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Abstract

We consider shot noise processes (X (t))¢>0 with deterministic re-
sponse function h and the shots occurring at the renewal epochs 0 =
So < 81 < Sy... of a zero-delayed renewal process. We prove conver-
gence of the finite-dimensional distributions of (X (ut))y>0 as t — oo
in different regimes. If the response function h is directly Riemann
integrable, then the finite-dimensional distributions of (X (ut)),>0 con-
verge weakly as t — oo. Neither scaling nor centering are needed in this
case. If the response function is non-negative, eventually decreasing but
non-integrable, then, after suitable shifting, the finite-dimensional dis-
tributions of the process converge. Again, no scaling is needed. In both
cases, the limit is identified as a collection of independent shot noise
processes in equilibrium. If (the distribution of) S is in the domain of
attraction of an a-stable law and the response function is regularly vary-
ing at oo with index 8 (with 8 < 1/« or 8 < 1/a, depending on whether
ES; < o0 or ES] = o), then scaling is needed to obtain weak conver-
gence of the finite-dimensional distributions of (X (ut)),>0. The limiting
processes are fractionally integrated stable processes if ES] < co and
fractionally integrated inverse stable subordinators if E S = cc.
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1 Introduction

Continuing the line of research initiated in [18], in the present paper, we are
investigating the convergence of the finite-dimensional distributions of renewal
shot noise processes. Some work on convergence of renewal shot noise processes
has already been done by other authors [17, 32, 34]. However, their results do
not intersect with those obtained here. The special case of Poisson shot noise
has received more attention, see e.g. [15, 23, 25, 26, 36].

Initially, shot noise processes were introduced to model the current induced
by a stream of electrons arriving at the anode of a vacuum tube [39]. Since
their first appearance in the literature, shot noise processes have been used to
model rainfall [35, 43|, stream- and riverflows [27, 44|, earthquake occurences
[42], computer failures [28], traffic noise [30], delay in claim settlement in
insurance [23, 24|, and several processes in finance [37], to name but a few.
The recent paper [1] offers a list of further references.

We now start with the mathematical setup. Let &, &, ... be a sequence of
independent copies of a positive random variable £&. The distribution of ¢ is
denoted by F. By (Sk)ken, we denote the random walk with initial position



So := 0 and increments S, — Sp_1 = &, k € N. The corresponding renewal
counting measure is denoted by NV, that is,

N = > 6,

k>0

where 6, denotes the Dirac distribution concentrated at x. We write N (%)
for N[0,t], t > 0. By U we denote the intensity measure corresponding to N.
Hence, U(B) := E N(B) for Borel sets B C R. We write U(t) for U[0,t], t > 0.
Throughout the paper, we denote by h a real-valued, measurable and locally
bounded function on the positive half-line R, = [0, 00). Further, let

N(t)—1

X(t) == > h(t—S) = /[Ot] h(t—y) N(dy),  t>0. (1.1)

k=

[e=]

While the stochastic process (X (t))i>o is called renewal shot noise process, h
is called response function.

In the recent paper [18], functional limit theorems for (X (ut)),>o are de-
rived in the case that the response function is eventually increasing!. The
motivation behind the present work in general and the use of the specific time
scaling in particular is the following. First, we intend to obtain counterparts of
the results derived in [18] for functions h that are eventually decreasing. Sec-
ond, in a forthcoming publication [20] some results of this paper will be used
to prove the finite-dimensional convergence of the number of empty boxes in
the Bernoulli sieve (see [12] for the definition and properties of the Bernoulli
sieve). Of course, transformations of time other than ut may also lead to use-
ful limit theorems. For instance, convergence of (X (¢ + u)),>0 may be worth
investigating. Yet another transformation of time has proved important [17],
where one only rescales the time of the underlying renewal process, whereas
the deterministic component runs in its original time scale.

Unlike in [18], where functional limit theorems are derived, in the present
paper, we investigate convergence of finite-dimensional distributions only. In
some cases, the limiting processes do not take values in the Skorokhod space of
right-continuous functions with left limits which excludes the possibility that
a classical functional limit theorem holds. However, in some cases, if h belongs
to the Skorokhod space, so does the limit. Whether in these cases there is
actually convergence in a functional space remains open for future research.

2 Main results

As mentioned in the introduction, we centre our attention on the case of even-
tually decreasing response functions. Let us remark right away that the situa-
tions where h is eventually decreasing and either lim; o, h(t) = ¢ € (—00,0) or
limy_,o0 h(t) = —oo and —h(t) is regularly varying at oo with some index 5 > 0

!Notice that we call a function h increasing if for all s < ¢ we have h(s) < h(t). We call
h strictly increasing if s < t we have h(s) < h(t). Analogously, h is said to be decreasing if
s < t implies h(s) > h(t) and it is said to be strictly decreasing if s < ¢ implies h(s) > h(t).
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are covered by Theorem 1.1 in [18]. See Remark 2.10 for more details. Keep-
ing this in mind our main results mainly treat eventually decreasing functions
with non-negative limit at infinity.

Our results fall into two fundamentally different categories. The first type
of results considers finite-dimensional convergence of the process (X (ut)),>o as
t — oo when no scaling (normalization) is needed. In this case, all randomness
in the limiting process can be described in terms of (copies of) the stationary
renewal counting process N* to be introduced below. In the second type of
results scaling is needed. As an effect of the scaling, some of the fine features
of the process (X (ut)),>o vanish in the limit. Therefore, in the second case,
robust limit theorems are obtained in the sense that the limiting behavior
only depends on the asymptotic behavior of h and the tails of S;. The limiting
processes are stochastic integrals with integrators being certain Lévy processes.
For instance, if £ is square-integrable, the integrator is Brownian motion.

For the formulation of our main results, we need to introduce further nota-
tion. First, let p:=E&. Since £ > 0 a.s., p is well-defined but may equal 4oc0.
Whenever p < co and the law of £ is non-lattice, we denote by S a positive
random variable which is independent of the sequence (&x)reny and which has
distribution function

F*(t) = P{S; <t} := %/t P{¢ > 2} dz, t > 0. (2.1)

Moreover, we set S; := S5 + Sk, k € Ny. The associated renewal counting
process N* := Zkzo dsx has stationary increments. Equivalently, the corre-
sponding intensity measure U*(-) := E N*(-) satisfies U*(dz) = p~'dz, see
Subsection 3.1 and [29, Section II1.1.2] or [41, Section I1.9] for further back-
ground information and details.

For stochastic processes (Z:(u))y>0, t > 0 and (Z(u))y,>0, we write Z;(u) £
Z(u) as t — oo to denote weak convergence of finite-dimensional distributions,
i.e., for any n € N and any selection 0 < uy < ... <wu, <00

(Ze(ur), ..., Zy(un)) = (Z(wy),..., Z(uy)) ast— oo.

The record Z;(u) Yz (u) as t — oo means that the above relation holds for all

choices 0 < uy < ... < u, < oo, whereas Z;(0) does not (necessarily) converge
to Z(0).

2.1 Limit theorems without scaling

If 4 < oo and F' is non-lattice, define

X = "h(S;) (2.2)

k>0

whenever the sum converges in probability. In this case, denote by (X*(u))u>0
a family of i.i.d. copies of X*.

Our first result states that if h is directly Riemann integrable (d.R.i.),
then the finite-dimensional distributions of (X (ut)),~o converge weakly to the
finite-dimensional distributions of the process (X*(u))y>o0-
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Theorem 2.1. Let h : Ry — R be directly Riemann integrable and F be
non-lattice.

(a) If p =E& < oo, then the random series X* converges a.s. and

X(ut) % X*(u) ast— oo (2.3)

(b) If u = oo, then
X(t) 50 ast— oo

If F is spread-out, then assertions (a) and (b) also hold for functions h that
are bounded, a.e. continuous and Lebesque integrable.

Remark 2.2. Since the focus of this paper is on eventually decreasing response
functions it is worth mentioning that Theorem 2.1 covers the case when h
is eventually decreasing and improperly Riemann integrable since any such
function is necessarily directly Riemann integrable.

Example 2.3. Assume that ¢ < oo and that F' is non-lattice. For fixed
0 < a < b, choose h(t) := Li,4)(t), t > 0 as response function. Then Theorem
2.1 implies that

N(t—a)=N@t—0) = > h(t—5) % N(b—a) ast—oco. (24)

k>0

Though the one-dimensional convergence in Theorem 2.1 is quite expected,
a rigorous proof is necessary. It is tempting to conclude this from Theorem
6.1 in [32]. However, the cited theorem does not hold in the generality stated
there. Regularity assumptions on the function h appearing in the theorem
above or the function ¢ in the cited result, respectively, cannot be avoided.
This will be demonstrated in Example 2.6 at the end of this subsection.

Our second result is an extension of Theorem 2.1 to the situation where
h is not integrable. In this case, X* is not well-defined and in order to still
obtain non-trivial finite-dimensional convergence of the process (X (ut)),>o as
t — oo centering is needed. Let

Xo(t) = X(t)—,u_l/o h(y)dy, t>0. (2.5)

Under suitable assumptions, we obtain finite-dimensional convergence of the
process (Xo(ut))y=o as t — oo. The limiting process is a close relative of
(X*(u))u>o and is to be introduced next. When p < oo and F' is non-lattice,

define .
* : * 1
X = tli)rglo (Z h(Sy) Ls: <ty 2 /0 h(y)dy ) (2.6)
k>0

Whenever X exists as the limit in probability and is a.s. finite, denote by
(X2 (u))y>o0 a family of i.i.d. copies of X7.
Theorem 2.4. Assume that F is non-lattice. Let h : Ry — R be locally

bounded, eventually decreasing and non-integrable.
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(C1) Suppose 02 := Var{ < oo and

/0 T h)dy < oo (2.7)

Then X erists as the limit in L* in (2.6) and

f.d.

Xo(ut) = XZ(u) ast— oo. (2.8)

(2.8) also holds when (Xo(ut))u>o is replaced by (X (ut) —E X (ut))y>o0-

For the rest of the theorem, assume that h is eventually twice differentiable
and that " is eventually nonnegative.

(C2) Suppose EE™ < oo for some 1 <r < 2. If

/000 h(y)" dy < oo, (2.9)

and?
W'(t) = OtV ast — oo, (2.10)

then X is well-defined and the a.s. limit in (2.6). Further, (2.8) holds.

(C8) Suppose P{{ > x} ~ x=*l(z) as x — oo for some 1 < a < 2 and some {
slowly varying at oo. If

/1 T h) ) dy < oo, (2.11)

and
R'(t) = Ot %c(t)™) ast— oo (2.12)

where c(t) is any positive function such that

lim A (2.13)

t—o0 c(t)a ’
then X¥ exists as the limit in probability in (2.6) and (2.8) holds.

Remark 2.5. The cases (C2) and (C3) of Theorem 2.4 impose, besides con-
ditions on the law of £, smoothness and integrability conditions on h. The
smoothness conditions may seem rather restrictive but are an essential ingre-
dient of our proof which is based on an idea we have learned in [22]. We
believe that in each assertion (C1)—(C3), given the respective assumption on
the law of £, the corresponding integrability condition is close to optimal. In
a sense, the extra smoothness conditions in (C2) and (C3) are the price one
has to pay for this precision (we do not claim, however, that the smoothness
conditions are indeed necessary using them seems to be a restriction caused by
the method). For comparison, we mention the following. Assuming nothing

2If " is eventually monotone, then (2.10) and (2.12) are consequences of (2.9) and (2.11),
respectively.



beyond the standing conditions of the theorem (in particular, not requiring
h to be differentiable) we can prove that (2.8) holds under more restrictive
integrability conditions:

E¢" < oo and / YT d(=h(y)) < oo

[0, 00)

for some 1 < r < 2, and

P{¢ >z} ~ 27%(zr) asx — oo and / c(y)d(=h(y)) < oo
(1, 00)
for some 1 < a < 2 and some /¢ slowly varying at oo, respectively. Without
going into the details, we mention that the conditions f[o o0) y/7d(~h(y)) < oo

and f[l ) c(y)d(=h(y)) < oo are sufficient for (N*(y)—vy/u) being a.s. abso-

lutely integrable w.r.t. d(—h(y)) whereas the conditions (2.9) and (2.11) are
sufficient for the a.s. (improper) integrability of (N*(y)—y/u) w.r.t. d(—h(y)).

Example 2.6. Let h(t) := (1A1/t?) 1g(t), t > 0. Further, let the distribution
of ¢ be such that P{{ € QN(0,1]} = 1 and P{{ = r} > 0 for any r € QN(0, 1].
Then the distribution of ¢ is non-lattice. From (2.1) we conclude that the
distribution of S is continuous w.r.t. Lebesgue measure and concentrated on
[0, 1]. Therefore, with probability 1, S§ takes values in [0, 1]N(R\ Q). Since the
&k, take rational values a.s., all S} take irrational values on a set of probability 1.
Consequently, the random variable X* =", h(S}) equals 0 a.s. But in the
given situation, X (¢) does not converge to 0 in distribution when ¢ approaches
+o00o along a sequence of rationals. In fact, for t € Q, X(¢) = Y (¢) a.s. where
Y(t) =350 f(t — Sk) Lis,<iy with f(¢) =1 A1/t* for t > 0. Therefore, from
Theorem 2.1 we conclude that

X(t) = Y(t) S D f(S) ast— oo, teQ.
k>0
Plainly, the latter random variable is positive a.s.

Example 2.6 does not only demonstrate that Theorem 6.1 in [32] fails when
assuming only that lim; .., h(t) = 0. It moreover shows that also Lebesgue
integrability of A is not enough to ensure (2.3) to hold. A stronger assumption
such as the direct Riemann integrability of A is needed.

