negative inner products, is at least

2
n +.r(d-r)
d
is attained if and only if the n vectors are spread as evenly as

+ where n = r (mod d), 0 < r < d. Moreover, equality

possible over an orthonormal set of 4 vectors.

For a number of cases we settle this conjecture in the affirmative.
Moreover, we describe a setting for the problem which may lead to a

general proof. However, the general conjecture remains open.

2. The problem (cf. [1]).

Suppose we have d + 1 observations of n standardized variables. Arrange

them in an (d+1) Xn matrix

X = [xijJ: S = ol IS T T S B 18 Bt s ¥

and assume that they are nonnegatively correlated, that is, for j,k = 1,...,n

assume
1 d+1 - =
A - - 2
e e e - b
where
+
T S AR BN
2 1=q |25 gty A L
n
The sum variable i,y = z X4 achieves its maximum possible variance
J=1

n2 if all correlations rjk equal 1. It is natural to identify the



1 "relatedness" of the variables with the variance of their sum and

ask what is the minimum possible variance. Without changing the situ-

ation essentially we may assume that the column sums of X are O,
d+1

z xij = 0 for all j. If Ej denotes the j-th column, then the variance
i=1

of Eﬁ equals (x,,x ), which is 1 by assumptlon Also the correlation

el ;

da+1
= — >

Ko g (Ej'zk) 2 10, hence no angle between the xJ s exceeds "/2. The

variance we wish to minimize can be written as

E%T <j§ Ey z ) +1 “ —ﬂ”

1

: 1 :
Now write u. := - X.. These vectors are all perpendicular to
va+1 3
(1,1,...,1) . Hence we have n unit vectors u1,...,gn in R with non-

2
negative inner products, and the problem is to minimize " z J" .
=1

Inequalities

Let S a denote the collection of all sets of n unit vectors in R
14

all of whose inner products are nonnegative. Let n=qgd + ¥, 0 < r < d.

For any S € S Tat G = [g..] denote the Gram matrix of S, and let

dl
= Al Z Az_...-Ad denote the nonzero eigenvalues of G.
2 2
n (rd-n) 2 5% @
Lemma 3.1. i d@E-1) Zgij £ Xgij < mn.

Proof. tr G = n and tr G2 = Zgij read

A2+...+Ad

2 2 2 2
n-nm, A2+...+Ad = Zgij -,

whence

IA

(m-m?s@-nded -,



implying the first inequality. The second follows from 0 < gij =iy,

and the third one is implied by choosing x = (1,1,...,1) in
T > (Gx,X)/(x,X). O

When does equality hold? In the first inequality iff A2=...=kd (= X say),
that is iff

G2 - AG = m(m - A)P,

where P = [pipj] is the rank one matrix made up from the (positive)
components pi of the unit eigenvector of m. G is a (0,1) matrix iff
equality holds in the second, and G has constant row sums iff equality

holds in the third inequality.

Finally, our inequalities imply n < md, and equality holds if and only
if G = Id ® Jh/d' that is, iff S consists of d orthonormal vectors
each repeated n/d times.

Part of the conjecture reads

; 2
Conjecture 3.2. Xgij > (n“ + r(d-r))/4, S € sn,d'
Clearly, lemma 3.1 implies that conjecture 3.2 is true for n = 0 (mod d).
We observe that the right-hand side of the inequality equals the sum of

the entries of

the adjacency matrix of Turan's graph, cf. [2]. This illustrates the
following lemma, by which conjecture 3.2 needs only be investigated
for irreducible S € S .

n,d

Lemma 3.3. If n = n, + Ny d = dl + d2, n=aqd+r, n, = qld1 + Tyo
n, =q,d, +r,, 0 sr<dqd, 0% r, <d;,, 0<r, <d,, then
n2 + r, (d, - ) n2 + r . (d, - r.)
1 Thotin 0 2 2\ 2 n + r(d - xr)
+ - 2010,
d d d

1 2



Proof. Suppose a4 < qys then q < q < d,- Indeed,
N R R, ey o B i TS R

hence qld £ n < (q2 + 1)d. Straightforward caluculation shows that the

left-hand side of the inequality in the lemma equals
d, ((a-q) %+ (q-q,)) - 2r, ( a :
1 1 q-9q, rila-qy) +dy (@ @) " = (qy - @) + 2r, (g, - q) .

Since r1 < d1 and r2-2 0, this is not less than

2 2
d, (g - q)” - (@-q))) +d,((g, - - (@, - q)),
which is nonnegative, since q - q and q - q, are nonnegative integers.

Remark. In the lemma equality holds iff gq = TRt Ul Bl
q2=q+1, r2=0.

Remark. If conjecture 3.2 were true, then the Perron eigenvalue m of

G would satisfy

n r (d-r)
=4 —— =1 < q,
a nd b

. The solution in a special case

Theorem 4.1. The conjecture is true for S € Sn a’ S a two-distance
PR AR i T ’

set with inner products 0 and 0—1.

