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SUMMARY

Spin models on random graphs

In the past decades complex networks and their behavior have attracted much attention.
In the real world many of such networks can be found, for instance as social, information,
technological and biological networks. An interesting property that many of them share
is that they are scale free. Such networks have many nodes with a moderate amount of
links, but also a significant amount of nodes with a very high number of links. The latter
type of nodes are called hubs and play an important role in the behavior of the network.
To model scale free networks, we use power-law random graphs. This means that their
degree sequences obey a power law, i.e., the fraction of vertices that have k neighbors is
proportional to k" for some T > 1.

Not only the structure of these networks is interesting, also the behavior of processes
living on these networks is a fascinating subject. Processes one can think of are opinion
formation, the spread of information and the spread of viruses. It is especially interest-
ing if these processes undergo a so-called phase transition, i.e., a minor change in the
circumstances suddenly results in completely different behavior. Hubs in scale free net-
works again have a large influence on processes living on them. The relation between
the structure of the network and processes living on the network is the main topic of this
thesis.

We focus on spin models, i.e., Ising and Potts models. In physics, these are traditionally
used as simple models to study magnetism. When studied on a random graph, the spins
can, for example, be considered as opinions. In that case the ferromagnetic or antiferro-
magnetic interactions can be seen as the tendency of two connected persons in a social
network to agree or disagree, respectively.

In this thesis we study two models: the ferromagnetic Ising model on power-law ran-
dom graphs and the antiferromagnetic Potts model on the Erdés-Rényi random graph.
For the first model we derive an explicit formula for the thermodynamic limit of the pres-
sure, generalizing a result of Dembo and Montanari to random graphs with power-law
exponent T > 2, for which the variance of degrees is potentially infinite. We furthermore
identify the thermodynamic limit of the magnetization, internal energy and susceptibility.

For this same model, we also study the phase transition. We identify the critical tem-
perature and compute the critical exponents of the magnetization and susceptibility. These
exponents are universal in the sense that they only depend on the power-law exponent T
and not on any other detail of the degree distribution.

The proofs rely on the locally tree-like structure of the random graph. This means that
the local neighborhood of a randomly chosen vertex behaves like a branching process.
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Correlation inequalities are used to show that it suffices to study the behavior of the
Ising model on these branching processes to obtain the results for the random graph.
To compute the critical temperature and critical exponents we derive upper and lower
bounds on the magnetization and susceptibility. These bounds are essentially Taylor
approximations, but for power-law exponents T < 5 a more detailed analysis is necessary.

We also study the case where the power-law exponent 7 € (1, 2) for which the mean
degree is infinite and the graph is no longer locally tree-like. We can, however, still say
something about the magnetization of this model.

For the antiferromagnetic Potts model we use an interpolation scheme to show that
the thermodynamic limit exists. For this model the correlation inequalities do not hold,
thus making it more difficult to study. We derive an extended variational principle and
use to it give upper bounds on the pressure. Furthermore, we use a constrained second-
moment method to show that the high-temperature solution is correct for high enough
temperature. We also show that this solution cannot be correct for low temperatures by
showing that the entropy becomes negative if it were to be correct, thus identifying a
phase transition.
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INTRODUCTION

Over one billion people use Facebook each month and over 140 billion friendship connec-
tions have been made between them [49]. Almost 10 billion electronic devices are able
to connect to the Internet [66] exceeding the number of living people. Airports around
the world are connected with thousands of flights between them every day [62]. These
are just three examples of huge complex networks, a set of nodes with links between them,
that can be found in the real world, but many more exist. Many things are going on in
such networks. For example, people influence each other in social networks, information
is spread via the Internet [75], and viruses spread globally via the airline network [95].
This thesis studies mathematical models for such complex networks and processes living
on them.

1.1 Examples of complex networks

In [87, 88], Newman gives extensive overviews of many complex networks. He divides
them into four categories: social, information, technological and biological networks.
Facebook is just one example of a social network, but certainly not the only example in
this category. A friendship network in the offline world is also a social network, although
this is a bit harder to define: it is not always clear when two people should be considered
to be friends and even two persons might disagree themselves whether they should be
considered friends. A more well-defined model is the handshake network in which two
persons are linked when they ever shook hands. Social networks can also be seen in a
broader sense, for example an innovation network with links between producers, users,
and governmental bodies [55].

An example of an information network is the World Wide Web (WWW), not to be
confused with the Internet. It consists of web pages with so-called hyperlinks between
them. Scientists cite work of others, giving rise to a citation network of articles.

The Internet [50] is a technological network. It is a network of networks of computers
and other devices connected mainly with physical cables, although also wireless connec-
tions have become common recently. Other examples of technological networks include
the power grid [7] and road and rail networks.

Not only man-made networks can be thought of, also in nature networks can be
identified. Examples of such biological networks include protein-protein interactions [70],
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metabolic networks [51] and neural networks of the brain [101].

1.2 Properties of complex networks

Although networks have different origins, many of them have similar properties. For
instance, many of them show scale free behavior [87]. This means that there is not such
a thing as a typical node in the network, but the network is highly heterogeneous. For
example, many people only have a moderate amount of friends but a significant amount
of people have a huge number of friends. In fact, the number of links nodes have, called
the degree, can be found on all scales in such networks. The high degree vertices in a
network are called hubs and play an important role in the behavior of these networks.
This heterogeneity is different from, e.g., the heights of men in a certain country. These
heights are often quite close to the average and large deviations from this average are
uncommon.

The second property many networks share is that they are small worlds: if you select
two nodes at random from the network the number of links you have to follow to go
from one node to the other is very small, certainly compared to the size of the network.
For example, the average distance on Facebook in May 2011 was estimated to be just
4.74 [12].

The scale free and small world properties have a large influence on the behavior of
processes living on these networks. They make it possible for example for information,
but also viruses, to spread very fast through the network. Also the hubs in the network
are much more influential than other vertices in opinion formation.

This makes the behavior of processes living on these networks a fascinating subject.
Especially if they undergo a so-called phase transition, i.e., a minor change in the cir-
cumstances suddenly results in completely different behavior. Examples of such phase
transitions include the sudden East European revolution in 1989 [73] and the unusual
swine flu outbreak in 2009 [26].

1.3 Random graphs

To better understand the behavior of networks we try to model them mathematically with
random graphs. These consist of a set of vertices representing the nodes of a network and
edges placed randomly between them according to some specified rules representing the
links in the network. Many models have been proposed how to exactly construct such
random graphs.

The simplest way of constructing a random graph was proposed by Erd6s and Rényi
in [46]: start with a number of vertices and then connect each pair of vertices indepen-
dently with a certain predetermined probability. Although this model seems very simple,
it shows very rich behavior [46, 93, 9]. Unfortunately, however, this model does not
show the scale-free behavior that is observed in real-world networks.

To overcome this, many alternative random graph models have been proposed. Ex-
amples include the inhomogeneous random graph, where vertices are assigned a weight
and edges are connected with a probability that depends on these weights, see [24] for an
extensive overview of such models. By choosing the weights properly, scale-free behav-
ior can be obtained. Another option is to study the configuration model, first introduced
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in [22]. In this model, the degree distribution is an input to the model: every vertex
gets assigned a random number of half-edges according to this distribution and these
half-edges are then paired up uniformly at random. In order to get a scale-free graph
we choose a power-law degree distribution, i.e., the probability that a randomly selected
vertex has degree k is proportional to k~* for some 7 > 1.

The Erd6s-Rényi random graph, the inhomogeneous random graph and the configura-
tion model are introduced more formally in Chapter 2. Many more random graph models
have been proposed, see, e.g., [23, 63, 69] for extensive reviews on random graphs and
their properties. In this thesis, however, we focus on the three above-mentioned models.

1.4 Spin models

To study processes on networks many models have been proposed, see [42] for an
overview of models studied in the physics literature. A canonical model to study co-
operative behavior is the Ising model, see [89, 90, 91] for its history. In this model every
vertex gets assigned a spin which can be either in the up position or in the down position.
Originally, the Ising model on a lattice was proposed as a simple model to study the be-
havior of magnetic materials such as iron. When this model is studied on random graphs,
a spin can be thought of, for example, as the opinion of an individual. It is more likely
that a certain person has the same opinion as his friends then that his opinion differs.
This is what we call a ferromagnetic interaction: the spins of neighbors in the graph tend
to align.

Ising models have for example been proposed to study integration of immigrants into
society [29, 30, 31] and the spread of innovations [82]. Also the brain is suggested to
show behavior similar to that of the Ising model [53].

When more than two opinions are possible, the model to study is the Potts model.
Here, spins can take g > 2 values, usually called colors. This name comes from the graph
coloring problem where the objective is to assign colors to the vertices of a graph in such
a way that no two vertices that are connected by an edge have the same color. This
is an extreme case of spins having the tendency not to align, or an antiferromagnetic
interaction. In a social context an antiferromagnetic interaction could mean for example
that people prefer to have an opinion different from the persons they dislike.

In the physics literature, the critical behavior of many processes on complex networks
has been studied, see [42] for an overview. Many of these results have not been math-
ematically rigorously proved. One of the few models for which rigorous results have
been obtained is the contact process [25, 83], where the predictions of physicists, in
fact, turned out not to be correct. A mathematical treatment of other models is therefore
necessary.

1.5 Contributions and overview

In Part I of this thesis we focus on the ferromagnetic Ising model on power-law random
graphs and in Part II on the antiferromagnetic Potts model on the Erd6s-Rényi random
graph. First we define the random graph models in Chapter 2 and the spin models and
the associated thermodynamics in Chapter 3.
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The first part starts with Chapters 4 and 5, which are based on [38]. In these chapters
we derive an explicit formula for the thermodynamic limit of the pressure, generalizing
the result of Dembo and Montanari in [34] to random graphs with power-law exponent
T > 2. For such graphs the variance of the degrees is potentially infinite, a case which
is not covered in [34]. Also the thermodynamic limits of the magnetization, internal
energy and susceptibility are identified. The proofs rely on the locally tree-like structure
of the random graph. This means that the local neighborhood of a randomly chosen
vertex behaves like a branching process. Correlation inequalities are used to show that it
suffices to study the behavior of the Ising model on these branching processes to obtain
the results for the random graph.

As an intermezzo, we present new results in Chapter 6 on what happens when the
mean degree is infinite, i.e., when the power-law exponent 7 € (1,2). In this case, the
graph is not locally-tree like anymore. Still we can say something about the magnetiza-
tion in this model.

Chapters 7, 8 and 9 are based on [39]. In these chapters we study the phase transition
for the case where T > 2. We identify the critical temperature in Chapter 7 and compute
the critical exponents 3 and d describing the critical behavior of the magnetization in
Chapter 8 and the critical exponent « describing the critical behavior of the susceptibility
in Chapter 9.

To compute the critical temperature and critical exponents we derive upper and lower
bounds on the magnetization and susceptibility. These bounds are essentially Taylor
approximations, but for power-law exponents T < 5 a more detailed analysis is necessary.

In Part II we turn to the antiferromagnetic Potts model on the Erdés-Rényi random
graph. For the antiferromagnet, the correlation inequalities are no longer valid, making
this model much harder to analyze. Instead, we use an interpolation scheme to show that
the thermodynamic limit of the pressure exists in Chapter 10, which is based on [27]. In
Chapter 11, also based on [27], we derive an extended variational principle and use this to
give two upper bounds on the pressure: the high-temperature solution and the replica-
symmetric solution. Finally, in Chapter 12, which is based on the newer version [28],
we employ a constrained second-moment method to show that the high-temperature
solution is indeed correct for high enough temperatures. We also prove that this solution
cannot be correct for low temperatures by showing that the entropy becomes negative if
it were to be correct, thus identifying a phase transition.
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RANDOM GRAPHS

In this chapter we introduce three examples of random graph models: the Erdds-Rényi
random graph, the inhomogeneous random graph and the configuration model (CM). For
an extensive overview of properties of these, and other, random graph models, see [63].

2.1 Erdoés-Rényi random graphs

Fix p € [0,1]. Then, the Erd6s-Rényi random graph sequence (Gf,R(p))l\,21 is constructed
as follows. The vertex set of GEIR(p) is given by Vy = [N] = {1,...,N}. For every pair
i,j € [N], i #j, the edge {i, j} € Ey with probability p and is not in the edge set with
probability 1 — p.

Often, we choose p = ¢/N. In this case, the degree of a random vertex in the graph
has distribution Bin(N — 1, ¢/N), which converges to a Poisson(c) random variable in the
limit N — oo.

The above construction is due to Gilbert [56]. This model differs slightly from the
model introduced by Erdés and Rényi in [46] where the graph is constructed by randomly
selecting pN edges from the possible (IZ) edges. Hence, the number of edges in their
model is fixed instead of binomial as in our setting.

A third version of the Erdés-Rényi random graph is constructed as follows. Let
(Ji,j)i jern7 be i.i.d. Poisson random variables with parameter c/2N. Then, the number of
edges between vertices i and j is J; ; +J;; for i # j and J;; for i = j. We denote the re-
sulting graph by G3**(c)). This construction might not produce a simple graph, because
self-loops and multiple edges might occur. We can explicitly compute the probability that
the graph is simple:

P[Gy**(c) is simple] = P[no self-loops]P[no multiple edges]

= P[no self-loops at vertex 1]VP[at most 1 edge between vertices 1 and 2]V ~1/2

N(N-1)/2
) W e (2.1)

zlo

_c _c c _
=e whN (e N + —e
N

for N — oo. It can in fact be shown that the number of self-loops and multiple edges
converge to independent Poisson random variables with parameters c/2 and c?/4, re-
spectively. Hence, the number of self-loops and multiple edges will be Op(1).
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It is this last model that we use in Part II. It will become clear there, why this is useful.

2.2 Inhomogeneous random graphs

A natural way to make the graph more inhomogeneous is to give different weights to the
vertices in the graph and then conditionally on these weights connect a pair of vertices
with a probability depending on these weights, see [24] for results on a very general
setting of such models. We focus on the generalized random graph which is constructed as
follows. Let the weights (W;);cy] be a sequence of independent and identically distributed
(i.i.d.) random variables with some distribution W. Then, conditionally on these weights,
the probability that the edge {i, j} is in the edge set is equal to

ww,
VVIVVJ + Zke[N] Wi

When these weights are chosen such that they obey a power law with exponent 7, then
also the degrees obey a power law with this exponent [63].

2.3 Configuration model

In the configuration model an undirected random graph with N vertices is constructed
as follows. Let (D;);c[y] be a sequence of i.i.d. random variables with distribution D for
some distribution D on the nonnegative integers. Let vertex i € [N] be a vertex with D;
half-edges, also called stubs, attached to it, i.e., vertex i has degree D;. Let Ly = Zf;l D;
be the total degree, which we assume to be even in order to be able to construct a graph.
When Ly is odd we increase the degree of Dy by 1. For N large, this will hardly change
the results and we therefore ignore this effect.

Now connect one of the half-edges uniformly at random to one of the remaining
Ly — 1 half-edges. Repeat this procedure until all half-edges have been connected. We
denote the resulting graph by GJ™ ((Di)iE[N]).

Note that the above construction will not necessarily result in a simple graph. Both
self-loops and multiple edges may occur. When E[D?] < oo, the probability that the
graph is simple can be explicitly calculated in the limit N — oo [63]:

P[GM ((Di) ieruy) is simple | — e™/27/4, 2.3)
where E[D(D - 1]
EC @9

Note that this is the same as for the Poissonian Erdés-Rényi random graph for which
v = c. In fact the number of self-loops and multiple edges, in the limit N — oo, converge
in distribution to independent Poisson random variables with means v/2 and v2/4, re-
spectively.

Two ways to get a simple graph are to delete all loops and multiple edges, this model
is also called the erased configuration model, and to perform the configuration model
until it produces a simple graph, which is also called the repeated configuration model.
For the latter, only a finite number of tries is necessary with probability 1 when E[D?] <
00.
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2.4 Degree distributions

Let the random variable D have distribution P = (p;)>1, i-e., P[D = k] = py, for k =
1,2,.... We define its forward degree distribution by

_ (k+1)pyy

where we assume that E[D] < co. Let K be a random variable with P[K = k] = p, and
write v = E[K] = E[D(D —1)]/E[D]. Moreover, for a probability distribution (g )x>o on
the non-negative integers, we write gy = > o>k de-

In Part I of this thesis we need to make assumptions on the degree distribution. The
first assumption needed in Chapters 4 and 5 is that the degree distribution has strongly
finite mean, which is defined as follows:

Definition 2.1 (Strongly finite mean degree distribution). We say that the degree dis-
tribution P has strongly finite mean when there exist constants T > 2 and C, > 0 such
that

Psk < Cpk (L. (2.6)

For technical reasons, we assume in Chapters 4 and 5, without loss of generality, that
7 € (2, 3). Note that all distributions P where

Pk = Cok VL(K), 2.7)

for C, > 0,7 > 2 and some slowly varying function L(k), have strongly finite mean,
because by Potter’s theorem [52, Lemma 2, p.277] any slowly varying function L(k) can
be bounded above and below by an arbitrary small power of k. Also distributions which
have a lighter tail than a power law, e.g., the Poisson distribution, have strongly finite
mean.

In Chapters 8 and 9 we need to be more precise about the degree distribution. We
pay special attention to the case where the degree distribution precisely obeys a power
law as defined in the following definition. Our results turn out to depend sensitively on
the exact value of the power-law exponent.

Definition 2.2 (Power law). We say that the distribution P = (p;);>1 obeys a power law
with exponent T when there exist constants C, > c, > 0 such that, forallk=1,2,...,

kT <po < C kY. (2.8)

2.5 Local tree-likeness

In Part I we often assume that the graph sequence is locally tree-like and uniformly sparse.
We now define these notions formally.

The random rooted tree 7 (D, K, ) is a branching process with £ generations, where
the root offspring is distributed as D and the vertices in each next generation have off-
springs that are independent of the root offspring and are i.i.d. copies of the random
variable K. We write 7 (K, {) when the offspring at the root has the same distribution as
K.
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We write that an event . holds almost surely (a.s.) if P[.e/] = 1. The ball of radius r
around vertex i, B;(r), is defined as the graph induced by the vertices at graph distance at
most r from vertex i. For two rooted trees 7; and &,, we write that 7; ~ 7,, when there
exists a bijective map from the vertices of J; to those of 7, that preserves the adjacency
relations.

Definition 2.3 (Local convergence to homogeneous random trees). Let Py denote the
law induced on the ball B;(t) in Gy centered at a uniformly chosen vertex i € [N]. We say
that the graph sequence (Gy)y>1 is locally tree-like with asymptotic degree distributed as
D when, for any rooted tree I with t generations

A}im Py[Bi(t)~T]=P[TF(D,K,t)~T]. 2.9)
—00

Note that this implies that the degree of a uniformly chosen vertex of the graph has
an asymptotic degree distributed as D.

Definition 2.4 (Uniform sparsity). We say that the graph sequence (Gy)y>; is uniformly
sparse when, a.s.,

hm hmsup— Z Dl > =0, (2.10)

(=00 N—oo le[m
where D; is the degree of vertex i and 1, denotes the indicator of the event .«/.

Note that uniform sparsity follows if %Zie[N]_Di — .IE[D] a.s., by the weak con-
vergence of the degree of a uniform vertex. An immediate consequence of the local
convergence and the uniform sparsity condition is, that, a.s.,

|Ey|
I&Ezovﬂ}zzoz—zz L=y

ie[N] k=1
ze[N] {D k}
:‘}E&JE&(Zk N Z Dillp, >e})
1e[N
1 (-1
= lim > kP, =E[D]/2 < co. (2.11)
—00
k=1

The Erdés-Rényi random graph, the configuration model and the inhomogeneous
random graph all produce locally tree-like and uniformly sparse graph sequences. For
the first two models this is proved in [35]. This proof can be adapted for the last model.

It is important to note, however, that random trees, e.g., the random tree 7 (D, K, {),
is not locally tree-like according to the definition above. This is because when selecting
a random vertex from a (finite) tree, it is very likely that this is a vertex close to the
boundary. This, for example, means that in the local neighborhood of a randomly selected
vertex many branches of the tree will die out very soon.

2.6 Giant component

One immediate result that can be obtained from the local tree-likeness and the uniform
sparsity is the size of the largest connected component, denoted by %..:
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Theorem 2.5 (Size of the giant component). Assume that the random graph sequence
(Gy)ns1 is locally tree-like with asymptotic degree distribution P and is uniformly sparse.
Let D have distribution P and let 6 be the survival probability of the tree 7 (D,K, ), i.e.,

0 =P[|7(D,K,o0)| = o0]. (2.12)
Then,
|<gmax| i) 0 (2 13)
—N . .

This theorem was proved in [68]. It is well known that 6 > 0 if and only if (iff)
v > 1. Hence, there is a giant component, i.e., a connected component of size ©(N) in
the graph iff v > 1.

2.7 Degree properties

We now prove some properties of degree sequences that obey a power-law. We first show
that when the degree distribution obeys a power law, also the forward degree distribution
obeys a power law, where the power-law exponent is one less:

Lemma 2.6 (Tail probabilities of (o )x>q). Assume that (2.8) holds for some T > 2. Then,
for the forward degree distribution defined in (2.5), there exist 0 < ¢, < C, such that, for
allk > 1,

ok TP < pu <C kT, (2.14)

Proof. The lower bound follows directly from the fact that ps; > (k + 1)psiy1/E[D],
and (2.8). For the upper bound, we note that for any probability distribution (q;);>o on
the non-negative integers, we have the partial summation identity

D laf(R)=F0)+ > s [f(O) - FL—1)], (2.15)

k>0 (>1

provided that either f(k)q>; — 0 as k — oo or k — f(k) is either non-decreasing or
non-increasing. Indeed,

k

DG f W) =FO)+ Y qlf (k)= FO]=FO)+ Y q Y [F()—fL—-1)]. (2.16)

k>0 k>0 k>0 (=1

Interchanging the summation order (which is allowed by our assumptions) provides the

proof.
We start by proving bounds on ps,. We rewrite
(L +1)peiq
= —_— = 1) , 2.17
Pk ;Zk ED] éof (Opes 2.17)

where f(£) = (£ + 1)1>4/E[D]. By (2.15) with g, = py44, for k > 1 so that f(0) =0,

k+1 1
P>k = Z[f(f) —fU=Dlpsp1 = (p—)JE[D] + EiD] Z Dstg1- (2.18)

£21 Zk+1 >k+1
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From (2.8), it follows that

C C
<2 (k+1) D4 P(0+1)"CD, (2.19)
poic S grp(k+ 1) Z;]l T

so that there exists a constant Co such that
P < C k2, (2.20)
O

We often split the analysis into two cases: one where the degrees are small and one
where the degrees are large. For this we need bounds on truncated moments which are
the content of the next lemma.

Lemma 2.7 (Truncated moments of D). Assume that (2.8) holds for some © > 1. Then
there exist constants C, . > 0 such that, as £ — oo,

C, LD wh >7-1,
E[DUpey ] <1 e 2.21)
C;-1.logl whena=1-1.
and, whena < 17 — 1,
E [D*Ljpsy | < Corol® 0. (2.22)

Proof. We start by bounding the truncated moments of D. We rewrite, using (2.15) and
with f(k) = ka]l{ksg},

00 00 Le]
E [DUpeg ] =D F(R)pr= D LF(K) = fk — Dlpsy < O [k = (k — 1)]psy. (2.23)
k=0 k=1 k=1

k
Using k% — (k—1)*=a fk—l x%1dx < ak®!, we arrive at

4] [£]+1
E [DUjpegy | <aC, Y kT k D <ac, D7k, (2.24)
k=1 k=1

Note that k — k" is either increasing or decreasing. Hence,

le]+1 {+2
Z ka7 < J kA= dk. (2.25)
k=1 1
Fora>7—1,
042
_ 2 (o)
J S| e ——" L Gl D) (2.26)
1 a+1—71

whereas fora =7 — 1,

0+2
J k*"dk < 2log/. (2.27)
1
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Similarly, fora < 7 — 2,

E [D"Lpsg | = [€1°ps¢ + Z[k“ —(k—=1)1psk (2.28)
k>{

o0
=G, [ma_(T_l) +aC, Z k“‘l(k + 1)—(T—1) < CG,TEG_(T_I)-
[£]+1

O

Because of Lemma 2.6, the same statements hold for the truncated moments of K
when 7 is replaced by 7 — 1.
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SPIN MODELS

In this chapter we formally introduce the spin models that are studied in this thesis.
We start by defining the Ising model in Section 3.1. Then, in Section 3.2, we introduce
various thermodynamic quantities, the critical temperature and the critical exponents
quantifying the behavior of the thermodynamic quantities near this phase transition. In
Section 3.4, we state two important correlation inequalities for the ferromagnetic Ising
model. Finally, we introduce the Potts model in Section 3.5 and discuss phase transitions
in this setting.

3.1 Ising model

We start by defining Ising models on finite graphs. Consider a graph Gy = (Vy, Ey), with
vertex set Vy = [N] and with edge set Ey. To each vertex i € [N] an Ising spin o; = £1
is assigned. A configuration of spins is denoted by o = (0;);c[n]. The Ising model on Gy
is then defined by the Boltzmann-Gibbs measure

1
uy(o) = mexp{[o’ Z Jijooj+ Z Bioi}. 3.1

(i,))€Ey i€[N]

Here, 8 > 0 is the inverse temperature and B the vector of external magnetic fields
B = (B))ic(n] € R". For a uniform external field we write B instead of B, i.e., B; = B for
alli e [N].

Note that the inverse temperature 3 does not multiply the external field. This turns
out to be technically convenient and does not change the results, because we are only
looking at systems at equilibrium, and hence this would just be a reparametrization.

If J;; = 0 for all (i,j) € Ey we call the model ferromagnetic and if J; ; < 0 for all
(i,J) € Ey we call the model antiferromagnetic. Models where the J; ; have mixed signs
are also possible. If the interactions are random with a distribution that is symmetric
around zero, the model is called a spin glass. Models with mixed signs are not considered
in this thesis. In Chapters 4 until 9 we focus on the ferromagnetic Ising model with

Ji; =+1if (i, ) € Ey.
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The partition function Zy(f, B) is the normalization constant in (3.1), i.e.,

ZN(ﬁ:E): Z exp{ﬁ Z Ji,jO'iO'j‘i‘ Z Biai}- (3.2)
i€[N]

oe{-1+1}¥ (i.j)€Ey

We let (- ) iy denote the expectation with respect to the Ising measure uy, i.e., for
every bounded function f : {—1,+1}Y — R, we write

(F@N,,= D flounlo) (3.3)

oe{-1,+1}

We are often interested in the thermodynamic limit of the Ising model, which we
interpret as follows: for a graph sequence (Gy)y>1, the behavior in the thermodynamic
limit is the behavior of the Ising model on Gy as N — oo, provided that this is properly
defined. Note that this is a bit different from the setting where the Ising model is studied
on Z4. There, it is customary to study the Ising model on a box [—N,N]¢ with some
specified boundary conditions and then let N — oco. In our setting there is no such thing
as a boundary.

