EINDHOVEN
e UNIVERSITY OF
TECHNOLOGY

On parametric and implicit algebraic descriptions of maximum
entropy models

Citation for published version (APA):
Dukkipati, A. (2008). On parametric and implicit algebraic descriptions of maximum entropy models. (Report
Eurandom; Vol. 2008035). Eurandom.

Document status and date:
Published: 01/01/2008

Document Version:
Publisher's PDF, also known as Version of Record (includes final page, issue and volume numbers)

Please check the document version of this publication:

* A submitted manuscript is the version of the article upon submission and before peer-review. There can be
important differences between the submitted version and the official published version of record. People
interested in the research are advised to contact the author for the final version of the publication, or visit the
DOl to the publisher's website.

* The final author version and the galley proof are versions of the publication after peer review.

* The final published version features the final layout of the paper including the volume, issue and page
numbers.

Link to publication

General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

» Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
* You may not further distribute the material or use it for any profit-making activity or commercial gain
* You may freely distribute the URL identifying the publication in the public portal.

If the publication is distributed under the terms of Article 25fa of the Dutch Copyright Act, indicated by the “Taverne” license above, please
follow below link for the End User Agreement:
www.tue.nl/taverne

Take down policy
If you believe that this document breaches copyright please contact us at:

openaccess@tue.nl
providing details and we will investigate your claim.

Download date: 17. Nov. 2023


https://research.tue.nl/en/publications/84e541a1-bb6b-4e2a-b137-4e4a50dd22fb

ON PARAMETRIC AND IMPLICIT ALGEBRAIC DESCRIPTIONS
OF MAXIMUM ENTROPY MODELS

AMBEDKAR DUKKIPATI

ABSTRACT. Main aim of this paper is to present some notions on how results from
commutative algebra and algebraic geometry could be used in representation and
computation of maximum and minimum entropy (ME) models. We show that vari-
ous formulations of estimation of ME models can be transformed to solving systems
of polynomial equations in cases where an integer valued sufficient statistic exists.
We give an implicit description of ME-models by embedding them in algebraic va-
rieties for which we give a Grobner bases method to compute it.

1. INTRODUCTION

Algebra has always played an important role in statistics, a classical example being
linear algebra. There are also many other instances of applying algebraic tools in
statistics (e.g., Diaconis, 1988; Viana and Richards, 2001). But, treating statistical
models as algebraic objects, and thereby using tools of computational commutative
algebra and algebraic geometry in the analysis of statistical models is very recent and
has led to the still evolving field of algebraic statistics.

The use of computational algebra and algebraic geometry in statistics was initiated
in the work of Diaconis and Sturmfels (1998) on exact hypothesis tests of conditional
independence in contingency tables, and in the work of Pistone et al. (2001) in ex-
perimental design. The term ‘Algebraic Statistics’ was first coined in the monograph
by Pistone et al. (2001) and appeared recently in the title of the book by Pachter and
Sturmfels (2005).

To extract the underlying algebraic structures in discrete statistical models, alge-
braic statistics treats statistical models as algebraic varieties. (An algebraic variety
is the set of all solutions to a system of polynomial equations.) Parametric statistical
models are described in terms of a polynomial (or rational) mapping from a set of
parameters to distributions. One can show that many statistical models, for example
independence models, Bernoulli random variables etc. (see Pachter and Sturmfels,
2005) can be given this algebraic formulation, and such models are referred to as
algebraic statistical models.

Information theory has a well established role (c¢f. Kullback, 1959; Csiszar and
Shields, 2004), and within this line of research this paper attempts to treat maximum
entropy models with the above mentioned algebraic formalisms.

We organize our paper as follows. In § 2 we present various formulations of estima-
tion of ME-models in terms of solving a system of polynomial equations. We present
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2 A. DUKKIPATI

basics of Grobner bases theory in § 3 and in § 4 we present ME-models in an algebraic
statistical framework. Finally, we present the implicit descriptions of ME-models in
§ 5 and we make concluding remarks in § 6.

