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NOMENCLATURE

Notation used for ILC

J ILC system (often closed loop process sensitivity function)
L learning filter
N trial length
Q robustness filter
e,E(z) tracking error signal
f, F (z) command signal for ILC
k trial number
m delay
r, ref reference trajectory for ILC
u output of the learning filter
y, Y (z) system output

Notation used for feedback control

D uncertainty scale
G open loop system
K controller
L Loop gain
P generalised plant
S closed loop sensitivity function
W uncertainty weight
X,Y solutions to a Riccati equation
u controlled input
w disturbance
x state
y measured output
z performance output
∆ (Complex) perturbation matrix
γ bound on the ∞-norm
δ real valued perturbation
λ costate
Fl lower Linear Fractional Transformation
Fu upper Linear Fractional Transformation
H∞ Banach space of matrix valued functions that are analytic outside the unit circle

and have a bounded ∞-norm.

Subscripts

i general index
k trial index
p perturbed

vi



Chapter 1

Introduction

In many applications, a system has to perform the same task over and over again. Examples
of such systems are robotic manipulators, (e.g., a pick and place machine, or a wafer-stage),
and chemical batch processes. Since the task is repetitive in nature, any feedback controller
applied to these systems will result in a error signal that is equal for every repetition (trial).
If this error does not meet the required performance specifications, a solution has to be found
that is able to meet the specifications.

One interesting solution is given by Iterative Learning Control (ILC). ILC is a control strat-
egy based on the idea that the performance of a system that executes a repeated task can
be improved by learning from previous trials. When properly designed, the ILC controller
iteratively finds a command signal that results in high system performance, despite model
uncertainty and unknown, repeating disturbances.

1.1 Concept of ILC

The idea of using an iterative method for dealing with repetitive disturbances is almost 40
years old. In 1967, a patent was filed with the title ‘Learning Control of Actuators in Control
Systems’. One of the first academic papers in English that discusses ILC is [5], which was
published in 1984. The term ‘Iterative Learning Control’ was introduced by the same author
later that year.

The general idea of ILC is illustrated in figure 1.1 [32]. All signals shown are defined on
a finite time interval t ∈ [0, tf ]. The subscript k denotes the trial or repetition number.
The algorithm operates as follows: during trial k an input fk is applied to the system J .
This input is stored in a memory together with the resulting output yk. After the trial has
finished, an error ek is calculated, based on a desired trajectory r. (There is no subscript
k, since r is equal for all trials.) Both error and system input can then be processed by the
ILC algorithm: fk+1 = ILC(fk, ek), resulting in an input fk+1, as function of fk and ek. The
input is subsequently applied during the next trial. When properly designed, the error ek+1,
resulting from input fk+1, will be smaller than ek. This process can then be repeated, making
the error smaller and smaller.
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CHAPTER 1. INTRODUCTION

+

J
fk

fk+1

yk

r_ek

Figure 1.1: ILC block diagram

This idea is further illustrated by figure 1.2, where it can be seen that the error between the
desired trajectory (dashed) and the measured output (solid) is getting smaller from iteration
to iteration. After each trial k is ended, the system is reset to its initial position.

k=1 k=2 k=3

tft=0 tft=0 tft=0

physical time [s]

p
o
si

ti
o
n

Figure 1.2: ILC as it progresses in time. The reference trajectory (dashed) and the measured
output (solid).

1.2 ILC in relation to other techniques

ILC has some advantages over a well-designed feedback and feedforward controller (see figure
1.3) even though both can yield good performance. A feedback controller Kfb reacts to an
error e, introduced by a desired trajectory or disturbances and the system output y, and
therefore always has a lag. Feedforward Kff can be used to compensate for this lag, however,
only for known signals, such a reference trajectory, and not for unknown disturbances. ILC
is capable of compensating for unknown disturbances, using information from previous trials.
The only requirement for ILC is that the reference trajectory and disturbances repeat from
iteration to iteration.

While a feedback controller can handle uncertainties in the system model, a feedforward con-
troller only performs well using an exact system model. Because ILC learns its control signal

2



1.3. PROBLEM FORMULATION

from measurement data, it is robust against unmodelled dynamics and nonlinear behaviour.
Furthermore, because all calculations are done between consecutive trials, ILC allows for
using advanced filtering, such as zero-phase filtering [22].

+

Kff

eref
Kfb

+
+ G

y
_

Figure 1.3: Block diagram of feedback control in conjunction with feedforward control

One control strategy that can handle an uncertain system model is Adaptive Control (see,
e.g., [44, Chapter 8]). In this strategy, it is assumed that the structure of the system is known
and the exact values of the parameters are unknown. These are then determined using an on-
line identification procedure. Using these parameters, a feedforward signal is calculated. This
gives good performance, under varying conditions, if the structure of the system is correct and
the control signal sufficiently excites the system. Note that, contrary to ILC, the controller
parameters are adapted. In ILC, the command signal itself is adapted.

ILC is perhaps most related to Repetitive Control, which is based on similar theory [17]. Both
control laws are used to deal with repetitive disturbances. The difference lies in the fact
that repetitive control is intended for continuous operations, whereas ILC is used for batch
repetitive tasks. This means that ILC has the same initial conditions for all iterations, revisit
figure 1.2. On the contrary, repetitive control assumes conditions at a beginning of a period
that are the result of the previous condition.

1.3 Problem formulation

In ILC research, the focus has always been on stability of the ILC controlled systems. If the
ILC controlled system is unstable, it is useless. In practice, we might even require an ILC
controlled system to have good learning transients. This means that we require a system to
perform ‘better and better’, and not ‘better-worse-better’. (In [22], an example of a stable ILC
controlled system is given, that reaches an error of about 1040 times the initial error before
converging to 0.)

The notion of stability of ILC controlled systems in presence of model uncertainties, i.e., robust
ILC, is less studied. Although we already mentioned that ILC is robust for unmodelled dynam-
ics and nonlinearities, not many ILC control laws explicitly incorporate uncertainties in their
designs. Therefore, it is impossible to make solid statements on robust stability/performance.
For widespread use of ILC, these statements are essential.

3



CHAPTER 1. INTRODUCTION

With this is mind, we can formulate the following problem statement for this literature survey:

Give a critical overview of the current state of art of model uncertainty
handling in the Iterative Learning Control framework, and investigate
possibilities for future research.

In order to do so, several questions can be distinguished with respect to this problem state-
ment:

• What are the basics of ILC?

• What is the current state of art of robust ILC?

• How can, in general, model uncertainties be described?

• (Where) Do ILC and (robust) feedback control intersect?

1.4 Outline of this report

The rest of this report is organised as follows: in chapter 2 some basics of ILC are discussed.
Next, two ingredients of robust feedback control are discussed, namely: representing model
uncertainty in chapter 3, and robust feedback controller synthesis in chapter 4. In chapter 5,
knowledge from both ILC and robust feedback control are joined in the discussion on robust
ILC. Finally, some conclusions are drawn and recommendations for future research are made.
This report also contains two appendices. The first gives a comprehensive treatment of the
singular value decomposition and of norms for vectors, matrices, signals, and systems. The
second contains an extended derivation of an equation used in chapter 4.

4



Chapter 2

ILC Basics

In the previous chapter, we introduced ILC as a method for improving performance of a
system, which is performing a repetitive task. Before studying robustness of ILC controlled
systems, we need to define the class of systems and ILC controllers under study. This is the
subject of the next section, in which we will mostly determine what we will not study, and
why not. Subsequently, some notations are introduced and analysis tools are developed that
enables us to study ILC in a context we prefer. Finally, we discuss existing methods for ILC
controller synthesis.

2.1 Research boundaries

In section 1.1, we already sketched the basic idea of ILC, in which was mentioned that ILC
uses information from previous trials: fk+1 = ILC(fk, ek). This is referred to as first order
ILC. When more previous trials are used, fk+1 = ILC(fk, fk−1, . . . , ek, ek−1, . . .), this is called
higher order ILC. However, when all disturbances are trial-invariant, higher order does not
offer benefits in terms of performance ([37] and [49, Section 2.5]). Since we only consider trial
invariant disturbances, we will focus on first order ILC only. (In [13] and [49, Section 3.6] it
is shown that higher order ILC can offer benefits in presence of trial varying disturbances.)

Some researchers incorporate the measurement data from the current cycle to determine
the output at that same trial (e.g., [3, 46]), e.g.: fk+1 = ILC(fk, ek+1, ek). Hence the name,
current cycle ILC. Current cycle ILC considers simultaneous optimal feedback and ILC design
in an attempt to improve the behaviour of the ILC controlled system. If we assume the system
to be stable, or already stabilised by a feedback controller (see figure 2.1), incorporation of
the current cycle is not necessary, and only complicates design. Therefore, current cycle ILC
is beyond the scope of this literature survey.

Most of the results of ILC research were derived for linear time invariant (LTI) systems.
However, various classes of nonlinear systems have been considered [51]. Of primarily interest
are nonlinear systems representative for robotic manipulators. In this literature survey, we do
not discuss nonlinear ILC control, for it is assumed that we can apply linear control theory on
nonlinear systems. In feedback control design, linear theory is sometimes successfully applied

5
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+

ILC

ref
Kfb

+
+ G

y
_

fk+1ek

Figure 2.1: Block diagram of feedback control in conjunction with ILC

to nonlinear systems. Furthermore, in many cases, the ILC controller operates in conjunction
with an existing feedback controller (see, e.g., [18, 22, 39]), which already gets the system
output in the neighbourhood of the desired trajectory. This way, we can linearise the system
around this trajectory, creating a linear time varying (LTV) system.

Another subject that has been left out of this literature survey is theory developed for con-
tinuous time. Since ILC requires a command signal and an error signal to be stored in a
memory, a digital implementation is obvious. The design of the control law might as well
acknowledge this for the start [8, Chapter 7], by being designed in discrete time.

Thus, in this literature survey, we will focus on the theory developed for stable, discrete time
systems, both linear time-varying (LTV) and linear time-invariant (LTI). Moreover, we will
study first order ILC only, and we do not to incorporate feedback control design into the ILC
control design problem.

2.2 System description

In the previous section, we motivated for a specific branch of ILC systems operating on a
finite time interval. Furthermore, all initial conditions are assumed to be 0. Throughout this
remainder of this chapter, we consider the system:

J :
{
x (Ts(t+ 1)) = Ax(Tst) +Bf(Tst)

y(Tst) = Cx(Tst) +Df(Tst)
(2.1)

where Ts denotes the sample time. For simplicity of notation, Ts is omitted in the rest of this
document. The input-output behaviour can be described using a convolution of the input
with the impulse response of the system:

y(t) =
t−1∑
τ=0

CAt−τ−1Bf(τ) +Df(t) (2.2)

6



2.2. SYSTEM DESCRIPTION

2.2.1 Lifted system description

Since we are dealing with a finite trial length N , thus t ∈ {0, 1, 2, . . . , N − 1}, we can evalu-
ate (2.2) for every t:

y(0) = Df(0)
y(1) = CBf(0) +Df(1)
y(2) = CABf(0) + CBf(1) +Df(2)

...
...

y(N − 1) = CAN−2Bf(0) + CAN−3Bf(1) + . . .+ CBf(N − 2) +Df(N − 1)

(2.3)

If we form a column vector from the time signal yk(t) at trial k, as first proposed in [42], we
obtain a ‘lifted’ notation for yk:

yk =
[
yT

k (0), yT
k (1), . . . , yT

k (N − 1)
]T

We can define fk in a similar fashion. For a system having l inputs and n outputs, we can
write (2.3) as a (nN)× (lN) dimensional linear system:

yk(0)
yk(1)

...
yk(N − 1)

 =


D 0 . . . 0
CB D 0
...

. . . . . .
...

CA(N−2)B . . . CB D




fk(0)
fk(1)

...
fk(N − 1)

 (2.4)

Which has the form of yk = Jfk. We will refer to this system description as the ‘lifted
system description’. Note that J has a block Toeplitz structure (see, e.g., [11]), and because
J is causal, has a lower triangular form. This notation allows us to use concepts from linear
algebra to analyse ILC and design ILC controllers. Note that the first l columns of the matrix
J contains the system’s Markov parameters.

2.2.2 System description using z-transform

Sometimes, it can be more convenient to do the analysis of an ILC controlled system in the
frequency domain. For that, we introduce the z-transform, which exists only for LTI systems:

Y (z) =
∞∑

t=−∞
y(t)z−t

For causal signals and systems, y(t) = 0 for t < 0. In order to apply the z-transform,
N = ∞ must be assumed, meaning that the signal is known over a infinite interval. Since
ILC assumes a repetitive task, it is logical to assume a finite time interval. Therefore, an
analysis in the z-domain yields an (conservative) approximation [40]. To obtain a frequency

7
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domain description of a z-transformed time signal or a transfer function, z should be replaced
by ejϑ, with ϑ ∈ [−π, π].

Since a convolution in the time domain is equivalent to a multiplication in the z-domain, the
output of the system of (2.2) at trial k becomes:

Yk(z) = J(z)Fk(z)

Note that, in order to make a proper distinction, the argument z (or ejϑ) is not omitted.
Moreover, all z-transformed signals are written as capitals. Finally, the z-transform of (2.1)
is given by:

J(z) = C(zI −A)−1B +D

2.2.3 Singular Systems

Like any matrix, the lifted system description J can be singular. This will occur if the system
has delays or a relative degree unequal to zero. In discrete time, a relative degree of mr means
that it takes mr steps before the result of an input is visible at the output. So, including
a delay of md steps, it takes m = mr + md steps before the output responds to an input.
For the system matrix of (2.4), this means that the entries on the diagonal and on m − 1
subdiagonals of this matrix will become zero, resulting in a singular matrix.

The problem with a singular J matrix is that the ILC controlled systems it is not fully
observable. It is thus not possible to make the error e(t) = 0 ∀ t ∈ [0, N − 1]. Moreover, as
we will see in the next section, J needs to have full column rank in order to make the ILC
controlled system asymptotically stable. We can solve this problem by redefining the system
as follows:

J := J

[
I
O

]

where I denotes an identity matrix of size (nN −nm)× (lN − lm) and O a zero matrix of size
nm× (lN − lm). Note that the redefined system J is non-square, which can be done without
loss of generality.

