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Abstract

We propose an online algorithm for tracking a multivariate time-varying parameter
of a time series. The algorithm is driven by a gain function. Under assumptions on
the gain function, we derive uniform error bounds on the tracking algorithm in terms
of chosen step size for the algorithm and on the variation of the parameter of interest.
We give examples of a number of different variational setups for the parameter where
our result can be applied, and we also outline how appropriate gain functions can be
constructed. We treat in some detail the tracking of time varying parameters of an
AR(d) model as a particular application of our method.

Keywords: on-line tracking; recursive algorithm; stochastic approximation proce-
dure; time series; time-varying parameter.

1 Introduction

When one analyzes data that arrive sequentially over time, it is important to detect secular
changes in the underlying model which can then be adjusted accordingly. Estimation or
tracking of time-varying parameters in stochastic systems is therefore of fundamental
interest in sequential analysis. Furthermore, it arises in many engineering, econometric
and biomedical applications and has an extensive literature widely scattered in these fields.
Motivated by many applications in signal processing, speech recognition, communication
systems, neural physiology, environmental and economic modeling, we consider recursive
(online) estimation a the multivariate time-varying parameter of a time series.

Consider then an X-valued time series {X}, k € Ng}, Ng = NU {0}, X C R/, such
that at time moment ¢ = 0 the first observation Xy ~ Py, and subsequently at each time
moment k& € N a new datum X}, arrives according to the model X3|Xy,_1 ~ Py, (+| Xx_1)
with transition law depending on some multivariate parameter 6, € © C R% and where
X1 = (Xo0,X1,...,Xk—1). Thus, the growing statistical model is, at time ¢t = n,
P = P (@) = {[Tr_, Po, (zk|zi1) = (Bo,...,0,) € O™ &, € X1} with the
convention that Py, (yo|x_1) = Py,(yo). This time series formulation represents the most
general sequential setting, sequences of independent observations and Markov chains of
arbitrary order are typical examples of models that fit into this framework.
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The multivariate parameter 6, € © C R%, k € N, is time-varying and the goal is to
estimate (or to track) its value based on the data X}, (and prior information) available by
that time moment. Since the data arrives in a successive manner, conventional methods
based on samples of fixed size are not easy to use. A more appropriate approach is
based on sequential methods, stochastic recursive algorithms, which allow fast updating
of parameter or state estimates at each instant as new data arrive and therefore can be used
to produce an “online” inference, that is, during the operation of the system. Stochastic
recursive algorithms, also known as stochastic approximation, take many forms and have
numerous applications in the biomedical, socio-economic and engineering sciences, which
highlights the interdisciplinary nature of the subject.

There is a vast literature on stochastic approximation beginning with the seminal
papers of Robbins and Monrd [1951] and [Kiefer and Wolfowitz [1952]. There is a big
variety of techniques in the area of stochastic approximation which have been devel-
oped and inspired by the applications from other fields. We mention here the books
of Wasan [1969], Tsypkin [1971/], Nevelson and Khasminskii [1976], [Kushner and Clark
[1978],Ljung and Soéderstrom [1983], Benveniste et al. [1990] and [Kushner and Yin [2003].

A classical topic in adaptive control concerns the problem of tracking drifting param-
eters of a linear regression model, or somewhat equivalently, tracking the best linear fit
when the parameters change slowly. This problem also occurs in communication theory
for adaptive equalizers and noise cancellation, etc., where the signal, noise, and chan-
nel properties change with time. Successful stochastic approximation schemes for track-
ing in the time-varying case were given by [Brossien [1992], [Delyon and Juditsky [1995],
Kushner and Yang [1995], Kushner and Yin [2003] (see further references therein).

In [Kushner and Yang [1995] (see also Benveniste et all [1990] and Brossier [1992]) dis-
cuss the very important problem of the choice of the step sizes in the tracking algorithm.
In general, the step size of the tracking algorithm is not necessarily decreasing to zero
because of considerations concerning robustness of the actual physical model in practical
online applications and to allow some tracking of the desired parameter as the system
changes over time. In signal processing applications, it is usual to keep the step size
bounded away from zero.

Coming back to our model P(™ with time-varying parameter {6, € ©, k € Ny}, the
problem of tracking a signal 0}, is clearly unfeasible, especially in such general formulation,
without some conditions on the model P, In general, some knowledge about the struc-
ture of underlying time seres and some control over the variability of the parameter 6
over time are needed. Interestingly, in this seemingly very general time series framework,
we actually do not require the knowledge of the model P(™. Instead, all we do need is to
be able to compute a so called gain vector at each time moment k£ € N, which is a certain
(vector) function of the previous estimate of the parameter ), new observation X}, and
prehistory Xj;_1. The essential property of such gain vector is that it, roughly speaking,
“pushes” in the right direction of the current value of true parameter to track. Although
the assumption about the existence of that gain vector seems to be rather strong, we
demonstrate on a number of interesting examples when such an assumption indeed holds.
Basically, in case of Markov chain observations, if the form of transition density is known
as function of the underlying parameter and it satisfies certain regularity assumptions,



then the gain vector can always be constructed, for example, as a score function corre-
sponding to the conditional maximum likelihood method. Under appropriate regularity
conditions (the existence of the conditional Fisher information and Lo-differentiability of
the conditional log likelihood), such a score function has always the property of gain vector
at least locally.

A gain function, together with a step sequence and new observations from the model,
can be used to adjust the current approximation of the drifting parameter, resulting in a
tracking algorithm. To ease the verification of our assumptions on the gain function, we
formulate them in two equivalent forms. Under some assumptions on the gain vectors, we
establish a uniform non-asymptotic bound the L; error of the resulting tracking algorithm,
in terms of the variation of the drifting parameter. Under the extra assumption that the
gain function is bounded, we can strengthen this result to a uniform bound on the L,
error (and then an almost sure bound). These error bounds constitute our main result
and they also guide us in the choice of the step size for the algorithm. Some extensions
are also presented where we allow for approximation terms and approximate gains.

Based on our main result, we specify the appropriate choice for the step sequence in
three different variational setups for the drifting parameter. We treat first the simple case
of a constant parameter. Although we are mainly concerned with tracking time-varying
parameters, our algorithm is still of interest in the constant parameter case since it should
result in an algorithm which is both recursive and robust. We also consider a setup where
the parameter is stabilizing. This covers both the case where the parameter is converging
and where we sample the signal with increasing frequency. The third variational setup
covers the important case of tracking smooth signals. This setup is somewhat different in
that we make observations with a certain frequency from an underlying continuous time
process which is indexed by a parameter changing like a Lipschitz function. Our result can
then either be interpreted as a uniform, non-asymptotical result for each fixed sampling
frequency or as an asymptotic statement in the observation frequency.

Examples are also given for different possible gain functions. These fall into two cat-
egories: general, score based gain functions for tracking multidimensional parameters in
regular models and specialized gains for tracking more specific quantities. The latter in-
clude gains to track level sets or maxima of drifting functions (extending the classical
Robbins-Monro and Kiefer-Wolfowitz algorithms) and gains to track drifting conditional
quantiles. We also propose modifications for a given gain function (rescaling, truncation,
projection) which can be used to design gains tailored specifically to verify our assump-
tions.

We illustrate our method by treating some concrete applications of the proposed algo-
rithm but we focus mostly on the problem of tracking drifting parameters in autoregressive
models. Results on tracking algorithms for these models already exist in the literature
(cf. Belitser [2000], Moulines et all [2005]) and we can derive similar results by choosing
an appropriate gain function. Using our approach, obtaining error bounds on the resulting
tracking algorithm reduces to verifying our assumptions for the chosen gain function which
considerably simplifies the derivation of results.

This paper is structured as follows. In Section 2] we summarize the notation that will
be used thought the paper, as well as our model and two equivalent formulations for our



assumptions. Section Bl contains our main result and respective proof as well as some
straightforward extensions of the main result. The construction and modification of gain
functions for different models and different parameters of interest is explained in Section [l
Section [l contains three examples of variational setups for the time-varying parameter for
which we specify the tracking error implied by our main result. We collect in Section
some examples of applications. Section [ contains the proofs for our lemmas.

2 Preliminaries

First we introduce some notation that we are going to use throughout the paper. All
vectors are always column vectors. We use bold uppercase letters to represent sets of
vectors. For vectors x,y € R? denote by |z||2 and (x,y) = 2Ty the usual Euclidean
norm and the inner product in R?, respectively, and by ||z||, the I, norm on vectors in
R?. For an event A we will represent the indicator of the event A as 14. For a symmetric
d x d matrix M, let A\(;)(M) and A(g)(M) be the smallest and the largest eigenvalues of
M respectively. Denote Ny = NU {0}. Let also O denote the zero matrix, I the identity
matrix and J the exchange matrix whose dimensions will be determined by the context.
We will use the convention that ), ., A; = O and [[;c, B; = I for matrices A; and
B; with such dimensions that these matrix operations (summation and product) are well
defined. When applied to matrices, the symbol || - ||, will represent the operator norm
induced by the [, vector norm, which is a matrix norm defined as

A
14l = max 122 _ e 4z, = max | 4z
M el Y o
Assume that by time n € N, we have observed X,, = (Xy, X1,...,X,) according to
the following model:

Xo ~ Pgo, Xk|Xk_1 ~ ng(-|Xk_1), k € N. (1)

Here the time series { X}, k € Ny} takes value in some set X C R, ie., P(X} € X) = 1,
k € Ng. Let Fi, = 0(Xk) denote the o-algebra generated by X = (Xo, X1,...,Xg). The
time-varying parameter 0, = 0(Xy_1), k € Ny, is allowed to depend on the past of the
time series, i.e., it is assumed to be predictable with respect to the filtration (Fj)ken.
Further, 6, is assumed to take values in some convex compact subset © of R%, to be
precise, P(0x(Xx—1) € ©) =1 for all k € Ny. We are interested in tracking the drifting
parameter 0 (Xj_1) which we will often abbreviate as simply 0. Denote from now on

Co = sup ||0]2. (2)
0co

At time n € N, the underlying (growing) statistical model is P = P (@"+1), which
we can write as

,P(n)(@nJrl) = { H ng (mk]a:k,l) : (00, e ,Gn) S ®n+1’ Ty € XnJrl},
k=0



where Py, (yo|z—1) should be understood as Py, (yo). For k = 0,...,n, each conditional
measure belongs to

P =Pp(0) = {Py(|lz)_1): 0 € O, 21 € A*}.

At time k, given Xy, the model Py contains all the relevant information about the next
observation but we do not consider it to be (completely) known. Instead, we assume that
our prior knowledge about the model is formalized as follows: for each k& € N we have
certain R%-valued functions Gy (z,|xx_1) at our disposal (which we will call gain vectors),
reX, € XF CR¥ 0 eRY e, Gy : X xR? - RY and these gain vectors
satisfy conditions (A1) and (A2) below.

