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Abstract

We consider a generalized memoryless property which relates to Cantor’s second
functional equation, study its properties and demonstrate various examples.

Keywords: Generalized memoryless property, Markov kernel, Cantor’s second func-
tional equation.

AMS Subject Classification: Primary: 60K30 Secondary: 90B18, 60J25, 60J35,60G44,
68M20.

1 Introduction and setup

Let R denote the set of real numbers and B be it’s Borel sets. Consider a Markov kernel
P(z, A) where for each z € R, P(z,-) is a probability measure on (R, B). We say that the
generalized memoryless property is satisfied if the following is satisfied for each nonnegative
x,y and real z:

P(z,(z +y,00)) = P(z, (x,00)) P(z + z, (y,0)) (1)

We note that if P(z,-) = P(-), that is, the Markov kernel is independent of the originating
state, this is precisely the memoryless property of which the only solution is of the form
P((z,00)) = p”® for some 0 < p < 1. That is, a random variable that has such a distribution
is either almost surely (a.s.) zero, or a.s. infinite or has an exponential distribution.

To motivate the property given by (1) assume that in addition P(-, A) is a Borel function
for each A € B and let T;, (age) and 7). (remaining life) be a pair of random variables, where
T, has an arbitrary distribution and P(T, € A|T,) = P(T,,A). That is, one interprets
P(T, € A|T, = z) = P(z,A). Then (1) becomes

P(T, >x+y|Ty, = 2) =P(T, > z|T, = 2)P(T, > y|T, =z +x) . (2)
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In other words, in order for the a component having age z to function at time x + y, it
first has to function at time x. Then, independent of everything else, its age is modified
to z + x and, given that its age is now z + z, it has to function at time y. This model
relates to Model II of [7]. In fact, given the condition that P(0, (x,00)) > 0 for each z > 0
this results in exactly the same model, even though we write it in more primitive terms.
To see this, denote 1 — F(z) = P(0, (z,00)) and observe that with z = 0, (2) becomes

1 - F(z+y) = (1 F2))B(T; > y|T, = 2), (3)

so that indeed
1—F(z+vy)

T F@) )

which is equation (1) of [7] with the roles of z and y reversed. However, if we only
assume that P(z, (z,00)) > 0 for all 0 < z < z then we will see that it is possible that
P(T, > y|T, = x) = s(x + y)/s(z) for some nonincreasing function s for which s(x) — oo
as x J 0. We will also see that other possibilities may occur as well. We also mention that
for the case where P(z, (z,00)) > 0 a more general model was considered in [9]. However,
in this paper the authors suffice in pointing out some examples of this property but do not
characterize the general form. In this generality, a characterization might not be possible.

To continue, for real  and y > x we denote u(z,y) = P(z,(y — x,00)) and observe
that (1) becomes

P(T, > y|T, = z) =

Mz, y) = p(z, z)u(r,y) (5)

for each z < z < y. If this was valid for all z,y,z then (5) is called Cantor’s second
functional equation. We note that in the latter case, if u(z,y) # 0 for some z,y then
p(z,z) # 0 and p(x,y) # 0 for all z. Since u(x,y) = p(z,w)p(u,y) then p(z,u) # 0
for all z,u and in particular if we denote s(x) = u(z,z) then for any x,y we have that
pu(z,y) = s(y)/s(z). Thus, as is well known (e.g., see [1]), the only solutions of Cantor’s
second functional equation are either p(z,y) = 0 for all z, y or u(z,y) = s(y)/s(x) for some
function s(-) that never vanishes. In the second case it is clear that for all z, u(z,z) =1
and that for any nonvanishing function s(-), s(y)/s(z) obeys Cantor’s second functional
equation.

When we assume that (5) is satisfied only if z < & <y, the solution requires a bit more
care.