Another reason the system matrix J becomes (nearly) singular, is when it has non-minimum
phase zeros (NMPhZ) [48]. By the definition of zeros, there exist a initial condition x(0) and
a signal fk such that the output equals:

yk = Jfk +Ox(0) = 0

where O denotes the observability matrix O =
[
CT (CA)T (CA2)T . . .

]T of the system
(2.1). Let the singular value decomposition of J be given by UΣV T (see appendix A), then
the singular value σ associated to this zero is given by:

min
i
σi(J) <

‖Ox0‖2
‖fk‖2

8



2.2. SYSTEM DESCRIPTION

In case of a NMPhZ, fk corresponds to an exponential signal with the zero as exponential
factor, whose amplitude will become larger as the trial length N increases. As N → ∞,
fk(N) →∞, and thus ‖fk‖2 →∞. Therefore, the system matrix becomes nearly singular for
longer trajectories, since:

lim
N→∞

‖Ox0‖2
‖fk‖2

= 0

A general approach to solve the problem of a singular J matrix is by considering the singular
value decomposition, see appendix A. If Σ2 corresponds to the singular values associated to
the NMPhZ and delays, we can redefine J so that it has full column rank:

J := JV1

Because of this, the Toeplitz structure of J is lost, which can be done without loss of generality.

2.2.4 Inverses in the z-domain

In the lifted description, the matrix J becomes singular if the systems has a relative degree
unequal to zero or if it has delays, and nearly singular if the system has NMPhZs. Problems
with singularities arise when an inverse is needed. In the z-domain, a relative degree unequal
to zero and NMPhZs also give problems when trying to invert the system. The inverse of a
system with a relative degree unequal to zero would be a non-proper filter, which has high
gain at high frequencies. Furthermore, an NMPhZ will result in an unstable filter. Both
phenomena are not desirable.

These problems can be solved by using the ZPETC algorithm [47], which calculates a stable,
proper approximation of the inverse of J(z), such that the phase ∠(J(z)J−1(z)) = 0. Given
a z-domain representation of J(z):

J(z) = z−md
Bs(z)Bu(z)

A(z)

where md denotes the number of pure delays in the system and Bs(z) and Bu(z) are chosen
in such a way that Bu(z) contains all NMPhZ. The ZPETC algorithm gives the following
approximation of the inverse:

J−1(z) = z(md+phd)A(z)B?(z)
Bs(z)β

with:
1

Bu(z)
=
zphdB?(z)

β

where β is chosen such that at low frequencies J(z)J−1(z) ≈ 1.

2.2.5 Using feedback control together with ILC

In section 2.1, we already mentioned that ILC can be used in conjunction with feedback
control, either for stabilising the system, or linearising it. This makes it legitimate to assume

9
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the system, given by (2.1), to be stable. Given a single-input-single-output (SISO) system G
and a feedback controller Kfb, revise figure 2.1, the error at trial k is given by:

ek =
1

1 +GKfb
ref +

G

1 +GKfb
fk

It is possible to put this situation into the framework of figure 1.1 by defining:

r =
1

1 +GKfb
ref, and: J =

G

1 +GKfb

where ref is the original reference trajectory and r is the trajectory as given in section 1.1.

2.3 ILC Analysis

In the previous section, notations have been introduced for describing the input/output be-
haviour of a LTI system in both the lifted domain and the z-domain. In this section, we
will develop a learning control law for these two domains. After that, tools are developed
for analysis of stability, performance, and transient learning behaviour of an ILC controlled
system.

2.3.1 Learning Algorithm

The goal of ILC is to minimise the tracking error:

ek = r − yk (2.5)

This reference trajectory r can be seen as a constant disturbance in the trial domain. Ac-
cording to the internal-model-principle (IMP) [23], a persistent disturbance can be handled
by incorporating a model of this disturbance in the feedback path, and adding an controllable
input to this disturbance model. In this case, the disturbance is a constant disturbance, which
can be modelled as an integrator. A widely used [10, 32] ILC control law is therefore given
by:

fk+1 = Q(fk + Lek) (2.6)

In this equation, both Q and L can be full matrices, thus representing possibly noncausal
filters. This control law fulfils the IMP, when Q = I. When the underlying system of Q has,
e.g., a low-pass characteristic, the IMP is only valid for the parts of the spectrum of r where
the magnitude of the system describing Q equals 1.

In a similar fashion, an ILC control law of (2.6) can be given in the z-domain:

Fk+1(z) = Q(z) (Fk(z) + L(z)Ek(z))

10



2.3. ILC ANALYSIS

where E(z) = R(z) − Yk(z) denotes the error. There is a fundamental difference between
the ILC law in the lifted domain and the z-domain. In the lifted domain, Q and L are not
required to be Toeplitz, thus they can represent time varying filter operations. Since the
z-domain only exists for LTI systems, Q(z) and L(z) are (possibly noncausal) time invariant
filters. This implies that the design freedom in the z-domain is more restricted than the lifted
domain.

Using (2.4), (2.5), and (2.6), a block diagram can be defined, see figure 2.2, showing that ILC
can be seen as feedback control in the iteration domain. In this diagram w−1I denotes the
one-trial-shift operator, thus: fk = w−1fk+1. This lifted-domain equivalent of an integrator
can also have an initial value f0, which corresponds to a feedforward signal at trial 0.

w—1I+
+ J

L

+yk ekfkfk+1

r

Q
_

fo

Figure 2.2: ILC as a feedback problem in the iteration domain.

2.3.2 Asymptotic stability and monotonic convergence

For both the lifted domain and the z-domain, we can obtain conditions for asymptotic sta-
bility. An ILC system is called asymptotically stable if there exists an f̃ ∈ R, such that:

lim
k→∞

|fk(t)| ≤ f̂ , ∀ t ∈ [0, 1, . . . N − 1]

Proposition 1 ([40, 10]). In the lifted domain, the ILC controlled system is asymptotically
stable if and only if:

ρ (Q(I − LJ)) ≡ max
i
|λi(Q(I − LJ)| < 1 (2.7)

where ρ denotes the spectral radius and λi the i-th eigenvalue of the matrix Q(I − LJ).

Proof. Substituting (2.4) into (2.6) yields:

fk+1 = Q(fk + Lek) = Q(I − LJ)fk +QLr (2.8)

This difference equation is stable if and only if all eigenvalues of Q(I − LJ) are within the
unit circle.

11
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In section 1.3, we already mentioned that, although the ILC system is asymptotically stable,
a practically undesirable learning transient can occur. Examples given in [10] and [22] show
an increase of the error in the first iterations, before it starts converging to zero. To avoid
this kind of behaviour, we can desire monotonic convergence of the input, i.e.:

‖f∞ − fk+1‖i ≤ γ‖f∞ − fk‖i (2.9)

where ‖ • ‖i denotes a matrix norm, see appendix A, with i ∈ {1, 2, . . . ,∞}, and where
0 ≤ γ < 1 denotes the convergence rate. If we design the ILC controller such that γ = 0,
dead-beat convergence is obtained, meaning that the error converges in one iteration.

Proposition 2 ([40, 10, 32]). The norm of ‖f∞ − fk‖i, with i ∈ {1, 2, . . . ,∞}, converges
monotonically with convergence rate γ, if:

‖Q(I − LJ)‖i ≤ γ (2.10)

Proof. If we evaluate (2.8) at k + 1 and at k → ∞ and subtract these from each other, this
equals:

fk+1 − f∞ = Q(I − LJ)fk +QLr − (Q(I − LJ)f∞ +QLr) ⇔
= Q(I − LJ)(fk − f∞) (2.11)

This can be written in the form of (2.9) if we take the norm and apply the multiplicative
property of matrix norms, see appendix A.

In the z-domain, we can also derive a condition for stability in a similar to proposition 1.
However, it is not possible to calculate the spectral radius from a transfer function. In order
to make a statement, the following lemma is used.

Lemma 1 (e.g., [43]). The spectral radius ρ of a (transfer function) matrix A is bounded by:

ρ(A) ≤ ‖A‖i (2.12)

where ‖ · ‖i denotes any matrix norm with i ∈ {1, 2, . . . ,∞}.

Proof. It follow from the eigenvalue λ and eigenvector x of the matrix A that:

λx = Ax ⇒
|λ|‖x‖i = ‖λx‖i = ‖Ax‖i ≤ ‖A‖i‖x‖i ⇒

|λ| ≤ ‖A‖i

Since this holds for any eigenvalue of matrix A, and hence also for the maximum eigenvalue,
the spectral radius is bounded by any matrix norm of A.

Proposition 3 ([40, 10]). In the z-domain, the ILC controlled system is guaranteed to be
asymptotically stable if:

‖Q(z) (1− L(z)J(z)) ‖i < 1 with: i ∈ {1, 2, . . .∞} (2.13)

12
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Proof. Follows from proposition 1 and lemma 1.

Note that in the z-domain, the sufficient condition for asymptotic stability is corresponds to
the sufficient condition for monotonic convergence in the lifted domain.

2.3.3 Performance

The performance of an ILC system is based on the value of the error as k → ∞. If the ILC
system is asymptotically stable, ek → e∞, and fk, fk+1 → f∞, the lifted domain description
(2.8) becomes:

f∞ = Q(f∞ − LJf∞) +QLr ⇔
= (I −Q(I − LJ))−1QLr

Substituting this into (2.5) results in an expression for the steady state error.

Proposition 4 ([40, 10, 32]). If the ILC controlled system is asymptotically stable, the error
converges to:

e∞ =
(
I − J (I −Q(I − LJ))−1QL

)
r (2.14)

given a lifted domain description of J , Q, and L.

Note that for arbitrary r and (2.6), the error converges to 0 if and only if Q = I and J is
square and of full column rank.

In the z-domain, we can derive an expression for the converged error, similar to proposition 4.

Proposition 5 ([40, 10]). If a SISO ILC controlled system is asymptotically stable, the error
converges to:

E∞(z) =
1−Q(z)

1−Q(z) (1− L(z)J(z))
R(z) (2.15)

Proof. Can be derived from proposition 4. We can rewrite (2.14) in terms of transfer functions:

E∞(z) =
(

1− J(z)Q(z)L(z)
1−Q(z) (1− L(z)J(z))

)
R(z) =

1−Q(z)
1−Q(z) (1− L(z)J(z))

R(z)

2.4 Disturbance aspects

An ILC controller has the ability to perform satisfactory while exposed to unknown dis-
turbances or while designed using an erroneous system model. In this section, we consider
the consequences of repetitive and non-repetitive disturbances, repetitive and non-repetitive
initial conditions, and model uncertainty on the performance and the stability of the ILC
controlled system.

13
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2.4.1 Repetitive and non-repetitive disturbances

One of the key features of ILC is the ability to deal with (unknown) repetitive disturbances.
It is possible to analyse the effect of both trial-varying and trial-invariant disturbances by
incorporating them into error equation (2.5). Given an input disturbance w and measurement
noise v, the error equation becomes:

ek := r − Jwk − vk − Jfk

From this equation, it stems that trial invariant disturbances have the same effect as a refer-
ence trajectory, and thus can be handled by ILC. Trial varying disturbances are more difficult
to deal with, and is subject of current research. If we apply the theory developed in [31] in
the lifted domain, we obtain:

ek = (I−JQL)r−Jwk+JQLJwk−1−vk+JQLvk−1−
k−2∑
j=1

J [Q(I−LJ)]k−j−1QL(r−Jwj−vj)

From this equation, we see that if wk 6= wk−1, or vk 6= vk−1, the error increases and, hence,
performance deteriorates. In literature, proposals have been made to handle this problem.
Some contributions are: [38], which proposes specific choices for the Q filter, [13] which
employs higher order ILC, and [36] in which Kalman filters are used.

2.4.2 Trial invariant initial states and trial varying initial states

So far, we assumed that all initial states are zero. However, there is no guarantee that this
is always the case. If we consider a non zero initial state xk(0) at trial k, the lifted system
description becomes of (2.4) becomes:

yk = Jfk +Oxk(0)

where O denotes the observability matrix, which was defined before. We can analyse this
situation by considering the error:

ek = r − Jfk −Oxk(0)

From this equation, it stems that trial invariant initial conditions can be treated as distur-
bances. They can be fully dealt with if they are trial invariant and if the relative degree of
the system m = 0. This is due to the the fact that yk(0) can only be influenced by fk(0), and
hence can cancel Cxk(0) if and only if the D-matrix of (2.1) has full row rank. The effects of
trial varying initial conditions can be analysed similar to that of trial varying disturbances.
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2.4.3 Model uncertainty

In this section, we showed that ILC is capable of dealing with trial invariant disturbances.
Trial invariant disturbances and non zero initial conditions affect the converged error, and
thus performance of the ILC controlled system negatively. Although loss of performance is not
desirable, stability is maintained while exposed to these effects. By giving a simple example,
we can show that model uncertainty is able to make the ILC controlled system unstable.
Consider a learning filter L = J−1 (assuming it exists), which was designed using a model of
the system J . If the real system behaves as Ĵ = J(I + ∆), where ∆ denotes an unknown but
bounded perturbation, the stability condition of proposition 1 becomes:

ρ(Q(I − LĴ)) = ρ(Q∆) < 1 (2.16)

which is not guaranteed to be true for a (poorly) designed Q and L given a ∆. This is why
model uncertainty should be incorporated in the synthesis of an ILC controller.

2.5 Learning controller synthesis

In the previous sections, the required notation and analysis tools have been introduced in
both lifted and z-domain. In this section, some commonly used learning filters will be dis-
cussed, together with their stability properties. We restrict ourselves to the design of learning
controllers in the lifted domain, because this is the preferred domain.

2.5.1 Arimoto-like learning filter

The most simple learning filter is the algorithm originally proposed by Arimoto [5]. An
implementation in discrete time is discussed in, e.g., [10, 22, 39]. The key issue in this
method is that it requires only limited knowledge of the system. For a system with relative
degree m, the following learning algorithm is proposed:

fk+1(t) = fk(t) + ϕek(t+m)

where ϕ is a learning gain. In the lifted framework, this corresponds to Q = I, J defined
according to section 2.2.3, and L a matrix with entries on the m-th superdiagonal. For
instance, if m = 1, the system J and the learning matrix L become:

J =


0 . . . 0

CB
. . .

...
...

