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Summary

In this thesis a research project is presented that analyses to what extend 3D
length measurements can be used for accuracy analysis of multi-axis machines.
The scope of this research project is focussed on geometrical and thermally
induced positioning errors of multi-axis machines, with a serial kinematic struc-
ture.

The choice for using length measurements over other measuring devices is
motivated by the related costs of measurement. These costs are determined by
the measurement equipment, manpower required and, especially, by the required
measurement (setup) time. Since the length measurements proposed can be
executed in a short period of time with relatively little e�ort and specialistic
knowledge, a large reduction of the related costs has been realised.

Since the major part of the measured positioning errors of a multi-axis ma-
chine reveals systematic behaviour, machine error models can be constructed
to describe the error measured coherently with respect to the responsible error
sources. Applying such machine error models results in a signi�cantly improved
positioning behaviour of the respective machine, when performing error com-
pensation.

For this purpose, a geometrical and a thermal error model have been de-
rived and proposed in this thesis. The geometrical error model contain some
unknown parameters, which are estimated from length measurement data us-
ing least squares regression techniques. In order to be able to determine all
the parameters of the geometrical error model, the measurement setup must
satisfy certain conditions, as explained in this thesis. Therefore a measurement
strategy is proposed, prescribing the spatial distribution of the length measure-
ments to be performed in the machine's working volume. These measurements
can be executed in three hours only, which is much less than for conventional
measurement techniques (typically two days).

For the validation of the geometrical and thermo-mechanical error models, a
Maho 700S milling machine is used. The geometrical errors of this machine vary
between �20 �m and +35 �m throughout its working volume and these errors
can be reduced to �4 �m by using the geometrical error model. In general, the
degree of improvement of the machine's positioning behaviour depends on the
ratio of the random and systematic part of the geometrical errors measured,
which is machine speci�c. For modern machines a factor 5-7 of improvement
concerning its positioning behaviour may be possible. The thermally induced
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ii Summary

positioning errors of a machine tool constitute the major part of the position-
ing errors of the machine considered. For the machine used, its thermal errors
exceed 100 �m and this kind of errors can be predicted for about 60%, using
a rather simple error model. To enhance the performance of the thermal error
model, further research is required. For the measurement of the thermally in-
duced positioning errors of a machine tool, which vary in time, application of
length measurements is introduced in this thesis as a new, pioneering measure-
ment technique.

Besides error compensation, the geometrical error model with its estimated
parameters as obtained by using length measurements can also be used for
diagnostic purposes, (i.e. error tracing). This means that with the method
proposed statements can be made about the origin of certain geometrical errors
measured. In addition, the method proposed is also suitable for acceptance
testing and periodic inspection of machines. Possibilities to analyse the e�ect
of thermally induced errors for speci�c operation tasks are available as well e.g.
for reducing tolerance levels of workpieces by adjusting machining operations.



Samenvatting

Dit proefschrift beschrijft een studie naar de mogelijkheden om lengtemetin-
gen in het arbeidsvolume van een machine te gebruiken voor het analyseren
van de positioneringsnauwkeurigheid van meer-assige machines. Dit onderzoek
richt zich enkel op geometrische en thermische afwijkingen; het e�ect van an-
dere afwijkingensbronnen op het positioneringsgedrag van machines is buiten
beschouwing gebleven. De assen van een dergelijke machine moeten serieel met
elkaar in verbinding staan.

Door de keuze voor lengtemetingen wordt een aanzienlijke verlaging van
de gerelateerde meetkosten beoogd. Deze kosten worden, behalve door het
meetinstrument en de benodigde kennis, voornamelijk bepaald door de meettijd.
Aangezien lengtemetingen relatief eenvoudig en snel kunnen worden uitgevoerd
zonder specialistische kennis, is een aanzienlijke kostenreductie gerealiseerd met
de voorgestelde meettechniek.

Het merendeel van gemeten machine-afwijkingen blijkt in de praktijk sys-
tematisch gedrag te vertonen. Door nu modellen op te stellen die deze machine-
afwijkingen beschrijven, in relatie tot de bijbehorende foutenbron, kan het posi-
tioneringsgedrag van dergelijke machine's aanzienlijk worden verbeterd wanneer
deze modellen daadwerkelijk gebruikt worden voor correctiedoeleinden.

Ten behoeve van het corrigeren van een machine voor geometrische en ther-
mische machine-afwijkingen wordt er in dit proefschrift een geometrisch en
thermisch fouten-model gepresenteerd. Het geometrische fouten-model bevat
parameters welke uit lengtemeetdata worden afgeschat met behulp van lineaire
regressie. Hiervoor moet de ruimtelijke verdeling van de lengtemetingen in het
arbeidsvolume van de machine wel aan bepaalde voorwaarden voldoen, welke in
dit proefschrift zijn geformuleerd. De voorgeschreven lengtemetingen kunnen in
slechts drie uur tijd worden uitgevoerd. Conventionele meettechnieken vergen
een typische meettijd van zo'n twee dagen.