2.2 Limit theorems with scaling

In the case when scaling is needed our main assumption on the response func-
tion h is regular variation at oco:

h(t) ~ t7P0,(t) ast— oo (2.14)

for some 5 > 0 and some ¢}, slowly varying at co. Recall that ¢,(t) > 0 for
all t > 0 by the definition of slow variation, see [5]. Note further that the
functions h with lim; . h(t) = b € (0,00) are covered by condition (2.14)
with 8 = 0 and lim;_, ¢(t) = .



Theorem 2.7. Assume that p < oo and that F is non-lattice. Let h: Ry — R
be locally bounded, measurable and eventually decreasing.

(A1) Suppose o* := Var & < oo and let (W (u))u>o denote a standard Brownian
motion. If (2.14) holds for some B € (0,1/2), then

X(ut) — p~t [ h(y)d
(ut) — =" f3" h(y) ?/f-:,d-/ (u—y) P dW(y) ast — o0,
Vo2 u3th(t) 0.4

whereas if condition (2.14) holds with f = 0, the limiting process is
(W (w))uzo-

(A2) Suppose 0® = 0o and

/ y? P{¢ € dy} ~ L(t) ast— oo
[0,1]

for some ¢ slowly varying at co. Let c(t) be any positive continuous
function such that lim;_, . ti(é% =1 and let (W (u))y>0 denote a standard
Brownian motion. If condition (2.14) holds with 8 € (0,1/2), then

X(ut) — g [ h(y)dy rq

g = / u—1y) PdW(y) ast— oo,
PREEOI0 oYW

whereas if condition (2.14) holds with f = 0, the limiting process is
(W (u))uzo-

(A3) Suppose
P{{ >t} ~ U (t) ast— oo

for some 1 < a < 2 and some { slowly varying at co. Let c(t) be

any positive continuous function such that lim; ti(cf((f))) = 1 and let
(W (u))uso denote a spectrally negative a-stable Lévy process such that

W (1) has the characteristic function
2 exp { —|2|°T(1—a)(cos(rar/2) +isin(rar/2) sign(z)) }, z € R (2.15)

where T'(+) denotes the gamma function. If condition (2.14) holds with
g€ (0,1/a), then

X(ut) —pt [ h(y)dy 1,

0 = / u—y) PdW(y) ast— oo,
M_l_l/aC(t)h(t> [O,u]( ) ( )

whereas if condition (2.14) holds with B = 0, the limiting process is
(W (w))uzo-

Remark 2.8. In Theorem 2.7, we only consider limit theorems with regularly
varying scaling. However, there are cases in which the scaling function is slowly
varying. The treatment of these requires different techniques and is left for
future research.



Our second result in this subsection is concerned with the case of infinite
. Here the assumptions on the response function h are less restrictive.

Theorem 2.9. Let h : Ry — R be locally bounded and measurable. Suppose
that P{€ > t} ~ t=*(t) ast — oo for some 0 < a < 1 and some { slowly
varying at oo, and that h satisfies (2.14) for some B € [0,a]. If « = (3, assume
additionally that

ht) )
s> — gy - €0

and if ¢ = oo that there exists an increasing function u(t) such that

lim b®) =

t=o0 ((t)u(t)
Let (W (u))y>0 denote an inverse a-stable subordinator defined by

Wiu) = inf{t >0: D(t) > u}

where (D(t))i>o is an a-stable subordinator with —logEe M) = T'(1 — a)t®
fort>0. Ifa>p ora = and c = oo, then

%X(ut) Ld. /[Oﬂ](u—y)_ﬁdW(y) as t — 0o.

If o« = B and ¢ < 00, then the same convergence holds with £3 replaced by 3
Furthermore, in all cases above there is convergence of moments:

tim (%)kEX(ut)k - & A u}(u—yrﬁdW(y))k

. F1—6+ U —1D(a—5))
)
= yMop 1—ak|| 1 1) , keN, (2.16)

where T'(+) denotes the gamma function.

Remark 2.10. Let the assumptions concerning £ in Theorem 2.7 or Theorem
2.9 be in force with eventually decreasing h and with condition (2.14) replaced
by

—h(t) ~ t?U,(t) ast — oo
for some 8 > 0 and some ¢}, slowly varying at co. No further restrictions on /3
like those appearing in Theorem 2.7 are needed. Then the limit relations of the
theorems remain valid when the limiting processes are replaced by f[o,u] (u

y)PdW (y), cf. Theorem 1.1 in [18].
From Theorem 2.9 it follows that if a = § and

lim —h(t) =
M PlE > 1)

then X (t) 5 Exp(c™!) as t — oo where Exp(c~!) denotes an exponentially
distributed random variable with mean c. In fact, the one-dimensional conver-
gence takes place under the sole assumption (2.17). In particular, the regular
variation of neither h(t), nor P{¢ > t} is needed.

c € (0,00), (2.17)

9



Proposition 2.11. Assume that jp = oo and let h : Ry — R, be a measurable
and locally bounded function which satisfies condition (2.17). Then

lim EX(t)* = "k, keN,

t—o0

which entails X (t) KN Exp(c™!) ast — oo.

2.3 Properties of the limiting processes in Theorems 2.7
and 2.9

In this section we find it more transparent to add subscripts in the notation
of the processes to bring out the dependence on the parameters a and f.
Throughout this subsection, we use I'(:) to denote the gamma function.

Limits in Theorem 2.7

Assuming in what follows that o = 2 corresponds to the cases (Al) and (A2),
in particular, that (Ws(u)),>o is a Brownian motion, we define the limiting
stochastic integral

Y 5(u) = /[ (=) )

via the formula

/[0 (U—y)*ﬁdWa(y) = uﬂWa(U)+B/Ou(Wa(u)—Wa(y))(U—y)51dy'

" (2.18)
This definition is consistent with the usual definition of a stochastic integral
with a deterministic integrand and the integrator being a semimartingale.
However, since lim,,(u — y)~#~1 = oo, it is necessary to check the existence
of the Lebesgue integral [J(Wu(u)—Wq(y))(u—y)?~*dy. Indeed, in view of
the inequality

E\ / “(Waw)—wa(y))(u—y)-ﬁ—ldy\
< / E[Wa (1) - Waly)|(u—y) " dy
- /OUEWa(u—y)r(u—y)ﬁldy
— E|Wa(1)|/Ou(u—y)l/“‘ﬂ‘ldy.

the integral exists in the a.s. sense if § < 1/, which explains the restrictions
imposed on [ in the theorem. Further, if 1 < o < 2, it can be checked that,

10



for z € R,
log E exp (iz/ (u—1y)™" dWa(ZJ))
[0, u]

— /Ou log Eexp(iz(u — ) PW,(1)) dy

= —T(1—a)(cos(ra/2) + isin(ra/2) sign(z))|z|* /Ou(u _ y)—aﬁ dy,

where the last equality is a consequence of (2.15). Note that the last integral
converges iff 8 € [0,1/«a). Also we infer that, with u fixed,

ul/oe—ﬁ
a=apye

which means that Y, s(u) has a spectrally negative a-stable law in the case
(A3). It is easy to check that (2.19) carries over to the case a = 2, in other
words, Y, g(u) has a normal law in the cases (A1) and (A2).

Assuming that g € (0,1/a), it follows from the defining equation (2.18)
that (Y, s(u))u>0 has a.s. continuous paths with Y, 3(0) = 0. Arguing along
the lines of Subsection 2.2 in [18] one further concludes that (Y, g(u))u>o is
self-similar with Hurst index 1/a — 3, i.e., for every ¢ > 0,

d

Yo (u) = (2.19)

f.d. o
(Yo, g(ct))uzo = (cV*7PY, s(1))uso;

its increments are neither independent, nor stationary.

Limits in Theorem 2.9

In this case, the (W, (u)),>0 denotes an inverse a-stable subordinator as defined
in Theorem 2.9 and the limiting integral is Y, g(u) := f[o,u}(u — ) PdWL(y).
This integral can be thought of as a pathwise Lebesgue-Stieltjes integral since
the integrator W, has increasing paths. However, the finiteness of the integral
should be verified. This is done in the following lemma:

Lemma 2.12. For every 0 < f < a < 1, EY, g(u) < oco. In particular,
Y, 5(u) < oo a.s. and

/ (w—y)PdWa(y) — 0 a.s aspt 1.

(o1

Proof. Tt is well known that W, (1) has a Mittag-Leffler law with E W, (1) =
(T(1—a)T(1+a))~! =: ¢,. Since the a-stable subordinator is self-similar with

Hurst index 1/a, (W, (u))u>o is self-similar with Hurst index a. In particular,
EW,(u) = cqu®. Therefore,

EYas(u) = E< /[ ) (ww /wa—x)“dx)dwa(y))

= uwPEW,(u) + 6/uE(Wa(u) — Wo(z))(u —z) P da
0
= cqu® P + Bequ®? /1(1 — (1 —2) P ldz < oo.
0

11



]

It is implicit in the proof of Lemma 2.12 that (2.18) holds also in the
given situation. From this representation, recalling the standing assumption
0 < B8 <a<1,it follows that (Y, s(u))u>0 has a.s. continuous paths. Arguing
in the same way as in Section 3 of [18] one can check that (Y, s(u))u>o0 is
self-similar with Hurst index av — 3. The latter implies that its increments are
not stationary.

Further we infer from [19] that the law of Y, g(u) is uniquely determined
by its moments

B D=+ -1)(a—8))
EY, s(u)f = uF=P) keN. (2.20
In particular,
R
Yo, s(u) 4 uo‘_ﬁ/ e~%® q¢, (2.21)
0

where R is a random variable with the standard exponential law which is
independent of (Z,(u))y>0, a drift-free subordinator with no killing and Lévy

measure
—t/«

e
Va(dt) = at1 IL(O,oo)(t) dt,

and ¢ := (a — ) /a.
Now we want to investigate the covariance structure of (Y, s(«))y>0. One
can check that formula (2.20) with £ = 1 remains valid whenever o € (0,1)

and f € (—o0,1). Hence the process (Ya, g(u))us>o is well-defined for such «
and f.

Lemma 2.13. For any o € (0,1), 5 € (—00,1) and 0 < t; < to,

I'(1-25)
F(a)(1—a)?’T(1+a—p)

<[ N (b= (=) (B =) + (=) dy

EY, s(t1)Y, 5(t2) = (2.22)

Proof. 1If t; = t5, (2.22) coincides with (2.20) in the case k = 2 as it must be.
Now fix t; < t9 and set

Hi(y) = /[ (6 )W), e )

Hoy) = / (b — 2)PdWa(z), ye [0, ).
[0, ta—t1+y]

12



Integrating by parts we obtain

Yo 5(t1)Yo,5(t2) = Hi(t:)Ha(t)
= Hi(z)dHs(z) + Hsy(x) dHy(z)

[07 tl} [07 tl}

_ / (1 — o) AW (y)(tr — 2) AW, (ts — t1 + 2)
[0, 2]

[07 tl}

— ) B —z) P x
i /[ N /[ (=) AW () (1 — ) P @)

T / / (s — ) PAWa(y) () — ) PdW,(2)
[O,tl] [Z‘,tg—tl-i-x]
= Il + IQ + 13.

According to Proposition 1(a) in [4]3,

oz—l( a—1

Ny —x)
2(a)2(1 — «)

E (dWa(az)dWa(y)) = dzdy, 0<z<y<oo  (2.23)

Below we make a repeated use of the formula (see Lemma A.5)

E / F(@)g ()W (2)AWa(y) = / F(@)g(y) E (AWa(2)dWa(y),

where f, g are arbitrary non-negative measurable functions and A C Ri Borel.
Using (2.23) and the change of variable yields

t1 to—t1
El; = ba/ (t;, — x) Pao? / (ty — 2 —y)Py*dyda
0 0

where b, := ['(a)"2['(1 — a)~2. Using (2.23) and changing the order of inte-
gration followed by a change of variable (z =ty — t; +  — y) gives

t1 x
EL = ba/ (t; — ac)_ﬁ/ (ti—y) Pta—t1 +x—y)* 'y*tdyds
0 0
t1 t1
= ba/ (th —y) Pyt / (tr—2) Pt —t, +2 —y)* Tdady
0 ;
t1 ytzfy
Y AR Rl VR R e
0 t1 0 to—11
—ba/ (t; —y) Pyt / (ty —y — ) Pa> 1 dz dy
0 0

t1
= Ba,ﬂ/ (t—y) P(ta—y)* Py* " dy —E L,
0

3Keep in mind that Bingham uses a different scaling.
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r(1-p)
r2(1—a)l(1+a—p)"

where B, g := o) Analogously

t1 T
E]Q = ba/ (tl — Z’)_B/ (tQ _ y>_'8(33 o y)a—lya—l dy dz
0 0
t1 t1
= ba/ (ta — y)ﬂyM/ (t, — ) P(x —y)* dady
0 y
t1 t1—y
= ba/ (ta — ?J)iﬂyail / (t1 —y— x)fﬁxafl dzdy
0 0
t1
= Ba,ﬁ/ (ty — y)afﬁ(lb — y)fﬂyo‘*l dy .
0

It remains to sum up these expectations. ]

Similar to the preceding lemma our next result treats both positive and
negative 3 thereby solving a problem which has remained open in [18].

Proposition 2.14. For a € (0,1) and § € (—00,1), the process (Yo, 5(t))u>0
does not have independent increments.

Proof. We use the idea of the proof of Theorem 3.1 in [31]. Assume that the
increments are independent. Then, with 0 < t; <ty < t3 < o0,

E (Y, 5(ts) — Yo, 5(t1)) (Ya, 5(ts) — Ya, 5(t2))
= E (Ya’g(h) - Ya,ﬂ(tl)) E (Ya,,@(ti‘)) - Ya7ﬁ<t2))

I'(1-p3)? _ o o o
- F(l—a)gr(li)a—6>2 (577 = t777) (1577 = 1577) = Alti,ta, ).