. . . 0
CAN−2B . . . CB

 ∈ RN×(N−m), and: L =

0 ϕ
. . . . . .

0 ϕ

 ∈ R(N−m)×N
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Asymptotic stability and monotonic convergence: Because J is lower triangular
Toeplitz, with the first m− 1 subdiagonals parameters equal to zero, and L has entries only
at the m-th superdiagonal, the product LJ ∈ R(N−m)×(N−m) is lower triangular. Therefore,
the ILC system is asymptotically stable if and only if:

ρ(I − LJ) =

{
|1− CAm−1Bϕ| < 1 for: m = 1, 2, . . .
|1−Dϕ| < 1 for: m = 0

(2.17)

A problem with the algorithm is that monotonic convergence is in general not guaranteed. In
[33] it is shown that for specific systems monotonic convergence can be guaranteed. Given a
ϕ that stabilises the ILC system, the ∞-norm of the error converges monotonically if:

|1− ϕCAm−1B| < 1− |ϕ|
N−2∑
j=m

|CAjB| (2.18)

Other possible solutions to obtain monotonic convergence are: adding a (possibly zero-phase)
Q filter [39], using a lower sampling rate, so that the system has the properties of (2.18) [52],
or adding more learning gains, [22]:

uk+1(t) = uk(t) + ϕek(t+m) + ψek(t+m− 1) + . . .

2.5.2 Inverted plant learning filter

If a lifted domain model of the system is available, it is possible to use that model for designing
a learning filter. Ideally, the learning filter would be the inverse of the system, but the system
can be singular. This can be solved as described in section 2.2.3. The resulting learning filter
becomes the pseudo-inverse (Moore-Penrose inverse) [6], given by:

L = α(JTJ)−1JT , with: 0 < α < 2 (2.19)

Asymptotic stability and monotonic convergence: Proposition 2 gives a sufficient
condition for monotonic convergence, substituting (2.19) gives:

‖Q
(
I − α(JTJ)−1JTJ

)
‖i = |1− α|‖Q‖i < 1

for any norm i ∈ {1, 2, . . . ,∞}. For α = 1, the convergence rate γ = 0. This means that the
ILC controlled system converges in one iteration.

2.5.3 Norm-optimal learning filter

ILC controller design can be approached using optimal control theory in the lifted domain,
see [3, 18, 25, 28], using a quadratic criterion:

J = eTk+1Week+1 + fT
k+1Wffk+1 (2.20)
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where We and Wf are symmetric, positive semi-definite weighting matrices. Using these
matrices, a trade-off can be made between performance (weight on ek+1), and control effort
(weight on fk+1). This criterion can be subject to the constraint: (fk+1 − fk)T (fk+1 −
fk) ≤ ε. This way, we can limit the change of controller output for iteration to iteration.
This constraint can be added to the criterion by introducing the Lagrange multiplier β.
Furthermore, using (2.4) and (2.5), this cost function becomes:

J ′ = (r − Jfk+1)TWe(r − Jfk+1) + fT
k+1Wffk+1 + β((fk+1 − fk)T (fk+1 − fk)− ε)

This quadratic criterion has a global minimum where:

∂J ′

∂f
= 2

(
−JTWer + (JTWeJ +Wf )fk+1 + β(fk+1 − fk)

)
= 0

Rewriting this and using the fact that r = ek + Jfk, yields:

fk+1 = (JTWeJ +Wf + βI)−1
(
(JTWeJ + βI)fk + JTWeek

)
This can be put in the framework of (2.6), if we define:

Q = (JTWeJ +Wf + βI)−1(JTWeJ + βI) (2.21)

and:
L = (JTWeJ + βI)−1JTWe (2.22)

In literature, several choices for Wf , We and β have been proposed. Choosing Wf = 0,
implying Q = I, results in the solution found in [25]. According to proposition 4, this can
yield convergence to zero error. Furthermore, if we also choose We = I, the result is equivalent
to that discussed in [18]. Choosing We = I and β = 0, yields: L = (JTJ)−1JT , which is the
same as the learning filter discussed in the previous section.

Asymptotic stability and monotonic convergence: Using proposition 2, and both
(2.21) and (2.22), a sufficient condition for monotonic convergence is obtained:

‖
(
JTWeJ +Wf + βI

)−1
βI‖2 < 1 (2.23)

Because JTWeJ +Wf is symmetric, positive definite (eigenvalues equal singular values), we
can write the singular value decomposition (SVD) of:

UΣUT = JTWeJ +Wf

Substituting this into (2.23) yields:

‖
(
UΣUT + βI

)−1
βI‖2 = ‖(Σ + βI)−1βI‖2 < 1
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Because Σ and βI are diagonal, this condition is equivalent to:
β

β + σi
< 1 ∀ i (2.24)

where σi is the ith diagonal element of Σ. Because σi(JTWeJ + Wf ) is positive, and β is
positive, (2.24) is always fulfilled.

What can be seen from (2.24), is that when We = I, Wf = 0, the learning filter becomes
an approximate inverse of the system. For the singular values of the system σi(J) � β, the
convergence rate γ ≈ 0. Therefore, the part of the error which belongs to these singular values
converges almost to zero in the first iteration. For singular values σi(J) � β, the convergence
rate γ ≈ 1. The part of the error associated to these singular values converge more slowly.

2.5.4 Low Order learning filter

The solutions found in the previous two sections have a major drawback. For a trajectory
of length N , the learning filter becomes a N × N matrix. Hence, for large trajectories, the
calculations become numerically extensive. In [19, 20], an alternative is presented, which is
discussed in more detail in [18, Section 4.7]. This method is based on the fact the output of
the learning filter u = Le can also be obtained by simulation using the underlying difference
equation.

If we consider the solution of the previous section and choose We = I and Wf = 0, the optimal
solution is given by:

u = (JTJ + βI)−1JT e

The output u can be obtained in two steps, see figure 2.3. The first one is calculating ẽ = JT e
and the second is calculating u = (JTJ + βI)−1ẽ.

(JTJ+βI)—1 ue
JT

ẽ

Figure 2.3: Graphical representation of u = (JTJ + βI)−1JT e

Revisit (2.1), if we assume the system J to be strictly proper, it can be described using the
following difference equation:

J :

{
x(t+ 1) = Ax(t) +Bu(t)
y(t) = Cx(t)

(2.25)

On the finite interval t ∈ {0, 1, . . . , N−1}, ẽ can be obtained by solving the difference equation
describing JT :

JT :

{
µ(t) = ATµ(t+ 1) + CT e(t)
ẽ(t) = BTµ(t+ 1)

(2.26)
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given a final value µ(N) = 0. Note that this is an anti-causal recursion, which can be solved,
since all calculations are done after each trial and e(t) is known for the entire interval.

The Hamiltonian system

The second step, solving u = (JTJ + βI)−1ẽ is more cumbersome. Considering (2.25) and
(2.26), an expression for (JTJ + βI)−1 can be obtained:

(JTJ + βI)−1


x(t+ 1) = Ax(t)− β−1BBTγ(t+ 1) + β−1Bẽ(t)
γ(t) = CTCx(t) +ATγ(t+ 1)
u(t) = −β−1BTγ(t+ 1) + β−1ẽ(t)

(2.27)

In this expression, we find the structure of a Hamilton-Jacobi-Bellman (HJB) equation, which
is also found in optimal feedback control theory (see, e.g., [12, 24]). It consists of a set of two
linked difference equations, with a causal recursion in the state x, and an anticausal recursion
in the costate γ. If we define R = βI, the state propagation part of (2.27) becomes:[

x(t+ 1)
γ(t)

]
=
[

A −BR−1BT

CTQC AT

] [
x(t)

γ(t+ 1)

]

which is exactly the HJB-equation belonging to the LQ optimal state feedback control prob-
lem. This raises questions on the equivalences and differences between feedback control and
ILC control. In this literature survey, no attempts will be made to answers such questions,
but it could be a direction of future research.

If we rewrite (2.27) as a forward recursion, we obtain:[
x(t+ 1)
γ(t+ 1)

]
=
[
A+ β−1BBTA−TCTC −β−1BBTA−T

−A−TCTC A−T

] [
x(t)
γ(t)

]
+
[
β−1B

0

]
ẽ(t)

u(t) =
[
β−1BTA−TCTC −β−1BTA−T

] [x(t)
γ(t)

]
+ β−1ẽ(t)

(2.28)

Since all eigenvalues of A are within the unit circle, (2.28) has all eigenvalues |λi| < 1 in
the state equation x, and all eigenvalues |λi| > 1 in the costate γ. It is possible to decouple
the stable and unstable part of (2.28) by transforming the system under similarity using the
following transformation matrix:

T =
[
T11 T12

T21 T22

]
=
[
I O
Υ I

] [
I P
O I

]
and: T−1 =

[
I −P
O I

] [
I O
−Υ I

]
(2.29)

where Υ is given by the following algebraic Riccati equation:

Υ = AT ΥA−AT ΥB(β −BT ΥB)−1BT ΥA+ CTC
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and P by solving the following Sylvester equation:

Z11P − PZ22 + Z12 = 0

where:

Z11 = (I + β−1BBT Υ)−1A, Z22 = Z−T
11 , Z12 = −β−1BBTA−T

Using the transformation matrix of (2.29), (2.28) becomes:

[
z(t+ 1)
z̃(t+ 1)

]
=
[
Z11 0
0 Z22

] [
z(t)
z̃(t)

]
+ T−1

[
β−1B

0

]
ẽ(t)

u(t) =
[
β−1BTA−TCTC −β−1BTA−T

]
T

[
z(t)
z̃(t)

]
+ β−1ẽ(t)

with Z11 and Z22 as defined above. This decoupled system can be simulated by solving
a forward recursing in z and a backward recursing in z̃, after selection of proper initial
conditions.

Initial conditions of the transformed Hamiltonian system

In order to simulate the transformed Hamiltonian system, proper initial conditions are re-
quired. Since the transformed state z is simulated forward in time, an initial condition z(0)
is needed. Similarly, for the transformed costate a final condition z̃(N) is needed. Since x(0)
and γ(N) are given, the transformed boundary conditions are given by:

x(0) = T11z(0) + T12z̃(0), (2.30)
γ(N) = T21z(N) + T22z̃(N) (2.31)

In order to calculate z(0) and z̃(N) from these equations, we need expressions for z(N) and
z̃(0). These can be obtained by:

z(N) = ZN
11z(0) + Φz(N) (2.32)

z̃(0) = Z−N
22 z̃(N) + Φz̃(0) (2.33)

where:

Φz(t) =
N−1∑
τ=0

Zt−τ−1
11 (I + PΥ)β−1Be(τ)

Φz̃(t) = −
N−1∑
τ=0

Zt−τ−1
22 Υβ−1Be(τ)
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Combining (2.30), (2.31), (2.32), and (2.33) yields the following system of equations:
x(0)
γ(N)
Φz(N)
Φz̃(0)

 =


T11 T12 0 0
0 0 T21 T22

−ZN
11 0 I 0

0 I 0 −Z−N
22



z(0)
z̃(0)
z(N)
z̃(N)


Inversion of this system gives the appropriate boundary conditions, which can be used to
simulate the transformed Hamiltonian system. Note that the boundary conditions have to be
determined between every two trials, since Φz(t) and Φz̃(t) are a function of ek(t).

Stability and convergence

Given a value β, the output of the low order learning filter is the same as the output of the
norm optimal learning filter with We = I and Wf = 0. Therefore, the low order learning
filter has the same stability and convergence properties as the norm optimal learning filter of
the previous section.

2.6 Closure

In this chapter, we studied a specific class of ILC controlled systems. For that, notations
have been introduced and analysis tools have been developed. Moreover, we showed that,
contrary to other disturbance sources, model uncertainty can make the ILC controlled system
unstable. Finally, we discussed some frequently used control strategies, together with their
stability properties.
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Chapter 3

Modelling Uncertainty

In this chapter, methods for modelling uncertainty are discussed. Uncertainty modelling is a
matured field of research, mostly applied in robust feedback controller design. Most of the
information used in this chapter is gathered from [43, 53]. Besides methods for represent-
ing uncertainties, this chapter also discusses how to formulate a control problem involving
uncertain models, and how to analyse stability and performance for these uncertain systems.

3.1 Uncertain models

In controller design, a model is often used for controller synthesis. Since a model provides
a map between inputs and outputs, its quality is determined by how closely its response
matches the response of the real system. In practice, it is never possible to describe a system
using a finite set of differential equations. Some reasons for this are:

• System parameters are only known by approximation;

• Some parameters change when operating conditions change, due to nonlinearity or due
to wear;

• Fast dynamics are difficult to model and are therefore neglected;

• An output measurement is never perfect and always contains noise.

Therefore, it is more likely that the behaviour of the real system is not described by a single
model, but by a set of models. We call a controlled system robust stable (RS) if and only
if every model in the set is stable. The problem of robust performance (RP) is investigating
whether performance requirements are satisfied for every model in the set. The problem of
RP will discussed later using the Structured Singular Value.

The notion of uncertainty is used to express the difference between the real system and its
model. The complete set of models can be described using a combination of a nominal model
and an uncertainty model. The way this uncertainty model is described, depends on the
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amount of structure in this uncertainty model. Basically, we can distinguish two classes of
uncertainty, namely:

• Parametric uncertainty: Here the model structure (including the order) is known,
but its parameters are unknown;

• Unstructured (dynamic) uncertainty: Here the uncertainty is described in the
frequency domain, and can be used to describe missing dynamics.

Both of these will be discussed in this section. However, first we discuss the small gain
theorem, since it is needed to derive conditions for RS.

Theorem 1 (Small Gain Theorem (see, e.g., [53, 43])). Given a stable loop gain L(z), the
closed loop is stable if:

‖L(ejϑ)‖i < 1 ∀ ϑ ∈ [−π, π] (3.1)

where ‖•‖i denotes any matrix norm, and hence, satisfies the multiplicative property of matrix
norms.