Metingen ter validatie van de voorgestelde fouten-modellen zijn uitgevoerd
op een Maho 700S freesmachine. De geometrische afwijkingen van deze machine
vari�eren van �20 �m tot +35 �m in zijn arbeidsvolume en deze afwijkingen wor-
den gereduceerd tot slechts �4 �m bij toepassing van het geometrische fouten-
model. De mate van reductie van machine-afwijkingen hangt af van de verhoud-
ing tussen de toevallige en systematische afwijkingen, welke machine speci�ek
zijn. In het algemeen is verbetering van het positioneringsgedrag van moderne
machines met een factor 5-7 mogelijk. Het grootste gedeelte van de gemeten
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iv Samenvatting

positioneringsafwijkingen van de beschouwde freesmachine wordt veroorzaakt
door zijn thermische gedrag: deze afwijkingen kunnen zelfs groter zijn dan
�100 �m. Met een betrekkelijk eenvoudig thermisch fouten-model kan zo'n
60% van de gemeten lengteveranderingen worden verklaard. Voor een verdere
verbetering is aanvullend onderzoek vereist. Het toepassen van lengtemetingen
voor het bepalen van thermische machine-afwijkingen kan als innovatief worden
beschouwd.

Naast het compenseren voor afwijkingen kan het voorgestelde geometrische
fouten-model ook worden gebruikt voor het opsporen en kwanti�ceren van
foutenbronnen. Tevens is de beschreven meetmethode uitermate geschikt voor
machine-afname en het uitvoeren van periodieke machine inspecties, bijvoor-
beeld ten behoeve van het waarborgen van de kwaliteit van een machinepark.
Bovendien kan het model worden toegepast om het e�ect van thermo-mechanische
machine afwijkingen voor speci�eke bewerkingen van een werkstuk te analyseren
en/of te verbeteren .
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Chapter 1

Introduction

This thesis deals with the accuracy analysis of multi-axis machines based on 3D
length measurements. The general goal is to develop a method for describing
the machine's positioning behaviour throughout its working volume resulting
from its geometrical and thermo-mechanical error structure. In this chapter
the major error sources a�ecting the machine's accuracy are presented based
on a literature overview. Since a large variety of multi-axis machines exists, a
selection has to be made for which class the method developed can be applied.
The same applies for the type of machine errors to be described.

In this thesis 3D length measurements are used to measure the machine's
positioning errors. Our goal is to develop an accurate and reliable measurement
method and strategy that can be performed fast with relatively little e�ort and
with minimal costs in order to make it suitable for practical applications in
industry. Examples of such applications are machine acceptance tests, machine
calibrations, quality control of machines and/or error compensation to improve
the machine's positioning performance. Since the measurement related costs
are mainly determined by the time required, considerable attention is paid to
minimize this time.

1.1 Multi-axis machines

Multi-axis machines are used extensively in modern manufacturing, due to their

exibility to perform a large variety of (complex) tasks. Such a task involves
the generation of a speci�ed spatial trajectory or a certain position/orientation
of an end-e�ector (like a tool, probe, gripper etc.) with respect to a certain
reference, usually a workpiece. These tasks have a relative character and can
be divided into three classes [Soo 93]:

1. Measurement;

2. Machining;

3. Manipulating/Handling.

1



2 Introduction

ad 1) Typical multi-axis machines used for measurement tasks are Coordi-
nate Measuring Machines (CMMs). In this case the machine is equipped with
a probe able to detect a surface while moving towards the workpiece (disre-
garding CMMs used in `scanning mode' where the probe moves continuously in
contact with the surface). Two kinds of probing systems can be distinguished:
conventional touch-trigger probes and so-called measuring probes. If such a
probing-point is detected the machine's axis positions are stored and later the
workpiece dimensions and geometry can be estimated by using these stored
coordinates. Due to its application only the point accuracy is important for
the proper functioning of the machine; the relative probe position in between
measuring points is irrelevant.

ad 2) For machining operations the machine's end-e�ector is used to trans-
form, add or remove material from a workpiece by means of a tool. Obviously
the accuracy of the tool trajectory with respect to the workpiece is important
here since the tool is in contact with the workpiece while moving. Typical
machining operations are milling, turning, grinding, deburring, welding, laser
cutting (considering the laser beam as a `tool') and electrical discharge machin-
ing (EDM).

ad 3) In this case the multi-axis machine is used for moving/manipulating
a workpiece or object according to a speci�ed trajectory relative to other work-
pieces or machines. Typical examples of manipulating, handling operations are
assembly and (un-) loading of machines. In this case the machine's end-e�ector
contains a certain gripper, possibly extended with additional functions. Exam-
ples of such end-e�ector integrated functions are force controlling units (i.e. for
mounting a part with pre-load) and heating units (i.e. for melting a manipu-
lated object) etc. Typical machines belonging to this class are Surface Mounting
Devices (SMD) machines, assembly robots, wafer steppers etc.