(A1) For all k£ € N and all 6,9 € O the following statements hold almost surely:
0 0,91X1-) = [ Gl 61Xe-1) APy (] Xi1) (3)

is well defined, there exists a symmetric positive definite matrix My = My(Xk_1)
with (random) eigenvalues 0 < A(p)(My,) < -+ < Ag)(M}) and constants 0 < A; <
Ay < 00 such that

gr(0,9] X 1) = =M (Xi—1)(0 — ), (4)

with 0 < \; < E[A(l)(Mk)|Xk_2] < A(d)(Mk) < A9 < 00.
(A2) There exists a constant C' > 0 such that for all £ € N and all 6,9 € ©,

E(|Gr( Xk, 0| X5—1) — gi(0,9| Xp—1)53 < C. (5)

Note that assumption (A2) is redundant if, for example, the gain vectors Gg(x, 0| X;—_1)
are almost surely bounded. Condition (A1) means, in a way, that, on average, the gain
vector G (X, 0| Xk—_1) shifts 0 towards the “true” value 0y = 0 (Xj_1):

E[Gr(Xk, 0| X—1)|Fi—1] = 9Ok, Ok X1—1) = —Mi(X5—1) (O — 0x),

for some symmetric, almost surely positive definite matrix My (Xx_1) such that 0 < A\; <
E[)\(l)(Mk)’fkfﬂ < )\(d)(Mk) < A9 < 00.

Condition (A1) can be reformulated as (A1), which gives some intuition as to the role
of the function g; and which may, in certain situations, be simpler to verify.

(A1) The quantity g;(6,9|Xy_1) defined by (@) satisfies, almost surely, the following
conditions: there exist random variables Aj(Xj_1) and A2(Xj_1) and constants
0 <A <Ay <o0,0< L < oo such that for all 6,9 € O,

A (X )]0 =93 < =0 = 9) g (0,9|X5—1) < Aa(Xp-1)[10 = 9|3

(6)
90,9 Xg—1)ll2 < L& — D2

with 0 < A\ < E[Al(kal)‘Xk,Q] < Ao (kal) < Ao < o0.
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In view of the lemma below, if (A1) holds, then (A1) will also hold (and vice versa); the
values of the constants A\; and Ay appearing in the assumptions are different, though. The
proof of this lemma is deferred to Section [7}

Lemma 1. Let x,y € RY. If there exists a symmetric positive definite matriz M such
that y = Mz and 0 < A\ < A)(M) < Ag)(M) < A2 < oo for some A\, A2 € R, then
0 < MNlz|? < (@,y) < MNy|z]|? < 0o and ||ly|| < C||z|| for some N, \y,C € R (depending
only on A1, \2) such that 0 < | < X, < oo and C > 0.

Conversely, if 0 < MN||z|> < (z,y) < M||z]|> < oo and |ly|| < C|z| for some
N, Ay, C e R such that 0 < A) < X, < oo and C > 0, then there exists a symmetric
positive definite matriz M such that y = Mz and 0 < A1 < Aq)(M) < A\g)(M) < Aa <00
for some constants A1, A2 € R depending only on N}, N and C.

At each time k € N, the observer should be able to calculate the gain vector at
(X, Xk—1) and an estimator Oy, Gr(Xk, ék|Xk_1), in order use it to update the estimate
0. In Section Ml we will show how gain functions can be constructed, but before that we
present in the next section our tracking algorithm based on the gain function and our

main result describing the quality of the algorithm.

3 Main result

Introduce a recursive algorithm for tracking the sequence 6 = 0;(Xy_1) € © C R? from
the observations ():

Ori1 = O + wGr(Xp, 0| X51), k€N, (7)

for some positive sequence of step sizes 7 < I' and some (arbitrary) initial value 6y €O C
RA.

Heuristically, since the gain vector Gk(Xk,ék|Xk_1) moves, on average, ), towards
0 and the sequence 0, € © (since O is compact) is bounded, the resulting estimating
sequence 6 should also be well-behaved. The following lemma states that the second
moment of @, is uniformly bounded in k € N.

Lemma 2. For sufficiently small 7y, there exists a constant Co such that
E|6x]3 < C8,  keN.

The proof of this lemma is given in the Section [l In fact, it is enough to assume that
% is sufficiently small for all £ > N for some fixed N € N. This lemma will be used in
the proof of the main theorem below.

Theorem 1. Let Assumptions (A1) and (A2) hold and p > 1. Let the tracking sequence
0 be defined by (7) with the sequence 7y satisfying the conditions of Lemma [3, 6 =
0k(Xg—1) = Op — 0 and Ay, = Ak(Xg) = 0p — k11, k € N. Then for any ko, k € N such
that kg < k and y; o < 1 for all kg < i < k, the following relation holds:

k k-1 1/2
A1
Bl < Croxp (3 300 ) 4 Co( 302) o+ Co g Blfies ~ bl (9

i=ko i=ko

6



where C7 = (2d)1/2 (C’e —i—C@), Cy = d1/2Cl/2(1 —i—)\g/)\l) d1/2(1 —i—)\g/)\l) and C' is
from Assumption (A2).

If, in addition, Aqy(My) > A1 (in Assumption (A1)) and 1Ge( Xy, 04| Xi1)| < C
almost surely, then for any ko, k € N such that kg < k and v; o < 1 for all kg <1i <k,

k k—1 p/2
Bl < Croxp (<Y ) +Co( 3 07) 4 Co o Blloisr -6l (9
i=ko i=ko
where C1 = 277 KpE||6, |5, C2 = d2%7'B,CP(1 + KjXo/M)" and C3 = 207 (1 +
K2X\a/M)".

Proof. For the sake of brevity, denote 6 = 0p(Xk—1), G = G(Xk,ék|Xk_1) and g =
90k, 0k| Xk—1), &k € N. Recall that F, = o(X}) is the o-field generated by Xj) =
(X0, X2, ..., Xk).
We have X
E[Gr|Fr-1] = gk (O, Ok Xk—1) = gr, Kk €N.

It follows that Dy = Gk — gk, k € N, is a (vector) martingale difference sequence with
respect to the filtration {Fy, k € Ny}.
Rewrite the algorithm equation (7)) as

Okt1 = O + A0, + Dy + viege, k€N

In view of Assumption (A1), we have the decomposition g = —Mj0y, with a symmetric
positive definite matrix My = M (0, 0| Xx—1) so that
Opr1 = A0 + Dy + (I — . My.)0k, k€N, (10)

By iterating the above relation, we obtain that for any kg =0,...,k

Okt1 = (1 — veMy)(I — g1 Mp—1)0k—1 + A6k + YDy,
+ (1 — v M) (AOk—1 + vk—1Dx—1)

:[ﬁ(l—%‘Mi)](Sko‘f‘Zk:[ ﬁ I—~;M )](AG +v:D;).

i=kg i=ko j=i+1

(11)

Denote A; = Z;‘:ko v;Dj, B; = Z;‘:ko Af; and C; = A; + B;. Applying the vector version
of the Abel transformation (Lemma M) to the second term of the right hand side of (III)
yields

k k k

Z { H (I - VM. )] (AO; +viD;) = Cy, — Z’VHIMHI[ H (I—’Yij)]Ci. (12)

i=ko  j=it1 i=ko j=it2
Note in particular that, if we take M; = Ay for j = ko, ..., k, AO; =0, for j = ko, ...k,
Dy, =1and D; =0for j = ko+1,...,k, we derive that (if 0 < ;A; < 1for j =ko,...,k)

k—1 k k
Yo [ A=) =1- J[ - <1, (13)
i=ko j=it2 j=ko+1



which we will use later.
Using ([I2]), we can rewrite our expansion of d;4+1 in (Il as

k k-1 k
Ok41 = [ [T = )]5/1:0 +Cr— 7@+1Mz+1|: IT - ’Yij)} Ci.
i=ko i=ko J=i+2

Take p € N. The previous display, the triangle inequality and the sub-multiplicative
property of the operator norm (|MN||, < | M],||N||p) imply that

k
8k-41llp < 0kollp TT I = 7iMillp + 1l
i=k
o 0 (14)
+ 3 Yt MigallplICillp H 11T = ;M-
i=ko j=i+2

Due to Assumption (A1), the matrix M; has smallest and largest eigenvalues A(y);

and Ay ;, respectively, such that almost surely v;A@g); < vide < 1, ko < @ < k, and

E[A()[Fi—2] > A1 > 0. By using Lemma [3] and the fact that %Aé),i < il@),iNq),; <
A(1),; almost surely, we evaluate:

E|(1—vAq) ‘]:k 2] = E[l — 2Ny + ’Y/%A%l),k‘fka}
= 1= 2%E[A ) k| Fra] + E[Vi ALy 1] Frs]
<1 —E[Aq) k| Frz] <1 =m0,

almost surely. Similarly, E[l — ’}/]CA(l),k‘]:k_Q] < 1 — A1 almost surely. It then follows
that

k
EHHl—%MHz—EH (1 — 7l EE[H 1 —7iAa),) ‘fk 2]
i=ko i=ko i=Kko
k—2
= EE{(l — Ay k) ‘}"H} H (I = vih),)? (15)
i=ko
k—1 k
< (1 =mA)E H (I —7il),)* < H (1 —7iA1),
i=ko i=ko

by iterating the recursion.
Let Dy, denote the I-th coordinate of the vector Dy. Clearly, for each | = 1,...,d,
{Dy, k € N} is a martingale difference with respect to the filtration {F, k € Ngo}. Using

the fact that martingale increments are uncorrelated, we derive that for all i = kg, ...,k
d i ) k
CTNTEE SO 3 RS R 330
=1 j=ko =1 j=ko j=ko j=ko



Since B; is a telescopic sum, we also have, for all p € N and i = ko, ..., k,

E|IB up—EHZAe |, = Elbis = b, llp < max Elfiss — b,
j k‘o b b

Since ||C;||2 is Fj-measurable for all j > ¢, it follows that

Eficila TT 17— Mlk] ~EE[icile ] 12 =50 1| Fio

J=t+2 J=i+2
k—1
= E[E[1 - wdq | Fea]ICilla T (1= 2580),)]
Jj=i+2
k—1 k
< (= wME[ICl2 TT 0 =vha)] <EIGH TT 0 =3M0).
J=t+2 J=1+2

Combining the last three displays, relations (I3), (I4) and (I5]), Lemma[3] the Holder
and triangle inequalities and the elementary inequality 1 — x < e™*, we finally get that

E|[6k41ll2
k—1
<(Ellok I3E HHI M) +Euck||2+1@[§jmluMmu ICill> H 1T = Mj1]2
i=ko i=ko j=i+2
k k—1
< (B3 T 01— 5)’ +Euckuz+Z%HAQE[HCHQH 17 = 30513
i=ko i=ko J=1+2
12, A1 i =
<10 I8) exp (- 5 3 %)+ ax BIC I (143 2iinde I )
i=ko i=ko Jj=i+2
k
<V3(CortCo) exp (<A1 30 3) + (1+ )((cz ) o Bl — 2 ).
i=ko ek

since E||oy, |12 < 2E||0k, |13 + 2E|6k, |12 < 2(C3 + C%), by @) and Lemma 2 Note that
[0koll2 > 1|0k llp for p > 2, dV/2||0k, ll2 > [|0ko|lp for 1 < p < 2. We have established the
first statement of the theorem.