Proof. The Nyquist theorem states that if L(z) is stable, the closed loop is stable if and only
if the Nyquist plot of det(I + L(z)) does not encircle the origin. This theorem is proven by
showing the opposite: if det(I+L(z)) encircles the origin, then there exists a ε ∈ [−1, 1]\{0},
such that det(I + εL(ejϑ

′
)) = 0 at frequency ϑ′. Since the determinant equals the product of

all eigenvalues, there exists an eigenvalue λi:

λi(I + εL(ejϑ
′
) = 0 ⇔

λi(L(ejϑ
′
)) = −1

ε ⇒
|λi(L(ejϑ

′
))| ≥ 1 ⇔

ρ(L(ejϑ
′
)) ≥ 1

Thus, if the spectral radius ρ(L(ejϑ)) ≤ 1, at some ϑ′, the Nyquist plot of det(I+L(z)) could
encircle the origin. Hence, if the spectral radius ρ(L(z)) < 1 ∀ z = ejϑ then det(I + L(z))
cannot encircle the origin, thereby providing a sufficient condition for stability. Using lemma
1 expression (3.1) is obtained.

3.2 Unstructured uncertainty

Consider a set of possible perturbed system models Π, with a nominal design model G(z) ∈
Π and a perturbed model Gp(z) ∈ Π. This perturbed model can be described using a
combination of a nominal model and the uncertainty description using a perturbation:

‖∆(z)‖∞ ≤ 1

where ∆(z) is stable and of appropriate dimensions. Using stable, minimum phase, weighting
filters W1(z), and W2(z), the uncertainty can be scaled appropriately. In figure 3.1, several
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Figure 3.1: Forms of unstructured uncertainty: (a) additive uncertainty, (b) multiplicative
input uncertainty, (c) multiplicative output uncertainty, (d) inverse additive uncertainty, (e)
inverse multiplicative input uncertainty, (f) inverse multiplicative output uncertainty

forms of uncertain models are given schematically, which will be discussed below. Each form
suits specific kinds of uncertainty as will be discussed below. If the system G(z) is a SISO
system, the multiplications commute, and we can simply take either W1(z) = 1 or W2(z) = 1.

For each form of uncertainty, we can derive a condition for RS. Given a controller K(z) that
stabilises the nominal system P (z), let M(z) denote the transfer between between the input
and output of the perturbation ∆(z). According to the small gain theorem, the closed loop
with loop gain L(z) = M(z)∆(z) is stable if:

‖M(z)∆(z)‖∞ ≤ ‖M(z)‖∞ < 1

because ‖∆(z)‖∞ < 1 by definition. This gives a sufficient condition for RS. It can be shown
that this condition is in fact also necessary, for a derivation see [43, 53]. Note that the
multiplicative property of matrix norms is used here, which motivates why the H∞ norm is
used in robust control synthesis and analysis. The H2-norm is not induced and therefore, does
not fulfil the multiplicative property (see appendix A). Therefore, it is not possible to judge
how an interconnection of systems will behave, by evaluating the H2-norm of the individual
components [43, Section 4.10.3].
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3.2.1 Additive uncertainty

In figure 3.1(a) the perturbed system is in the form:

Gp = G+W1∆W2

which explains the term ‘additive uncertainty’. This form of uncertainty is often used to rep-
resent neglected high frequency dynamics. By choosing W1 and W2 appropriately, a greatest
lower bound can be given to what extend the model is certain. Moreover, this form of uncer-
tainty can be used to represent an uncertain NMPhZ. The necessary and sufficient condition
for RS is given by

‖W2KSoW1‖∞ < 1

where So = (I +GK)−1 denotes the output sensitivity function.

3.2.2 Multiplicative Uncertainty

In figure 3.1(b,c) the perturbed system is represented in a multiplicative form, at either the
input:

Gp = G(I +W1∆W2)

or the output:
Gp = (I +W1∆W2)G

This form can be used to represent uncertainties that happen specifically at the input or
output of the system. Examples of these are actuator errors at the input and sensor (mea-
surement) errors at the output. Note that if we are dealing with a SISO system, the multi-
plications commute, and the input and output multiplicative uncertainty are equivalent.

It is possible to convert an additive uncertainty description into a multiplicative uncertainty,
and vise versa, be redefining the weighting functions. Given a weighting function for an
additive uncertainty description W1,A and a weighting function for an input multiplicative
uncertainty W1,I , both the uncertainty descriptions are equivalent if:

|W1,I | = |G−1| |W1,A|

where | • | denotes the magnitude of the frequency response of the transfer function. Equiva-
lently, given a weighting function for an additive uncertainty description W2,A and a weighting
function for an output multiplicative uncertainty W2,O, these are also equivalent if:

|W2,O| = |W2,A| |G−1|

Although both uncertainty descriptions are equivalent, there can be reasons to prefer one
above the other. Sometimes, inverses of the weighting functions are needed and this requires
the weighting functions to be proper but not strictly proper.
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3.2. UNSTRUCTURED UNCERTAINTY

For an input multiplicative uncertainty description the necessary and sufficient condition for
RS is given by:

‖W2KSoGW1‖∞ < 1

And for the output multiplicative uncertainty, it is given by:

‖W2GKSoW1‖∞ < 1

Note that these conditions confirm the aforementioned relation between additive and multi-
plicative uncertainty.

3.2.3 Inverse uncertainty

The last forms of unstructured uncertainty discussed in this section, shown in figure 3.1(c,d,e),
are referred to as inverse uncertainty. We can distinguish inverse additive and inverse multi-
plicative forms. The inverse additive perturbed system is given by:

Gp = G(I −W1∆W2G)−1 (3.2)

Its necessary and sufficient condition for RS is given by:

‖W2SoGW1‖∞ < 1

The inverse multiplicative uncertainty description at the input and the output are given by:

Gp = G(I −W1∆W2)−1 and: Gp = (I −W1∆W2)−1G

respectively. It corresponding RS conditions are:

‖W2SiW1‖∞ < 1 and: ‖W2SoW1‖∞ < 1

for the input and output inverse multiplicative uncertainty respectively, where Si = (I +
KG)−1 denotes the input sensitivity function.

Whereas additive and multiplicative uncertainty descriptions can be used to cover uncertainty
in high frequency dynamics and uncertain zeros, the inverse forms can be used to describe
low frequency errors and uncertain (unstable) poles. For example, consider a first order SISO
system with an uncertain pole somewhere within a circle of radius r around point p. This
form of uncertainty can be conveniently written with a inverse additive uncertainty:

Gp =
1

z + p+ r∆
=

1
z + p

(
1 +

r

z + p
∆
)−1

Since this is a SISO system, all multiplications commute, and considering (3.2), the weighting
functions for the inverse additive uncertainty become: W1 = r and W2 = 1.
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3.3 Parametric uncertainty

Parametric uncertainties can be modelled in a similar way as the unstructured uncertainty:
using a nominal model and an uncertainty description. So far, we assumed nothing more
than that the perturbation ∆ is a complex matrix with a bounded infinity norm. However,
using a complex perturbation is not realistic when describing uncertainty in terms of system
parameters. In a real system, the system parameters are real-valued. Hence, instead of a
complex matrix, a perturbation block is needed in the form:

∆ =


δ1 0 . . .

0 δ2
. . .

...
. . . . . .

 (3.3)

where δi, with i = 1, 2, . . ., is a possibly repeating, real-valued perturbations, satisfying
|δi| ≤ 1. Thus, parametric uncertainty requires a more structured perturbation block.
Therefore, parametric uncertainty a is form of structured uncertainty. In this section, we
discuss how parametric uncertainty can be used to describe uncertain parametric models,
such as transfer functions and state space models.

3.3.1 Transfer function form

Parametric uncertainty of transfer functions can be described using (a combination of) uncer-
tainty descriptions of figure 3.1 with the perturbation according to (3.3). If we reconsider the
example of the pole uncertainty of section 3.2.3, and we restrict the ∆ to be real valued, this
is parametric uncertainty. One can think of a water vessel with an outflow, in which we want
to control the water level. In this SISO system, the pole can be uncertain due to nonlinear
fluid behaviour.

Describing parametric uncertainty using transfer functions works well in the aforementioned
example and in some other simple situations. However, if the system has multiple sources of
uncertainties or is a multiple-input-multiple-output (MIMO) system, using a transfer function
form can be quite cumbersome. In this case, using a state-space description of the system
can be more convenient.

3.3.2 State space form

Consider the following discrete-time, uncertain state space model:

G :

{
x(t+ 1) = Apx(t) +Bpu(t)
y(t) = Cpx(t) +Dpu(t)

where (Ap, Bp, Cp, Dp) represent the perturbed system matrices. The input-output behaviour
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3.3. PARAMETRIC UNCERTAINTY

is given the following transfer function matrix:

Gp(z) = Cp(zI −Ap)−1Bp +Dp

In figure 3.2, a block diagram is shown of the perturbed system, assuming all system matrices
can be parameterised in the following form:

Ap = A+ δA, Bp = B + δB, Cp = C + δC, Dp = D + δD

(zI—A)—1

δA

B
+
+

δB

C
+
+

δC

+
+

D
+
+

δD

+
+

Figure 3.2: Parametric state space uncertainty

Using this parametrisation, it is possible to have uncertainty in each element of each system
matrix. For example, consider a second order system, with a perturbed A-matrix, such that:

Ap =
[
a11 + k11δ1 a12 + k12δ2
a21 + k21δ3 a22 + k22δ4

]

where a11, a12, a21, and a22 denote the nominal values of matrix A, and the factors k11, k12, k21,
and k22 are used to scale the real-valued perturbations |δ1|, |δ2|, |δ3|, |δ4| < 1. This can be put
into a form of figure 3.1, by defining:

Ap = A+
[
k11 k12 0 0
0 0 k21 k22

]
︸ ︷︷ ︸

W1


δ1 0 0 0
0 δ2 0 0
0 0 δ3 0
0 0 0 δ4


︸ ︷︷ ︸

∆


1 0
0 1
1 0
0 1


︸ ︷︷ ︸

W2

Perturbations of the Bp, Cp, and Dp can be parameterised in a similar fashion. Furthermore,
it is also possible to handle seemingly nonlinear parameters, such as kδ2, as shown in figure 3.3.

Obtaining weighing filters W1 and W2 and a perturbation block ∆ for the complete perturbed
model may seem complicated, certainly when dealing with large systems with lots of uncertain
parameters. However, this procedure can be automated in Matlab, using routines such as:
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k
0 δ
δ 0

Figure 3.3: Block diagram for kδ2

ureal, lftdata. The routine ureal is used to create uncertain parameters, which can be
used to form a so-called ‘uncertain state-space model’. Then, the routine lftdata can be
used to write the uncertain model as an upper linear fractional transformation of a ∆-block
and a state-space model that includes the nominal model and the uncertainty weight. The
linear fractional transformation is discussed in the next section.

3.4 Linear Fractional Transformations

In robust feedback control, linear fractional transformations (LFTs) play an important role.
Using LFTs, it is possible to to provide a framework for analysis and syntheses of feedback
controllers, applicable to a variety of situations.

3.4.1 Definition of Linear Fractional Transformations

According to [21], let M be a complex matrix partitioned as:

M =
[
M11 M12

M21 M22

]
∈ C(n1+n2)×(m1+m2)

and let ∆u ∈ Cn1×m1 and ∆l ∈ Cn2×m2 . Then, the upper LFT is defined as the following
map:

Fu(M, •) : Cn1×m1 → Cn2×m2

with:
Fu(M,∆u) ≡M22 +M21∆u(I −M11∆u)−1M12

given the fact that the matrix (I −M11∆u) is nonsingular. Furthermore, the lower LFT is
defined as:

Fl(M, •) : Cn2×m2 → Cn1×m1

with:
Fl(M,∆l) ≡M11 +M12∆l(I −M22∆l)−1M21

provided that the matrix (I −M22∆l) is nonsingular. The formulae of the LFTs arise when
describing a feedback system. The notions of upper and lower LFTs become clear when
considering figure 3.4.
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M

∆l

z

y

w

u

M

∆u

z

y∆

w

u∆

(a) (b)

Figure 3.4: (a) Upper Linear Fractional Transformation, (b) Lower Linear Fractional Trans-
formation

3.4.2 LFTs in feedback control and the generalised plant

Using LFTs it is possible to formulate robust control analysis and synthesis problems by using
the so-called generalised plant, denoted P (z). This generalised plant incorporates the system
G including performance weights, and uncertainty weights. In figure 3.5, a block diagram of
the generalised plant is shown, which is clearly a combination of both a lower and an upper
LFT.

In this diagram, the signals u∆, w, u, y∆, z, and y denote vector valued functions of time
or frequency. The exogenous inputs w represents setpoints, disturbances, and measurement
noise, and the outputs z denote the performance variables, such as: output, error, etc. The
overall control objective is to minimise the ∞-norm of closed loop transfer between w and z,
denoted ‖Tzw‖∞, by finding a controller K, which uses measured outputs y and calculates
the input u.

z

y

w

u

y∆u∆

Figure 3.5: Generalised plant

The controller is RS if and only if the uncertainty block ∆ does not destabilise the closed
loop Tzw = Fl(P,K). This uncertainty block can be either unstructured (see section 3.2) or
parametric (see section 3.3) of a combination of both.

Given a generalised plant, simple Matlab routines, such as hinfsyn, dksyn, can calculate a
H∞ optimal controller. The designers problem is to obtain a generalised plant, by selecting
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performance measures, weighting functions for these performance variables, and a proper
uncertainty description including its weights. Since each uncertainty description and each
control objective results in a different generalised plant, we illustrate the procedure by giving
an example.

Example: Servo control problem with additive uncertainty

Given an perturbed system Gp(z) with an additive uncertainty description, revisit figure
3.1, with properly selected weights W1(z) and W2(z). Let’s assume that the system is a
servo system which has to track a reference trajectory with a minimal error. In terms of
the generalised plant, the control objective is to minimise the weighted closed loop output
sensitivity function:

min
K
‖WP (I +GK)−1‖∞

with Wp(z) chosen to be the inverse of the desired closed loop output sensitivity. A block
scheme of this control problem is drawn in figure 3.6(a).

