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Abstract

The partition function of the random energy model at inverse temperature (3
is defined by Zxn(8) = Zgzl exp(By/nXy), where X, Xo, ... are independent real
standard normal random variables, and n = log N. We identify the asymptotic
structure of complex zeros of Zy, as N — 0o, confirming predictions made in the
theoretical physics literature. Also, we describe the limiting complex fluctuations
for a model generalizing Zn(5).

1. INTRODUCTION AND STATEMENT OF RESULTS

1.1. Introduction. Let X, X, X5,... be independent real standard normal ran-
dom variables. The partition function of Derrida’s random energy model (REM)
[6] at inverse temperature § is defined by

N
(1.1) Zn(B) =) efVn¥e,
k=1

Here, N is a large integer, and we use the notation n = log N. Under the assumption
B > 0, the limiting fluctuations of , as N — oo (or equivalently, as n — c0),
have been extensively studied in the literature; see [4, [I]. In particular, it was
shown in these works that the asymptotic behavior of the fluctuations of
depends strongly on the parameter § and displays phase transitions. Specifically,
upon suitable rescaling, for 5 < 1/ V2, the fluctuations of become Gaussian,
whereas, for 5 > 1/\&, they become stable non-Gaussian, as N — oo.

Using heuristic arguments, Derrida [7] studied the REM at complex inverse tem-
perature S = o + i7. The motivation here is to identify the mechanisms causing
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phase transitions in the asymptotic behavior of (L.I). These transitions mani-
fest themselves in the analyticity breaking of the logarithm of the partition func-
tion in the limit N — oco. In this respect, complex inverse temperatures allow
for a cleaner identification of analyticity breaking. Using non-rigorous methods,
Derrida [7] derived the following logarithmic asymptotics of (L.I)):

1+ %(02 —7%), B€B,

(1:2) Jim log|Zy(8)] = { V2ol BB,
% + 02, B € Bs,

where Bi, By, B3 are three subsets of the complex plane defined by

(1.3) By = C\B;UBs,

(1.4) By = {B€R?:20% > 1,|o| + |7| > V2},

(1.5) By ={BcR?*:20% <1,0°+ 72 > 1}.

Here, A denotes the closure of the set A. It has long been realized that analyticity
breaking of the log-partition function is closely related to the complex zeros of
Zn. Based on and on the numerical simulations of Moukarzel and Parga [16],
Derrida made predictions concerning the distribution of zeros of Zy on the complex
plane. To cite Derrida [7], “there should be no zeros (or at least the density of zeros
vanishes) in phases By and By” and “the density of zeros is uniform in phase Bs”.
For the REM in an exterior magnetic field, similar non-rigorous analysis has been
done by Moukarzel and Parga [I7,[I§]. For directed polymers with complex weights
on a tree, which is another related model, the logarithmic asymptotics has
been derived in [8]; see also [2].

Our contribution is two-fold. First, we confirm the predictions of [7, [16] rigor-
ously. Moreover, we derive further results on the asymptotic distribution of complex
zeros of Zyn, as N — oco. We relate the zeros of Zy to the zeros of two random
analytic functions: G, a Gaussian analytic function, and (p, a zeta-function asso-
ciated to the Poisson process. Second, we identify the limiting fluctuations for a
complex-valued generalization of Zy. Both questions are, in fact, closely related
to each other.

The paper is organized as follows. In Sections [I.2] and [I.3] we state our results
on zeros and fluctuations, respectively. Proofs can be found in Sections [2| and
In Section [1.4] we discuss possible extensions and open problems related to our
results.

Notation. We will write the complex inverse temperature 5 in the form g =
o + i1, where 0,7 € R. We use the notation n = log N, where N is a large integer
and the logarithm is natural. Note that in the physics literature on the REM, it is
customary to take the logarithm at basis 2. Replacing 8 by 8/+/log2 in our results
we can easily switch to the physics notation. We denote by Ng(0,s%) the real
Gaussian distribution with variance s? > 0 and by N¢(0, s?) the complex Gaussian
distribution with density 1/(7r$2)e*|"“'/3|2 w.r.t. the Lebesgue measure on C. Note
that Z ~ Nc¢(0,s?) iff Z = X +iY, where X,Y ~ Ng(0,s%/2) are independent.
The distribution is referred to as standard if s = 1.

1.2. Results on zeros. Our first result describes the global structure of complex
zeros of Zy, as N — oo. Confirming the predictions of [7], we show that the zeros
of Zy are distributed approximately uniformly with density n/7 in the set Bs,



whereas outside Bz the density of zeros is of order o(n). Let A be the Lebesgue
measure on C.

Theorem 1.1. For every continuous function f: C — R with compact support,

TP INR L /. s

BEC:ZN(B)

Remark 1.2. As a consequence, the random measure assigning weight 7/n to each
zero of Zy converges weakly to the Lebesgue measure restricted to Bjs.

In the next theorem, we look more closely at the zeros of Zy located in Bs. We
describe the local structure of zeros of Zy in a neighborhood of area 1/n of a fixed
point By € Bs. Let {G(t),t € C} be a random analytic function given by

1.6 G(t) = Nip—=,

(1.6 0=3 N
where Ni, N, ... are independent standard complex Gaussian random variables.
The complex zeros of G form a remarkable point process which has intensity 1/7
and is translation invariant. Up to rescaling, this is the only translation invariant
zero set of a Gaussian analytic function; see [IT], Section 2.5]. This and related zero
sets have been much studied; see the monograph [11].

Theorem 1.3. Let By € B3 be fixed. For every continuous function f : C — R
with compact support,

o SWRB-B)) S D (B

BEC:Zn (8)=0 > BeC:G(8)=0

Remark 1.4. Equivalently, the point process consisting of the points \/n(8 — 5y),
where 3 is a zero of Zp, converges weakly to the point process of zeros of G.

Derrida [7] predicted that the set By should be free of zeros. The next result
makes this statement rigorous.

Theorem 1.5. Let K be a compact subset of B1. Then, there existse > 0 depending
on K such that

PZN(8) =0, for some € K]=0(N"%), N — oc.

Consider now the zeros of Zx in the set By. We will show that in the limit
as N — oo the zeros of Zy in By look like the zeros of certain random analytic
function {p. This function may be viewed as a zeta-function associated to the
Poisson process. It is defined as follows. Let Py < P> < ... be the arrival times
of a unit intensity homogeneous Poisson process on the positive half-line. That is,
Py =e1+...4¢g, where g1, €9, ... are i.i.d. standard exponential random variables,
i.e., Pley >t]=et t>0. For T > 1, define the random process

- 1 r
(1.7) Cp(B;T) =) —5lpcpon —/ t=fdt, BecC.
=1 Dr 1
Theorem 1.6. With probability 1, the sequence ép(ﬁ;T) converges as T — oo to

a limit function denoted by Ep(ﬂ). The convergence is uniform on compact subsets
of the half-plane {5 € C : Re > 1/2}.