Let now the components of the gain G be almost surely bounded, in absolute value,
by a certain constant C. Using Lemma [3] and the elementary inequality 1 — ax < e™%,
we have that, for each p € N, and then some constant K, we can derive the following

alternative expression to (I4]).

k k—1

8511l < 585y TT (1 =)+ _mane Cilly (14 3 3 s I (1= M)
i=ko i=ko =142
. A
< Kyl lpexp (=20 3 o) + (14 K252 ) max Gl
i=ko O



where we again use (I3]). Take now the p-th power (p > 1) of both sides of the inequality
and apply the Holder inequality (3°1%; a;)? < mP~1Y" |a;|P for m = 2 to get

k

Il <2 Kl e (— o 3w ) + 27t (14 K242)" el

i—ko i=kay...

Remember that the sequence {Z;:ko v D;(X;, éj,ﬂj), > kzo} is a martingale with
respect to the filtration {F;,7 € N} and that the entries of D; verify |D;| < 2C, almost
surely. Applying the maximal Burkholder-Davis-Gundy inequality (cf. (Chow and Teicher
[1988, Theorem 1, p.407]) we conclude that for any p > 1, with B, = ((18p°/2)/(p—1)3/2)P,

d

p
E_max  [Alj=E max Z% i = E_max ZVjDﬂ
1=1"j=ko =1 7=ko
p/2 k—1 p/2
ZE Z’Y?D <dB,2c?| 3" 3|
=1 Jj=ko Jj=ko

The second inequality of the theorem now follows by taking expectations on both sides of
the bound on ||0x41]|/h above, by using the last inequality, (I3)) and the fact that ||C;||h <
2P| Al + 2771 Bs Ip- 0

Remark 1. Sometimes we will not be interested in tracking the, say, natural parameter 6
of the model but some other parameter ¥; which is, on average, close to 6. The difference
|0 — Uk|lp can be seen as an approximation term in that the parameter ) driving the
time series is actually an approximation for our parameter of interest 1. Denoting 0 — Iy,
as 07, the following expansion can be derived,

0t i1 = 0 4+ AV, + YDy — v My (6x — 61)
= Ay 4+ v My (0 — i) + D + (I — v My) 05,

K Kok
= { [Tu- %Mi)]ézo +> { 1] ¢—~Mm )] (AGg, + e My (O — k) +7iDi).

i=ko i=ko j=i+1

The same note could be made for situations where g, = —Mk(ék — 0 — i) where 1 is a
remainder term which may be random so long as it is measurable with respect to o(Xx_1);
it would then follow that

k ko k
Op41 = { - %‘Mz‘)}%o +> { IT u- ’Yij)} (A0; —m; + 7 D).
i=ko i=ko j=it+1

Noting that ||y My (0 — Ok)|lp < AoV Kp||0k — Vi, we conclude, for the same constants
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C1,C5, C5 as before and all p € N, that the following also hold

A k k—1 1/2
Bl <Ciow (=3 2 w) + e 2t)
1=K0 =Ko
k (16)
+C3E max [Pi41 — T ll2 + A2 KoK Z il lmil2;
i=ko,..., :
i=ko
k k=1 \ p/2
El|6k+1[[) <Ciexp ( —pAi Z ’Yj) + CZ( Z ’Yz2>
i=ko i=ko (17)

k P
+ OB (10501 = Ol + 2Ky 3 ulil)

i=ko,..., :

i=ko
where either a) 6 = 0, — ¥y and Nk = O — Vg, b) 0 = 0 — Ok, ¥ = 05 and n; such that
gk = — M (6, — m); [I6) and (IT) generalize then the bounds in (8) and () where we had
C) 5k:0k_0k7 ﬂkzak andnk:O.

Remark 2. If we are interested in tracking vy = ¢(fx), a smooth functional of the
parameter 6y, then by using Taylor’s Theorem, our Theorem [l above straightforwardly
delivers a bound on the expectation of ||9; — Uk, = [|¢(0k) — ©(6k)||, and its powers.

4 Construction of gain functions

In this section we address the construction, or choice, of appropriate gain functions to be
used with the algorithm (7). Any gain function for which conditions (A1) and (A2) hold
may be used with our algorithm, and whether a particular gain function is suitable or not
depends exclusively on the the model under study. Namely, this will depend on the way in
which the distributions in the model depend on the parameter which we are interested in
tracking. For certain types of models, there might be natural choices for the gain function.
As before we abbreviate 0 = 0(Xj_1).

A situation, which essentially extends the original setup in which [Robbins and Monra
[1951] developed their classical algorithm, is when the data, X = (Xi,...,Xk), is such
that

Xp = Op(Xp—1) + Ep(Xp—1),

where the ¥ (-) are functions of Xj_1, and & (Xj_1) are martingale difference noise terms
which may also depend on Xj_4. In this case, given X;_1 we may simply take

Gr(z,0| Xf—1) =2 —0 (18)
since for each 6,

9k (0, 01 (Xg—1)| X—1) = Eg[Gr (X, 01 Xp—1)[ Xp—1] = —(0 — Ip(Xk—1)).

11



Non-parametric regression is an example of a model which fits into this situation and for
which our results may be used.

It could also be that Eg[Xy|X_1], the conditional expectation of the data, given the
past, is not # but instead ¢(6) for some some smooth function . In this case, given Xj_1,
one should consider instead,

Gr(z,0| Xi—1) =z — p(0) (19)
and then, for each 6,
9k (0, 9| Xk 1) = Eg[Gr( Xk, 01 Xp1)| Xi—1] = — (0(0) — ¢ (V%))-

The term on the far right should then be comparable to —(0 — ;). Autoregressive models,
for example, fall into this category (cf. [6.4]).

One may also consider more dynamical situations where the observations themselves
depend on our tracking sequence. An example of such a setup is the [Kiefer and Wolfowitz
[1952] algorithm where we would like to track the sequence of (unique) maxima of a
sequence of functions ¥ : © € R? — R, k € N, which we may observe at any point,
corrupted with white noise. One possibility (cf. [Kushner and Yin [2003]) is to use gain
functions defined using random directions. Let then Dy, k € N, denote a random sequence
of independent unit vectors. We would consider, for a positive sequence e, k € N, the
gain function

Xy (0k) — X;7(0r)

Ge(Xy, X;5, 0kl X1, X[, Dy—1) = Dy, 2o

, (20)

where, with some abuse of notation, the observations X ,;t+1(9k), are given by
XE (k) = 9x (0 £ exDy) + &F
k+1\Yk k\VEk kk k>

for ), the tracking sequence defined by the gain (20) and §ZF independent, zero mean
noise. Let 6 be the unique maxima of ¥¢(+). In this case we would have, for the filtration
./T"k = O’(X];E,Dk),
& — &
o ‘]: ’H]
€k

E[Dy(&, — &)
26k

9k (O, O Fro_1) = E[ — Di.DEV,(6y) + Hy(0y) + Dy,

= —E[DkDZ;] Vﬁk(ék) + E[Hk(ék)‘fkfl} +
= —E[D;. D} ] V*91(6;) Ok — Ok) + i,
where V29(-) is the Hessian of Jx (), 05 € © and, for 0 € O,

kﬁk((g + eka) — ﬁk(e — eka)

Hy(0) = D DFV9L(0) — D 2

Conditions (A1) and (A2) will hold if, for example, we assume that the random directions
where chosen such that E [DkDg] are positive definite matrices, that the Hessian V21 (-)
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is positive definite over © and that for appropriately small e, the expectation E[||n] is
appropriately small, uniformly over 8 € ©. These conditions are comparable to the ones
in the original formulation of the Kiefer-Wolfowitz algorithm, and can be significantly re-
laxed by, for example, considering different types of expansions for g, depending on how
large the norm of § = ék — 0, is.

Consider now a different example. Say X C R and, given the past of the process, Xj_1,
we would like to track a conditional quantile of a certain distribution, i.e., we would like
to track ¥y = ¥i(Xk_1) such that ¥ = inf {x € X : Frp(z|Xk_1) > ak}, where oy, is a
sequence in (0,1)N of our choice and F(-|Xj_1) the cumulative distribution function of
Xi|Xk—_1. In this case it makes sense to use

Gr(z,0| Xg—1) = a — I{x — 0 <0} (21)
since we see that
9e(0,9%| Xi—1) = E[Gr(Xg, 0| Xk—1)| Xi—1] = — (Fr(0 — 9 Xi—1) — o),

where we assume w.l.g. that the distribution is centred at the quantile ¥5. The quan-
tity in the last display clearly has the same sign as 1, — 6. Note also that the algo-
rithm based on this gain function only requires knowledge of the values of the indicators
1{X};—0 < 0} which means that we may still track the required quantiles without explicitly
observing X;. This problem is treated in detail for the case of independent observations
in Belitser and Serra [2013].

For certain models it might, however, not be obvious how gain functions can be con-
structed, especially when tracking multi-dimensional parameters. It is therefore important
to have a general procedure that can be used to construct candidate gain functions that
can either be used directly or, if needed, modified to verify (A1) and (A2).