G +
+

W2 ∆ W1

_
+

K

WP

G +
+

W2

∆

W1

_
+

K

WP
z

y

y∆

w

u

u∆
P

Gp

(b)(a)

r

e

Figure 3.6: (a) Servo problem with an uncertain system, (b) The same problem formu-
lated as an LFT

To obtain the generalised plant of figure 3.5, the elements of this block diagram have to be
rearranged, see figure 3.6(b), which leaves the system unaltered. The transfer function matrix
belonging to this generalised plant is given by:

P (z) =

 0 0 W2

−WpW1 Wp −WpG

−W1 I −G


With this generalised plant, an H∞ optimal controller can be obtained using the standard
Matlab routine hinfsyn. The resulting closed loop can be calculated using a lower LFT:

Fl(P,K) =
[

0 0
−WpW1 Wp

]
+
[

W2

−WpG

]
KS

[
−W1 I

]
=
[
−W2KSW1 W2KS
−WpSW1 WpS

]
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where S = (I + GK)−1 denotes the output sensitivity function. From this closed loop, we
can draw conclusions regarding nominal performance (NP) and robust stability (RS):

NP: ‖WpS‖∞ < 1
RS: ‖W2KSW1‖∞ < 1

which is exactly as stated in section 3.2. Moreover, if we can model the uncertainty such that
W1(z) = I, the system has robust performance (RP) if:∥∥∥∥W2KS

WpS

∥∥∥∥
∞
< 1

3.5 The Structured Singular Value (µ)

In section 3.2, we obtained conditions for RS for each form of unstructured uncertainty. In
cases where there is structure in the perturbation matrix ∆, e.g., when dealing with parametric
uncertainty or when combining several forms of unstructured uncertainty, these conditions
will be conservative. To reduce conservatism, we need a generalisation of the singular value,
referred to as the Structured Singular Value (SSV) µ. According to [21, 41], given a matrix
M ⊂ Cn×n, and let S and F be a vector of nonnegative integers, and:

∆ = {diag[δ1Ik1 , . . . , δSIkS
,∆1, . . . ,∆F ] : δi ∈ C, ∆j ∈ Ckj×kj} (3.4)

Then, the SSV is defined as:

µ∆(M) ≡ 1
min{maxi σi(∆) : ∆ ∈ ∆ : det(I −M∆) = 0}

(3.5)

The SSV is the smallest possible largest singular value of ∆ ∈ ∆ that is able to destabilise
the closed loop I − M(z) ∆(z). Note that the SSV is defined for a constant matrix M . For a
transfer function matrix M(z), the SSV has to be calculated for each frequency. If no ∆ ∈ ∆
makes det(I −M∆) = 0, then µ∆(M) ≡ 0.

3.5.1 Some properties of the structured singular value

Before discussing applications of the SSV, two useful properties of the SSV are given in the
form of propositions.

Proposition 6 ([53]). The SSV of a matrix M is bounded by it spectral radius and its maximal
singular value:

ρ(M) ≤ µ∆(M) ≤ max
i
σi(M) (3.6)
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Proof. The first step is to prove the lower bound. For that, consider the extreme case that
∆ = {δI : δ ∈ C}, hence, the set consists only of diagonal matrices. The only ∆’s in the set
that are able to make det(I −M∆) = 0 are the reciprocals of the eigenvalues of M . For a
diagonal matrix, the singular values are the absolute values of the eigenvalues. In this case,
(3.5) becomes:

µ∆(M) =
1

mini |λ−1
i (M)|

= max
i
|λi(M)| ≡ ρ(M)

The second step is to prove the upper bound. For that, consider the extreme case that:
∆ = {∆ : ∆ ∈ Cn×n}. From the Small Gain Theorem follows that det(I −M∆) 6= 0 if
maxi σi(M∆) < 1 ⇒ maxσ(∆) < 1

max σ(M) . Using this, (3.5) becomes:

µ∆(M) =
1

min{maxi σi(∆)}
<

1
minj σ

−1
j (M)

= max
j
σj(M)

which proves the upper bound.

This proposition gives bounds for the SSV. These bounds can however be large. In the
following proposition, it is shown that the upper bound can be tightened.

Proposition 7 ([53]). Given a set D = {D : D∆ = ∆D : ∆ ∈ ∆}, the upper bound of
proposition 6 can be tightened to:

µ∆(M) ≤ inf
D∈D

max
i
σi(DMD−1) (3.7)

Proof. Since the matrix D ∈ D commutes with ∆, the following is true:

∆ = D−1D∆ = D−1∆D

This implies:

det(I −M∆) = det(I −MD−1∆D) = det(I −DMD−1∆)

Hence, µ∆(M) = µ∆(DMD−1). Since maxi σi(M) 6= maxi σi(DMD−1), by changing D ∈ D,
the bound can be tightened.

3.5.2 Robust stability analysis for structured uncertainty

Revisit the generalised plant from figure 3.5, in this sequel, the controlled system is defined
by:

N = Fl(P,K)

Moreover, let us assume that this controlled system has a parametric uncertainty description,
see figure 3.7. In this case, ∆ is a diagonal matrix. By definition of the SSV, µ∆ ≤ 1 implies
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that the maximum singular value of ∆ ∈ ∆ has to be larger than one in order to destabilise
the loop. Recall that the uncertainty descriptions in the generalised plant are such that the
absolute value of their elements is bounded by one. Hence, if the SSV is smaller than one for
all frequencies, the perturbation block of the generalised plant is not able to destabilise the
loop.

zw

y∆u∆

δ 0 0
0 δ 0
0 0 δ

Figure 3.7: Controlled system with structured uncertainty

If we combine the results of the reasoning with the results from proposition 6, we can make
the following statement. Let N11 denote the of the transfer function from u∆ to y∆. The
controller system is RS if and only if:

sup
ϑ
ρ
(
N11(ejϑ)

)
< 1

3.5.3 Robust performance analysis

Formally, the RP analysis answers the question whether performance specifications are met
for all possible perturbed systems. Given a controller K and a generalised plant P , the ∞-
norm of transfer function between w and z, Nzw, has to be smaller than one for all possible
∆’s. It is possible to pose this problem as a structured form of uncertainty, see figure 3.8, by
including the performance-part in the uncertainty representation.

zw

Figure 3.8: Robust performance analysis problem

Let the structure of the uncertainty description be defined by (3.4), and let:

∆P =
{[

∆ 0
0 ∆zw

]
: ∆ ∈ ∆,∆zw ∈ Cq×p

}
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where ∆ can be further structured, since a structured form of model uncertainty can be
used. ∆zw is a full block perturbation which represents the requirement that the closed loop
between w and z should smaller than one. The system is RP if and only if:

sup
ϑ
µ∆P

(
N(ejϑ)

)
< 1

3.5.4 Robust performance synthesis

After showing how the notion of the SSV can be used to analyse RS and RP, this final
part presents a method that can be used to synthese controller that has RP. Solving the
RP problem directly using the SSV is, however, is not yet fully understood. A reasonable
approach combines the results from proposition 7 and H∞ synthesis, which will be discussed
thoroughly in the next chapter.

In figure 3.9, the RP problem is posed using D-scales. Since the matrices D ∈ D are defined
such that they commute with ∆, the uncertainty representation in this figure is the same for
all D ∈ D. Changing the D-scales, however, changes the control synthesis problem. Since the
SSV is bounded according to proposition 7, a reasonable solution to the µ synthesis problem
is to solve:

min
K

inf
D∈D

‖DFl(P,K)D−1‖∞

by alternating solving for K and D. This is called DK-iteration. For a fixed D, this is a
standard H∞ minimisation problem. Given a K, the minimisation problem can be solved
pointwise in the frequency domain. Although both optimisations are convex, it is not guar-
anteed that the joint optimisation converges to a fixed point.

P

K

DD—1

D

same uncertainty

different closed loop system

D—1
0 ∆zw

∆ 0

Figure 3.9: µ-synthesis problem using D scaling
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3.6 Closure

This chapter discussed two forms of representing uncertainty and derived conditions for ro-
bust stability for each class. Moreover, it was shown how a proper control problem can be
formulated using the generalised plant paradigm.

Although, unstructured uncertainty is modelled in the frequency domain, it can be used in
the time domain. A state space realisation of the weighting filters can be easily obtained.
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Chapter 4

Robust Feedback Control

In the previous chapter, it was discussed how model uncertainties can be represented using
LFTs, and that LFTs can provide a paradigm for formulating a control problem in a very
general way. This chapter takes the next step in actually solving a robust feedback control
problem. Note that the focus is on feedback control problem, because this branch of control
theory has matured and elements of this could be used when solving a robust ILC control
problem.

In this chapter, an introduction to optimal control is given. Subsequently, the H∞ control
problem is treated, which is an optimal control problem. In the previous chapter, we reasoned
that, for robustness, H∞ is preferred over H2, because of the small gain theorem and the
multiplicative property of matrix norms.

Throughout this chapter, the following discrete-time system is considered, working on a finite
time interval t ∈ [0, N − 1]:

x(t+ 1) = Ax(t) + B1w(t) + B2u(t)
z(t) = C1x(t) + D12u(t)
y(t) = C2x(t) + D21w(t)

(4.1)

where x, w, u, z, y are defined in the same way as in the previous chapters. In order to
simplify the expressions, some generality is sacrificed and it is assumed that:[

B1 D21

]
DT

21 =
[
0 I

]
and: DT

12

[
C1 D12

]
=
[
0 I

]
(4.2)

4.1 Introduction to optimal control

Optimal control, building on the optimal Wiener-Hopf filtering work, defines control prob-
lems as an optimisation problem, in which competing objectives are traded-off using a cost
functional. Designing an optimal controller can be done in two steps, which we will discuss
next. Moreover, we wills show how a control problem can be formulated as a constrained
optimisation problem.
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4.1.1 State feedback

The first step in designing an optimal controller is designing state feedback that is optimal
with respect to a certain criterion. State feedback assumes all the states to be available for
feedback. Hence, the controller has the form: u(t) = −K(t)x(t). The closed loop is obtained
by substituting this equation into (4.1), This yields:{

x(t+ 1) = (A−B2K(t))x(t) + B1w(t)
z(t) = (C1 −D12K(t))x(t)

(4.3)

The goal of controller design is the choose K(t) such that the closed loop is stable and the
transfer between w(t) and z(t) is minimal using some suitable notion of minimality.

4.1.2 Observers

Since state feedback requires all the states of the system to be available for feedback, a state
observer is needed to make an estimation of the states. Such a state observer is given by:{

x̂(t+ 1) = Ax̂(t) + B2u(t) + L(t) (y(t)− C2x̂(t))
ẑ(t) = C1x̂(t)

(4.4)

where x̂(t) denote the estimated values of the states and ẑ(t) a linear combination of the
states. The objective is to minimise the distance between z and ẑ using an appropriate
measure of distance. Substracting (4.1) from (4.4) yields:{

(x− x̂)(t+ 1) = A(x− x̂)(t) + B1w(t) − L(t)C2 (x− x̂) (t) − L(t)D21w(t)
(z − ẑ)(t) = C1(x− x̂)(t) − D12u(t)

For the moment, the influence of D12 on the output is neglected. We can rewrite this equa-
tion as: {

(x− x̂)(t+ 1) = (A− L(t)C2)(x− x̂)(t) + (B1 − L(t)D21)w(t)
(z − ẑ)(t) = C1(x− x̂)(t)

From this equation, it can be observed that the minimisation of ẑ − z is a pole placement
problem. We define the adjoint of this system as:{

x̃(k) =
(
AT − CT

2 L
T (t)

)
x̃(t+ 1) + CT

1 z̃(t+ 1)
w̃(k) =

(
BT

1 −DT
21L

T (t)
)
x̃(t+ 1)

(4.5)

This is a slightly modified definition of the adjoint, since the input z̃ has the index t+1 instead
of t. We can observe that the observer problem is equivalent to a state feedback problem of
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4.2. H∞ OPTIMAL CONTROL

the adjoint system (4.5), if we define an input: ỹ(t) = −LT (t)x̃(t). With this input, (4.5)
becomes: {

x̃(k) = AT x̃(t+ 1) + CT
1 z̃(t+ 1) + CT

2 ỹ(t+ 1)
w̃(k) = BT

1 x̃(t+ 1) + DT
21ỹ(t+ 1)

(4.6)

This means that an optimal observer can be designed in the same way as state feedback,
using the adjoint system.

4.1.3 Linear-Quadratic criteria

Considering the system of (4.1), we wish to use an input u(k) such that the cost functional:

J = 1
2

N−1∑
t=0

[
xT (t)Qx(t) + uT (u)Ru(t)

]
(4.7)

is minimised. This criteria is quadratic and by choosing Q = QT ≥ 0, and R = RT > 0, it is
guaranteed that (4.7) has a global minimum.

The criterion of (4.7) is subject to a constraint, namely the system dynamics. In literature,
this is called a constrained minima problem, which can be solved by adding the constraint to
the cost functional, using a Lagrange multiplier λ (see, e.g., [9]). If it is assumed that B1 = 0,
the cost functional becomes:

J ′ =
N−1∑
t=0

[
1
2x

T (t)Qx(t) + 1
2u

T (u)Ru(t) + λT (t+ 1) {Ax(t) +B2u(t)− x(t+ 1)}
]

(4.8)

Although the index of the Lagrange multiplier could be defined at t instead of t + 1, the
resulting solution would become less elegant than it is now [24]. Since (4.8) is a quadratic
criterion, the minimum is achieved where its gradient equals zero.

Since this section only serves as an introduction to optimal control, the rest of the derivation
is not given. It is however interesting to consider the partial derivative to u(t):

∂J ′

∂u(t) = Ru(t) +BT
2 λ(t+ 1) = 0 ⇔ u(t) = −R−1BT

2 λ(t+ 1)

From this equation, two things can be observed. First, if we assume λ(t) = X(t)x(t), the
controller output has the form of state feedback. That this assumption is in fact legitimate is
shown in [12]. Second, for a strictly proper system, u(N − 1) affects y(N), which lies outside
the time interval t ∈ [0, N − 1]. Therefore, we can set u(N − 1) = 0, and hence, λ(N) = 0.

4.2 H∞ optimal control

In the previous chapter, it was motivated that in order to obtain a controller such that the
closed loop has RS and RP, the H∞ norm of specific closed loop transfer functions should be
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smaller than 1. Using LFTs, the problem is converted to one in which the H∞ the closed loop
transfer between w and z should be smaller than 1. In the previous section, it was shown
that designing an optimal controller boils down to the design of an optimal state feedback
and a state observer, and that this can be done by using a quadratic criterion. In this section,
we use elements from game theory to obtain quadratic criterions that can be used to obtain
state feedback and a state observer which are optimal in the H∞-norm.