The classes distinguished here should be considered as a coarse classi�cation
due to the versatile nature of existing multi-axis machines. These kind of ma-
chines often can perform multiple tasks: a milling machine can be equipped with
a probe system and speci�c software, transforming the machine into a kind of
CMM for example. Also application of robot arms used for coordinate metrol-
ogy and CMMs employed for light machining operations have been reported
[Dea 92] [Kef 90].

The accuracy of a task performed by a multi-axis machine is obviously de-
termined by the capabilities of the machine to control the relative end-e�ector
position, orientation and trajectory with respect to the workpiece. For proper
functioning of the machine, the tolerance on the relative end-e�ector position,
orientation and trajectory must be below a certain level. In this thesis consid-
erable attention is paid to the errors in this relative trajectory.

In general multi-axis machines contain an end-e�ector that can be posi-
tioned with respect to a workpiece. In between, the machine's axes are present
to generate the relative end-e�ector trajectory, which are parts of the machine's
structural loop. The structural loop of a multi-axis machine comprises the me-
chanical components that realize the relative position and orientation between
the end-e�ector's functional point and the workpiece (including the end-e�ector
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itself). The machine's axes present in this structural loop can be connected in
three di�erent ways:

� Serial;

� Parallel;

� Hybrid con�guration.

The most common way to connect the machine's axes is by means of a serial
kinematic structure. In this case a change in axis position is re
ected directly
in the relative end-e�ector position. Most conventional machines and robots
belong to this class of machines which is subject of this thesis.

Gough [Gou 62] used multi-axis machines equipped with a parallel kinematic
structure in 1949 for testing tyres. In this case the machine's axes are connected
in a parallel way. Complex geometrical relations exist between the relative end-
e�ector position and the axis positions due to the spatial axis con�guration.
This idea is later employed by Stewart [Ste 65] in the base of a 
ight simulator
for generating movements in six degrees of freedom, as reported in 1965. This
class of machines are referred to as Stewart platforms or so-called hexapods
and this idea is used for general-purpose multi-axis machines later, mainly high
speed machining. Although this class of machines is gaining considerable atten-
tion in recent research (last decade) [Soo 97] [Tlu 99] [Wec 02] [Hoc 02] their
presence in workshops is still rare. This thesis does not deal with this class of
multi-axis machines.

Besides pure serial or parallel kinematic structures also combinations of these
structures exist [T�on 01].

Disregarding the kinematic structure of a multi-axis machine, the end-e�ector
position and orientation relative to the workpiece is measured preferably directly
when considering its accuracy. This means that the machine is equipped with
certain measuring systems able to determine directly the relative end-e�ector
position and orientation without the need to consider a part of the machine's
structural loop. A typical example is a wafer-stepper, meeting extreme accuracy
levels. The presence of such direct measuring systems in a machine can, how-
ever, seriously limit the machine's capabilities to perform tasks in its working
volume (i.e. collisions, dirt, the working volume itself). Therefore the relative
end-e�ector position and orientation is often measured indirectly. The latter
means that the relative end-e�ector position and orientation is computed us-
ing the machine's axis positions and their con�guration. This implies that the
structural loop of the machine has to be considered. This thesis does not deal
with machines equipped with direct measuring systems.

1.2 Error sources of multi-axis machines

The accuracy of a multi-axis machine is a�ected by many errors sources. These
errors sources may cause a change in the geometry of the machine's compo-
nents present in the machine's structural loop. Due to the change in geometry
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of these components, the actual end-e�ector position and orientation relative
to the workpiece di�ers from its nominal position and orientation. The result-
ing relative orientation and positioning error are drawn in Figure 1.1. The

u                         
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Workpiece z
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End-effector

Workpiece 

table

Orientation
error

Reference 

frame

u_act                         p

t                         

u                         

Positioning 
errorξ

Figure 1.1: The positioning error vector �tu and the orientation error vector �ru
of the end-e�ector relative to a reference frame.

positioning error of a multi-axis machine on one hand is de�ned as the actual
end-e�ector position minus the nominal position and is denoted as a vector �tu.
The orientation error on the other hand is de�ned by the di�erence between the
actual and nominal orientation of the machine's end-e�ector with respect to the
workpiece table and is denoted by a vector �ru. In this way, the relative error of
the end-e�ector with respect to the workpiece is denoted as a six dimensional
error vector �u:

�u =

�
�tu
�ru

�
: (1.1)

In this thesis the term `positioning behaviour' refers to this six dimensional error
vector (including the orientation error) while the term `positioning error' is used
for the relative error of the end-e�ector position (excluding the orientation error)
as denoted by error vector �tu.