2 Main observations

In order to consider the most general setup, let us assume until further notice that
pi{(@y)z<y}—=R (6)

(note: R rather than just [0,1]) and that (5) is satisfied for z < x < y. Denote

_J % if u(z,z) =0Vve > z
blz) = { sup{z|u(z,x) # 0, > 2} otherwise (7)



and .
_J if u(z,z) =0Ve <z
alz) = { inf{x|u(x,2) #0, r < 2z} otherwise. (8)

Now, when a(z) < b(z) we denote

(a(2).0(2)) i pla(z),2) = 0 = (=, b(2))

=] @] i p(a().2) =0 # (= () o
a(2),b(z)) it p(a(2), 2) # 0 = p(z,b(2)
[a(2).b(z)] i plalz).2) # 0 # p(zb(2))

and when a(z) = b(z) = z we let I(z) = {z}, noting that from u(z,2) = u(z,2)u(z, z)
necessarily u(z,z) € {0,1}. Moreover, since

puu, v) = p(u, v)p(v, v) = plu, w)p(u, v) (10)

for u < v, it is easy to check that if I(z) is not a singleton, then necessarily pu(z,z) = 1.
Consider now the following.

} = R satisfy (5) for all z < x < y. Then for z <y,

Lemma 1. Let p: {(z,y)| <y
= I(y) and for every u,v € I(z) with u < v we have that

w(z,y) # 0 if and only if I(x)
p(u, v) # 0.

Proof. For v > y we have that p(z,v) = p(x,y)u(y,v), so that u(x,v) # 0 if and only
if u(y,v) # 0. For u < z we have by similar reasoning that p(u,z) # 0 if and only if
p(u,y) # 0. For w € (z,y) we have that u(x,y) = p(z, w)pu(w,y) and thus u(z,w) # 0
and p(w,y) # 0. This implies that I(z) = I(y). Now, for every u € I(x) we have that
I(u) = I(x) and thus for any v > u with v € I(x) it follows that v € I(u) which implies
that u(u,v) # 0. O

Theorem 1. Under the conditions of Lemma 1 there exists a family {Iy| 0 € ©} of nec-
essarily at most countably many disjoint intervals (open, half open or closed) and possibly
uncountably many singletons with Ugcely = R such that for each 8 for which Iy is not a
singleton there exists a function sy : Iy — R which is nonvanishing such that for every
x,y € Ip with x <y we have that p(x,y) = se(y)/se(x).

Proof. For an arbitrary z € Iy define

| p(z,2) it z<axzely
so(@) = { 1/p(z,z) ifz>zely. (11)

Then, if z <z <y and z,y € Iy then
so(y) = u(z,y) = p(z, z)u(z,y) = se(z)u(z,y) - (12)

If x <y<zandx,ye€ Iy then




Finally, when =z < z < y with z,y € Iy then

(e, y) =z, 2)u(z,y) = so(y) - (14)
]
In particular we observe that if u(x,y) # 0 for all x < y then I(z) = R and for some
nonvanishing function s : R — R we have that u(z,y) = s(y)/s(z) for all x < y. It seems
as if this is the same solution of Cantor’s second functional equation until we recall that
p(z,y) is undefined for = > y.
Returning to the generalized memoryless property of (1) we recall that p(z,y) =
P(z,(y — x,00)) and thus, for y > 0, P(z,y) = p(z,xr + y). Hence we conclude the
following.

Theorem 2. Assume that (1) is satisfied. Then there exists a family {Ip| 6 € O} of
disjoint intervals and singletons with Upcoly = R such that for each 0 for which Iy is not a
singleton there exists a nonincreasing right continuous strictly positive function sg : Ig — R
such that for every x € Iy and y > 0 with x + y € Iy we have that

_ sez+y)

P(z, (y,0)) 59(2)

Remark 1. We note that the same result holds, only with sy being left continuous, for
P(x,]y,o0)) (left closed interval) if we replace (1) by the left closed version

P(z, [z +y,00)) = P(z, [x,00))P(z + z, [y, 00)) (15)
which, by taking y | u, where u > x, is also equivalent to
P(z, (z + u,00)) = P(z,[r,00)) P(z + @, (u, 0)) (16)

whenever z,y > 0.

Remark 2. For the case u(z,y) = P(z, (y — x,00)) clearly p(z,y) € [0,1] for all z < y.
Therefore, from p(z,y) = p(z, 2)u(z,y) < p(z,y) for z <z <y it follows that u(-,y) is a
nondecreasing function on (—oo, y|. Similarly p(z,-) is nonincreasing on [z, 00).

