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A CONSTRUCTION OF GENERALIZED EIGENPROJECTIONS

BASED ON GEOMETRIC MEASURE THEORY

by

S.J.L. van Eijndhoven

Abstract

Let M denote a o-compact locally compact metric space which satisfies
certain geometrical conditions. Then for each o-additive projection
valued measure P on M there can be constructed a '"canonical" Radon-
Nikodym derivative T: o P ﬂa, a € M, with respect to a suitable basic

measure p on M. The family (na)a M consists of generalized eigen-

€
projections related to the commutative von Neumann algebra generated

by the projections P(A), A a Borel set of M.

A.M.S. Classifications 46 F 10, 47 A 70.



I.

In this paper M denotes a o-compact locally compact (and hence
separable) metric space. It follows that any positive Borel measure
on M is regular (cf. [3], p. 162). In the monograph [2], certain geo-
metrical conditions on M are introduced, which lead to the following

result.

0. Theorem

Let u denote a positive Borel measure on M with the property that bounded
Borel sets of M have finite p-measure, and let f denote a Borel function
which is py-integrable on bounded Borel sets. Then there exists a u-null

‘set N, such that for all o € M \ N, both u(B(a,r)) > 0, and the limit

F(a) = lim p(BCa,r)) * £ dy
0 B(a,r)

exists. We have £ = £ u=~ almost everywhere.

(B(a,r) denotes the closed ball with radius r and centre a.)

Remark: In the previous theorem, the Borel function f can be replaced by
a Borel measure v with the property that bounded Borel sets of M have

. . . Vo,
finite v-measure. Then a '"canonical' Radon-Nikodym derivative %; is ob-

tained, which satisfies

dv . v(B(a,r))
—_— - ——3
a ;:g (B2, ™))

u-almost everywhere.



In the sequel we assume that M also satigsfies Federer's geometrical
conditions. As examples of such spaces M we mention
- finite dimensional vector spaces with metric d{(x,y) = v(x - y) where

v is any norm,

v

- Riemannian manifolds (of class 2 2) with their usual metric.

Let X denote a separable Hilbert space with inner product (+,+) and
let there be given a o-additive projection valued set function P on M.
So for all Borel sets A< M, P(A) is an orthogonal projection on X.

<]

w
Moreover, if A is the dis;oint union U A then P(4) = Z ?(Aj)- In
particular z P(A)Y = T if U A, = N?zl =

j=1 J j=1 J
Now let R denote a positive bounded linear operator on X with the
property that for each bounded Borel set A the positive operator RP(A)R
is trace class. E.g. for R any positive Hilbert-Schmidt operator can
be taken.
For each bounded Borel set A we define p(A) = trace(RP(AIR). In a patural
way, 0 becomes a ¢g-finite positive Borel measure on M. Each bounded
Borel set of M has a finite p-measure.

We take a fixed orthonormal basis (v ) in X, and for each k,2 € IN

k“kEIN

we define the set function

®k2 : APk (RP(AIR Vo vk) , A Borel.

The set functions ka are absolutely continuous with respect to p.

. . A
By Theorem 0, there exists a null set Nl and there exist Borel functions ¢k£



such that for all k,%2 € IN and all a € M Nl

k2

@ . (B(u,1))
{ p(B(a,r)) }

$k£(a) = 1im
r+0

1. Lemma

Let ¢ € M\ Nl' Then for all k,2 € IN
15 @® st @b, (@
ke = Ykk 8

Proof. Consider the estimation,

2
QKQ(B(G’I.))

Mm B (a, )

r+0

N 2
8y q (@ |

A

40 p(B(a,r)) r40 p(B(a,r))

A A
¢kk(a)¢££(a)

o
A A
The function z ® is Borel, and the functions ¢

k=1 ki
for each bounded Borel set A, we have

S

AN

Kk are positive. So

x
A :
o )dp = ] @ (A) = p(A)
1 kk k=1 kk

i



Then Theorem O yields a null set N2 o Nl such that for all o € M\ Nz,

‘- o
(] 8,0d0
E A B(a,r) k=1 1
$ . () = lim : =
k=1 KE 40 p(B(a,r))