The error vector �u is not constant but depends on the current state of
the machine. This state contains those variables and entities that describe
the current condition of the machine and is denoted by u. Examples of such
variables are the machine's axis positions, the end-e�ector length, component
temperatures and strains, etc. As a result, the error vector �u varies (smoothly)
throughout the machine's workspace (and in time). To indicate this dependency,
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a subscript u is added to the vectors to specify a certain state of the machine.
Therefore, the actual relative end-e�ector position equals:

pu act = pu nom + �tu: (1.2)

The relative orientation error of the end-e�ector just equals �ru since the nominal
relative end-e�ector orientation error is zero.

The magnitude of this error vector �u depends on the sensitivity of the
machine's structural loop for various error sources. In literature the following
major error sources are reported that a�ect the accuracy of the relative end-
e�ector position and orientation [Soo 93] [Spa 95] [Wee 95] [Deh 98] [Hoc 80]
[Kna 83] [Sch 93]:

1. Geometrical errors;

2. Finite sti�ness of the structural loop under di�erent, quasi-static load;

3. Thermo-mechanical errors;

4. Dynamical errors.

ad 1) Geometrical errors are errors due to imperfect geometry and dimen-
sions of machine components present in the machine's structural loop, axis
misalignment (i.e. squareness errors) and errors of the machine's measuring
systems. Over short-term time intervals these kind of errors are considered to
be constant although these errors can be subject to change due to wear and a
limited long-term stability of machine components.

ad 2) In some cases the weight and position of a workpiece can have a sig-
ni�cant in
uence on the machine's accuracy due to the �nite sti�ness of the
structural loop. A Maho 700S milling machine for instance can be loaded with
workpieces up to 500 kg resulting in a non-negligible de
ection of the machine's
structural loop up to 100 �rad [Soo 93] [Spa 95]. Besides this e�ect, the ma-
chine's accuracy is also a�ected by gravity forces on the machine (components)
itself. The latter machine deformations are always present and are therefore
considered to be part of the machine's geometrical errors. Since the weight
of a workpiece is not necessarily constant (due to material removal) the term
`quasi-static' is used.

ad 3) Due to the presence of internal and external heat sources in multi-axis
machines, the temperature distribution of the machine's structural loop di�ers
from 20 ÆC: the reference temperature de�ned in standard [ISO 1]. Typical ex-
amples of such heat sources are heat generated by friction in spindle bearings,
gear boxes, joints, drives, the machining process, electronic and hydraulic sys-
tems, the operator, and environment temperature. Since most materials used
in multi-axis machines expand signi�cantly with temperature, the relative end-
e�ector position and orientation changes. The resulting thermal (instationary)
distortion of the machine's structural loop often dominate the accuracy of an
executed task [Spa 95] [Ber 01].

ad 4) The trajectory realized is also a�ected by the dynamical behaviour of
the machine's structural loop due to its �nite sti�ness. In this case (rapidly)
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varying forces are considered instead of quasi-static ones (see item 2). These
varying forces are due to dynamic spindle error motions, imperfections of the
controller that coordinates joint movements, servo tracking errors, acceleration
dependent joint and link de
ections and vibrations, both self-induced or forced,
dynamic workpiece end-e�ector interactions, and cutting process induced vi-
brations (i.e. chatter). By their nature, these errors vary rapidly in time
and primarily determine the repeatability of the multi-axis machine. There-
fore these errors predominantly a�ect the local characteristics of a workpiece
(surface roughness, undercutting of corners) rather than its dimensional accu-
racy [Spa 95].

The �rst three error sources mentioned are the so-called `quasi-static errors'.
These errors are de�ned as \those errors of relative position and orientation
between end-e�ector and workpiece that are slowly varying in time and are
related to the structure of the multi-axis machine itself" [Hoc 80]. For machine
tools these quasi-static errors account for the largest part (about 70%) of the
errors attributable to the machine itself [Hem 73] [Hoc 80].

Since the positioning behaviour of multi-axis machines is deterministic (and
therefore repeatable) machine error models can be constructed to describe the
machine's positioning behaviour coherently with respect to their error source
[Bry 93]. By superposition of these models the overall positioning error of the
machine can be obtained [Soo 93] [Spa 95] assuming no correlation e�ects. Such
models can then for instance be used for accuracy enhancement by applying
compensation techniques [Sch 93] [Spa 95] [Sar 95]. In this thesis machine error
models are derived for describing the geometrical and thermally induced errors
of multi-axis machines. Although a general method has been developed, the
research presented has been applied to a machine tool. Modelling the e�ect
of other error sources on the positioning behaviour of multi-axis machines is
beyond the scope of this thesis. For these aspects see [Soo 93] [Spa 95] [Wee 95]
[Hoc 02].