Corollary 1.7. With probability 1, the Poisson process zeta-function
= 1

(1.8) Cp(B) :Zﬁ
K

k=1

defined originally for Re 8 > 1, admits a meromorphic continuation to the domain
Ref > 1/2. The function (p(8) = (p(B) — ﬁ is a.s. analytic in this domain.

The next theorem describes the limiting structure of zeros of Zx in Bs.

Theorem 1.8. Let f : Bo — R be a continuous function with compact support.
Let 41(31) and Cj(f) be two independent copies of (p. Then,

D) Mo SR R (C) E D S (G}

BEB2:Zn(B)=0 e BEBy: BEBs:

B (8/v2)=0 ¢ (8/v2)=0

Remark 1.9. The theorem tells that the zeros of Zy in the domain o > 1/v/2, |o|+
|7| > v/2 (which constitutes one half of By) have approximately the same law as
the zeros of (p, as N — oo. Let us stress that the approximation breaks down in
the triangle o > 1/v/2, |o|+|7| < v/2. Although the function p is well-defined and
may have zeros there, the function Zy has, with high probability, no zeros in any
compact subset of the triangle by Theorem [I.5]

Next we state some properties of the function (p. Let 8 > 1/2 be real. For
B # 1, the random variable (p(3) is stable with index 1/8 and skewness parameter
1. In fact, is just the series representation of this random variable; see [22]
Theorem 1.4.5]. For 8 = 1, the random variable p(1) (which is the residuum of
(p at 1) is 1-stable with skewness 1. For general complex (3, we have the following
stability property.

Proposition 1.10. If C}(}), ey C}(,k) are independent copies of Cp, then we have the
following distributional equality of stochastic processes:

(e L,

To see this, observe that the union of k independent unit intensity Poisson pro-
cesses has the same law as a single unit intensity Poisson process scaled by the factor
1/k. As a corollary, the distribution of the random vector (Re (p(8),Im {p(5)) be-
longs to the family of operator stable laws; see [15].

Proposition 1.11. Fiz 7 € R. As o ] 1/2, we have

. d N(C(O,l), ifT;éO,
V20 —1¢p(o +it) — {NR(O, D, ifr=o.

As a corollary, there is a.s. no meromorphic continuation of (p beyond the line
o = 1/2. Using the same method of proof it can be shown that for every different
71, T2 > 0 the random variables v/20 — 1 {p(o+i7;), j = 1, 2, become asymptotically
independent as o | 1/2. Thus, the function {p looks like a naive white noise near
the line o = 1/2.
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1.3. Results on fluctuations. We state our results on fluctuations for a general-
ization of which we call complex random energy model. This model involves
complex phases and allows for a dependence between the energies and the phases.
Let (X,Y), (X1,Y1),... be ii.d. zero-mean bivariate Gaussian random vectors with

Var Xy, =1, VarY, =1, Corr(Xg,Ys)=p.

Here, —1 < p < 1 is fixed. Recall that n = log N. We consider the following
partition function:

N
(1.9) Zn(B) = Ze‘/ﬁ("x’“+”y’°), B=(o,7)€ R2.
k=1
For 7 = 0, this is the REM of Derrida [6] at real inverse temperature o. For p = 1,
we obtain the REM at the complex inverse temperature § = o447 considered above.
For p = 0, the model is a REM with independent complex phases considered in [§].
Define the log-partition function as

(1.10) pw(B) = loglZn (A, B =(o,7) €R?,
Theorem 1.12. The limit
(1.11) p(8) = Jim pw(6)

exists in probability and in LY, ¢ > 1, and is explicitly given as
1+%(0’27T2), 56?1,
% + 0'2, b€ §3.
The next theorem shows that Zy(8) satisfies the central limit theorem in the
domain 02 < 1/2.

Theorem 1.13. If 02 < 1/2 and 7 # 0, then
Zn(B) = N1+3(®

Nz+o?
Remark 1.14. If 0 < 1/2 and 7 = 0, then the limiting distribution is real normal,
as was shown in [4].

—72)+ioTp

(1.13)

d
N:io Nc(o, 1).

Remark 1.15. If in addition to 0% < 1/2 we have 0% + 72 > 1, then Ntz =7%) —
o(N%+7") and, hence, the theorem simplifies to

ZN(B) 4
N 1).

Ni+o? frand c(0,1)

Eq. (1.14) explains the difference between phases By and Bjs: in phase B; the

expectation of Zx (/) is of larger order than the mean square deviation, in phase

Bj3 otherwise.

(1.14)

In the boundary case 02 = 1/2, the limiting distribution is normal, but it has
truncated variance.

Theorem 1.16. If 0? = 1/2 and 7 # 0, then

z _ N1+l(lf‘r2)+i0'7'p
~(B) i 45 Ne(0,1/2).
N N—o0




Next, we describe the fluctuations of Zy(3) in the domain o2 > 1/2. Since
Zn(B) has the same law as Zx(—/), it is not a restriction of generality to assume
that o > 0. Let by be a sequence such that / 27rbNeb?\'/2 ~ N as N — oo. We can
take

B _ log(4mn)
(1.15) by =V2n N

Theorem 1.17. Let o > 1/3/2, 7 #0, and |p| < 1. Then,

Zn(B) — NE[eVM XTI 4 ] 4

(1.16) 0o /by Vot SVase

where S, denotes a complex isotropic a-stable random variable with a characteristic
function of the form Ele?Re(Sa?)] = g—const[2[" » ¢ C,

Remark 1.18. If ¢ > 1/4/2 and 7 = 0, then the limiting distribution is real totally
skewed a-stable; see [4]. If o > 1/y/2 and p = 1 (resp., p = —1), then it follows
from Theorem [3.7] below that

_ ByRX i /3
(1.17) Zn(B) JZ;E\EZM Lx<on] N&()@(\%) <resp.,CP<\%>>.

Remark 1.19. We will compute asymptotically the truncated expectation on the
left-hand side of (1.16) in Section below. We will obtain that under the as-
sumptions of Theorem [1.17]

Zn(B) 4 .
(1.18) oV N N if o +|7] > V2,
En() ~ N1 |
(1.19) ot el S 3/ if o+ |7] < V2.
Similarly, if ¢ > 1/4/2, but p = 1, then we have
Zn(B) B :
(1.20) eﬁ%bi Noreo op (\/5) ’ if o 4 |7 > V2,
Zn(B) — N1+3(0®=72)+ior P B .
. — < .
(1.21) NG sl v if o+ |7 < V2

For p = —1, we have to replace 3 by 3.