4.2.1 Difference games and the mini-max problem

An H∞ controller minimises the worst-case gain (see [7, 12, 30]). This problem can be seen
as a game of two participants, namely, the controller which is trying to minimise the gain and
the disturbance who is seeking the maximum gain. In a discrete time context, these kind of
games are called difference games.

A difference game is usually described by game dynamics and an objective functional. The
game dynamics in this case are the dynamics of the system (4.1), and the objective is the
following mini-max criterion:

min
u

max
w
J (x(t), w(t), u(t))

If we consider the definition of the H∞ norm, and square it, we can obtain a suitable cost
functional:

J = ‖Pzw‖2∞ = sup
w 6=0

‖z(t)‖22
‖w(t)‖22

< γ2

It is not possible to do any calculations with this criterion because a supremum denotes a
lowest upper bound. We can however approach this bound to an arbitrary close distance ε:

‖z(t)‖22
‖w(t)‖22

= γ2 − ε2

Since the supremum is never achieved, the optimal H∞ controller does not exist and we must
be satisfied with a suboptimal controller. Multiplying both sides by the denominator, and
grouping the terms, yields:

‖z(t)‖22 − γ2‖w(t)‖22 = −ε2‖w(t)‖22

The left hand side of this equation can be used as a cost functional. This cost functional is
quadratic and has a saddle point where its Jacobian equals zero. This is where the control is
such that is minimises the maximum disturbance.

4.2.2 Full information control (H∞ state feedback)

An optimal full information controller minimises the worst case gain between w and z assum-
ing that all the states are available for construction of optimal feedback. The H∞ optimal
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feedback is obtained by considering the following criterion:

J ′ = ‖z(t)‖22 − γ2‖w(t)‖22

for t ∈ [0, N − 1]. The definition of the 2-norm for signals is given in appendix A. Similar
to the previous section, the optimisation is constrained, and this constraint can be added to
the cost functional using a Lagrange multiplier λ. Substituting (4.1) into the cost functional
yields:

J ′ =
N−1∑
t=0

1
2x

T (t)CT
1 C1x(t) + 1

2u
T (t)u(t)− 1

2γ
2wT (t)w(t)

+ λT (t+ 1) {Ax(t) +B1w(t) +B2u(t)− x(t+ 1)}

Note that the result is elegant, because of the conditions of (4.2). This functional has a saddle
point where all partial derivatives are equal to zero:

∂J ′

∂λ(t+1) = Ax(t) +B1w(t) +B2u(t)− x(t+ 1) = 0 (4.9)
∂J ′

∂x(t) = CT
1 C1x(t) +ATλ(t+ 1)− λ(t) = 0 (4.10)

∂J ′

∂w(t) = −γ2w(t) +BT
1 λ(t+ 1) = 0 (4.11)

∂J ′

∂u(t) = u(t) +BT
2 λ(t+ 1) = 0 (4.12)

Substituting (4.11) and (4.12) into (4.9) and combining it with (4.10) yields:[
x(t+ 1)
λ(t)

]
=
[

A −BR−1BT

CT
1 C1 AT

] [
x(t)

λ(t+ 1)

]
(4.13)

with:

B =
[
B1 B2

]
, and: R =

[
−γ2I 0

0 I

]

This system is the Hamilton-Jacobi-Bellman (HJB) system for theH∞ full information control
problem. This equation is similar to that of section 2.5.4, besides the fact that (2.27) was
posed for an LQ optimal control problem, and had an external input. Thus, the difference
between conventional optimal control and ILC is inherently posed as a tracking problem,
instead of a regulator problem.

The HJB system of 4.13 is a two point boundary value problem, with the following boundary
values:

x(0) = x0 and: λ(N) = 0

This system can be converted to a single point boundary value problem by assuming that
λ(t) = X(t)x(t) (see [12, 24]). Note that X(N) = 0 because λ(N) = 0 and, in general,
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x(N) 6= 0. Using this definition, the first equation in the set (4.13) becomes:

x(t+ 1) = Ax(t)−BR−1BTX(t+ 1)x(t+ 1) ⇔
x(t+ 1) =

(
I +BR−1BTX(t+ 1)

)−1
Ax(t) ⇔

x(t+ 1) = Ax(t)−B
(
R+BTX(t+ 1)B

)−1
BTX(t+ 1)Ax(t)

Substitution of this into (4.10) yields:

X(t)x(t) =
[
ATX(t+ 1)A−ATX(t+ 1)B

(
R+BTX(t+ 1)B

)−1
BTX(t+ 1)A+ CT

1 C1

]
x(t)

This equation must hold for every x(t) with t ∈ [0, N − 1], hence:

X(t) = ATX(t+ 1)A−ATX(t+ 1)B
(
R+BTX(t+ 1)B

)−1
BTX(t+ 1)A+ CT

1 C1 (4.14)

This anti-causal difference equation is a time-varying Riccati equation and can be solved for a
given X(N). Using the solution of this Riccati equation, the H∞ (sub)optimal state feedback
is given by:

u(t) = −BT
2 X(t+ 1)

(
I +BR−1BTX(t+ 1)

)−1
Ax(t) (4.15)

which has indeed the form of state feedback as in (4.3), if we define:

K(t) = BT
2 X(t+ 1)

(
I +BR−1BTX(t+ 1)

)−1
A

4.2.3 H∞ optimal state observer

In section 4.1.2, we concluded that designing an observer is equivalent to designing state
feedback for the adjoint system of (4.6). The ∞-norm of the adjoint system is given by:

‖P T (z−1)‖∞ = sup
ϑ

max
i
σi

(
P T (e−jϑ)

)
= sup

ϑ
max

i
σi

(
P (ejϑ)

)
= ‖P (z)‖∞

Hence, the ∞-norm is invariant under the adjoint operation. This means that we can design
anH∞ (sub)optimal state observer using the adjoint system. Similarly to the previous section,
the cost functional is:

J̃ ′ = ‖w̃(t)‖22 − γ2‖z̃(t)‖22

Again, the constraint is added to the cost functional using a Lagrange multiplier λ̃ and using
the assumptions of (4.2), the cost functional becomes:

J̃ ′ =
N−1∑
t=0

1
2 x̃

T (t+ 1)B1B
T
1 x̃(t+ 1) + 1

2 ỹ
T (t+ 1)ỹ(t+ 1)− 1

2γ
2z̃T (t+ 1)z̃(t+ 1)

+ λ̃T (t+ 1)
{
AT x̃(t+ 1) + CT

1 z̃(t+ 1) + CT
2 ỹ(t+ 1)− x̃(t)

}
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Since all the derivations related to the (sub)optimal state observer are similar to the state
feedback case, they will not be given. Similar to (4.13), the HJB system related to the H∞
state observer is given by:

[
x̃(t)

λ̃(t+ 1)

]
=
[
AT −CTQ−1C
B1B

T
1 A

] [
x̃(t+ 1)
λ̃(t)

]
ŷ = −C2λ(t)

(4.16)

with:

C =
[
C1

C2

]
and: Q =

[
−γ2I 0

0 I

]

This is again a two point boundary value problem. However, the boundary values of this
equation are given by:

x̃(N) = xn and: λ̃(0) = 0

This can be converted into a single point boundary value problem by defining λ̃(t) = Y (t) x̃(t),
with Y (0) = 0. Which results in a Riccati equation:

Y (t+ 1) = AY (t)AT −AY (t)CT
(
Q+ CY (t)CT

)−1
CY (t)AT +B1B

T
1 (4.17)

This Riccati equation is a forward recursion and can be solved using Y (0) = 0. The Riccati
equation can be used to obtain a H∞ optimal state observer. An expression of the observer
is obtained by considering the state feedback of the adjoint system:

ỹ(t) = −C2Y (t)
[
I − CT

(
Q+ CY (t)CT

)−1
CY (t)

]
AT x̃(t)

According to section 4.1.2, this gives the following observer:{
x̂(t+ 1) = Ax̂(t) +B2u(t) + L(t) {y(t)− C2x̂(t)}
ẑ(t) = C1x̂(t)

where:
L(t) = AY (t)

(
I + CTQ−1CY (t)

)−1
CT

2 (4.18)

4.2.4 Measurement feedback

So far, it was assumed that there are two steps in the design of anH∞ optimal controller: state
feedback and a state observer. At the first glace, it appears appropriate to make an estimation
of the states using an observer, and use these estimated states for feedback. In [35], it was
shown that a Riccati equation can also be seen as a time varying similarity transformation. As
a result, the states of the observer are different from the states of the state feedback. In order
to use the results from the state feedback problem in the state observer, the state feedback

45



CHAPTER 4. ROBUST FEEDBACK CONTROL

controller needs to be expressed in the states of the observer. (Or vise versa, transforming
the state observer states to the state feedback states.)

First, a HJB system for the measurement output is obtained by adding the third equation of
(4.1) to the cost functional of section 4.2.2 using a second Lagrange multiplier µ. The cost
functional becomes:

J ′ =
N−1∑
t=0

1
2x

T (t)CT
1 C1x(t) + 1

2u
T (t)u(t)− 1

2γ
2wT (t)w(t)

+ λT (t+ 1){Ax(t) +B1w(t) +B2u(t)− x(t)}+ µT (t){C2x(t) +D21w(t)− y(t)}

Obtaining a HJB system for this cost functional is slightly trickier. The cost functional has
a saddle point where:

∂J ′

∂x = CT
1 C1x(t) +ATλ(t+ 1) + CT

2 µ(t)− λ(t) = 0 (4.19)
∂J ′

∂λ = Ax(t) +B1w(t) +B2u(t)− x(t+ 1) = 0 (4.20)
∂J ′

∂µ = C2x(t) +D21w(t)− y(t) = 0 (4.21)
∂J ′

∂u = u(t) +BT
2 λ(t+ 1) = 0 (4.22)

∂J ′

∂w = −γ2w(t) +BT
1 λ(t+ 1) +DT

21µ(t) = 0 (4.23)

Substituting (4.23) into (4.21), and regrouping yields:

µ(t) = −γ−2C2x(t) + γ2y(t) (4.24)

Note that we also used (4.2). Substitution of (4.22) and (4.23) into (4.20) and substitution
of (4.24) into (4.19) yields the following HJB system:

[
x(t+ 1)
λ(t)

] [
A −BR−1BT

−γ2CTQ−1C AT

] [
x(t)

λ(t+ 1)

]
+
[

0
γ2CT

2

]
y(t) (4.25)

where B, C, Q, and R are defined as before. This HJB system could also be obtained by
making an observer from (4.13) by adding an innovation term:[

x(t+ 1)
λ(t)

] [
A −BR−1BT

CT
1 C1 AT

] [
x(t)

λ(t+ 1)

]
+
[

0
γ2CT

2

]
(y(t)− C2x)

Or, similarly, by adding a control input to the adjoint of (4.16):[
x(t+ 1)
λ(t)

] [
A B1B

T
1

−CTQ−1C AT

] [
x(t)

λ(t+ 1)

]
+
[
−γ2B2

0

]
BT

2 λ(t+ 1)

The difference in γ is a matter of scaling the equations. It is possible to make (4.25) lower
triangular by applying the following similarity transformation:[

x(t)
λ(t)

]
=
[
I γ−2Y (t)
0 I

] [
x̂(t)
λ(t)

]
(4.26)
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where Y (t) is the solution (4.17). In appendix B, it is shown that this similarity transformation
results in a lower triangular system:

[
x̂(t+ 1)
λ(t)

]
=

[
A
(
I + Y (t)CTQ−1C

)−1 0
−γ2CT

(
Q+ CY (t)CT

)−1
C

(
I + CTQ−1CY (t)

)−1
AT

][
x̂(t)

λ(t+ 1)

]

+

[
B2

0

]
K(t)x(t) +

[
γ2L(t)

γ2 (Y (t)A)−1 L(t)

]
y(t)

u(t) = −K(t)x(t)
(4.27)

This way, it is possible the use the optimal state feedback controller together with the observer.
The only problem is that the controller depends on the untransformed states x(t) and not on
x̂(t). Fortunately, the relation between x(t) and x̂(t) can be derived using (4.26) and the fact
that λ(t) = X(t)x(t) (see section 4.2.2):

x(t) = x̂(t) + γ−2Y (t)X(t)x(t)

= (I − γ−2Y (t)X(t))−1x̂(t) (4.28)

Post-multiplying the equation of the original state feedback by this equation results in a
state feedback controller that can be used in conjunction with the state observer. This
transformation also adds an extra condition for existence of a suboptimal H∞ controller,
namely: the inverse in (4.28) must exist. A sufficient condition for existence of this inverse is
that:

ρ(Y (t)X(t)) < γ2

An important observation is that (4.27) shows the fundamental difference between feedback
control and ILC: Since the state feedback of (4.15) depends only on x(t), which is now
transformed to x̂(t), the anti-causal part of (4.27) becomes unobservable. As a result, the
final controller will be causal. In ILC, the optimal state feedback has an external input and,
hence, the anti-causal part cannot be made unobservable. Therefore, a norm-optimal ILC
controller consists of a causal and an anti-causal part.