1.3 Measuring instruments and methods

For the measurement of the positioning behaviour of multi-axis machines many
measuring devices are available. Such measurements can be used for di�erent
purposes like:

� Acceptance tests;

� Performance monitoring, quality control;

� Error reduction by compensation;

� Calibration;

� Error tracing.

For acceptance tests, measurements are executed on a multi-axis machine
after its installation to verify whether the machine performs according to its
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speci�cations, as initiated by Schlesinger in 1932 [Sch 32]. In principle this
implies execution of speci�ed (normally by the manufacturer of the machine)
measurements by the owner or by certi�ed institutions. Such a measurement
results in a statement of acceptance or rejection of the machine.

Besides an initial acceptance test, multi-axis machines can also be subjected
to measurements at certain time intervals. Such measurements or periodic in-
spections are then used to monitor the machine's performance during its use.
In this case changes in the machine's positioning behaviour can be monitored
and this information can for instance be used in decision-making processes. In
this way, the quality of the machines used can be controlled.

So far the machine's positioning errors are just being measured. The infor-
mation obtained can also be used to increase the machine's positioning accuracy
by taking the (systematic part of the) measured errors into account. This implies
that the machine's axis positions are being adjusted with certain compensation
values (i.e. machine tools) or the stored axis positions are corrected afterwards
(i.e. CMMs). Axis positions can be adjusted for instance by modifying the
machine's controller, correcting axis setpoint values, or by simply adjusting the
commanded machine coordinates [Spa 95]. In this way, the positioning perfor-
mance of a multi-axis machine can be improved signi�cantly [Sch 93] [Spa 95]
[Sar 95]. This improvement depends on the ratio between the random and sys-
tematic (i.e. repeatable) part of the errors measured [Sar 95]. Small ratios
indicate a relatively small random error with respect to its systematic error and
large improvements in the machine's positioning behaviour (up to one order of
magnitude) can be achieved in such cases.

Another possible reason to measure the machine's positioning behaviour is
calibration to determine its accuracy. In this case the machine's positioning
errors are measured in a prescribed and traceable way (i.e. traceable to the
de�nition of the metre): measuring instruments used are related traceable to
a higher (length) standard and the measuring procedure to be followed is pre-
scribed by an oÆcial document (for CMMs i.e. ANSI/ASME B89.1.12M, ISO
10360, VDI/VDE 2617, JIS B 7440, machine tools i.e. ANSI/ASME B5.54,
ISO 230) as provided by normalization institutions. Such measurements result
in a calibration report of the machine of interest acknowledged by an oÆcial
institution, which is valid for a certain period of time.

The measurement purposes mentioned so far are especially important for
users of multi-axis machines. Multi-axis machine manufacturers on the other
hand often require (speci�c) measurements for diagnostic purposes i.e. error
tracing. In this case measurements are performed to locate the source(s) of a
measured machine error and to quantify its contribution to the overall position-
ing error.

For measuring the positioning behaviour of a multi-axis machine, three
methods have been reported:

1. Direct or parametric methods;

2. Artifact based (indirect) methods;

3. Indirect methods without artifacts.
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The best known and widely accepted method for measuring the machine's
positioning behaviour is the so-called direct or parametric method. In this case
all the six axis error motions (three translational and three angular errors) are
measured for each machine axis as well as the machine's squareness errors be-
tween these axes: the so-called (211) parametric errors. Then these parametric
errors are combined by means of a kinematic machine model, based on the
machine's geometry to obtain the machine's relative positioning error. This
method has been subject to extensive research in the past and is mainly used
by machine manufacturers since it gives direct proof of mechanical accuracy
of relevant machine components [Hoc 77] [Sar 95]. This method however pos-
sesses some practical disadvantages due to its complexity and the large number
of measurements needed. Furthermore the measurement equipment required
is expensive (laser interferometer and optics) and demands a skilled operator
for analysing and performing the measurements properly. Mainly the related
time expense, typically two days, makes this method expensive. This time is
mainly used for preparing the measurement setup. It should be noted, however,
that this method can be very accurate due to the impressive accuracy of a laser
interferometer: the length measuring error equals 10 nm + 2 � 10�7 � `.