Assume that for each k € N, each distribution from the family of conditional distribu-
tions Py, = {Pp(z|X-1),0 € O} has a density with respect to some o-finite dominating
measure p and denote this conditional density by pg(z|Xk_1), 0 = (01,...,04) € ©. As-
sume also that there is a common support X for these densities, and that for any x € X
and § € © C R?, the partial derivatives Opg(2|Xy_1)/00;, i = 1,...,d, exist and are finite,
almost surely. Under these assumptions, the conditional gradient vector

Vologpo(z|Xi—1) = (3 log pg(x| Xj_1)/061,. .. ﬁlogpe(x’XkA)/a@d) (22)

and the square, random matrices Iy (0| Xy_1) with entries

0 0
Bt O1Xi) = Bo | opafalXio) - (el X (29
) J

for i,7 = 1,...,d, can be defined, almost surely. A possible gain function is simply the
conditional score of the model, i.e. the gradient vector

Gr(2, 0| Xy—1) = Vg log po(z[Xy—1). (24)
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If ([23) is almost surely non-singular then one might also consider
Gr(2,0|Xk-1) = I, (0| X—1) Vo log po (2| Xj—1). (25)

We justify now why these choices are reasonable. Take ¥ = (¥1,...,94) € ©. It is
not uncommon for the Kullback-Leibler divergence K (Py(z|Xk—1), Pp(z|Xi-1)) to be a
quadratic form in the distance between the parameters 6 and ¢, i.e., equal to a multiple
of (6 —9)T M (6 — 1) for some (eventually random) positive semi-definite matrix M. If so,
under the assumption that we can interchange integration and differentiation and that M
does not depend on 6, g (6,9 X,_1) will almost surely reduce to

/Ve log pg (2| Xj—1)d Py (x| Xp-1) = Ve/10gp0($|Xk—1)sz9($|Xk—1)

:Vg(/log %dPﬁ(x\Xk1)+/logp79(ac]Xk1)dP,9(x]yk1)>

:V@ /log %dpg(ﬂ)(kl) = —V.gK(Pg(.%”kal),Pg(l“Xk,l))
= — V(0 —NTM(H —9) = —2M(0 — ).

The score will in principle depend on the past of the chain Xj;_; and the previous
argument might only be valid for a certain subset of values Xj_; in X*~1. This dependence
could prevent (A1) from holding. In these cases, using the form (25) might be a good
alternative since the matrix I, 1((9]X x—1) will act as an appropriate scaling factor.

The dependence of the gain function on the past of the time series is in fact one of the
main issues one has to deal with when checking (A1) and (A2). On one hand, to ensure
that the gain function has, on average, the right direction, as required by (3], the gain
will often need to depend on previous observations. This might, however, affect either the
range or the variance of the gain. Gain function, such as ([24)) and (25]), can be modified,
or rescaled, to ensure that the respective conditional expectation g (0,9 Xy_1) verifies
the assumptions of Theorem [II One can for example truncate certain entries or factors in
both Gy (x,0|Xy_1) and I (0| Xk—_1) to ensure that the resulting g (0, 9| Xx_1) follows the
required assumptions. Another possibility is to rescale, or directly truncate, the length of
a given gain vector and consider, for example, one of the following gains

Gr(z,0| Xk_1)
L+ [|Gr(, 0| X 1) 2
k= ||Gr(w, 0] Xk—1)|2
Gz, 0] X5—1)]|2 {”Gk(mv‘g‘kal)”Qz“})’
min (s(Xk,l),/i)
s(Xk_1) ’

ék(.%', (9’Xk71) =

Gr(2,0|X4_1) = Gr(z, 0| X4_1) (1 +

Gip(z,0| Xp_1) = Gp(2,0| Xi_1)

for G, an arbitrary gain function, x > 0 and some function s : X* — R*. Note that Gy,
G and G}, all preserve the direction of G and have norm bounded by respectively 1, k,
and the norm of Gy, almost surely.
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The gain G}, is specifically rescaled for situations where we have a conditional gain gy,
almost surely of the form g, = —s(Xj_1)My(0—1), where M}, has eigenvalues as prescribed
by (A1). Consequently we will have that g = — min (s(Xy_1), &) Mk(6 — ) from where it
follows that the largest eigenvalue of the matrix min (S(X k—1), Ii) M, will then be almost
surely upper-bounded; in certain situations it will be possible to use the fact that almost
surely E[A (M) Xi—2] > A1, to show that E[min (s(Xy_1), £) Ay (M) Xi—2] > cAy for
some 0 < ¢ <1 and sufficiently large k. Using the fact that the function min(z,x)/x <1
we have, again abbreviating G (X, 0| X,_1) and gx (0,9 Xx_1)

EE[[|Gr — gi 5] Xx-1] =

min (s(Xg—1),x)\2
2 (( i((X;:l;) )) Eo [|1Gr = gnll3 Xe1]| < E|IGr = i3,

such that if G}, verifies (A2) then so will Gy.

Another possible modification one might consider, is to truncate the iterates of the
our algorithm (7). This might be motivated by practical considerations in the case where
the parameter being tracked has some sort of physical meaning and is therefore bounded;
it stands to reason then that the algorithm itself should be restricted as well. We would
then, for a parameter set ©, consider the sequence

Ors1 =g (01 + Gr(Xk, 04| Xi—1)), k€N, (27)

where IIg () acts as a projection on a convex set © D © in that IIg(-) is an identity on ©
and maps points in ©¢ to ©.

We will provide concrete examples of gain functions later in Section [6l Before this, we
present in Section Bl some examples of different types of variation that the parameter of
the model may have such that our algorithm is capable of adequately tracking it.

5 Variational setups for the drifting parameter

It is clear — and in fact explicit in (§]) and (@) — that the changes in the parameter have a
non-negligible contribution to the accuracy of our tracking algorithm. This is reasonable
since, if the parameter changes arbitrarily in-between observations, we should not expect
it to the “trackable”. We must then specify how the parameter is allowed to vary and,
based on that assumption, pick an appropriate sequence ;. which minimizes the general
bounds in () or ([@). We will specify in this section what these bounds reduce to for
concrete examples for the variation of the parameter being tracked. These examples refer
only to how the parameter is assumed to change and are unrelated to the actual model in
question; examples of specific models can be found in Section Gl

5.1 Static parameter

We assume in this section that 6;(X;_1) = 6p, almost surely, Vj € N for some unknown
0o € © such that in fact Af; = 0, almost surely, and we are actually in a parametric
setup. Note that, in this case, the second terms in both () and (@) obviously vanish.
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Take then ; = C.,j 1 logj and for ¢ € (0,1), ng = [gn], where [a] is the whole part of
a € R. Let n > 2/q = Ny such that ng > 2. For large enough C,, and all n > N, we have,

& "1 _ logn
ZWJZC»legnOZEZ AL

Jj=no Jj=no

from where for all p € N,
n
exp < —ph1 Y 'Yj) < nP2,
Jj=no
Note that in the case where we have E||d,,||; < Conlf we can take the constant C, to be
larger (say take rC.,, r > 2) in which case

n

C1 exp < —p\ Z 7j> < eynPn~ P2 < OynP2,

Jj=no

Using now the fact that > < ¢(logn)?n~! for some constant ¢ > 0 we have

j=no 7]
p/2

AR T

Jj=no

We conclude that we can rewrite (§)) and () as respectively,

Vi Vi
g{}\)j{Eo 10nll, < C  and maXE<log |05, Hp)

for all p € N. The log term in the rate cannot be avoided and is a consequence of the
recursiveness of the algorithm.

Note that by taking p > e~! and, by using Markov’s inequality and the second bound
in the previous display, we conclude that

> PPNy~ Boll > €) < 30 PdT 02— b, > <)
=1

no:ol dP=1nP/2=P<R)||5, ||P (dlogn)P 28
nllp
< ‘ cP Cz —1/2 €

By application of the Borel-Cantelli Lemma, we conclude that [|6, — 6|[; — 0 as n — 0
takes place with probability 1 at a rate n'/27¢ for all € > 0.

The particular setup presented in this section, where the parameter is fixed, might
seem out of place since we are mainly concerned with tracking time-changing parameters.
We would like to point out, however, that our algorithm is recursive and, as such, always
produces estimates in a fast, straightforward fashion. This is an advantage especially over
“offline” estimators obtained, say, as solutions to a certain system, which require iterative
likelihood or least squares optimization or are obtained via other indirect methods, a
situation which is common when dealing with Markov models (cf. Section [6.4])
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5.2 Stabilizing parameter

Suppose now that the parameter we want to track is stabilizing. This situation might arise
if the expectation of the sequence of values that the parameter takes is converging to some
limiting value. It could also be the case that the data is being sampled, with increasing
frequency, from an underlying, continuous time process which depends on a parameter
varying continuously; in this case, the parameter varies less and less since it is allowed less
time to change. Regardless, we assume that Af; = 0;(X;_1) — 0;41(X;) verifies

E|AG{} < i € N

for p > 1 and some decreasing sequence p;. Assume then that we have p; = cpi*B for some
constant ¢, > 0 and 8 > 0.

Consider first the case § > 3/2. In this case, the variation of the parameter vanishes
so quickly that we are essentially in the setup of the previous section. Indeed, take +; and
no as in the previous section. The first and third term in both (§)) and (@) can be bounded
in the same way as in the previous section. As for the second term, by using the Holder
inequality

n P B n
(Y 186:0,)" < (=m0 Y EIAGIL < Cln— o)/,
i=ng i=ng

(29)

< c((n — no)naﬁ)p < on~B-r < Cn_p/Q,

leading to the same bounds as in the previous section

Consider now the case where 0 < 8 < 3/2. Let v; = C,(logi)'/3i=28/3 ng = n —
n?$/3(logn)?/3. By using the elementary inequality (14 2)* < 1+ az for 0 < o < 1 and
x > —1, we obtain that for sufficiently large n (i.e., n > N; = Ni(5)) and sufficiently
large constant C,

n n 1 " dx
> iz Cyllogng) Y b= 0o [
no

i=ng i=ng

1/3
~ C,(log ny) / [n1725/3 _ n1725/3(1 . n25/3’1(10g n)2/3)1—25/3}

1—28/3
C (logn0)1/3 1-2 - -
< Syllogno) o 8/3 _  1-28/3(1 _ , 28/3—1 2/3(1 _
Z 1233 [n n (1 n (logn)“°(1 2ﬁ/3))}
= C(logng) " (log n)?/* > BT

This yields the same bound for the first term in () and ([@): for n > Ny, sufficiently large
constant C,, and all p € N,

C1 exp (— phi %-) < OynP2,

i=ng
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Let us bound now the last term in (8) and (@)): for n > Ny = No(f) and all p e N

(> 73)”/ * < O ((logn)2ng 3 (n — ng))"* < e((logn)*/*n )P,

i=ng

For sufficiently large n (i.e., n > N3 = N3(/3)) the second term in (§]) and (@) are bounded
similarly to (29) by

E( Y 126l,)" < e(tn—no)ng )" < C((log n)n5/%)".

i=ng

Finally we obtain that for 0 < 8 < 3/2 and sufficiently large constant C, in the algorithm
step vi = C.,(logi)'/3i=28/3 (®) and (@) can be rewritten as respectively

& nbB/3 5 E nP/3 5 P
R <
max Bl and maE( sl <

where Ng = max(Ny, N2, N3) is the burn-in period of the algorithm.

Remark 3. If we choose v; = C,(logi)*i™® and ng = n — n%(logn)*?, 0 < a < 1,
ar,ag > 0, a3 +ag > 1in case 0 < 8 < 3/2, then we get the following bound of the
convergence rate: for sufficiently large n and sufficiently large constant C

[0, < € (n™min0-00/2) (1o oz otz 2 )
Thus , the choice & = 23/3, a1 = 1/3, g = 2/3 is optimal in the sense of the minimum
of the right-hand side of the above inequality.