2. ESTIMATION OF ME-MODELS AS POLYNOMIAL SYSTEM SOLVING

2.1. Maximum Entropy models.

Let X be a discrete random variable taking finitely many values from the set [m] =
{1,2,...m}. A probability distribution p of X is naturally represented as a vector
p = (p1,-.-,pm) € R™if we fix the order on [m]. The set of all probability den-
sity functions (pdfs) of X w.r.t counting measure on [m| (we refer to such a pdf as
probability mass functions or pmf) is called the probability simplex

Ap={p=p1,..-.pm) ERZy: Y pi=1} . (2.1)
=1

Suppose that the only information (observations) available about the pmf p =
(1, .-, Pm), of X is in the form of expected values of the functions ¢; : [m] — R,
i=1,...,d (sufficient statistic). We therefore have

Ll =T i=1,...d (2.2)
j=1
where T;, i = 1, ..., d, are assumed to be known. In an information theoretic approach

to statistics, known as Jayens maximum entropy principle (Jaynes, 1957), one would
choose the pmf p € A,, that maximizes the Shannon entropy functional

S(p) = — ij Inp; (2.3)

with respect to the constraints (2.2). The set

j=1

if non-empty, is called a linear family of probability distributions. The corresponding
Lagrangian can be written as

=(p,§) = S(p) — & (ij - 1) - 25 (Z ti(J)p; — Tz‘) : (2.4)

Holding & = (&1, ..., &) fixed, the unconstrained maximum of Lagrangian =(p, £) over
all p € A, is given by an exponential family

pj(§> - Z_l(§> exp <_Z£ztz(]>> 7j = 17 cee, M, (25)
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where Z(§) is a normalizing constant (or partition function) given by

Z(§) = Zexp <— Zfiti(j)) . (2.6)

This model is an exponential family and is known as maximum entropy (ME) model.

One can show that the Lagrange parameters in ME-model (2.5) can be estimated,
when the values of T;, i = 1, ..., d are available, by solving the set of partial differential
equations (Jaynes, 1968)

aa& mZ(E) =T ,i=1,...,d, (2.7)

which has no explicit analytical solution. In this case one could employ Newton-
Raphson procedures. One of the important methods is Darroch and Ratcliff’s gener-
alized iterative scaling algorithm (Darroch and Ratcliff, 1972), which has a geometric
interpretation in information theoretic statistics (Csiszar, 1989).

Here one can show that, by a simple transformation of coordinates and imposing
certain constraints on feature functions one could transform this problem into solving
polynomial equations.

Proposition 2.1. Estimation of the maximum entropy model (2.5), given the infor-
mation in the form of (2.2) amounts to solving a set of polynomial equations provided
that the sufficient statistic t;, i =1,...,d, is nonnegative and integer valued.

Proof. Set §; = —In6,;, i =1,...,d. Now, (2.5) gives us

pj = Z () exp (Z ti(J) ln0i> = Z740) Hgfi(j) ’ (2.8)

where

By substituting these maximum entropy distributions into (2.2) we get

m d
St [[6°Y =1z(0) , =1,....d. (2.10)
j=1 i=1
This can be written as
m d
Sty - [[6rV =0, ¢=1,....4 (2.11)
j=1 i=1
which is a system of polynomial equations in indeterminates 64, ..., 684 since t;, ¢ =
1,...,d, are nonnegative integer valued functions. The solution of system of poly-

nomial equations (2.11) gives the maximum entropy model specified by the available
information (2.2). O
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Later in this paper, we show that one could alternatively give an ‘implicit’ repre-
sentation of ME-models (polynomial equations involving only p1, ..., p,). Before we
study algebraic formalisms for representation of ME-models, we study applicability
of two other cases of ME estimation, namely, the dual method and Kullback-Csiszar’s
iterative methods.

2.2. Dual Method. By using the Karush-Kuhn-Tucker theorem one can calculate
the Lagrange parameters &, i = 1,...,d, in (2.5) by optimizing the dual of Z(p,&).
That is, the task is to find £ that maximizes

() == ¢) - (2.12)
Note that ¥(£) is nothing but the entropy of ME-distribution (2.5), and we get
d
V) =mZ+» &T; . (2.13)

This can be written as

() = anexp <—Zfitz‘(j)> ‘i‘Zfz’Tz‘

= I} exp <Z&<Ti—ti(j>>) : (2.14)

Note that maximizing ¥ () is equivalent to maximizing

W) =Y exp (Z &(T; - tio))) . (215)

By introducing & = —In#;, i = 1,...,d, we maximize (for convenience we use same

notation W)
m d

OEDY | [l (2.16)
j=1 i=1
The solution is given by solving the following set of equations

—=0,5=1,...d. 2.17
o0, j (2.17)
Unfortunately, this does not give rise to solving polynomial equations. With this
observation, we now consider the case where the expected values are available as
sample means.