Remark 3. It is easy to check that these results remain unchanged if the domain of p is
0 < x <y rather than x < y or z < y < 0o or any other combination like this. Basically,
whenever we have (5) for z < 2 < y these results apply.

Remark 4. When P(z, (y,00)) > 0 for every = and every y > 0, then there is some neces-
sarily nonincreasing and right continuous function s : R — (0, co) for which p(z, (y, 00)) =
s(z +y)/s(x) for all z and y > 0. Moreover the function s is uniquely determined up to
a constant multiple. We note that unlike in [7], it is possible that for some 6, Iy = (0, c0)

and sp(z) — oo as x | 0. If [0,00) C Iy for some 0 then one has the model considered in
[7]-



Remark 5. It is also evident that the same structure holds when one reverses (1) to

or to
P(z, (=00, +y]) = P(z,(—00,]))P(z + z, (—00,y]) (18)

for all z,y < 0. In particular when P(z,(—00,0)) = 0 and —z < z,y < 0. We will
use this in the next section when modeling a certain growth collapse (additive increase
multiplicative decrease) process with state dependent decrease ratios.

Consider now a possibly infinite interval Iy which is not a singleton and its correspond-
ing positive valued function sy. Then for each z € Iy and x > 0 such that z +x € Iy we
have that P(z, (z,00)) = sgp(z + x)/se(2). If x + z & Iy then P(z,(x,00)) = 0 so that we
may define syg(y) = 0 for any y ¢ Iy which is on the right of Iy (if any) where necessarily
sp must be right continuous at z*(0) = sup{z| z € Ip}. Now, for z € Iy and 0 < u < 1
denote

(z+x)

. S0
ti(u) = inflz|1l-— >1—u, >0
() {| sp(2) }

= —z+inf{z| sg(x) < sg(2)u, x> z} (19)

= —z+inf{z| sg(x) < sp(z)u}

Where the last equatlity follows since sp(z) < sg(z)u for every x < z. It is standard that
if U ~ Uniform(0, 1) then ¢7(1 — U) and thus ¢;(U) have the distribution P(z,-). Thus, if
we denote tp(v) = inf{z| sp(z) < v} for v > inf{z| z € Iy} then for every z € Iy we have
that t9(sg(z)U) — z has the distribution P(z,-). Recalling T,, and T, from Section 1, this
implies the following.

Theorem 3. Assuming thatT,, and U ~ Uniform(0, 1) are independent, then (To, T;)1ir,cr,}
and (Ta,te(s(Ta)U) — To)Vr,c1,) are identically distributed.

Clearly, when © is countable then the immediate conclusion is that

(Ta ) ~ (Tas 3 (to(50(T)U) = Ta) ey ) - (20)
0

It is interesting to check when for a given 6 for which Iy is not a singleton the value of
to(sg(z)u) — z is independent of z. That is, it is only a function of u. The answer is not
surprising.

Theorem 4. When Iy is not a singleton then tg(sg(z)u) — z is independent of z € Iy if
and only if for some 0 < \g < 00 and 0 < ¢y < 00, 89(2) = cge 9% for z € I,.

Proof. Let f(u) = tg(sg(z)u) — z (independent of z) for every z € Iy and 0 < u < 1. Note
that since the right side is left continuous in w, then so is f (as a function defined on



(0,1)). In particular f is Borel. Denoting X = f(U) we have that for every z € Iy and
every x,y > 0, with z +z +y € Iy,

so(z+x+y)

PX>z+4+y) = 50 (2)

se(z + x) ‘ sp(z+x+y)
s9(2) sg(z + x)

= P(X > 2)P(X >y)

The equation g(z +y) = g(x)g(y) for z,y > 0 under minor regularity conditions on g
implies that g is either identically zero, identically one or exponential. Monotonicity, right
or left continuity or even Lebesgue measurability are sufficient conditions. The standard
proof can be easily modified to the case where ¢ is defined on and the equation is valid
only when z,y,x + y are in [0,a) or [0,a] for some 0 < a < oo, resulting in g being
identically zero, identically one or exponential on [0,a) or [0,a]. When we know that ¢ is
strictly positive and bounded above by one on [0,a) or [0,a], then zero is not an option
and thus g(z) = e~ for some 0 < A < oo. Thus, for every z € Iy and 2 > 0 such that
w = z+ x € 0 we have that for some 0 < Mg < 00

