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Diffusion enhancement in on/off ratchets

W. Chr. Germs, E. M. Roeling, L. J. van IJzendoorn, R. A. J. Janssen, and M. Kemerink®
Applied Physics, Eindhoven University of Technology, PO Box 513, 5600 MB Eindhoven, The Netherlands

(Received 11 October 2012; accepted 7 February 2013; published online 20 February 2013)

We show a diffusion enhancement of suspended polystyrene particles in an electrical on/off
ratchet. The enhancement can be described by a simple master equation model. Furthermore, we
find that the diffusion enhancement can be described by a general curve whose shape is only
determined by the asymmetry of the ratchet repeat unit. The scaling of this curve can be explained
from an analytical expression valid for small off-times. Finally, we demonstrate how the master
equation model can be used to find the driving parameters for optimal particle separation. © 2013
American Institute of Physics. [http://dx.doi.org/10.1063/1.4793198]

In a Brownian ratchet, the random thermal motion of
particles is used to create directed transport. By subjecting
the particles to an asymmetric periodic potential and driving
the system out of equilibrium, e.g., by superposing an oscil-
lating force, the random motion is rectified into directed
motion. Many different types of Brownian ratchets have
been realized." Ratchets have been demonstrated for sus-
pended particles using structured arrays,”™ optical fields,>°
magnetic ﬁelds,7’9 and electric fields.'*!3 Here, we focus on
the on/off ratchet for suspended particles, where the periodic
potential itself is oscillating in time, see Fig. 1(a).

Ratchets have been proposed as possible separators of
different types of particles.''™"* When using a ratchet as a
particle separator, there are two important factors. One is the
difference in average velocity of different types of particles,
which should be large. Second, the spread of an ensemble of
equal particles should be small. As depicted in Fig. 1(b), a
mix of two types of particles can then eventually be
extracted from a microchannel as two separated particle
distributions.

The difference in average velocity can be achieved
when the particles have a large enough difference in size.
However, the second criterion can be more problematic. A
ratchet can enhance the spreading of particles compared to
the diffusion derived from the Einstein relation. This can be
seen in Fig. 1(a) where at time #,, when the potential has
been restored, the spreading has increased as compared to
thermal diffusion at #,. This increase can be expressed as an
increased effective diffusion constant, D¢, of the whole en-
semble. For rocking ratchets, this has been calculated'>'
and has experimentally been confirmed.”*** Calculations on
the diffusion in discrete multi-site on/off ratchets have been
performed before in relation to the Péclet number, a figure of
merit for the relative importance of drift over diffusion cur-
rents.”**> These works showed very low Péclet numbers. An
increased diffusion has also been calculated®® and meas-
ured?’ for particles between oscillating potential barriers of a
non-ratchet device. However, apart from an anomalous
increased diffusion perpendicular to the transport direction,®
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the enhanced diffusion along the transport direction has
experimentally not been shown for on/off ratchets.

Here, we demonstrate diffusion enhancement for water
suspended polystyrene particles in an electrical on/off
ratchet.”® We develop a master equation model with which
the average movement and effective diffusion constant can
easily be calculated numerically for on/off ratchets of arbi-
trary shape. In contrast with previous works,”**> each ratchet
unit is represented by only one discrete site, resulting in a
very simple model in which the transition rates are no longer
explicitly dependent on the magnitude of the forces in the
ratchet unit. We compare the results with measurements of
the effective diffusion of suspended polystyrene particles.
The model and the experiment show good agreement, and
indicate relatively high Péclet numbers.

The water suspended polystyrene particles are measured
in a microchannel above asymmetrically placed interdigi-
tated finger electrodes. The ratchet has a spatial period of

(a)
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FIG. 1. (a) Particles in an on/off ratchet potential for three moments in time,
showing the principle of an on/off ratchet. (b) The ratchet as a particle sepa-
rator. Two types of particles are injected as a mix and extracted as two sepa-
rated distributions. The effective diffusion coefficient, D, is defined at the
distribution on the utmost right, with n the number of on/off cycles and .
the time per cycle for free diffusion.