We next extend our definitions to the random Bethe tree 7 (D,K,00), which is the
limit £ — oo of the random tree 7 (D, K, {) as defined in Section 2.5. One has to be very
careful in defining a Boltzmann-Gibbs measure on this tree, since trees suffer from the
fact that the boundaries of intrinsic (i.e., graph distance) balls in them have a size that
is comparable to their volume. We can adapt the construction of the Ising model on the
regular tree in [16] to this setting, as we now explain. For 8 > 0,B > 0, let ,u;a,’j;/ / be the
Ising model on 7 (D, K, t) with + respectively free boundary conditions. For a function
f that only depends on (D, K, m) with m < t, we let

(f)u;;/; = 111‘11 <f),u;5;/f (34)

t—00

In Chapter 4 we show that (f) = (f )Mf , i.e., the behavior of quantities that depend
, 8.5

only on spins far away from the boundary is the same for all nonnegative boundary
conditions.

3.2 Thermodynamics

To study the Ising model we investigate several thermodynamic quantities. We first define
these quantities in finite volume, i.e., for graphs Gy with N < co. The first quantity of
interest is the pressure:

Definition 3.1 (Pressure per vertex). For a graph Gy, the pressure per vertex is defined
as

Y (6,B) = 108 2y(6,B). G5

Since the graph Gy might be random, we can take the expectation over the random
graph to obtain the quenched pressure:
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Definition 3.2 (Quenched pressure per vertex). For a random graph Gy, the quenched
pressure per vertex is defined as

1
pn(B,B)= - E [log Zy(,B)] . (3.6)

Furthermore, we are interested in the following thermodynamic quantities:
Definition 3.3 (Thermodynamic quantities). For a graph Gy,

(a) the magnetization per vertex equals

1
My(f.B) =~ PRGN 3.7)
i€[N]
(b) the susceptibility equals
1
XN(/J),B)ZN Z (<Uioj>uN_<ai>“N <O'j>HN). (3.8)
i,je[N]
(c) the internal energy equals
1
Un(F.B) =~ > (oioj)MN. (3.9)
(i,))€Ey
(d) the specific heat equals
5}
Cn(B,B) =~ 55 Un(F,B). (3.10)
(e) the entropy equals
1
SvB.B)=-+ D, wn(0)loguy(o). (3.11)
oe{-1,+1}¥

We are often interested in the thermodynamic limit of these quantities, i.e., for the
limit N — oo. For all these quantities, we drop the subscript N for the thermodynamic
limit of that quantity, e.g., M(3, B) = limy_,., My(3, B), provided this limit exists.

When speaking about the magnetization of the random Bethe tree, we mean the
expectation of the root magnetization, i.e., for the random Bethe tree with root ¢,

M(B.B)=E[ (), |- (3.12)

3.3 Critical behavior

It is well known that when an external magnetic field is applied to a piece of iron the
iron becomes magnetic itself. When the temperature is sufficiently low, this iron keeps
its magnetic property even when the external magnetic field is removed. When the tem-
perature is too high, however, the magnetism is lost when the external magnetic field
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is removed. The temperature that separates these two regimes is known as the Curie
temperature.

Similar behavior can be proved for the Ising model, when looking at the spontaneous
magnetization, which is defined as M(3,0"), where we write f(0%) for lim, o f (x). The
critical temperature is then defined as

Definition 3.4 (Critical temperature). The critical temperature equals
B. =inf{B : M(B,0%) > 0}. (3.13)

Note that such a 3. can only exist in the thermodynamic limit, but not for the magne-
tization of a finite graph, since always My (f3,07) = 0. When 0 < f3, < oo, we say that the
system undergoes a phase transition at 8 = 8. and B = 0", because the thermodynamic
limit of the pressure is non-analytic in this point.

The critical behavior can now be expressed in terms of the following critical expo-
nents. We write f(x) =< g(x) if the ratio f (x)/g(x) is bounded away from 0 and infinity
for the specified limit.

Definition 3.5 (Critical exponents). The critical exponents 3, 48,~, and v are defined by:

M(B,0) = (B — B.)°, for B\, Be; (3.14)
M(B.,B) =< B9, for B\ 0; (3.15)
2(B,01) = (B.—B)7, for B/ f; (3.16)
2(B,0N)=(B—B), for B\, B (3.17)

Remark 3.6. Note that there is a difference between the symbol 8 for the inverse tem-
perature and the bold symbol 3 for the critical exponent in (3.14). Both uses for 3 are
standard in the literature, so we decided to stick to this notation.

Also note that these are stronger definitions than usual. E.g., normally the critical
exponent (3 is defined as that value such that

M(B,07) = (B — B.)P+W, (3.18)

where o(1) is a function tending to zero for 8 \ f3..

3.4 Correlation inequalities

To analyze the ferromagnetic Ising model we make use of two important correlation
inequalities. Note that these inequalities only hold for the ferromagnetic Ising model,
but not for the antiferromagnet and spin glasses. The first result on ferromagnetic Ising
models we heavily rely on is the Griffiths, Kelly, Sherman (GKS) inequality, which gives
various monotonicity properties:

Lemma 3.7 (GKS inequality). Consider two Ising measures u and u’ on graphs G = (V,E)
and G’ = (V,E’), with inverse temperatures 3 and 3’ and external fields B and B’, respec-
tively. FECE,0<f < and 0 <B; <B; foralli eV, then, forany UCV,

o<([Jod,={[]oo (3.19)

i€eUu ieUu
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A weaker version of this inequality was first proved by Griffiths [57] and later gen-
eralized by Kelly and Sherman [71]. The second result on ferromagnetic Ising models
is an inequality by Griffiths, Hurst and Sherman [58] which shows the concavity of the
magnetization in the external (positive) magnetic fields.

Lemma 3.8 (GHS inequality). Let 8 >0 and B; > 0 for all i € V. Denote by
m,(B) = ({0 : 0; = +1}) — p(lo s 0; = ~1}) (3.20)

the magnetization of vertex j when the external fields at the vertices are B. Then, for any

three vertices j,k,{ €V,
2

-  m. <
35,35, m;(B) < 0. (3.21)

We, for example, use these correlation inequalities in Chapter 4 to show that the
effect of nonnegative boundary conditions on the root magnetization of a tree diminishes
when the boundary converges to infinity.

3.5 Potts model

The Ising model can be generalized to the Potts model. For this, fix an integer ¢ > 2 and
assign to each vertex i € [N] a Potts spin g; € [q]. The Potts model on Gy is then defined
by the Boltzmann-Gibbs measure

1
uy(o) = m exp {[3’ Z Jij6(oi,05) + Z B;6(0y, 1)}, (3.22)

(i,j)€Ey i€[N]

where 6(r,s) is the Kronecker delta, i.e.,

1, whenr=s,
&(r,s)= { 0, otherwise, (3.23)
and the other definitions are equivalent to the Ising model.
Note that, for ¢ = 2, we can alternatively choose o; = +1. Then,
oi0;+1
6(o,05)= — (3.24)

Hence, the Potts model with g = 2 is equivalent to the Ising model with Bi5n, = Bpows/2,
because the constant term +1/2 cancels in the partition function.

In Chapters 10-12 we focus on the antiferromagnetic Potts model with B = 0. This
model is related to the graph coloring problem, where the problem is to find if the ver-
tices of a graph can be colored with g colors in such a way that no two adjacent vertices
have the same color. Such a graph coloring would correspond to a ground state of the
antiferromagnetic Potts model with J; ; = —1. Several phase transitions are predicted
in the physics literature for the antiferromagnetic Potts model, both at positive temper-
ature [72] and at zero temperature [102]. We concentrate on the phase transition with
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the highest temperature. We first compute an analytic expression for the pressure at high
temperature, which equals

e P

1
p(B) = %log (1 - ) +loggq, (3.25)

and then define

B =inf{B : p(B) #p"(B)}. (3.26)
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4

TREE RECURSION

We now start the analysis of the Ising model on locally tree-like random graphs. To
analyze this model, we first focus on local observables, for example the magnetization
of a uniformly selected vertex or the correlation of two spins connected by a uniformly
chosen edge. We can bound these quantities by enforcing boundary conditions on a large
ball around such a vertex or edge. By our assumption, the graph inside this ball will be a
tree a.s. and it remains to compute the quantity of interest on such a tree.

It is therefore of importance to understand the behavior of the Ising model on trees.
In this chapter we show that local observables can be computed using an explicit recur-
sion. Furthermore, we show that in a positive field the effect of nonnegative boundary
conditions vanishes as the size of the ball tends to infinity.

4.1 Results

Consider the following distributional recursion
K,
WD LB+ e, 4.1)
i=1

where h(® = B, (K:)>1, are ii.d. with distribution p, (hg”)izl are i.i.d. copies of h(*)
independent of K, and A
&(h) = atanh(f5 tanhh). 4.2)
with
p =tanh 3. 4.3)
In Section 4.3 we show that h) can be seen as the effective field on the root of the
random tree (K, t) with ‘free’ boundary conditions.
We next show that for the limit ¢t — oo, the distributional recursion above has a
unique positive fixed point:

Theorem 4.1 (Tree recursion). Let B > 0 and let (K,);>; be i.i.d. according to some dis-
tribution p and assume that K; < oo, a.s. Consider the sequence of random variables
(h),5 defined by i) = B and, for t > 0, by (4.1). Then, the distributions of h'*) are
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stochastically increasing and h') converges in distribution to the unique fixed point h* of
the recursion (4.1) that is supported on [0, 00).

This theorem establishes that the recursive relation that gives the effective field acting
on the root of the infinite tree (D, K, o) is well-defined if B > 0, in the sense that the
recursion admits a unique positive fixed point h*.

Note that we do not prove that the fixed point h* is the unique fixed point of the
recursion, only that it is the unique positive fixed point. By choosing negative or mixed
boundary conditions other fixed points can be obtained. These are not of interest to us,
however, because we can use the correlation inequalities to show that we only need to
look at nonnegative boundary conditions.

To prove this theorem, we adapt the proof of Dembo and Montanari [34] by taking the
actual forward degrees into account, instead of using Jensen’s inequality to replace them
by expected forward degrees, which are potentially infinite. This also makes a separate
analysis of nodes that have zero offspring superfluous, which considerably simplifies the
analysis.

4.2 Discussion

Statistical mechanics models on random trees and random graphs. A key idea to
analyze the Ising model on random graphs is to use the fact that expectations of local
quantities coincide with the corresponding values for the Ising model on suitable ran-
dom trees [34]. Statistical mechanics models on deterministic trees have been studied
extensively in the literature (see for instance [16, 76] and its relation to “broadcasting on
trees” in [48, 79]). The analysis on random trees is more recent and has been triggered
by the study of models on random graphs.

Potts model. In [37] a recursion similar to (4.1) is derived for the Potts model on the
k-regular tree. Recall that in the definition of the Potts model in Section 3.5 only the
color 1 is special, in the sense that the magnetic field only favors this color. Hence, the
behavior is symmetric in all other colors and a one-dimensional recursion can again be
obtained. A straightforward generalization to Galton-Watson trees yields

K B+h;
d ePthitq—1
h=B+ ) log—F——. 4.4
; gehi+eﬁ+q—2 @4

1A
The behavior of the Potts model is more complex, since there exists a region in the (3, B)
space where this recursion does not have a unique positive fixed point for all B > 0.

XY model. So far, the focus has been on models where the spins can only have a
discrete number of values, but also continuous spin models exist. An example is the XY
model, where spins can have any value in the interval [0, 27) and the Boltzmann-Gibbs
measure is given by

uy(o) = Zi exp {[5 Z Jijcos(o; — o)+ Z B; cos(ai)}. 4.5)

N (i.j)€Ey ie[N]
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Again spins prefer to align, but being approximately the same is also favored over being
far from each other. This is different for the Potts model where the spins do or do not
align, but there is nothing in between. The continuity of the spin values is making it
much harder to obtain a recursion formula. This model on random graphs is briefly
studied in [42], but rigorous results are not obtained there.

4.3 Pruning trees

In [34, Lemma 4.1], it is shown that one can compute the marginal Ising measure on a
subtree of a tree by ‘pruning’ the tree. That is, one can leave away parts of the tree, which
can be compensated by updating the external magnetic field at the remaining vertices of
the tree. We present a slightly different statement of this in the next lemma.

Lemma 4.2 (Pruning trees). Consider a tree T = (V, E) with a distinguished leaf £ and let
k be such that (k,£) € E. Write V_, =V \ {{} and E_, = E \ {(k,£)} and the corresponding
tree by T_, = (V_y, E_;). Denote the Ising measure on T with fields (B;);cy by ur. Then, for
all o_y = (0¢)jev.,» the marginal Ising measure on T_, satisfies

Z pr(o_g,00) =H/T7[(U4), (4.6)

o,=%1

where 7. . is the Ising measure on T_, with magnetic fields,

, | B; when i # k,
Bi= { By +E(B) wheni=k, “.7)
where E(h) is defined in (4.2).
Proof. We can write
eH(0-)oforo+Boy
u(o)=ulo_4,00) = ZM ng S aFore TEor (4.8)
where
H(O-,Z):ﬁ Z O'lO'J‘i‘ ZBiO'i. (49)
(i,j)€E_, i€V,
Then,
efo-y) (eﬂffk“'Bz + e—ﬁak—Bz)
(4.10)

ur(o_g,00) =
a;:l Z
Since o, can only take two values we can write, for any function f (o),

flo) =1 3 f (D) + 1 -3 (—1). (4.11)

These indicators can be rewritten as 15, _s13 = %(1 + o), so that

o eH(o_y) (eﬁo'k"'Bl + e—ﬁa'k—B[) ’

ePoktBe | o=Box—Br — exp (log(eﬁak“'Be + e_ﬁok_Bé))

1 1
= exp (5(1 + o) log(ef B 4 e7F~5Be) + 5(1 — o) log(e B + eﬂBf))

1 ) eftBe o= FB
=EXP | Ok 108 | “TpiE L p-B A(B,By), (4.12)
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for some constant A(f3, B;) independent of 0. An elementary calculation shows that

1 (e’”Bﬁ +e P B
g

= W) = atanh(tanh[)’ tanhBl) = f(Be). (4.13)

o}
2

Hence,

eH(Ufz)eU'kE(Bz)A([j’B )
: = ,u’u(o_e). (4.14)

Z pr(o_g,00) = Zo eH(0-0eoEBIA(B, B,) o
-t

o,=%1

O

This lemma can be applied recursively. When studying the Ising model on the random
tree T distributed as 7 (K, £) this leads to the distributional recursion (4.1).

4.4 Uniqueness of the positive fixed point
To prove Theorem 4.1, we first study the Ising model on a tree with £ generations, 7 (£),

with either + or free boundary conditions, where the Ising models on the tree & (£) with
+/free boundary conditions are defined by the Boltzmann-Gibbs measures

1
Me’+(0)=mexp{/5 Z 00+ ZBio-i}ﬂ{a,:-kl,forallieaﬂ(é)}: (4.15)

(i,))eT(0) i€e7 (L)
and .
e’f = . . . .
u (o) = —Z”([j 5 exp {[3 | Z o0+ Z Blol}, (4.16)
’= i,)eT (L) i€ (t)

respectively, where Z*/f are the proper normalization factors and 87 (£) denotes the
vertices in the £-th generation of Z(£). In the next lemma we show that the effect of
these boundary conditions vanishes when £ — co. This lemma is a generalization of [34,
Lemma 4.3], where this result is proved in expectation for graphs with a finite-variance
degree distribution. This generalization is possible by taking the degrees into account
more precisely, instead of using Jensen’s inequality to replace them by average degrees.
This also simplifies the proof.

We then show that the recursion (4.1) has a fixed point and use a coupling with
the root magnetization in trees and Lemma 4.3 to show that this fixed point does not
depend on the initial distribution h(”); as long as the initial distribution is nonnegative,
thus showing that (4.1) has a unique positive fixed point.

Lemma 4.3 (Vanishing effect of boundary conditions). Let mbt/f (B) denote the root
magnetization given I (L) with external field per vertex B; > B, > O when the tree has
+ /free boundary conditions. Assume that the forward degrees satisfy A; < oo a.s., for all
ieT({—1). Let 0 < B < PBrax < 00. Then, there exists an A = A(PBmax> Bmin) < 00 such
that, a.s.,

m"*(B) —m" (B) <A/L, (4.17)

forallf>1.

Remark 4.4. Lemma 4.3 is extremely general. For example, it also applies to trees arising
from multitype branching processes.
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Proof. The lemma clearly holds for § = 0, so we assume that 8 > 0 in the remainder of
the proof.

Denote by m’ (B,H) the root magnetization given & ({) with free boundary condi-
tions, when the external field on the vertices i € 07 ({) is B; + H; and B; on all other
vertices i € 7 (£ — 1). Condition on the tree 7 (£) and assume that the tree 7 ({) is finite,
which is true a.s., so that we can use Lemma 4.2. Thus, for 1 <k </{,

m“*(B) = m"(B, 00) = m* (B, {BA}), (4.18)
where A, is the forward degree of vertex i € 9.7 (k — 1). By the GKS inequality
m*1(B, {BA}) < mF1(B, 00). (4.19)

Since the magnetic field at all vertices in d 7 (k) is at least B, we can write, using
Lemma 4.2 and the GKS inequality, that

mkf (B) = m*(B,0) > m*"1(B, E(Bpnin){A D). (4.20)

This inequality holds with equality when B; = B,;, for all i € 0 (k). Using the GKS
inequality again, we have that

m* (B, E(Bmin){A:}) = m*7'(B,0). (4.21)

Note that 0 < &(B,;,) < . Since H — m*(B, H{A;}) is concave in H because of the
GHS inequality, we have that

m*1(B, f{A}) - m* ' (B,0) <A (M (B, E(Bmn{AD) —m*I(B,0)),  (4.22)

where

A= A(ﬁmax: Bmin) = sup (423)

— < o0.
0<B<Bunax & (Bmin)

Thus, we can rewrite mk’+(§) using (4.18) and bound m*/ (B) using (4.20) and (4.21),
to obtain
m“*(B) —m"/ (B) < m"~'(B, B{A;}) —m"~}(B,0). (4.24)

By (4.22), we then have that

m*(B) — m*/ (B) < A(m* (B, E(Buin) 1A} — m*7'(B,0))
<A (mk(g, 0) — m""1(B, o)) , (4.25)

where we have used (4.20) in the last inequality.

By (4.18) and (4.19), mk’+(§) is non-increasing in k and, by (4.20) and (4.21),
m*f (B) is non-decreasing in k. Thus, by summing the inequality in (4.25) over k, we get
that

4 4
((m"*B)-m" (B)) <D (m(B) - m*/ (B)) <A (mk(B,0)— m*1(B,0))
k=1 k=1
=A(m'(B,0)—m’(B,0)) <4, (4.26)

since 0 < m‘/°(B,0) < 1. a
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We are now ready to prove Theorem 4.1:

Proof of Theorem 4.1. Condition on the tree 7 (K,o0). Then h) = atanh(m®/(B)) sat-
isfies the recursive distribution (4.1) because of Lemma 4.2. Since, by the GKS in-
equality, m*f (B), and hence also R, are monotonically increasing in t, we have that
B=h" <h® <B+K, < oo for all t > 0, where K, is the degree of the root. So, h(*)
converges to some limit h. Since this holds a.s. for any tree (K, c0), the distribution of
h also exists and one can show that this limit is a fixed point of (4.1) (see [34, Proof of
Lemma 2.3]).

In a similar way, h®>*) = atanh(m®*(B)) satisfies (4.1) when starting with O+ = co.
Then, h(**") is monotonically decreasing and, for t > 1, B < h®) < B+ K, < 00, so h(t:")
also converges to some limit h.

Let h be a positive fixed point of (4.1), condition on this h and let h(®*) = h. Then h(t:*)
converges as above to a limit h* say, when applying (4.1). Note that h(®) < h(®*) < (O,
Coupling so as to have the same (K, ),>; while applying the recursion (4.1), this order is
preserved by the GKS inequality, so that i) < h(t*) < h(t*) for all t > 0. By Lemma 4.3,

|tanh(h") — tanh(h(* )| = |m"/ (B) — m"*(B)| — 0, for t — co. (4.27)

Since_the above holds a.s. for any tree 7 (K, 00) and any realization of h*, the distributions
of h,h and h* are equal, and, since h is a positive fixed point of (4.1), are all equal in
distribution to h. O
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THERMODYNAMIC LIMIT

Using the results of the previous chapter, we can now compute the thermodynamic limit
of various thermodynamic quantities, most importantly the pressure per vertex. We give
an explicit formula for this in this chapter, using the fixed point of the recursion (4.1). In
the proof we first compute the internal energy which can then be integrated with respect
to 3 to obtain the pressure. The magnetization and susceptibility can then be obtained
by differentiating the pressure with respect to B.

5.1 Results

An explicit formula for the thermodynamic limit of the pressure is given in the following
theorem:

Theorem 5.1 (Thermodynamic limit of the pressure). Assume that the random graph
sequence (Gy)y>1 is locally tree-like with asymptotic degree distribution P, where P has
strongly finite mean, and is uniformly sparse. Then, for all 0 < f3 < oo and all B € R, the
thermodynamic limit of the pressure exists, a.s., and equals

where, for B <0, ¢(8,B) = ¢(f,—B), ¢(3,0) = limg\ o ¢(3,B) and, for B >0,

E[D] E[D]

v(B,B)= 5 log cosh(f) — TE[log(l + B tanh(h;)tanh(h,))]
+E[log (eB l_[ (1+ pBtanh(h,)) +e® l_[ (1-8 tanh(hi))) ] , (5.2)
i=1 i=1
where

(i) D has distribution P;

(i) (h;);>y are i.i.d. copies of the positive fixed point h = h(f3,B) of the distributional
recursion (4.1);
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(iid) D and (h;);>; are independent.

Various thermodynamic quantities can be computed by taking the proper derivative
of the function (3, B) as we show in the next theorem.

Theorem 5.2 (Thermodynamic quantities). Assume that the random graph sequence
(Gn)n>1 is locally tree-like with asymptotic degree distribution P, where P has strongly
finite mean, and is uniformly sparse. Then, for all B > 0 and B # 0, each of the following
statements holds a.s.:

(a) Magnetization. The thermodynamic limit of the magnetization per vertex exists and is

given by
M(B,B) = 90(/5 B). (5.3
(b) Internal energy. The thermodynamic limit of the internal energy per vertex exists and
is given by
U(B,B)= ——ﬁw(ﬁ ,B). (5.9

(c) Susceptibility. The thermodynamic limit of the susceptibility exists and is given by

2

0
,B)= — ,B). 5.5
2(B,B) = —25¢(B,B) (5.5)
Another physical quantity studied in the physics literature is the specific heat,

Cy(B,B)= /52 ﬁ (5.6)

Unfortunately, we were not able to prove that this converges to 32 3 /32 <,o(/3’ ,B), because
we do not have convexity or concavity of the internal energy in . We expect, however,
that this limit also holds.

Taking the derivatives of Theorem 5.2 we can also give explicit expressions for the
magnetization and internal energy which have a physical interpretation:

Corollary 5.3 (Explicit expressions for thermodynamic quantities). Assume that the graph
sequence (Gy)ys1 is locally tree-like with asymptotic degree distribution P, where P has
strongly finite mean, and is uniformly sparse. Then, for all B > 0 and B € R, each of the
following statements holds a.s.:

(a) Magnetization. Let D have distribution P and let vp,, be the random Ising measure
on a tree with D 4 1 vertices (one root and D leaves) defined by

vp(o)= ZD+1(f5) ———exp {/320‘00 +Bo, +Zh al}, (5.7)

where (h;);>; are i.i.d. copies of h, independent of D. Then, the thermodynamic limit
of the magnetization per vertex is given by

M(B,B)=E[(00),, |, (5.8)



5.2 DIScUSSION 29

where the expectation is taken over D and (h;);>,. More explicitly,

D
M(3,B)=E [ tanh (B + Zatanh([g tanh(hi))) ] . (5.9)

i=1

(b) Internal energy. Let v, be the random Ising measure on one edge, defined by

vo(o) = exp{fo,0,+h,0,+hy0,}, (5.10)

1
ZZ(ﬁ:hlahZ)

where hy and h, are i.i.d. copies of h. Then the thermodynamic limit of the internal
energy per vertex is given by

U(B,B) = —@E[(aloz)%], (5.11)

where the expectation is taken over hy and h,. More explicitly,

IE[D]]E { B + tanh(h; ) tanh(h,) }

U(B,B)=— 2 1+ [5’ tanh(h, ) tanh(h,)

(5.12)

Note that the magnetization and internal energy are local observables, i.e., they are
spin or edge variables averaged out over the graph. This is not true for the susceptibil-
ity, which is an average over pairs of spins, making it more difficult to give an explicit
expression. We come back to rewriting the susceptibility in Chapter 9.

5.2 Discussion

The objective method. We study the Ising model on a random graph, which gives rise
to a model with double randomness. Still, in the thermodynamic limit, the pressure is
essentially deterministic. This is possible, because it suffices to study the Ising model on
the local neighborhood of a uniformly chosen vertex. This local neighborhood converges
by our assumptions to the tree (D, K, 00), and it thus suffices to study the Ising model
on this limiting object. An analysis of this kind is therefore known as the objective method
introduced by Aldous and Steele in [11].

Universality. That our results hold for a wide variety of random graph models does not
come as a surprise. It is believed that the behavior of networks shows a great universal-
ity. Distances in random graph models, for example, also show a remarkably universal
behavior. See, e.g., [64] for an overview of results on distances in power-law random
graphs. These distances mainly depend on the power-law exponent and not on other
details of the graph.

Erd6s-Rényi random graphs. The results above, as well as those in [34], include the
Erd6s-Rényi random graph as a special case. Earlier results for this model have been ob-
tained in [96], where the high-temperature and zero-temperature pressure are computed
using interpolation methods.
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Non-homogeneous tree-like graphs. Note that the results above only apply to graphs
that converge locally to a homogeneous tree and thus, for instance, not for many inhomo-
geneous random graphs studied in [24] where the vertices can be of different types and
hence also the local structure is a multi-type Galton-Watson branching process, although
certain parts of our proof easily extend to this case.