M — o~ MT — LE\Z—HE) (21)
sg(z) e~z
which implies that for every z,w € Iy
Aow __ Aoz —
sp(w)e™™ = sg(2)e™* = ¢y (22)
as required. O

3 Maximum at a random time of a continuous time Markov
process with no positive jumps

Consider a continuous time right continuous Markov process {X (t) }+>0 with convex state
space X C R, having no positive jumps and with generator A. As is customary, we denote
P, and E, the distribution measure and the expected value when the process is initiated
at z € X. Assuming its existence, let f be strictly positive and nondecreasing function in
the extended domain, which is bounded on (—oo, ] N X for any x € R and for which
"Af(X(5))

M(t) = FX(0) exp ( /O o) (23)
is a martingale with respect to the right continuous augmented filtration {F;| ¢ > 0}
generated by X. A sufficient condition for the latter is that f is bounded away from zero
on X (e.g. [4], p-175). Furthermore we assume that Af(z) is nonnegative for all z € X.
Now, denote 7(y) = inf{t| X (¢t) > y} (infinite if X never exceeds y). Then 7(y) is right



continuous in y and it is easy to check that supy<s<; X (s) < y if and only if 7(y) > ¢t. With
a Ab=min(a,b) it is well known that M (7(y) At) is also a martingale and moreover, our
assumptions assure that it is also bounded. Finally, denoting A(z) = Af(z)/f(z), then
by the bounded convergence theorem we have that for y > x such that y € X, if either
7(y) < 00 Pg-a.s. (almost surely) or [ A(X(s))ds = oo on {7(y) = co} then

(@) = B, M(0) = B, M(r(y)) = f(y)EpeJo " MX(EDds (24)

In particular this means that it is impossible to find a positive f in the extended domain
of A such that Af > 0 and fOT(y) AX (s))ds = oo P,-a.s. for some z.
Now, if we denote s(x) = 1/f(x), we have that

B e Jo " AX(s)ds ii; -

for every y for which 7(y) < oo Py-a.s. If Z is a random variable (possibly infinite) such
that Py (Z > t|F) = e~ Jo MX(9)ds | then in fact

—J7 " AX (s))ds _ _
E,e”Jo P, (Z>71(y)) =P, <01£ta%xZX(t) > y) . (26)
Thus, we have that
_ s()
Py max X (1) > y} =0 (27)

for x < y. If one assumes that U is an independent Uniform(0,1) random variable (if
there isn’t then it is easy to artificially modify our probability space so that there is),
then taking 7/ = F; V o(U), we see that M is a martingale also with respect to this new
filtration. Thus, if we let F(X,t) =1 — e~ Jo MX(9))ds ang G(X,u) = inf{t| F(X,t) > u}
then Z = G(X,U) has the correct conditional distribution.

3.1 Lévy processes

Sometimes, for various values of a, we may be lucky to find a function f satisfying the
above conditions and for which A\(z) = «. In this case we immediately obtain the Laplace
transform

Epe W) = !‘:Ei; (28)

For a Lévy process with no positive jumps (in particular a Brownian motion) and
2

ag
p(a) =logEoe* V) = ca + —-0® + /( ) (e —1—ayl1g)(y) vidy)  (29)

then the equation that needs to be solved is the following

0.2
cf'(z) + 5 f"(@) + / (fl@+y) = fl@) = yf (@) 10)) v(dy) = af(z) . (30)

(_0070)



Fortunately, when X is not nonincreasing (the negative of a subordinator or the zero
function), then ¢ has an inverse on [3,00) when 8 = inf{a| p(a) > 0,a > 0}. It is well
known that 8 = 0 if ¢©/(0) > 0 and 8 > 0 otherwise. In this case, for every z <y, 7(y) is
P,-a.s. finite and f(z) = e? (@7 for o > B satisfies all the needed requirements and in
particular solves (30). So, as is well known,

Eze_ar(y) —_ Eze_aT(y)]l{'r(y)<oo} — ﬁ — 1];2‘;; = e_wil(a)(y_l’)7 (31)

s(x)
even if 7(y) is not Py-a.s. finite (that is, when ¢’(0) < 0). In this particular case Z ~
exp(a) (independent of X) and it follows as is also well known that

OgltaéXZX(t) — X(0) ~ exp((,p_l(oz)),

so that this random variable obeys the standard (not-generalized) memoryless property.