© 2013 American Institute of Physics
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L =7 um; geometrically, the short side of the ratchet unit
equals Xg,or¢ =2 pum. Particle displacement is recorded with
an optical microscope and a high speed camera. A full
description of the on/off ratchet and measurement setup is
given in Ref. 28, which focuses on the interaction forces. We
reanalyze the experimental data which was used to determine
the average displacement of 300 nm and 500 nm particles vs.
tor in our previous work. Here, we calculate the effective dif-
fusion coefficient, D, using

2
Dot = 52— withou? = Y pia — 0% (1)

2”lcycll‘off

where 7y is the number of on/off cycles and x the average
position of the particles. Fig. 2 shows D¢ normalized by the
Einstein-Stokes diffusion constant as symbols.
To describe on/off ratchet measurements, we developed
a rather simple master equation model. The driving of the
particles in the experiment has been shown to be dielectro-
phoretic in nature;28 however, the model does not require
any assumptions on the nature of the driving. It only assumes
well defined locations of the potential well boundaries and
potential minima. The time dependence of the ratchet poten-
tial is modeled as a block function, which is consistent with
the experimental realization. The on-time is assumed to be
long enough to trap all particles to a distribution that can be
approximated by a delta function.
We define a probability, p;, of finding a particle in a trap
i, which is equal to the number of particles in the trap, n;, di-
vided by the total number of particles present in the device, N
n;

pi = N ()

After switching the ratchet potential off, the particles diffuse
from a delta-shaped distribution to a Gaussian distribution.
The rate per on/off cycle, y;;, at which a particle displaces
from trap i to j is calculated from the integral of the
Gaussian distribution of particles as

Ajj+1 | ( X)2
X — A
Vi = ————exp — —————dx 3)
Y OESV 2T P 2 03 ,
Xj-1
5 L) L) L)
= 500 nm
4_° —-—-0300nm | |
a=15/7

FIG. 2. Measurements (symbols) and calculations (lines) of the ratio of the
effective diffusion coefficient and the Einstein-Stokes diffusion coefficient
vs. the off-time per cycle for particle diameters of 300 nm and 500 nm.
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with x; ;1 and X; defined in Fig. 1(a). The width of the distri-
bution is calculated as ggs = +/2DEgstot, With t.¢ the time of
the ratchet being in the off-state, and Dgs = kgT/67nr the
Einstein-Stokes diffusion coefficient with kT being the ther-
mal energy, # the viscosity, and r the particle radius.

For the master equation model, the rate at which the trap
occupation changes is written as

dpi
o § (Viipj — ViPi)- 4)
J

The change per cycle in occupation for a whole array of traps
can be calculated as

I'n Y21 V31 e P1 op1
Yi2o T2 a1 19
: A=l | ®
Y13 Y12 ’ ’
: Tfinal Pfinal OPfinal

with I';=—%;7;;, from the right hand side of the sum in Eq.
(4). Note that, apart from the middle diagonal, the matrix con-
sists of diagonals of the same value, since y1, =23 =7, ;1. By
taking pgnai2 €qual to one and all other traps empty, the aver-
age displacement per cycle and the effective diffusion coeffi-
cient of the entire particle distribution can be calculated by
evaluating Eq. (5) only once. A few hundred subsequent
evaluations for an array of a few hundred traps can easily be
performed as well. Comparable to “normal” free diffusion,
the calculations show that the width of the distribution o.¢
changes with \n¢y., and D.g is independent of ngyy, i.€., in-
dependent of time.

Fig. 2 shows the results of the master equation calcula-
tions as lines for two different ratchet asymmetries, o = Xgor/
L=1.5/7 and a=2/7, with T=298 K and 11 = 8.9 X 10 *Pas.
For the 500 nm particles and an asymmetry of « ~ 1.5/7, a
good agreement between experiments and calculations is
obtained. Both clearly show a peak in D.g for intermediate
torr- The agreement for the 300 nm particles is of somewhat
lower quality. The low D¢ at low z. is due to the very lim-
ited diffusive spread (<Kxg,or) Of the particles for low 7.
This reduction of D.g becomes smaller with increasing .y,
where at intermediate #,¢ We observe a D that is larger than
the Einstein-Stokes diffusion. This diffusion enhancement is
explained by the process displayed in Fig. 1(a), where the
ratchet potential displaces particles during the retrapping pro-
cess, increasing the width of the total distribution. Finally,
when ¢ becomes very large, D.r/Dgs approaches 1, since
the average displacement by the retrapping becomes small
compared to the width ogs. The shape of the diffusion
enhancement curve is very similar to the diffusion enhance-
ment vs. tilting force in rocking ratchets,'>'” where the
enhancement can be explained by a similar reasoning.