In the last decade(s) research in the �eld of accuracy analysis of multi-
axis machines shifted to the second (and third) method mentioned. For this
approach the machine's positioning behaviour is assessed by measuring (cali-
brated) artifacts, like for example hole plates, ball bars, step gauges etc., in
the machine's working volume. This means that errors of a multi-axis machine
are retrieved from di�erences between the measured and known dimensions of
the artifact as measured on the machine subject to measurement. By using
machine error models and estimation algorithms, the erroneous motions of each
axis can be determined from the collected measurement data [Sar 95] [Soo 93]
[Kun 90] [Kru 94] [Spa 95]. The major advantage of this method above the di-
rect method is the reduced measuring time (typically a few hours) and related
costs, including the instrumentation itself. In this thesis this approach will be
used. In general a shift can be observed from modifying the machine's hardware
(which is labour intensive) in the past to counteracting the machine's errors by
means of measurement analysis and software.

For indirect methods, the use of an artifact to obtain information about the
machine's positioning behaviour can also be substituted by a measuring instru-
ment [Wan 00] [Jan 00] [Hoo 00]. A typical example is performing displacement
measurements (i.e. `tracking laser interferometry') along diagonals in the ma-
chine's workspace. In principle, the method is similar to the second mentioned
one. Since a laser beam cannot be considered as an artifact, this distinction has
to be made.

Many artifacts have been developed suitable for the artifact based method.
These artifacts must at least have a good long-term stability and are preferably
calibrated although not necessarily [Kru 94]. The following artifacts have been
used and reported [Sar 95] [Kun 90] [Kak 93] [Kna 83]:

1For three prismatic axes for example there are 3 � 6 + 3 = 21 parametric errors.
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� 1D: Ball bars (with or without measuring system), gauge blocks, step
gauges, ring gauges;

� 2D: Hole or ball plates, a square block, optical square;

� 3D: Tetrahedrons, ball cubes.

In Figure 1.2 some of the mentioned artifacts are shown on the workpiece table
of a CMM.

The �rst artifacts mentioned all de�ne a certain length in a di�erent way.
For a ball bar, for instance, its length is determined as the distance between the
centre points of the precision balls attached at each end of the bar while for a
step gauge, lengths are de�ned as the distance between parallel surfaces. Also
ball bar systems equipped with a measuring system are available (for example
the DBB110 (Double Ball Bar) of Heidenhain or the QC10 of Renishaw). Such a
ball bar system contains a telescopic rod with a limited stroke and the distance
between the ball centres is then detected by a measurement system (i.e. a linear
encoder). For a ring gauge a certain length is de�ned by its diameter.

The uncertainty of the lengths de�ned this way increases with the size of the
artifact, mainly due to growing uncertainty in its thermal expansion. Typical

Figure 1.2: Typical artifacts on a CMM.
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uncertainty values vary between 0:02 �m (small gauge blocks) and 1 �m (ball
bars without measuring system) for artifact lengths up to 1 m.

Examples of two-dimensional artifacts are hole or ball plates. Such an arti-
fact contains usually an orthogonal grid of holes/balls whose mutual positions
are known accurately (length errors vary between 0:1 and 1:0 �m) after a cal-
ibration procedure [Kun 90]. Finally the ball cube and a tetrahedron should
be mentioned as the 3D artifacts available [Wal 97]. These devices contain a 3
dimensional framework with precision balls attached to it whose positions are
being measured. The errors in de�ned lengths are typically 1 �m. A serious
disadvantage of these 3D artifacts is their non-
exibility in use: the positioning
of the bulky artifact on the workpiece table and the artifact size must �t the
machine's working volume in all three dimensions.

When selecting a suitable artifact for assessing the machine's positioning
behaviour a trade-o� has to be made between the measurement e�ort and the
machine's errors that can possibly be determined with that artifact. The latter
is mainly determined by the spatial density of the measuring points available
on the artifact in the machine's workspace. This density varies considerably
between the artifacts mentioned. A ball cube for instance has a relatively low
spatial measuring point density, mainly due to a poor accessibility of the balls
present in the bottom plane, while for a step gauge very high measuring point
densities can be achieved. Also the spatial measuring point density in the ma-
chine's working volume can be increased simply by performing several artifact
measurements on di�erent locations in the machine's workspace while vary-
ing its orientation. In this way high spatial measuring point densities in the
machine's workspace can be achieved with relatively simple 1D measurements,
which can be collected with relatively little e�ort. The latter explains that the
majority of artifacts available are just one-dimensional.