Proof. Let G = I + c_lA with a (0,1) matrix A having 2m ones. Thus,

-0 1is the smallest eigenvalue of A. Assume the conjecture were not



true for any irreducible I + o_lA. Lemma 3.1 and the assumption then

yield
n2 ; 3 2m ; & 2m < n2 + r(d-r)
g Wb e a ’

From@ and @we obtain
AR ) RS otn - ) (B s @)

For n £ d the right hand inequality yields a contradiction. For d < n £ 2d
we have 02nr < 2md < 0d2r < 4dr < 2nd, since g < é%% < 2, hence m < n

and A is the adjacency matrix of a tree. Butn - 1 = m < 2r < n is im-

possible. We are left with n > 2d, but then

(n-xr) (n-d+r) _ L
< % () =1 + ETE:ET <1+ — 8 °

In [3] it is proved that any graph of diameter D has smallest eigen-

value
-0 £ -2 cos T/ (D + 2).

Hence our graph has diameter D=1, c =1, d =1, r = 0, contradicting

@. This proves the theorem.

Corollary. The adjacency matrix of a graph has
Perron-eigenvalue 2 o(n - d + r)(n - r) /nd,

where (-0), of multiplicity n - 4, is the smallest eigenvalue and

niseqds e yReEElir < dy



5. Geometric methods

d-1 d
Let S = {xe R [ (x,x) = 1}. The hyperplane perpendicular to any

: d
unit vector z € IR determines two closed hemispheres

H = {xe Sd_1 I(x,z) >0} and H = {x ¢ Sd—ll (x,2z) < 0}.

For any finite set X € Sd_1 the convex hull C(X) is the set of all
finite convex linear combinations of elements of X, that is,
d-1

E B ="z e 'S lz = A1x1+...+lnxn, ne N, Xi € X, Xi =0 %

Its dual spherical polytope D(X) is defined by

d=1
bs 3 >
D(X) := {z € 8 [vxex : (x,z) 2 0},
that is, the intersection of the positive hemispheres of the vectors
of X. Let P and P be spherical polytopes. P* is said to berdual to P
if ¢ : F(P) ~> F(P*) is a bijection from the set of faces of P to the
set of faces of P* such that f c ge of > ¢gg for all £f,g € F(P). P is

called self-dual if P* = p.

The polar set P of a spherical polytope P is defined by

d-1

p := {z € S |v (x,2z) =2 0}.

xeP

Clearly P is dual to P and D(X) = C(X).

Theorem 5.1. Assume that X is such that

]| <4
zeX zeY
for all Y ¢ Sn a Then X € V(DX)), where V(P) is the set of vertices of P.
’



Proof. Suppose x € X is not a vertex of D(X), that is, there exist
a,b € D(X) such that x = aa + Bb, where 0 < o, B < 1 are related by

a2 + 20B(a,b) + 82 =1, Now let X' = X\ {x}. Then

G 1) o)

zeX' zeX'

is, as we shall prove, a nonconstant concave function of a, thus
reaching its mininum for a = 0, say. But if X" = X' v {a}, this con-

tradicts the assumption, since then

2 2
DU D
zeX" zeX
because
( z Ziy 2 z) = ( Z Z z z) + 2< Z z,x) + 1> ( z bt z z)
Zeylt hzeX zex" zeX' zeX" / zeXx!" zeX"
+z(z z,a)+1=(z il 9 z).
zeX' zeX" zeX"
d2f
f(a) is a concave function iff A < 0. Hence the sum of two concave
da

functions and the square root of a nonnegative concave function are

again concave. Since

B = -a(a,b) + /gz(a,b)2‘+1 - a2

it remains to prove that az{(a,b)2 - 1} is a concave function of o, and

this is obvious since (a,b)2 Sy ol

Corollary 5.2.: For every X ¢ X, with X as in theorem 5.1, there exist

d - 1 linearly independent X, € X such that (x,xi) = 0 for all

1 =42y sendit="11



Corollary 5.3. For d = 2 and |x| =n=1 (mod 2),

g e
“ Zzn anﬂ ;
Z X

Equality is attained iff X consists of two orthogonal vectors, each

repeated

-1 +
EE— and EEE- times respectively.

Corollary 5.4. If X contains a set of d orthonormal vectors, then

D (X)

= C(X) is the regular orthogonal spherical polytope spanned by

these vectors and

4 ¥ n2 + r(d-r)
C3 e el

|1

zeX

Theorem 5.5. Assume that X is as in thm. 5.1, then a self-dual spherical

polytope P exists with X € V(P).

Proof: From the properties of X we know C(X) < D(X) and further V(C(X))

= X € V(D(X)). Let L be the set of all polytopes P with P ¢ P and

V(C(X)) € V(P) € V(D(X)). Clearly C(X) € L, so L is not empty. The set

L is partially ordered by P' < P iff V(P) c V(P').L contains an upper

bound of each totally ordered subset M of L, so, with the lemma of Zorn,

L contains a maximal element, which has to be self-dual and which con-

tains X = V(C(X)) as vertices.

Cases in which the conjecture holds

The conjecture holds for

i) n < d, all d. Equality holds iff all vectors are orthonormal;

ii) n = 0 (mod d), all d. See the observations after conjecture 3.2.;
iii) 4d = 2, all n. Corollary 5.3.;

iv) all n, all d, some special cases as in section 4 and corollary 5.4.
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