3.2 Reflected Brownian motion

For the reflected Brownian motion on X = [0, 00) with general drift, the generator is the

same as the one for Brownian motion, only that its domain is reduced to twice differentiable
. . . 2

functions for which f’(0) = 0. In this case one needs to compute puf'(z)+ % f"(x) = af(x)

subject to f/(0) = 0 for a > 0. It is easy to check that any positive constant multiple of

the function

fla) =S+ (3

where a® = —”‘ﬂﬁi’;ai“, would do the trick. In particular it is positive and increasing
due to 0 < a~ < a™. In this case it is well known that 7(y) < oo P-a.s. for any y > x
regardless of the value of p, but it can also be inferred from this without resorting to
anything else, by letting @ — 0. Of course, this particular result is quite standard (e.g.,
problem 4 on p. 95 of [5]).

More generally of course, given a positive function A if it is possible to find some f
satisfying our assumptions for which Af(x) = A(x)f(x) for each = € X, then if either
y > x is such that 7(y) is Py-a.s. finite or A is bounded away from zero, then (27) is
satisfied.

3.3 A growth collapse process with generalized memoryless jumps

In this section we consider a piecewise deterministic Markov process X; with jumps that
are governed by a jump measure with the generalized lack of memory property described
above. See [2] and [8] for similar models.

Let {X (t) }+>0 be a Markov process on X = [0, o0) which is deterministically increasing
with rate r(x) between randomly occurring downward jumps. More specifically, we assume
that inbetween jumps dX; = r(X;) dt, that r(x) is positive and Lipschitz-continuous and
that the time t*(z,y) = [ 1/r(u)du that is needed to reach the level y from z in the
absence of any jumps is finite for all z < y € [0,00). Let kK : X — [0,00) denote the



state-dependent jump rate, i.e. if the process is in the state x € X, then a jump occurs
during the next At time units with probability x(x)At + o(At) (and the probability to
see more than one jump is o(At)). We assume k to be bounded. Given that there is a
jump at time ¢, the process jumps from state x € X into some measurable A C [0, x)
with probability v(z, A). We assume that for 0 < y < x < z the kernel v has the special
property that

v(z,y) =v(z z)v(z,y) (33)

holds (compare with (5)). Here we write v(z,y) for v(z,[0,y]). It is then easy to see
that a similar situation as in Section 1 is present (let P(z, A) = v(—z,—A) for z < 0 and
A C (z,0]). It follows that there exists a family {Iy| § € O} of disjoint intervals and
singletons with Ugecelp = [0, 00) such that for each 0 for which Iy is not a singleton there
exists a function sp : Iy — R which is nonvanishing such that for every x,y € Iy with
x <y we have that

s0(y)
so(x)’

l/(.%',y) -

Note that sgp(y) : Iy — [0,00) is nondecreasing and is not necessarily bounded. The
infinitesimal generator of the Markov process X; is given by

Af(x) =r(2)f'(z) + K(z) /Ox (f(y) = f(2)v(z, dy). (34)

We assume that the domain D 4 of A consists of functions f that are absolutely continuous
and for which the expectation of » g5 o, [f(Xr,—) — f(Xr;)| is finite for every t > 0, where
T; denotes the ith jump time (see [3]).

The following Lemma generalizes formula (28) in [8].
Lemma 2. Suppose that r(x), k(z), AN(z) and sg(x) are differentiable for x € Iy. Define
the functions a(x) = r'(x) + r(x)(x) — Ma) — k(z) and b(x) = N(z) + A(x)¢(z), where
&(x) = o(r) _ () if k(z) # 0 and £(z) = 0 otherwise. Any twice differentiable solution

T os(@)  K(2)
[ with f'(x)se(z) being continuous of

r(z)f"(z) + a(2)f'(x) = b(x) f(x) =0, (35)
fulfils Af(z) = M) f(x).