In Figure 1.3 a photograph is shown of a telescopic Double Ball Bar (DBB)
measurement performed on a �ve-axis milling machine. The length of the DBB
can be adjusted with extension rods to �t the machine's workspace. For ex-
ecuting such a DBB measurement, the machine is commanded to move along
circular paths while the DBB measures lengths at (discrete) points. Since the
measuring stroke of a DBB is limited to 10 mm the measuring points have to
be distributed on a semi-sphere with respect to the stand, which is positioned
on the machine's workpiece table. By comparing the commanded length with
the measured length (or radius) information about the machine's positioning
behaviour can be obtained [Spa 95]. In this thesis telescopic Double Ball Bar
(DBB) length measurements will be used for assessing the machine's position-
ing behaviour since this measuring device possesses advantages when comparing
them to other artifacts. These advantages are:

� Measuring speed: lengths can be measured with a DBB in fractions of a
second only, enabling application of high feedrates;

� Low measurement uncertainty: the DBB length measurement error is on
submicron level after calibration (error � 1 �m);
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Figure 1.3: A telescopic Double Ball Bar (DBB) measurement on a
�ve-axis milling machine.

� Traceability: a DBB can be calibrated to a certi�ed laser interferometer
on an optical bench with little e�ort (typically a few hours), see Appendix
B;

� Good possibilities for automatic execution of DBB measurements;

� Simplicity: little speci�c knowledge is required for executing a DBB mea-
surement.

� Flexibility: the DBB length can be adjusted with extension rods to �t the
machine's workspace;

� Relatively low cost price: � 10:000 e ;

� Robustness due to its simple design.
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1.4 Research objectives and content thesis

The research presented in this thesis investigates to what extent 3D length
measurements can be used for accuracy analysis of multi-axis machines with a
serial kinematic structure. The goal is to describe the machine's positioning be-
haviour throughout its entire working volume as resulting from its geometrical
and thermal error sources. The information obtained can be used for accep-
tance tests of multi-axis machines, quality control of machines, software error
compensation and error tracing purposes. Calibration of multi-axis machines
to realize traceability of executed tasks is beyond the scope of this thesis, with
exception of relatively simple tasks.

The basic philosophy in the analysis presented is that the positioning be-
haviour of multi-axis machines is deterministic, especially when equipped with
a numerical controller (eliminating a human factor) [Soo 93] [Hoc 80] [Bry 93].
The e�ect of two major error sources on the machine's positioning behaviour
is analysed: geometrical and thermally induced errors. For this purpose two
separate machine error models are developed i.e. a geometrical error model
and a thermo-mechanical error model. These models can for instance be used
for software error compensation techniques to enhance the machine's accuracy.
The e�ect of other error sources on the positioning behaviour of multi-axis ma-
chines are not considered in this thesis. For these aspects see [Soo 93] [Spa 95]
[Wee 95] [Hoc 02].

The measurement time, necessary for collecting the 3D length measurements
required for assessing the machine's positioning behaviour is reduced as much
as possible in this research project, typically to a few hours only. Besides a
limited measuring time also the measurement e�ort is minimized by developing
user-friendly software modules. Consequently, little specialistic knowledge is
required for executing 3D length measurements in the machine's workspace.
Summarizing, the costs related to the execution of measurements is minimized
by developing a fast, easy to handle and reliable measuring method.

Due to the advantages mentioned of employing a DBB, a measurement
method has been developed which is suitable for industrial applications. It
enables fast measurement possibilities in a 
exible manner on the shop 
oor de-
pending on the users needs i.e. quality control, error compensation or even error
tracing (determine parametric errors) purposes to a limited extend. Further-
more the application of a DBB for assessing the machine's thermally induced
positioning behaviour can be considered as being of a pioneering kind. Its major
advantage over conventional thermal drift measurements is that application of
a DBB in combination with a specially designed adapter enables measurement
of the relative thermal drift of the end-e�ector with respect to the workpiece
table on di�erent locations in the machine's workspace in a single measurement
setup. The latter implies a reduced measuring time and therefore decreasing
cost rates related to analysing thermal behaviour of multi-axis machines.

In Chapter 2 a kinematic machine model is presented, suitable for describing
the nominal positioning behaviour of multi-axis machines with a serial kinematic
structure. This implies that this model describes the end-e�ector position and
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orientation with respect to the workpiece (table) without the presence of any er-
ror. This model is completely de�ned by the nominal geometry and dimensions
of the machine's structural loop.

Chapter 3 deals with geometrical errors of multi-axis machines and consists
of two parts. The �rst part deals with the modelling procedure of geometrical
errors of multi-axis machines. A model is presented which relates the actual
positioning and orientation error of the machine to its current state and to
some unknown parameters, describing the error components. In the second
part the measurement of geometrical errors of multi-axis machines is discussed.
A DBB measurement model is derived describing the relationship between the
machine's positioning error and the resulting length deviation, as measured
with a DBB. Also a measurement strategy is presented which prescribes the
spatial distribution of the length measurements in the machine's workspace. The
measurement data collected this way can be used for identifying the unknown
error model parameters as presented in the �rst part of Chapter 4.