On the other hand,

E(Ya,5(ta) = Ya,5(t1)) (Ya, 5(t3) = Ya, 5(t2))
= EYo 5(t2)Ya,p(ts) — EYq 5(t2)” — EYa 5(t1)Ya, 5(ts) + E Yo 5(t1)Ya, 5(t2)

_ r(1 - §)
F(a)I?(1—a)T(1+a—p)

x ( [ == (= 0+ ) ay

- / (= )Pt — 9) P (b — )+ (8 — )% dy

+ /Otl(tl —y) Pt —y) Py (=)™ + (b2 — y)*) dy)

2I(1 = A1+ a —28) vaos
TP aT(lta-Ar(1t2a-28)2 B(t1, 2, t5).

By the assumption A(tl, to, t3> = B(tl, to, tg) for all 11 <ty <t3. But

PA(ty,ta,t3) 21— pB) .
T&tg - F2(1_&>F2(1+@_5)(O‘—5)2(t1t3) L
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and
0?B(t, g, t3)
Ot oty
r'-p)
T(a)2(1 —a)T(1+a—p)
at?atg </0 (=) (=) "y (=) + (ts=9)") dy)
INQEG)
T(a)T2(1—a)l(1+a—p)
8 8t?at3 (t?_B/O (1=y) P (ta—t1y) Py (17 (1 — ) + (B —t1y)") dy)
B INQEG))
[(a)2(1 — a)I(1 +a—f)

% i( _ ﬁtza*ﬁ’ /1(1 - y>a76 afl(t ¢ )7571 dy)
oty 1 ; Yy 3 1Y

*on ((a =Bz~ /01(1 —y) Pyt (s —ty) T dy ”

I'(1-5)
[(a)2(1 —a)l'(1+a—p)

1
* [_ B(20 — f@)tf“_ﬁ_l/ (1— ) Py (ts — tyy) 7' dy
0

1
BB+ 1)t / (1= 95y (s — )P dy
1
+ (o - ﬁ)Qt?Bl/ (1—y) Py Ntz — tiy)* "' dy
0
1
(o= B)(a—p— 1)t / (1= )Py (ts — try)°2dy |.

To show that these expressions are not equal, assume that 0 < ¢; < 1 and set
ts = t;', 2 := 2. Then the first one does not depend on z. The second, after
some manipulations, becomes

I'(1-7)
F(a)I?(1—a)l'(1+a—p)

9 {— B0 =) [ (=)t =)

D(z) = —

1
B8+ 1)z / (1= )*Py™(1 — 2g) P2 dy

. 0
(o B) / (1= )Py (1 — 2y)* P dy

(o= B)a—B 1)z / (1= ) Py(1 — zg)* P dy |.
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Using the asymptotic expansion (1 — 2)® = 1 — az + O(z?%) which holds for
a € Ras z — 0 yields

. r(1- )
F(a)I?(1—a)l'(14+a—p)
<[la=97 [ty dy=pea-p [ amp

+0(2)].

as z — 0. From this expansion it is clear that D(z) depends on z if f(2a—f3) #
0 since a < 1. If = 0 then Y, g(u) = W,(u) and this process does not have
independent increments as was shown in Theorem 3.1 in [31]. If 2« = /5 using
the same idea one can show

D(2) = ¢; + coz + O(2*1)

D(z)

where cico # 0, we omit the details. O

Formula (2.21) entails that

4

Yo a(u) R,

i.e., all one-dimensional distributions of (Y, o(u)).>0 are standard exponential.
Th1s leads to a conjecture that the process (Y, o(¢))y>0 may bear some kind
of stationarity.

Lemma 2.15. The process (Yo, o(€"))uecr is strictly stationary with covariance
function R(s) :=E(Y, o(e*) — 1)(Ya,a(e"T®) — 1), s € R given by

L h V) TYem S
R(s) = m/g (1—eY) dy, € R. (2.24)

Proof. The strict stationarity follows from the case o = f and ¢ < oo of
Theorem 2.9. Indeed, by that theorem, as t — oo, (X (ust),..., X (uyt)) KN
c(Ya,a(u1),...,Ys a(uy,)) for any n € N and any 0 < u; < ... < u,, and, for

any h > 0, the weak limit of (X (ujht),..., X (u,ht)) is obviously the same.
To prove (2.24), it suffices to show that, for 0 < t; < t3 < o0,

1 tl/tz
EY, o(t))Yo a(ts) = 1+ ———— 1—y) 9y tdy.
) (1) , (2) +F(a)F(1—oz)/0 ( y) Yy Yy
The last equality follows from (2.22) with o = p. O

3 Preliminaries

3.1 Stationary renewal processes and coupling

Our first result in this section shows that the finite-dimensional distributions
of the increments of the stationary renewal counting process is invariant under
time reversal. The proof is based on a simple coupling argument and an
application of the point-at-zero duality (Theorem 4.1 in Chapter 8 of [41]).
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Proposition 3.1. Let yu < oo and F be non-lattice. Then, for every t > 0,

4

(N*(t) = N*((t—$)—): 0< s < 1) £ (N*(s):0< s <)

Proof. For the proof of this proposition, it is convenient to embed the zero-
delayed random walk (Sk)ken, into a two-sided random walk (Sg)kez. To this
end, assume that on the basic probability space, there is an independent copy
(€_k)ken of the sequence (&)ken. Let Sy = —(-1 + ... + &) for £ € N.
Further, assume there is a random variable & which is independent of the &,
k € Z\{0} with size-biased distribution

P{{, € B} = p 'Eélgep (B C [0,00) Borel).

Finally, let U have the uniform distribution on (0,1) and assume that U is
independent of the sequence (&x)rez. Define S§ = U&y and S*; := —(1 —
U)&. Then S§ and —S*, have distribution function F* (see e.g. [41, p. 261]
for a quick proof). Now recall that S} = S5 + Si for £ € N and define
analogously S} := S*; + Si4; for k < —1. By the first Palm duality (point-at-
zero duality, Theorem 4.1 in Chapter 8 of [41]), the process Ny :=»; ; ds: is
distributionally invariant under shifts. Using this and the fact that (—S*,)ken
has the same distribution as (S;_;)ken, we infer for given ¢t > 0

(N2[0,s]: 0 < s <t) £ (Ni[—t, —(t—5)]: 0 < s < t) < (Ni[t—s,t]: 0 < s < 1).
This implies the assertion in view of the fact that N*(-) = Nz(-N[0,00)). O

Next, we briefly introduce a classical coupling that will prove useful in
several proofs in this paper and which works in the case when p < co and F'is
non-lattice. Let (ék)keN be an independent copy of the sequence (&)ren. Let
ég; denote a random variable that is independent of all previously introduced
random variables and has distribution function F* (recall the definition of F™*
from (2.1)). Put

Sp:=0 and S’k::él+...+§k, ke N.

Let N be the renewal counting process associated with the process (Sk)keny -
In particular, N(t) := N([0,t] = #{k € Ny : Sy < t}, ¢ > 0. Further, define
Sy =& + Sk, k € Ng and let N*:= 3", 532 denote the associated renewal

counting process. As usual, put N*(t) = N*[O,t], t > 0. By construction,
(N*(t))i>0 is a stationary renewal process.
It is known (see e.g. [29, p. 74]) that, for any fixed € > 0, the stopping time

© inf{k € Ny : |Sp — Si| < e}, if infren, [Sk — SF| <,
T =T =
00, otherwise,

called the time of e-coupling, is a.s. finite. Define the coupled random walk

Q% . {SZJ fOI'kaT,
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A

k € No. Then (S5 keny 4 (S5 kemo 4 (S¢)ken,- In particular, the random
process (N*(t));>o defined by

N*(t) := #{k € Ny : S} <},

is a stationary renewal process. Further, the construction of the process
(S§)ken, guarantees that

Sp—e< S, <Sp+e (3.1)

for k> 7+ 1.
Further, one can check that, for any fixed ¢ > 0 and arbitrary 0 < y < t,
on {7 < oo} (hence, with probability one),

§ : Li—y<s<ty < § ﬂ{tfyf€<§,:§t+€}
k>14+1 k>1+1

< N*(t4¢) — N*(t—y—e) (3.2)

where N*(z) := 0 for 2 < 0 is stipulated. Similarly, for any fixed ¢ > 0 and
0 <y <t again on {7 < oo} (and thus with probability one),

Z IL{t—y<Sk§t} > Z ﬂ'{t—y+6<52§t—s}

k>71+1 k>14+1

= N*(t—e) = N*(t—y+e) = > 1y yyecsicr o (33)
k=0

3.2 Stable distributions and domains of attraction

Naturally, the asymptotics of the shot noise process (X (ut)),>o as t — oo is
connected to the limiting behavior of S; as k& — co. Under the assumptions
of the limit theorems with scaling, F' (the distribution of ) is in the domain
of attraction of a stable law. To be more precise, for appropriate constants

¢, > 0 and b, € R,

-b
S — b LW oask— oo (3.4)

Ck
where W has a stable law S, (o', 8, 1//) that is characterized by four parameters,
the index of stability o and the scale, skewness, and shift parameters, o', ',
and p/, respectively. We refer to [38] for the precise definition of the law
So(a’, 5, 1) as well as for a general introduction to stable random variables.
Due to the assumption that £ > 0 a.s., S,(0’, 5, /) will automatically be
totally skewed to the right, i.e., it will have skewness parameter §’ = 1.

By changing b, and ¢, if necessary, it can be arranged that the shift pa-
rameter 4’ equals 0 and the scale parameter ¢’ is as we wish. Particularly, the
limit can be arranged to be standard normal in the case a = 2 and to have
characteristic function

2 exp { — |2|*T(1—a)(cos(rar/2) — isin(ma/2) sign(z))}, z€ R (3.5)

in case 0 < a < 2, « # 1. The constants by and ¢ that produce this limit in
(3.4) can be described in terms of the distribution of &.
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(D1) The case 02 < oo:
If 0% := Var £ < 0o, then (3.4) holds with b, = ku, ¢, = ovVk, k € N. W
then has the standard normal law.

(D2) The case when 6% = oo, yet there is attraction to a normal law:
If f[O,t] y?P{¢ € dy} ~ £(t) for some function ¢ that is slowly varying at
+00, then (3.4) holds with b, = ku and the ¢, k > 1 being such that

limy, oo Mé;’“) = 1. Again, W has the standard normal law.
k

(D3) The case 1 < a < 2:
If P{¢ > t} ~ t=U(t) for some 1 < o < 2 and some ¢ slowly varying
at 0o, then (3.4) holds with by = ku and the ¢, k& > 1 being such that
EP{¢ > cp} ~ kl(ck)/cy — 1. W then has a spectrally positive stable
law with characteristic function given by (3.5).

(D4) The case 0 < a < 1:
If P{{ >t} ~t(t) as t — oo for some 0 < o < 1 and some /¢ slowly
varying at oo, (3.4) holds with by = 0 and ¢, £ > 1 being such that
EP{¢ > ¢} ~ kl(cy)/cf — 1. Again, W has a spectrally positive stable
law with characteristic function given by (3.5). Further, W > 0 a.s. in
this case and its Laplace exponent is given by

—logy(s) = T'(1—a)s*, s>0.

Clearly, (D1) is the classical central limit theorem. (D2) follows from [10,
Theorem IX.8.1 and Eq. (IX.8.12)]. (D3) and (D4) follow from the lemma on
p. 107 of [9]. (D4) is also Theorem XIII.7.2 in [10] (where Laplace transform
methods are used rather than characteristic functions).

3.3 Weak convergence of the renewal counting process

When F'is in the domain of attraction of a stable law of index 1 < o < 2, then
N (t), centered and suitably scaled, converges in law to a stable random variable
as t — oo. This convergence in law carries over to a functional convergence
which forms the core of our analysis. Here, we give a brief summary of the
relevant results and the necessary notation.

Denote by D := D|0, co) the space of right-continuous real-valued functions
on [0,00) with finite limits from the left. It is well known (see, for instance,
Theorem 5.3.1 and Theorem 5.3.2 in [14] or Section 7.3.1 in [45]) that the
following functional limit theorems hold:

N(ut) — ptut

Wi(u) = o) = W(u) ast— o0 (3.6)

where

e in the case (D1) (W (u))y>0 is a Brownian motion; ¢(t) = y/o?u=3t and
the convergence takes place in J; topology on D;
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e in the case (D2) (W (u))u>0 is a Brownian motion; g(t) = u=%/2¢(t) where
c(t) is any positive continuous function such that limy o t€(c(t))c(t)™2 =

1; the convergence takes place in J; topology on D;

e in the case (D3) (W (u))u>0 is a spectrally negative a-stable Lévy pro-
cess such that W (1) has the characteristic function given in (2.15);
g(t) = p~'7Yc(t) where c(t) is any positive continuous function with
limy o0 tl(c(t))c™*(t) = 1; the convergence takes place in M; topology
on D.

We refer to [45] for extensive information concerning both the J; and M,
convergence in D.
For later use we note the following lemma.

Lemma 3.2. ¢(t) and g(t) are reqularly varying with index 1/2 in the cases
(D1) and (D2), and with index 1/c in the case (D3). As a consequence, given
A>1andd € (0,1/a) (here, « = 2 in the cases (D1) and (D2)) there exists
to > 0 such that
g(tv) < Avt/e=d, (3.7)
9(t)
forallv <1 and tv > ty.

Proof. We only check this for the case (D2), the case (D3) being similar, and
the case (D1) being trivial.
The function ¢(t) is an asymptotic inverse of

tQ(/M y P € dy}> . t/0(t).

Hence, by Proposition 1.5.15 in [5], () ~ tY/2(L#(t))*/? where L#(t) is the
de Bruijn conjugate of L(t) = 1/¢(t'/?). The de Bruijn conjugate is slowly
varying and hence ¢ regularly varying of index 1/2.