Remark 4. Much in the same way as for (28]), we can establish that for any e > 0,
lim,, 00 7%/37€||6, |1 = 0 with probability 1.

Finally, consider the case 8§ = 0, i.e., we assume the following weak requirement:
E|A6;||5 < ¢, i € N, for some uniform constant ¢. Take n —ng = N, v; = ~ for some
N € N, v > 0. Then Theorem [l implies that

m>ajif<E||5n||g < C1e PPNY 4 CyNP/24P 4 C3NPe = D.

n>

We thus have that the algorithm will track down the parameter in the proximity of size
D, which we can try to minimize by choosing appropriate constants N and ~.

5.3 Lipschitz signal with asymptotics in the sampling frequency

We consider now a slightly different setup where we assume that the parameter is changing,
on average, like a Lipschitz function. In this setup we let the time series (II) be sampled
from a continuous time process X, t € [0,1] which we observe with frequency n. This
means that for each n € N we have a different model, namely,

Xo ~Pop,  XP|Xgoy ~ Pop([Xj1), k<neN, (30)
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n

where the parameter 6} = 07(X]!_,) verifies, for some p € N, k4, < 00

n n n n k — ko Bp
Rl (X — 0, (X5 <, (F—0)

n
We could have for example that 67 (X}' ;) = ¥(k/n), almost surely, where ¥(-) € L(L, ) =
{9() : lg(t1) — g(t2)|l1 < Lt —t2]P,t1,t2 € [0,1]} for some 0 < B < 1 and L > 0, a space
of vector valued Lipschitz functions.

Let y = C, (logn)20=1/(28+1),=28/(26+1) " (constant in k) for k = 1,...,n, and

ko = ko(n) = k — (log n)2/(25+1)n26/(26+1),

for k > K, = (logn)¥@#+1)p28/(28+1)  Note that for K,/n — 0 as n — oo for any
0<p<l.
For sufficiently large C,

k
Z vi = Cy(log n)(%_l)/(zﬁﬂ)nw/(wﬂ)(k — ko) > Cylogn > 1;%\”,
i=ko 1
leading to
k
exp < —pA1 Y %) <en P,
i=ko

In much the same way, we have
k p/2 281 28 P 28 5 \P
< > 73) < C<(logn)26+1n26+1(k‘ - k0)1/2> = C((logn)%’ﬂn%’ﬂ> .
i=ko

JFrom our assumption on the variation of the parameter, we have

k — ko\—rP 28 g \P
max EHH?H—HZO%SC( . 0) P SC((logn)w“n 2a+1> i

i=ko, ...,

Combining the three bounds, we get that (§) and (@) imply

25 8

sup max E||d;[|2 < C(logn)2s+in 25+1, (31)
28 __8 \P

sup maxEH&ng§C<(logn)26+ln 2B+1> . (32)

6 Some applications of the main result

In this section we present some examples of particular models to which our algorithm may
be applied. We start with two toy examples and present thereafter some more involved
examples. The toy examples illustrate the type of results that can be obtained from our
main result and its extensions, how a gain function can be picked and modified, and how
conditions (A1) and (A2) checked.
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6.1 Tracking the intensity function of a Poisson process

Lets say that we are monitoring n independent Poisson processes on [0, 1] with unknown
intensity function A(-), for fixed n € N. This is equivalent to observing N(t) = N(¢,n),
a Poisson process with intensity nA(¢), 0 < ¢ < 1. We would like to track the intensity
function A(-) which we will assume is uniformly upper-bounded by L.

Lets say that we observe the process with frequency n, in that our observations are
X} = N(k/n), such that for each n € N we have the model

X(?ZO, Xngl’X]?Nng(’X]?):ng(—X]?), k:L...,TL,

where Py(-) represents a Poisson law with parameter § € R*t. We will work then with
po(-|y) a conditional, shifted Poisson mass function given by
(aly) = exp(—0)——
po\2|y) = exXp{—bU)7—,
(z —y)!

for x € N, x > y. The moving parameter 6} is given, for k =1,...,n, by

3=

o = / " na(e)dt.

n

Consider now the gain function Gy, of the type (23] and its conditional expectation g,
respectively given by

gk(eangq) = Eﬂ[XI? - Xl:‘il - HIXIZLI] = —(9 - 79)-

with Ey[- | X} ,] the expectation with respect to py(:|X}'_;). Its also simple to see that,
E|G(X}!, 01X} _1) — (0, 91X )] = EEg[| X} — X'y — 0P |X} ] =0 < L.

We conclude then that the gain function displayed in (B3] satisfies both (A1) and (A2).
This gain function can now be used for the three setups outlined in Section Bl and
attains the rates indicated there. For a constant intensity function A\(-) =49, 0 <9 < L,
the parameter of the model 6} reduces to the constant 9 and we simply track the rate of
the process. Note that this happens since we matched the sampling frequency 1/n with
the sample size n. If we were to have sampled the process with frequency 2/n, say, then
% = 29 in which case the algorithm would track 2 and not . The tracking sequence
would then have to be recalled by a factor 1/2 to obtain a tracking sequence for ¥ itself.
In the setup where we assume that the parameter is stabilizing, take n = 1 and call
VI, = 0 = fkk—l A(t) dt the mean number of events per time unit. Note that

k k+1
|Aq9k|:( kl)\(t)dt—/k A(t)dt‘:\a,g—e,ﬁﬂ\.
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We then assume that the average number of events is stabilizing in such a way that the
previous display is upper bounded by say cﬂfﬁ , for 3> 0 and cg > 0. The algorithm
will then track the mean number of events per time unit.

We can also assume that the intensity function A(-) belongs to L(L,5) = {g(-) :
lg(t1) — g(t2)| < Lty — t2|,t1,t2 > 0} for some 0 < B < 1 and L > 0. Call ¥7 = \(k/n),
k,n € N. It follows that

|AD7| = [A(k/n) = A((k+1)/n)| < Ln~ P,
oy — 0| = (/ n)\(t)dt—)\(k‘/n)‘ §n/ () — A(k/n)|dt < Ln™".
(k—1)/n (k—1)/n
The tracking sequence based on the gain (B3) will then track the sequence ¥} = A(k/n),
k,n € N (as well as ) with the asymptotics seen in Section [ (cf. Remark [Il)

6.2 Tracking the mean function of a conditionally Gaussian process

Assume that we observe, with fixed frequency n € N, a process X, t € [0,1], taking
values on X C R% d € N. In this way, for & = 1,...,n, the observations available to
us at time k/n will be a random vector X,gn) = (Xo,Xl/n, e ’Xk/n)' The increments
Xy /n — X(k—1)/n Will be assumed to be conditionally Gaussian in the sense that given the

past of the process, each increment has a multivariate normal distribution, and so,
XI ~ N(@Q, 23), X 1)l XP N(@,’;(X,Q_l), zg(Xg_1)>, k=1,....n.

The dependence on the past in the model comes from the fact that both the mean and the
covariance of the process are allowed to depend on the past of the process. Here, for each
n € N, 07 is an arbitrary sequence in k depending eventually on X}’ | and X} a sequences
in k € N of (positive-definite) covariance matrices or order d which, as already mentioned,
may also depend on X}’ ;.

In the case where the covariance structure of the process is known, we can use the gain
(24)) which it is straightforward to check verifies, given X' ,, for «,6,9 € R E=1,...,n,

Gz, 01X] ) = (Sp(XP)) " (= - 0),
g (0. 0(XP_)|XP_y) = —(SRXP_) (0 - 9(X[y)).

If this gain is used, we assume that, almost surely, for £ = 1,...,n, the eigenvalues of the
covariance matrices X7 (X}_;) are 0 < A?1)7k(X,?_1) << A?d)’k(X,?_l) < 00, such that
for constants A}, A\j we have,

(34)

0 < AT < A p(XG1) < Ay p(XG1) £ A3 < oo,
almost surely. We then have for all 8,9 € R¢,
E||IG(XE, 01X} 1) — 9(0,9(X71) | Xp_1)3 =
= E((SR(XF) ™ (XF = 9(X70)) " (CRXG) ™ (XF = 9(X70))
< (D) 2EE [ XF — (XT3 X7] = () PE b (SR(Xy)) < dAy (A7) 2
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Assumptions (A1) and (A2) are then met for the gain in (34]).

Let us now assume that the covariance matrix of the process is unknown, difficult to
invert or that assumption on the eigenvalues of the covariance matrix does not hold. In
this case we can use the gain (25]) which gives us, for z,0,9 € RY, k=1,...,n,

G(2,01X] ) =2 — 6,

9(0,9(X}_)IXE_ 1) =—(0—9(X} ). (35)

If we now assume that, almost surely, for k = 1,...,n, the largest eigenvalue of the
covariance matrices 37 (X' ;) is upper bounded by some constant A5 < oo, then, for all
6,9 € RY,
Eol|G(XE,01X1_1) — 9(8,9(Xp_)IXi-1)3 =
= EEy [| X} — 9(XF_1)I3] XE_1] = Etr (SR(XE_1)) < dA3,

and so assumptions (A1) and (A2) are met for the gain in (35]).

The results of Section [B] can be applied to the algorithm based on the gain functions
presented above. If, for each n € N, the mean of the process is constant, 07 ( X} ;) = 9"
then the algorithm will track the (fixed) mean of the process. Alternatively we may assume

that the parameter isn’t constant but it stabilizing. We take then n = 1, and assume that
the changes in the mean vector of the process are such that, for k € N,

E||AG}]3 = E||0f(Xr_1) — 01y (X3 < sk,

for some B > 0, and a constant cg > 0. The other possibility is to assume that for
n € N, the mean of the process is obtained from a function 6(-, X}’ ;) which is, on
average, Lipschitz in the sense that it belongs to E(L,ﬁ,X}:_l) = {g : Ellg(t1, X}_;) —
g(te, X7 )l < Lit1 — tglﬁ,tl,tg > 0} for some 0 < f < 1 and L > 0. Call ¥} =
0(k/n, X} ), k,n € N. It follows that

E| AV, =E||0(k/n, X} ,) — 0((k +1)/n, X7) |, < Ln~".

In this case the algorithm tracks the mean function §(k/n, X}' ;) at times k/n, with k € N.