1.4. Discussion, extensions and open questions. The results on fluctuations
are closely related, at least on the heuristic level, to the results on the zeros of
Zn. In Section [1.3] we claimed that regardless of the value of 5 # 0 we can find
normalizing constants my(8) € C, vy (5) > 0 such that (Zny(8) — mn(5))/vn(5)
converges in distribution to a non-degenerate random variable Z(3). It turns out
that in phase B; the sequence my (/) is of larger order than vy (8), which suggests
that there should be no zeros in this phase. In phases By and Bs, the sequence
vy (B) dominates my (), which suggests that there should be zeros in these phases.
The main difference between the phases By and Bj is the density of zeros. The
density of zeros is essentially determined by the correlation structure of the process
Zy. In phase Bs, it can be seen from Theorem below that Zx(51) and Zx(52)
become asymptotically decorrelated if the distance between 5 and (2 is of order
larger than 1/y/n. This suggests that the distances between the close zeros in
phase Bj should be of order 1/4/n and hence, the density of zeros should be of



order n. Similarly, in phase By the variables Zyn(51) and Zn(f2) remain non-
trivially correlated at distances of order 1 by Theorem below, which suggests
that the density of zeros in this phase should be of order 1. All these heuristics are
rigorously confirmed by our results.

Our results suggest the following approximate picture of zeros of Zy for large
N. Generate independently three objects: the zero set of the Gaussian analytic
function G scaled down by the factor 1/4/n, and two copies of the zero set of the
Poisson process zeta-function (p. Use the zeros of G to fill the phase Bs and the
two copies of the zero set of (p to fill the phase By. Leave the phase B, empty.
Given this description, it is natural to ask about the behavior of zeros on the
boundaries between the phases. Derrida [7] stated that “the boundaries between
phases By and Bs, and between phases By and Bj are lines of zeros whereas the
separation between phases By and Bj is not”. We were unable to find a satisfactory
interpretation of these statements. On the rigorous side, it is possible to prove the
following results. Take some point § on the boundary between B; and Bs. This
means that 02 < 1/2 and ¢ + 72 = 1. In an infinitesimal neighborhood of 3
with linear size of order 1/4/n, the boundary (which is a circular arc) looks like
a straight line dividing the plane into two half-planes. It can be shown that in
one of the half-planes (located in Bs) the zeros of Zx converge to the zeros of the
Gaussian analytic function G, whereas in the other half-plane (located in Bj) the
zeros converge to the empty point process. Our results suggest that the probability
that there is a zero in the e-neighborhood of the boundary between B; and Bs
(which consists of 4 straight line segments) converges to 0 as N — oo and then
e | 0. If B3 is on the boundary between Bs and By meaning that 02 = 1/2 and
72 > 1/2, then it can be shown by combining the proofs of Theorems and
that the zeros of Zy in an infinitesimal neighborhood of 8 converge to the zeros of
G. The behavior of zeros is thus the same as inside Bs.

The intensity of complex zeros of the function (p at S can be computed by
the formula g(5) = iEA log|¢p(B)|, where A is the Laplace operator; see [T,
Section 2.4]. Proposition suggests that g(o + i1) ~ %ﬁ aso | 1/2. In
particular, every point of the line 0 = 1/2 should be an accumulation point for the
zeros of (p with probability 1.

It is possible to extend or strengthen our results in several directions. The
statements of Theorem [T.1] and Theorem should hold almost surely, although
it seems difficult to prove this. It seems also that Theorem [1.5can be strengthened
as follows: the probability that Zx has zeros in By goes to 0 as N — oco. Several
authors considered models involving sums of random exponentials generalizing the
REM; see [T, 3, 13, B]. They analyze the case of real 8 only. We believe that our
results (both on zeros and on fluctuations) hold after appropriate modifications
for these models. In particular, the assumption of Gaussianity can be relaxed.
It is plausible that, for our results to hold, it suffices to require that e¥ is in the
Gumbel max-domain of attraction, and that a minor technical assumption as in [I3],
Corollary 5.1] holds.

2. PROOFS OF THE RESULTS ON FLUCTUATIONS

2.1. Truncated exponential moments. We will often need estimates for the
truncated exponential moments of the normal distribution. In the next lemmas,
we denote by X a real standard normal random variable and by ® the distribution
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function of X. It is well-known that

(2.1) B(t) ~ \/%ﬂef,

Lemma 2.1. Let w,a € R. The following estimates hold.

a2

(1) If w > a, then ]E[e“’X]lX<a] < W=
2
(2) If w < a, then ]E[e“’X]lX>a] < eaw—%

Proof. Consider only the case w > a, case (2) being similar. We have
(2.2)

w
2 _ (z—w)?

2 2
E ¢ z dz=e 7 ®(a —w).

1 a
—_ eV "7 dzr = e
V2T /_oo V2T J oo

Using the inequality ®(¢) < e~ /2 valid for t < 0, we obtain the statement. O

E[ewX ]lX<a] =

Lemma 2.2. Let F()\) = E[e* ¥ Ly \qn)], where w = u+iv € C and a(X) is a
real-valued function with limy_, 4o a(X) = a. The following holds, as X — +o0:

1 2 1 2 .
~ me’{p{/\ (aNw—3a*(N)}, ifa<u+wv
(2.3) F(A) {exp{éAQWQ}, ifa>uto.

Remark 2.3. If w € R and a(\) = w + § + o(5) for some ¢ € R, then

(2.4) F(A\) ~ ®(c)exp {;/\sz} .

A2w?

Proof. Let first w € R. By the identity (2.2]), we have F(A\) = e" 2 ®(Aa(N) —
Aw). The lemma and the remark follow readily. In the case a < w, we apply the

formula (2.1)).

Therefore, we may restrict ourselves to the case w € C\R. With S(z) = wz—22/2

write "
A @ 2
FO\) = — N5z,
) V2T /_oo

If a(\) < u, then the maximum of Re S(z) on the interval z < a(A) is attained at the
boundary point z = a(\). A standard application of the stationary phase method,
see [0, Chapter III, Theorem 1.1], yields the first formula of . Assume that
a(A\) > u. Then, the maximum is attained at the interior point z = u. However,
we have

A / T A gy 1 A2 (a(Nu—La2(n)
V21 Ja(n) V2m(w — a)A 7
where the last step is by the same stationary phase argument. If ¢ < u + v, the
right-hand side dominates the term eX*w?/2 on the left-hand side and we have the
first case in . If @ > u + v, then the term N /2 becomes dominating and we
arrive at the second formula in . g

(2.5) F(A) —eNw'/2 = —

Lemma 2.4. If (X,Y) is a real Gaussian vector with standard margins and cor-
relation p, then, for s,a € R, it holds that

E[GS(UX+iTY)]].X<a] _ 675272(1*p2)/2E[eS(U+iTP)X]]_X<a}'

S(UX+iTY)] — 632(02—7—2+2i07—p)/2.