Also preferential attachment graphs do not fit in our framework. In such models a
growing graph is constructed by attaching new vertices to older vertices proportional to
their degrees. Preferential attachment graphs are still locally tree-like, but the offspring
is again a multi-type branching process, where the type space is continuous [18].

In both models there will not be a single random positive fixed point h, but the effec-
tive field at a certain vertex will depend on its type. Also, the expectations in the results
should not only be over the degree D and the fields h;, but should also be over the types
of random vertices.

Non-tree-like graphs. The locally tree-likeness assumption is not very realistic for real-
world networks. It would therefore be interesting to investigate what happens if this
condition is relaxed. An example could be the configuration model with a household
structure, i.e., besides the edges formed in the configuration model the vertices are parti-
tioned into small groups, the households, which form a complete graph. The SIR model
to study epidemics on such a random graph model, where it is assumed that the infec-
tion rate in a household is different from the infection rate of the other neighbors in the
graph, is studied in [13, 14]. Also for this model, a branching process approximation can
be made to describe the evolving process. It seems worthwhile to investigate if this is
also possible for the Ising model on such random graphs.

A second example of non-tree-like graphs are scale-free percolation clusters as defined
in [33]. This model takes geometry into account by starting with a d-dimensional lattice
where all vertices are assigned a random weight. The probability that two vertices are
connected then depends both on the weights of these two vertices and the distance be-
tween them. By choosing the weights and the dependence on the distance appropriately
power-law degree distributions can be obtained. It would be interesting to study the Ising
model on such percolation clusters, where it would also be a nice possibility to let the
interaction strength depend on the distance between two vertices, modeling that close
friends are influencing each other more strongly than friends living on opposite sides of
the world.

Dynamics. Our results all describe properties of the system in equilibrium. It would
also be interesting to study the dynamics of this model, for example by studying Glauber
dynamics to answer questions about metastability. E.g., the setting in [86] can be used,
where the Ising model in 2d is studied with a small positive field and very low tempera-
ture. The question then is how long it takes for the system to change from the metastable
state where all spins are —1 to the stable system where all spins are +1. It is to be ex-
pected that again the large degree vertices play a crucial role, but it is unclear if this will
be the case for all power-law degree distributions as for the contact process [25] or only
for 7 small.

It would also be interesting to study Gibbs-non-Gibbs transitions [45]. This describes
the phenomenon that when the system undergoes a transition under Glauber dynamics
from one Gibbs measure u to another Gibbs measure v, the system at intermediate times
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can not be described with a Gibbs measure. This phenomenon has for example been
studied on trees in [44].

Absence of magnetic field. In [81], the Ising model on k-regular graphs is studied
when there is no magnetic field, i.e., B = 0. There it is shown that the Ising measure
converges locally weakly to a symmetric mixture of the Ising measure with + and —
boundary conditions on the k-regular tree. This is later generalized in [15] to more
general locally tree-like graphs under some mild continuity condition.

Potts model. The thermodynamic limit of the pressure for the Potts model can also
be computed when the relevant recursion has a unique positive fixed point as is shown
in [37] and the result is similar to that of the Ising model. Later, in [36] the pressure is
computed for all values of # and B for the Potts model on the k-regular graph, with k
even.

5.3 Overview and organization of the proof

In this section, we give an overview of the proof of Theorem 5.1, and reduce it to the
proofs of Propositions 5.4 and 5.5 below. Proposition 5.4 is instrumental to control the
implicit dependence of the pressure of the random Bethe tree ¢(f3,B) on the inverse
temperature 3 via the field h. This is used in Proposition 5.5 which proves that the
derivative of the pressure with respect to 3, namely minus the internal energy, converges
in the thermodynamic limit to the derivative of ¢(f3, B). We also clearly indicate how our
proof deviates from that by Dembo and Montanari in [34].

We first analyze the case where B > 0 and deal with B < 0 later. By the fundamental
theorem of calculus,

B

0
Jim (BB = fim |4 (0,8) + JO (BB | (5.13)

€ a ﬁ a
= lim |:1/)N(0:B)+J; a—ﬁ,wzv(ﬁ’,B)d/J"+£ a—b,,ll)N(ﬁ',B)dﬁ'],

foranyO<e < 3. ForallN > 1,

Y5 (0,B) =log(2cosh(B)) = ¢(0,B), (5.19)

so this is also true for N — oo.
By the uniform sparsity of (Gy)y>1,

9 1 |Ey|
‘%#’N(ﬁaB)':‘N Z <Oi0j>HN STSC, (5.15)
(i,j)€Ey
for some constant c¢. Thus, uniformly in N,
‘ a / /
= ¥n(B',B)AB’| < ce. (5.16)
o 9P
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Using the boundedness of the derivative for 3’ € [¢, 8] and by dominated convergence,
we also have that

B
Jim f 57 (B BB = f m (BB (5.17)

For 3 > 0, we show that the partial derivative with respect to 8 of ¢y (8, B) converges to
the partial derivative with respect to 8 of ¢(f3, B). For this, we need that we can in fact
ignore the dependence of h on 8 when computing the latter derivative as we show first:

Proposition 5.4 (Dependence of ¢ on (f3,B) via h). Assume that the distribution P has
strongly finite mean. Fix By,B, > 0 and 0 < f3;, B, < 00. Let h; and h, be the fixed points of
(4.1) for (B1,B,) and (5, B,), respectively. Let ¢,(f8,B) be defined as in (5.2) with (h;);>1
replaced by i.i.d. copies of the specified h. Then,

(a) For By = B,, there exists a A; < oo such that
lon, (B1,B1) — @, (B1, Bl < 441 — Bol* 7t (5.18)
(b) For B, = B,, there exists a A, < oo such that

|‘Ph1(/51’31) - ‘th(ﬁl’Bln < AolBy — By (5.19)

Note that this proposition only holds if T € (2,3). For 7 > 3, the exponent T — 1 can
be improved to 2, as is shown in [34], but this is of no importance to the proof. We need
part (b) of the proposition above later in the proof of Corollary 5.3.

Proposition 5.5 (Convergence of the internal energy). Assume that the graph sequence
(Gy)ns1 is locally tree-like with asymptotic degree distribution P, where P has strongly
finite mean, and is uniformly sparse. Let 3 > 0. Then, a.s.,

0
m ——y(B,B) =

2B 90(/3 B), (5.20)

p
where @(f3,B) is given in (5.2).

By Proposition 5.5 and bounded convergence,

B
f lim aﬁ,wN(ﬁ B)df' = f 55?6 B = ¢(B,B) = ¢(e,B), (521

again by the fundamental theorem of calculus.
Observing that 0 < tanh(h) < 1, one can show that, by dominated convergence,
(B, B) is right-continuous in § = 0. Thus, letting ¢ \| O,

€ B
Jim 36, (B, B) = lim Jim [wN(o,BHJ 57 On (BB + f 5B BB

= ¢(0,B) + 11{% (¢(B,B)— ¢(&,B)) = ¢(B,B), (5.22)
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which completes the proof for B > 0.

The Ising model with B < 0 is equivalent to the case B > 0, because one can multi-
ply all spin variables (0;);c[y] and B with —1 without changing Boltzmann-Gibbs mea-
sure (3.1). Furthermore, note that,

\anN(/s B)| = ‘ (o), <1, (5.23)

i€[N]

so that B — (8, B) is uniformly Lipschitz continuous with Lipschitz constant one.
Therefore,

Jim 4y (8,0) =I}ggo;@)¢N(ﬁ,B) =glgg)ngrolowN(/5,B)=g{rg)<p(ﬁ,B)- (5.24)

O

The proof given above follows the line of argument in [34], but in order to prove The-
orem 4.1 and Propositions 5.4 and 5.5 we have to make substantial changes to generalize
the proof to the infinite-variance case.

The proof of Proposition 5.4(a) is somewhat more elaborate, because we have to
distinguish between the cases where D in (5.2) is small or large, but the techniques used
remain similar. By, again, taking into account the actual degrees more precisely, the
analysis is simplified however: we, for example, do not rely on the exponential decay
of the correlations. Part (b) of this proposition is new and can be proved with similar
techniques. The proof of Proposition 5.5 is proved in a similar way as in [34].

We prove Proposition 5.4 in Section 5.4 and Proposition 5.5 in Section 5.5. In Sec-
tion 5.6 we study the thermodynamic quantities to prove Corollary 5.3.

5.4 Dependence of ¢ on (3,B) via h

We now prove Proposition 5.4 by first bounding the dependence of ¢ on h in Lemma 5.6
and subsequently bounding the dependence of h on § and B in Lemmas 5.7 and 5.8
respectively.

Lemma 5.6 (Dependence of ¢ on h). Assume that the distribution P has strongly finite
mean. Fix B;,B, > 0 and 0 < f,,, < 0o. Let h; and h, be the fixed points of (4.1) for
(B1,B1) and (f3,, B,), respectively. Let ¢,(f3,B) be defined as in (5.2) with (h;);>; replaced
by i.i.d. copies of the specified h. Then, for some A < oo,

|on, (B1,B1) = ¢, (B1, By)| < Al tanh(h,) — tanh(hy)II7 (5.25)

where ||X — Y|, denotes the Monge-Kantorovich-Wasserstein distance between the random
variables X and Y, i.e., ||[X — Y ||, is the infimum of E[|X — Y|] over all couplings (X,Y) of
XandY.

Proof. Let X; and Y; be i.i.d. copies of X = tanh(h;) and Y = tanh(h,) respectively and
also independent of D. When || X —Y||,, = 0 or ||X — Y|, = oo, the statement in the
lemma clearly holds. Thus, without loss of generality, we fix ¥ > 1 and assume that
(X;,Y;) are i.i.d. pairs, independent of D, that are coupled in such a way that E|X; —Y;| <
Y”X - Y”MK <o
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Let B = tanh(3,) and, for £ > 2,

{ {
- - 1 -
— B -B
ity =tog (@] a+pxo+ e [ Ja-px)) 23 3 togla+Bxx)
i=1 i=1 1<i<j<t
(5.26)
and let

1 . .
Fi(1,%) = 5 (og(e"(1+ Baxy) +e7P(1 - )
+1log (e®(1+ Bxy) +eB(1— Bx,)) —log(1+ ﬁxlxz)). (5.27)
Then, with D having distribution P,

Sohl(ﬁl:Bl) = FO + E[FD(XD e ’Xmax{Z,D})]: (528)

and
‘phz(ﬁl’Bl) = FO + ]E[FD(YI’ (AR} Ymax{Z,D})]a (529)
for some constant Fy. In the remainder of the proof we assume that F; is defined as
in (5.26). The proof, however, also works for F; as defined in (5.27).
We split the absolute difference between ¢ (;,B,) and ¢, (1, B;) into two parts
depending on whether D is small or large, i.e., for some constant 6 > 0 to be chosen later
on, we split

E[Fp(Yy,...,Yp) —FD(Xl,...,XD)]’ < ‘E[(FD(YD...,YD) —FD(Xl,...,XD))IL{DSQ}]‘

+ [E[(Fp(Yy,...,Yp) = Fp(X1,...,.Xp D1 ip=ey ] |- (5.30)
Note that
La
FZ(Yl,...,sz)_F[(Xl,...,X[):f &Fz(SYl‘F(l_S)Xl,...,syvg'f'(]._s)xl) 57tdt

. -

1 oF,

=| DV —X)5( + (1= Xy, Y + (1 - 0X,)de
0 i=1 Ix;

¢ 1
JF,
= _Xi)f a—;(tYl +(1-0X,,...,tY, +(1—0)X,)dt.  (5.31)
i=1 0 i
As observed in [34, Corollary 6.3], % is uniformly bounded, so that

/4
|Fo(Y1, . V) — o, X0 < 20 ) 1Y =X, (5.32)
i=1

where A, is allowed to change from line to line. Hence,

D
[E[(Fp(YVr,..., Yp) = Fp(X1, ... Xp)ipogy ]| S E {Zm —XiMln{M}J}
i=1

SMIX =Y ||WE[DLpapy].  (5.33)
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By Lemma 2.7,
E[D1psp] < €072, (5.34)

so that
|E[(Fp(Yy,..., Yp) = Fp(Xy, ... Xp ) ipsgy ]| < A1 [1X = ¥ [1,, 0772 (5.35)

By the fundamental theorem of calculus, we can also write

F/(Yy,...,Y) —F,(Xy,...,X,) = ZA F, +Z(Y —X)(; - X)fY, (5.36)
i=1 i#j
with
' OF,
AF, = (Y, —Xi)f S (L Y+ (L= 0X, . X (5.37)
0 i
and

1 t
d2%F,
O = LY +(1=)X,,...,sYi+(1=5)X,,...,sY,+(1—s)X,)dsdt. (5.38)
Y o Jo 9xi0x;

Therefore,
|E[(Fp(Y1,. .., YD) = Fp(Xy, .., Xp))Lipeoy ]| (5.39)
D D
E [ZAiFD]l{D<9}] ‘ + ']E [Z(Yi —X;)(Y; _Xj)fig'D)]l{D<9}} ’
i=1 i#]
Since —= is also uniformly bounded [34, Corollary 6.3],
i0Xj

D
< AZE[Z 1Y, — X1, —X,-|IL{D59}}
i#]
< QollX = Y2 E[D*Lip<q)]
<Alx -2 67, (5.40)

D
‘E[Z(Yi - X)(Y, —Xj)figD)ﬂ{Dse}]
i#j

by Lemma 2.7, where A, is allowed to change from line to line. We split

‘ [ZA FDn{,M}] [ZA FD} +‘E[iAiFD]l{D>9}].

i=1 i=1
By symmetry of the functions F, with respect to their arguments, for i.i.d. (X;,Y;) inde-
pendent of D,

(5.41)

D
E [ZAI-FD} =E[DAFp] = [D(Yl Xl)J (tY1 +(1-1)X1,Xs,-. XD)dt} .
= (5.42)
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Differentiating (5.26) gives, for £ > 2,

] 1 <
3—)CIFZ(X1,---,X:3) =(xy, 8¢(x2,..., %)) — m;#)(xl,xj), (5.43)

where Y (x,y) = [5’y/(1 +[3’xy) and

¢
go(xg,...,x,) =tanh (B + Z atanh(ﬁxj)). (5.44)
=2

J

Using that P, = E[D]p,_;, we have that, with K distributed as p,

E[Dy(X1, gp(X2,...,Xp))] = E[D]JE[Y(X;, gx+1(X2, - - -, Xk+1))] = E[D]E[Y(Xq,X5)],
(5.45)

because gx1(Xs,...,Xg41) is a fixed point of (4.1), so that g1 (Xs, ..., Xg41) ng and
is independent of X;. Therefore, one can show that

JF,
E[Da—D(x,Xz,...,Xmax{z,p})] =0, forall x € [—1,1]. (5.46)
X1

Since % is uniformly bounded, D% is integrable, so that, by Fubini’s theorem and (5.46),
1 1

D
E[ZAiFD]
i=1
1
- E{(Yl —Xl)J E[Dﬁ(tYl—k(l—t)Xl,Xz,...,XD) {Xl,Yl}dt} =0. (5.47)
0 1

oF,

Furthermore, by (5.37) and the uniform boundedness of o’

D
’]E [Z AiFD]l{D>e}]
=1

Therefore, we conclude that

i=1

D
< E[Zm —ximlnw}} <MK = Y[W0C2. (5.48)

(E[(FD(YI, e Yp)=Fp (X, Xp) ipegy ] \ < MlIX =Y [ 042, X -V 12, 07C.
(5.49)
Combining (5.35) and (5.49) and letting 0 = || X — Y||h;K1 yields the desired result. O

Lemma 5.7 (Dependence of h on ). Fix B> 0and 0 < 81,8, < frax Let hg and hg,,
where we made the dependence of h on f3 explicit, be the fixed points of (4.1) for (;,B) and
(B, B), respectively. Then, there exists a A < oo such that

I tanh(, ) — tanh(hg, )l < A16; — ol (5.50)
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Proof. For a given tree 7 (K, 00) we can, as in the proof of Theorem 4.1, couple tanh(hg)
to the root magnetizations m’};’f / *(B) such that, for all >0 and £ > 0,

mg’ (B) < tanh(hg) < mg " (B), (5.51)

where we made the dependence of m®//* on B explicit. Without loss of generality, we
assume that 0 < f8; < 8, < Bnax- Then, by the GKS inequality,

|tanh(hy, ) — tanh(hg, )| < mg " (B) — mg’ (B) = mg " (B) — my! (B) +mg’ (B) — myg” (B).

(5.52)
By Lemma 4.3, a.s.,
mg " (B) —mg’ (B) <A/L, (5.53)
for some A < 0o. Since m%f (B) is non-decreasing in 8 by the GKS inequality,
[’f é,f 8 me’f
m&! (B) —m (B) < (B, B) sup (5.54)

r<p<fr OB

Letting £ — oo, it thus suffices to show that dm*f /3 is, a.s., bounded uniformly in ¢

and 0< ﬁl S ﬁ S ﬁmax‘
From [34, Lemma 4.6] we know that

{—
S5 (B, B)SZ e (5.55)
B pary
with
Vo= > A a—Bm ‘(B 0)’ (5.56)
i€d 7 (k)

By Lemma 4.2 and the GHS inequality,

im ‘(B,0)= 0 —m'Y(B,H) < im‘3—1(13 0) (5.57)
JB; dB ==~ 3B, =" '

i

for some field H, so that V., is non-increasing in {. We may assume that B; > B, for all
i € Z({) for some B,;,. Thus, also using Lemma 4.2,

0
Vie = Vi1 = Z Alé’B m**(B, 0)‘ Z Ala—Bmk(B E{A; })
ica 7 (k) 1639(1{)
d k
= _mk(B,H{A, .
SEmEHAD| (5.58)

where & = &(B,,;,) is defined in (4.2). By the GHS inequality this derivative is non-
increasing in H, so that, by Lemma 4.2, the above is at most

[m*(B,&{a}) —mK(B,0)] < - [m*"(B,0) - m*(B,0)] . (5.59)

|
| =
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Therefore,
(-1 {—
3 m*f (B,B) < ZVN %Z [ k1B 0)— mk(B,O)] < % < 00, (5.60)
k=0
foro<ﬁ1£ﬁ£ﬁmax’ D

Lemma 5.8 (Dependence of h on B). Fix § > 0 and By, B, = By, > 0. Let hy and hg,,
where we made the dependence of h on B explicit, be the fixed points of (4.1) for (f8,B,) and
(B, By), respectively. Then, there exists a A < oo such that

[ltanh(hy ) — tanh(hp )|l < AlBy — Byl (5.61)

Proof. This lemma can be proved along the same lines as Lemma 5.7. Therefore, for a
given tree 7 (K,00), we can couple tanh(hy) to the root magnetizations m*//*(B) such
that, for all B> 0 and { > 0,

m®f (B) < tanh(hy) < m“*(B). (5.62)

Without loss of generality, we assume that 0 < B.;, < B; < B,. Then, by the GKS
inequality,

|tanh(hp, )—tanh(hg )| < m"*(By)—m" (B,) = mb* (By)—m"f (By)+m" (By)—m"/ (B,).

(5.63)
By Lemma 4.3, a.s.,
m"*(B,) —m" (B,) <A/L, (5.64)
for some A < co. Since m*/ (B) is non-decreasing in B by the GKS inequality,
¢ ¢ om*’
m*f (B,) —m"/ (B,) < (B, — B,) sup (5.65)

>0 33'

'min

Letting £ — oo, it thus suffices to show that dm’/ /B is bounded uniformly in ¢ and B >
Bpin > 0. This follows from the GHS inequality, i.e., the concavity of the magnetization
in B:

3m‘-’,f < aml’f < 2 |: gf(B ) éf(B /2):| <
su m® ) —m© ; < 00,
B>Bm£)>0 aB N aB B=B.. B Bmln e mln N Bl’l’lln
o (5.66)
because for a concave function f : x — f(x) it holds that f'(x) < w O

5.5 Convergence of the internal energy

We start by identifying the thermodynamic limit of the internal energy:

Lemma 5.9 (From graphs to trees). Assume that the graph sequence (Gy)y> is locally
tree-like with asymptotic degree distribution P, where P has finite mean, and is uniformly
sparse. Then, a.s.,

E[D]

0
m %IPN(IE’B) = TE [(Uﬁz)%] , (5.67)

where v, is defined in (5.10).
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Lemma 5.9 is proved in Section 5.5.1. Next, we compute the derivative of ¢(f3,B)
with respect to 3 in the following lemma and show that it equals the one on the graph:

Lemma 5.10 (Tree analysis). Assume that distribution P has strongly finite mean. Then,

E[D]

2
596 = =5 F [(0102),] (5.68)

where v, is defined in (5.10).

Lemma 5.10 is proved in Section 5.5.2. Lemmas 5.9 and 5.10 clearly imply Proposi-
tion 5.5. O
5.5.1 From graphs to trees: proof of Lemma 5.9

This lemma can be proved as in [34]. The idea is to note that

d 1 |EN| Z(i J)EE, <O-io-j>u
<2 B== > N P L D v 5.
ap PP N 2 (i3, =7 |Ey] (509

By the local convergence and the uniform sparsity, we have that, a.s. (see (2.11)),

lim @ =E[D]/2 (5.70)

A — . .
The second term of the right hand side of (5.69) can be seen as the expectation with
respect to a uniformly chosen edge (i, j) of the correlation <O‘i0'j>u . For a uniformly
chosen edge (i, j), denote by By; ;;(t) all vertices at distance from either vertex i or j at

most t, and let dB(; ;(t) = B(; j(t) \ B(; j)(t — 1). By the GKS inequality, for any t > 1,

<Gi0j>£u,j)(f) = <U‘Uj>uN = <Ui0j>;(i,j1(f)’ (5.71)

where <0i0' j>+/f is the correlation in the Ising model on By; ;,(t) with +/free boundary

Bi(0)
conditions on 9B )(t).

Let 7(K,t) be the tree formed by joining the roots, ¢; and ¢,, of two branching
processes with t generations and with offspring being i.i.d. copies of K at each vertex,
also at the roots. Then, taking N — oo, By; ;;(t) converges to (K, t), because of the local
convergence of the graph sequence. Indeed, observe that a random edge can be chosen,
by first picking a vertex with probability proportional to its degree, and then selecting a
neighbor uniformly at random. Using this, one can show (see [34, Lemma 6.4]), also
using the uniform sparsity, that, for all t > 1, a.s.,

; +/f +/f
I\}Erc}oE(l’]) |:<O-io-j>3(i,j)(f)i| =K |:<O-¢10¢2>§(K,[):| 5 (572)

where the first expectation is with respect to a uniformly at random chosen edge (i, j) €

Ey and the second expectation with respect to the tree 7 (K,t). By Lemma 4.2 and
Theorem 4.1,

lim E [ (04,04, 50 ] =E [(0102),,] (5.73)

t—00

thus proving the lemma. O
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5.5.2 Tree analysis: proof of Lemma 5.10

From Proposition 5.4 it follows that we can assume that f is fixed in h when differ-
entiating (8, B) with respect to 8. We let X;,i > 1, be i.i.d. copies of tanh(h), also
independent of D. Then, differentiating (5.2) gives, using the exchangeability of the X;,

E[D] . E[D] .
90(/5 )——/3——(1 BHEY (X1, X2)1+(1=FPE[DY (X, gp(Xa, - -, Xp))],

(5.74)
1+/5xy and g,(xq,...,Xx,) is defined as in (5.44). Since (5.45) is
valid for any bounded function v)(x, y)

p

where now Y(x,y) =

|: ] 1X2 E[D] ﬁ +X1X2
B) = —IE +(1-— = E — . 5.75
ﬁw(ﬁ )= [[5 ( ﬁ)1+/3X1XJ 2 [H/ﬁxlxj 679
Since, with h,, h, i.i.d. copies of h,
E { B +XiX, } _z { [5+Atanh(h1)tanh(h2) } 5.76)
1+ BX,X, 1+ f tanh(h; ) tanh(h,)

eﬂ+h1+hz — e*ﬁ*hlﬂlz — e*ﬁ+h1*h2 + eﬁ*h1*h2
£ efthithy L o=B—hithy 4 o=fthi—hy | of—h1—h, =E |:<O'10'2>V£i| ’

where v, is given in (5.10), we have proved the lemma.

5.6 Thermodynamic quantities

To prove the statements in Theorem 5.2 we need to show that we can interchange the
limit of N — oo and the derivatives of the finite volume pressure. We can do this using
the monotonicity properties of the Ising model and the following lemma:

Lemma 5.11 (Interchanging limits and derivatives). Let (fy(x))y>1 be a sequence of
functions that are twice differentiable in x. Assume that

() limy_, fy(x) = f(x) for some function x — f(x) which is differentiable in x;
(ii) %fN(x) is monotone in [x —&,x + 6] for all N > 1 and some & > 0.
Then,
Jim. fN(X) = —f( ). (5.77)

Proof. First, suppose that %zsz(y) >0forall y € [x —6,x+ 6], all N > 1 and some
6 > 0. Then, for 6 > 0 sufficiently small and all N > 1,

fN(x_5)5 fN(X) f (x) < fN(x+55)_fN(x)’ (5.78)
and, by taking N — oo and assumptlon (1)
FEZD 2T <t £ () < timoup =0 < LI 5.7

Taking & \, 0 now proves the result. The proof for 2 o fN(x) <0 is similar. O
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We are now ready to prove Theorem 5.2.

Proof of Theorem 5.2. We apply Lemma 5.11 with the role of fy taken by B — (3, B),
since

1 )
My(.B) = D, (01),, = 55%n(B.B), (5.80)

i€[N]

and limy_,., Y n(B,B) = ¢(,B) by Theorem 5.1 and B — My(f3, B) is non-decreasing
by the GKS inequality. Therefore,

Aim My(6,B) = lim —— ¢N(I3 B)= 90(/5 B), (5.81)
which proves part (a).
Part (b) follows immediately from Proposition 5.5 and the observation that
1
UN:_N Z (‘7101) = ﬁwN(ﬂ ,B). (5.82)
(i,))€Ey

Part (c) is proved using Lemma 5.11 by combining part (a) of this theorem and that
B+— ;—BMN(ﬁ ,B) is non-increasing by the GHS inequality. O

We can now prove each of the statements in Corollary 5.3 by taking the proper deriva-
tive of ¢ (3, B).