4.2.5 Summary

In the previous section, we obtained the third condition for the existence of a suboptimal
H∞ controller for a given γ. To obtain a suboptimal controller that approaches the opti-
mal controller, γ should be iteratively lowered, and the following three conditions should be
checked:

• The following Riccati equation has a solution X(t) = XT (t) ≥ 0 ∀ t ∈ [0, N − 1]:

X(t) = ATX(t+ 1)A−ATX(t+ 1)B
(
R+BTX(t+ 1)B

)−1
BTX(t+ 1)A+ CT

1 C1
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given:

X(N − 1) = 0, and: B =
[
B1 B2

]
, and: R =

[
−γ2I 0

0 I

]

• The following Riccati equation has a solution Y (t) = Y T (t) ≥ 0 ∀ t ∈ [0, N − 1]:

Y (t+ 1) = AY (t)AT −AY (t)CT
(
Q+ CY (t)CT

)−1
CY (t)AT +B1B

T
1

given:

Y (0) = 0, and: C =
[
C1

C2

]
and: Q =

[
−γ2I 0

0 I

]
• For all t ∈ [0, N − 1] the following coupling condition is satisfied:

ρ (X(t)Y (t)) < γ2

For the lowest possible γ, the suboptimal H∞ controller is given by:{
x(t+ 1) =

(
A− K̂(t)− L(t)C2

)
x(t) + γ2L(t)y(t)

u(t) = −BT
2 X(t+ 1)K̂(t) x(t)

with:

K̂(t) =
(
I +BR−1BTX(t+ 1)

)−1
A
(
I − γ−2Y (t)X(t)

)−1

L(t) = AY (t)
(
I + CTQ−1CY (t)

)−1
CT

2

4.3 Closure

In this chapter, we derived an analytical solution of a finite-timeH∞ controller given a discrete
time system. It was noted that conventional optimal control and norm optimal ILC differ in
one fundamental way: optimal control is implicitly posed as a regulator problem and ILC is a
tracking problem. This difference causes feedback controllers to be causal and ILC controllers
to be noncausal.
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Chapter 5

Robust ILC

In the previous chapters, we obtained basic knowledge of ILC, and the basics of robust
feedback control: modelling uncertainty and controller synthesis. This provides sufficient
knowledge to discuss robust ILC, which is the topic of this chapter. To be more specific: this
chapter focusses on ILC methods which are robust against uncertainty in the design model.
First, robustness of the linear-quadratic optimal ILC solutions of section 2.5.3 is discussed.
Then, we elaborate on a method that describes uncertainty as an interval matrix. The last
part of this chapter discusses methods related to H∞ optimisation.

5.1 Robustness of the norm-optimal ILC solution

Norm optimal ILC solutions do not incorporate model uncertainty explicitly. Nevertheless, it
is possible to analyse robust convergence. In [26], robust convergence is analysed for a lifted
domain norm optimal learning controller with learning gain:

L = (JTJ + βI)−1JT (5.1)

and a SISO system with an additive uncertainty:

Jp(z) = J(z) +W (z)∆(z), with: ‖∆(z)‖∞ ≤ 1 (5.2)

According to proposition 2, an ILC controlled system with (5.1) and (5.2) is monotonically
convergent if:

‖Q(z)
(
I −

(
JT (z−1)J(z) + β

)−1
JT (z−1) (J(z) +W (z)∆(z))

)
‖∞ < 1 ⇔

‖Q(z)
(
JT (z−1)J(z) + βI

)−1
(β − JT (z−1)W (z)∆(z))‖∞ < 1 (5.3)

where the second step is obtained by adding the term (JT (z−1)J(z) + β)−1(β − β) to the
equation. We can show that this is guaranteed to be monotonically convergent if we assume
that the uncertainty is bounded as follows:

|Q(ejϑ)JT (e−jϑ)W (ejϑ)∆(ejϑ)| < |JT (e−jϑ)J(ejϑ)| (5.4)
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To show that this statement is valid, we make use of the fact that the following inequality
holds:

|JT (e−jϑ)J(ejϑ)| < β(1− |Q(ejϑ)|) + |JT (e−jϑ)J(ejϑ)| (5.5)

if Q(ejϑ) is zero phase filter with |Q(ejϑ)| < 1, and β > 0. Combining (5.4) and (5.5) yields:

|Q(ejϑ)JT (e−jϑ)W (ejϑ)∆(ejϑ)| < β(I − |Q(ejϑ|) + |JT (e−jϑ)J(ejϑ)| ⇒
β|Q(ejϑ)|+ |Q(ejϑ)JT (e−jϑ)W (ejϑ)∆(ejϑ)| < |βI + JT (e−jϑ)J(ejϑ)| ⇒∣∣∣Q(ejϑ)

(
βI − JT (e−jϑ)W (ejϑ)∆(ejϑ)

)∣∣∣ < |βI + JT (e−jϑ)J(ejϑ)|

which is equivalent to (5.3). The second step in this sequence is allowed because JT (ejϑ)J(ejϑ) >
0. This shows sufficiently that if (5.4) is satisfied, the perturbed system converges monoton-
ically. In [10], a similar expression is derived for systems with a multiplicative uncertainty.
Both methods share the same disadvantage: since the analysis is done in the frequency do-
main, the result can be conservative. Moreover, according to proposition 4, introducing a
Q(ejϑ) < 1 for some ϑ ∈ [−π, π] means that performance is sacrificed.

5.2 Robust ILC controller synthesis using interval matrices

In the lifted domain, model uncertainty can also be represented directly in the system ma-
trix J [1, 2]. Consider the model set JI in which each Markov parameter has an interval
uncertainty, then the interval matrix is given by:

J I = {JI : jI
ij ∈ [jij , jij ], i, j = 1, . . . , n}

where jij and jij denote the minimum and maximum extreme value of the ij-th element of
the matrix JI , respectively. The lower bound matrix J is the matrix whose element are jij
and the upper bound matrix J is the matrix whose elements are jij . The nominal system
matrix is defined as follows:

J ≡ J + J

2

In [1], a method is proposed that yields a controller that has a maximal interval in which
systems are asymptotically stable or monotonic convergent. In this section, we only elaborate
on asymptotic stability. First, we define the following notation:

T ≡ I − LJ and: T I ≡ I − LJI

And:
∆T ≡ T − T I = I − LJ − I + LJI = L(JI − J) = L∆J (5.6)

where ∆T is the interval uncertainty of the ILC controlled system, and ∆J is the interval
uncertainty of the nominal system matrix. The goal of the controller synthesis is to maximise
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‖∆J‖i using ∆T . Finally, we introduce the notion of ‘bigger norm value between a matrix
and its transpose’, denoted 〈•〉:

〈∆T 〉i ≡ max{‖∆T T ‖i, ‖∆T‖i} (5.7)

where ‖ • ‖i denotes a matrix norm.

5.2.1 Robust stability analysis

Given a designed L for the nominal system J , proposition 1 of chapter 2 gives a necessary
condition for stability. Fulfilling this condition also means that the discrete-time Lyapunov
equation:

(I − LJ)TP (I − LJ)− P = −I (5.8)

has a symmetric positive, definite solution for P (see any resource on Lyapunov stability,
e.g., [29, 43]). Given this constraint, the goal is to maximise the allowable interval uncer-
tainty (AIU), ∆J , for which I−L(J ±∆J) is guaranteed to be asymptotically stable. Hence,
an expression for ∆J is needed that can be used as a cost function for the optimisation.

Given a symmetric, positive definite solution for P , ILC controlled system with the perturbed
system JI is still asymptotically stable if:

(T I)TPT I − P < 0

Using T I = T −∆T and substitution of (5.8), we obtain:

−T TP∆T − (∆T )TPT + (∆T )TP∆T < I

Taking the norm of this expression and using the multiplicative property of matrix norms
yields:

‖T T ‖ ‖P‖ ‖∆T‖+ ‖(∆T )T ‖ ‖P‖ ‖T‖+ ‖(∆T )T ‖ ‖P‖ ‖∆T‖ < 1

which is a sufficient condition. Using the definition of (5.7), and ∆T = L ∆J , it is possible
to rewrite this as:

2〈T 〉‖P‖〈∆T 〉+ 〈∆T 〉‖P‖〈∆T 〉 < 1 ⇔(
2〈T 〉〈∆T 〉+ 〈∆T 〉2

)
‖P‖ < 1 ⇒(

2〈T 〉〈L〉〈∆J〉+ 〈L〉2〈∆J〉2
)
‖P‖ < 1

Since this is a quadratic equation, the inequality would in general be satisfied for a range of
〈∆J〉. Given the fact that 〈∆J〉 > 0, the inequality is satisfied for:

〈∆J〉 <
−〈L〉〈T 〉+

√
[〈L〉〈T 〉]2 + 〈L〉2

‖P‖

〈L〉2
=
−〈T 〉+

√
〈T 〉2 + 1

‖P‖

〈L〉
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The final step in obtaining an expression for the AIU, is substituting 〈T 〉 = 〈I − LJ〉. Then,
a sufficient condition for the upper bound of the AIU is given by:

〈∆J〉max ≡
−〈I − LJ〉+

√
〈I − LJ〉2 + 1

‖P‖

〈L〉
(5.9)

Using this equation it is possible to determine the AIU for asymptotic stability, given a
learning gain L. An expression that gives an upper bound for the AIU that ensures monotonic
convergence is more cumbersome and is shown in [1]. It will not be discussed in this report.

5.2.2 Synthesising a robustly stabilising controller

Using (5.9), it is possible to synthesise a controller. It is the solution of the following nonlinear
constrained optimisation problem:

max
L

∆J, such that: (I − LJ)TP (I − LJ)− P = −I (5.10)

The result of this optimisation problem will yield L = 0, because this results in an infinite
AIU. Therefore, the required spectral radius should be fixed. This can be done by adding the
following constraint to the optimisation problem:

ρ(I − LJ) < ρmax

where ρmax < 1. This optimisation problem can be solved with the Matlab routine fmincon.

The proposed algorithm has an important disadvantage. For longer trajectories (e.g., 1 second
at 1kHz, which gives 1000 samples), the interval matrices become large. Moreover, a nonlinear
optimisation problem is numerically extensive. Therefore, solving this problem for realistic
situations is difficult.

5.3 H∞-like methods

In this section, methods that use H∞ optimisation are discussed. As seen in the preceding
chapters, H∞ techniques arise naturally when dealing with robustness. Basically, two different
approaches can be distinguished, namely in the z-domain and the lifted domain. The z-domain
techniques can be further divided into algorithms that design an ILC controller in cooperation
with feedback and algorithms that design ILC independent of feedback.

5.3.1 Robust current cycle ILC

Methods that discuss ILC controller design with H∞-feedback control design are discussed
in, e.g., [4, 46]. Both references discuss ILC in the z-domain, and therefore assume an infinite
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trial length when designing an ILC controller. In [4], the following ILC control law is chosen:

fk+1 = fk +K0ek +K1ek+1 (5.11)

Thus, this control law incorporates feedback control design in ILC control design. In figure 5.1,
a block diagram of this control law is shown. In this block scheme, G(z) denotes the system
to be controlled. (Do not confuse with the definition of J in chapter 2.)

+

K0

r
K1

+
+ G_

+
+

fk+1ek+1

ek

fk

yk+1

Figure 5.1: Block diagram of ILC controlled system

Designing an optimal ILC controller corresponds to design K0(z) and K1(z) in (5.1). In order
to make a proper choice, we consider the error propagation from trial to trial. The error at
trial k + 1 is given as follows:

ek+1 = (I +GK1)−1r − (I +GK1)−1GK0ek − (I +GK1)−1Gfk

If we evaluate this equation at k + 2 and at k + 1 and subtract these, we obtain:

ek+2 − ek+1 = (I +GK1)−1GK0(ek − ek+1) + (I +GK1)−1G(fk − fk+1)

Substitution of (5.11) yields:

ek+2 − ek+1 = −(I +GK1)−1GK0ek+1 − (I +GK1)−1GK1ek+1 ⇔
ek+2 = (I +GK1)−1(I −GK0)ek+1

Which is equivalent to:
ek+1 = (I +GK1)−1(I −GK0)ek (5.12)

From this equation, it stems that the optimal ILC controller is K0 ≈ G−1, hence: the (ap-
proximate) inverse of the system. Moreover, we can observer from (5.12) that designing a
high gain K1(z) also gives good performance. In [4], standard H∞ optimisation routines are
used to obtain an optimal K0(z) and K1(z). This is done in two steps. The first step is to
find an approximate inverse of G(z) by solving:

min
K0

‖I −GW1K0‖∞
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where W1(z) is chosen to be non proper, such that the product GW1 is proper but not strictly
proper. Typically, W1(z) has low amplification at low frequencies and high amplification at
high frequencies. (How low and how high depends on the frequency content of the reference
trajectory.) The second is step is a usual mixed sensitivity problem:

min
K1

∥∥∥∥K1(I +GK1)−1W2

(I +GK1)−1W3

∥∥∥∥
∞

where W2(z) can be an upper bound with respect to additive uncertainty, and W3(z) can
be chosen the inverse of the desired sensitivity function, which is common in H∞ feedback
controller design.

5.3.2 Robust ILC using the generalised plant

An alternative approach of H∞ ILC controller design in the z-domain is given by [15, 16]. In
these references, the generalised plant paradigm is used to design an optimal ILC controller.
Moreover, it is assumed that the feedback controller is already designed.

Recall that a sufficient condition for monotonic convergence in the z-domain is:

‖Q(I − LJp)‖∞

where:

Jp(z) = J(z) +W (z)∆(z), with: ‖∆(z)‖∞ < 1

This can be put in the generalised plant paradigm, see figure 5.2. The goal is to minimise the
∞-norm between fk and fk+1 by designing an L. Note that this requires the Q(z) filter to be
given. Therefore, an optimal controller is synthesised in an iterative way: first, we choose Q(z)
to be a Butterworth-filter with a specific cut-off frequency. Then, we synthesise a learning
gain L(z), given J(z), W (z) and Q(z). If the resulting closed loop ‖Q(I − LJp)‖∞ < 1,
the cut-off frequency of the Q(z) filter can be increased, if the ∞-norm is larger than 1, the
cut-off frequency should be decreased. Iteratively, the best trade-off between performance,
convergence rate and robustness can be obtained.

Like the other robust ILC methods discussed in this chapter, the ILC syntheses proposed
[4, 15, 16, 46] have a drawback. Since they make use of conventional H∞ optimisation
methods in the z-domain, they result in a proper or strictly-proper learning filter. This is
equivalent to a causal learning filter in the time-domain. According to [27, 50], there exists
a feedback equivalent for causal learning filters. Hence, in a noise free environment, it is
not possible to outperform a feedback controller with ILC. For that, it is necessary that the
learning filter is noncausal.
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J

_
+

W

∆

+

L

Q
fk

+
fk+1

Figure 5.2: ILC control problem posed using the generalised plant

5.3.3 Lifted domain techniques

A different approach for synthesising ILC controllers using H∞ techniques is discussed in [34].
This particular paper proposes a higher order ILC controller in the lifted domain that can
be used to handle trial varying disturbances and model uncertainty. In this section, we will
roughly sketch the outline of this method.