Finally, we remark that the effective asymmetry o ~ 1.5/
7 found here on basis of the effective diffusion constant is
rather close to oo /& 2/7 found in Ref. 28 by analyzing the aver-
age displacement of the beads.

The number of particles that moves from trap i to trap j
is described in Eq. (3) to depend on the width of the diffused
particle distribution originating from trap i. Therefore, the
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diffusion enhancement curve can be generalized to a curve
that depends on this width, /2Dgsfof. In fact, for each asym-
metry o, a master curve can be found that describes the effec-
tive diffusion enhancement. These curves are shown as a
function of the width relative to the trap length L and the
asymmetry o for five different asymmetries in Fig. 3(a). The
shape of the curve only depends on ¢, all other parameters
are contained in the scaled axis variables which include the
temperature, viscosity, and particle radius. The scaling can
be explained by describing the diffusion with an expression
for the fraction of particles that is displaced to the spatially

nearest trap, for #,q << (1 — oc)2 L2 DESleZQ as

5= %erfo (oc L/\/4Dgs roff) ©6)

from which the width of the distribution can be approxi-
mated as''

o = ncycles (1—y3), @)

where erfc is the complementary error function. Using Eq.
(1), the effective diffusion constant becomes

Dess = L—zerfc <L) X [1 — lerf(: (L>]
7 doge V4 DEs toft 2 V4 Dgs tofr) |

®)

0.20 — T T T
° = 500 nm
w0.15_ / o 300 nm i
QLU e o=1/3
=
Q° 0.10F
X
B
0.05F
N s
0 1 2 3 4 5
V2Dt ./ (aL)

0 2 4 6 8 10
t.(s)

-_—
<
@

FIG. 3. (a) Calculations (solid lines) of the effective diffusion master curves
for different asymmetries o. All other parameters are contained in the x,y-
variables. The dashed line is calculated from Eq. (9). The measurements
(symbols) are the same results as displayed in Fig. 2, the dotted line is calcu-
lated with o= 1.5/7. (b) The analytical expression Eq. (10) (thick line) and
the numerical calculations of the effective diffusion constant for three parti-
cle sizes (thin lines), all with L =7 um and o =0.

Appl. Phys. Lett. 102, 073104 (2013)

which can be rewritten as

o o?L? oL
—— Dot = erfc
Dgs 4Dgstofs /4 Des toff

oL

1
x |1 —=erfc| ——
[ 2 <V4DES toff>:|

1 1 1 1
= —erfc x |1 —<erfc ,  with
2 <X\/5 > [ 2 (x\/f ) }
V2 DEs tofr

ol

1= ®

explaining the choice of the x- and y-axis scaling. Equation
(9) is displayed in Fig. 3(a) as the dashed line and is almost
overlapping the low o curve. The y value where Eq. (9)
breaks down scales roughly with & ', leading to comparable
tog¢ values for the breakdown. Even though the expression is
valid for oo — 0, the choice of the x-axis makes it impossible
to actually display the curve for «=0. For « =0, Eq. (8)
reduces to the simple size independent expression

L2
8 lofr’

Deff,oc:O = (10)

which predicts the numerical results within 10% accuracy as
long as v/2Dgstr < 0.4L. Equation (10) is displayed in Fig.
3(b) together with numerical calculations for three different
particle sizes. For large 7., all asymmetries have Dg/Dgs
approaching 1; therefore, the curves in Fig. 3(a) approach o,
The peak in the diffusion enhancement remains at the same
coordinates for low o. We determined that for o<1/, the
diffusion peak sits at y=0.78 =0.01 with a height of
02D g /Dgs =0.148 = 0.001, which corresponds to the value
found with Eq. (9). We, therefore, conclude that for interme-
diate and strong asymmetries, o < 1/4, the effective diffusion
peak occurs at