Proof of Corollary 5.3. 1t follows from Theorem 5.2 (a) that the magnetization per vertex
is given by

i
M(j,B) = a—Bcp(/S,B)- (5.83)

Similar to the proof of Lemma 5.10, we can ignore the dependence of h on B when
differentiating ¢ (3, B) with respect to B by Proposition 5.4. Therefore,

D D
w(ﬁ B)= —E[log (eB [ [(1+Btanh(h)) +e*[ J(1- /Etanh(hi))ﬂ
i=1 i=1

n e® [T, (1 + f tanh(h;)) — e B [T, (1 — f tanh(h;))
eb 1‘[? (1 + Branh(h;))+e B[, (1 — f tanh(h,)) |
B 1+f tanh(h;) —B 1—p tanh(h;) 1/27]
_E l—L 1 (1 /J’tanh(h)) - 1—[1 1 (1+/J’tanh(h)) (5.84)
B 14f tanh(h,) B 1-Branh(h)\ /2 | '
e l—ll 1 (1 —p tanh(h; )) l_ll 1 (1+[3’tanh(h )) |

where D has distribution P and (h;);>;’s are i.i.d. copies of h, independent of D. Using
that atanh(x) = 2 5 log (Hx) the above simplifies to

E

oB HD eatanh(B tanh(h)) _ ,~B l—[D —atanh(f tanh(h;))
i=1 i=1
|:eB l_[iD:1 atanh(f tanh(h;)) 4 e B l_[?:1 ¢ —atanh(f tanh(h;)) i|

D
=E [ tanh (B + Z atanh(f3 tanh(hi))) } ) (5.85)

i=1
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VD+1

By Lemma 4.2, this indeed equals E [(0'0)
proves part (a).
Part (b) immediately follows from Theorem 5.2(b) and Lemma 5.10. O

}, where v, is given in (5.7), which



6

INTERMEZZO: INFINITE-MEAN RANDOM
GRAPHS

So far, we have studied the Ising model on random graphs with strongly finite mean, that
is, there exist constants T > 2 and C > 0 such that

Pox < Ck-CD), (6.1)

The question naturally arises what happens if the degree distribution obeys a power law
with exponent 7 € (1,2) in which case the degrees have infinite mean. Such networks
are observed in biological networks, see for example references in [97].

In [19, 47] the configuration model (CM) is studied when the degrees satisfy a power-
law degree distribution with T € (1,2). There it is shown that the graph does not have a
tree-like structure in this case: a part of the vertices, the so-called supervertices defined
below form a complete subgraph and all other vertices connect only to these superver-
tices. It therefore does not make sense to use the tree-based approach of the previous
chapters. We make heavy use of the results in [19, 47] in this chapter.

The configuration model with infinite-mean degrees will also not give a simple graph
with high probability. The behavior might, and will, depend strongly on how multiple
edges and self-loops are dealt with. Keeping all edges or removing multiple edges for
instance greatly influences first-passage percolation on this model [19]. We therefore
investigate both the original model, i.e., keeping all the multiple edges, and the erased
model where multiple edges and self-loops are deleted.

6.1 Model definitions

6.1.1 Model for the original configuration model

The original CM is defined as in Section 2.3. For convenience, we make a slightly stronger
assumption on the degree sequence, i.e., we assume that there exists a constant 0 < Cp <
oo such that

Pk = Cpk " D(1+ 0(1)). 6.2)
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It is shown in [47, Lemma 2.1] that the total degree Ly = Zie[N] D?* properly rescaled

converges in distribution, i.e.,
v e 6.3
N (6.3)

where 7 is a known 7 — 1 stable random variable. Since Ly = 2|Ey| is growing faster
than N, we have to scale the temperature with N. With the Ising model defined as

1
wlo) = —exp{ﬁJ Z 0;0;+B Z O'i}, (6.4)
(i.))€Ey i€[N]
the internal energy per vertex equals,
J
(i,))€Ey

Since we want this to be an intensive quantity, i.e., not growing with N, we have to choose
J =Jy as a decreasing function of N. Specifically, we choose

J=N/NYD = N@/ED), (6.6)

From now on we write By = f8Jy.

6.1.2 Model for the erased configuration model

The erased CM is constructed by starting with a graph generated according to the original
CM and after this, erasing all self-loops and merging multiple edges between any pair of
vertices into a single edge between these vertices.

The result in [19, Lemma 6.8] suggests that Ly = O(N log N ). Hence, we again scale
the interaction strength and choose

Jy =1/logN. 6.7)

6.2 Results

In the next theorem, we compute the magnetization for the original CM and conclude
that the spontaneous magnetization is zero for all positive temperatures.

Theorem 6.1 (Magnetization in original CM). For all 0 < 8 < oo and B > 0, the magne-
tization equals
M°(3,B) = tanh(B), (6.8)

and hence, the spontaneous magnetization equals
M (B,0")=0. (6.9)

The idea behind the proof of this theorem is the following. The interaction strength
Jy has to go down to O very fast to keep the internal energy per vertex finite a.s. The
largest contribution to the total degree, however, comes from only a small number of
supervertices, which have a very large degree of the order NY/(*1, The degrees of
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normal vertices is much smaller. Hence, the interaction between a normal vertex and
the supervertices it is attached to is negligibly small for the magnetization of the normal
vertex. Hence, the normal vertices behave more or less independently from the rest of
the graph.

For the Ising model on the erased CM, we can be more precise:

Theorem 6.2 (Magnetization in erased CM). Fix 0 < 8 < oo and B > 0. Let I(N) be a
sequence of random variables with values in [N] such that

Der
0 LA, (6.10)
logN
for N — oo and some A > 0. Then,
(0n))™ — tanh(B + BA). (6.11)

From this theorem we can for example conclude that if I(N) is a uniform vertex in
[N], then D;(,)/logN -2 0 and hence

(010n))*" — tanh(B). (6.12)
If I(N) is a sequence of supervertices, however, D;(y/logN -2 00 and hence

(1) == 1. (6.13)

6.3 Discussion

Scaling of the interactions. The scaling of the temperature happens in many models.
For example, in the Curie-Weiss model, the interactions have to be scaled by 1/N, because
the number of edges is N(N — 1)/2 [16]. The Sherrington-Kirkpatrick model is another
example. This model is a spin glass on the complete graph, where the interactions J; ;
are i.i.d. standard normal distributions. Here, the interactions have to be scaled with

1/+V/N [99].

Internal energy. It would be interesting also to compute the internal energy for both
models. For the original model, we have seen that the role of normal vertices is negligible.
Hence, the main contribution to the internal energy will come from the supervertices.
These supervertices form a complete graph with multiple edges between each pair of
vertices. It is therefore to be expected that the internal energy will behave the same as
the Ising model on a complete graph with specific weights on the edges. These weights
will depend on the so-called Poisson-Dirichlet distribution.

For the erased model, an edge selected uniformly at random will with high probability
be an edge between a normal vertex and a supervertex. Since the spin of the supervertex
will be +1 with high probability, the internal energy will behave like the magnetization
of a vertex attached to a randomly selected edge, where the other side of the edge has a
+ boundary condition.
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6.4 Analysis for the original configuration model

In this section we leave out the superscript ‘or’ from all variables. The lower bound can
easily be obtained by deleting all edges from the graph, which does not increase the
magnetization by the GKS inequality. Every vertex then behaves independently and has
magnetization tanh(B).

For the upper bound we distinguish between supervertices and normal vertices. Fix
a sequence gy \, 0 arbitrary slowly. Then, we call a vertex i a supervertex if D; >
eyNY=D_ All other vertices are called normal vertices.

With I denoting a vertex chosen uniformly for [N], we can write

N

1
My(B,B) =~ > (o)) =Ei[(0))]. (6.14)

i=1
We split the analysis into the case where I is a normal vertex and where I is a supervertex:
IEI [(01)] = E[ [<O-I)]1{D1S€NN1/(T_U}:| + E[ [(O‘I)]I{DI>3NN1/(V—1)}:| . (6.15)

If I is a normal vertex, then we bound the magnetization by forcing all spins of its
neighbors to be +1, which is the same as letting the magnetic field of its neighbors
Bj — oco. Denote the expectation under this measure by (-)*. By the second GKS inequal-
ity (Lemma 3.7),

EI |:<0-1>]1{DI§SNN1/(7—1)}] S EI [<01>+]1{D15eNN1/(1—1)}]. (6.16)

By forcing all spins of the neighbors of vertex I to be +1, the behavior of the spin at
vertex I only depends on the number of neighbors of I and is independent of the rest of
the graph. Hence, by Lemma 4.2,

]EI[(O-I)+]1{DI§£NN1/(T’1)}] = E[tanh(B + ﬁNDI)]l{DISSNNl/(T’U}]
<tanh(B) + ﬁN]E[Dl]l{D,SsNNU(T*U}]: (6.17)

where we used that tanh(B + x) < tanh(B) + x, which is true because % tanhx =1 —
tanh? x < 1. From Lemma 2.7,

BNE[D 1 <, nic-1y] < Cp o6 "By NE D = ¢ BeZ™™ =0(1). (6.18)

If I is a supervertex, we bound the value of its spin from above by +1, which is always
true. Hence,

E (o) e nic-ny] SEf[Lip oo nicny] < Cozen' PN =0(1), (6.19)

by Lemma 2.7. This proves the theorem.

6.5 Analysis for the erased configuration model

First of all, we show that the magnetization of the supervertices converges to 1 in proba-
bility:
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Proposition 6.3. Let my be the number of vertices with degree bigger than eyNY(*=1,
where gy \, 0, such that my — oo arbitrary slowly. Denote by V; the vertex with the i-th
largest degree. Then, for all i € [my]

(o) 251, (6.20)

for N — 0.

Proof. The bound
(oy)" <1, (6.21)

holds trivially, a.s. For the lower bound we partition the normal vertices uniformly at
random into my partitions of equal size. Denote these partitions by ITy,...,IT, . Note
that each of these partitions has ©(N/my) vertices in it, which converges to infinity.
We now only keep for all i the edges between vertex V; and vertices in I1;. Denote the
resulting Ising expectation by ().

In [19], it is shown that the number of normal vertices connected to a supervertex is
O(N) and hence the number of neighbors of V; in II; is ®(N /my ). Hence, the remaining
graph is a forest with my, trees in it, where each tree consists of a supervertex as root and
O(N /my) leaves attached to it. It thus follows from the GKS inequality and Lemma 4.2
that the magnetization of vertex V;

cN
(o) > (o) = tanh (B an (B)). (6.22)
my
It is easy to see that ﬂgﬁ (B) — o0, so that
my N
(oy) 1. (6.23)
O

We can now prove the theorem for the erased configuration model:

Proof of Theorem 6.2. If I(N) is a sequence of supervertices the theorem follows from
Proposition 6.3, since I(N)/logN — oo, a.s. Hence, we can assume that I(N) is a se-
quence of normal vertices. Again, we use that normal vertices only connect to superver-
tices. For these supervertices, we have seen in the previous proposition that its external
field goes to infinity a.s., and hence it follows from Lemma 4.2 that, conditionally on

DI(N))

(010))" = tanh (B + DI(N)[J’N) = tanh (B + f’ﬂﬁ), (6.24)
ogN
so that the theorem follows from the assumption on I(N).

Note that to be precise, the behavior of oy is not independent from the behavior of
the supervertices, but we can leave out vertex I(N) from the partitioning in the proof of
Proposition 6.3 and also keep the edges between vertex I(N) and the supervertices. Then,
the analysis in the previous proposition still goes through and the result still holds. O
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PHASE TRANSITION

We now return to the Ising model on random graphs with strongly finite mean. In this
chapter we start our analysis of the critical behavior by computing the critical tempera-
ture. Recall from Chapter 3 that the critical temperature (3, is defined as that value of 8
where the spontaneous magnetization changes from being positive to being zero, i.e.,

B, =inf{ : M(3,0") > 0}. (7.1)

7.1 Results

We first give an expression for the critical temperature:

Theorem 7.1 (Critical temperature). Assume that the random graph sequence (Gy)y>1 is
locally tree-like with asymptotic degree distribution P and is uniformly sparse. Then, a.s.,
the critical temperature f3. of (Gy )y>1 and of the random Bethe tree 7 (D, K, 00) equals

. = atanh(1/). 7.2)

Note that this result implies that when v < 1 there is no phase transition at positive
temperature. This region corresponds exactly to the regime where there is no giant
component in the graph, see Section 2.6. The other extreme is when v = oo, which is
the case, e.g., if the degree distribution obeys a power law with exponent T € (2,3].
In that case 8, = 0 and hence the spontaneous magnetization is positive for any finite
temperature.

We next show that the phase transition at this critical temperature is continuous:

Proposition 7.2 (Continuous phase transition). It holds that
lim E[&(h(B.,B))] =0, and lim E[E(h(B,0T)] =0. 7.3
M [E(h(B.,B))] Jim, [E(h(B,07))] (7.3)

7.2 Discussion

Regular trees. On the k-regular tree, finding a fixed point of the recursion (4.1) sim-
plifies to the deterministic relation

h=B+ (k — DE(R). (7.4)
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This makes it easy to analyse this case and tanh 8, = 1/(k — 1) can be obtained straight-
forwardly [16].

Deterministic trees. The critical temperature of the Ising model on arbitrary determin-
istic trees is computed in [76]. An important quantity in this computation is played by
the so-called branching number, i.e., the average forward degree, which can be properly
defined for arbitrary deterministic trees. This branching number replaces v in the for-
mula for the critical temperature above. The proof in [76] can easily be adapted for
our setting of random trees, and hence for random graphs, although certain parts can be
simplified as we show below.

Erdés-Rényi random graphs. The critical temperature for the Erdds-Rényi random
graph was already obtained in [96], by showing that at B = O the expression for the
pressure at high temperature, i.e., for f < f3., is not correct for § > f3,, thus proving that
B = B. is a point of non-analyticity.

7.3 Preliminaries

Recall that we have derived an explicit formula for the magnetization in Corollary 5.3(a),
which is obtained by differentiating the expression for the thermodynamic limit of the
pressure per vertex that was first obtained. We restate this result in the next proposition
and present a more intuitive proof of this result.

Proposition 7.3 (Magnetization). Assume that the random graph sequence (Gy)y>1 is
locally tree-like with asymptotic degree distribution P, where P has strongly finite mean,
and is uniformly sparse. Then, a.s., for all B > 0 and B > 0, the thermodynamic limit of the
magnetization per vertex exists and is given by

D
M(B,B)=E [tanh (B +> g(hi)) ] , (7.5)
i=1

where
(i) D has distribution P;
(ii) (h;);>1 are i.i.d. copies of the positive fixed point of the distributional recursion (4.1);
(iii) D and (h;);>; are independent.
The same holds on the random Bethe tree (D, K, 00).

Proof. Let ¢ be a vertex picked uniformly at random from [N] and E, be the corre-
sponding expectation. Then,

N

1
My(B.B) =~ > (o)) =Ey[{o,)]. (7.6)

i=1
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Denote by (-)**/f the expectations with respect to the Ising measure with +/free bound-
ary conditions on vertices at graph distance ¢ from ¢. Note that (O'¢>(’+/ f only depends
on the spins of vertices in B, (£). By the GKS inequality [71],

(o) <(oy) < (o). 7.7)
Taking the limit N — oo, the ball B, ({) has the same distribution as the random tree

I (D,K, 1), because of the locally tree-like nature of the graph sequence. Conditioned on
the tree &, we can prune the tree, see Lemma 4.2, to obtain that

D
(04)" = tanh (B + Z g(hg“))) . (7.8)
i=1
Similarly,
D 7
(04)t" = tanh (B + éj(hi“_”)), (7.9)
i=1
where hli(tH) also satisfies (4.1), but has initial value H'© = oo, Since this recursion has

a unique positive fixed point, see Theorem 4.1, we prove the proposition by taking the
limit £ — oo and taking the expectation over the tree 7 (D, K, 00). O

To study the critical behavior we investigate the function £(x) = atanh(f tanh x) and
prove two important bounds that play a crucial role throughout the rest of Part I in this
thesis:

Lemma 7.4 (Properties of x — &(x)). Forall x,f3 >0,

) p
P sa—m”

The upper bound holds with strict inequality if x, 8 > 0.

3 <E(x) < Bx. (7.10)

Proof. By Taylor’s theorem,

2
50 =EO)+EOx +E D (7.11)
for some { € (0, x). It is easily verified that £(0) =0,

B(1 — tanh? x)

_ =B, (7.12)
1—f2tanh®x |, P

£'0)=

and

2B(1 — f?)(tanh ¢)(1 — tanh?¢) <0

SO=- (1— f2tanh?{)?

R (7.13)

thus proving the upper bound. If x,8 > 0 then also { > 0 and hence the above holds
with strict inequality.



52 PHASE TRANSITION

For the lower bound, note that £/(0) = 0 and

" _ Zﬁ(l—ﬁz)(l—tanhz C) 52 2 52 4
SO = T Feramniry (1-3(1 - p*tanh?{ — B?tanh*¢)

20-FH(Q b)) 2P

— = —. 7.14
(1-p**(1-tanh®¢)  1-p2 71
Thus, for some ¢ € (0, x),
_ / " X2 " X3 > ) 2/3 X3
() =¢(0)+&(0)x +7(0)— +& (C)E_[a’x—l_—ﬁzg. (7.15)
O
7.4 Critical temperature
In this section we compute the critical temperature.
Proof of Theorem 7.1. Let f* = atanh(1/v). We first show that if 8 < %, then
Elgli%M(ﬁ,B)ZO, (7.16)

which implies that 3. > B*. Later, we show that if limg\ o M(8,B) = O then 8 < 3,
implying that 8, < f8*.

Proof of . > B*. Suppose that B < *. Then, by the fact that tanhx < x and Wald’s
identity,

D
M(B,B)=E [ tanh (B +> g(hi)ﬂ <B+E[DIE[{(h)]. (7.17)
i=1
We use the upper bound in Lemma 7.4 to get
E[£(h)] = E[atanh(f tanhh)] < BE[h] = B (B+vE[E(R)]). (7.18)

Further, note that
E[£(h)] = E[atanh(f tanhh)] < 3, (7.19)

because tanhh < 1. Applying inequality (7.18) £ times to (7.17) and subsequently using
inequality (7.19) once gives

1-(Bv)

M(B,B) < B +BPE[D]———— oy +BE[DI(Bv)". (7.20)
Hence,
_(ﬁ )E 5\
M(,B) < limsup (B +BBE[D]——*+ Gy + BE[D](Bv) )
{—00

) 1
=B(1+/3’IE[D]1_ -

), (7.21)
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because § < f8* = 1/v. Therefore,

. , ] 1y
El}lg})M([J’,B)S%{I}JB(l—i—[:}E[D]l AV)_o. (7.22)

This proves the lower bound on f..

Proof of B. < 3*. We adapt Lyons’ proof in [76] for the critical temperature of deter-
ministic trees to the random tree to show that 3. < *. Assume that limg\ o M(f8,B) = 0.
Note that Proposition 7.3 shows that the magnetization M (f3, B) is equal to the expecta-
tion over the random tree 7 (D, K, 00) of the root magnetization. Hence, if we denote the
root of the tree 7(D,K,o0) by ¢, then it follows from our assumption on M(f3, B) that,
a.s., limg\ o(oy) = 0.

We therefore condition on the tree T = F (D, K, o0) and assuming limg\ o(0y) = 0,
implies that also limg. o h(¢) = 0. Because of (4.1), we must then have, forall v € T,

lim lim k%" (v) =0, (7.23)
B\\0{—00

where we can take + boundary conditions, since the recursion converges to a unique
positive fixed point (Theorem 4.1). Now, fix 0 < B, < 8 and choose ¢ large enough and
B small enough such that, for some ¢ = ¢(f3,, ) > 0 that we choose later,

() <e, (7.24)

for all v € T with |v| = 1, where |v| denotes the graph distance from ¢ to v. Note that
h*(v) = 00 > ¢ for v € T with |v| = £.

As in [76], we say that IT is a cutset if IT is a finite subset of T \ {¢} and every path
from ¢ to infinity intersects IT at exactly one vertex v € I1. We write v < II if every
infinite path from v intersects IT and write o < IT if 0 < IT and o ¢ I1. Furthermore, we
say that w < v if {w, v} is an edge in T and |w| = |v| + 1. Then, since h®*T(v) =00 > ¢
for v € T with |v| = ¢, there is a unique cutset I1, such that h®*(v) < ¢ for all v < II, and
for all v € I there is at least one w « v such that h*(w) > ¢.

It follows from the lower bound in Lemma 7.4 that, for v <II,

R Bhl,+(w)3
HEW) =B )L R ) 2 3 B = S
510+ _ 82
szvﬂh (w)(l T —/5’2))’ (7.25)
while, for v €11,
Wt (v)=B+ ) E(tanhh(w)) > &(e). (7.26)
If we now choose ¢ > 0 such that
~ 82 ~
B p) <o 727
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which is possible because 8, < (3, then,

YO (7.28)

vell

Since &£(¢) > 0 and limg. o lim, ., h**(¢) =0,

inf) By =0. (7.29)

vell

From [77, Proposition 6.4] it follows that 3, < 1/v. This holds for all B, < 8, so
B < atanh(1/v) = B*. (7.30)

This proves the upper bound on f3., thus concluding the proof. O

7.5 Continuity of the phase transition

Proof of Proposition 7.2. Note that limg\ o E[E(h(f3;,B))] = ¢ exists, because B —
E[&(h(B.,B))] is non-decreasing and non-negative. Assume, by contradiction, that ¢ > 0.
By the recursion in (4.1), for B > 0,

K
BLEB 0 =5 | £ (B+ Y (B30 ) | < £ B+ vELEGP.BND, 731
i=1

where the inequality holds because of Jensen’s inequality and the concavity of h — &(h).
Hence,

¢ = lim E[£(h(6..B))] < lim & (B + VELE(h(B., B))] ) = E(ve). (7.32)

Since £(x) < B,x for x > 0 by Lemma 7.4 and using 3, = 1/v, we obtain
E(ve) < Bve =c, (7.33)

leading to a contradiction.
An adaptation of this argument shows the second statement of the lemma. Again
B — E[E(h(B,01))] is non-decreasing and non-negative and we assume that

[D}i\rl%CE[i(h([a’,O+))] =c>0. (7.34)

Then,
K
— . + _ . .
c= Jim EIE0(P,001 = fim Jm 3 €[5+ £0u(6,50)) |

< Jim lim £(B+VELE(R(B,BY]) = E(vo), (7.35)

leading again to a contradiction when ¢ > 0. O
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CRITICAL BEHAVIOR OF THE MAGNETIZATION

In the previous chapter we have computed the value of the critical temperature and
showed that this phase transition is continuous for B = 07 in the limit 8 \, . and for
B = B. in the limit B | 0. The question remains how fast this convergence is close to the
critical point. This can be described by the critical exponents 3 and § respectively, defined
in Definition 3.5. We compute the values of these critical exponents in this chapter.

8.1 Results

The values of the critical exponents 3 and § for different values of 7 are stated in the
following theorem:

Theorem 8.1 (Critical exponents 3 and ). Assume that the random graph sequence
(Gy)ns1 is locally tree-like with asymptotic degree distribution P that obeys E[K®] < oo or
a power law with exponent T € (3,5], and is uniformly sparse, or that the random Bethe
tree obeys E[K3] < oo or a power law with exponent T € (3,5]. Then, the critical exponents
B3 and 9§ defined in Definition 3.5 exist and satisfy

| 7€(3,5) E[K®] < o0
B 1/(t —3) 1/2
o T—2 3

For the boundary case T = 5 there are logarithmic corrections for 3 = 1/2 and § = 3.
Indeed,

M(B,07) = (%)m for B\ B., 8.1)
and B s
M(B.,B) = (m) for B\, 0. (8.2)

The proof of this theorem relies on Taylor expansions performed up to the right order.
For the k-regular random graph we can heuristically compute the critical exponents as
follows. In this case the recursion (4.1) is deterministic and becomes

h=B+ (k- 1)E(h), (8.3)
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and f3, = 1/(k — 1). Hence, by Taylor expanding £(h) as in Lemma 7.4,

I " . 1 "
S~ fh— 2B - B = BB + Bk — 1)&(h) — Atk BB+ (k = 1))’
S 1 R
~ BB+ B(k—1)E(h) - 20 - BHEMY, 8.9

where we ignored terms that converge faster to O for the limits of interest. When 3 > f3,
by definition limg\ o h = hy > 0, so after taking the limit B "\, 0 in (8.4) we can divide by
&(hy) to obtain

2} 1. @2 2
1~ pk—1)— 5/5(1—/3 )E(ho)", (8.5)

so that i
E(ho) ~ C(B(k— 1) = 1) = (B — B2 (8.6)
When we put = f3. in (8.4) for B > 0, we get

S 1. . . 1. .
E(he) ~ ﬁcB+f5c(k—1)€(hc)—gﬁ(l—ﬁz)é(hc)3 = ﬁcB+€(hC)—gﬁ(l—ﬁ’z)é(hc)3, (8.7)

so that
£(h,) ~ CBY3. (8.8)

The critical exponents are now obtained by observing that tanh(x) ~ x for x small.

This explains where the values for the critical exponents 3 and d come from, at least
in the case E[K®] < oo. For the critical exponents for the random graph we follow the
same strategy, but then h is a random variable and higher moments of £(h) appear by the
Taylor expansions. Therefore, we first bound these higher moments of £(h) in terms of
its first moment in Section 8.3. In Section 8.4 we use these bounds to give appropriate
bounds on E[&(h)] which finally allow us to compute the critical exponents 3 and § in
Section 8.5.

For 7 € (2,3], we have that §, = 0 as we have seen in the previous chapter. Therefore,
there is not really a phase transition in the sense that there is no point of non-analyticity
of the pressure and speaking about the critical behavior seems odd. Still, we can study
the behavior of M(3,0") as 8 \\, 0, now describing the behavior of the magnetization in
the infinite temperature limit.

Theorem 8.2 (Infinite temperature limit for T € (2,3]). Assume that the random graph
sequence (Gy)ys, is locally tree-like with asymptotic degree distribution P that obeys a
power law with exponent T € (2,3], and is uniformly sparse, or that the random Bethe tree
obeys a power law with exponent T € (2,3]. Then, for T €(2,3),

M(B,0%) =< gY/E), (8.9)

while for T =3,
Coefl/(cc[j) < M(ﬁ, 0+) < Coefl/(ceﬁ)’ (8.10)

for some constants 0 < ¢y, ¢,, Cy, C, < 00.