In particular, Ele
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Proof. We have a distributional equality (X,Y) = (X, pX + /1 — p2W), where
(X, W) are independent standard normal real random variables. It follows that

E[es(aX-l-iTY) ]lX<a] — ]E[es(a'-‘ri'rp)X-l-iST\/ 1—p2W ]]-X<a,]

— e—s27-2(1_p2)/QE[es(a—+i7‘p)X ]1X<a}7

where we have used that E[e'"] = ¢'"/2 and that W and X are independent.  [J

2.2. Proof of Theorems [1.13}, [1.16} [1.17, The main tool to prove the results
on the fluctuations is the summation theory of triangular arrays of random vectors;
see [10] and [I5]. The following theorem can be found in [I0, § 25] in the one-
dimensional setting and in [2I], [I5, Theorem 3.2.2] in the d-dimensional setting.
Denote by | - | the Euclidean norm and by (-,-) the Euclidean scalar product.

Theorem 2.5. For every N € N, let a series W1 n,...,Wn n of independent ran-
dom d-dimensional vectors be given. Assume that, for some locally finite measure v
on RN\{0}, and some positive semidefinite matriz X, the following conditions hold:

(1) limy— o0 Zgil P[Wy. v € B] = v(B), for every Borel set B C R4\{0} such
that v(0B) = 0.
(2) The following limits exist:

N N
¥ =limli Var|[W; v1 = lim lim inf Var|[W; y1 .
lim %njip; ar{W, N Ljw, | <e] = lim lim in 2 ar (Wi v 1w, vj<c]

Then, the random vector Sy := ZkN:1(Wk,N — E[Wi NLjw, y|<r]) converges, as

N — o0, to an infinitely divisible random vector S whose characteristic function is
given by the Lévy—Khintchine representation

) 1 .

log B[et:*)] = — (1, 1) +/ (09 —1 it )1 ep)r(ds), ¢ € RY
Rd

Here, R > 0 is any number such that v does not charge the set {s € R%: |s| = R}.

Proof of Theorem[I.13 For k=1,...,N, define

Wiy = N™270" oV/n(eXi+irYi)

Let Wx be a random variable having the same law as the W}, n’s. Note that

NE[Wy]| = N=0?=7°+2i070)/2 1y [ emma To prove the theorem, we need to

show that
N

d
Z(Wk,N —EWi,n) — Nc(0,1).
=1 N—o0
The proof is based on the two-dimensional Lindeberg central limit theorem. We
consider Wy, v as an R2-valued random vector (Re Wi n, Im Wy, n). Let X be the
covariance matrix of this vector. First, we show that

: (172 0
(26) am NEy = ( 0 1/2)'
‘We have
(2.7) NE[(Re Wy)2 + (ImWy)?] = NE[|Wy|?] = N"2 E[e27Vn¥] = 1.
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Also, we have NE[W2] = N =27 +4io7p 1y Lemma Since we assume that 7 # 0,
this implies that limy_,., NE[W%] = 0. By taking real and imaginary parts, we
obtain that

(28)  lim NE[(Re Wx)? — (ImWy)?] = Jim NE[(Re W) (Tm Wy )] = 0.
Combining and , we get

(2.9) Jim NE[(Re Wn)?| = Jim NE[(Tm Wy)? =1/2.

Also, by Lemma [2.4] we have

(2.10) Jim VNE[Wy] = lim_ NP+ =2i0Tp)/2 _

It follows from (2.8), (2.9), (2.10) that (2.6) holds. Fix an arbitrary ¢ > 0. We

complete the proof of the theorem by verifying the Lindeberg condition
(2.11) Jim NE[[Wy — EWN 1wy —Ewy|>e) = 0.

Assume first that o # 0, say ¢ > 0. Write ay = a—l—i—i— 1922 “Then, limy_ o0 an =

on

o+ % > 20 by the assumption o2 < 1/2. Hence, by Part 2| of Lemma we have
. : — 0'2’]’7, log n
(2.12) Jim NE[[Wx[*Ljwy|se] = Jim e 2B [V L o Jman] = 0.

This also trivially holds for o = 0. Together with (2.10)), (2.12)) implies (2.11). O

Proof of Theorem[1.16. Without loss of generality let ¢ = 1/v/2. Fork=1,..., N,
define

Wiy = N LleVn(oXp+itYs)
Let W be a random variable with the same distribution as the Wy, x’s. To prove
the theorem, we need to verify that

N
d
Z(Wk’N — EW;C’N) — N¢(0,1/2).
1 N— 00
As we will see in Eqn. (2.13) below, the Lindeberg condition (2.11]) is not satisfied.
We are going to apply Theorem instead. Fix ¢ > 0 and let ay = /2 + %.
By Remark 2.3 we have

(2.13) Jim NE[WyPLjwyj<c] = lim NTE[Y2 X1y o0 1=1/2.
Also, by Lemma and Lemma (first part of (2.3)),
(2.14)
: : —2n(1—p?) 72 A7— n(o+iT
Jim NE[W3 Ly ] = Jim o200 NORRVETHTIN o],
By Part [2| of Lemma
(2.15) Jim NE[Wy|Ljwyjse] = Jim BV Ly, o] =0.

We consider Wy as an R2-valued random vector (ReWx,ImWy). Tt follows
from (2.13)), (2.14), (2.15) that the covariance matrix ¥y := Var[Wy 1y |<c] sat-
isfies

. (1/4 0
(2.16) A}gnooNEN<O 1/4).
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It follows from (2.15)) that limy o NP[|Wx| > €] = 0. Therefore, the conditions of
Theorem ﬂ 2.5| are satlsﬁed with ¥ = 0 and ¥ given by the right-hand side of -
Applying Theorem [2.5] we obtain the required statement.

Proof of Theorem[I.17. Recall that « = v/2/0 € (0,2). For k = 1,..., N, define

random variables
Wi n = e\/ﬁ(oXk +iTY,—obn) )

Let Wiy be a random variable having the same law as the Wi, n’s. We will verify
the conditions of Theorem [2.5] To verify the first condition, fix 0 < ry < 7o,
0 < 01 < 6y < 27 and consider the set

B={ze€C:r <|z| <101 <argz < s}
We will show that

(2.17) lim NP[Wy € B] = <1 - 1) 26

N—oo r¢ g 2w

Define a set

27Tj + 01 2’/Tj + 02
An = R.
N jEJZ ( TVn ' Tn -

We have
P[Wy € B] = Ple?V*(X=N) ¢ (1) 79),Y € Ap]

= /r2 PlY € An|ovn(X —by) = logr]fn(r)dr

Here, fn(7) is the density of the log-normal random variable eV (X=0~).