6.3 Tracking an ARCH(1) parameter
Consider the following ARCH(1) model with drifting parameter

X = (1+6.X7_)"%6, Xo=0 (as.), (36)

where &, k € N, form a martingale difference sequence with variance o2 > 0. The drifting
parameter ) belongs to some interval [0, p] for some p such that p?Ee; <1 for all k € N.
Consider the gain function

min(X,?_l, co?)
2
Xk;—l

G( Xy, 0| Xp—1) = (Xi—-1-0X7_ ) (37)
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such that, since EyX; = 0 and qu[lele,l] =1+ vﬂX,f_l,

min(X7?_,,co?)
2
kal

9(0,9|Xp_1) = Eﬁ[ (Xg_1_exg,1)(xk,l} = —min(X2_;,co?)(0 — 9),

For some constant ¢ > 0. We then have that Ay < co?, almost surely. Note that
E{min(X,%_l, 60'2)‘Xk_2} :E{min((l + 0,1 XE )er 002) ‘Xk_z} EE{min(ei_l, 002)].

By using the fact that min(a,b) = (a + b)/2 — |a — b| and the Hoélder inequality, it is
straightforward to check that

2E[min(e%_1,602)} = (c+1)o* —Elez_,—co?| > (c+ 1)o% — (E[(ez_l - 002)2])1/2 > o2,

as long as for every k € N, 2co? > Ee;. We conclude (A1) holds for the gain (37).
To check (A2) note first that

E[XFXp_ ] =0*(1 + 0, X}_,)

and then
EX? < o?(1+ pEX}? ;).

Since pQEei < 1 then po? < 1 by Jensen’s inequality. Using this recursion we get that

k
EX? < o? +0?pEX}? | <o’ 4+ o'p+ o p’EX}? 5 < 0 Z(pa2)i*1 <
i=1
In the same way,
E[Xp | Xp1] = (1+ 20, X7_| + 07X )Eel,
and then, since szei <1,
2

k
o°p -
+ PEXG 1)Ee; < Eey(l+ 20— p. i§1(p2EX2‘1)Z ' < oo

a%p
1—02p

EX; < (1+2

Using the same argument as for (26) we see that (A2) holds since by the Holder inequality
EG*( X, 0| Xy_1) < 3(EXE + p*EXE | + 1),

which is bounded, uniformly over k£ € N.
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6.4 Tracking an AR(d) parameter

We consider now an autoregressive model with d time-varying auto-regressive parameters:

d
Xp = OpiXpi+&, keN, k>d, (38)
i=1

where Xy, X1,...,X4—1 have p bounded moments (cf. the end of this section). We would
like to track the vector 6 = (0k1,0k2,.-.,0kaq), which may be random but must be
measurable with respect to the o algebra generated by Xj;_o4_1. In this section we will
use the notation Xj 4 = (Xk,Xk_l, e ,Xk—(d—l)) for the vector of the d observations
leading up to Xj.

In analogy with the non-drifting AR(d) model, we can associate with the model its
(drifting) autoregressive polynomial z — 1 — Z‘ii:l Ok ;2%; write then

d
t(z,0)=1— ZQizi, z e C. (39)

=1

It is well know that an AR(p) model with autoregressive parameters 6 is stationary if,
and only if, the (complex) zeros of the polynomial ¢(z, ) are outside the unit circle. This
motivates the definition of the parameter sets O(p), (cf. Moulines et all [2005]) which we
define as the closure of [is it already closed??7]

{6 ¢ RY : for all |z| < p~L,t(z,0) # 0}, (40)

for any 0 < p < 1. One can show that if B(r) is a uniform ball in R? with radius » > 0,
then the following embeddings hold:

B((p 2+ +p2)7 ) CO(p) CB((1+p) - 1),

which gives us some feeling as to the size of the parameter set. This implies in particular
that for all p € (0,1), the set ©(p) is non-empty and bounded.
The AR(d) model (B8 can also be described by the following inhomogeneous difference
equation
Xpa=COr)Xp—1,a + Ie1&, (41)

where e; = (1,0,...,0) € R? and, for any 6 € R?, C(6) is the square matrix of order d

(01 02 - Og—1 04
1 0 -- 0 0

c@=1(0 1 -0 0 (42)
000 -~ 1 0]

This matrix is usually called the companion matriz to the autoregressive polynomial ¢(z, );
it is also sometimes called the state transition matriz. One can show that the eigenvalues of
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C(6) are exactly the reciprocals of the zeros of ¢(z,6). This means that all the eigenvalues
of C(0) for # € O(p) are at most p < 1. This in turn implies that for any sequence of
vectors 04,0411, - € O(p), the pair of sequences

(0O, CO). ). (T La-))

forms a so called exponentially stable pair. Among other things, this gives us that so
long as the p-th moments of both the initial X414 and the noise terms & are bounded,
then the p-th moments of all Xy, & > d will be bounded as well (cf. Proposition 10
of Moulines et all [2005]).

A particular gain function which can be used to track the parameters of an autore-
gressive model can be found in Moulines et al. [2005]. The gain function considered there
is an appropriately rescaled version of the gain (I9]), namely,

Xi-1,d

G( X, 01Xy 1.4) = (X — 07 X1 1.4) ,
L+ pu X X1,

for an appropriately chosen p > 0. Its straightforward to check that the conditions in
(A1) on the corresponding conditional gain g hold in this case; the lower bound in (B) is
established in Lemma 17 of [Moulines et al! [2005] and the upper bounds are straightfor-
ward to check; assumption (A2) can be reduced to moment conditions on the observations
of the autoregressive process which are verified if the signal € lives in ©(p) as mentioned
above. In a sense, conditions (A1) and (A2) capture the essential properties that a gain
function must have such that resulting tracking algorithm behaves properly and, in fact,
these conditions will hold even if the noise terms are not Gaussian; we discuss this issue
again at the end of this section. In the following we propose an alternative gain function.
We will first treat the one dimensional case where we can obtain a stronger result.
Consider then d = 1 and assume that the sequence 0;(X_1) € ©(p) such that it is
almost surely bounded, in absolute value, by p < 1. Assume also that IEXO2 and EXS‘ are
bounded and that for all k € N, E&, = Eei =0, E{g =02 > 0 and E¢, = co?, for some
constant 0 < ¢ < 5. (We can take ¢ = 3 if the noise is Gaussian, for example.) Lets say

we would like to use the following gradient type gain function
Gr( Xk, 0| Xp—1) = X1 (Xi/Xp—1 — 0), (43)
gk (0, 19‘ka1) = —X,%_l((g — 19),

almost surely. The random eigenvalues in (A1) reduce, in this case, to just A(l)(Xk,l) =
X,f_l. Note that if for all k € N X_o were integrable, we have

E[X7 1| Xk-2] = E[(Xp—20k—2 + &—1)*| Xp—2] = X7_o07_y + EE_ > 07, (44)

but still X ,3_1 would not be almost surely upper-bounded by a constant. To remedy this
we will truncate X 13—1 and consider

9 —
G (X, 0| Xi_1) = min (X,i_l, —002) (Xi/Xp1 —0),

4
9—c

—02> 0 — ). o

gk(H,vﬂle,l) = —min (Xlz—lv
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(Note that this is a rescaled gain function of the same type as G at the end of Section [l)
We now have an almost sure upper-bound for A1y (Xj—1) = min (X2_,, (9 — c¢)o?/4); we
truncate X7, at this specific value since one can prove (cf. Lemma ) that

9

- 5—
E[min (X,%fl, TCU2> ‘Xk,Q] > TCU2 >0,

such that (A1) holds. Assumption (A2) also holds since

min (X2, 520%)°

2
Xk—l

5—rc\2 5—rc\2
< (359 o= ('

E|Gr (Xk, 0| X5—1) — gi (6,9 Xp—1) !2 =FE Ey[| Xk — 9Xp1]?| Xi—1]

The previous truncation argument is still valid if we truncate Xl%q at a higher value.
In that case, we also still have that (A1) and (A2) hold, with a larger constant Ay in (A1)
and larger C in (A2). This means that in order to use the previous gain function we don’t
need to know the exact value of o but only an upper bound for it. Also, in practice, for
a truncation at a high enough value, the effect of the truncation will be innocuous and
trajectories of (43]) and (@) will coincide, with high probability; the truncation is simply
an artifice to enforce the fulfillment of (A1) and should be of little practical importance.
Up to the requirement that the distribution of the noise be symmetrical about 0, the
previous result generalizes that of Belitser [2000] where the noise terms are assumed to be
almost surely bounded.

We turn our attention now to the general AR(d) model. As we will see in what
follows, assumptions (A1) and (A2) can be easily checked. In the d dimensional case
we assume that the noise terms & in (B8) form a Gaussian white noise sequence with
mean zero and variance o2 > 0. Assume first that the autoregressive parameters do
not depend on k, i.e. 0 = 6 = (01,...,04) € O(p) C R% Given the vector of past

observations Xj_gq4 = (Xk—d,Xk—d—l,---,Xk—2d+1), we can see X4 as a system of
d equations in Xy, Xg_1,..., X}_(4—1), depending on Xp_4, Xy—q-1,..., Xx—24+1 and 0,
which, for &, g = (gk,gk_l, . afk—(d—l)), can be written as

A(0) Xk,a = B(0)Xk—d,a + ka3 (46)
the matrices A(f) and B(f) are Toeplitz matrices created respectively from the vectors
a(@) = (0,...,0,1,—64,...,—04_1) and b(0) = (01,...,04-1,04,0,...,0). (We remind
that for a vector m = (m_4_1), m_(a—2),---,M-1,M0, M1, ..., Mg_2,Mq_1), the Toeplitz

matrix of order d associated with that vector is the square matrix M of order d with entries
m;; = mi—j, such that the entries of the matrix are constant over descending diagonals.)
The matrix A(f) is upper triangular with a diagonal consisting of ones whence invertible.
We conclude, then, that given the full past of the process, Xj_g4,

Xd| Xp—a ~ N(A™H(0)B(0) Xy, —q.a, 0°A~(0)AT(0)). (47)
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Alternatively, we could have derived the (@8l by applying the recursion in (4I]) d times.
In this case we will consider a gain of the type (24]) such that

Gar (2, 0| X y,—1),4) = Veologpg (x| X y4-1)), (48)

where pg(+|X4x—1)) is the conditional density of (7). At the end of this section we
explicitly compute ([A8]); see ([B0).

For us, each data point will be a vector Xy, 4, k € N such that the tracking sequence
is updated with batches of d observations from the autoregressive process. (Below, to ease
the notation, we will mostly write  and y instead of X ke d and Xg(kil), o> respectively.)
This is necessary to make sure the representation ([47]) is valid even if the parameter 6
is allowed to change among different batches of observations; otherwise the system ({46
would be under-determined. We must now establish that this gain function verifies (A1l).