(3.7) is Potter’s bound for g (see Theorem 1.5.6 in [5]). O

There is also an analog of (3.6) in the case (D4). The functional convergence

= W(u) ast— oo (3.8)

under the J; topology in D where (W (u)),>o is an inverse a-stable subordi-
nator and g(t) := 1/P{{ > ¢} was proved in Corollary 3.4 in [31]. (Notice
that the function b(¢) in the cited article can be chosen as g(t) = P{¢ > ¢t} !,
t>0.)

3.4 Moment convergence

The next result is on the asymptotic behavior of E|N(t) — ¢t/pu| in the case
when p =E ¢ < co. We do not claim the result stated below is new. However,
we have been unable to locate it in the literature.
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Theorem 3.3. Let p:=EE& < oo. Then the following assertions hold:
(A1) If 0* := Var& < oo, then

E|N(t) — 1t 2
i VO — 1 0 gy - 2
t—o00 \/E Iu3/2 7rlu3

where W is a random variable with standard normal law.

(A2) Suppose o* = 0o and
/ v’ P{¢ edy} ~ U(t) ast— o
[0,1]
for some £ slowly varying at oo. Then

E|N(t) — 't 1 2
lim [N(t) — pt] = E|W| = _Z
t=500 c(t) p*? Vo

where c(t) is a positive function satisfying lim;_, t€(c(t))/c(t)* =1, and
W is a random variable with standard normal law.

(A3) Suppose P{{ >t} ~ t~“U(t) ast — oo for some a € (1,2) and some {
slowly varying at oo. Then
CCEIN - EW] _ 200 - DI - o) sin(E)
ti)HOlo c(t) B pltt/e o Tultl/e

where c(t) is a positive function such that limy_, tl(c(t))c(t) ™ =1, and
W is a random wvariable with characteristic function given by (2.15).

In any of the three cases (A1)-(A3), E|N*(t) — p | ~ (E|N(t) — u~'t]) as
t — o0.

Assertion (A1) is well known and can be found, for instance, in [14, The-
orem 3.8.4(i)]. The proof of assertion (A1) is included here, for it requires no
extra work in the given framework.

Knowing already the weak convergence relation (3.6) (evaluated at u = 1),
uniform integrability of the family |N(t) — t/u|/c(t), ¢ > 1 would suffice to
conclude convergence of the first absolute moments. This approach has been
used in [14]. However, the relevant results on uniform integrability presented
in the cited book (such as Theorem 3.7.3 there) are not strong enough for our
purposes. This is why we follow a different approach in the proof.

Proof of Theorem 3.3. Our purpose is to show that

E|N(t) —p!
L EIN( -

Jim o = E|W|. (3.9)

where ¢ is defined as in the context of (3.6). We start with the representation

E|Snwn) = Sul = E(Sn(un)vn — SN(un)an)
= pE((N(un)Vn) = (N(un) An)) = pE|N(un) —nl,
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where the second equality follows from Wald’s identity. We thus infer

E (|Sy — pn| = (Snguy — um)) < pE[N(un) —nf

From the discussion in (3.2) we know that c(n)~*(S, — nu) 4 _W. Further-
more, according to Lemma 5.2.2 in [16],

(’Sn . Iun‘)1+5
supE | ————— < o0
neN c(n)

for some 9 > 0. Consequently,

K ‘Sn — ;m|
lim —
nhoo  c(n)

= E|W|. (3.11)

If F' is non-lattice, then from [33] it is known that

const in the case (Al),
E(Sn@ —t) ~ < const - £(t) in the case (A2), (3.12)
const - t27%¢(t) in the case (A3),

as t — oo. Similar asymptotics hold in the lattice case. In fact, when F' is
lattice with span d > 0, then, in the case (Al),

lim E(Sn(nq) —nd) — const

n—o0

by Theorem 9 in [9]. Hence
E(Syg —t) = O(1) ast— oo.

In the cases (A2) and (A3), according to Theorem 6 in [40], E(Sy(s) — s) again
exhibits the same asymptotics as in the non-lattice case.

Recalling that ¢(t) is regularly varying at co with index 1/a (where o = 2
in the Cases (A1) and (A2)), we conclude that

E Sn(un) —
lim ZPON(un) TR 0.
t—o0 C(n)
Applying this and (3.11) to (3.10) we infer
E|N —
tim BN =0l g g
e c(n)

Now we have to check that this relation implies (3.9). For any ¢ > 0 there
exists n = n(t) € Ny such that t € (un, u(n + 1)]. Hence, by subadditivity,

E(N(t) — N(un)) < E(N(p(n+1)) — N(un)) < EN(u).

It remains to observe that, as a consequence of the regular variation of ¢(t),
we have limy_,o, c(un(t)p=)/c(t) = p='/, hence (3.9).
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The formula for E |[W] in the case (A3) is proved in Lemma A.1.
It remains to check that E|N*(#) — u~'t| exhibits the same asymptotics as
E|N(t) — p~'t|. But this is a consequence of the chain of equalities

E|N*()=N(t)] = E(N(t)-N"(t)) = p (ESnw—t) = olc(t)) as t — o0

where the second equality follows from Wald’s equation and the third is a
consequence of (3.12). The proof is complete. ]

4 Proofs of the limit theorems without scaling

4.1 Preparatory results

A couple of preliminary results are needed before Theorems 2.1 and 2.4 can
be proved.

Proposition 4.1. Assume that p < oo and that F' is non-lattice. Then, for
any k € Ny,

(t = SN -1,EN@) -1 - - - EN)— LN @) >k}) 4 (S5:&1,-- &k, 1) ast — oo.

Notice that in Proposition 4.1, there is a small change in perspective re-
garding the number of visits N(¢) to the interval [0,¢]. N(¢) can also be viewed
as the first time at which the walk exceeds the level t. Therefore, we always
have t — SN(t)fl > 0.

Proof. We prove the assertion for &k = 1. Since P{N(t) > 2} — 1 we can
centre our attention on events contained in {N(¢) > 2}. Fix z,y > 0. Then

P{t—Snw-1 < z,énvw—1 <y, N(t) > 2}
= Y P{Si <t S >t — Sy < 3,61 <yl

k>2
= D Elpsya<te<t-siamy (1= F(E—=Sk2—& 1))
k>2
= / / (1-F(t—s—=z)) F(dz) U(ds)
[0,t] J[t—s—z,(t—s)Ay]
= fay(t —s)U(ds) (4.1)
[0,2]

where f,,(t) = f[t_x My](l—F(t—z)) F(dz). We claim that f,, is d.R.i. To see
this, first observe that

0< foy(t) = Pll—u <& <tAy &+6 >t}
< P{&G+ &>t = f(1)

f is decreasing and integrable since E(&§; + &3) = 2 < oo. Thus, f is d.R.i.
and, therefore, f,, is sandwiched between two d.R.i. functions and has only
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countably many discontinuities. Consequently, f,, is d.R.i. This justifies the
application of the key renewal theorem in (4.1) which gives

lim P{t — SN(t)—l < %&V(t)—l <y,N(t)>2} = — fm,y(s) ds

The latter integral can be rewritten as follows:

/0°° Jeuls) ds = /000 /[s_zﬁmy](l—F(s—Z))F(dz) ds

= / / Lis—a<zcsngy (1= F(s—2)) ds F(dz)
[0,00) JO

- [ T R (s—2)) s Pla2)
an 1= F(s-2)) ds F(d2)
- [ ] 0 R ds F(a)
¥ /[ ) / 1(1—F<s>> ds P(dz)

= / / (1-F(s)) ds F(dz)
[Oy]
Yl (z) = pP{S; <z,& <yl

The case k = 0 is a particular case of the case k = 1. The case k > 1 can be
treated similarly but the calculations become more involved. O]

Now we show that under the assumptions of Theorems 2.1 and 2.4, the
limiting variables X* and X7, respectively, are well-defined. It turns out that
in the case of X, this is more than halfway to proving one-dimensional con-
vergence in Theorem 2.4.

Proposition 4.2. Assume that i < oo and that F' is non-lattice. If h is d.R.1.,
then X* exists as the a.s. limit and the limit in L' in (2.2). In particular, X*
18 integrable, a fortiori a.s. finite.

Proof Since p < oo, the stationary walk (Sf)ren, exists and we can define
= > i P(S§), n € Ny. Recall that U*(dz) = >, P{S; € dz} equals

,ufl dx. Hence, since |h| is assumed to be d.R.i., we have

EY |h(Sp)| = /Ooo\h(a:)]dx < .

k>0

Consequently, X* — X* a.s. and in L. O
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Proposition 4.3. Assume that u < oo and that F is non-lattice. Leth : R, —
R be locally bounded, eventually decreasing and non-integrable and recall that

) . 1 [
X = lim (Zh(Sk)ﬂ{Sgﬂ}_— / h<y>dy).
t—o0 >0 H 0

Under the assumptions of Theorem 2.4, X! exists as the limit in L£* in the
case (C1), as the a.s. limit in the case (C2) and as the limit in probability in
the case (C3), and in all three cases, it is a.s. finite.

Proof. Define

X7 1= SRS Lo — / hy)dy, ¢ 0.

k>0

Our aim is to show that X} converges as ¢ — oo in the asserted sense.
We start with the case (C1) and first prove the result assuming that A is
decreasing on R,. We then have to show that X} converges in £? as t — oo,

equivalently,
lim sup E(X; — X7)* = 0.

S5—00 t>s

Since

XP = X2 = SRS Vesien —E S (S Les; <

k>0 k>0

for t > s, we conclude that

2
E(X; - X1)? = E(Zh(&:) ﬂ{s<s;gt}) —(EZh(S;:) ﬂ{s<s;gt})

2

k>0 k>0
2 1 t 2
_ E(Zh(sz> 1{5@3}) - (— / h(y)dy)
k>0 HJs
2 1 t 2
_ E(Zh(t—sm{s;m}) —(— / h(y)dy) |
>0 HJs

where the last equality follows from Proposition 3.1. The first term on the
right-hand side equals

EZ h(t—SZ)Qﬂ{SZQ_S} +2E Z h(t—S:)]l{Si*q_s} h(t_S;>1{S;<t_s}

k>0 0<i<y
1 t—s 2 t—s

= —/ h(t—y)zder—/ h(t—y)/ h(t—y—x)U(dz)dy
K Jo K Jo (0,t—s—vy)
1 [ 2 [t

= —/ h(y)2dy+—/ h(y)/ h(y —z)U(dz)dy.
HJs KHJs (0,y—s)

Hence
E(X; — X;)?
1

= o[ rerarl [ [ n = awepnay
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Since h? is assumed to be integrable, limg ., sup;., f;h(y)2 dy = 0 and it
remains to check that

lim sup /t h(y) /(o )h(y—:c) d(U(z)—p tz)dy = 0. (4.2)

t—o00 t>s

Put H,(z) = ft “h(z + y)h(y)dy for z € [0,t — s) and H,.(x) := 0 for
all other x. Note that H,.(z) is right-continuous and decreasing on [0, 00).
Changing the order of integration followed by integration by parts gives

/:h(y) /Oy My = @) d(U@) =) dy
- /Ot / h(z +y)h(y) dy d(U(z) — p'z)

) — u te)d(=H,,(x
s/(m) U) — ') A Hyy (1))
< sup |U(x) — '] Horl0)

x>0

= sg%) \U(z) —p~'z| [ h(y)*dy.

It is known (see Theorem X1.3.1 in [10]) that lim; oo (U(¢) — p~ ') = p=2(0? +
©?) < 0o, hence sup,~, |U(x) — p~'z| < oo, and (4.2) follows.

Next we assume that h is only eventually decreasing (rather than decreasing
everywhere). Then we can pick some ¢y > 0 such that h is decreasing on [t, ).
Define h(t) := h(ty+1t), t > 0. Then h is decreasing on R, . Further, the post-
to walk (S))ren, == (SN+(tg)+k — to)ken, is a distributional copy of (S)ken,-
Therefore, by what we have already shown,

—x ) — 1 [t
X, = lim (Zh(sk) LI —;/0 h(y) dy)
k>0
exists in the £2-sense. Therefore, also

‘ 1 to+t
X: = tliglo (Zh 1{5*<t0+t} _;/0 h(y) dy>
. 1 ['-
:X*+lim< h(S,.)1,< ——/hydy)
to " 5o %; ( k) 8=t} K Jo ( )

exists in the £2-sense.

Now we turn to the cases (C2) and (C3). Again, we begin by assuming
that h satisfies the assumptions of the theorem and is decreasing and twice
differentiable on R, with A” > 0. The proof is divided into three steps.

STEP 1: Prove that if, as n — oo, U, = Y ,_,(h(S}) — h(pk)) converges a.s.
in the case (C2) or converges in probablhty in the case (C3), then, as
t =00, D s h(SE) Lisi<ty —p~ fo y) dy converges in the same sense.
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STEP 2: Prove that if the series ;- ((&5 — 1) 35, P/ (k) converges a.s., then, as
n — oo, U, converges a.s. in the case (C2) and converges in probability
in the case (C3).

STEP 3. Use the three series theorem to check that, under the conditions stated,
the series >, (&F — p) D_ps; I/ (k) converges a.s.

STEP 1.
Case (C2). Assume that U, converges a.s. Then, by Lemma A.6, the se-

quence > h(Sp)—p [ h(y) dy converges a.s., too. Since limy_,o N*(t) =

o0 a.s., we further have that ZkN:*ét)_l h(S})—p ! fOH(N*(t)fl) h(y)dy converges
a.s. as t — oo. To complete this step, it remains to prove that

lim
t—o00

R(N*(t)-1) t
/ h(y) dy —/ h(y)dy ‘ =0 as. (4.3)
0 0

To this end, write

0

H(N*(5)—1)
= / h(y)dy
o

(N*(t)—1)At

< |p(NT(8) = 1) =t h(u(N7(t) = 1) A1), (4.4)

(N (1) -1) t
‘/ h(y)dy — [ h(y) dy‘
0
Vit

where the inequality follows from the monotonicity of h. By Theorem 3.4.4 in
[14], E€" < oo implies that

N(@t)—p~ 't = o(t¥") as. ast — oo, (4.5)
where it should be recalled that
N(t) = inf{lk e N: Sy >t} = inf{k e N:S; —S; >t}

Since
N*(t) = ﬂ{Sggt} +N(t - Sak) ]l{gé«gt} a.s.

and Sj is a.s. finite, we infer
N*(t) —p~ 't = o(tV") as. ast— oo.