1 1 (logr 2 1
2.18 r) = ———¢€xpq —= +b ~ —ar~ ) N oo,
(2.18) fn(r) 2mmp{2<gﬁ N)} .
where the asymptotic equivalence holds uniformly in r € [rq, r3]. To prove (2.18]),
recall that \/27TbNeb?\’/2 ~ N and by ~ v/2n. Conditionally on ov/n(X — by) =

logr, the random variable Y is normal with mean puy = p( lo\g/f + by) and variance

/1= p?. The variance is strictly positive by the assumption |p| # 1. It follows
easily that

0y — 64
o

Bringing everything together, we arrive at (2.17). So, the first condition of Theo-
rem [2.5] holds with

Jim PlY € An|ovn(X —by) =logr] =
—00

Wdady) = 2S5V = TR

2
To verify the second condition of Theorem with ¥ = 0, it suffices to show that
(2.19) lim lim sup NE[|Wy [* 1y <] = 0.
el0 Nooo -

Condition |Wy| < ¢ is equivalent to X < ay, where ay = by + }To\g}% ~ +/2n. By
Lemma (first case of (2.3)) with A = \/n, w = 20, we have

E[eza\/ﬁx Lx<ay] ~ Cn71/2620\/ﬁa1\r7a?\,/2 -~ CN*le2U\/ﬁbN52f\/§/0'7 N — 0,
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where we have again used that v/27bye’~/2 ~ N. We obtain that
lim NE[Wy[* 1wy <] = lim Ne 20VPNE[e2VAX ]y, ] = Ce2 V20,
N—o00 = N—o00

Recalling that 2 > v/2/0, we arrive at (2.19). By Theorem

al d

Z(Wk,N —E[Wn1jwyi<1]) — Sa,

P N—o0
where the limiting random vector S, is infinitely divisible with a characteristic
function given by

/RZ(e (w2) _q _ z(u,z)]l|u‘<1)7|u|2+a, z € C.

Here, u = z+1iy and (u, z) = Re(uZz). Clearly, 1)(z) depends on |z| only and satisfies
P(Az) = AY(2) for every A > 0. It follows that ¢(z) = const - |z|*. O

¥(z) = log B[S+ )] = =

T on

Proof of Remark[I.19 We assume that 7 # 0. By Lemma [2.:4] we have
my = NE[E\/E(UX+iTY)ILX<bN] _ Nl_T2(1_92)/2E[eﬁ(0+i7p)xlx<bN].

Write w = o + iTp. Applying Lemma we have

1 -1, bnVnw
EeVMotito Xy, ]~ (wéﬂ)_lN I, ot Tp> V2
eV "/2, a+rp§\/§.

Strictly speaking, the case o +7p = /2 is not contained in Lemma but an easy
2
computation shows that that the term e* /2 is dominating in (2.5).
O

2.3. Proof of Theorem We will deduce the stochastic convergence of the

log-partition function px(8) = * log |Zx(B)| from the weak convergence of Zy ().

This will be done via the following lemma.
Lemma 2.6. Let Z, 7y, Zs, ... be random variables with values in C and let my €
C, vy € C\{0} be sequences of normalizing constants such that

ZN—mN  d

— Z.

2.2
( O) UN N —o00

The following two statements hold:

log | Zn]| P 1

log [mn| N—>oo

(2) If |mn| = O(lun]), |un| = o0 as N — oo and Z has no atoms, then
log|Zn| P 1

loglon| N 50

(1) If lox| = o(Jmn]) and |mpy| — o0 as N — oo, then

Proof of (1). Fix € > 0. For sufficiently large N, we have |my| > 1 and, hence,

log |Z
Pll-c< log |Zn| <1 —i—s} =P[lmn|'"F < |Zn]| < |mn |t
log [my|
UN 2 |on|

The right-hand side converges to 1 by our assumptions. (I
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Proof of (2). Fix ¢ > 0. For sufficiently large N,

. [mg EN 12|

>1—|—5} :]P’[ > |’UN|E:| SP{
log |vn| lon|

The right hand-side converges to 0 by our assumptions. Consider now

iy FOgZNl < 1—5} P PZJV' < |vN|_e} :IP{
log |un| lvn] UN
Assume that there is § > 0 such that the right-hand side is > § for infinitely many
N’s. Recall that my /vy is bounded. Taking a subsequence, we may assume that
—mpy /vy converges to some a € C. Recall that |vy| — oco. But then, for every
n >0,

N —mpy

1
> — el
5lon]

N —m
N N

mn
v

< |’UN|_E:| .

Tr —
P[|Z —a| <] > limsupP [ EN TN a’ < 77] > 0.
N—o0 UN 2
This contradicts the assumption that Z has no atoms. O

Proof of Theorem[I.13 We may assume that 7 # 0, since otherwise the result is
known [19]. Let p(3) be defined by (1.12). First, we show that limy ..o pn(8) =
p(B3) in probability. It follows from Theorems|1.13}|1.17] [1.16{and Remark that
condition is satisfied with Zy = Zn(8) and an appropriate choice of my, vy .
Straightforward calculation (see in particular Remarks and shows that
the normalizing constants my and vy satisfy the first condition of Lemma [2.6] if
B € By and the second condition if § € By U Bs. Applying Lemma we obtain
that pnx(8) — p(B) in probability.

Let us show that py(8) — p(8) in LY, where ¢ > 1 is fixed. From the fact that
pn(B) — p(B) in probability, and since p(8) > 0, for every 5 € C, we conclude
that, for every C' > p(f3),

A px(B)Logpy(pzc+r = p(B) in L.
For every u € R, we have
Plpw(8) > u] < e "E|Zy ()] < ¢ NE[e VK] = (O,
where C' =1+ ¢2/2. From this, we conclude that

E [lpn ()| 1py(s)>c41] = O Elpn(B) "Lt iapy (8)<c+h1]
k=1

<Y e MO+ k4 1),
k=1

which converges to 0, as N — oo. To complete the proof, we need to show that
(221) Jim_E [Ipx (9)| 71 0] = 0.

The problem is to bound the probability of small values of Zx(/3), where the loga-
rithm has a singularity and |py(8)| becomes large. Fix a small ¢ > 0. Clearly,

(2.22) E [|pN(6)|q]17502§pN([3)§0] < (EUQ)q'
To prove ([2.21)), we would like to estimate from above the probability P[|Zn(8)| < 7]
for 0 < r < e*°". Recall that Zn(f) is a sum of N independent copies of the

random variable eV™(?X+7Y)  Unfortunately, the distribution of the latter random
variable does not possess nice regularity properties. For example, in the most
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interesting case p = 1 it has no density. This is why we need a smoothing argument.
Denote by B, (t) the disc of radius r centered at ¢t € C. Fix a large A > 1. We will

show that uniformly in t € C, 1/4 < |B] < A, n > (24)%, and 0 < r < e—eo’n
(2.23) PleV™OX+TY) ¢ B (1)] < Crio.