As explained in Section M, the expectation ggr can be seen as minus the gradient of
the Kullback-Leibler divergence between the transition kernel with two different parame-
ters. This observation is particularly useful if we are able to write this Kullback-Leibler
divergence as an appropriate quadratic form. The Kullback-Leibler divergence between
two d-dimensional multivariate normal distributions Py = N (o, Xo) and P = N(p1,31)
is given (cf. ?7) by,

det 21
O
& det EO

Write, for y € RY, u(0,y) = A~Y(0)B(0)y and £(0) = 02A~1(0)A~T (). Let also S = Sy
be the Toeplitz matrix associated with the vector s = (0,...,0,1,0,...,0) € R?*~! where
the 1 occupies the (d + 1)-th position; these are sometimes called shift matrices. For
i = 2,...,d — 1, the powers S’ are the Toeplitz matrices associated with the vectors
(0,...,0,1,0,...,0) € R~ where the 1 occupies the (d 4 i)-th position; S% is O = Oy,
the null matrix of order d, and S° should be read as I = I, the identity matrix of order
d. Tt follows from the definition of the matrix A() that for 6,9 € O,

A(0) — A(W) = S(1 — 61) + > (P2 — 02) + - + S4 (Vg — ba),

RESSEEN (S 0) —d o) ) ) 49)

from where we conclude
AB)ALW) =T+ SATHW) (01 — 61) + S2ATL(9) (92 — 02) 4 - - - + STATL(9) (Vg — ba).

We will compute now K (N (u(9,y),%(9)), N(u(d,y),(0))). For all 6, the matrices
A(f) have all eigenvalues equal to one (so then also their inverses) whence det ¥(0) = o%¢;
we conclude that the logarithm in (49]) is null. Also, using basic properties properties of
the trace and the representation for A(6)A~1(¥9) derived above,

1

fr (2—1(9)2(0)) —d=tr <(A‘1(6)A T(9)) " (A" () A~ T(ﬂ))) —d
— tr <AT(9)A(9)A*1(19)A’T(19)) —d=tr ((A(@)A*l(ﬁ))TA(e)Afl(ﬂ)) —d

d d
= QZtr (STAT @) (9 — 0:) + ) > " tr (ATT(W)(SH)TSTATL()) (9; — 0:) (9 — 0;).
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The inverse of an upper-triangular matrix is upper-triangular and so, for all i = 1,...,d
and all ¥, the matrices S?A~! () have null trace. Denote now for any n by m matrix M,
vect(M) as the column vector containing the nm entries of M in any (fixed) order. Write
then for i = 1,...,d, v;(9) = vect (S*’A71(9)); va(¥) is always a null vector. Note that
the i, j-the element of the double sum in the previous display is given by vl (9)v; (1), for
1,7 =1,...,d. We conclude that the previous display can be written as

(0 — )T o1 (D)2 (9) . .. va(9)] " [ (9)va(D) .. . va(9)] (9 — 0),

where the matrices are written by columns.
The quadratic form in the Kullback-Leibler divergence ([@9) can be written, for any
0,9 € O4 and y € R?, as

(100, ) — u(®,)) " S7HO) (0. y) — n(9, ) =
— o297 (B(6) — A(O)A~ (9)B(®))" (B(6) — A(9) A~ (9)B(Y))y.
Note that the matrix B(-) is linear in its argument and so se can write the expansion
B(6) — B(W) = B —9) = (S (9, —01) + - + ST (0a_1 — 0a_1) + [(94 — 6a),
from where, using the representation for A(6)A~1(9) derived above, we have
B(0) — A(0)A~1(9)B(0) = C1(9)(0h — 1) + Co(9)(I2 — ba) + - - + Ca(V) (94 — ),

where C; (V) = (Sd_i)T—SiA_l(ﬁ)B(ﬁ) fori=1,...,d. We can then write, for 6,9 € O(p)
and y € RY,
(BO) = A(O)AT (9)B())y = [C1()y -+ Ca(D)y] (6 = ).

We conclude that the following representation holds

gar (0,9| X gk-1),4) = —0* (02 [01(9)v2(9) . .. va(9)] " [o1(D)v2(9) . .. va(V¥)] +
+ [C1() X go—1),a - - Cd(ﬁ)Xd(k—l),d]T [C1(0) X qgk—1),q - Cd(ﬂ)Xd(k—n,d]) (6 —9).

Note that the matrix that precedes the vector (6 — ) does not depend on # and is clearly
positive semi-definite. We bound now the eigenvalues of this sum of matrices.

The first matrix in the sum above is positive semi-definite but has at least one null
eigenvalue. It is also clear that the entries of this matrix are polynomials in ¥4,...,%4_1,
such that, since ©(p) is a bounded set, we have that the largest eigenvalue of this matrix
is upper bounded, uniformly over ©4, by some constant, say, K1, depending only on d and
the diameter of ©(p); we remind that this diameter is at most (1 + p)¢ —1 < 2¢ — 1.

We have that

w([CWy - G [CWy - Cald)y]) =
y CT(0)C1(W0)y + - +yT CF (9)Ca(V)y.
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For each i = 1,...,d — 1, the entries of the matrices C] (9)C;(¥), are polynomials in
¥,...,0q; the previous display is then also upper-bounded uniformly over ©(p) by, say,
KyyTy, where Ky is a constant which like K above, depends only on d and the diameter
of ©(p).

To derive a lower bound on the smallest eigenvalue of the matrix in the representation
for ggr note that this matrix can be rewritten in the form,

1)1,1(19) c. U17d_1(19) 0 0171(19) ... Cl,d—l("g) Cl,d(ﬁ)
: .. . : : + : . ) : :
vg-11(9) - wvg14-1(9)| 0 ci—11(9) - cim1,a-1(9) | ca—1.4(9)
Cd,l('ﬁ) s Cd7d,1(19) ‘ ’yT’y 0 . 0 ‘ 0

for v; ;(9) = ol (9)v;(¥) and ¢;;(9) = y"CI_,. (9)Cy_j41(9)y, where we swapped
the last rows of the matrices. (Note that Cy(9) = I such that cgq(9) = yTy and also
vg(9) = 0T))

Note that the top left matrices in the block matrices above are Gram matrices and
therefore positive semi-definite; the full block matrices are triangular by blocks. The ma-
trix [v; ;(9)];j=1,...d—1 is the Gram matrix associated with the vectors vi(?9),...,v4-1(?).
Its simple to see that these vectors are linearly independent (this follows from the fact
that A=1(9) is a triangular matrix with 1’s in its main diagonal) whence the associated
Gramian is actually positive definite for each ¥/. Note also that the determinant of this
Gramian is a polynomial in the entries of the matrix which in turn are a polynomial in
Y1,...,04. Since ¥ € ©(p), which is a compact set, we conclude that the infimum of the
determinant of this matrix over ¥ € ©(p) is lower bounded by some positive constant say,
K3. Using the same reasoning we can see that its determinant is upper bounded by some
constant K. A lower bound on the smallest eigenvalue can then be obtained by noting
that for any positive definite matrix M of order d,

M K
Ay () = S K
LT K

>v >0,

for some constant v depending only on d and say, the diameter of the parameter set O(p).
We conclude that the smallest eigenvalue of the block matrix on the left is at least
min(v,y’y). The block matrix on the right is clearly positive semi-definite. We conclude
that the smallest eigenvalue of the matrix in the representation for g4 above is lower
bounded by min (v, y?y) by using Weyl’s Monotonicity Theorem; cf. [Bathia [1997].
Condition (A2) is simpler to check. Let D(Xgkd, Xqr—1),a) = D(Xar,24) be the
Toeplitz matrix associated with the vector d(Xar24) = (Xag—2)41,- - Xdk—2, Xar—1)
which is simply the vector Xg,_1 241 written backwards. Based on this, the gain (48]
can be written, up to a constant depending only on ¢2 and with « = Xak,d Y = Xik—1),d>
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in the following form

Gai(z,0y) = —Vo(A()z — B(0)y)" (AB)x — B(A)y)
Ta(A(H)a: — B(H)y)

57 (50)

= —2(A(0)x — B(0)y)

— 2(A(0)x — B(0)y)" D(z,y)J,

where 0/00 represents the Jacobian operator. To verify (A2) it suffices to check that
the expectation of the norm of Gy is bounded. We omit the details but it is clear from
the expression derived above that the norm of the gain function squared is a polynomial
of degree 4 in the elements of Xg;_124—1. We've already mentioned that so long as the
initial values for the autoregressive process and the noise terms have uniformly bounded
p-th moments, then this transfers to the each observation X, so long as the sequence of
parameters of the model, 8, lives in the parameter set ©(p), for some p < 1.

As we saw above, the eigenvalues of the matrix appearing in the conditional gain
vector gg are upper and lower bounded by multiples of || Xy,—_1)4/l3. We can easily get
rid of this dependence by using the scaled gain Gg defined at the end of Section H for
s(z) = ||z||3 and large enough k. The derivation in (26]) shows that (A2) still holds for this
rescaled gain. The largest eigenvalue of the matrix in gy corresponding to Gy is going
to be almost surely bounded by construction. We need then to verify that the smallest

eigenvalue of the matrix in gg; has conditional expectation bounded away from zero such
that (A1) holds. Note that

E [ X age-1),all3]| Xage-2),4] > E[XGp—1) | Xage—2).4) =
E[(Oar,1 Xak—1)—1 + - - + Oar.aXak—2) + gd(kfl))2|Xd(k72),d]-

There are three different types of terms in the sum above: a) error terms which are
independent of the filtration, b) observations which are measurable with respect to the
filtration, and c) observations which can be written as an error term which is independent
of the filtration and a linear combination of previous observations of the process. The
sum can therefore be written as the sum of two terms, namely: a) a linear combination
of terms which are measurable with respect to the filtration, and b) a linear combination
of error terms which are independent of the filtration. This can then be bounded in the
same way as ([@3]). We conclude that the previous display is lower bounded by o?.

One can then proceed as in Lemma [0l to show that for an appropriately large k,
E[min(Xfl(k_l), /{)‘Xd(k,g)d] is positive; we omit this derivation.

For the most part, the requirement that the errors be Gaussian is not used extensively
so we expect the same results hold simply under appropriate moment assumptions: one
could still use the gain (B0) and bound its conditional expectation directly instead of using
the Kullback-Leibler representation in (49]) and assure the validity of (A1) and (A2) based
on moment assumptions on the error terms and on the initial conditions for the model as
we did in the one dimensional case.
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7 Proofs of the lemmas

Proof of Lemma[dl. First suppose that y = Mz for some symmetric positive definite ma-
trix M such that 0 < A1 < A\)(M) < Ag)(M) < X3 < oo. Then (z,y) = 2/ Mz and
therefore

0 < Mflzl3 < Aqy(M)|z]13 < (2,y) < Aay(M)|[z[|3 < A3

and
yl3 = (y,y) = 2" MT Mz = 2" M?z < X\||z|3.