2. Corollarz

-]

Let « € M\ N_. Then ) |3 (a)tz < w,
2 K, =1 X*

Proof. Consider the estimation

V1% @l%s 3 8 @ T8 (=1 o
Kk, 2=1 %% e

3. Definition

The operators Bu : X+ X, o €M, are defined by

(25}
#
o

for a € N2 s
Bx= ) gkg(a)(x,vg)v , xE€X, o€M\ N,

Observe that Ba is a Hilbert~-Schmidt operator for each o € M.

The operatbrs Ba are related to the set function P in the following way.



4. Lemma

Let o € M\ Nz. Then we have

, RP(B(a,r))R
lim B - ~—===eX222] = ¢
40 o p¢B(a,r)) "HS
with H-HHS the Hilbert-Schmidt norm.
Proof
For all r > O,
2w o (BCa,r)) >
HE _ RP(B(x r))Ru - z g (@) - __15’&___‘“_’____
a " p(B(a,r)) b Pk p(B(a, 1))

Let ¢ > 0. Take a fixed A € IN so large that

v A 2
(*) Yo% (a)< /4 .
k=A+1 BF

Next, take r. > 0 so small that for all r, 0 < r < Tyt and all k,2 € W

0
with k,2 s A.

@ (B(a,r))
(@) ~ 2 | <o/

A
&
D ¢k2 o(B(a,r))

and also

@ @  (Bla,r))
(k%) . —55————-——— < 62
k=as1 P(B(,T))



Then we obtain the following estimation

2
A A ® ° @ _,(B(a,r))
(I Iz ] Do, -

k=1 ¢=1 k=A+1 1=1 p(Bla,r))
2
© 0@ o  (B(a,r)) |
2 A 'y ’
s e 4+ 4 Z z (f(j) (a)l + i
k=A+1 =1 E¥ p(B(a,r))
By (*)
o - R - ,
I PIg , @|% s ] 9, se/4
k=a+1 g=1 &% k=A+1 EF
and by (**%)
> e o, (Bla,r)) | o &  (B(a,r))
) kg ’ ) kk ’ < &2
k=a+1 g=1 P B, geney PB(,T))
Thus it follows that
RP(B(a,r))R
U, Suulh. T Sndt A S
I8, b (B(a,r)) lgs < <78
for all r with 0 < r < r,. . a

0

In a natural way, the projection valued set function P can be linked to
the function-algebra L _(M,p). To show this, let x,y € X. Then the finite

measure 4 - is defined by u
X,y b4

¥

y(&) = (P(&)x,y) where A is any Borel set.

’

We have f du = (x,y). Clearly, u is absolutely continuous with
m X,.Y X,.V

respect to ¢.



Let f denote a Borel function on ] which is bounded on bounded Borel

sets. Then we define the operator Tf by

(.12
D(Tf) = {x € X| JIf’ dux,x < w}
M

and for x € D(Tf)

{
(Tf X,y) = J £ dux,y’ vy €X .
M
Observe that Tf is a normal operator in X. Since f is bounded on bounded

Borel sets we derive for each r > 0, ¢ € M and x € X,

<

.
lch P(B(a,r))x,x)| J‘f]xs(a’r)dux’x 5

M

S ( sup |EOL]) (P(B(x,r))x,Xx)
AEB(a,r)

So RTfP(B(a,r))R is a trace class operator.