This inequality is stated in a form which will be needed later in the proof of Theo-
rem [[T]

Let |t| > /r and 7 > 1/(2A). The argument argt of a complex number ¢ is
considered to have values in the circle T = R/27Z. Let P : R — T be the canonical
projection. Denote by I,.(t) be the sector {z € C : |arg z — argt| < 24/r}, where we
take the geodesic distance between the arguments. A simple geometric argument
shows that the disc B, (t) is contained in the sector I,.(¢). The density of the random
variable P(7,/nY) at 8 € T is given by

1
P[P(r/nY) € d6] = 3 e @2/ @i gy,
m™T

V2 keZ

By considering the right-hand side as a Riemann sum and recalling that 7 > 1/(2A4),
we see that the density converges to 1/(27) uniformly in § € T as N — oo. We
have

PleVMoXHTY) ¢ B ()] < PleV™OXHTY) ¢ [ (8)] < CV/r,
which implies (2.23)).

Let now |t| < y/r. Then, recalling that logr < —eo?n, we obtain

L 1 og T 2
P[e\/ﬁ(aX+ZTY) c B,-(t)] < P[ea\/ﬁx < ’1”1/4] —PpP |:X < ogr :| (log 1)

— £
< e ieeTn <L 6.
40’\/ﬁ

It remains to consider the case t > /r, |o| > 1/(2A). The density of the random
variable e”V™X is given by

(2) 1 _ (logx)? >0
€r) = —e 202n s X .
g V2mnox

It attains its maximum at 2o = e ". The maximum is equal to g(zg) =
ﬁe”zn/? Let r < (27n)o2e=7 ™. Then,

PleVMoXHTY) ¢ B ()] <Pt —r <"V <t 4] < O ot < Cr'/2.
Vno

Let r > (27n)o%e" ", which, together with |o| > 1/(2A), implies that r > e=7"".
Using the unimodality of the density g and the inequality ¢t — r > r, we have

(log )2

PleV™XH™) € B.(t)] <Pt —r < V™ <t+47] <2rg(r) <o 2T <7l

o

The last inequality follows from r < e=’". This completes the proof of .

Now we are in position to complete the proof of . Let U, be a random
variable distributed uniformly on the disc B,(0). It follows from that the
density of the random variable eV™"(@X+i7Y) L[] 'is bounded above by Cr—2+(/20),
Hence, the density of Zx(83) + U, is bounded by the same term Cr~2*(=/20) With
the notation ~ = e~*" it follows that, for every k > 02,

Plpn(8) < —k] = Pl| 2y (8)] < ] < P[|Zx(8) + U] < 2] < Ori.
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From this, we obtain that

Ellpn ()| (8)el—k—1,—41] < Clh+1)%e™ 5.
Taking the sum over all k =02 +1,1=0,1,..., we get

EU2TL s n 5(72’7L
Ellpn (B)|7Lpy (5)<—co2] < Ce™50% 3" 19675 < Ce™ "™
=1

Recalling (2.22), we arrive at (2.21]). O
Remark 2.7. As a byproduct of the proof, we have the following statement. For

every A > 0, there is a constant C = C(A) such that Elpy(8)] < C, for all
1/A < |B] < A and sufficiently large N.

3. PROOFS OF THE RESULTS ON ZEROS

3.1. Convergence of random analytic functions. In this section, we collect
some lemmas on weak convergence of stochastic processes whose sample paths are
analytic functions. As we will see, the analyticity assumption simplifies the things
considerably. For a metric space M denote by C (M) the space of complex-valued
continuous functions on M endowed with the topology of uniform convergence on
compact sets. Let D C C be a simply connected domain.

Lemma 3.1. Let {U(t),t € D} be a random analytic function defined on D. Let
I' € D be a closed differentiable contour and let K be a compact subset located
strictly inside I'. Then, for every p € Ny, there is a constant C = C,(K,I') such
that
E [sup U<P><t>|] <C § B0 w)dul.
teK r

Proof. By the Cauchy formula, |[U®)(t)| < C ¢, |U(w)||dw], for all t € K. Take the
supremum over ¢t € K and then the expectation. (I

It is easy to check that a sequence of stochastic processes with paths in C(D) is
tight (resp., weakly convergent) if and only if it is tight (resp., weakly convergent)
in C(K), for every compact set K C D.

Lemma 3.2. Let Uy, Us, ... be random analytic functions on D. Assume that there
is a continuous function f: D — R such that E|Un(t)| < f(t), for allt € D, and
all N € N. Then, the sequence Uy is tight on C(D).

Proof. Let K C D be a compact set. Let I be a contour enclosing K and located
inside D. By Lemma (3.1

B sl (0l] < ¢ f fwidul. = s iwal] < § ol
te K r te K T

By standard arguments, this implies that the sequence Uy is tight on C'(K). O

Lemma 3.3. Let U, Uy, Us,... be random analytic functions on D such that Uy

converges as N — oo to U weakly on C(D) and P[U = 0] = 0. Then, for every
continuous function f: D — R with compact support, we have

PO D DR (O

2€C:Un(2)=0 z€C:U(2)=0
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Remark 3.4. Equivalently, the zero set of Uy, considered as a point process on D,
converges weakly to the zero set of U.

Proof. Let H be a closed linear subspace of C(D) consisting of all analytic functions.
Consider a functional ¥ : H — R mapping an analytic function ¢ which is not
identically 0 to )~ f(z), where the sum is over all zeros of ¢. Define also ¥(0) = 0.
It is an easy consequence of Rouché’s theorem that U is continuous on H\{0}.
Note that H\{0} is a set of full measure with respect to the law of U. Recall that
Uy — U weakly on H. By the continuous mapping theorem [20, § 3.5], ¥(Uy)
converges in distribution to ¥(U). This proves the lemma. g

3.2. Proof of Theorem Let f : C — R be a continuous function with
compact support. We need to show that

(3.) LY e D [ sena.
BEC:Zn (8)=0 T /By

We need to restrict somewhat the class of f under consideration. A standard
approximation argument shows that we can assume that f is smooth. We may
represent f as a sum of two functions, the first one vanishing on |3] < 1/4 and the
second one vanishing outside |8| < 1/2. The second function makes no contribution
to by Theorem [1.5| So, we may assume that f vanishes on |3| < 1/4.

Denote by A the Laplace operator (interpreted in the distributional sense) and
by 4(8) the unit point mass at S € C. It is well known, see [I1} Section 2.4], that

(3.2) Alog|Zy|=2r > 4(B).
ﬁG(CZZN(IB):O

Recall that py(8) = Llog|Zn(3)| and p(8) have been defined in Theorem

An easy computation shows that Ap = 2-1p,. Using (3.2)) and the self-adjointness
of the Laplacian, we conclude that (3.1)) is equivalent to

[ox@aronas L [ soarenas)
C —oo Jc

We will show that this holds even in L'. By Fubini’s theorem, it suffices to show
that
(3.3) lim CElpw(ﬁ) = p(B)IIAF(B)IA(dB) = 0.