This theorem is proved in Section 8.6.
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8.2 Discussion

Relation to the physics literature. Theorems 8.1 and 8.2 confirm the predictions
in [40, 74]. For 7 = 5, in [40], also the logarithmic correction for 3 = 1/2 in (8.1)
is computed, but not that of § = 3.

Light tails. The case E[K>] < oo includes all power-law degree distributions with 7 >
5, but also cases where P does not obey a power law. This means, e.g., that Theorem 8.1
also identifies the critical exponents for the Erd6s-Rényi random graph where the degrees
have an asymptotic Poisson distribution.

Inclusion of slowly varying functions. In Definition 2.2, we have assumed that the
asymptotic degree distribution obeys a perfect power law. Alternatively, one could as-
sume that lek pe = LK)k~ for some function k — L(k) that is slowly varying at
k = co. For T > 5 and any slowly varying function, we still have E[K®] < oo, so the re-
sults do not change and Theorem 8.1 still holds. For 7 € (3, 5], we expect slowly varying
corrections to the critical behavior in Theorem 8.1. For example, E[K3] < oo for T =5
and L(k) = (log k)2, so that the logarithmic corrections present for T = 5 disappear.

Beyond the root magnetization for the random Bethe tree. We have identified the
critical value and some critical exponents for the root magnetization on the random
Bethe tree. The random Bethe tree is a so-called unimodular graph, which is a rooted
graph that often arises as the local weak limit of a sequence of graphs (in this case, the
random graphs (Gy)y>1). See [10, 17] for more background on unimodular graphs and
trees, in particular, 7 (D, K, 0c0) is the so-called unimodular Galton-Watson tree as proved
by Lyons, Pemantle and Peres in [78]. One would expect that the magnetization of the
graph, which can be defined by

, 1
MT(ﬁ,B)ztILrgom Z o, (8.11)

vEBy(t)

where B (t) is the graph induced by vertices at graph distance at most t from the root
¢ and |B,(t)| is the number of elements in it, also converges a.s. to a limit. However,
we expect that M;(8,B) # M(3, B) due to the special role of the root ¢, which vanishes
in the above limit. Thus one would expect that M;(f3, B) equals the root magnetization
of the tree where each vertex has degree distribution K + 1. Our results show that also
My (3, B) has the same critical temperature and critical exponents as M (3, B).

Mean-field values. Our results show that locally tree-like random graphs with finite
fourth moment of the degree distribution are in the same universality class as the mean-
field model on the complete graph, which is the Curie-Weiss model [16]. We further
believe that the Curie-Weiss model should enter as the limit of k — oo for the k-regular
random graph, in the sense that these have the same critical exponents (as we already
know), as well as that all constants arising in asymptotics match up nicely (cf. the dis-
cussion at the end of Section 9.4). These values are also the same for the Ising model on
7 for d > 4 with possible logarithmic corrections at d = 4 [3].
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Further, our results show that for T € (3,5], the Ising model has different critical
exponents than the ones for the Curie-Weiss model, so these constitute a set of different
universality classes.

Potts model. In [41], a mean-field analysis of the Potts model on complex networks
predicts that the system undergoes a first-order phase transition for ¢ > 3 and 7 > 3.
Hence, critical exponents for this model are not expected to exist. When 7 € (2, 3] the
critical temperature is again expected to be infinite so that a phase transition is absent.

8.3 Bounds on higher moments of £(h)

Throughout the rest of this chapter we assume that B is sufficiently close to zero and
B. < B < B, + ¢ for ¢ sufficiently small. We write ¢;,C;,i > 1 for constants that only
depend on 8 and moments of K, and satisfy

0 < liminfC;() < limsup C;(f8) < oo. (8.12)
BB B

c

Here C; appears in upper bounds, while ¢; appears in lower bounds. Furthermore, we
write e;,1 > 1, for error functions that only depend on f3,B,E[£(h)] and moments of K,
and satisfy
limsupe;(5,B) < o0 and lim e;(3.,B) = 0. (8.13)
B\,0 B\\,0

Finally, we write v;, = E[K(K —1)---(K — k + 1)] for the kth factorial moment of K, so
that v; = v.

Lemma 8.3 (Bounds on second moment of £(h)). Let 8 > 5. and B > 0. Then,

C,E[E(h)]* + Be, when E[K?] < oo,
E[E(h)*] < { GE[E(W]*log(1/E[E(R)])+Be, when T =4, (8.14)
C,E[E(R)]" 2 4 Be, when 7 € (3,4).

Proof. We first treat the case E[K?] < co. We use Lemma 7.4 and the recursion in (4.1)
to obtain

K 2
BLE) < FBi) = FE | (B+ Y 6k |
i=1

= B2 (B> + 2BVE[E(W)] + v,E[E(W)]* + vE[E(W)?]) . (8.15)
Since 1 — v > 0, because f is sufficiently close to f, and f, = 1/v < 1, the lemma
holds with ) y »
BB* +2B°vE[E(h
o= P2 g o, = BFPERPVELE®] 516
1—p?v 1-p%v

It is not hard to see that (8.12) holds. For e, the first property of (8.13) can also easily
be seen. The second property in (8.13) follows from Proposition 7.2.
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If T < 4, then E[K?] = 0o and the above does not work. To analyze this case, we
apply the recursion (4.1) and split the expectation over K in small and large degrees:

K 2 K 2
BLE) =B £ (B4 Y600 Lien | +E|£(5+ 2600 1] @17
i=1 i=1

We use Lemma 7.4 to bound the first term as follows:

K 2 e 5

E [5 (B + Zé(hi)) ]l{KSZ}:| <pB%E [ (B +Z g(hi)) ]1{,(5”} (8.18)
=1 =1

< * (B +2BvBE[E(h)] + E[K*1 < JELE(M]* + vE[E(R)]) .

For T € (3,4),
E[K*1g<p] < Cp o l*7, (8.19)

by Lemma 2.7, while for T =4,
E[K?*1 k<] < Cy4logl. (8.20)

To bound the second sum in (8.17), note that £(h) < 3. Hence,

K 2
B £(B+ 2600 Tien| < PEIa) < o™ 20
i=1

The optimal bound (up to a constant) can be achieved by choosing ¢ such that
(*"RE[E(R)]? and €2>7F are of the same order of magnitude. Hence, we choose { =
1/E[£(R)]. Combining the two upper bounds then gives the desired result with

1 R
_ - 2 2
Cr= 1= o (CoeB?+CosB?), (8.22)

where we have also used that E[£(h)]? < E[£(h)]?log(1/E[£(h)]), and

_ BB*+2B*vE[E(h)]
B 1-f2v ’

e (8.23)

O

Remark 8.4. In the previous lemma, we showed that the correct value for the truncation
is £ = 1/E[&(h)]. It turns out that this is always the correct order of magnitude, but we
sometimes need to truncate at £ = ¢/E[E(h)] for & small.

We next derive upper bounds on the third moment of &(h):

Lemma 8.5 (Bounds on third moment of §(h)). Let 8 > 8. and B > 0. Then,

GE[E(R)]® + Bes when E[K?®] < 00,
E[E(h)’] <{ GE[&(h)]°log(1/E[E(h)])+Be; when 7 =5, (8.24)

C3E[E(R)]" 2 + Bey when 7 € (3,5).
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Proof. For E[K®] < oo we bound, in a similar way as in Lemma 8.3,
E[E(R)*] <B® (33 +3B*vE[£(h)] + 3Bv,E[£(h)]* + 3BVE[E(h)?] (8.25)

+ v ELER] + 3v,E[EWIELERP] + VELER)]).
Using (8.14), we indeed get the bound

E[E(R)’] < GE[E(W)]° + Bes, (8.26)
where "
Cy= o (v3+3v,Cy), (8.27)
and
Q3
e3 = [5— (B2 +3Bve, + 3 (Bv +v4e5) E[E(M)] + 3 (vo +vCy) E[g(h)]z) . (8.28)
1— 3

For 7 € (3,5], we use the recursion (4.1) and the expectation split in small and large
values of K to obtain

K 3 K 3
E[£(h)°]1=E [f (B+Z f(hi)) 1{K§L1/E[§(h)]j}i| +E [5 (B+Z g(hi)) Il{K>[1/]E[§(h)]J}i| .

i=1 i=1
(8.29)
We bound the first sum from above by

K 3
B°E [ (B + Z ﬂhJ) ]l{K<L1/IE[§(h)]J}}

i=1

=B (33 + 3BE[K 1 i< |1/grecuy JELE(M)] + 3BE[K (K — D1 <1 /mrecry JELE ()]
+ 3BE[K 1< |1/e1za013 JELE ()] + E[K (K — 1)(K — 2)L < |1/z1z001 JELE(M)]?
+ 3E[K(K — D1 g <1/ JELE(WIE[E ()] +]E[K]I{KSLI/JE[g(h)]J}]E[‘g(h)g])'

By Lemma 2.7, for T € (3,5),

E[K* L <pr/eream] < Ca-E[E(R]72, (8.30)
while, for T =5,
E[K*1x<p1/ereamy] < Cas (1+1og(1/E[E(MD)) . (8.31)
Similarly, by Lemma 2.7, for T € (3,4),
E[K* L g <p1/eream)] < CoE[E(R]T, (8.32)
while, for T =4,
E[K*Lx<|1/ezm1)] < Caa (1+10g(1/E[E(R)])) . (8.33)

For the other terms we can replace the upper bound in the sum by infinity and use
the upper bound on E[£(h)?] of Lemma 8.3. For the second sum in (8.29) we bound
&(x) < B, so that this sum is bounded from above by C, . E[& (W)]7~2. Combining these
bounds gives the desired result. O
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8.4 Bounds on the first moment of &(h)

Proposition 8.6 (Upper bound on first moment of (h)). Let 8 > 8, and B > 0. Then,
there exists a C; > 0 such that

E[£(h)] < BB + BvE[E(R)] — CE[E(R)]°, (8.34)
where
3 when E[K3] < o0,
0= (8.35)
7—2 when 7 €(3,5].
For v =35, )
E[E(h)] < BB+ BvE[E()] — CE[E(W)]° log (1/E[E(W)]). (8.36)
Proof. We first use recursion (4.1) and rewrite it as
K
BLE) = | £ (B+ Y600 ) | = B+ AvELEG) + 13+ 7, (68.37)
i=1
where X
7, =E[£(B+KE[EMW]) - B (B+KELEMD |, (8.38)
and B
=8| &(B+ Y60 ) -+ KELEMD | (8.39
i=1

Here, T; can be seen as the error of a first-order Taylor series approximation around 0 of
& (B+KE[&E(h)]), whereas T, is the error made by replacing &(h;) by its expected value
in the sum. By concavity of x — &(x), both random variables in the expectation of T;
and T, are non-positive. In particular, T, < 0, which is enough for our purposes. We next
bound T; in the cases where E[K3] < 0o, T €(3,5), and T = 5 separately.

Bound on T; when E[K3] < co. To bound T; for E[K?] < co we use that, a.s.,

& (B+KE[E(M]) — B (B+KE[E(W)]) <0, (8.40)
which follows from Lemma 7.4. Hence,
7, < E[ (£(B+KELEM)]) — f (B+KE[EMD) Ly xnpempemanty | - (84D
Since £”(0) = 0, it follows from Taylor’s theorem that, a.s.,
34(e

E(B+KE[EW]) - B(B+KE[E()]) = (B+KE[E(R)])?, (8.42)

6
for some { € (0,B+ KE[E(h)]). If B+KE[E(R)] < atanh%, then

2B(1 - (1 —tanh? )
(1 - f2tanh? )3

9 -
<-—B0 - (8.43)

£ =~ (1-3(1—p*)tanh’{ — B tanh* ¢)
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Hence,
3 - 22 3
Ty < == B = BE | (B -+ KELEMD Lip,kerzimsoannty

3 . -
S _6_4[5(1 - ﬁZ)E[Kg]l{KE[g(h)]Satanh%_B}]E[g(h)]B- (8.44)
Bound on T; when 7 € (3,5]. For 7 € (3,5], we make the expectation over K explicit:
7, = pe (E(B+KE[E(W]) - B (B+KE[ER]D)), (8.45)
k=0

where it should be noted that all terms in this sum are negative because of Lemma 7.4.
Define f (k) = £ (B + kE[&(h)])— 8 (B + kEE[£(R)]) and note that f (k) is non-increasing.
We use (2.15) and Lemma 2.6 to rewrite

T, = gf(k)pk = F(0)+ Y [f (k) = f (k= D]psy

k>1

<FO) +c, Y LFU)— fk— DIk +1)"C2. (8.46)

k>1

Then, use (2.15) in reverse to rewrite this as

Ty < f(0)+¢, D FIRIK 2 = (k+1)" 2]

k=0
<FOXA—c, D k™) + (7= e, D fUk+1)"D, (8.47)
k>1 k=0

Hence, with e = f(0)(1 ¢, Y },o, kK 7)/B,

T; < eB+ (7 — 1)c, (B[EM])™!
x D ((k+ DEEMD ™D (£ (B +KELER)]) — B (B + KE[E(W)]))
k=0

<eB+ (7 —1)c, (B[E(M)]™ (8.48)

b/ELE()] X
x> (KE[ERD ™V (£(B+KE[E(W]) - (B +KE[ER)]D)),

k=a/E[E(h)]

where we choose a and b such that 0 < a < b < co. We use dominated convergence
on the above sum. The summands are uniformly bounded, and E[&(h)] — O for both
limits of interest. Further, when kE[&(h)] = y, the summand converges pointwise to
y D (5 B+y)-B(B+ y)) Hence, we can write the sum above as

E[a(h)]l( f

where o(1) is a function tending to zero for both limits of interest [67, 216 A]. The
integrand is uniformly bounded for y € [a, b] and hence we can bound the integral from

b
y "V (eB+y)-B(B+y))dy+ 0(1)), (8.49)



8.4 BOUNDS ON THE FIRST MOMENT OF &(h) 63

above by a (negative) constant —I for B sufficiently small and f sufficiently close to f,.
Hence,

E[E(M)] < BB+ BvE[E(h)] — (7 — 1)c, IE[E(W)]7 2. (8.50)

Logarithmic corrections in the bound for T =5. We complete the proof by identifying
the logarithmic correction for 7 = 5. Since the random variable in the expectation in T;
is non-positive, we can bound

T; <E[£(B+KE[EM]) - B (B+KE[E(MD Lix<e/prean; | - (8.51)

Taylor expanding h — &(h) to third order, using that £(0) = £”(0) = 0, while the linear
term cancels, leads to

£"(Q)
6

T, <E [ (B+KE[E(W)])? 1{K55/E[§(h)]}j| , (8.52)

for some ¢ € (0,KIE[£(h)]). On the event that K < ¢/E[&(h)], we thus have that { €
(0,¢), and £"'({) = ¢, = inf, (o) £ (x) when ¢ is sufficiently small. Thus,

T, < %E [(B+KE[EMD) Tig<e/mrzn | (6:59)
< %E[g(h)]BE [K(K - 1)K — 2)1{K56/E[§(h)]}:| )

When T =5, it holds that £ [K(K —1)(K - Z)E{ng}] > c35logl, as we show now. We
compute, using (2.15) with f (k) = k(k — 1)(k — 2),

00 { 00 {
E[K(K - 1)K = 2)Lyey ] = D LF0) = flk=1ID o= 3k —1)(k—-2)>_p.
k=1 i=k k=3 i

i=k
(8.54)
We bound this from below by
i
E [K(K = 1)(K = 2Ly ] = 30k — 1)k = 2)[psi — el (8.55)
k=0
By Lemma 2.6, for 7 = 5, the contribution due to p, is at most
Ppsy < C 32 =0(1), (8.56)

while the contribution due to ps; and using 3(k — 1)(k — 2) > k? for every k > 4, is at
least

Vi Vi+1 dx
cka_l Zcpf Ych[log(\/z+ 1) —log4], (8.57)
k=4 4
which proves the claim by choosing the constant c; 5 correctly. O

Proposition 8.7 (Lower bound on first moment of &(h)). Let 3 > 3, and B > 0. Then,
there exists a constant C, > 0 such that

E[E(R)] = BB + BVE[E(h)] — c;E[E(h)]° — Be,, (8.58)
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where

3 when E[K3] < o0,
0= (8.59)
7—2 when 7 €(3,5).

For T =35,

E[E(M)] = BB+ BVE[E(h)] — CE[E(R)]* log(1/E[E(R)]) — Be;. (8.60)

Proof. We again use the split in (8.37) and we bound T; and T,.

The lower bound on T;. For E[K?] < 0o, we use the lower bound of Lemma 7.4 to get

B 3
T,>2———E|(B+KE[&(h . (8.61)
D € [E)]
By expanding, this can be rewritten as
T, > —LA]E[K:“]E[g(h)]?’ — Be,. (8.62)
3(1-p2)
For T € (3, 5], we first split T; in a small K and a large K part. For this, write
t;(k) = & (B+KE[E()]) — B (B +KE[E(R)]). (8.63)
Then,
T, =E[6,(K)] =E [ (K) e mrzon | + B [ 6K Lgse/mrzmny | - (8.64)
To bound the first term, we again use (8.61):
p 3
E [ 630 gsemiznn | = —mE [(B+KE[EMWD Lig<esereay |- (8:65)

It is easy to see that the terms B°E I:]l{K>£/]E[§(h)]}:| and 3B%E[&(h)]E [K]I{ng/]E[g(h)]J
that we get by expanding the above are of the form Be. To bound the other two terms,
we use Lemma 2.7 to obtain, for ¢ <1,

3BE[£(R)]°E [K?] when 7 € (4,5],
3BE[E(WI°E [K*Lig<e/mizany | S | 3BCosE[E(W)]?1og(1/E[E()]) when T =4,

3BC, E[E(R)]" 2 when 1 € (3,4),
(8.66)
which are all of the form Be, and

C3sE[E(M)]° log(1/E[E(R)]) when T =5,

E [K*1 jke/prean | ELEM)® <
Ca ELE (W] when © € (3.5).

(8.67)
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To bound T; for large K, we observe that

E I:tl(K)Il{K>e/]E[§(h)]}j| > —BBE[L ks /ezn] — BEIEMIEIKL o e /mrey;]-  (8.68)

Applying Lemma 2.7 now gives, for T € (3, 5]

E [ 6;(K)Lggse/mrzoy | = —BBCo E[E(M]™* - BC, E[E(R)]™>
=—C,E[£(h)]" "2 — Be,. (8.69)

The lower bound on T,. To bound T,, we split in a small and a large K contribution:

Ty = Elto(K)Lik<e/premmn] + Elta(K)Lgsepremnl =15 + 15, (8.70)
where
k
00 = &(B+ Y600 | ~ (B + KELE(RD). 8.7
i=1
To bound T, , we note that
to(k) = =, (8.72)
so that
Ty > —BE[ e /erzan] = —CsE[ER)]T273, (8.73)

where we have used Lemma 2.7 in the last inequality and the Markov inequality when
E[K3] < oo.

It remains to bound T;. This can also be seen as a Taylor expansion of &(B +
Zle &(h;)) around B + KE[E(R)]. Note that, a.s.,

K
| &6 +katzoD)( Y e - ketemi ) | x| <o, (8.74)
i=1

and hence also the expectation over K of the above equals 0. Thus, for some { €

(B+3, £, B+ KELEM)),

— [5”(()

2

(Zi(h) KE[i(h)]) H{K<£/E[£(h)]}] (8.75)

We use that, for some { in between B + Zle &(h;) and B + KE[&E(R)],

(02 - 2/5[3 (B+Z§(h)+m[£(h)]) (8.76)
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to obtain

K K 2
1y 2~ | (B 3 s + kL) ) (2 £h0 - KEFEN ) Tiecuerso |
i=1 i=1

B

> s (BVE (€00~ ELEM] + EUCN s gy [(60) ~ BLE0)]
+ 2B [K* Ly <o e JELEM]E [(E(R) — E[E(M])?] )
> H—Lﬁz (Ble[i (h)*]+ 2E[K* L <o mpz o JELE(WIELE (R ] +VE[E (h)3]).
(8.77)
Using the bounds of Lemmas 8.3 and 8.5 we get,
- 1_6/32 (2E[K*]1C, + Csv) E[E(W)]° — Bes when E[K*] < oo,
Ti>{ - 1_,;/32 (2E[K*]C, + C3v) E[E(W)] log(1/E[E(R)]) — Bes when T =35,
— L5 (Cy .+ Cov) ELEMW]™ ~ Beg when 7 € (3,5),
(8.78)

where CQ,T = E[K?]C, for T € (4,5) and Cé,T = C, for T € (3,4]. Here, we have also
used that (a) E[£(h)]* < E[£(R)]* log(1/E[£(h)]) for T = 5; (b) E[E(W)]® <E[E(h)]™>
for 7 € (4,5]; and () E[K*1 k<. /gremy; JE[E(M)] < ev < v for T € (3,4].

Combining the bounds on T; and T, gives the desired lower bound on E[§(h)]. O

8.5 The critical exponents 3 and 0

It remains to show that the bounds on E[&(h)] give us the desired result:

Theorem 8.8 (Values of 3 and 8). The critical exponent 3 equals

[ 1/2 when E[K3] < oo,
B= { 1/(t—3) when € (3,5), (8.79)
and the critical exponent § equals
(3 when E[K3] < o0,
6= { T7—2 when 7 €(3,5). (8.80)
For T =35,
B—B. "
M(B,0%) = (m) for B\ B, (8.81)
and 5 13

Proof. We prove the upper and the lower bounds separately, starting with the upper
bound.
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The upper bounds on the magnetization. We start by bounding the magnetization
from above:

M(B,B)=E [ tanh (B +>. £(hi)” <B+E[DIE[E(R)]. (8.83)
i=1

We first perform the analysis for 3. Taking the limit B N\ 0 in (8.34) in Proposition 8.6
yields X
E[£(ho)] < BVE[E(he)] — C1E[E(ho)]%, (8.84)

where hy, = h(f3,0"). For 8 > f3,, by definition, E[£(hy)] > 0 and thus we can divide by
E[&(hy)] to obtain

Elg(host < 220 (8.55)
G
By Taylor’s theorem, A A
Bv —1=v(1 - BB — B (8.86)
Hence,
1— B2\ V6D
lmamﬂs(ﬂigﬁi) (B — BV (8.87)
1
Using that 8=1/(d — 1),
1-8)"
M(B,0") < E[D] (w) (B - B, (8.88)
1
from which it easily follows that
+
lim sup M(p,0") (8.89)

T (B—pop ™

We complete the analysis for 3 by analyzing T = 5. Since (8.34) also applies to T =5,
(8.89) holds as well. We now improve upon this using (8.36) in Proposition 8.6, which
yields in a similar way as above that

B[E(h )P < — Y=L
C, log(1/E[ECho)])

Since x — 1/log(1/x) is increasing on (0,1) and E[&(h,)] < C(B — B.)"/? for some
C > 0, we immediately obtain that

(8.90)

pv—1 < Bv—1
Cylog(1/E[E(he)]) ~ Cylog(1/[C( — BIY?1)

Taking the limit of 8\, . as above then completes the proof.
We continue with the analysis for §. Setting 8 = f3, in (8.34) and rewriting gives

E[E(hy)]* < (8.91)

50\ 1/
E[£(h)] < (g—) B/?, (8.92)
1
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with h, = h(f3., B). Hence,

M(B.,B) <B+E[D] (g—) BY9, (8.93)
1
so that, using 1/d < 1,
M(p.,B)
li — < 0. 8.94
HI?\S;)JP 1/ 00 (8.94)

The analysis for é for T =5 can be performed in an identical way as for 3.

The lower bounds on the magnetization. For the lower bound on the magnetization

we use that
d2
F) tanhx = —2tanh x(1 — tanh? x)>-2, (8.95)
X

so that
tanhx > x — x2. (8.96)

Hence,

D 2
M(p.5)= 5+ EDIBLEm] ~E| (5+ 60 ) |
i=1

> B +E[D]E[{(h)] — Beg — E[D(D — 1)]E[£(W)]* — E[D]C,E[£(R)]*" 2
=B+ (E[D] — e;)E[£(h)] — Beg, (8.97)
with a A b denoting the minimum of a and b, because E[£(h)] converges to zero for both

limits of interest.
We again first perform the analysis for 3 and T # 5. We get from (8.58) in Proposi-

tion 8.7 that
A1\ V@D
E[&(ho)]z(ﬁ - 1) ( “C p )) B - B.°, (8.98)
1

1

where the last inequality holds because, by Taylor’s theorem,

Bv —1=v(1-B>(B - B). (8.99)
Hence,
o M(B,0Y) v(1-p)"
IR})’I}f G —p. )ﬁ >E[D] (T) > 0. (8.100)

For T = 5, we note that (8.60) as well as the fact that log1/x <A,x~¢ for all x € (0,1)
and some A, > 0, yields that

3., 1/(2+¢) 1/(2+4¢)
E[&(hy)] = (/31: 1) > ( va-p )) (B — BV, (8.101)
eC1 A
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Then again using (8.60) yields, for some constant ¢ > 0O,

pv-1 2 B—B.
> T o A A~~~ .
Flelho)) = (q log(l/E[a(hom) > omy) - O

once more since x — 1/(log(1/x)) is increasing.
We continue with the analysis for §. Again, setting 8 = (3, in (8.58), we get

[3 e 1/6

E[E(h)] > (—CC 1) BYS, (8.103)
1
from which it follows that
5\ 1/8

.. .M(B.,B) Be

el s e
11]1311\151f Bs > E[D] (Cl >0, (8.104)

as required. The extension to T = 5 can be dealt with in an identical way as in (8.101)-
(8.102). This proves the theorem. O

8.6 Infinite temperature behavior for T € (2, 3]

We start with proving the upper bound:
Proposition 8.9 (Upper bound for T € (2,3]). For T €(2,3),
M(B,0%) SE[D](Cy .z + Co ) /C P pYE), (8.105)

while for T = 3,
M(B,0%) < E[D]e~ Y/ (Cis+Cos)P) (8.106)

Proof. We bound the first moment of £(h) by splitting the analysis for K small and K
large:

K
Bl = £ B+ Y €00 ) | (8.107)
=1

K K
=E [5 (B + Zi(hi)) ﬂ{Kgl/E[g(h)J}] +E [5 (B + Z g(hi))]l{K>1/E[§(h)]}i| .

i=1 i=1

For the small K term, we use the upper bound of Lemma 7.4:

K
E[g(BJr g(hi))]liKﬂ/lE[s(h)]}} < BB+ BE[K L k<y/ereon]ELE(R]  (8.108)
i=1

and for the large K term we use §(h) < 8 a.s.:

K
E [5 (B + Z i(hi)) 11{K>1/E[5(h)1}] < BE[Lgk>1/eremn - (8.109)
i=1
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Combining the above two equations and applying Lemma 2.7 gives, for T € (2, 3),
E[(h)] < BB+ B(Cy . + CoEE (W72, (8.110)

where we also used that § < 8. Taking the limit B \, 0 and dividing by E[&(hy)] then
gives
E[E(ho)] < (Cyr + Co ) /CPBYE™™, (8.111)

Observing that

D
lim M (5, B) = lim E[tanh (B T ;g(hi))] < lim B+ E[D]E[E ()] = E[DIE(E(ho)],

(8.112)
now gives the desired result for 7 € (2, 3).
Applying Lemma 2.7 for T = 3 gives
E[E(0)] < BB+ BCyELEM] log(1/E[E()]) + BCoaEIEM)]
< BB+ B(Cy3+ Com)ELE(M)] log(1/ELEM)]). (8.113)
Again taking the limit B | 0 and dividing by E[&(h,)] gives
E[E(hg)] < e/ Gataalf), (8.114)
which gives the desired result after plugging this into (8.112). O
It remains to compute the lower bound:
Proposition 8.10 (Lower bound for 7 € (2,3]). For T €(2,3),
M(B,0%) = coB/), (8.115)
for some constant 0 < ¢, < 0o, while for T =3,
M(,07) > coe™ /P, (8.116)

for some constants 0 < cg, c, < 00.