This relation implies that the first factor in (4.4) is o(t'/"), whereas the second
factor is o(t7'/") as t — oo. The latter relation can be derived as follows.
First, in view of (2.9), we have

h(t) = o(t™V") ast — oco. (4.6)
Second, by the strong law of large numbers for N*(t), we have
[W(N*(t) —1)]At ~ t as. ast— 0.

Altogether, (4.3) has been proved.
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CASE (C3). Assume that U,, converges in probability. In view of Lemma A.6
we conclude that, as t — oo, SIH/M p(Sr) — it O’LW“J h(y)dy converges in
probability, too.
From (2.11) it follows that h(t)*¢(h(t)~') = o(t™!). This and (2.13) imply
that
h@) L PLE> (D))

0= tliglo th(t)*0(h(t)™) = tli>nolo c(8)*h(t)* ((c(t)) iS50 P{¢ > c(t)}

From this, using the monotonicity and regular variation of z — P{{ > z}, we
conclude that
lim ¢(t)h(t) =0 (4.7)

t—o00

The latter relation implies that lim;_,, h(t) = 0. Hence

wlt/p] ¢
lim (/ h(y) dy—/ h(y) dy) = 0.
t—o0 0 0

Further,
* S e
lim N A Lt/p]+1) =p tas. and lim NN+ [ a.s.
1500 t t=vo0 N*(£) A (Lt/MJ +1)

by the strong laws of large numbers for renewal processes and random walks,
respectively. Hence
SN+ a(t/)+1)
t
Using this and (4.6) we obtain that

= 1 a.s.

[t/n] N*(t)-1 (N*()=1)V[t/u)
> h(Sp) - h(Sp)| = > h(Sk)
k=0 k=0 k=N*(£)A(|t/p)+1)

[N*(t) = 1 = [t/p] [P (S /\(Lt/uJ+1))
= |N* (t) —1—[t/u] |0 1/c(t)

From (3.6) for v = 1 in the case (D3) in Subsection 3.2 we infer that MNSE#
converges in distribution to an a-stable law with characteristic function given

by (2.15). This entails

1t/u) N* (1)1
Z h(S;) — Z h(Sy) 50 ast— oo
k=0 k=0

Combining pieces together gives the needed conclusion for this step.
STEP 2. For each k € N, by Taylor’s formula, there exists a 0, € [S; A
pk, Sy V pk) such that

H(SE) — B(uk) = WGuk)(SE — k) + S (66)(S — )
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Set
1 . " *
L= 5 S HO(ST - by
k=1

and write

n

Un = h(S5) +h(0) = > W (uk)(Sy — pk) + I,

k=1

= S5 Y (k) + D> (G — ) Y () + I
k=1 k=1 j=k

= S Z h'(uk) + Z(fk — 1) Z (1)

Jjzk

—(Sp = pn) Y W (pk) + I, (4.8)

k>n+1

Since —h' is decreasing and nonnegative we have

o

S W) < [ W)y = g < 30Kk, (49

k>n+1 n k>n

for all n. Using the first inequality in (4.9) and the fact that lim, . h(y) =0,
one immediately infers that the first summand in the penultimate line of (4.8)
converges as n — 00. The a.s. convergence of the second (principal) term is
assumed to hold here. As to the third and fourth terms, we have to consider
the cases (C2) and (C3) separately.
CASE (C2). By the Marcinkiewicz-Zygmund law of large numbers [7, Theorem
2 on p. 125],

Sy —pn = o(n") asn — oo as. (4.10)

Therefore, in view of (4.6) and (4.9), the third term converges to zero a.s.
Further, limy_,o k710, = i a.s. by the strong law of large numbers. Hence, in
view of (2.10),

W'(6:) = 06,7 = O(k™>Y") as k — oo.
From (4.10) we infer
B (0:)(S; — puk)? = o(k=@7Y")) as. as k — oo,

which implies that I,, converges a.s. as n — oo, for 2—1/r > 1. Hence the a.s.
convergence of >, -, (§ — p) D=5, I’ (1) entails that of Uy,

CASeE (C3). By the discussion in Subsection 3.2 S’;(_n *)m converges in distri-
bution to an a-stable law. Hence, in view of (4.7) and (4.9), the third term
converges to zero in probability.

Now pick some 0 < ¢ < aw— 1. Since E£* ¢ < 00, we conclude (again from the

Marcinkiewicz-Zygmund law of large numbers, [7, Theorem 2 on p. 125]) that
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(4.10) holds with » = a — e. Using (2.12) and the facts that 0, ~ pk a.s. and
that c(t) ~ tY/*L(t) for some slowly varying L (see Lemma 3.2), we conclude:

R'(0) = OO %c(0,)™) = OE27VoL(k)™") as. as k — oo.

Therefore,

a+te

W' (0,)(S: — pk)? = o(k~® @@= L(k)™) as., k— oo,

which implies that the fourth term I,, converges a.s., as for sufficiently small
€, 2— a(‘;—ti) > 1. Hence we arrive at the conclusion that the a.s. convergence

of > o1 (& — 1) 254 I (117) entails convergence in probability of U,,.
STEP 3. Set

cri=>» —N(uj) and (= —cx(&—p), keN.

Jj=k

Cast (C2). Condition (2.9) ensures that ), h(uk)" < oo. In view of (4.9),

SRl = E\é—ul’“Z(Z(—h’(uj)))

k>1 k>1 \j>k

IN

PRI = plm Y h(u(k = 1)) < oo

k>1

Hence the series ), ., (x converges a.s. by Corollary 3 on p. 117 in [7].
CASE (C3). By the three series theorem [7, Theorem 2 on p. 117], it suffices
to show that the following series converge

Y OP{IG] > 1}, Y E(Gelgei<ry) and Y Var(Ge g <iy).

k>1 k>1 k>1

By Markov’s inequality, the first series converges if » ;- E(|Cx| 1¢,>1}) con-
verges. Since E(; = 0 for all j > 1, the second series converges if and only if
the series ) ;o) E G 1gj¢,>1) converges. By Theorem 1.6.5 in [5],

BG L) = o [ | oP{€—ul € da} ~

[eg 5 00)

Hence, recalling (4.9) and (2.11),

ZE(’<k|ﬂ{|§k|>1}) < .

k>1

a lc%(c,;l) as k — oo.

Further, by Theorem 1.6.4 in [5],

(%

B(G Len) = & [ PE—ul €do) ~ 3Ol ask oo

0,7 1] -

Again using (4.9) and (2.11), this entails

> Var(Golyg <) < Y E(G L <) < oo

k>1 E>1
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Finally, we need to prove that the assertion also holds for A that are only
eventually decreasing and eventually twice differentiable with A” > 0 eventu-
ally. Indeed, for any such h, there is some t; > 0 such that h is decreasing
and twice differentiable on [tg,00) with A” > 0 on [ty,00). Using this o,
define h and (S};)ren, as in the proof in the case (C1). Notice that with

h, also h satisfies the assumptions of the theorem, for instance, in case (C3),
-/

h(t) = B (to+t) = O((to+1t) 2c(to+t)™) = Ot 2c(t)™!) as t — oco. Now one
can argue as in the corresponding part of the proof in the case (C1) to conclude
that X exists as the a.s. limit or the limit in probability, respectively. O

4.2 One-dimensional convergence

The proofs of Theorems 2.1 and 2.4 are preceded by the corresponding state-
ments on one-dimensional convergence and their proofs.

Proposition 4.4. Assume that F is non-lattice and let h be directly Riemann
integrable.

(a) If p < oo, then the random series X* converges a.s. and
X(t) 4 X" ast— .

(b) If p = oo, then
X(t) 0 ast— oo

Proof. We first deal with assertion (a) and assume p < co. Recall the definition
Xr o= 30 o h(S), n > 0 from the proof of Proposition 4.2. The latter
proposition implies that X* — X* a.s. and in £'. We now claim that

N(t)-1
Xn(t) = Z h(t — Sk) 1{N(t)2n+1} i) X;: as t — oo. (4.11)
k=N(t)—n—1

This follows from Proposition 4.1 and the continuous mapping theorem once

we have shown that the random vector (S, ..., S)) takes values in the set of
discontinuities of the mapping s o ¢ with probability 0 where so ¢ : R"™ — R
is defined as follows. s : R"™* — R maps (g, ..., z,) to the sum zo+. .. +z,.
g : R"™ — R"™ maps (zg, ..., 2,) to (h(xg), ..., h(x,)). Since s is continuous,

attention can centre on g. Let Dj, denote the set of discontinuities of A on R
and let Dy denote the set of discontinuities of ¢ in R""! Tt is readily checked
that D, = |J;_,(R* xD,, x R"¥). For h is d.R.i., D, has Lebesgue measure
0. Consequently,

P{(S5. S €D} < D B{SiE Dy} = 0,
k=0

where we have used that S; and therefore also S} for k& € N have absolutely
continuous distributions. From (4.11) and the fact that X — X* a.s. (and, in
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particular, in distribution), we want to conclude that X () 4 X*ast o .
This follows from Theorem 3.2 in [3] if we can show that for every > 0,

>5}:0.

Since X (t) Ln(t)<n} = Zk 0 "h(t — Sp) L{n()y<ny — 0 a.s. as t — oo, this
reduces to showing that

lim limsup P{|X,_1(t) — X(¢)| > ¢}

n—=o0 ¢t 00
N(tyn—-1

Z h(t — Sk) Linwzny +X (1) Lin<n)
k=0

= lim lim sup IP’{
n—=0 {00

N(t)yn-1
nll_{rgohiliilplp{ % h(t — S) Lin()sn) >5} = 0.

By Markov’s inequality, it suffices to verify that

N(tyn-1
lim limsup E h(t — Sk)| 1 o = 0. 4.12
Jim_Tim sup kzo W) Livwzny (4.12)

To see this, we define p,(z) := P{S, < z}. Then, for n > 2,

N(t)-n-1
E Z h(t = S Livwsny = B> |1t = So)| Ls,,en
k>0
= E)_|h(t — So)lpalt — St) Lis,<ny
k>0
— / x)|pn(x as t — oo, (4.13)

where in the last step we have used the key renewal theorem and the fact that

if h is d.R.i., then so is |h|p,. Using the dominated convergence theorem and
lim,, o0 P () = 0, we infer (4.12) by taking the limit n — oo in (4.13).

Assertion (b) is a straightforward consequence of the key renewal theorem.

O

Proposition 4.5. Assume that i < oo and that F is non-lattice. Leth : R, —
R be locally bounded, a.e. continuous, eventually decreasing and non-integrable
with limy o h(t) = 0. If X} exists as a limit in distribution, then

X.() S X ast— oo (4.14)

In particular, (4.14) holds under the assumptions of Theorem 2.4. Further,
X(t)—EX(t) 4 X* ast — oo in the case (C1) of Theorem 2.4.

Proof. First assume that h is decreasing everywhere. Let ¢ > 0 and 7 = 7(¢)
be defined as in Section 3.1. Then

X(t Z h(t — Sk) Lis, <ty + Z h(t — Sk) Lisi<ty -

k>71+1
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By assumption, lim;_, h(t) = 0. Hence limy o0 Y ;o h(t—Sk) Iis, <y = 0 a.s.
Using (3.1) and the monotonicity of h, we infer for any ¢ > e:

> h(t = Sk) Is,<n

k>1+1
< Z h(t —&— S;) ﬂ{éggtfs} + Z h(O) :[I‘{t7€<§;§t+5}
k>1+1 k>1+1
< ) h(t—e—5) Ligecsep HR(O)(N*(t +¢) = N*(t — ¢)).
k>0

In view of Proposition 3.1,
Crs d Ok
D M=) Lgay = D AS) Ligicy
k>0 k>0
Hence, since X} exists as a limit in distribution,

O 1 d *
Z h(t —e—S) Ligci o __/ h(y) dy — XC.
k>0 K Jo,t—e]

From lim;_, o ftt_s h(y)dy =0, N*(t+¢)— N*(t—¢) 4 N*(2¢), and N*(2¢) | 0
a.s. as € | 0, we conclude

limsup P{X,(t) >z} < P{X] >z}

t—o00

for every continuity point = of the law of X?. To be more precise, let = and
x — 6 (6 > 0) be continuity points of the law of X*. Then

limsup P{X,(t) > x}

t—o00
_ 1 t—e
< limsupP h(t—e—57) 1,4 —— h(y)dy >x —9
< limsup {kzzo ( D s <t u/o (y)dy }
+ limsupIP’{h(O)(]\Nf*(t+6) — N*(t—¢)) > 6/2}
t—o00
+ limsupIP’ { Z h(t - Sk)l{SkSt} > 5/2}
t—o00 k=0

= P{X! >z — 0} +P{h(0)N*(2¢) > §/2}.

As € | 0, the second probability goes to zero. Sending now ¢ | 0 along a
sequence such that each x — § is a continuity point of the law of X*, we arrive
at the desired conclusion. The lower bound can be obtained similarly, we omit
the details.

We next extend the assertion to response functions h that are only even-
tually decreasing. Indeed, when A is assumed to be eventually decreasing,
there exists a ty > 0 such that h(t) is decreasing on [tp,00). Define hy :=
h(to) ]]-[O,to] —f-h(t) :H-(to,oo) and hQ = h — hl. Let (Xl(t>)t20 and (XQ(t))tZO be
the shot noise processes with response functions hy and hy, respectively. Then
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X(t) = Xq(t) + Xa(t), t > 0. Now h; is d.R.i. Therefore, Proposition 4.4
implies that X (t) 4 X7 as t — co. What is more, X (t) RN X{,ast— oo,
where these quantities are defined in the obvious way. Further, from what
we have already shown, X5, (t), which is again defined in the obvious way,
converges to X ; in distribution as ¢ — oo.