In most practical problems the information in the form of expected values is
available via sample or empirical means. That is, given a sequence of observations
Xi,...,Xn (i.i.d. random variables) the sample means T;, i = 1,...,d, with respect
to the functions ¢;, i = 1,...,d are given by

N
1
T.==> t(Xy),i=1,...,d, 2.18
N; (Xe), 1 (2.18)
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and the underlying hypothesis is that T; ~ T;. That is

m N

1
Y piti(i) = = Y (Xe) i=1,....d. 2.19
j:1p] (]) NEZ]- ( Z) ¢ ( )

We show that, by choosing alternate Lagrangian in the place of (2.4) we can transform
the parameter estimation of ME-model to a problem of solving a set of polynomial
(Laurent) equations. (Laurent polynomial is a polynomial where exponents can be
negative; see § 3).

Proposition 2.2. Given the hypothesis (2.19), the problem of estimating the ME-
model (2.5) with respect to (2.2) in the dual method amounts to solving a set of
Laurent polynomial equations (assuming that the sufficient statistic is nonnegative
and integer valued).

Proof. To retain the integer valued exponents in our final solution, by the hypothesis
(2.19) we consider the constrains in the form

N> t(pj=0i, i=1,...d, (2.20)

where 0; = S_N ,(0;) denotes the integer valued sample sum. In this case La-
grangian may be written as

=(p, &) = S(p) — & <ij - 1) - ng <N ‘ piti(j) — Uz’) - (2.21)

This results in the ME-distribution
~ ~ o~ d ~
i=1

where Z (5 ) is the normalizing constant given by

Z() = _exp (—NZ@U)) : (2.23)

To calculate the parameters we maximize the dual \Tf(g) of é(p, 5) That is, we
maximize the functional

VE)=mZ+» &oj . (2.24)

i=1

This is equivalent to optimizing the functional

\ff(g) = Zexp (Z &0 — NZ@E(]))
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By setting Ing; = EZ we have
m d
OESI | (2.25)
j=1 i=1

The solution is given by solving the following set of equations

Ov
00;
Note that gg’_ is a Laurent polynomial and hence the result is implied. [

We mention here that Grobner bases methods have been extended to the case of
Laurent polynomials (Pauer and Unterkircher, 1999); we will not address this issue
in this paper.

2.3. Estimation by the Minimum I-Divergence principle. The Minimum I-
divergence principle is a generalization of the maximum entropy principle that con-
siders the cases where a prior estimate of the distribution p is available. Given a
prior estimate r € A,, and information in the form of (2.2), one would choose the pdf
p € A,, that minimizes the Kullback-Leibler divergence

I(pl|r) Zpg ln (2.27)

with respect to the constraints (2.2). The corresponding minimum entropy distribu-
tions are in the form of

pi(§) = Z2(§)” r]exp< qu ) =1,...,m, (2.28)

where Z(§) is normalizing constant given by

= Z Tj eXp <— Z fiti(j)) . (2.29)

It is easy to see that estimating minimum entropy distributions can be translated to
solving polynomial equations, when the feature functions are nonnegative and integer
valued. Polynomial system one would solve in this case is

Zr] t(j) = T)) Het i) = (=1,....d (2.30)

Hence we have the following proposition.

Proposition 2.3. The estimation of minimum entropy model (2.28) given the infor-
mation in the form of (2.2) amounts to solving a set of polynomial equations provided
that the sufficient statistic t;, i =1,...,d are nonnegative and integer valued.
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Estimating ME-distributions involves solving a system of nonlinear equations, si-
multaneously, which becomes computationally inefficient. Here, one would employ
an iterative method where one would estimate the distribution considering only one
constraint at a time. We describe this procedure as follows.

At the N iteration, the algorithm computes the distribution p) that minimizes
I(p™)||p™N=1) with respect the i constraint, if N = ad+i (1 < i < d) for any positive
integer a. This iteration will ultimately converge to the maximum entropy distribu-
tion, which is demonstrated for discrete distributions by Ireland and Kullback (1968),
and for continuous distributions by Kullback (1968). A general and rigorous treat-
ment of convergence, existence, and uniqueness analysis is given by Csiszar (1975).
We refer to this iteration as Kullback-Csiszar iteration.