Proof. We can bound

K K
E[E(]=E [5 (B +y. g(hi))] >E [5 (Z §(hi)) ]1{K§€,E[g(h)]}} . (8.117)
i=1 i=1

We use a Taylor expansion up to the second order and use that £”({) > —28/(1 - f3%) to
obtain

K
E [5 (Z ﬂhﬂ) 1{K58/E[€(h)]}:|
i=1
R K [3 K 2
>E [ (/5 > e - 5 (Z i(hi)) ) ]l{KSs/JE[i(h)]}]
i=1 i=1

= /gE[K]I{KSs/lE[i(h)]}]E[g(h)] - 1_L/32E[K(K — D1 g<e/preeon JELE(]?

— E[K1g<e/ereaon JELE(R)?]. (8.118)
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For a lower bound on the truncated first moment of K note that

L£] L] Le
E[K]I{Kse}] = kak =
k=1 k

L5¢

]
[Pk —Pse)s  (8.119)

J 1¢]
Pk = Z[pzk — P> 2
k k=1 k=1

=1 i=
for some 0 < § < 1. From Lemma 2.6 we know that
ok T < pu <C kT, (8.120)

Hence, for 7 € (2, 3),

Lo¢] 50
E[KLy<n] = ¢, > kD —5C, 07 > ¢, J k™ 2dk — 5C, 0%
k=1 1

— ‘p 3—7 3—7
=5 ((66y 7" —1)—5C, %, (8.121)

which gives, by choosing é small enough,
E[K1y<p] > 0057, (8.122)

for some constant c; . > 0.

The other truncated moments in (8.118) can be bounded using Lemma 2.7. Further-
more, we use that £(h) < 8 a.s., so that E[£(h)?] < BE[E(h)].

Using all these bounds on (8.118) gives, for T € (2,3),

3-13 T2 C2,784_T 2 T2 ﬁ€3—7 2] T2
ELE(R)] = ¢1 " " BELE(R)] " — 1_—[5,2/51@[5(}1)] T pe BE[E(h)]
C R /5 TR T— T—
= (1= 125~ T )¢ TPELEWIT 2 e pELEWITE (8129

for some ¢; > 0 if € and 8 are small enough. Taking the limit B \ 0 and dividing by
E[&(hy)] then gives
E[E(ho)] = ;77 M, (8.124)

To show that the magnetization has the same behavior, we truncate and use that tanh x >
2
X —Xx°,

D D
M(ﬁ,B) =E |:tanh (B +Z€(h1))i| >E [tanh (Z g(hl)) ]l{DSI/]E[g(h)]}]
i=1 i

i=1

D D 2
=E [ (Z &)~ (Doem) ) ]l{Dsl/lE[i(h)]}}
i=1 i=1
=E[D1p<1/mrzamn]ELE(M)] = E[D(D — D1ip<yrrzgy ELE(R)]?
—E[D1p<1 gz JELE ()] (8.125)
Using Lemma 2.7 and &(h) < 3, we get
M(B,B) 2 E[D1p< gz JE[E(W)] = Ca (E[E(]™ ™ — E[DL <y /e JELE ()]
> ((1 = BEDLp<ysiean] — CoB77%) E[E(R]. (8.126)
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Taking the limit B\, 0 and plugging in (8.124) gives the result.
For T =3,

L£] L4

E[Klg<y]= Z[sz —psl=c, Z k2 —c,
k=1 k=1

i
>c, f k~'dk—C, =c,logl — C, > c; 3log, (8.127)
1

for £ large enough and some c; 5 > 0. The rest of the analysis is similar to that of the case
where 7 € (2, 3). O
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CRITICAL BEHAVIOR OF THE SUSCEPTIBILITY

We now turn to the critical behavior of the susceptibility. It is expected that the suscep-
tibility y(f,0") blows up as 8 — f3,. We show in this chapter that this is indeed the
case, proving that the phase transition is of second order, because the second derivative
of the pressure with respect to B is non-analytic in (3., 0"). We also quantify how fast the
convergence to infinity is in the high-temperature regime, i.e., for § 8., by identifying
the critical exponent ~. For the low temperature limit 8\ 8, we are not able to compute
the critical exponent «’, but we do give a lower bound and present a heuristic argument
why the corresponding upper bound should also hold.

9.1 Results

For the susceptibility in the subcritical phase, i.e., in the high-temperature region 8 < 3,
we can not only identify the critical exponent «, but we can also identify the constant:

Theorem 9.1 (Critical exponent ~). Assume that the random graph sequence (Gy)y>1
is locally tree-like with asymptotic degree distribution P that obeys E[K] < oco. Then, for

B <P

E[D]p

0 =1 —. 1
2(B,07) =1+ — 5 9.1

In particular;

. E[D]f.
+ — =
Jim x(B,07) (B~ B) =1 P (9.2)
and hence

~v=1. (9.3)

For the supercritical susceptibility, we prove the following lower bound on ~+’:

Proposition 9.2 (Critical exponent v’). Assume that the random graph sequence (Gy)y>1
is locally tree-like with asymptotic degree distribution P that obeys E[K3] < oo or a power
law with exponent T € (3,5]. Then,

v > 1. 9.4
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9.2 Discussion

Mean-field values. The above result shows that the critical exponent ~ has the same
value as in the Curie-Weiss model [16] for all locally tree-like random graphs with finite
second moment of the degree distribution. Again, these values are also the same for the
Ising model on Z¢ for d > 4 [2] with possible logarithmic corrections at d = 4 [4]. The
mean-field value for v’ is also equal to 1 [16], but we are not able to prove this for our
model.

The critical exponents 4’ and other critical exponents. Proposition 9.2 only gives a
lower bound on the critical exponent ~’. It is predicted that 4/ = 1 for all T > 3, while
there are also predictions for other critical exponents. For instance the critical exponent
o’ for the specific heat in the low-temperature phase satisfies o’ = 0 when E[K®] < oo
and o’ = (7 — 5)/(7 — 3) in the power-law case with T € (3,5) (see [40, 74]). We prove
the lower bound +’ > 1 in Section 9.4 below, and we also present a heuristic argument
that 4/ < 1 holds. The critical exponent o’ for the specific heat is beyond our current
methods, partly since we are not able to relate the specific heat on a random graph to
that on the random Bethe tree.

9.3 The critical exponent y

The proof is divided into three steps. We first reduce the susceptibility on the random
graph to the one on the random Bethe tree. Secondly, we rewrite the susceptibility on
the tree using transfer matrix techniques. Finally, we use this rewrite (which applies to
all f and B > 0) to prove that v = 1.

Reduction to the random tree. Let ¢ denote a vertex selected uniformly at random
from [N] and let E,, denote its expectation. Then we can write the susceptibility as

1 & N
= 2 (0050, = (000, 0, ) =E, [Z (104013, = (05D, <aj>uN)}
ij=1 -
J J (9.5)
Note that
(o),
(Uiaj)HN - <Gi)HN (O-j)PLN = OB.: > (96)
J

which is, by the GHS inequality [58], decreasing in external fields at all other vertices k €
[N]. Denote by (-)**/f the Ising model with +/free boundary conditions, respectively, at
all vertices at graph distance t from ¢. Then, forall t > 1,

N
XNZ]E¢[Z(<0¢01>;:_(0-4’);:(0-1);:)}' ©.7)

j=1

By introducing boundary conditions, only vertices in the ball B, (t) contribute to the sum.
Hence, by taking the limit N — oo and using that the graph is locally tree-like,

X ZE[Z (<O-¢O-j>t’+_<O'¢>[’+<0'j>t’+):|, 9.8)

JET,
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where the expectation now is over the random tree T, ~ (D, K, t) with root ¢.

For an upper bound on y, we use a trick similar to one used in the proof of [34,
Corollary 4.5]: Let B; =B if j € B,(¢) and B; =B+H if j ¢ B,(¢) for some H > —B.
Denote by (), the associated Ising expectation. Then, because of (9.6),

] | ©.9)
H=0

0
Bs| 3 (0400 —lo)00) | =By | srloahn
J#B:(¢)

By the GHS inequality, (o) is a concave function of H and hence,

i 2
Eg [—<0'¢>H } <E, [E ((0'¢)H=0 - (0'¢>H=—B/2)] . (9.10)

JH H=0

Using the GKS inequality this can be bounded from above by

2 2
Ey [E ((%)Eio - <U¢>§}i_3/2)] =Eq4 [E ((og)t - <0¢>f’f)} , (9.11)

where the equality holds because the terms depend only on the system in the ball B,(¢)
and hence not on H. By letting N — oo, by the locally tree-likeness, this is equal to

;E[(<‘7¢>t’+—(%>t’f)]’ 9.12)

where the expectation and the Ising model now is over the random tree T, ~ J(D,K, t)
with root ¢. From Lemma 4.3 we know that this expectation can be bounded from above
by A/t for some constant A= A(f3,B) < co. Hence, if t — 00,

flinQoE[Z (<‘7¢‘71>t’+ - <0¢)t’+<‘71>t’+)} <x (9.13)
JET,
= tlggoE[Z (<O-¢O-J'>t’f - (O-¢>t’f<0'j>t’f)j| .
JET,

Rewrite of the susceptibility on trees. It remains to study the susceptibility on trees.
For this, condition on the tree T.,. Then, for some vertex j at height £ < ¢t in the tree,
denote the vertices on the unique path from ¢ to j by ¢ = vy, v,...,v, = j and let, for
0<i=<{ S = (0y,...,0,). We first compute the expected value of a spin o, on
this path, conditioned on the spin values S.;_;. Note that under this conditioning the
expected spin value only depends on the spin value o, and the effective field h, =
hi’i”f obtained by pruning the tree at vertex v;, i.e., by removing all edges at vertex v;
going away from the root and replacing the external magnetic field at vertex v; by h,,
which can be exactly computed using Lemma 4.2. Hence,

i

eﬁgvi—l +hvi — eiﬁavi,l 7hv~

(0,18<i-1) 5 = (9.14)

eﬁavi—l +hy, + eiﬁo‘/i—l ~hy; ’
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We can write the indicators 1y, =1} = %(1 +0,_ ), so that the above equals

1 Py _ =B, e Bthy _ oBhy,
2o R T e

1 [ Pty — g=B—y =Bty _ By,
:O.VI—IE -

eﬂ+h‘/i + efﬁfhvi efﬁ"’hvi + eﬁfhvi (9'15)

1 eﬁ+h"i —_ e_ﬂ_h"i e_ﬁ+hvi —_ eﬁ_h"z
PN e = e v

By pairwise combining the terms over a common denominator the above equals

1 (6/3+hv,- — e Py )(e—ﬁ+hvi + By ) — (e—ﬁ+hvi — efhy )(eﬁ+hvi + e—fo’—hvi)

vy (P + e Py (e P 4 P

N l (eﬁ+hvi — e BNy )(e_ﬁ+hvi + BNy )+ (e_ﬁ+hvi — eP~hy )(eﬁ+hvi + e_ﬁ_hvi)
2 (P e P )(e Pty 4 PP

(9.16)
By expanding all products, this equals, after cancellations,
e2f e e e
1
N G2 4 g 2B 4 B 4 o P | 2B 4 ¢ 2B 4 P 1 P, ©17
_ sinh(2f) sinh(2h,, )
= T cosh(28) + cosh(2h, )  cosh(2f) + cosh(2h, )’

Using this, we have that

(crw)”/f = ((0W|55€_1)t,+/f>t,+/f

- E+/f sinh(28) sinh(2h,,)
) cosh(28) +cosh(2h,,) = cosh(2) + cosh(2h,,)’ ©-18)

Applying this recursively, we get

¢ .
h(2
(0, = (0, ]| sinh(28)
i=1

_J cosh(28) + cosh(2h, ) (9.19)
n é sinh(2h,,) : sinh(28)
P (cosh(2/5) +cosh(2h,,) 1.1 cosh(2f) + cosh(2h,,) ) )
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Similarly,
e .
ol sinh(23)
(0y,04,) <Uv0 (UVU !:1[ cosh(23) + cosh(2h,, )
sinh(2h,,) : sinh(2f3) L
+ ; (cosh(2/3) + cosh(2h,,) kgl cosh(23) + cosh(2h,, ) ) ) >

] .
_ l_[ sinh(2f) 9.20)
i=1

cosh(23) + cosh(2h,, )

¢ sinh(2h,,) : sinh(23)
t+/f :
o) ; (cosh(Z[a’) + cosh(2h,,) l_[ cosh(2f8) + cosh(2h,, ) ) '

k=i+1

Combining the above yields

{ .
(0,,0,) 0 — (0, )+ (o, )it/ = (1 _ (<‘7vo)t’+/f)2) l_[ sinh(28)

0 i1 cosh(2f3) + cosh(2h,,) )
(9.21)
By taking the limit t — oo, we obtain
Ljl :
sinh(2f3)
=E 1- 2 . 22
x []; ( (03,) ) 1:1[ cosh(2f8) + cosh(2hvi)] (9.22)
Finally, we can rewrite
sinh(2f) _ 2sinh(f3) cosh(f) _ [3 9.23)
cosh(2f) +cosh(2h,)  2cosh(f)? — 1 +cosh(2h,) 1 4 <osh@h)-1° '
2 cosh(f3)?
so that
L cosh(2h,) —1+-1
x(ﬁ,B)zE[@—(aVO)Z) Zﬁ“'ﬂ(um) } (9.24)

JET, i=1

The rewrite in (9.24) is valid for all § and B > 0, and provides the starting point for all
our results on the susceptibility.

Identification of the susceptibility for f < 5,. We take the limit B \| 0, for < 3,
and apply dominated convergence. First of all, all fields h; converge to zero by the

cosh(2h,.)—1
W > 1, so
that the random variable in the expectation is bounded from above by >’ jeT, Y1, which
has finite expectation as we show below. Thus, by dominated convergence, the above
converges to

definition of f3,, so we have pointwise convergence. Secondly, 1 +

ggg)x(/o’,B):lE[ > /3”']. (9.25)
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Denote by Z, the number of vertices at distance £ from the root. Then,
) 00 00
E[Zﬁ“'] =E[ZZN3‘] =Y E[Z]B", (9.26)
J€Tw =0 =0

because Z, > 0, a.s. Note that Z,/(E[D]v‘~!) is a martingale, because the offspring of
the root has expectation E[D] and all other vertices have expected offspring v. Hence,

. > . > A E[D]B
_ 0 _ -1p0 _
é{l})x(ﬁ,B)—zzgo]E[Ze]ﬁ —1+Z221]E[D]v pr=1+ —fv (9.27)
This proves (9.1). We continue to prove (9.2), which follows by using (8.86) and (8.99):
E[D]B o E[D] 1 E[D]p o
_— — 1< — < — - 1. 2
G R et v RE vy AR (9.28)

9.4 Partial results for the critical exponent y’

Proof of Proposition 9.2. We start by rewriting the susceptibility in a form that is conve-
nient in the low-temperature phase.

A rewrite of the susceptibility in terms of i.i.d. random variables. For f > f. we
start from (9.24). We further rewrite

o0 { —
x(ﬁ,3)=2ﬁ%[<1—<avo>2) > exp{ —glog(u%)}} 9.29)

=0 V€T,

Here, and in the sequel, we use the convention that empty products, arising when £ =0,
equal 1, while empty sums equal 0. Thus, the contribution due to £ = 0 in the above sum
equals 1. We write vy = ¢ and v; = ay---a;_; € N for i > 1, so that v; is the a;_;st child
of v;_;. Then,

o ¢ h(2h, ) —
Z(ﬁ,B)ZZﬁe Z E|:(1_<O-V0)2)]1{V£€Tm}exp{_glog(l-’-%)}]'

=0 gy, g1
(9.30)
Let K, be the number of children of v;, and condition on K, = k; for every i € [0,£ — 1],
where we abuse notation to write [0, m] = {0,...,m}. As a result, we obtain that

x(/s,B):iBf > D) By eTwK, =k Vie[0,£-1])
=0

Agseesqg—1 Kooy kg g

xE[(l—( )exp{ Zlog( %)} (9.31)

| v € Too, K, = k; Vi€ [0, —1]}.
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Note that
(-1
P(K, =k; Yi€[0,6 —1],v, € Tp,) = P(D = ko)1 g <t} ]_[P(K =k)ljg <k} (9:32)

Let T; ; be the tree that descibes all descendants of the jth child of v;, with the a;th child
removed and T, the offspring of v,. When v, € T, all information of the tree T, can
be encoded in the collection of trees (Ti,j)jE[O,KVY—1],1‘6[0,[—1] and T,, together with the
sequence (a;)!_}. Denote T = ((T;;)icox, —1],ic[o4—1]> T¢)- Then, for any collection of
trees { = ((ti,j)je[O,k,—l],iE[O,Z—l]; te)s

P(F=7|K, =k Vie[0,6—1],v, € T,.)=P(T =t,) ]_[ P(T =t ),
(i.)e[0,k;~1]1x[0,6—1]
(9.33)
where the law of T is that of a Galton-Watson tree with offspring distribution K. We
conclude that

00 (-1
x(ﬁ,B)=;Bfa Z k Zk P(D=ko)n{aUSko}lfllP(K=ki)n{aéki}
xE[(l—( )exp{ - Zlog( %)}] (9.34)

where (hl*(l_é))f:o satisfy the recursion relations h; = hy ,

ki—1
hy(K) =B+ &(h;,, () + ) E(hy ), 9.35)
j=1

and where (h; ;);c[0,¢7,j>1 are i.i.d. copies of the random variable h(f3, B). We note that the
law of (hlf(l_é))fzo does not depend on (a;);e[o¢—1], SO that the summation over (a;);e[o,¢—1]
yields

00 (-1
2(B.B)=2 B Y koP(D=ko)[ [KP(K =K)
=0 koyko_y i=1
xE[(l—( )exp{ - Zlog( %)}} (9.36)

For a random variable X on the non-negative integers with E[X] > 0, we let X* be the
size-biased distribution of X given by

P(xX* —k)—%IP(X k). (9.37)
Then
E[D] S 2.\ * = *
2(B.B)=—"=> (Fv) D, PO =ky)[ [P =k)
(=0 Kosenke_1 i=1

XE[(]—(O‘VO>2)EXP{ —Ze:log (l—i-%)}} (9.38)
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Define (k))'_, = (R(D*.K],..., K;_ 1,KL;)) i_o» where the random variables
(D*,K7,..., K‘Z 1,K,3) are independent. Then we finally arrive at
‘g B cosh(2h}) —1
1B, B)——Z(/s Y|~ (o, e { - Zlog( e
(9.39)

Reduction to second moments. We now proceed towards the lower bound on ~’. Note
that, a.s.,

(o) = tanh(hio), (9.40)
where
D*-1 D -1
he =B+E(R, )+ > &Ry )<B+P+ Y. Elhoy). (9.41)
j=1 j=1
Therefore,
D -1
(0,,) < tanh (B +B+ ] g(ho,j)). (9.42)

j=1
The right hand side is independent of (h )le, so that the expectation factorizes. Further,

D*-1

[tanh (B +pB+ Z i(hoj))] —tanh(B)=f <1, (9.43)

as BN\, 0,6\ f..
Further, we restrict the sum over all £ to £ < m, where we take m = (8 — 3.)"*. This
leads to

— 32 m ¢ ) —
x([o’,B)Zw;(ﬁv)eﬂi[exp{—;log(li—M)}]. (9.44)

2 cosh()>?
We condition on all coordinates of (D%, K7, ...,K; ;,K,) being at most b = (—f3.)~ 1(==3),
which has probability
P(D* < b,K; <Db,....,K; ; <b,K, <b)=(1-0(1))P(K* <b)" (9.45)

>(1-0(1))(1—Ce:b "),

which is uniformly bounded from below by a constant for the choices m = B-B)"
and b= (B — B.)"V~3). Also, we use that v > 1, since § > .. This leads us to

m 4 *) _
x(/3,B)Zcx;Eb[exp{—;log(l+%)}], (9.46)

where Eb denotes the conditional expectation given that D* < b,K; < b,...,K; | <
b,K, < b. Using that E[eX] > e®[X] | which follows from Jensen’s inequality, this leads us

to
m { *Y _
x([)’,B)ZcXZexp{—ZEb[log (1+%)]}. (9.47)

=0 i=1
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Define, for a > 0 and x > 0, the function g(x) = log (14 a(cosh(x)—1)). Differentiating

leads to
) = asinh(x) (9.48)
Tx)= 1+ a(cosh(x)—1)’ '

so that q’(x) < C,x/2 for some constant C, and all x > 0. As a result, q(x) < qu2/4, SO
that

m

x(B,B) ZcheXp{

=0

i MN

o [ } (9.49)

Second-moment analysis of h}. As a result, it suffices to investigate second moments
of h}, which we proceed with now. We note that

Ki-1

=E(h,)+B+ Y E(hyy). (9.50)
j=1

Taking expectations and using that £(h) < fh leads to
Ey [1] < BE, [k, ] +B+EIK — 1K < IE[ER)] 9.51)

Iterating this inequality until £ —i and using that E, [hﬂ < B+vE[E(h)] (since E, [K] <
E[K]) leads to

{—i-1
By [1] < B B+vELE®D+ 3, f*(B+EK" ~ 1] K" < bIE[E(R)])
s=0
< fi(B +vELE () + ZE I LI S DIBIEW) (9.52)

1-p
Similarly,
Ey [(R})?] < B°E, [(hi,1)?] +2BE, [hi,, ] (B+E[K* — 1| K* < b]E[E(R)])
+B?+2BE[K* — 1| K* < b]E[E(R)]
+E[(K" —1)(K* —2) | K" < b]E[E(W)]?
+E[K* —1|K* < bJE[E(R)?]. (9.53)
Taking the limit B \, O we thus obtain
Ey [(h)*] < B*E, [(h},1)*] +2BE, [hf,, | E[K* — 1| K* < ]E[£(h)] (9.54)
+E[(K* —1)(K* —2) | K* < bJE[E(M)]> +E[K* — 1| K* < b]E[E(R)*].

We start analysing the case where E[K>] < co. By Theorem 8.1, for E[K>] < oo,

E[E(M)] < Co(B — B, (9.55)

for some constant C,. Substituting (9.52), and iterating in a similar fashion as in the
proof of (9.52), we obtain that, for E[K®] < oo,

E, [(B})*] < C(B - Bo). (9.56)
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We next extend this analysis to T € (3,5). Note that, for every a > 0,

E[K*™ 1<
E[(K)* |K* < b] = ﬁ, 9.57)
so that, for T € (3,5),
E[(K*)*|K*<b] < Lb“, (9.58)
E[K]I{Kib}]
Further, for 7 € (3,5),
E[E(M)] < Co(B — BIVE7, (9.59)

and thus

E[(K*)* |K* < b]E[E(M)]*C < b "E[E(W)]? < C(B—f,) O~ /C+/B=0 = ¢(p-p,).
(9.60)

It can readily be seen that all other contributions to Eb [(hlf)ZJ are of the same or smaller

order. For example, when E[K2] < oo and using that 1/(t —3) > 1/2 for all T € (3, 5),

E[K*—1|K* < b]E[£(h)*] < CE[E(W)]*=0(B - B,), (9.61)
while, when 7 € (3,4),

E[K* —1|K* < b]E[E(h)?] < Cb* "E[E(R)]" 2
=C(B — ) W /ETHED/ET) = ¢(B - B (9.62)

We conclude that

E, [(B})*] < C(B - Bo). (9.63)
Therefore,
%(B,B) = c, y exp{ — CL(B— )} = 0((B — B, 9.64)
(=0

as required.
The proof for T =5 is similar when noting that the logarithmic corrections present in
E[E(M)]? and in E[(K*)? | K* < b] precisely cancel. O

We close this section by performing a heuristic argument to determine the upper
bound on +’. Unfortunately, as we discuss in more detail following the heuristics, we are
currently not able to turn this analysis into a rigorous proof.