If we revisit figure 2.2 of chapter 2, and assume Q = I, this figure can be thought to be a
large MIMO system, where we wish to apply a feedback controller (in the lifted domain).
An alternative representation of 2.2 is given by figure 5.3. In this setting, the IMP-part of
the ILC controller is taken as part of the system. Since all states of the ILC system are
known, for they are in fact a part of the controller, we can apply state feedback. Moreover,
the real system behaviour is modelled as parametric uncertainty (see section 3.3), by taking
Jp = J + δJ .

w—1I+
+

JL

I

I +
+

δJ

uk ykekr

+
+

Figure 5.3: H∞ lifted ILC control problem with model uncertainty

55



CHAPTER 5. ROBUST ILC

The difference equation describing this system then becomes:{
fk+1 = Ifk + Iuk

yk = (J + δJ)fk

This difference equation can be rewritten as an upper LFT, using the Matlab routine
lftdata. From this, and suitable performance specifications, a generalised plant can be
obtained. Then, using the machinery from section 4.2.2, we can calculate the H∞ optimal
state feedback. These steps will not be further described in this report.

Similar to section 5.2, this method suffers from the fact that is used incredibly large uncer-
tainty descriptions. Moreover, solving a Riccati equation for these large systems is numerically
very difficult.

5.4 Closure

This chapter provided an overview of state-of-the-art robust ILC algorithms. Although they
all have proven to work well in specific applications, they all suffer from one or more draw-
backs:

• conservatism due to the usage of an infinite time analysis (z-domain);

• numerical difficulties because of the large matrices involved;

• causality, which does not give the best achievable performance;

• conservatism/complexity of the uncertainty model.

Future research is required to overcome these drawbacks.
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Chapter 6

Conclusions and Recommendations

The report has presented an overview of the current state of art of ILC, and how to deal with
model uncertainties. Moreover, we have investigated how to represent model uncertainty and
robust feedback control. In this final chapter, conclusions are drawn from the work discussed
in this report and some recommendations for future research are made.

6.1 Conclusions

Although this report contains a summery of existing results, there are still some conclusions
to be drawn.

The preferred framework for studying ILC is the lifted framework. However, we also noticed
that a norm-optimal solution in the lifted domain has an equivalent solution in the finite-time
domain.

Model uncertainties can be represented in a convenient way in the frequency domain. This
can be used in the time domain using a state space realisation of the weighting filters. Para-
metric uncertainty can be directly used in the time domain. Using LFTs, a generalised plant
framework can be obtained, which is a very useful way of representing control problems.

A thorough treatment of the finite-time, discrete-time H∞ control problem was given. It was
observed in chapter 2, that there exists an intersection between ILC and feedback control. It
was noted that they are based on similar HJB-systems. However, they differ in a fundamental
way. This difference is caused by the fact that optimal control is implicitly posed as a regulator
problem and that ILC is a tracking problem. This causes feedback controllers to be causal
and ILC controllers to be noncausal.

The state of art robust ILC methods still suffer from some deficiencies. In the lifted domain,
there exist some methods for synthesising a robust ILC controller, but they are numerically
demanding, due to the large scale of the problem. There are also some robust ILC methods
in the frequency domain, but they all results in causal learning filter and lead to conservative
results.
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6.2 Recommendations for future research

This literature survey has shown some potential directions for future research. Robust ILC
methods of chapter 5 that use results from robust feedback control have the advantage of
representing model uncertainty in a convenient way. However, they make use of the z-domain
for synthesising controllers, which assumes an infinite trial length. Furthermore, the results
are causal. The low order ILC proposed in chapter 2 is related to the LQ optimal control
problem in the time domain. However, the results are noncausal and explicitly deal with a
finite trial length. Future research should focus on unifying robust control and low order ILC
in such a way that the results are robustly stable, noncausal and act on a finite time interval.

This research can be further extended by introducing µ-synthesis, which solves the RP prob-
lem for ILC. Furthermore, since we obtained a low-order ILC solution by considering the LQ
optimal solution in the lifted domain, the converse should also be possible: Given a finite-
time robust ILC solution, obtaining a lifted domain equivalent solution. Additionally, we can
investigate the simultaneous design of feedback control and ILC control. It should be possible
to pose this problem using the generalised plant, such that the resulting controller has two
inputs and two outputs: one input and output for feedback control, and one input and output
for ILC control. Of course, all results should be implemented on an experimental set-up.
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Appendix A

Mathematical definitions

A.1 The singular value decomposition [43, 45]

Any matrix A ∈ Cn×m can be factorised using a singular values decomposition (SVD):

A = UΣV H

where U ∈ Cn×n and V ∈ Cm×m are unitary matrices (UUH = V V H = I) and Σ ∈ Rn×m

contains a matrix Σ̂ as in:

Σ =
[
Σ̂
0

]
, for: n ≥ m and: Σ =

[
Σ̂ 0

]
, for: n ≤ m

Matrix Σ̂ is a diagonal matrix of real, nonnegative singular values σi, arranged in descending
order:

σ ≡ σ1 ≥ σ2 ≥ . . . ≥ σk ≡ σ ≥ 0, k = min{n,m}

For a matrix with rank(A) = p < m ≤ n, matrixes U , Σ, and V can be partitioned, such
that:

A =
[
U1 U2

] Σ1 0
0 Σ2

0 0

[V H
1

V H
2

]

where:
U1 ∈ Cn×p, V1 ∈ Cm×p, Σ1 ∈ Rp×p,

U2 ∈ Cn×(n−p), V2 ∈ Cm×(m−p), Σ2 ≈ 0 ∈ R(n−p)×m−p,

From this, it follows that:

A ≈ U1Σ1V
H
1
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A.2 Norms for vectors, signals, matrices and systems [43, 53]

A norm is a real valued scalar function: ‖ • ‖ : Cn×m → R, which gives an overall measure of
‘magnitude’ or size of a mathematical object, such as a vector, matrix, signal or system. It
satisfies the following properties:

(a) ‖x‖ < 0 ∀ x 6= 0
(b) ‖x‖ = 0 iff: x = 0
(c) ‖ax‖ = |a|‖x‖ ∀ a ∈ C
(d) ‖x+ y‖ ≤ ‖x‖+ ‖y‖

where x and y are elements of a linear space V ⊂ C. For matrices A,B ∈ Cn×m, also the
following property holds:

(e) ‖AB‖ ≤ ‖A‖‖B‖

A.2.1 Norms for vectors

Consider a vector x ∈ Cn. The p-norm of this vector is defined by:

‖x‖p =

(
n∑

i=1

|xi|p
) 1

p

for: 1 < p ≤ ∞

The most frequently used norms are the 1-, 2- and the ∞-norm, which are given by:

‖x‖1 =
n∑

i=1

|xi|, ‖x‖2 =

√√√√ n∑
i=1

|xi|2, ‖x‖∞ = max
i
|xi|

where the ∞-norm can be seen as the limit case where p → ∞. The 2-norm is often called
Euclidean norm, because it corresponds to the notion of distance in to the Euclidean space
and relates to the Euclidean inner product:

〈x, x〉 = xHx = ‖x‖22

A.2.2 Norms for matrices

Let matrix A = [aij ] ∈ Cn×m, the p-norm of a matrix is defined by:

‖A‖p = sup
x 6=0

‖Ax‖p

‖x‖p
for: 1 < p ≤ ∞

Such a matrix norm is said to be induced by two vector norms. Note that this intuitively
corresponds to the fact that a matrix maps a vector into another vector. The most frequently
used matrix norm happen to be the most easy to compute.
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The 1-norm is simply the the maximum absolute column sum of the matrix:

‖A‖1 = sup
x 6=0

‖Ax‖1
‖x‖1

= sup
x 6=0

∑n
i=1 |(Ax)i|∑m

j=1 |xj |
= sup

x 6=0

∑n
i=1 |

∑m
j=1 aijxj |∑m

j=1 |xj |
= max

j

n∑
i=1

|aij |

Equivalently, the ∞-norm is the maximum absolute row sum of the matrix:

‖A‖∞ = sup
x 6=0

‖Ax‖∞
‖x‖∞

= sup
x 6=0

maxi |
∑m

j=1 aijxj |
maxj |xj |

= max
i

m∑
j=1

|aij |

The 2-norm can be calculated using the Euclidean inner product and the singular value
decomposition, and y = V Hx:

‖A‖22 = sup
x 6=0

‖Ax‖22
‖x‖22

= sup
x6=0

xHV Σ2V Hx

xHx
= sup

x 6=0

yHΣ2y

yHy
= max

y 6=0

∑m
j=1 σ

2
j y

2
j∑m

j=1 y
2
j

= max
i
σ2

i (A)

Furthermore, there exists norms that are not induced, but which are direct extensions of the
definitions of the vector norms, namely: the sum-norm, the Frobenius-norm, and the max
element norm. These are extensions of the 1-, 2-, and ∞-norm of vectors. These matrix
norms are given by:

‖A‖sum =
∑
i,j

|aij |, ‖A‖fro =
√∑

i,j

|aij | =
√

tr(AHA), ‖A‖max = max
i,j

|aij |

where tr(•) denotes the trace operator, which is the sum of all diagonal terms.

A.2.3 Norms for signals

A signal is a real-valued, vector valued function of time. Given a discrete time signal x(t)
defined on time set t ∈ T ⊂ Z, we can obtain the lp-norm of a signal by summing the signal
over the time-axis, and summing the elements of the resulting vector. The lp-norm of a time
signal is defined as follows:

‖x(t)‖p =

(∑
t∈T

∑
i

|xi(t)|p
) 1

p

The most frequently used norms are:

‖x(t)‖1 =
∑
t∈T

∑
i

|xi(t)|, ‖x(t)‖2 =
√∑

t∈T

∑
i

|xi(t)|2, ‖x(t)‖∞ = sup
t∈T

max
i
|xi(t)|
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A.2.4 Norms for systems

In control theory, system norm are often used to assess performance. They are obtained by
generalisation of matrix norms and are defined for stable systems. The most frequently used
system norms the H2- and H∞-norm. The H∞-norm is given by:

‖G(z)‖∞ = sup
u 6=0

‖Gu‖2
‖u‖2

= sup
u 6=0

max
i
σi

(
G(ejϑ)

)

The H2-norm is obtained by taking the Frobenius-norm and integrate over all frequencies:

‖G(z)‖2 =

√
1
2π

∫ π

−π
tr (GH(ejϑ)G(ejϑ)) dϑ

By using Parseval’s theorem, the H2-norm of a transfer function matrix is equal to the 2-norm
of its impulse response. Note that this norm is not induced and therefore, it does not fulfil
the multiplicative property (e).

Finally, a less frequent used norm is the H1-norm, given by:

‖G(z)‖1 = sup
u 6=0

‖Gu‖∞
‖u‖∞

= max
i

m∑
j=1

∞∑
t=0

|gij(t)|

In [14], it was shown that if a system is stable in a H∞-norm, it is also stable in a H1-norm.
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Extended derivation of equation (4.27)

In section 4.2.4, the following HJB equation is discussed:[
x(t+ 1)
λ(t)

] [
A −BR−1BT

−γ2CTQ−1C AT

] [
x(t)

λ(t+ 1)

]
+
[

0
γ2CT

2

]
y(t)

Which is transformed using the following time varying similarity transformation:[
x(t)
λ(t)

]
=
[
I γ−2Y (t)
0 I

] [
x̂(t)
λ(t)

]

The transformed system becomes:{
x̂(t+ 1) = Ax̂(t) + γ−2AY (t)λ(t)−BR−1BTλ(t+ 1)− γ−2Y (t+ 1)λ(t+ 1)
λ(t) = −CTQ−1C

(
γ2x̂(t) + Y (t)λ(t)

)
+ATλ(t+ 1) + γ2CT

2 y(t)

Rewriting the second equation of this set gives:

λ(t) =
(
I + CTQ−1CY (t)

)−1 (−γ2CTQ−1Cx̂(t) +ATλ(t+ 1) + γ2CT
2 y(t)

)
Substituting yields:

x̂(t+ 1) =
(
A−AY (t)

(
I + CTQ−1CY (t)

)−1
CTQ−1C

)
x̂(t)

+γ−2
(
AY (t)

(
I + CTQ−1CY (t)

)−1
A− γ2BR−1BT − Y (t+ 1)

)
λ(t+ 1)

+AY (t)
(
I + CTQ−1CY (t)

)−1
γ2CT

2 y(t)

λ(t) =
(
I + CTQ−1CY (t)

)−1 (−γ2CTQ−1Cx̂(t) +ATλ(t+ 1) + γ2CT
2 y(t)

)
(B.1)

The part depending on x̂(t) of the first equation in (B.1) can be written more conveniently:(
A−AY (t)

(
I + CTQ−1CY (t)

)−1
CTQ−1C

)
x̂(t) = A(I + Y (t)CTQ−1C)−1x̂(t) (B.2)
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Moreover, consider the part depending on λ(t+ 1) in the first equation of (B.1):

γ−2
(
AY (t)

(
I + CTQ−1CY (t)

)−1
AT − Y (t+ 1) +B1B

T
1 − γ2B2B

T
2

)
λ(t+ 1) =

γ−2
(
AY (t)AT −AY (t)CT

(
Q+ CY (t)CT

)−1
CY (t)AT − Y (t+ 1) +B1B

T
1 − γB2B

T
2

)
λ(t+ 1)

Because Y (t) is a solution to the Riccati equation of (4.17), this expression simplifies to:

B2B
T
2 λ(t+ 1) (B.3)

Substituting (B.2) and (B.3) into (B.1), assuming A to be full rank, and recalling (4.18):

L(t) = AY (t)
(
I + CTQ−1CY (t)

)−1
CT

2

gives:[
x̂(t+ 1)
λ(t)

]
=

[
A
(
I + Y (t)CTQ−1C

)−1
B2B

T
2

−γ2CT
(
Q+ CY (t)CT

)−1
C

(
I + CTQ−1CY (t)

)−1
AT

] [
x̂(t)

λ(t+ 1)

]
+
[

γ2L(t)
γ2 (Y (t)A)−1 L(t)

]
y(t)

Using (4.22), a control input can be given to this system:[
x̂(t+ 1)
λ(t)

]
=

[
A
(
I + Y (t)CTQ−1C

)−1 0
−γ2CT

(
Q+ CY (t)CT

)−1
C

(
I + CTQ−1CY (t)

)−1
AT

] [
x̂(t)

λ(t+ 1)

]
−
[
B2

0

]
u(t) +

[
γ2L(t)

γ2 (Y (t)A)−1 L(t)

]
y(t) (B.4)
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