In this iterative procedure, we have p(® = r and p(!) is given by
—1 .
pgl) =7 (Z(l)) Cfl(])>

where (Z() ) = > ]Q . The first constraint in (2.2) can be estimated by
solving polynomial equation

m

> riti(G) - T =0, (2.31)

j=1
with indeterminate (;. Similarly we have
-1 143 ;
pgz) =7 (Z(l)) (Z(z)) Cfl(])é-;z(]) 7

where (Z(z))_1 = ¢ Considering the first two constrains in (2.2) the ME
distribution can be estimated by solving

> rita(h) — L)V =0, (2.32)
i=1
along with (2.31).
In general, when N = ad + i for some positive integer a, p] ,for N=1,2...1is

given by
—1
p§N) ZT’j(Z(l)) (Z(N)) tl(J CN
and is determined by the following system of polynomlal equations

)

Z tl tl(]) =0,

J=1

er(h(j) ~ 1)V =0,
j=1 (2.33)

Zr] tl(]) 5 2(7) o C]t\zf(]) =0 .
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Note that this system has a triangular structure which makes it easy to solve.
Also one could observe that the technique of Kullback-Csiszar iteration reflects in the
system of polynomial equations which determines the ME distribution.

3. GROBNER BASES FUNDAMENTALS

Grobner bases were introduced by Buchberger (1965) as a computational tool for
testing solvability of polynomial equations. It serves as a general algorithmic solution
of some fundamental problems in commutative algebra (polynomial ideal theory and
algebraic geometry). Since then the theory of Grébner bases has held an important
place in mathematical research. In this section we give a brief introduction to Grobner
bases.

Basic problem of algebraic geometry is to understand the set of points (a1, ..., a,) €
k™ satisfying a system of polynomial equations fi(xy,...,z,) =0,..., fo(x1,...,2,) =
0 where fi,...,fs € k[zy,...,2,]. Here, and throughout this paper, k represents a
field (e.g., R, C). The algebraic closure of the field & is represented by & (the algebraic
closure of R is C). k[zy,...,x,] denotes the set of all polynomials in indeterminates
T1,...,%,. From now on k represents the field R and k represents C. Though we
work with R, we use k for a field.

A monomial in indeterminates x1, ..., z, is a power product of the form z{* ...z,
where all the exponents are nonnegative integers, i.e. o; € Z>g, @ = 1,...n. One can
simplify the notation for monomial as follows: denote o = («y, ..., a,) € Z%, and by
using multi-index notation we set -

=2z

(e79)
n

with the understanding that = = (z1,...,x,). Note that z* = 1 whenever a@ =
(0,...,0). Once the order of the indeterminates is fixed, the monomial 7" ... 20" =
x® is identified by (a1, ...,a,). Hence, the set of all monomials in indeterminates
Z1,...,%, can be represented by Z%,. A polynomial f in inderterminates xy,...,z,

with coefficients in £ is a finite linear combination of monomials and can be written

in the form of
f=2_ an”

acAy
where Ay C Z%, is a finite set and a, € k. The collection of all such polynomials
k[x1,...,x,] has the structure not only of a vector space but also of a ring. Indeed
the ring structure of k[zy,...,x,] plays a main role in computational algebra and
algebraic geometry. The ring k[zi,...,x,] is called the ring of polynomials in n
indeterminates. If we allow negative exponents, i.e., the polynomial of the form
f =2 A aex® where a € Z", it is known as Laurent polynomial (A; C Z%, is
finite). The set of all Laurent polynomials in the indeterminates x1, ..., x, is denoted

by klx1, ..., zn, 27", ... 2 or k[, ... 2] and it has the structure of a ring.

A subset a C k[z1,...,x,] is said to be an ideal if it satisfies: (i) 0 € a (ii) f, g € a,
then f+ g € a (iii) f € aand h € k[zy,...,2,) then hf € a. A set V C k" is said to
be an algebraic variety if there exist fi,..., fs € k[x1, ..., z,] such that

V=A(c1,...cp) €K": filcr,...cn) =0,1 <i<s} .
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We use the notation V(fi,..., fs) = V to represent the varieties. In this case V is
uniquely determined by the ideal generated by f1,..., fs. This ideal is denoted by
(f1,...,fs) and hence we have

V(fl?"'afs) :V(<fl>afs>) .
Further,
<f17"'7f8> = <gl>"'agt> :>V(fl>"'afs) :V(gl7"'agt) .