Proof. The process X, if started in the state x € Iy will leave Iy only at the moment
when it passes through the upper boundary z*(6) and v(z,y) = 0 for y < z.(0). Iif x € Iy
we may hence write

k(z) [* v
so(x) /z*(Q)/:B F(w) du so(dy),  x € Ip.

Applying Fubini’s theorem we can write this as

k(x) [*

s0(2) J=.(0)

Af(z) = r(@)f'(z)+

Af(z) = r(@)f' (=) - fl(w)se(w)du, x €Iy (36)

9



Then Af(x) = Mx)f(x) is equivalent to
o) [ s dn = so@) () 1) - X)) (37)

Differentiation yields

H ()

/ x(e) £ () s(as) du = () () + (' (2) + () 20

so() sg(x)
- M) = sl )~ (V) + 20 B 10
If k(xz) # 0 then we divide (37) by k(z) and obtain (35) with {(x) = legg — ':((;)). If

k(z) = 0 then it follows from (37) that
r(@)f"(x) + (' (2) = M=) f'(z) = X(2)f(2) =0,

which is (35) with {(z) = 0. O

As is described earlier in the section via (27), the probability that the maximum pro-
cess maxo<i<z X (t) exceeds y, given X (0) = z, satisfies the generalized lack of memory
property when Z is defined right before (26). More precisely,

Corollary 1. Fiz a 0 € © and suppose that f € D4 is bounded away from zero (or is
such that M(t) in (23) is a martingale) and solves equation (35) in Ig. Then
f(x)
P.| max X(t -
for all z,y € Iy with x < y, where Z be a random variable, such that P, (Z > t|F;) =
o~ Jo MX(8))ds

In general (35) is not easy to solve and closed form solutions may be obtained only in
certain cases. We provide two examples, where the coefficients a(x) and b(x) are such that
a solution can be given.

Example 1. Equation (35) reduces to a differential equation with contant coefficients if

7“/(37) S/B(x) ,‘{/(1’) Az) + k(x) _
o) @) A
wnd | M@ (XN(@)  sp(z) (@)
¢ e <)\(=’E) T S(a) /‘i(l‘)> =

ar

For example suppose that A(z) = c1e®®, k(x) = c2e®®, r(x) = c3e°%, sp(x) = c4e’®, with

c1,C¢2,¢3,¢4,3 > 0 and o € R. Then (35) reads
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which is solved by f(z) = Ae® * + Be® *, where

1 + T
2(5—6102ﬂ:\/(6—01 62) +4ﬂ)

C3 C3 C3

If we set f(z:(0)) =1 (w.lo.g.), then f'(2.(0)) = A(24(0))/7(24(6)) = ¢1/c3. This leads to
the final solution

at_a SR
c3 ja= (z—2z«(0)) c3 at(z—24(0))
e + e .

at —a~ at —a~

fz) =

Example 2. This example is a generalization of Example (A), Section 4.1 in [8]. Sup-
pose that the jump measure v(z,y) = sp(y)/sg(x) is defined such that for some o > 0

sp(z)\(x) = ak(z). Then {(z) = —N(z)/A(z) and as a consequence the second coefficient
b(x) is zero (while a(z) = r'(z) — r(z)N (z) /X (z) — M(z) — k(x)). Hence (35) becomes
r(@)f"(x) + a(x) () =0, (38)

which is solved by

f(z) = f(2.(0)) + f/(Z*(H)) r(2+(0)) /w A(u))e o A@w)br(w) g

7(w) du.
A(z(0)) J-.. 0y T(u

Note that since Af(z) = A(x) f(x) it follows that A(2.(0))f(2(0)) = r(2+(0)) f'(2+(0)) and

hence, choosing w.l.o.g. f(z«(0)) = 1, we obtain the solution

f(:c)=1+/x AL o M e gy,
2 (0) T r(u)
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