The upper bound on ~’: heuristics for E[K®] < co. We can bound from above

E[D] & . cosh(2h;) —
x(ﬁ,B)sT;(ﬁvyE[exp{ Zlog( Teoh( 37 )}] (9.65)

Now, the problem is that v > 1 when 8 > f3., so that we need to extract extra decay
from the exponential term, which is technically demanding, and requires us to know
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various constants rather precisely. Let us show this heuristically. It suffices to study large
values of £, since small values can be bounded in a simple way.
We blindly put the expectation in the exponential, and Taylor expand to obtain that

E[D] & LE[(r)]
1(B,B) ~ "y ;(ﬁ‘/)l eXP{—ZW}. (9.66)
We compute that
1
cosh(B)? = et (9.67)
Since
K -1
e~ PR+ Y &), (9.68)
=1
we have
E[K*—1]
E [h;] ~ TBE[i(h)], (9.69)
and
2BE[K" — 1 +E[(K* — 1)(K* —2)](1 - p)
E h* 2 N = — E h 2
[@°] TP (£
+ 2 e 9.70)
s . .
Ignoring all error terms in the proof of Lemma 8.3 shows that
5 v, B 2 2
E[E(h)*] ~ WE[S(h)] = GE[E(M)]7, (9.71)
so in total we arrive at (also using that [3 ~1/v)
(1=pB)/v+3vZ/v3
E ()] ~ 22— 2 gl (n)2. 9.72
[(R)°] A pa_p e 9.72)
As a result, [ ]
E | (h))? vy(1—B)/v +3vZ/v? )
cosh(PR =7 E[E(R)]". (9.73)
Ignoring error terms in the computation in Lemma 8.5 shows that
E[£(h)°] ~ CE[E(h)]°, 9.74)
where
33 33
C3 = n _ﬁ[;,:;v (’\/3 + 3V2C2) I 1?—[32 (’\/3 + SVZCZ)
B B _a 2
= Ay g (- P +30a/vY), (9.75)
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since § ~ 1/v. Further, again ignoring error terms in (8.34) and Taylor expanding to
third order shows that

E[E(M)] ~ BYE[E(M] - CE[ER)]?, (9.76)

where

" O
Cl == _g ( )(VC3+3V2C2+'V3) (977)

and £”(0) = —2(1 — ). Substituting the definitions for C, and Cj yields

3(1 _ B2
C, = M(VC;; +3v,Cy +v3)
3(1[3 3 (vBv3(1 = B)+3vB3(vy/v)? +3v B2(1 = B +v3(1 - )1 - 7))
B
3(1 5 ———(v5(1 = B)+3v2p?). (9.78)
Thus, we arrive at
[5’v -1
E[g(h)]? ~ , (9.79)
G
so that substitution into (9.73) leads to
E[(m)?] . 3(v(1—=B)/v+3vi/v3)
m ~ (/51/ — 1) B(V3(1 _ l;’) n 31/22/32) = S(ﬁv - 1) (980)
We conclude that
(Bv)exp{— u} <(1+(Bv - 1))6_3(/3”“_1) < e APv-D), (9.81)
sh(B)*° ~ B
This suggests that
2(B,B) < EEV—D]Ze‘Z“’“ YV=o0((Bv -1, (9.82)
(=0
as required. Also, using (9.66), this suggests that
ﬂli\nf;c(/gv —1x(B,0%) =E[D]/(2v), (9.83)

where the constant is precisely half the one for the subcritical susceptibility (see (9.1)).
It can be seen by an explicit computation that the same factor 1/2 is also present in
the same form for the Curie-Weiss model [16]. Indeed for the Boltzmann-Gibbs measure
with Hamiltonian Hy (o) = —ﬁ Zi’j 0,0 one has 8, = 1 and a susceptibility y(,0") =
1/(1=B) for B < B,, x(B,07) = (1—m?)/(1 - B(1 —m?)) with m the non-zero solution
of m = tanh(m) for 8 > f.. Expanding this gives m? = 3(f8 — 1)(1 +o(1)) for B \, 1
and hence y(B,0") = (14 0(1))/(1 - B(1 - 3( — 1))) = (1 + o(1))/(2(f — 1)).
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It is a non-trivial task to turn the heuristic of this section into a proof because of
several reasons: (a) We need to be able to justify the step where we put expectations in
the exponential. While we are dealing with random variables with small means, they are
not independent, so this is demanding; (b) We need to know the constants very precisely,
as we are using the fact that a positive and negative term cancel in (9.81). The analysis
performed in the previous sections does not give optimal control over these constants, so
this step also requires substantial work.

The above heuristic does not apply to 7 € (3,5]. However, the constant in (9.80)
is always equal to 3, irrespective of the degree distribution. This suggests that also for
7 €(3,5], we should have v/ < 1.
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PART 11

ANTIFERROMAGNETIC POTTS MODEL
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10

EXISTENCE OF THERMODYNAMIC LIMIT OF
THE PRESSURE

In this chapter we use superadditivity to prove that the thermodynamic limit of the
quenched pressure exists for the antiferromagnetic Potts model.

Recall that the antiferromagnetic Potts model without external field is defined by the
Boltzmann-Gibbs measure as in (3.22), which can alternatively be written as

1
o) = e PH(@), (10.1)
M= 2 )
where
N
H(o)=YJ;;6(0.,0)), (10.2)
i,j=1
with J; ; > 0, and
Zvp)= D, e PO, (10.3)
oe[ql¥

We study this model on a Poissonian Erdés-Rényi random graph, and hence let (J; ;); jern)
be i.i.d. Poisson random variables with

c
2N’
so that all vertices in the underlying graph will have expected degree c. Note that due to
this construction we study the Potts model on a complete graph with disorder, because
the interaction strength between two vertices is random. As mentioned in Chapter 2,
self-loops and multiple edges might occur, but there will only be a small number of them
and hence the effect of these self-loops and multiple edges will be negligible.

10.1 Results

We now state the main result in this chapter, namely the existence of the pressure:
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Theorem 10.1. The thermodynamic limit of the quenched pressure per vertex exists and is
equal to

p(B) = sEppN(ﬁ) < 00. (10.5)

We prove this theorem by using an interpolation scheme to show that the sequence
pn(B) is superadditive in Section 10.3 and then use this to prove the existence in Sec-
tion 10.4.

10.2 Discussion

Relation to the ferromagnet. The techniques as used in Part I of this thesis do not
work for the antiferromagnetic Potts model. One reason is that in this case correlation
inequalities like the GKS inequality do not hold. Also, the locally treelike behavior of the
Erdés-Rényi random graph does not simplify things, since long loops present in the graph
cause frustration and thus cannot be ignored.

Interpolation. The interpolation scheme to prove existence of the thermodynamic limit
of the pressure was introduced in [60]. There it was used to prove that the pressure of
the Sherrington-Kirkpatrick model is superadditive. After this, it has been employed for
many other models, for example for the Viana-Bray model, a spin glass on the Erdds-
Rényi random graph with interactions J; ; that have a symmetric distribution [61], and
the p-spin model where the interactions depend on p Ising spins [54].

10.3 Superadditivity

As usual in disordered systems, it is convenient to study multiple copies, often called
replicas, of the system. For this, consider for n € N the product Boltzmann-Gibbs measure
and define the expectation with respect to this measure as

1

Z°(B)

FoW, ... o) BlHn @)+ +Hy (™)),

<f(0'(1),...,a("))> =

ome[qg]"

.....

(10.6)
An important observable that appears later is the sequence qy(ry,7s,...,1,), forn € N,
with (rq,7y,...,7,) € [q]", which represents a generalized multi-overlap between the n
spin configurations oM, ..., 0™, and is defined as

1 N
an(ris o) = ;6(05”, r)---8(0t, ). (10.7)

Using these replicas we can prove that the pressure is superadditive.

Proposition 10.2 (Superadditivity). The quenched pressure per vertex is a superadditive
sequence, i.e., for all N;,N,, N € Nwith N; + N, =N,

Npy(B) = Nipy, (B) + Napy, (B). (10.8)
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Proof. The proof is obtained by interpolation. For a partition of a system of size N into
two subsystems of sizes N; and N, and for a t € [0, 1] we consider the following inde-
pendent Poisson random variables:

, rct " rc(1—=1) rc(1—=1)
Ji,jNPOI(ﬁ)’ Ji’j~P01( N, ), Ji’j~P01( N, ) (10.9)

We define the interpolating Hamiltonian

Hy(o,t)= ZJUS(al,a )+ ZJU5(GI,O )+ Z J8(0,00),  (10.10)

i,j= 1,j=N;+1
which induces an interpolating random partition function
Zy(B, )= D e Pien, (10.11)
oe[qlV

the expectation with respect to an interpolating random Boltzmann-Gibbs measure

(flo)), = D flo)ePrn, (10.12)

oelqV

ZN(/5 t)

and an interpolating quenched pressure
1

Since py(,1) = py(B) and py(B,0) = %le([a’)—i— %pNz([a’) the proposition follows from
the fundamental theorem of calculus if one can show that the interpolating pressure is
monotonically non-decreasing in t.

Note that for a Poisson random variable X with parameter A,

d lx—l X
—PX=x]=e*— —e* | 10.14
dA [ ] (x=1) x! ( )

and hence, for a vector X = (X3,...,X,,) of m independent Poisson random variables X;
with parameter A;(t) and a function f : N — R,

d 2
a11<:[f(X)]=1E[Z (t)(f(Xl, +1,...,Xm)—f(Xl,...,Xi,...,Xm))].

= de
(10.15)
We apply this to the function
1
f(e)= 5 logZy(B, 1), (10.16)
which depends on the Poisson random variables (J )1 = 1,(Jl ])l -1 and (Jm )11 N1

Abusing notation, we write f(t,Xi j) for f(t) with Jij Xi i Then,

/ / 1 1
— - ,)—=p6(o05) | _
f(t,Ji,j+1)—f(t,Ji’j)—Nlog( § e PHx(0.00-po(0 Uﬂ) NlogZN(fa’,t) (10.17)

oelqV

1 | de[q]N e_ﬁé(o'i’o'j)e_ﬁHN(o',t)
= — og
N ZN(ﬁ: t)

t

=y log <e‘f55("f"’f)> .
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Similar computations hold for Ji” j and Jimj. Using this, the derivative of the interpolating
pressure equals

dpn(B,t) ¢ 1< —B6(0,,0))
TZEE[FZIOg<e i ;>t (10.18)

N
NNl Z log (e Fo(ror) — NLNZ Z log <e/35("bf’f)>t}.

i,j=N;+1
Expression (10.18) can be further simplified using the identity
e POl =1 - (1-eP)5(0;,0)), (10.19)

and the Taylor expansion
00 Xn
log(1-x)=->.—, Vx|<L (10.20)
n=1 n

One obtains

dpy (B, ) = (1 —e Py n
A8, ———E[Z e (FZ@(GM)%

1< A . .
NN, 4 <5(Oi"71)>ﬁN—MHZ (5(01,01)>t)]. (10.21)

We want to rewrite this in terms of generalized overlaps. Note that

q
— Z 50,050, 0 = D @y, (10.22)
T1en =1
and hence
dpy(B,t) c 2 (1—e Py
——=——FE - 10.23
dt 2 [Z n ( )
n=1
1 5 N, N,
Z qN(rlﬁ'-wrn) qu(rlf ')rn)_ WqNZ(rIJ---:rn) .
— t
e =1
Note that
Ny N,
gn(rs.srp) = ﬁqu(rl, ces )+ Wqu(rl’ cesTn)s (10.24)

i.e., qu(ry,...,1,) is a convex linear combination of qy, (7+,...,7,) and qy,(rq,..., ).
Combining this with the fact that the function f : x — x? is a convex function shows
that, a.s.,

2 Nl 2 Nz 2
qN(rIJ .. "rn) - Wqu(rl: cees rn) - Wqu(rl’- ] rn) < 05 (1025)

and hence d
pN(ﬁ: t) 2 O

i (10.26)

O
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Remark 10.3. The same computation goes through also for the ferromagnetic model with
the change 8 — —f. However 1 —ef < 0 for f > 0 and therefore the series expansion
in (10.23), which is only allowed for # < log2, has alternating signs and monotonicity
can not be derived anymore by inspection. We believe however that the interpolation is
monotone also in the ferromagnetic case, though in the opposite direction. This belief
is based on two facts. Firstly, pressure subadditivity for the ferromagnetic model on the
Erd&s-Rényi random graph has been checked numerically for small system sizes [6]. This
is in agreement with a monotonic behavior of the interpolating pressure. Secondly, and
more importantly, the numerical checks [6] for the Ising case (¢ = 2) show that for
0 <t <1 the series in (10.23) is dominated by the first term and therefore one would be
left with the same interpolating pressure of the Curie-Weiss model which is known to be
sub-additive. This is indeed rigorously shown at zero temperature in [96]. Although the
ferromagnetic model has been fully solved in [34], it would be interesting to extend the
monotonicity result to all temperatures.

10.4 Existence

We can now use superadditivity to prove the existence of the thermodynamic limit of the
pressure and its realization as a supremum.

Proof of Theorem 10.1. The theorem is a direct consequence of Proposition 10.2 and
Fekete’s lemma [94] of which we recapitulate the proof in the present context. Sup-
pose that M < N. Then we can choose k and ¢ such that N = kM +{, with 0 < ¢ < M.
Because of superadditivity we know that

kMpiy = kMpy,. (10.27)
Hence, using superadditivity once more,
Npy = kMpy, +£Lp, ZkMpM+Or<r}i<1}wipi. (10.28)
Dividing both sides by N and taking liminfy_, ., gives
liminfpy > liminf(N—_epM + i min ipl«) =puy- (10.29)
N—o0 N—oo N N o<i<m

Since this holds for all M we can take the supremum over M on the right-hand side, so
that

liminfpy > sup py; = limsup py, (10.30)
N—oo MeN M—0o0

where the last inequality trivially holds. Of course, it also holds that

limsup py > liminfpy, (10.31)
N—o00 N—oo

thus showing that limy_,,, py exists and is equal to supy<ypy- To show that this supre-
mum is finite, we observe that e ##(®) <1, a.s. forall o € [q]" and hence

1 1
Py = NE[logZN] = IVE [log Z e‘ﬁH(U)] <logq < co. (10.32)

oelqlV

]
In Chapter 11 we improve this upper bound on py(f3).
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EXTENDED VARIATIONAL PRINCIPLE

In the previous chapter we have shown that the thermodynamic limit of the pressure
exists and equals

p(/ﬁ’)=s;ppN(/3)<oo. (11.1)
In this chapter we give a different characterization for p(f) by showing that
p(f)= lim infGy(f,2), (11.2)
N—oo &

for some explicit formula Gy(f, %) and the infimum is over a suitable set of laws £.
This is called the extended variational principle, which was developed in [5] for the
Sherrington-Kirkpatrick (SK) model. We prove in this chapter that it also holds for the
antiferromagnet. Furthermore, we use it to derive upper bounds on the pressure by not
taking the infimum over ¢, but by choosing specific £.

11.1 Results

To state the results in this chapter, we need the notion of exchangeable measures.

Definition 11.1 (Exchangeable measure). Let (u,)5.; be a random sequence such that
each p, is positive and summable, almost surely. Also let (T, )qen, ken be a random array
of elements of [q]. We write £ for the measure which describes the joint distribution of

((Be)aens (Taj)aen, ken)- (11.3)

We say that £ is exchangeable if

d
((ILL(X)(ZGN7 (Ta,k)aeN, kEN) = ((MG)QGN7 (Ta,n(k))aEN, keN)r (114)
for every non-random permutation 1 of N which moves only finitely many k’s.

Then, we have the following theorem:
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Theorem 11.2 (Extended variational principle). For all 8 > 0,
p(f)= lim infGy(B,2), (11.5)
N—oo &

where the infimum is over all exchangeable laws ¥, and where

Gy(B,2) =GP (B, 2)-GP(B, <), (11.6)
with
X 1 [e) K
OO D YD W ) W CHENe) | FCE)
a=1 o’E[q]N k=1
and

1 00 L
6B, %)= ~E [logZua exp ( B> 6, ra,Zk)) ] , 1L8)
a=1 k=1

where I is the expectation over £ as well as the random variables (I(k));>,, K and L, where
we assume that (I(k));2,K, L are all independent of one another and of (1), (T4x)), and
I(1),1(2),... are i.i.d. uniform on [N], K is Poisson with mean cN and L is Poisson with
mean cN /2.

By not taking the infimum over all laws %, but by choosing an explicit £ we get an
upper bound on the pressure. We give two examples in the next theorem:

Theorem 11.3 (Upper bounds on the pressure). The following upper bounds on the pres-
sure hold for all 5 > 0:

(a) High-temperature solution. Forall N €N,

HT _c 1—e B
pn(B)<p (/3)=§10g 1-— p +loggq. (11.9)

(b) Replica-symmetric solution.

9 K q
c
(B)<Elo [ 1-(1-eP)P(0) ] ——Elo [1—(1—e—ﬂ) P,(o)P. (o)],
p(B g (;lkzl( k ) 5 g ; 1 2
(11.10)
where K, is a Poisson random variable with mean ¢ and the P, = (Pr(0))se[q) are iid.

random vectors, satisfying, a.s., P,(c) = 0 for all o € [q] and 23:1 P(o)=1.

In the next chapter we show that the high-temperature solution is indeed correct for
high temperatures.

11.2 Discussion

The extended variational principle. The extended variational principle was first intro-
duced in [5] for the SK model. Before this, it was rigorously proved that the famous Parisi
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solution [92] was an upper bound for the pressure in [59]. The work [5], showed that
this upper bound fits in the more general framework of the extended variational prin-
ciple. The proof that Parisi’s solution is correct was given in [100] by showing that the
difference between the pressure and the Parisi solution vanishes in the thermodynamic
limit.

Replica-symmetric solution. One can optimize over the distribution of P, and it can
be shown that the optimal choice is such that (P,(0))se[q) satisfies the distributional
recursion

N (1-(1—-eF)P
l_[kzl (1—e )k(O')) ) ’ (11.11)
o€lq]

Yo [Tk (1= (= e PP(0)
which is comparable to (4.1). See [27] for details. The replica-symmetric solution is

comparable to the solution of the ferromagnet in Chapter 5 and its Potts generalizations
in [36, 37].

(Pe(0))gerq = (

11.3 Extended variational principle

We begin by adding our system with N vertices to a second system with M vertices, where
one should think of M > N. Or, equivalently, removing the system with N vertices from
a system with M + N vertices, thus leading to a so-called cavity.

Proposition 11.4. Suppose that N, M € N are chosen and let u,; be any measure on [q]™.

Then,
pn(B) < Gy m(B, ), (11.12)

where
Gy (B tiag) = Gy g (B tiag) — Ging (B s, (11.13)

with
N M

Gy (B i) = —IE [log D7 () Y exp ( BY DK, 5(ai,rj)”, (11.14)

T€[qIM oeqlV i=1 j=1

where the K; ;’s are i.i.d. Poisson random variables with parameter c/M, and

62,6, MM)_—IE[Iog Z MM(T)exp( [p’ZLué(rl, 75 H (11.15)

Te[q]M
where the L; ;’s are i.i.d. Poisson random variables with parameters cN /(2M 2).
Proof. Forat € [0,1] we consider the following independent Poisson random variables:
(Ji )i jens (K: Dieny; j=erml> (Li )i jerms (11.16)
such that

;g (At L oLct . (1—t)N
BVl ="y BlkI=gp Elll= 50—

> (11.17)
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for all appropriate indices i, j. We define

N N M M
Hy y(o,7,t) = Z ji,j5(01,0'j)+22 6(oy,7;)+ Z i'i,j5(fi,fj), (11.18)

i,j=1 i=1 j=1 i,j=1

and we also define

ZyBotin, )=, piyy(v) Y. e Puu(omo), (11.19)
relqM oelqlV
and
1
- - BHyu(0,7,6) 11.20
(f@m) = g T;ﬂMuM(r)ogﬂNf(o e (11.20)
Then 1
~E108 Zy 01 (B, s, 001 = P (B) + Goy s (B tans), (11.21)

since if t = 0 then Hy y/(o, 7,0) splits into a summand only depending on o and one
only depending on 7. Furthermore,

1
~E108 Zy 01 (B pas, 1] = Gy (B ). (11.22)

Moreover, as in the proof of Proposition 10.2, one can show that

d r1
—(NE[logzN,M(ﬁ,uM,tn)

dt
N
i,j
_ ii M lo <e_/3’6(cri TJ +_ Z lo [a’ﬁ(r,-,rj)> ]
NM i=1 j=1 s 53 g t
c 00 (1_6—[3)11 1 N .
ziE[Z n (WZ@(‘%"J‘)%
n= ij=
2 N M 1 M .
_W;;@(aur D)+ Ye i;(a(ri,rj))t)]. (11.23)

This can again be rewritten in terms of generalized multi-overlaps as

q

© 1 By
%E[Z% Z RGNS

n=1 T1en =1

=2qy(ry, e r )y (rys o) + @2 (e, - rn)>t] (11.24)

q

00 _ =By
ZEE[Z% Z <(qN(r1:"':rn)_qM(rlr""rn))2>t:|’

n=1 T1yeeslyp=1
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which is obviously nonnegative for all t. This proves that

1
P (B) + Gy (B, ) = El10g Zy (B, iy, 0)]
1
< S E0g Zy 1 (B, s, D] = Gy (B - (11.25)
In other words,
pr(B) < Gy (B tiag) — Girg (B bag)- (11.26)
O

In order to accommodate a limit where M approaches co, we mention an equivalent
version of the function Gy (3, tiy):

Lemma 11.5. Let I(1),1(2),... be i.i.d. random variables uniformly chosen from [N], and
let J(1),J(2),... be i.i.d. random variables uniformly chosen from [M]. Independently of
this, let K be a Poisson random variable with parameter cN and let L be a Poisson random
variable with parameter cN /2. Then,

1 K
G&Mﬁ,uM)WE[log PGB exp(—ﬁzatom,m)ﬂ, (11.27)
k=1

Te[q] oelqlV
and
1 L
Gﬁ}d(ﬁ,um:NE[log 3 uM(r)exp(—ﬁZé(w_U,mm))]. (11.28)
ce[q" =1

Proof. This follows from a property of Poisson random variables known as Poisson thin-
ning. Previously we had i.i.d. Poisson random variables K; ; and L; ;. Now we have just
two Poisson random variables K and L, but we have i.i.d. uniform random variables I(k),
J(k). The Poisson thinning property refers to the fact that the families

R j=#{k<K:(I(k),J(k)=(,)} and L;; =#{k <L:(J(2k—1),J(2k)) = (i, )},

(11.29)
are distributed identically to K; ; and L, ;, respectively. O
Corollary 11.6. Suppose that u,, is a random measure on [q]™. Then,
pn(B) <E [Gym (B, )] (11.30)
where the symbol E denotes the expectation with respect to ;.
Proof. For each random realization of u,;,
pn(B) < GN,M(ﬁ:HM): (11.31)
almost surely, according to Proposition 11.4. Hence, the corollary follows by elementary
properties of the expectation. O

The following proposition may be viewed as the M — oo limit of Proposition 11.4:
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Proposition 11.7. For all f > 0 and exchangeable £,

pn(B) = Gy (B, £), (11.32)
where Gy (8, %) is defined in Theorem 11.2.

Proof. For any fixed M, consider a random realization of the sequence (u,),en and

(T ax)aen, ken- Define the random measure py,; on [q]Y as

MM(T)_ZAU*OL:H{(T“ ,,,,, Tom)=T}> (11.33)

a=1

for each 7 € [q]™. This is the empirical measure, but where we merely truncate the full
sequence (T, 1,Tq2,---) to the first M components of the spin. Another useful way to
state the same thing is to notice that for any non-random function f : [q]¥ — R,

D F@uu(®) —Zuafml,...,ra,M). (11.34)

Te[q]™

In fact, it is not necessary that f is non-random, merely that it is independent of (4,)en
and (T, x)qen, ken- Note that uy, is a random measure, but according to Corollary 11.6
this still gives an upper bound. Specifically,

pn(B) <E [Gym(Bonn)] (11.35)

where the expectation is over the law £ for (U, )geny and (74 x)qen, ken> from which uy,
is derived as a measurable function.
According to Lemma 11.5, we may write

K
G (B, MM)——E[log D7 () D] eXp(—[J’Z(S(oI(k),TJ(k)))], (11.36)
k=1

telql™ oelqV

where I1(1),I1(2),... are i.i.d. uniform on [N], and J(1),J(2),... are i.i.d. uniform on
[M], and independently of this, K is a Poisson random variable with parameter cN. Note
that, according to (11.34), we may write

K
Z U (7) Z €xXp ( - B Z 5(0'1(k)» TJ(k)))
k=1

Te[q]™ oe[ql¥
K
:Zua Z exp(—[525(01(@,’%’]@)). (1137)
a=1 ge[q]N k=1

Conditionally on the event that J(1),...,J(K) are all distinct elements of [M],

1 o] K
]v 108;% Z €xXp ( -B ; 5(0'1(k), Ta,J(k)))

oe[qlV

d 1 o0 K
= Nlog;ua Z exp ( - ﬁ;é(al(k),ra,k)) (11.38)

oelglV
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where we replaced the random indices J(1),...,J(K) by the non-random indices 1,...,K,
because we assumed that (7,,..., 7, ) are exchangeable, meaning equal in distribu-
tion under finite permutations. Note that here we use the fact that K and J(1),J(2),...
are independent of (g )geny and (T4 x)qen, ken- Moreover, conditional on the value of K,
the probability that J(1),...,J(K) are all distinct is

MM—-1)---(M—K+1)
MK ’

(11.39)

If we take a single realization of K for all M’s, then we see that this conditional probability
converges to 1, pointwise, almost surely. So we are justified in making the rearrangement
in (11.38), with high probability. Moreover, conditioning on K, we see that the function
on the left hand side of (11.38) is bounded in the interval

1. & BK 1. &
[ﬁlog;ua+log(q)— F,ﬁlog;ua+log(q)} (11.40)

This is summable against the distribution of K. Therefore, by the dominated convergence
theorem,

lim G, (B ) = G (B, ). (11.41)
A similar argument holds for the second term GI(\,2 )([5 , ). O

We can now prove the extended variational principle:

Proof of Theorem 11.2. By taking the infimum over £ in Proposition 11.7 and then tak-
ing liminfy _,, it follows that

p(B) < liminfinf Gy (B, ). (11.42)

It remains to prove that
p(B) = limsupinfGy (B, £), (11.43)
N—ooo <

because then, combined with the fact that the limit superior is always greater or equal to
the limit inferior,

p(B) <liminfinf Gy (B, %) < limsupinfGy (8, £) < p(B), (11.44)
N—ooo £ Nooo <

and hence all must be equal. This also shows that limy_,,, inf, Gy(f, %) indeed exists.
To prove (11.43), we first use superadditivity to show that

1
p(B)= li}r\}l sup lim inf = ((M +N)pyn(B) — Mpy(B)) - (11.45)
To show (11.45), we write (suppressing the dependence on f3)

M+ NK M1
NK PNKET Nk K

_ M'+N M’
> inf Pm'an — —DPwm |- (11.46)

K /M+Nk+N M +Nk
TPMJrNIH»N - TPM+NI<
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By first taking the limit K — oo and then the limit M — oo we get

M
Pu+n = 7P |- (11.47)

It remains to take the limit superior of N — 0o to prove the lower bound in (11.45). To
get the upper bound in (11.45), note that

M+N
p(B) = I%Pinf(

M+N M

N Pv+N — ﬁpM 2 DN

(11.48)
by superadditivity, so that

i i ¢ M+N M
1?;501213 }\}I’nm N PMm+N — N
proving (11.45).
By definition,

> hmsuphmlnpr =p(p), (11.49)
N—oo

(M + N)pyy o (B) = E [log Zygn (B)] = [

Ellog 3 Y e—ﬂHM,m,a)],

te[q]M oelq]V

(11.50)
where, with random variables J; J

. c .
i.j»J; ; ~ Poi (2(M+N)) and K; ; ~ Poi (
independent of each other,

er) that are all

j=1i=

Hy n(t,0) = ZJ1]5(T1, J)+ZZKU5(TJ,O' )+ ZJU5(O'I,O' ).
i,j=1

(11.51)
We let
M
uy, (T) =exp (—/3 ZJi,j5(Ti’Tj))7 (11.52)
to rewrite (11.50) as
(M +N)PM+N(/5)
M
=2 |1og 3} 1) 3 w33 K,3(,00 -6 Z I 3o |
oelqlV j=1i=1
>E

log Z iy, () Z exp( [J’ZZK 0(7;,0;:) — ﬂZJU)] (11.53)
oelqlV j=1i=1

M
log Z iy, () Z exp(—ﬁZZK o(tj,0 )} _ﬁNzE[Ji/,j].

oe[qlV j=1i=1

N
N
N

=K

—

¥ ) independent of every-
thing else, J(k) i.i.d. uniform on [M] and I(k) i.i.d. uniform on [N] both also indepen-

Using Poisson thinning we can rewrite this, with K;; ~ Poi (
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dent of everything else, as
sfies 3 ) 3 oo -5y ;
08 2 1) 3 exp (=B 20000 ) | -V s
T€[qIM oelqV k=1 Z(M + N)
Ky+K,,
> E|:10g Z ‘LLM(T) Z exp ( — /3 Z 5(TJ(k)> O-I(k)))] - OM(l), (1154)
Telq]™ oe[qV k=1

where KM ~ Poi ( Aﬁ jv) independent of everything else and where o0,,(1) is a function

going to zero for M — co. Note that K, +K]/W is again Poisson distributed with expectation
zf/zl\f\zfr + I\/CII—V;\J = cN. Hence, with K ~ Poi(cN) independent of everything else, the above
equals

K
E[log S e Y exp(—ﬁZé(m),ol(k)))] ~oy(1)
k=1

Te[qM oelql¥
= NGy (B,uy) — oy (1), (11.55)

with Gj(\}}w([a’,u}*w) as defined in (11.14).