N—o0

We know from Theorem that limy o Elpn(8) — p(B)| = 0, for every 5 € C.
To complete the proof of (3.3)), we use the dominated convergence theorem, which

is justified by Remark

3.3. Proof of Theorem Let T' be a differentiable contour enclosing the set
K and located inside B;. We have

PZN(8) =0, for some B € K| <P [Sup ‘ZN(ﬂ) EZN(ﬂ)‘ > 11

peK EZn(B)
Zn(B) —EZNn(B)
=P ‘ EZx (B) ’

- CéE’ZN(]@z_NI(E;N(ﬁ) ‘ dwl,
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where the last step is by Lemma Note that |[EZx(8)] = N+3(@* =) 7o
complete the proof, we need to show that there exist ¢ > 0 and C' > 0 depending
on I' such that, for every § € I', N € N,

(3.4) E|Zn(8) — EZN(8)| < CN'=sF3( =),
Since I' C By, we can choose € > 0 so small that I' C Bj(¢) U By (¢), where
Bi(e) ={B€C:0?+ 7% <1—2¢},
Bl(e)={BeC: (o] —Vv2)?-72>21/2<0? <2}
We have
E|Zy(8) — EZn(8)|? = NE|e®V'X — EefViX |2 < NEe2ovVnX — N1+20°,
If B € Bi(e), then it follows that
E|Zx(8) ~EZn(8)| < N¥¥7 < N'-eta(7 =7,

This implies (3.4). Assume now that 8 € BY(¢) and ¢ > 0. For k = 1,..., N,
define random variables

ﬁ\/ﬁxk*m@nl 5\/5Xk*0\/§n]1

Uen =e X,<vans VN =¢€ Xe>v2m
By Part [I] of Lemma we have
2
N
(35) E|> (Uky —EUky)| < NEJUyn[? = NeT2V2 B[V o] <1,
k=1
Similarly, By Part [2] of Lemma [2:1]
N
(36) E|Y (Vi —EViv)| < 2NE|Vin| = 2Ne V2 E[e”V X1 o] < 2.
k=1

Combining (3.5) and (3.6, we obtain E|Zx(8) — EZx(8)] < 3¢V2". Since 8 €
B (e) this implies the required estimate (3.4)).

3.4. Proof of Theorem Recall that G is the Gaussian analytic function
defined in (|1.6). Theorem will be deduced from the following result.

Theorem 3.5. Fix some By = o9 +1i719 with 08 < 1/2 and 79 # 0. Define a random
process {Gn(t) : t € C} by

ZN (ﬁo + ﬁ) — N3+

N2 Heot+5)?

Gn(t) :

Then, the process G converges weakly, as N — oo, to the process e_tz/QG(t) on

C(C).
Proof. For k=1,...,N, define a random process {Wj, n(t) : t € C} by
Wen(t) = N—1/26(Bovn+t) Xy —(o0v/n+t)*
Then, Gy (t) = Zszl(Wk,N(t) — EWj, n(t)). First, we show that the convergence

stated in Theorem [3.5] holds in the sense of finite-dimensional distributions. Take
t1,...,tqg € C. Write Wy v = (Wi n(t1),..., Wi,n(tqa)). We need to prove that

N
(3.7) S Wiy —EWin) -5 (752G(1), ..., e /%G(ta)).
o1 N—o00
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Let Wx be a process having the same law as the Wj n’s and define Wy =
(Wn(t1),...,Wn(tqa)). A straightforward computation shows that for all t,s € C,

(3.8) NE[Wx ()W (s)] = e 972,
(3.9) lim N[E[Wy(#)Wn(s)]| =0
N—o00
Also, we have
(3.10) lim VN[E[Wx(t)]] = e=/2 lim e~ — .
N—0c0 N—o0
Note that by (L.6]),

Ele " /2G(t)e=/2G(s)] = e "9°/2  E[e ¥/2G(t)e " /2G(s)] = 0.

We see that the covariance matrix of the left-hand side of converges to the
covariance matrix of the right-hand side of if we view both sides as 2d-
dimensional real random vectors. To complete the proof of , we need to verify
the Lindeberg condition: for every € > 0,

(3.11) Jim NE[[Wy[*Tjwj>e] = 0.

Forl=1,...,d, let A; be the random event |Wx (t;)| > [Wn(t;)| forallj =1,...,d.
On A;, we have [W |2 < d|Wix(t;)|?. Tt follows that

d
NE[[Wy[*Ljwy|>c] <d Y NE ['WN(tl)|2]lIWN(tz)|>\%} L0,
=1

where the last step is by the same argument as in (2.12]). This completes the proof
of the finite-dimensional convergence stated in (3.7). The tightness follows from

Lemma [3.2] which can be applied since
E|Gn(1)] < VE[GN (O] < v/ NE[Wy (5)2] = e 0",
The last equality follows from (3.8]). O

Proof of Theorem[I.3 If By € Bs, then the expectation term in the definition of
Gn can be ignored: we have limy_,o0 |Gn(t) — Un(t)] = 0 uniformly on compact
sets, where

1 ¢ )2 t
ty=N"z 0tz — ).
Un(t) N<5o+\/ﬁ>

It follows from Theorem that Uy converges to G weakly on C'(C). Applying
Lemma [3:3] we obtain the statement of Theorem O
3.5. Proof of Theorems [1.6] and [I.8]

Proof of Theorem[1.6 Fix a compact set K contained in the half-plane o > 1/2.
Define random C(K)-valued elements Si(8) = s1(8) + ... + sx(8), where

e k+1
sk(B) = ZPJ‘_BlkSPj<k+1 —/k t=Pdt, peK.

j=1

Note that sq, so,... are independent. By the properties of the Poisson process,

(3.12) E[sx(B)] = 0, i]Ensk(ﬁ)F] = /oot—zadt < .
k=1

1
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Thus, as long as o > 1/2, the sequence S(f), k € N, is an L?-bounded martingale.
Hence, Sy () converges a.s. to a limiting random variable denoted by S(3). We need
to show that the convergence is uniform a.s. It follows from and Lemma
that the sequence Sy, k € N, is tight on C(K). Hence, Sy, converges weakly on C'(K)
to the process S. By the It6—Nisio theorem [I2], this implies that S} converges to
S a.s. as a random element of C'(K). This proves the theorem. O

Proof of Theorem[1.8. Let us first describe the idea. Consider the case o > 1/v/2.
Arrange the values X1, ..., Xy in an increasing order, obtaining the order statistics
X1.v <...< Xn.n. It turns out that the main contribution to the sum Zy(8) =
Z,ICVZI ePVnXk comes from the upper order statistics Xy _j.n, where k = 0,1, ...
Their joint limiting distribution is well-known in the extreme-value theory, see [20
Corollary 4.19(i)], and will be recalled now. Denote by M the space of locally finite
counting measures on R = RU {+o00}. We endow M with the (Polish) topology of
vague convergence. A point process on R is a random element with values in M.