Now we prove the converse assertion. Suppose x,y € R? and 0 < \j||z[j3 < (x,y) <
Nyllz]|3 < oo for some A, A, € R such that 0 < A} < A, < oo and that ||y|l2 < C||z]|.
Let V.= {v = ax + by : a,b € R} be the linear space spanned by x and y. First
consider the case dim(V) = 1, i.e., y = ax for some a € R. Then (y,z) = a|/z|]3 so that
0< M <a< ), <oco. Thus y = ar = Mz with symmetric and positive M = «f so that
0< )\/1 <a= )\(1)(M) = )‘(d)(M) < )\,2 < 00.

Now consider the case dim(V') = 2. Let e; = z/||z|2 and {e1,e2} be an orthonormal
basis of V. Then

z = [|z|l2e1
y = aey + [es.
The conditions N [lz]|5 < (z,y) = allz]l2 < Xy||z3 and [lyll2 = /a2 + 52 < Cllzl2 imply

that
Alzll2 < a <min{Xs, CHzllz,  [B] < Cllz o

Let e5 be chosen in such a way that 5 > 0 (which is always possible.) Now, we change
the basis of V' as follows:

e = cos(f)e; — sin(f)es,
ey = sin(f)e; + cos(0)es.
We thus rotate the basis {e1,es} by the angle 6. In these new basis we have
= ||z[l2 cos(B)e + [|z]|2sin(0)ey = aze + Baeh,
y = (acos(f) — Bsin(f))e] + (asin(f) + Bcos(f))ey = aye| + Byeh.

Recall that o, 8 > 0. Take 6 € (0,7/2) such that a cos() — Bsin(f) = Lacos(d) (i.e.,
tan(f) = 75). Then we have that

/ s / 2 2
Moo oy mimh Oy o By o i o
2 7 2zflz ow 2 [zl = Be = llzllz  allz2 A1

Take then A\; = \;/2 and Ay = min{\,, C} + 2C?/\].
Let {es,...,eq} be the orthonormal basis of V*, so that b = {e,€),e3,...,eq} is an
orthonormal basis of R?. Take

, | D] 0O : | /oy 0 }
M_[O Id_g} with D—[ 0 8,/B.
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where the 0’s indicate null matrices of the appropriate orders. We then have that y = M’z
in the basis b and A\; < Aq)(M') < A\ (M') < A2. We can finally obtain M by using
the (orthogonal) change of basis matrix E from basis b to the canonical basis of R? as
M = E-'M'E = ETM'E. Note that M has the same eigenvalues as M’ (which are all
positive and finite) and is symmetric. O

Proof of Lemma[2. For the sake of brevity, we use the notations 6, = 0(Xx_1), G =
G(Xk,ék|Xk_1) and g = g(ék,9k|Xk_1), k € N, Fr, = 0(X}) is the o-field generated by
X, = (Xo, Xo, ..., X3). )

Recall that © is compact so that supgeg ||0]|2 < Co. First assume E||6x|3 < KC%. By
() and (@), we obtain

E||Gr|l3 = E|G) — g + 9|3 < 2C + 4L(E[|0k 5 + E[|0x[|3) < 2C +4L(K +1)Cg = C1,
which implies, in view of (7) and v, <T,
E[|0r113 < 2E|0x 13 + 27| Gl < 2KCE +21°Cy = Cs,

Next, consider the case E||0)]3 > KCZ which of course implies E||6x]3 > KE||6:]|3.
As M}, is a symmetric positive definite matrix such that 0 < A < A\q)(Mg) < Ag)(My,) <
B < o0, by the Cauchy-Schwarz inequality, we have that

OF M6y, < |07 M| < (07 Mibi)"* (67 Myi) "> < BI|6]|2]16kl2.
By using the last relation, @), (&), @) and (@), we evaluate E||fg41]3:
E[|0r+1113 <E[0x]13 + 2nE [0 E(G|Fi—1)] +17EIG3
<E|0k 13 — 2vE (0 M (0 — 0x)) + 77 [2C + 4L(E||0x][3 + E[|0x]3)]
<E||0x 13 — 29x [AE||0k |3 — E (6] Myb1)] + 77 [2C + 4LCE + ALE| |01 3)]
<E||0x3 — 27k [AE||0x 13 — BE(|10x]|2110k]l2)] + 77 [2C + 4LCE + ALE|0x13)]
From E||0)]|3 > KE|0] and the Cauchy-Schwarz inequality, it follows that E||6 |2 |0x||2 <

(E\\éklgEHeng)l/2 < E||0,||3/vK. Using this, we proceed by bounding the previous dis-
play as follows:

<E[0x]13 — 27 (AE||6x]13 — B(E|0xI3EII6KI3)"/?) + 77 [2C +4LCE + 4LE||6x13)]

R A 2B
<EJI0l13 — WENI3 (24 — <= — wAL) +13(2C + 4LCE
<E|0k Iz — E0kl5 N Vi ( o)
, , 21 B0 3
<E||04 13 - WEIBIF (24 - —= - wAL) +42(2C + 4LCE) =152
<E|[|6k[lz — wEll0k]l2 NG Yk +7%(2C + o) KC2
R R 2B 4LCE(K +1)+2C N
—E||0 13 - WEIOI3(24 - —= - Cl ) < ElIdI3
1613 ~ WA (24— 2 — R S ) < B,
for sufficiently large K and sufficiently small ;. Thus, for sufficiently large K and suffi-
ciently small v, E||0p41]3 < Cs. O
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Lemma 3. Let M be a symmetrical positive-definite matriz of order d with (increasing)
eigenvalues \;y(M), the smallest and largest of which we denote as \(1)(M) and \qy(M)
respectively. Then, for v > 0 such that 'y)\(d)(M) <1, and constants K, >0, p € N,

[ M]l, < Kp||M]l2 = KpAa) (M),
0 <Ay = yM) < Xgy(I —=yM) =1 =y (M) < 1,

where for p € N, | M||, is the operator norm induced by l,.

Proof. Note that for z € R?, if

[ (] S—
2a0 afla” TP a0 [l

then it follows (cf. Horn and Johnson [1988, Theorem 5.6.18])

1Ml

max = RPR? = K,.
M#0 || M||2 aee

We then have (c.f. Horn and Johnson [1988, Section 5.6.6]) that for M a real, symmetrical,
positive definite matrix, where A;)(M) is the i-th largest eigenvalue of a matrix M,

The first statement then follows. Note that by application of the Hélder inequality, we
have ||z||, < d@=P)/@P)|z|, for p < ¢ and so we can take K, = dP~1/P) if p > 2 and
K,=d"?ifp=1.

Its straightforward to check that the matrix I — yM has eigenvalues 1 — v);. Now,
if YA (M) < 1then for alli=1,...,d, 0 < yA)(M) < v\ < v\ (M) < 1 implying
1> 1=9Aq)(M) =2 1=7A; =2 1=7A)(M) > 0 and so max;—1,...q [1=7Ai| = 1=yAq)(M) <
1. O

Lemma 4 (Abel Tranformation). For ko,k € N such that ko < k, let a; € R?, § =
ko,....k, B;, i = ko,...,k, be square d X d matrices and A; = Z;:ko aj, i = ko,.... k.
Then

k k=1
> Bia; =Y _(Bi— Bit1)Ai + BrAy.
i=ko i=ko

Proof. We shall prove this by induction on k. For k = ko we simply have By ar, =
By, Ak, = Br,ak, and the assertion holds. Let us assume then that the equality holds for
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k = n and let us prove the result for £k = n + 1. We have

n+1 n n—1
Z Bia; = Z Bia; + Bpy1an41 = Z (Bi — Bit1)Ai + BpAn + Bnii1ant1
i=ko i=ko i=ko

n
= Z (Bi = Biy1)A; — (B, — Bypy1)An + BpAp + Bpy1an4

i=ko

n
= Z (Bi — Bit1)Ai + Bpi1Ant1.

i=ko
O
Lemma 5. Consider an AR(1) model with a random, drifting parameter Oy,
X = Xk—10k + & kEN,
where the random variables &, are independent of (X, ..., Xi_1), the o algebra generated

by Xp_1 and for allk € N, E&, = Ef};’ =0, Ef,% = 02 > 0 and, for some constant 0 < ¢ < 5,
E¢t = co*. Let also Xo be such that EX? and EX¢ are bounded. We assume that the
drifting parameter 0y is measurable with respect to o(Xy_1), and verifies |0 < q < 1,
almost surely, for every k € N. Then, for any s such that 45 > (9 — ¢)o?,
5 —

1 o2,

E[min (Xf, s) |Xt_1] >

Proof. Note first that since 02 > 0, if EX2 and EX§ are bounded then we can write
EXS < ¢10? and IEX()l < cgo? for some ¢1, ¢y > 0. Using the independence of the noise
and the bound on the norm of the autoregressive parameters we have that

EX? = E(Xp 10k + &) = E[X7_107) + 2E[ X410, ]E&, + EEE < *EX7_, + 02,
and by using this recursion we conclude that
k-1

- 1
2 2k v2 2 2 2
EX; <q¢"EXy)+o Elqlga <cl+1_q2><oo.
1=

Using the previous display and proceeding in the same way,
EX{ = E(Xp_ 16k + &) < ¢*EXE |+ 6¢20°EXE | + co? < ¢*BEX}E | + o'k,

with k = ¢+ 6¢%c; + 6¢*/(1 — ¢?). Using this recursion we have that

k-1
4 o Akpyd | 4 4 4 k
EX; <q EXO—FUI{'EquEO' <02—|—1_q4><oo.
1=
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We can now use basic properties of the conditional expectation to see that,
E[X7|Xi1] = Xp_10; + 22X 10, K&, + EEL = X710 + 02,
E[X{]| Xe1] = X} 108 — 4X}_ 07EE, + 6X7_07EER — AX,_1OEE] + B¢ =
= X} 10} +6XE 1070 +cot.

For a,b € R we have min(a,b) = (a + b)/2 — |a — b|/2 and so, by the Cauchy-Schwarz
inequality and the last display,

1
E[min <X§,p02> (Xt_l} - E[ x24+ 72 Lo - S1xE - paz“Xt_l}

z ch 02+ 20— + L2 _< [(Xi - PUQ)Z‘XtﬂDIH,
for p > 0. We now have, by plugging in the expressions derived above and simplifying,
E[(X2 = po?)?|Xi1| = E[X{|Xi1] — 200°E[XF| Xi-1] + pP0 =
= X8+ 26 - )X 0807 + (e = 2+ D0 = (XE 0+ o)

if we pick p = (9 —¢)/4 > 1. Combining the previous two displays we conclude that

E{mm <th279 )‘Xt 1} > 52002,
and the statement of the lemma follows a fortiori. O
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