It now follows from Proposition 4.3 that the assumptions of Theorem 2.4
are sufficient for (4.14) to hold.

In the case (C1) of Theorem 2.4, lim; o, |E X (t) — p~! fg h(y)dy| = 0
by Corollary 3.1 in [21]. Hence, the limiting distribution of X (t) — E X (¢) as
t — oo is the same as that of X (). O

4.3 Finite-dimensional convergence

It remains to extend one-dimensional convergence to finite-dimensional con-
vergence. This is done in this subsection.

Proof of Theorem 2.1. We have to show that for all 0 < u; < ... < u, < o0,
the random vector (X (uit), ..., X (u,t)) converges to (X*(u),..., X*(u,)) in
distribution as t — oo. For ease of notation, we will prove this in the case
n = 2; the case n > 2 can be treated analogously. Without loss of generality
we may assume that u; = 1. We write u for uy > 1. Set m; = (1 4+ u)/2 and
let m; < mg < u. For t > 0 set also

N(mlt)fl

Xi(ut) = > h(ut—Sk) Lis,<uy and Xp(ut) == > hut — S;) Iis,<ur

k=0 k=N (m1t)
Clearly, X (ut) = Xy (ut) + Xy(ut) for all t > 0. We claim that
Xy (ut) 50 ast— . (4.15)
Hence, by Slutsky’s lemma it is enough to show that
P{X(t) <a,Xs(ut) <b} — P{X* <a}P{X" <b} (4.16)

as t — oo for continuity points a,b € R of the law of X™*.
We first prove (4.16) and then (4.15). Write the probability on the left-hand
side of (4.16) as follows:

P{X(t) < a, Xs(ut) < b}

= / P{X(t) < CL,XQ(ut) <0, SN(mlt) S dy}
(ma1t, o0)

- (/ +/ ) = Ji(t) + Ja(t).
(m1t, mat] (mat, 00)

Clearly, 0 < J5(t) < P{Sn(m,e) > mat} = P{Sn@nie) — mat > (ma —mq)t} — 0

as t — 0o since Sy(m,) — Mt N Sg and (mg — my)t — 400 as t — oo. For
J1(t) we may write:

Nt = / P{X(ut — y) < b} P{X(t) < @, Sx(myp) € dy}
(m1t,m2t}
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where we have used that (Skin(mit) — SN(mit))ken, has the same distribution
as (Sk)ken, and is independent of (Sk)o<k<n(m.)- Further,

L) = P{X*<b) P{X(£) < a, Sygmn) € dy)
(’m1t7 ’mgt]
+ / (P{X (ut—y) < b} —P{X" <b}) P{X({) < a, Snmie) € Ay}
(mlt,mgt]

= Jll(t) + le(t)

The integral in the first summand converges to P{X* < a} by Proposition 4.4
since a is a continuity point of the law of X* and P{mt < Sy, < mat} — 1
as t — o0o. To show that Jy5(t) converges to zero, write

|J12(1)]
— sup  |P{X(ut —y) <b} —P{X* < b}‘/ P{SN(m1) € dy}
yE[mat, mat] (m1t, mat]
< s |P{X(y) <0} - P(X <

y>(u—ma)t

which goes to zero since (u — mgy)t — 00, as t — oo, in view of Proposition
4.4. The proof of (4.16) is complete. It remains to show (4.15). By the key
renewal theorem,

N(m1t

E|X,(ut) < E Z h(ut — Sp)| :/ h(ut — y)| U(dy)
(O,m1t]

[ tur-yivan - [t - )| Utay)
(0, ut] (mat, ut]
1

- - / " ()] dy /(m} Ih(ut — )| U(dy) + o(1)

as t — 0o. So it is sufficient to show that

1 o0
lim inf ut =) V() = - / Ih(y)) dy.
0

=00 (mat, ut]

For fixed § > 0 set I = [kd, (k +1)6) and m = inf,e ;s [h(x)|. Then, for large
enough t > 0,

[((u—m1)t)/6]-1
/ Wt —)[U@y) > S mlUut— 1)
(mat,ut]

k=0

where |z] denotes the largest integer < z. Given 0 < § < 1 there is N = N(J)
such that Y, ymj < 4, for |h|is dRi. Let ¢ be so large that | (u—m1)t/d]—
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N. Then

[(u—mq)t/6]—1
[ p-plvdy =S w1
(mat, ut

k=0

N 5 N
ZmiU(ut—Ig) = —Zmi
k=0 MkZO
00 2 00
g L]
— 0

which finishes both the proof of (4.15) and of the whole theorem for n = 2.
The case of general n € N can be treated in a similar manner by con-
ditioning the probability P{X (u1t) < ay,..., X (unt) < a,} on the values
of (SN(mit)s- -+ SN(mn_1t)) at appropriately chosen middle points u; < m; <
Ujt1- O

v

The scheme of the proof of Theorem 2.4 is the same as that of the proof
of Theorem 2.1 above. On the other hand, it differs in many details which is
why we decided to include it in the paper.

Proof of Theorem 2.J. As in the case of Theorem 2.1, we will prove this the-
orem only for n = 2 and assume that u; = 1 and v = uy > 1. Let
p(t) = p™? fot h(y)dy and set my := (1 +u)/2, z3(t) := myt + r(t) where r(t)
is some function to be specified below. Decompose X, (ut) := X (ut) — p(ut)
as follows

N(mit)—1 1 ut
Xo(ut) — ( 3 h(ut—Sk)——/ h(y)dy)
k=0 F S (u—ma)t

+( i h(ut — Sg) Tgs, <uy —p((u — ml)t))

k:N(mlt)
— Vi(t) + Valh).

Similar to the proof of Theorem 2.1, we conclude that it is enough to show

that
P

Yi(t) = 0, (4.17)

and
P{X(t) <a+p(t),Ya(t) <b} — P{X; <a}P{X] <b}, (4.18)

as t — oo for all a,b € R that are continuity points of the law of X.
We begin by proving (4.17). Using integration by parts (see Lemma A.3),

36



we infer

N(mlt)—l 1

O = (3 Me=S0tsae— [ i)

u—ma)t
= [ n—pa(vw - 1)
= h(ut) + h((u — my)t—) ((N(mlt) - —) ~ h(ut—)

u
b=
= h(ut) — h(ut—) + h((u —my)t—) (N(mlt) - m71t>

+/ (N(ut —y) —
[(u—m1)t, ut)

We now distinguish between two cases:

Casgs (C1) aND (C3): We invoke the estimate E [N (t) — £| < K + Kc(t)
which holds for all £ > 0 and some fixed K, Ko > 0, see Theorem 3.3. Here
c(t) is chosen as v/t in case (C1) and in case (C3) it is as stated there. Then

ut —y

JdChe).  (419)

mlt

E|Vi(t)] < h((u—ml)t)E‘N(mlt)—T +o(1)

ut —y
s BNy - T aeb)
((u—m)t, ut] 2

h((u — ma)t) <K1 n KQC(mlt)) +o(1)

" / (K, + Kaclut — ) d(—h(y)).
(u=ma)t, ut]

IN

Note that since c is regularly varying with positive index we may assume,
without loss of generality, that ¢(¢) is eventually increasing (see Theorem 1.5.3
in [5]). This observation implies that, for arbitrary x, A > 0,

lim ¢(kt)h(At) = lim c(t)h(t) = 0, (4.20)

t—o00 t—o00

under each assumption (i), (ii) and (iii). Recalling that m; = (1 +u)/2 < u
and using (4.20) we infer that the first summand in the estimate for E|Y;(¢)]
above converges to zero as t — oco. Further, again using (4.20),

[ el =) A )

= c(ut — y) d(~h(y)) + o(1)
((uw—m1)t, ut]
< ¢(mit)(h((uw —mq)t) — h(ut)) + o(1) — 0

as t — oo.
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CASE (C2): In this case E€" < oco. Thus, by the Marcinkiewicz-Zygmund
law of large numbers for N(t), see (4.5),

S

SUPg<s<y [V (5) — u
m
t—o0 ti/r
From the monotonicity of h and (2.9) it follows that h(t) = O(t~V/") as t — oo.
Hence

= 0 a.s.

lim h(kt) sup

t—o0 0<s<At

for arbitrary s, A > 0. Using this in (4.19) implies that Yi(¢) — 0 a.s., in
particular also in probability.

We now turn to the the proof of (4.18). Write the probability on the
left-hand side of (4.18) as follows:

P{X(t) < a+p(t), Ya(t) < b}

- / P{X(f) < a + p(t), Ya(t) < b, Sxmrn) € dy)
(mat, 00)

_ (/ +/ ...>:;J1(t)+J2(t)_
(mat, z2()] (22(t), 00)

Clearly, 0 < Jo(t) < P{Sn(m,t) > 22(t)} = P{SN(m,ey —mat > r(t)}. The latter
probability tends to 0 as ¢ — oo whenever

s
N(s)——’ =0 as.
0

r(t) > o0 ast— oo (4.21)

since Sy (m,¢) — mit 4 S;-
For Ji(t) we may write:

Ji(t)

(

m1t, z2 (t)}

> hut—y—=(Sk—=Sx(mit)) Lise—Symp<ut-—y) < b+ p((u—ma)t)}
k:N(mlt)

_ /( L FOX) S bp((=m)0} B < apl0), S € v

where the last equality follows from the independence of (S;);=1,. N(m,) and

. L d
(Sk+N(m1t) = SN(mit))ken, the distributional identity (Sn(m,t)+k —SN(mit) JkeNo =

(Sk)ken, and the inequality ¢t < myt. Further,

Jl(t> = ]P{X: S b} P{X(t> S a —|—p(t), SN(m1t) € dy}

(mat, z2(t)]

+/ (P{X(ut —y) < b+p((u—mi)t)} —P{XS < b})
(mat, z2(t)]

x P{X(t) <a+p(t), SN € dy}
= Jll(t) + le(t).
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When (4.21) holds, then P{mt < Sy, < 22(t)} — 1 as t — oo. Conse-
quently, an application of Proposition 4.5 shows that the integral in the first
summand converges to P{X* < a}. To show that Ji2(t) converges to zero,
write

[T < sup |P{X(ut—y) < b+ plut—mit)} — P{X; < b}|

mit<y<za(t)

X / P{SN(mlt) c dy}
(mltsz(t)}

< sup | P{Xo(ut—y) < b+p(ut—mat)—p(ut—y)} — P{X} < b}|

mit<y<za(t)
(u—m1)t
= sup | P{Xo(ut—y) < b+ u_l/ h(z) dz — P{X} < b}|.
mit<y<zo(t) ut—y

Using the fact that h is non-negative, we proceed as follows:

|J12(t)| S sup

P{X, (ut—y) < b} — P{X; < b}]

mit<y<zo(t)
ut—mat
+ sup P{b<XO(ut—y) Sb—l—,ul/ h(y)dy}
mit<y<zo(t) ut—y
< swp [P{Xo(y) <0} - P{X; <0
y>ut—zo(t)
ut—mat
+  sup P{b<XO(ut—y) Sb—i—ul/ h(y)dy}.
m1t<y<za(t) ut—y

Due to Proposition 4.5, the first summand converges to zero whenever
ut — 29(t) = (u—1t/2—7r(t) — oo ast— oo. (4.22)
Assume that r also satisfies
tlgilo h((u—1)t/2 —r(t))r(t) = 0. (4.23)

Then, for arbitrary € > 0, there exists £y such that for all ¢ > %,

0 < ut / M@ e < p (- D2 — ) < e

t—zo(t)

Thus, when (4.22) and (4.23) hold and € > 0 is chosen such that b + ¢ is a
continuity point of the law of X

mit<y<zg t—z2(t)

< sup  P{X,(ut—y) € (b,b+ €|}

m1t<y<za(t)

— P{X;€(bb+e)} =0,

t—o00

(u—m1)t
sup ]P’{b<Xo(ut—y) §b+u_1/ h(x)dx}
(t) u
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since b and b + € are continuity points of the law of X?. We thus have proved
that lim; . J12(t) = 0 if 7 satisfies the conditions (4.21), (4.22) and (4.23). A
possible choice of r such that the above conditions are satisfied is the following.
Let 0 = (u — 1)/4. Then choose r as 7(t) = h(6t)~'/2 A §t, t > 0. Then (4.21)
holds since h(t) — 0 as t — oo and (4.22) holds since r(t) < dt. Finally, (4.23)
holds since h(t(u — 1)/2 — r(t))r(t) < h(5t)"/?> = 0 as t — oo. The proof of
(4.18) is complete. O

5 Proofs of the limit theorems with scaling

Whenever possible we intend to treat the all cases simultaneously. To this end,
for t > 0, put
X (ut) — [ h(y)d
g(t)h(t)

5.1 Reduction to continuous and decreasing h

Regarding the proof of Theorem 2.7, we make our life easier by showing that
without loss of generality we can replace h by a decreasing and continuous
function h* on R, satisfying h*(t) ~ h(t) as ¢ — oo. This follows an idea in
[18].