Similarly, with J; ; ~ Poi (ﬁ) i.i.d. independent of everything else,

Mpy(B) =E[logZy(f)] =E [108 Z exp ( —p Z Ji 67, Tj)]
(=1

Telq]™
M M
<E [log Z exp (— B Z JNl-,jé'T,-,’rj -B Z ji,j(5’ri,rj — 1))}
Te[q] i,j=1 i,j=1

=E[log Z exp( Z(JIJ+J11)5T“ J+ﬁZ‘Iu)] (11.56)
i,j=1

Te[q]™

where jlf} i~ Poi (#M:N)) i.i.d. independent of everything else. Note that

ji,j+ji —J it Lij (11.57)

if we take J; ; ~ Poi (m) and L;; ~ Poi (Z‘X/IVZ) all independent of each other and
everything else, because

o . (11.58)
2M  2M2(M+N) 2(M+N) 2M2° '
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Hence,

M
Mpy () <E [log D exp ( —B D Ui+ Li)5(r, Tj)” +BMEL; ]
ij=1

Te[q]M

M cN?
:]E[log > u’,‘V[(T)eXp(—ﬁi;Li,j‘s(Ti’Ti)ﬂ +/5M2m

Telq]M
= NG, (uiy) + 0y (1), (11.59)
with G}(szw(u;‘/,) as defined in (11.14). Combining the above gives

M+N
N

M M (o @ [ x
PM+N — ﬁpM > GN’M(‘UM) - GN,M(.U'M) + OM(]-)

Now, using (11.45),

1
p(B) =limsupliminf = (M + N)pyr.n(B) = Mpy(B))
N—oo —00

> limsuplgninf ( ingN(ﬁ,g) +oy(1))
—00

N—o0
zlimsupiil}fGN([a’,i”), (11.61)
N—oo
proving the theorem. O

11.4 Upper bounds on the pressure

In Proposition 11.7 we show that for every exchangeable law £ we get an upper bound
on the pressure. We now give two examples proving Theorem 11.3.

Proof of Theorem 11.3(a). Fix m € (0,1) and let A,, be the measure on (0,00) with
dA,, = mx ™ !dx. Suppose that (&;);cy is a Poisson point process with intensity mea-
sure A,,. This has the property that, for positive i.i.d. random variables 4;, A,, ... also
independent of (&;);en, [32]

Daa}>, S EATTV™E 3. (11.62)
Let
£, = of—“ (11.63)
Za:l ga
Then,

[oe] ~ o0 [o¢] 1
E[log;AaEa] =E[1og;1@[xg]1/mga} —E[log;ga} = —logE[A}]. (11.64)
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We apply Proposition 11.7 with (tiy)gey = (E4)gey and T o i4.d. uniformly on [q].
We start with GI(VZ) which is easier. We can write this as

1 =2, .
2 _ —
Gy = NE[loggiala} (11.65)
with .
Ay = EXP ( -B Z 0(Ty2k-1> Ta,zk))- (11.66)
k=1

Note that these A, are not independent of each other because they all depend on the same
L. Therefore it is important to first condition on L, because then the A, are conditionally
independent. Then,

L L
1 1
E[ATIL] = | |E [emPomacmad ] = (1—a+(—1e—mﬁ) : (11.67)
k=1

Using this and (11.64),

el ] -2 1)

c 1—e ™
=—1log[1-——. (11.68)
2m q

. 1
We can rewrite Gz(v) as
K

1 00 N i
1) _
G = NE[log;ua D7 exp ( -B>] 1 5(o;, Ta,i,k)) ] (11.69)

oelqV i=1 k=

where each K; = |[{k < K : I(k) = i}| is an independent Poisson random variable with
parameter c, because the sum of independent Poisson random variables is again Poisson.
Once again the random variables K;,...,Ky are the same for all a’s, not independent.
Therefore, we condition on Ky, ...,Ky. In this case

N N ¢ Ki
Aoy = Z exp(—ﬁz 5(01-,1'0,,1-’;()) l_[ Z (—/525(01"%,1',0)-
i=1 o;=1 k=1

oelqlV i=1 k=1
(11.70)
The 7, s are all independent. In particular they are independent for different values of
i. Therefore,

K;

N q © m B
E[AmKl,...,KN]:]_[E[(ZeﬁZk‘—ﬁ("im) ‘Kl- . (11.71)
i=1 o;=1 R
Using this,
w_ 1 . s e 1]
Gy =;E{logE[(Ze‘ﬁZkl Wk)) )Kl] : (11.72)
o=1 -
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We now take the limit m /" 1. Then,

@ ¢ 1—eF
Gy = Elog 1- 7 . (11.73)

For GI(VU note that in the limitm 1

q q
E |: Z e P Zfll 5(0,7y) Kl] — Z

o=1 o=1k=1

Ky

1—e P\l
IE ﬂé(‘”k) q(l— p ) (11.74)

Hence,

(1) 1—6_/5 Kl 1_6_/5
Gy =E|log{q|1- p =logg+clog|1— 7 . (11.75)

Combining gives

M) _ 4@ _ _1=ef
pn(B) <Gy =Gy, log +loggq. (11.76)
O
In the theorem above we used the Poisson point process {&,}5. ; to get the upper

bound. To apply Proposition 11.7, however, it is sufficient that the index set {a} is
countable. Therefore we may consider instead of a single countable index, a pair a =
(aq,ay). We then construct the points &, in a hierarchical way, i.e., for each a; we

construct new point process {& m(a )}a _;- We show that for appropriate choice of these
point processes and a random probablhty measure on T,, we get the replica-symmetric
solution.

Proof of Theorem 11.3(b). Let {5(1)}a -
sure A, , with m; € (0,1). For a; = 1,2,..., we let {5(2)(011)}00 be i.i.d. Poisson

point processes with intensity measure A,, , also 1ndependent from the process {& (1)}
Then we define

be a Poisson point process with intensity mea-

a;=1"

Ea =Y - EP(ay), (11.77)
and its normalized version .
E == . (11.78)
* ZaeNz ga

Note that

myq 1/my
(T} {e(Zeza) | e} (1179
a, a, €N a, a;eN

because of (11.62). These expectations are only finite for m; < m, and hence we assume
that this holds.

We now apply Proposition 11.7 with (t,)enz = (€4)qene. Furthermore, we choose
the distributions P, such that they satisfy the assumptions stated in the theorem. Then,
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for all k, the 7,,,a € N, are, given Py, i.i.d. with distribution P. Then, using (11.62)
twice, we can show that

1 q Ky my
Gz(vl)Im—ElogE[(ZeXp(—/525(@%))) K1,(Pk)kz1]’ (11.80)
2 o=1 k=1
where we write 7 for a generic T, ;. Similarly,
@_ _¢ —Bmy5(71,7,)
Gy = zszlogE [e P, P,]. (11.81)

Taking the limit m, /" 1 and explicitly taking the expectation over the 7’s then proves
the theorem. O
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12

PHASE TRANSITION

We now prove that the system undergoes a phase transition if the connectivity constant
c is large enough. Recall that

B. =inf{B : p(B) #p" ()} (12.1)

We show that the system undergoes a phase transition by giving bounds on f, showing
that 8. € (0,00). We use a constrained second-moment argument to show that there
exists a $2™¢ > 0, such that p(8) = p"™(B) for B < B>, Furthermore, we prove that
for ¢ large enough, there exists a " < oo such that the entropy becomes negative for
B > " if the high-temperature solution were to be true. This contradiction shows that

p(B) # p"'(P) for B > B

12.1 Results

We have the following bounds on the critical temperature:

Theorem 12.1 (Bounds on f,). It holds that

ﬁZﬂd < ﬁc < ﬁen’ (122)
with
—log(l—lfﬁ) whenq=2,c>1,
ﬂan — —log (1 _ /2(q—1)1cog(q—l)) when q>2,c> z(q _ 1)10g(q _ 1)’ (12.3)
00 otherwise.
and
gen 'f{/s logq + =1 (1 1_e_ﬁ)< po_ <7 } (12.4)
=in :lo —lo - -— .
84 2 & q 2q—1+eF
which is finite if
—2logq
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We prove lower bound in Section 12.3 using a constrained second-moment method
similar to that in [1]. The upper bound on f3, is proved in Section 12.4 by showing that
the entropy becomes negative for 8 > 8", which is not possible.

If B = oo, then the condition in the infimum must not be true in the limit f — oo,
ie.,

logq + %102;(1 -1/9) =0, (12.6)
and hence,
—2logq
cS ————. (12.7)
log(1—-1/q)
We can thus conclude that " < oo if
—2lo
¢ 81 (12.8)

~ log(1—1/q)°

12.2 Discussion

Critical temperatures in the physics literature. In [72], it is suggested that the high-

temperature solution becomes unstable at BT = —log (1 - L) and hence the high-

1++/¢
temperature solution is not correct for § > BT, This can be made rigorous, as was shown
in [28]. In combination with Theorem 12.1, this proves that, for ¢ = 2, ., = 2" = T,
Note that B#7 is finite for ¢ > (q—1)2. For ¢ = 2,3, 4 it holds that (g —1)? < b;?—ff%
so that the instability of the high-temperature solution occurs before the entropy becomes
negative, thus suggesting a second-order phase transition. When q > 5, however, the
opposite is true and hence the system undergoes a first-order phase transition. In [72] it

is suggested that the system has replica symmetry breaking when q > 4.

Graph coloring. The graph coloring problem has been studied using the antiferromag-
netic Potts model in the physics literature, for example in [84, 85, 102]. There it is
suggested that the system undergoes several phase transitions at 3 = oo for fixed g when
the connectivity constant ¢ increases. For very small ¢, almost all solutions to the graph
coloring problem are in a giant cluster, where “clusters are groups of nearby solutions that
are in some sense disconnected from each other” [102]. When c increases, at a certain
point the giant cluster splits into an exponential number of small clusters. After this a
condensation and a rigidity transition occur. Eventually, the graph becomes uncolorable.

This last phase transition from colorable to uncolorable is rigourously analyzed in [1],
where it is shown that if q is the smallest integer satisfying ¢ < 2qloggq, then the chromatic
number of the graph, i.e., the least amount of colors necessary to color the graph properly,
is equal to q or g + 1 with probability 1 in the thermodynamic limit.

12.3 Constrained second-moment method

In this section we prove the lower bound on f, by showing that for § < 82" it holds that
p(B) =p"T(B). Note that p(8) < p"'"() immediately follows from Theorem 11.3(a) and
it thus remains to show that p(f3) > p"'(). For this we follow [1] where a constrained
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second-moment method was used for the graph coloring problem, which coincides with
the 8 = oo case of our model.

We first restrict the partition function to balanced configurations, i.e., to configura-
tions o € [q]%" such that the number of o; being equal to r is N for all r € [q]. We
denote this balanced partition function by Zy (f3), i.e.,

Ivp)y= D, e P, (12.9)
oe[q]™

o balanced

.. N . ..
Furthermore, we condition on the event that [J| = Y "._.J;; ~ cN/2. This condition-

i,j=1"1j
ing on the typical event is important, because else the fluctuations of |J| will cause the
second-moment method to fail. The above constraining is allowed because of the follow-

ing lemma:

Lemma 12.2 (Constraints on the pressure). For all #,c > 0,

. 1 >
p(B)2 lim —CE [logZ,n(B) | 11 € By ], (12.10)
where N N
C C
By = (7 -N, +N2/3) , (12.11)

Proof. First of all, note that because of Theorem 10.1 we know that p(3) exists and hence
we can take any subsequence of N — oo. Hence,

1 1 1 ~
p(B)= Jim ~EllogZy(B)] = lim ~-EllogZyy(§)]  lim —-EllogZuu(F))

(12.12)
because the sum in Z,y(f8) is over less configurations than the sum in Z,y(f). We can
rewrite,

1 ~ 1 ~
nEllosZu] = o E [log Zyn(B) | | € By | PLIT| € By ]

1 ~
+ Nk [logZyn(B) | 1 ¢ By | PIVI ¢ Byl (12.13)

As in (10.32), we can show that a.s.,
1 ~
—log Z,n(B) <loggq. (12.14)
gN

Note that |J| ~ Poi (N 2%) = Poi (%), so that by the Chebychev inequality,

P[lJ| ¢ Byl =P[|lJ| - cN/2| = N*?] <

< oyii = o) (12.15)

Hence,
1 ~ 1 ~
q—N]E[longN] = q—NIE [log Zyn(B) | ] € Byy | +0(1), (12.16)

and the lemma follows. O
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We want to use a second-moment method to show that

N—

o1 -
lim —E [log Zyn(B) | ] € By | = P (B), (12.17)

and thus need to control the first and second moment of ZqN( f) under the condition that
|J| € Bgy. For this, we start with the following technical lemma:

Lemma 12.3. For 0,0, 0® € [q]V,
q Wl
E[eﬂHW) ) |J|] = (1 —(1-ef)> q?v(rl)) : (12.18)
ri=1

and

q
E [e—ﬁ<H<o‘”J>+H<U(”J>> | |J|} = (1 —(1=e) Y (@) + (@ (r)))

ri=1
q

/1
+(a-e PP q,%,(rl,rz)) , (1219

ry,ry=1
where qy(r1) and qy(r;, 15) are the overlaps introduced in (10.7).
Proof. We first compute the conditional probability

N _c/(2N) (c/@@N))i
P[ ﬁ{J " _k] e o Mk 1 k!
ij = Kij =K = ~ ; BT —
il e cN/2% N l_li,j=1ki,j!
(12.20)

Hence,

1 N k!
E [e—/jH(a,J) { |J| — k] - Z l_[ (e—ﬁE(Ui,crj))Ji,j—
N2 |J|=ki,j=1 1_[?,]]:1 ki,j!

1 N k
_ (_2 3 e—b’é(oiﬂj)) , (12.21)
N* =

which follows from the multinomial formula. The first statement of the lemma now
follows by again observing that e #9190 =1 — (1 — e’ﬁ)5(oi,oj). The proof of the
second statement is similar.

O

For all balanced configurations gy (r) = 1/q. Using this and the previous lemma we
can now control the constrained first moment of Z(3):

Lemma 12.4 (Constrained first moment). For all 8,c > 0,

lim —— logE [2‘ N(B) |1 €B N] = pHT(B). (12.22)
N—o0o qN q q
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Proof. For a balanced configuration qy(r;) = 1/q for all r; € [q]. Hence, it follows from
Lemma 12.3 that

~ 1—e BV
E[ZqN(ﬁ)\lJlquN]=QqNIE[(1— . ) ||J|quN}, (12.23)

where Q,y denotes the number of balanced configurations in [q]9N. Using |J| € B,y and
1— l=ef o 1
q — 4>

1—e B 5+ 1—e AV 1— e BN\ T —@)”?
b)) e < (0-5E)

q q q
(12.24)

Hence,

1 —e BV c 1_e B
lim —logE[( ) | |J| € BqN] = —log (1 — ) (12.25)
N—oo gN q 2 q

For the number of balanced conﬁgurations

hrn lo Q lo (V) =lo (12.26)
by Stirling’s formula. Combming the above proves the lemma. O

Computing the second moment is more difficult. We first give a variational expression
in the next lemma:

Lemma 12.5 (Constrained second moment). For all 3,¢ > 0,

1 .
lim —1logE [Z v(B)? | Jl€By]=  sup  ¢P(q(ry,r), (12.27)

N—oo gN [qN ‘ qN] q(r.r2)eB([q)) v

where
@ c 2(1-eF) e O
$@(q(r,r))=-log [ 1- =——+ (1= > ¢*(r, 1)
2 q ri,ry=1
q
- Z q(ry,m32)1ogq(ry, r3), (12.28)
ri,ry=1

and %([q]?) denotes those overlaps for which the marginals are balanced, i.e.,

q q
D) =1/q, Y., =1/q, and  ¢*(r,r)€[0,1]. (12.29)

r=1 r,=1

Proof. We can write, with £, denoting the expectation over a configuration s = (s(),s®) €
[q]?" uniformly chosen from all configurations for which both s(*) and s are balanced,

ZqN(ﬁ > = Z e PUHEDHE) — chlNEs [67{3 (H(S(UHH(S(Z)))]

o g@e[q)
oW, 0@ balanced

. g 1
=Q§NEs[(1—%+(l—e‘ﬁ)2 > q,zv(rl,rz)) ] (12.30)

r1,M=1
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Since |J|/N — ¢/2 for N — oo if |J| € By, we can use Sanov’s theorem and Varadhan’s
lemma to obtain [65]:

1 ~
Nlifc}oq_NlogE [Zin(BY* | W] € By ]

2(1—eF .
=2logq+ sup {E log (1 - % +(1—eF)? Z q?(ry, ’”z))

q(rr)eB([q12) \ 2 ryr=1

q
- Z Q(rb’"z)lOg(QZQ(’”prz))}: sup )¢‘(2)(Q(’”1:r2)),

ry,rp=1 q(ry,r5)eB([q]>

(12.31)
where we also used (12.26). O

For ¢ = 2 the above optimization problem is one-dimensional and can thus be ana-
lyzed explicitly:

Proposition 12.6 (The case ¢ = 2). For ¢ =2 and f < 2™,

sup o@D (q(ry, 1)) =2p"(B). (12.32)
41 r2)eB 1)

Proof. By choosing q(r,r,) = 1/q%, we immediately get

sup  ¢@P(q(ry, 1)) = 2pM(B). (12.33)
q(ry,r)eB([q]?)

Note that this lower bound holds for all g.
For the upper bound, there exists a 6 € [0,1/2] such that 6 = q(1,1) = q(2,2) and
1/2—-06=¢q(1,2) =q(2,1). We want to show that

»P(0)—2p™(B) < 0. (12.34)

We bound, using log(1+ x) < x,

e b -
. 1_%+(1—e b2 zbrflqz(rbrz)
—log 2
2 (1 _ (l—efﬁ))
q
‘1 (1+ Sl S P 1)) < (12 o1y qzam)
ke 41 -e") _ 2 _ —-1)% .
g Ate by 4°) =2\ 14eF
Furthermore,

a
- Z q(r1,15)1log (¢%q(ry,15)) —2logq = —260 1log(26) —(1—26)log(1—20). (12.36)

ri,ry=1
Hence,

1—eF

2
) (460 —1)*—2610g(20)—(1—20)1og(1—-20) = (0).
(12.37)

c
$(0)-2p"(p) < 5 (He_ﬁ
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Computing the derivative gives

2
1— e
YP'(0) = 4c (1 e ) (40 —1) — 210g(20) + 21og(1 — 26), (12.38)
e
so that ¢)’(1/4) = 0. The second derivative equals
=[] -2 (12.39)
~ N\ 1xe ) To(-20) '
This is maximal in 8 = 1/4, for which m = 16. Hence, ¢(0) is a concave function

for

1—eF 2
<1, 12.40
Nirer) = ( )
so that in this case 6 = 1/4 is the unique maximizer of ¢(6) and vy(1/4) = 0. Hence,
(12.40) gives the condition for which

sup ¢ (q(ry, 1)) < 2p™(B). (12.41)
4(r1r2)e BT

The condition (12.40) can be rewritten as

2

O

For g > 3 the optimization problem is more difficult. We use the results in [1] to get
bounds on the values 8 for which the above is also true:

Proposition 12.7 (The case q > 3). For ¢ > 3 and f§ < 8",

sup  ¢@(q(ry, 1)) =2p"(B). (12.43)
q(ry,r)eB([q]?)

Proof. Again, it follows that

sup ¢ (q(ry, 1)) = 2p™(B), (12.44)
4(r1r)e BT

by choosing q(ry,r,) = 1/q>. For the upper bound, let a, r, =q-q(ry,ry) so that

c 20—ef) (@A—-eF)P
R D W
=

1 d
- = Z a, r loga, . +logq. (12.45)

q rr=1
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Note that the matrix A = (a,, ,,)r, r,e[q] IS @ doubly stochastic matrix, i.e., all rows and
columns add up to one. Let p be the 2-norm of A, i.e., p = (rll,r2=1 afl’rz. Then, [1,
Theorem 9] tells us that

q
- Z arr, logarl,rz Smn?x{mIqu"i_(q_m)f(q’m’p); 0<m=<

ry,rp=1

q(q—p)
qg-1 J°
(12.46)

for some explicit function f. It thus suffices to show that, forall1 < p <gand 0 <m <
a(q—p)
q-1 7’

c 2(1—e P 1—e F)2 mlo —m
—log(l— ( )+( 3 )p)+ 89,1 f(g,m,p)+loggq
2 q q q q

1—e B

<2logq+clog (1 — ), (12.47)

which can be rewritten as

e b e b
c 1_—2(1q ) (e ) 7 )ZP m
3 log < (1 - ;) (logq — f(g,m,p)). (12.48)

(1-)
q

Note that

1_2(1—e‘ﬁ)+(1—e;ﬁ)zp —1)(1 — e BY2 —1)(1—eB)?
(I o ) e

(1_ﬂ)2 (q—(1—eP)) (q—1)
q
(12.49)
Hence, (12.47) holds if
c _ p—1 m
—(1—eF)? < (1——) logq — f(q,m, p)). (12.50)
3 17 . (logqg — f(q,m,p))
In [1, Theorem 7] it is proved that this holds for
c
;- e Py <(qg—1loglg—1), (12.51)
and hence we need that
2(g —1)1 -1
B < —log (1 - \/ (a )Cog(q )) . (12.52)
O

The fact that B, > 2" now follows from a standard second-moment method argu-
ment.
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12.4 Bounds from entropy positivity

The entropy for the Potts model is the following generalization of (3.11):
Definition 12.8. The random entropy density equals
Sy=—— Z u(o)logu(o). (12.53)
UE[q]N
Then we have the following lemma.

Lemma 12.9 (Entropy positivity). For > 0,6 >0and N €N, a.s.,

- -6
OSSN(ﬂ)S_ﬁwN(ﬁ) ?N(ﬁ )+¢N(/5). (12.54)

Proof. Note that u(o) < 1, a.s., and hence log(u(c)) < 0. From this the lower bound
immediately follows.
For the upper bound, note that

| Y H(0)e P

¢N(/5) logZN(/o’) (H(o)). (12.55)

op /3 N Zy(B) TN
Combined with
e—BH()
log(u(o)) = 108( Zo(B) ) =—pBH(0)—logZy(B), (12.56)

this gives

1
SwB) =5 D, wo) (BH(0) +logZy) = P H) + yu(B)

06[(1]”

=-p ﬁwN(ﬁ)+¢N(ﬁ) (12.57)

Furthermore, 1) () is a convex function of 3, because

_ 2
]- ZGE[(I]N (H(O-))z PHE) ]- (ZUG[CI]N H(G)e ﬁH(G))

= wB N Zn )
= <(H(a))2> — (H(0))* > 0. (12.58)
Hence,
—ﬂwN(/o’) > Yn(P)- ?N(ﬂ %) (12.59)
Combining this with (12.57) proves the lemma. O

We can use this lemma to give an upper bound on f,.
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Proposition 12.10. For q > 1,

B. < B =i f{[o’ 1 +—Cl (1— ! e_ﬁ) <__ﬁc—e_f5 } (12.60)
=in :lo o} . .
‘- &4 2 & q 2 q—1+e‘/3

Proof. Suppose that 3. > ". Then, there is a 8 such that p(8) = p"""(8) and p(B—5) =
p™(B — &), and

logg+ Slog [1- 1260 ) < Pe " (12.61)
0gq+ log 2 g-11eF .
But we know from Lemma 12.9 that, a.s.,
— -6
_ﬁwﬁ) gﬂw(ﬁ )+1/)N(/5)20, (12.62)
and hence this also holds in expectation:
(B)—pn(B—0)
_phtP gN P=0) B0 (12.63)
Taking the limit of N — oo then gives
HT HT
- -0
g B B Z0) | iy s, (12.64)

o

because of our assumption on . Since p''T(/3) is analytic, we can take the limit 5 \, 0,
so that 5

op
Using p"™"(B) =logq + §log (1 -

- B=—=p™(B)+p™(B)=0. (12.65)

e f .
! . ) then gives,

1—e B -B
¢ Z_&e—;
2qg—1+eF

c
logq + 3 log (1 - (12.66)

which is in contradiction with (12.61). O
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