Though one can recover varieties from the ideals, the converse is not true. To see
this we need the following notion of vanishing ideal of a variety. The vanishing ideal
of a variety 2 C k" is defined as

I(E)=Af€klr1,...,x,] : f(a) =0,Ya € E} |
which is, indeed an ideal. Further, this definition can be extended to any arbitrary
subset of k™. Now, varieties can be uniquely identified by their corresponding vanish-
ing ideals. That is
V=W-<=I(V)=Z(W) .
For any algebraic variety V' C k™ we have
VCviIEw)) .

But when it comes to recovering ideals from varieties we have

(fr,. i o) SZOV(f, -0 )

and by Hilbert’s Nullstellensatz (Adams and Loustaunau, 1994, p. 62) given a variety,
we can recover the ideal up to its radical only in the case of algebraically closed fields.

The basic idea behind Grobner bases is the generalization of the division algorithm
in a single variable case (k[x]) to the multivariate case (k[z1,...,x,]). For this we
need the notion of monomial order.

Definition 3.1. A monomial order or term order on k(x1, ..., xz,] is a relation < (we
use > for the corresponding ‘greater than’) on ZZ, that satisfies following conditions
(i) < is a total (or linear) ordering on 72, (ii) if o < 3, for o, B € Z%, then for any
v € ZR, it holds o+ < B+, and (iii) < is a well-ordering on Z%,.

Given such an ordering <, one can define the leading term of non-zero polynomial
f € k[zy,...,x,] as the term of f (the coefficient times its monomial) whose monomial
is maximal for <. We denote this leading term by LT.(f) and the corresponding
monomial is denoted by LML (f).

Definition 3.2. An ideal a C k[xy,...,x,] is said to be a monomial ideal if there is
a set A C 7%, possibly infinite, such that a = (z : o € A).

Given any ideal a C Ek[xy,...,x,], the ideal defined as (LM< f : f € a) is a
monomial ideal and is denoted by LM (a), which is known as leading monomial ideal
of a. By Dickson’s lemma (Cox et al., 1991, p. 69), the ideal LT (a) is generated by
a finite set of monomials. Dickson’s lemma and the multivariate division algorithm
leads to a proof of Hilbert bases theorem which states that every polynomial ideal
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can be finitely generated, which further lead to a definition of Grébner basis (see Cox
et al., 1991, § 2.5).

Definition 3.3. Fiz a monomial order < on kl[zy,...,x,]. A finite subset G =
{g1,--.,9¢} of an ideal a C k[xq,...,x,] is a Grébner basis if and only if

LT<(a> = <LT<(91>7 s 7LT<(gt)>‘

Given a set of generators of an ideal, the Buchberger algorithm (Buchberger and
Grobner, 1985) can be used to compute a Grébner basis of the ideal with respect to
various term orders. The algorithm and its variants are implemented in most symbolic
computation programs. Note that a Grobner basis is not unique, but one can trans-
form it to a reduced Grobner basis which is unique for every ideal in k[z1, ..., z,]. The
Buchberger algorithm provides a common generalization of the Euclidean algorithm
and the Gaussian elimination algorithm to multivariate polynomial rings.

One of the important results in Grobner bases theory is the elimination theorem,
which we will use in the next section, and here we present a brief discussion on it.

Definition 3.4. Consider k[z1,...,%n, Y1, .,Ym] a polynomial ring in indetermi-
nates Ty, ..., Tn, Y1, .., Ym- We refer to {xy,...,x,} as x-variables and {y1, ..., ym}
as y-variables. Let <, and <, be monomial orderings on x and y variables respec-
tively. Define an ordering relation <((zy-g on ZZ§™ (i.e set of all monomials in
indeterminates 1, ..., Tn, Y1, -, Ym) as follows:

a(l) _<z a(2)
o g a® e
Ty <{z}={w T Y <~ or ,
! ol = a® and AU <, 4O

where oM, a? € 7%y and s 32 ¢ ZZy. The term order <((z)»(yy @S called elimi-
nation order with the x variables larger than the y variables (which is indeed a term
order).

Similarly one can define elimination order for more than two subsets of indetermi-
nates. For example, one can consider a polynomial ring k[z, y, z] in z, y and z variables
and one can define an elimination term order <[z} {y}~{z}- An example for this is
term order <[(z}»..»{,}] (or simply we denote this as <[z, +,]) on polynomial ring
k’[l’l, c. ,xn].