5. Lemma

There exists a null set N3 such that for all a € M \ N8

RTfP(B(a,r))R

740 le@B, - —mamy lus = ©




Prooif

Following Lemma 4, we are ready if we can prove that there exists a null set

N3 P N2 such that for all o € N\N3

RT P(B(a,r))R
Lim “f(a) RP(B(a,r))R _'2

=0 .
40 o (B(a,r)) o (B(a,r)) HHS

-

Therefore we estimate as follows

X0

-2

Z p (B(a,r)) ] J (f(a) - £(A)) duRv RV A)

k,i=1 k L
B(a,r)

sp(B(a,rn“z( J {f(a)-f(x)lzdpm)(J (

B(a,r) B(a,r)

\25

T8, w 12>d9 (A))
=1

k,

s p(B(a,r T l£¢@) - 20 |2 do (M)

because B(a,r)
2 6

13, ] 5(2
=1 kL o1

% 2
A
% ¢kk(x)) =1 .

k,

Now there exists a null set N3 2 N2 such that the latter expression tends to

.

zero as r v+ O for all o € N‘\Ns.

II.

In the second part of this paper we employ the above auxiliary results in the
announced construction of generalized eigenprojections.

We consider the triple of Hilbert spaces
-1
R(X)EXER x> .

Here R(X) is the Hilbert space with inner product (*,*)l,
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@wm, = R, R, wweR®

and RQI(X) is the completion of X with respect to the inner product

(x,y)_; = Rz, Ry)
The spaces R(X) and R“l(X) are in duality through the pairing <«,«> ,

<w,6> = R™Mw, RG), weR®, 6 €R X .

6. Definition

-1
For each o € MM, we define the operator ﬂa : R(X) » R "(X) by

RM w=28 R-lw

o o , w € R(X)

Cf. Definition 3.

Observe that M : R(X) ~ R™1(X) is continuous.

7. Theorem

I. For all a € M \ N2 and for all w € R(X)

; P(B(a,r))
lim ”ﬂ W o bl H =0 .
rv0 & p(B(a,r)) -1

II. Let £ : M+ € be a Borel function which is bounded on bounded Borel

sets. Then there exists a null set Nf » N, such that for all ¢ € M \ Nf

2
and all w € R(X)

lim |£(e) Mw - T P(BCa,r)) I

40 fo(®Ca,r)) "7,
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Proof

The proof of I follows from Lemma 4 and the inequality

un w - P(B(a,r))
o

RP(B(a, t))R -1
p(B{a,r)) H«l “ SHR wu .

s [RMR - SEean

The proof of II follows from Lemma 5 and the inequality

TfP(B(a,r))w

p(B(a,r)) “_1

A

Hf(m)ﬂ w -
a

RTfP(B(a,r))R

p(B(a,r)) HHS|

< Hf(a)RﬂaR - R™ el . =!

8. Corollary

Let the operator RTfR’l be closable in X. Then Tf is closable as an

operator from R—l(X) into R*I(X). For its closure Tf we have
T =
fna w f(a)naw
with w € R(X) and ¢ € M \ Nf.
The results stated in Theorem 7 and Corollary 8 indicate that the mappings

ﬂa : R(X) » R—l(X) give rise to ("candidate"”) generalized eigenspaces

KQR(X) for the commutative von Neumann algebra {Tf}f €L (Medl.

Finally, we explain in which way the operators na, a € M, can be seen

as generalized projections.
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9. Lemma

Let w € R(X). Then in weak sense
w = J ﬂawdo(a) .
M

So for all v € R(X) ,

{
(v,w) = J <v,M_w>do(a) .
f

Proof. Let 4 be a bounded Borel set. For all v € R(X),

<]

-1 -1
I olé @R v,v (v, Rw| s
K,g=1 = .

o«

3 i}
< <k,§211¢k2(a>l2) Rw|IR™ ]

and hence by Fubini's theorem

[ =2 - -

J <v,L w>dp(a) = ) @ (A)(R 1v,v (v, R 1w) =
a k. =1 3 27k

& 2

= (PQA)v,w) .

Since M can be written as the disjoint union of bounded Borel sets it

follows that

J-(v,ﬂaw>da(a) = (v,w)
M
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Remark: If R is Hilbert-Schmidt, the integral J nawdp(a) exists in
M

strong sense. So in addition we have
R
M

in naR(K) we define the sesquilinear form (".)a by

(F,6),

3

<v, T w>
o

where F = nav, G ﬂaw. (F,G)m does not depend on the choice of v and w.
It can be shown easily that (-,-)a is a well-defined non-~degenerate ses-

quilinear form in “qR(X}' By Xa we denote the completion of HQR(X) with

respect to this sequilinesr form.