Let Py, Ps, ... be the arrivals of the unit intensity Poisson process on the positive
half-line. Define the sequence by as in (|1.15)).

Proposition 3.6. The point process mn = Z;le 5(v/n(Xg — by)) converges as
N — 00 to the point process oo = Y gy 6(—(log Py)/V/2) weakly on M.

Utilizing this result, we will show that it is possible to approximate Zxn(3) (after
appropriate normalization) by ¢ p(B/v/2) in the half-plane ¢ > 1/v/2. Consider
now the case ¢ < —1/4/2. This time, the main contribution to the sum Zx(5)
comes from the lower order statistics Xj.n, & = 1,2,.... Their joint limiting
distribution is the same as for the upper order statistics, only the sign should be
reversed. Moreover, it is known that the upper and the lower order statistics become
asymptotically independent as N — oo. Thus, in the half-plane o < —1/4/2 it is
possible to approximate Zx(3) by an independent copy of (p(—3/v/2). In the
rest of the proof we make this idea rigorous. For simplicity of notation we restrict
ourselves to the half-plane D = {8 € C: ¢ > 1/v/2}.

Theorem 3.7. The following convergence holds weakly on C(D):

z — NEJ[eBvVnX w -
En(B) == ~(5) eﬁ}eﬁbN Lx<tn] VoL 6P (\%) :

The proof consists of two lemmas. Take A > 0 and write éx(8) = £8(8) —
en(B) + A% (B), where

N
E4(8) = SV,
k=1

eﬁ(ﬁ) = NE {eﬁﬁ(Xk_bN)le*%SXk<bN:| 5

N

Aﬁ(ﬁ) — Z (eﬂx/ﬁ(Xk*bN)]lkabN7% -E [eﬂx/ﬁ(xk*bN)ILXkaNiﬁ}) )
k=1

Lemma 3.8. Let fp(~;~) be defined as in (1.7)). Then, the following convergence
holds weakly on C(D):

E40) - () ;s G (Tie).
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Proof. Recall from Proposition [3.6] that the point process my converges to the
point process o, weakly on M. Consider a functional ¥ : Ml — C'(D) which maps
a locally finite counting measure p = >, ; 0(y;) € M to the function ¥(p)(5) =
Yier ePvi 1,,>—a, where 8 € D. Here, I is at most countable index set. If p charges
the point +oco, define ¥(p), say, as 0. The functional ¥ is continuous on the set
of all p € M not charging the points —A and +o0o, which is a set of full measure
with respect to the law of 7. It follows from the continuous mapping theorem [20,
§ 3.5] that &4 = U(mx) converges weakly on C(D) to ¥(ms,). Note that

U(ro)(B) = S P71, v
k=1

We prove the convergence of e (3). Using the change of variables /n(z —bx) = v,
we obtain

by .2 AT 0 . e
A _ N Byvn(z—bn) — % 1. By~ 3(bN+=)
e = — e e zdx = e’Ye vrl dy.
~n(B) o /bNAn S /7,4 Y

Recalling that \/271'bNeb?V/2 ~ N and by ~ vV2n as N — oo, we obtain that
eﬁA .
limy 00 en(B) = i t=B/V2q¢, as required. O

Lemma 3.9. For every compact set K C D there is C' > 0 such that, for all
sufficiently large N,

E | sup |AA(8)]| < Celi=VENAL2,

BeEK

Proof. Let T' be a contour enclosing K and located inside D. First, E[A4(8)] = 0
by definition. Second, uniformly in 8 € I" it holds that

E[AL(B)P) < NE [Vt ]

A
= Ne~20Vnby g20°ng <bN ahveie 20\/ﬁ>
N

< Ce(lfﬁo)A’

where the second step follows from (2.2]) and the last step follows from (2.1)). By
Lemma [3.1] we have

E | sup |AN(5)]

BEK

< cf E|AZ (8)[[dB] < Cel-VENAL2,
T

The proof is complete. O
Proof of Theorem 3.7, By Theorem we have the weak convergence
> (B \/§A> d. = < B >
—e — — .
CP <\@ A—o0 CP \/i

Together with Lemmas [3.8 and [3.9] this implies Theorem [3.7] by a standard argu-
ment; see for example [I4, Lemma 6.7]. O
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The proof of Theorem can be completed as follows. Let o > 1/v/2. By
Lemma [2.2] we have

lim Ne PVNE[AVIXT ) ] =

N—o0

725 itlol+ 17> V2,
00, if o] + |7 < V2.
The first equality holds uniformly on compact subsets of Bs. By Theorem the

process e AV~ Zy () converges to (p(B/v/2) weakly on the space of continuous
functions on the set BoN{o > 1/4/2}. By Lemma this implies Theorem O

3.6. Proof of Proposition Let 7 # 0 be fixed. Let S(8) be a random
variable defined as in the proof of Theorem Take a,b € R. For ¢ > 1/2
consider a random variable

Y (o) =aReS(B)+bImS(8 hm Zf ]].1<P<k—/ft0' ,

where f(t;0) = va? + b*t~7 cos(tlogt — 0) and 0 € R is such that cosf =
b
We need to show that /20 — 1Y (o) converges, as o | 1/2, to a centered real
Gaussian distribution with variance (a? + b?)/2. By the properties of the Poisson
process, the log-characteristic function of Y (o) is given by

. o . 2 2 oo
log Ee??Y (@) — / <e”f(t9") —1—izf(t;0) + 22]”2(15;0)> dt — %/ f2(t; 0)dt.
1 1

We will compute the second term and show that the first term is negligible. By
elementary integration we have

o 2 2 S -
(3.13) / ﬂ@mﬁﬁ:agbt/ 1+mﬂiﬁﬂ 2”&
! 1

a? +v? 1 e 20
= — Re N .
2 20 —1 (1 —20)+ 2ir

Using the inequalities | — 1 — iz + ””—22\ < |z|? and |f(t;0)| < Ct~° we obtain

/OO eF o) 1 iz f(t )+Z2f2(t ) ) dt| < ¢ 2|3
’ - — O —_ O .
1 ’ 2 ’ ~30-1

Bringing (3.13)) and (3.14) together and recalling that 7 # 0 we arrive at

1
3.15 li locE ivV20—-12Y (o) _ _ ~(,2 b2 2
(3.15) i, log Ee @ +b)2
This proves the result for 7 # 0. For 7 = 0, the limit is (3.15)) is —a?22/2.
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W
and sinf =

(3.14)
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