Now we are ready to define important algebraic objects called elimination ideals.

Definition 3.5. Given a C k[x1, ..., x,|, the " elimination ideal a; in the polynomial
ring klxii1, ..., 2z, is defined as a; = a N k[zyq, ..., 2]

With these concepts we now state the elimination theorem.

Theorem 3.6. (Adams and Loustaunau, 1994, p. 69) Let a C k[xy,...,x,] be an
ideal and let G C k[xy,...,xz,| be a Grébner basis of a with respect a term order
{z1,..., 2} = {131, .., 2} (for example consider the term order x1 > ... = x,) for
0 <1 <mn. Then the set G; = GNk[x111,...,x,] is a Grobner basis of I'" elimination
ideal ay.
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4. ME IN THE FRAMEWORK OF ALGEBRAIC STATISTICS

There has been some attempts to give a common terminology for the rapidly devel-
oping field of algebraic statistics (e.g., Drton and Sullivant, 2006). Here, we adopt
the appropriate definition of statistical model from (Pachter and Sturmfels, 2005).

A statistical model M is a subset of A,, and is said to be algebraic if 3f1,..., f, €
k[p1,...,Dpm] such that

M=V(f1,....fs) VA, .

Let © C R? be a parameter space and x : © — A,, be a map. The image x(0)
is called a parametric statistical model. Given a statistical model M C A,,, by
parametrization of M we mean, identifying a set © C R? and a function x : © — A,,
such that M = k(0). To define an algebraic counter part of parametric statistical
models one needs some restrictions on © and x which are of algebraic nature. First,
we need the following definition.

Definition 4.1. A set © C RY is called a semi-algebraic set, if there are two finite
collections of polynomials F' C k[z1,...,x4] and G C klxy, ..., x4] such that

O={0ecR: f(§) =0,Vf € Fandg(f) >0,9 € G} .

The simplest example of a semialgebraic set is the probability simplex A,, itself.
In general, any convex polyhedron or polytope is semialgebraic (the requisite G and
G will consist of linear polynomials).

Now we have the following definition of parametric algebraic statistical model.

Definition 4.2. Let A,, be a probability simplex and © C R? be a semi-algebraic
set. Let k : RT — R™ be a rational function (a rational function is a quotient of
two polynomials) such that k(©) C A,,. Then the image M = k(0©) is a parametric
algebraic statistical model.

Conversely, a parametric statistical model M = k(©) C A,, is said to be algebraic
if © is a semi-algebraic set and x is a rational function. From now on we refer to
‘parametric algebraic statistical models’ as ‘algebraic statistical models’.

In this paper we consider the following special case of algebraic statistical models
(cf. Pachter and Sturmfels, 2005, p. 7). Consider a map

k:O(CRY) — R™
0= (01,...,04) — (k1(0),...,5km(0)) ,

where k; € k[fy,...,04). We assume that O satisfies x;(6) > 0, i = 1,...,m, and
S ki(0) = 1 for any # € ©. Under these conditions k(©) is indeed an algebraic
statistical model (Definition 4.2) since x(©) C A,,, k is a polynomial function and
© is a semi-algebraic set (F = {> " k; —1} and G = {k;:i=1,...,m} in the
Definition 4.1).

Some statistical models are naturally given by a polynomial map « (4.1) for which
the condition Y ", £;(8) = 1 does not hold. If this is the case, one may consider the

(4.1)
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following algebraic statistical model:

1
iy ki(0)
assuming that the remaining conditions that have been specified for the model (4.1)
are valid here too. The only difference is that instead of x being a polynomial map,

we have it as a rational map. One can show that many statistical models are algebraic
statistical models, for reference see (Pachter and Sturmfels, 2005).

K0 =(0,....00)— (k1(0), ..., o (6)) (4.2)

Now by setting & = —In6;, i = 1,...,d in (2.5) one can verify that ME-models
are algebraic statistical models.