10. Theorem

I. 7The Hilbert space Xq with inner product (-,*)a is a Hilbert subspace

of R-l(X). n(1 maps R(X) continuously into Xy

II. Let f be a Borel function which is bounded on bounded Borel sets.
Suppose the operator Tf is closable in R~1(X) with closure ?f' Then
there exists a null set Nf such that for each a € M \ Nf and all

G € Xa we have

TfG = £(a)G .
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Proof.

I. Let G E HGR(X), G = ﬂaw. We estimate as follows

#

Ira|® <R2rtaw, m > s

3 3

2 2
<Rt w, TR w>" <w, T w>" £
a 63 o4 o

in

A

IR RI? R wl vl .

It follows that

lell_y s Ik &Ifal -

Hence Xa can be seen as az subspace of R~1(X).
II. By Corollary 8, there exists a null set Nf such that for all o € M\ Nf

and for all w- € R(X)

T nmws= .
£ naw f(a)naw

Let o € M\ Nf. Since Xa ;;JTI(X) and ﬂaR(X) is dense in xa it follows

that for all G € X, G € Dom(ff) and Tf G = £(a)G,

11. Corollary

+ -1
Let na : xa + R 7(X) denote the adjoint of na.
Then TN =T .

o o i+

Proof

Let w,v € R(X). We have

.Q.
<w, T v> = (M w,MTv) =<w, T v> .
o 7 o o ‘o oo
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Let | (uk) denote an orthonormal basis in X which is contained in R(X).

kEW

For each o € M, the sequence (nauk) is total in Xa' So the spaces Xa’

kEIN
o € M, establish a measurable field of Hilbert spaces. Its field structure

S is defined by

$ € 8§ & the functions o P (o), nauk)a are Borel functions.
@
So the direct integral H = Xadp(a) is well~-defined.
(For the general theory of direct integrals, see [1], p. 161-172.)
The vector fields a P'nauk, @ €M, k € IN, give rise to an orthonormal
system (sz)kEIN in H. (We recall that the elements of H are equivalence

classes of square integrable vector fields.) We define the isometry

U:X~+Hhoy

Ux = ) (x,u)¢, , x €X .
PR

Then for all x,y € X we have

»

x,y) = [ dux y - J (Ux) (a), (Uy)(d))a de (o)

M M

It follows that for all x,y € X and all £ € L_(M,p)

( {
(T %,7) =J fdu, o= | 2@ (Ux) (@), (Up)(@)  dela)

M M
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and hence we can write

@

f

| £(a) (Ux) (a)dp (@)
4

M

12. Lenma

The operator U : X - H is unitary.

Proof . We show that the set U({Tf uk[k € N, £ €L (Mp)}) is total in H.
Let ¢ be a square integrable vector field such that for all f € Lw(ﬁ,p)

and all k € IN

‘ {
0= (9, ffuk)H = J £(a) (¢(0), W u ) do(a)
M

Since f € L_(M,p) is arbitrary taken, ($(), Ha uk)a vanishes except on
o
a set ﬁ# of measure zero. Taking'ﬂ = ﬁk this yields ¢(a) = 0 on M \ N,

k=1
and hence

,
| loc ] doc@r =0 . -
M

Now the mappings ﬂa, o € M, can be seen as generalized projections as
follows: Let w € R(X). The vector field u[+ ﬂa w is a representant of
the class Uw. These representants a b n, ¥, ¥ € R(X), are canonical.
Indeed, there exists a null set N (= Nz) such that for all w € R(X), and

for all ¢« € M \ N,
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4 f
lim Hnaw - p(B(a,1)) 1 } m.w do ()

|, =0
A -1
40 B(a,r)

{Cf. Theorem 7.)

So the family (na)a selects a canonical representant out of each class

€M
Uw, w € R(X). In this sense, each na "projects” R(X) densely into Xm.
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