Suppose we have already proved that

o Joug I(ut —y) dN(y) — p7! Shry) dy g
X/ (u) := OO = Y(u), t— oo,

where Y (u) := W(u), u > 0if g =0, and

Y(u) == W+ B/OU(W(U) ~ W) w-y)"dy, u=0

if 5 > 0. To ensure the convergence X;(u) = Y (u) as t — oo, it suffices to

check that, for any u > 0,

h(ut —y) — h*(ut — dN
Jio.u (I y;(t)h(t() v) dN(y) 50 ast— oo, (5.1)
and ut
S| o e 6

By assumption, h is eventually decreasing. Hence, there exists an a > 0 such
that h is decreasing on [a,00). Let . be a bounded, right-continuous and
decreasing function such that ﬁ(t) = h(t) for t > a. Note that the so defined h
is non-negative. The first observation is that replacing h by h in the definition
of X () will not change the asymptotics. Indeed, if X denotes the shot noise
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process with the shots occurring at times Sy, .S1,... and response function h
instead of h, then for given u > 0 and all large enough ¢,

N (ut)
X (ut) = X(ut)] = | Y hlut — Si) — h(ut — Si)
< sup |h(y) - h(y)|(N (ut) — N(ut — a))

< sup |h(y) - BN ()

y€(0, a]

by the well-known distributional subadditivity of N. The boundedness of h
and h ensures the finiteness of the last supremum. Since § < 1/«, in all cases
we have lim;_, g(t)h(t) = co. Consequently,

50 ast— oo (5.3)

Further, for ut > a,

(hly) = hly)) dy
g(t)h(t)

(t)h(t)
Jio.a [P(w) = h(y)| dy

= On0) — 0 ast—00.(54)

Thus, in what follows, we can replace h by h. We will now construct h* from h.
To this end, let # be a random variable with standard exponential distribution.
Set

hi(t) = Eh((t-6)*) = e—t<ﬁ<0)+/oﬁ(y)eydy), t>0. (5.5)

It is clear that ﬁ(t) < h*(t), t > 0 and that h* is continuous and decreasing
on Ry with A*(0) = Z(O) < o0. Furthermore, h*(t) ~ E(t) ~ h(t), t = oo.
While this is trivial if lim;_,o, h(f) # 0, in the opposite case (lim;_ h(t) = 0)
the first equivalence does require a proof. We use the second equality in (5.5).
Being a regularly varying function 1 //fz grows subexponentially fast. Using this
and the regular variation of h at infinity, we infer for any € (0,1):

)[R =6)7) h((t—6)")
ht) E[ A1) 1{">“}]+E[ h(1) 1{@}]
< MO MO oy g Ly
- h(t) h(t) t—o00 e—0

Since /ﬁ(t) < h*(t) for all ¢ > 0, this implies h*(t) ~ /f;(t) as t — oo. Let us

now prove that
t

lim [ (h*(y) — h(y)) dy = h(0). (5.6)

t—o00 0
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We use the representation
t ~
[ 0w -7t ay
0

t t
— 0= ~E [ Hu)dyLey - [ By dye.
t—0 0

Since h grows subexponentially, the last term vanishes as t — oo, and we are
left with investigating the second term. By the monotonicity of h and the
dominated convergence theorem,

E/ W(y)dy Ly < EOI(t—0) 1<y — 0 ast— oo,
[t—0, ]

which proves (5.6). In particular,

() — hiy)) dy
9(D)h(D)

V(hly) — h*(y)) dy

o(Oh () — 0 ast— o0

because limy;_,o g(t)h(t) = oo. In combination with (5.4) the latter proves
(5.2). Recalling (5.6) and the fact that in all cases lim; o g(t)h(t) = oo, we
conclude from Lemma A.7 (with f; = h* and fo = h)

Jiovuq (Pt = y) = B*(ut — 7)) AN (y)
g(t)h(t)
_ f[o,ut} (h*(ut —

y) — h(ut — ) AN(y) .
g(t)h(t) - as t — 00.

This together with (5.3) leads to (5.1).

5.2 Proofs of Theorems 2.7 and 2.9

Proof of Theorem 2.7. By the Cramér-Wold device and the discussion in Sub-
section 5.1, in order to show finite-dimensional convergence of X;(u), it suffices
to prove that for any n € N, vq,...,v, € Rand 0 < u; < ... < u, we have
that

n i q n
D owXi(u) S D WY (w) ast— oo
k=1 k=1

Since
o) — _1(0) _
Xt (O) = W — 0 = W(O) as t — o0,
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in what follows we assume that u; > 0. Integrating by parts we obtain that

> X (uy)
k=1

_ h* ukt
- LGy
" oy (N (unt) = N(ugt —y) — p'y) d(—=h*(y))
2 OO >0

where the definition of W;(u) should be recalled from (3.6).
CASE 8 = 0. Our aim is to show that each summand of the second term in
(5.7) converges to zero in probability, for the convergence

Z%Xt*(uk) % Z%Y(Uk) . Z%W(Uk)
k=1 k=1 k=1

is then an immediate consequence of lim;_, o, h*(ugt)/h*(t) = 1, (3.6) and Slut-
sky’s theorem.

For given 0 < e < 1, recall the construction of the coupled stationary
random walk (S})en, which satisfies (3.1), that is, Sf —e < Sp < Sf + ¢
for K > 7 + 1 where 7 is an almost surely finite stopping time (the time of
e-coupling). For the renewal counting process N* corresponding to (S;;)keNO,
we then have

> Lpyesicy < N'(t+e) — N*(t—y—e)
k>1+1

and
Z Li—yesy<y > N¥(t—¢) = N*(t—y+e) — Z IL{t—y+s<5‘,j§1t—e}
k>14+1 k=0
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by (3.2) and (3.3), respectively. For each summand in (5.7), we can use these
two inequalities with ¢ replaced by wuxt to obtain that

Joo.wnny (N (ut) = N(ugt —y) — = y) d(=h*(y))

g(t)h*(1)
4 Jo, ukt)(N* (uxt) — N*(uxt — y) — p~'y) d(—h*(y))
- g(t)h*(t)
(]\7*(25) + 7+ 1)h*(0)
MOIRG )

where the distributional identity N*(z 4 ¢) — N*(x) < N*(c) (z,¢ > 0) has
been utilized. Since g(t)h*(t) — oo as t — oo, an application of Markov’s
inequality shows that it is sufficient to check that

o BEIN'W) iyl AR W) .
ik SO -0

By Theorem 3.3, E|N*(y) — u 'y| = O(g(y)) as y — oo. Consequently, it is
enough to show that

- Jio.wr 9) Ad(=7(y))

T ) B

Since the function g(¢)h*(t) is regularly varying, the latter is equivalent to

-~ Jog9w) A=)
e ) =0 (5.9)

Using (3.7) gives

Jio.0 9(w) A(=h*(y)) g Af[to,t] g /o8 d(—h*(y))
g(t)h*(t) B th/e=ohx(t)

for t > tg, and, as t — oo, the last ratio tends to zero by Theorem 1.6.4 in [5].
Further, since g(t)h*(t) — 0, also

L o 9@ AN W)

) R I

Thus, (5.9) follows.
CASE > 0. For any p € (0,1), one can write

X = Wil e [ 1) - W) v

W) +/ +/
(2 (0, pus] (P ]
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where v}, is the finite measure on [0, u;] defined by

h* (t(u — ) — h*(t(ur, — a))

< b < uy.
h*(t) , 0<a<b<u

Vzk(a, b =

In view of (3.6) and the continuous mapping theorem,
Wi(ug) — Wi(v) = Wiug) —W(v) ast— oo.

Further, by the regular variation of ", the finite measures v, converge weakly
on [0, puy| to a finite measure v; on [0, puy] which is defined by vj(a,b] =
(up —b) ™ — (up —a)~P. Clearly, the limiting measure is absolutely continuous
with density x — B(ux — x) P71 x € [0, pus]. Hence, by Lemma A.2,

Wt(uk)

nt) /(0, puk}(Wtw) = Wiw)) v (dv)
4 W(Uk>ulzﬁ + ﬁ/o (W (ug) — W () (up —v) 7" do.

Likewise, again by the continuous mapping theorem,

Z’YkWt(Uk)h}(L?:;) + Z’Yk/( (Wi(ug) — Wi(v)) v i (dv)

0,p’lLk]

i) Z’ykW(Uk)ulzﬂ + Z’ykﬁ /OPUk (W(uk) — W(U))(uk — U)_ﬁ—l dv.

According to Theorem 3.2 in [3], it remains to check that, as p 1 1,

pu

S W ()i + 3 [ (W ) = W) e = ) o

4 nykW(uk)ugﬁ + Z'ykﬁ /Ouk (W (ug) — W(v))(ug — U)*Bfl dv

and that, for any ¢ > 0,

lim lim sup P {

Pl oo

> /[ (W) — Wi(w)) 17 4(d)

puk’uk}

> c} = 0. (5.10)
The first relation is equivalent to

Z’Ykﬁ /uk(W(uk) — W) (ug —v) P dw L0 as p 11 (5.11)

PUE

To prove (5.11) it suffices to verify that each summand converges to zero in
probability. But each summand actually tends to zero a.s. by the discussion
in Subsection 2.3.
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The sum in (5.10) equals

En: 5 Jio. 1y (N (uit) = N(uit — y) — p~'y)d(=h*(y))
k .
p g(t)h=(t)
In view of (5.8) and Markov’s inequality it suffices to check that, for k =
1,...,n,
v 9W)A(=R"(y
lim lim sup f[o,(1 Pus] w)d( ) =0
A1 oo g(t)h*(t)
or just
oy 9W)d(=h*(y
lim lim sup Jo.ap SN W) - 0, (5.12)
Pl oo g(t)h=(t)

for g(t)h*(t) is regularly varying. Since g(t)h*(t) — oo as t — oo by the
assumptions of the theorem, we have

. Jio, 9W) A(=17(y)) 0

t=00 g(t)h=(t)

and, further,

Jitonmpn I AR W) 6 1o y!/o=8 d(—h*(y))

A

g(&)h=(t) N tH/ea=ohx(t)
B 1a—p
P (1= p)/eBd
where the last relation is justified by Theorem 1.6.4 in [5], (5.12) follows. The
proof is complete. n

Proof of Theorem 2.9. For t > 0, put
X(ut) f[O,ut] h(ut — z) dN(z)
g(t)h(t) g()h(t) ’

For any n € N, fix y1,...,7% € Rand 0 < uy < ... < u,. We have to show
that

u > 0.

kaXt(uk) < kaY(uk) ast — oo
k=1 k=1
in all cases, where Y (u) := f[o » (u—y)PdW (y), u > 0 and that
h(0)
g(t)h(?)

in the cases a > 3, and a = 8 and ¢ = o0, the latter relation being trivial.
We want to stress that in the remaining case limy_, X¢(0) = h(0)/c, whereas

Y (0) = 0.

X:(0) = — 0 =Y(0) ast— o0
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Since the convergence lim;_,o, h(ut)/h(t) = u=? is uniform on compact sets
not containing zero, and (W(u)),>o has a.s. continuous paths, the relation
(3.8) and Lemma A.2 entail

[ o) v
[0, puy]

/ (up —y) P dW (y) ast — oo
[01 puk]

h(t) g(t)
for any p € (0,1) where here and in the rest of the proof integration w.r.t.
d%?)’) means integration w.r.t. v;(dy) where the finite measure v; is defined

by v4(A) = g(t)"'N(tA), A C R Borel. By the continuous mapping theorem,

n h(tue—y)) N(ty) o < )
kz:;% /[O,puk] h(t) d O kz:;%c /[O’pm(u;f—y) Baw (y)

as t — 0o. According to Theorem 3.2 in [3], it remains to check that, as p 1 1,

n

S tw-utaw S 3
[0, pug] k=1 [

k=1 0, ug,

}(Uk —y) AW (y)

and that, for any ¢ > 0,

;%/[ h(t(ug — y))dN(ty)

pue] () g(t)

The first relation is equivalent to

Pl oo

lim lim sup P {

>c} = 0. (5.13)

S wep A S o aspr (5.14)
k=1 louk, uk]

To prove (5.14) it suffices to verify that each summand converges to zero in
probability. Hence (5.14) is a direct consequence of Lemma 2.12.
For (5.13), in view of Markov’s inequality it suffices to check that

h(ugt — Y dEN y
lim lim sup f[Pukt,ukt] < k ) ( )

i 90 =0

Recalling that h(t)g(t) is regularly varying the latter holds true by Lemma 5.2

below. This completes the proof of finite-dimensional convergence.
Convergence of moments follows from Lemma 5.3 below. The proof is

complete. O

5.3 Convergence of moments in the case y = oo and the
proof of Proposition 2.11

Lemma 5.1. Assume that p = oo and let h : Ry — R, be a measurable and
locally bounded function such that

lim ht)

t%wm = cc [0,00}

47



Then
lim EX(t) = c.
t—o00
In particular, X (t) B 0ast— oo ifc=0.
Proof. Denote by Z(t) :=t — Sn@)—1 the undershoot at time ¢ and put

__h)
1) = geog 12

The proof is based on the representation
EX(t) = / Wt —2)U(dz) = Ef(Z(t), t>0
[0,%]

where U(-) := E N(-) denotes the renewal measure associated with (Sk)ren,-
Under the sole assumption @ = oo, the renewal theorem gives Z(t) — oo in
probability. Hence f(Z(t)) — ¢ in probability. If ¢ < oo, the function f is
bounded, and lim; .., E f(Z(t)) = ¢ by the dominated convergence theorem.
If ¢ = oo, we obtain lim; ,, E f(Z(t)) = ¢ = 0o by Fatou’s lemma.

The last assertion of the lemma follows from Markov’s inequality. O

Now we are ready to prove Proposition 2.11:

Proof of Proposition 2.11. Since the exponential law is uniquely determined
by its moments, the second assertion of the proposition is an immediate con-
sequence of the first.

To prove convergence of moments, we use induction on k, the order of the
moments. The case £ = 0 is trivial, the case £ = 1 follows from Lemma 5.1.
Assuming that

lim EX7(t) = 4! forj=0,...,k—1,

t—o00

we will prove that
lim E X*(t) = "kl (5.15)

t—o00

To this end, we use the representation
X(t) = ht) + Xu(t — &) Lig, <y (5.16)

where
d

Xo(t) = Y bt =55+ 5) s, s,<n)

Jjz1

X(1).