5. EMBEDDING ME-MODELS IN ALGEBRAIC VARIETIES

Given a positive integer valued sufficient statistic ¢;,7 = 1,...,d, we have maximum
entropy model as image of

f ckd M W
t(1) t;(m)
(91, C. aed) — < ;'121 0; . ;'1:1 9; ) ] (51)

m t; j . m t;(m
DOV § AR AAEREE N § FA

where W = V(37" [T, 69)). Note that this is bigger parametrization as we allow
negative probabilities. Also note that the image of a polynomial map (or rational
map) need not be a variety. In this case, the usual technique employed is to take the
Zariski closure (Zariski closure of a set A C k™ is the smallest variety that contains
A (Adams and Loustaunau, 1994, §2.5)). By the following result, one could give an
algebraic description for the ME-model (i.e., im(f)) in (5.1).

Theorem 5.1. Let f be a polynomial function that parametrizes a mazimum entropy
model with respect to sufficient statistics t; : R — Zxq according to (5.1). Then

im(f) € Vlker() NV(Y_p; = 1) (5.2)

where f* is a k-algebra homomorphism!
F kp, . pm] — k6o, ..., 04
d
i=1

Further V(ker(f*))NV(3_7%, pj—1) is the smallest variety that contains the mazimum
entropy model.

i-algebra homomorphism is a ring homomorphism
ik, Ym] — Elxr, .., 2]
which is also a k-vector space linear transformation. Such a map is uniquely determined by
Yy —hy

where h; € k[z1,...,z,],i=1,...,m.
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Proof. Define an ‘unnormalized” ME model given sufficient statistic ¢;,7 = 1,...,d,
as image of k-algebra homomorphism
f S d+l _ em

(5.4)

(90, ‘91, S ,Qd) — ((90 H?:l ‘9:1(1)7 e (90 H?:l efz(m))

Now we claim that

im(f) =im(f) N A, . (5.5)

Clearly we have im(f) C im(f) N A,,. Let a = (ay,...,ay) € im(f) N A,,. Then
I(bo, by, ..., bg) € kT such that

d
aj=b [0V j=1.....m
=1

Since a € A,,, 7", a; = 1 implies

m d
bo—l _ Z H bzz(]) )
j=1 i=1
Hence a € im(f) and im(f) D im(f) N A,

Now we only have to show that im(f) C V(ker(f*)).
By the theorem of polynomial implicitization (Cox et al., 1991, p. 126) we have

im(f) CV(aNklps,...,pml) , (5.6)

where

d
a= <pj—90H92t-i(j) :jzl,...,m>
i=1

ank[py, . .., pm] is nothing but the kernel of k-algebra homomorphism defined by (5.3) (Adams
and Loustaunau, 1994, Theorem 2.42, p. 81). Hence the result. 0

The following corollary is part of the above proof.
Corollary 5.2.
im(f) CV(@nklpr,..,pa]) NV 9 —1) (5.7)

j=1

where
d .
a= <pj —QOHH?(J) cj= 1,...,m>
i=1

By the elimination theorem (Theorem 3.6) we can find the generators for ideal

ker(f*) easily by first computing the Grébner bases for a and removing all the poly-
nomials involving indeterminates 61, ..., 0.



14 A. DUKKIPATI

Corollary 5.3. (By Elimination theorem)

im(f) CV(GNE[pr,....pa)) OV pi—1) , (5.8)

J=1

where G is the Grobner basis of

d
a= <pj—90H92t-i(j) :jzl,...,m>
i=1

with respect to a term order satisfying {p1,...,pm} < {01,...,04}.

The following comments are in place. Here, we compute an implicitly defined
nonnormalized ME model and then intersect with the linear variety V(32 _, pr — 1)
to give an implicit representation for the ME-model. This gives rise to an implicit
representation of the ME-model, which contains only binomials. These ideals of the
form ker(f*) are known as toric ideals and they are very well studied in the literature.
Also by using toric ideal theory (see Sturmfels, 1996) one could extend the above

results to situations where our sufficient statistic could be negative.

On the other hand, the ME model (5.1) can be viewed as rational mapping and
one can apply the implicitization theorem for rational functions (Cox et al., 1991, p.
130) to get another implicit representation. But in this case generators of the implicit
representation need not be binomials.