(0.782L)*  3myr(0.78aL)’
2Dgs ksT '

Y

Toff peak =

with

0.148 Dgs  0.148 kyT
2 26mnr’

Deff,peak = (12)

In view of effective particle separation, the diffusion
enhancement is bad news. The Péclet number is often used
as a figure of merit for ratchets and is defined as
Pe = (v)l/Degr, with (v) the average velocity and / a charac-
teristic length. Pe can be calculated from Egs. (6) and (8).
By taking / equal to L, one finds

Pe =4 x (1%&(@/%))71, (13)

which is plotted in Fig. 4 together with numerical Pe curves
for different o. In contrast to earlier work,>**> good Pe num-
bers are found, i.e., Pe > 2 for which drift wins over diffu-
sion. Similar numbers have been calculated for tilted
periodic potentials.>® Figure 4 suggests that for the systems
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\2D__t /(L)

ES “off

FIG. 4. Calculated Péclet numbers for different asymmetry o (solid lines)
and analytically derived Péclet numbers (Eq. (12), dashed line). All device
parameters are contained in the x-axis. The experimental points (symbols)
are calculated from the diffusion data in Fig. 2 and the displacements data
from Fig. 3 of Ref. 28.

investigated here Pe is always below 4. The limit Pe = 2 for
toff — O reflects the fact that both drift and diffusion go to
zero and are no longer affected by the ratchet. Unfortunately,
the noise on the experiments is such that the expected value
of Pe (slightly) above 2 for intermediate off-times cannot be
confirmed.

In determining the optimal driving parameters for parti-
cle separation, the Péclet number is actually of limited use,
since it gives information on one of the two particles only
and gives no information on the desired large difference in
average velocity between the particles. These parameters can
be found using the same master equation model, which we
will apply to calculate the optimal #.¢ for the system used
here. The calculations are fast and a range of #,¢ can be cal-
culated to find a maximum purity. Fig. 5 shows a calculation
for the two particle sizes used in Fig. 2 with «=1.5/7 and
torr=0.32s. The solid lines are the average positions of the
particle distributions after n.y cycles. The short dashed lines
indicate the *=o¢ points. If enough cycles are allowed, any
two particle sizes can, in principle, be separated, since the
difference in position is linear in 7y While 0 o | /ficyel.

The long dashed line shows the purity. The coordinate
of separation is taken such that on each side of this

©
o

Purity

60

Position (um)

Ny, # on/off cycles

FIG. 5. Position of 300 nm and 500 nm (diameter) particle distributions as a
function of number of on/off cycles (left axis). The solid lines are the aver-
age positions and the short dashed lines are the * ¢ position. The long
dashed line (right axis) shows the purity if the distributions are separated.
Here, t,¢=0.32s, determined to be the optimal value after 5 min, as shown
in the inset.

Appl. Phys. Lett. 102, 073104 (2013)

coordinate both distributions have the same purity
ny/(ny + ny). The inset of Fig. 5 displays the purity after
5 min as a function of 7, The highest purity was found for
toee = 0.32 s. For a realistic trapping time of 2's, a 5 min inter-
val is equal to 130 cycles, at which a purity of 0.87 can theo-
retically be obtained. Evidently, for larger (smaller) size
differences, the same separation can be performed faster
(slower). For example, separating 100nm and 700 nm par-
ticles for 5 min with t,;;=0.25s, a purity better than 0.9999
is calculated.

In conclusion, we demonstrated a diffusion enhance-
ment in an electrical on/off ratchet for polystyrene particles.
The experiments show good agreement with a simple mas-
ter equation model. Furthermore, we showed that the diffu-
sion enhancement can be described via a general curve
whose shape only depends on the asymmetry. An analytical
approximation was derived and found to be in good agree-
ment with the numerical model; its limitations are dis-
cussed. Finally, we showed that the master equation model
can be used to find the optimal driving setting for optimal
particle separation.

This work was funded by the Dutch Organization for
Scientific Research NWO (Grant VIDI7575). We are grate-
ful to B. Smalbrugge, T. de Vries, and E. J. Geluk for techni-
cal assistance.
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