The latter implies
1o ‘ _
Xt = X, (t—&)" Lie,<ey + Z (]) ()X, (t — &) Lge <ty -
5=0
We have E X (t)* = E f,(Z(t)) where
e (VRO T B X (= &) T <p)
P{¢ >t} '
48

fi(t) =



Arguing as in Lemma 5.1, it suffices to show that
. — k '
}i}rg) fk(t) ¢ k'a

as fr(t) is then bounded and relation (5.15) follows by the dominated conver-
gence theorem.

Since lim;_,o, h(t) = 0 by the assumption of the proposition, and the ex-
pectations E X, (t — &)’ Li¢,<i3, j =0, ...,k —1 are bounded by the induction
hypothesis, we conclude

Yoo (YWFIMEXI( - &) lgeny
P{¢ > t} B

Hence

. L ROEX(t— &) e <
tlg& felt) = ktliglo P{¢ > t}

= wgymxw—mm“1
= cklim (EX(t)k—l + : (k j_ 1) h(t)F1 EX(t)J‘)

t—00

= cklim EX ()" = *kl,

t—o00

where the penultimate equality follows from the induction hypothesis and
limy o h(t) = 0. O

Lemma 5.2. Assume that the assumptions of Theorem 2.9 hold. Then

P
lim lim sup M

h(t—y)U(dy) = 0 5.17
limsup == | =) Uldy) (517)

where U(-) := EN(-). In particular,

CBEs e L)
dm = EXO) E/[O,H(l YOIV = rr T aTaras )

Proof. We use the notation of Lemma 5.1, that is, Z(t) :=t — Sn(;—1 denotes
the undershoot at time t and f(t) := h(t)/P{{ > t}, t > 0. Then, the
expression under the double limit in (5.17) equals E f(Z(t)) Lizwy<a—pe /(1)
CASE 1: We first consider the case when o« > 3 or a« =  and ¢ = oc.
If « > 8 then, by Theorem 1.5.3 in [5] there exists an increasing function u
such that u(t) ~ f(t) as t — oo. If @« = 8 and ¢ = oo such a function u exists
by assumption. Now fix € > 0 and let ¢, > 0 be such that (1 —¢e)u(t) < f(t) <
(1 +¢)u(t) for all t > ;. Then

Ef(Z({1) Lizwzwy _ SWosy<er / ()
f(t) B f(@t)

— 0 ast— >
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by the local boundedness of f. Further, for ¢ such that (1 — p)t > t,

Ef(Z{1) Liw<zwza-pn . L+eBu(Z(t) Lizp<a-pn

f(t) - 1-—¢ u(t)
< IR0 < (1),

By a well-known result due to Dynkin (see, for instance, Theorem 8.6.3 in [5])

i BAZ() < (=)t} = g [ vty

When p 1 1 the last integral goes to zero, which proves (5.17).

CASE 2: Now consider the case when o« = [ and ¢ < oco. Then f is
bounded. Hence E f(Z(t)) Liz@<@a—ppy < const - P{Z(t) < (1 —p)t}, t > 0.
The rest of the proof is the same as in the previous case.

We now turn to the second assertion of the lemma. Define U(t) := E N(¢).
Then, by the transformation formula,

P{¢ >t} h(t(1 —y))

2D [ ha-puian) = pesaue [ D)
h(t)  Jiom &> 0, () t

where U([0,z]) = U([0,tz])/U(t), 0 <z < 1. Formula (8.6.4) on p. 361 in [5]

says that limy ., P{¢ > t}U(t) = I'(1—a) 'T'(14+«)~!. Further, by [5, Formula

(8.6.3) on p. 361], Uy(dx) converges weakly to ax®'dz as t — oo. This in

combination with the uniform convergence theorem [5, Theorem 1.2.1] yields:

. (1~ )
im pie> U [ U )
= ru—anx1+ayA<1_y)ﬁyaldy
ri-p

o1 T(1+a—B)l(1—a)

where we have used the expression of the Beta function in terms of the Gamma
function and the functional equation of the Gamma function. (5.17) now gives
the second assertion of the lemma. O

Lemma 5.3. Under the assumptions of Theorem 2.9, (2.16) holds.

Proof. CASE 1: First assume that o >  and case o =  and ¢ = oo.
Set g(t) = 1/P{{ > t} and observe that lim; o, g(t)h(t) = oo in the present
situation. We prove the result only for u = 1. Define

kF1—6+J—UW—6D

dy , keN.
1 —a)k ey —-B)+1)
We then have to prove that
E X (t)!
——— = d,; 5.18
ti>r§> g(t)Ih(t)I J ( )
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for all j € N. We will use induction on j. The case j = 1 follows from Lemma
5.2. Assuming that (5.18) holds for j = 1,...,k — 1, we will prove (5.18) for
j=k.

From the decomposition (5.16), one can derive the following representation

for E X ()"
EX(1) — /M r(t — ) U(dy) (5.19)

where U(-) :==EN(-) and

Z< ) D TEX (- &) Lg<y = ivjh(t)k_jEX(t)j

J=0

for some real constants v;, 0 < j < k —1 with v, = k.
If we can prove that

lim —Tk(t)
t=o0 g(t)*=1h(t)*
which, among other things, means that r(t) is regularly varying at oo with

index (k — 1)a — kf, then (5.19) in combination with the argument given in
the proof of Lemma 5.2 shows that

= kdy,_1, (5.20)

im —EX(t)k = kd lim ult f[Ot ru(t —y) Uldy)
oo g(OFR(OF T e g(t) m(t)U (t)
akdy,_, ! ek a1
= Ti—ar (1—|—a)/o A=)y dy
[(1-8+(k—-1)(a—p))

T T afka - gy T

We now verify (5.20). By the induction hypothesis, for j =0, ..., k—1, E X (t)’
is regularly varying with index j(a — 3). Hence, for such a j, h(t)* 7 E X (¢)J
is regularly varying with index jo —kf3. Since g(t)*~1h(t)¥ is regularly varying
with index (k — 1)a — kB, we conclude that

> vih(t)* T EX (1)’

I _
ML A R ’
Hence
EX(t)F kEX(t)!

lim — 7 — it S A
e g{OF AR~ 5 g{OFTh(DF

which proves (5.20).
CASE 2: a = ff and ¢ < oo. (2.16) has been proved in Proposition 2.11
under weaker assumptions. O

= kdk—b
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A Appendix: Auxiliary results

Lemma A.1. Let W be a random variable with characteristic function given
by (2.15). Then, forr < a,

2I(r+1)

E|W|" = sin (rm/2)0(1 — r/a)|T(1 — )|"/* cos (7r/2 — 7r /)

where I'(+) denotes the gamma function. In particular,
E[W| = 277'T(1 — 1/a)|0(1 — a)[“sin (7/a).

Proof. We use the integral representation for the rth absolute moment (see
Lemma 2 in [2])

- ., DPlr+1)  /rm 1 — Re EtW
Set A := 77 'T'(r + 1)sin (r7/2), B := I'(1 — a)cos (ra/2) and C = I'(1 —

a)sin (ra/2). Using Euler’s identity e = cosz + isinz in (2.15), we obtain
Re Ee®™™ = exp (—BJt|*) cos (—C|t|*sgn(t)).
Substituting this into formula (A.1) yields

— 2A/ 1 — exp (—Bt*) cos (Ct*) dr
0 tr+i

A change of variables (u := t*) gives

2A [~
me = — (1 — exp (—Bu) cos (Cu))u™""* du
0
24 [
= — (1 —exp (—Bu))u‘l_r/a du
@ Jo
24 [
+E/ (exp (= Bu) — exp (—Bu) cos (Cu))u™' /" du
0
== [1 -+ 12. (AQ)

According to formula (3.945(2)) in [13], we have

I, = % ['(—r/a) (BT/O‘ —T(1 — )" cos (mr/2 — 7T7’/Oé)).

To calculate I; we use integration by parts:

2A [~
L = — (1—exp(—Bu))u‘1_7/a du
@ Jo
2AB [
= / u”"/* exp (—Bu) du
0

r

2ABT/« 2ABT/«
= 't—r/a) = — [(—r/a).
o

r
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Now plugging in the values of I; and I5 in (A.2) gives

m, = —%F(—T/a)F(l — )"/ cos (7r/2 — 7r/a)

= %F(l —r/a)l(1 — @)/ cos (7r/2 — 7r/a).

The proof is complete. O

Lemma A.2. Let 0 < a < b < co. Assume that X;(-) = X(-) as t — oo in
Dila,b] in the My topology. Further, assume that v, t > 0 are finite measures
such that vy — v weakly as t — oo where v is a finite measure on |a,b], which
18 continuous w.r.t. Lebesque measure. Then

X, (y) m(dy) > X(y)v(dy) ast— oo,
[a,b] [a,b]

and, for any fized c € [a, b],

Xi(c) + Xi(y) v(dy) KN X(e) + X(y)v(dy) ast— oc.
[a, b] [a, b]

Proof. The assertion of the lemma follows from Lemma 6.5 in [18] in combi-
nation with Skorokhod’s representation theorem. O

Lemma A.3. Let F' : [a,b] — R and G : [a,b] — R be left- and right-
continuous functions of bounded variation, respectively. Then

/( ]F(y) dG(y) = F(b+)G(b) — Fla+)G(a) — - G(y)dF(y). (A.3)

a,b a,

Proof. The result follows from Theorem T2 (Product Formula) of [6] with

f(x) = G(a+x) and g(x) :== F((a+x)+). The so-defined g is right-continuous

and the theorem applies. Since F' is assumed to be left continuous, g(z—) =

F(a+ z). The asserted formula therefore follows from (2.1) in the cited book.
[

Lemma A.4. Let (X1, A;) and (X3, Az) be measurable spaces. Let ji1(+) be a
finite measure on (X1, Ay). Assume that ps(x,-) is a measure on (Xo, Ay) for
every © € X1, and that for every B € Ay the function Xy 3 x — ps(x, B) is
measurable with respect to Ay. Then v(B) := [ pa(z, B)dui(2) is a measure
on (Xa, Az). Furthermore, for every non-negative measurable function f on
(X2, Az), the function g(x) = [y f(y)pa(z,dy) is measurable with respect to
Ay and

fdv = / gdp. (A.4)

Xy X,

The proof of this lemma is a standard approximation argument: check
(A.4) for indicators of sets in Ay, then for the finite linear combinations of
such indicators with positive coefficients and finally for arbitrary non-negative
measurable functions.
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Lemma A.5. Let (X (w,u))uer be an arbitrary increasing random process de-
fined on probability space (9, A,P). For fited k € N let h : R¥ — R, be a
positive Borel function. Then

IE/Rkh(sl,...,sk)dX(sl)...dX(sk) = /Rkh(sl,...,sk)E(dX(sl)...dX(sk)).

Proof. Lemma A.4 can be applied as follows. Define (X3, A;) := (2,.4) and
(X5, Ag) := (R*, B) where B is a standard Borel o-algebra of subsets of R.
Set also 1 :=P. For every w € Q2 put

po(w, (ag, by] X ... x (ag, bg]) == (X(w,b1) = X(w,a1)) ... (X(w,br) — X(w,ax))

and extend this to a measure on (X, As). This is possible since X (w,u) is
increasing for almost all w. It is clear that w — po(w, A) is measurable for
every A € B. By Lemma A4, v(A) = E us(w, A) is a measure and for any
given positive Borel function h : R¥ — R, the function g : © — R, defined
by g(w) := [ge h(s1, ..., sk)po(w,dsy, ..., dsg) is measurable and

E/Rkh(sl,...,sk)dX(sl)...dX(Sk)
= E/kh(sl,...,sk)m(w,dsl X ... xdsg)
_ /g(u}) P(dw) A / h(st, ... s6) v(ds; x ... x dsy)
Q R
_ /R W(st,- .. ) E (dX(s1) ... dX(s0)).

Lemma A.6. Let f : R, — R, be a decreasing function with limy . f(t) > 0.
Then, for every 6 > 0,

| ey = 3" ren a0, nen,

where 6,(0) converges as n — oo to some 6(0) < 0.

Proof. We assume w.l.o.g. that § = 1. For each n > 1,

Srt- [ war = X (5w - [ rwan) + s,
k=0 0 k=0

Since f is decreasing, each summand in the sum is non-negative. Hence, the
sum is increasing in n. On the other hand, it can be bounded from above by

n—1 n—1

k+1
S (r0- [ fwa) < Suw -t < 0 < .
k=0 k=0
Consequently, the series ), ( f(k)— :H fly) dy) converges. Recalling that
lim,, . f(n) exists completes the proof. H
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Lemma A.7. Let f1, fo : Ry — R, be bounded decreasing functions such that

fi(t) > fo(t) for allt € Ry and such that foto(fl(y) — faly))dy > 0 for some
to > 0. Then

. E Jio.q(fit —y) = fao(t — y)) AN (y)
t>to fot(fl(y) — fa(y)) dy

Proof. Decompose the integral in the numerator of the left-hand side of (A.5)
as follows:

< 00. (A.5)

/[0[tﬂ(ﬁ(t—y)—f2(t—y))dN(y)+/([ (fit—y)— fo(t—y))AN (y) =: I; (¢)+12(2).

th.t]

By the distributional subadditivity of N, we get for I5(t):

L(t) < " t]fl(t—y)dN(y) < Lt =[N = N([)

< [O)N({E) - N(E-1)) < f(0)N(1),
hence E I5(t) < f1(0)EN(1) < oo for all ¢ > 0. It remains to consider I (t):

[]-1
BL®) = A0 FOFEY [ (-~ AN
-

< AW) = L)+ ) (lE—7—1) = flt=7)EWNG+1) - N())

=

[y

[e=]

-1

< f1(0) + Z(fl(t —j=1) = folt —5)EN(1)

_ ENQ) ( / ) - h) dy+0<1>).

This proves the lemma. O]
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