Now we demonstrate the implicit ME models with an example. Consider the fol-

lowing sufficient statistic
1
1 ) ) (5.9)
The corresponding ME model can be written as
020, 0,02 030, 0,05 0705 0205 0.0,
zZ'z zZz'Z'zZZZ ’
where Z = 020y + 0,03 + 030, + 0,05 + 0203 + 6203 + 0,0,.
The corresponding unnormalized ME model is

(pla D2, P3, P4, Ps, p67p7) = (909%92, 9091937 909?92, 9091937 909?9;’, 909%937 909192)

—_ W
= =
wW Ot
w N

‘ 1
ti(D](=1,2)x(G=1,...77) = ( 1 2

(pl,p?ap3ap4ap57p6ap7) = <

Now let a be the ideal generated by the polynomials
p1— 909%92, D2 — 909193,
ps — 909%92, DPs — 909193,
Ps — 909?937 Ps — 909%937
pr — 0ot 02

in k[p1,p2, Ps3, Pa, D5, D, P, 00, 01, 62]. By using Mathematica software, the Grobner
basis for the above ideal a with the term order

P1 < P2 < Pp3 < ps=<pPs < ps < Dpr <6 <0
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can be found as

—p7 + o001,
162 — pabh,
p1p7 — p3bo,
P2Pe — PaPi,
p201 — p3ba,
p20261 — pe,
pap3ti — psb,
3t — pebh,
P50t — peps,
p%QQ - p1607
psprbs — pi,
P?ﬁz — PsDr,

p2p3la — pepi,
bapspr — p2987
Pspi — Pspa,
papt — Pepr,
pep1 — papsbo,
P2P:2>, — p1psbh,
PGQ? — Ps,
pepst; — pips,
p%(g% — papsta,
pap30y — pep16o,
papsprb1 — peps,
papap761pE0o,
pipsbh — pi,
psps — p3p1bo,
pap} — pibh,
p4p3p% - p2p5987
pap3p7 — Pipsbo,
P%P? — papapsbo,
pab — psbs,
Pipsp3 — pgbho,

P16 — ps,
D2l — pabh,
P1P2 — PeP7,
D2 — P4pr,
pr0201 — p1,
peprth — paps,
p7«9§ — P2,
p29§ — P4,
P30z — pa,

pspra — pepsbh,
D2p702 — pebo,
Pap3bts — ng
p6p$ — pap3bh,
pi — psprbo,
p6p% — papsbh,
PeP3sP1 — P2P5P7,
p4p§ — pepstho,
Paps — Papspr,
P4p79% — PeP1,
P4p39% — D2Ps,
p5p$6’1 - p1p§,
pzp%’l - pfeoj
Pap3prti — papsbo,
PeP301 — PiDs,
Pebh — Papaps,
P4p§ - p6p19(2)7
Papsps — Pep3bo,
papap? — Pebh,
papspr — Pebo,
peps — Pap7bo,
p2p5p791 - pg,
P — p2pipsps.

15

From Corollary 5.3 the maximum entropy model is contained in the variety defined

by the polynomials

We denote this collection of polynomials by M C k[py, ...

b1p2 — PePr, p2pg - p4p%, .
Pg : pgp% p3p1 — 1_751777 Z pi— 1.
Pap1 — PePr, DPeP3P1 — P2P5P7, p—
DED3 — DaPsPr, DY — Dapipsps,

that captures the data in the form of constraints (2.2) by

D= {Zti(j)pj —Ti:i=1,2} Cklpy,...,p7 -
j=1

, 7] and denote polynomials
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Now, we can say that the maximum entropy model given by the sufficient statistic
(5.9) is contained in the algebraic variety V(M) and given the values of T} and 75 the
maximum entropy distribution is contained in the variety V(M) N V(D).

Finally, one could conclude that in the case of maximum entropy both the model
and the data can be embedded in algebraic varieties and the maximum entropy dis-
tribution itself is contained in the intersection of these varieties.

6. CLOSING REMARKS

In this paper we attempted to give an algebraic descriptions of ME-models in the
finitely discrete case. It might seem that this paper studied a particular case, but the
reader should be aware of the fact that any distribution, be it one- or multidimen-
sional, may be approximated by a discrete distribution, arbitrarily closely.

We showed that estimation of ME-models can be transformed to solving a sys-
tem of polynomial equations and we discussed various cases, viz., Primal, Dual and
Kullback-Csiszar iteration, in this respect. We also showed that the ME-model can
be treated with Toric ideals and can be embedded in algebraic varieties by Grobner
bases methods. By this we demonstrated that in the case of ME, both model and
data can be represented by algebraic varieties, implicitly, and we hope that this result
paves a way to work on algebraic geometry of information theoretic statistics.
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