In Chapter 4 the identi�cation of the model parameters is discussed together
with the validation of the presented geometrical error model. First the identi�-
cation of the error model parameters from DBB measurement data is discussed.
For the estimation of these parameters least squares regression techniques have
been used when optimising the error model. In the second part of Chapter 4 the
validation of the geometrical error model is presented and this validation con-
sists of two parts. First cross-validation measurements performed with a DBB
are dealt with. Secondly, the machine's error components as described with
the estimated parameters are compared with direct measurements (i.e. laser
interferometry) of these error components.

Thermally induced errors of multi-axis machines are subject of Chapter 5.
First (analytical) models are presented to describe the temperature distribu-
tion of machine parts, which are modelled as a plate structure, present in the
machine's structural loop. This is realized by integrating sequentially updated
element temperature time derivatives of a machine part. These derivatives
are obtained by considering the heat 
ux in a machine part using conduction
and convection coeÆcients (the e�ect of radiation is negligible) in combination
with a limited number of temperature sensors. Secondly, the resulting thermo-
mechanical deformation of the machine part is calculated by using formulas de-
scribing (stress-free) thermal expansion. Thirdly, the thermo-mechanical drift
of the end-e�ector with respect to the workpiece is obtained by superposition
of the machine part deformations present in the machine's structural loop. The
predicted thermo-mechanical drift of the end-e�ector is then compared with
length deviations measured by a DBB. In order to perform DBB measurements
with a rotating spindle, an expansion free adapter has been designed and re-
alised. Finally the validation of the thermal models is presented.

In the Chapter 6 conclusions are drawn together with recommendations for
future research.
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Chapter 2

Kinematic modelling of

multi-axis machines

In this chapter a kinematic machine model is derived. The purpose of such a
kinematic model is twofold. First it is used to describe the nominal positioning
behaviour of a multi-axis machine. This means that all joints, links as well
as their con�guration are assumed to be error free. A static relation is derived
between the end-e�ector's position and orientation with respect to the workpiece
and the machine's axis positions. Secondly, the kinematic machine model will
be used later on as a reference to model the propagation of errors induced at
various machine parts. This implies that the machine's positioning errors due
to geometrical as well as thermally induced errors are calculated as emanating
from the machine's kinematic structure. This kinematic machine model can
be applied to multi-axis machines composed of revolute and prismatic joints
and links in an arbitrary serial con�guration. In this thesis only the machine's
kinematic chain from workpiece table to end-e�ector is considered regardless
the �xation point of the machine to the world.

2.1 Link modelling

Any multi-axis machine with a serial kinematic structure can be considered
to consist of a series of links connected together by (actuated) joints [Pau 81].
These links maintain a �xed relationship between the machine's joints and are
modelled as a rigid body here.

In order to describe the relationship between links Cartesian coordinate
frames are assigned to each link obeying the right-hand rule, see Figure 2.1.
These frames are �xed to the link and the origin coincides with the enclosed
joints. By considering the relative position and orientation of these two coor-
dinate frames the link properties can be described. This implies in principle
consideration of six degrees of freedom: three translations and three rotations.

The six degrees of freedom between these two local coordinate frames can

15
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however be reduced using certain assumptions. Paul [Pau 81] for instance sug-
gests that the orientation of a local coordinate frame should be chosen in such
a way, that the local Z-axis coincides with the joint axis. With this assumption
the description of the link properties can be reduced by considering the relative
position and orientation of these two lines (i.e. the joint axes). This means that
the minimum distance between these two lines and their angle, perpendicular
on the minimum distance, have to be described [Mar 93].

Any link can be characterized by two parameters: the common normal dis-
tance an and the angle �n between the joint-axes in a plane perpendicular to
an, see Figure 2.1. In general an is called the link length and angle �n the
twist of the link [Pau 81]. The length of a link can be described by a vector
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Figure 2.1: The length an and twist angle �n of a link
n. Vector pn;n0 describes the origin position of frame n0

relative to frame n.

pn;n0 which starts at the origin of frame n and points to the origin of frame
n0. The linkage twist angle �n can be accounted for by describing the relative
orientation of frame n0 with respect to frame n with rotation matrices Rn;n0

[Pau 81].

The majority of links found in existing multi-axis machines has a link twist
angle equal to �90Æ due to an orthogonal con�guration of the machine's axes. In
such a case the description of the link parameters can be simpli�ed considerably
by assuming (convenient) frame orientations equal to the machine's coordinate
frame. Although this frame orientation (used in this thesis) is just a choice from
many equivalent possibilities, at least it should be stressed to use the selected
frame orientation properly.
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2.2 Modelling of joints

The links of a multi-axis machine are connected by joints. The number of joints
is equal to the number of machine's axes and such a joint represents a prismatic
or a revolute machine axis in this thesis (in some cases, it can be both [Ren 97]).
The motion of the joint can be described by considering the assigned coordinate
frames of the links that meet at that joint. For a rotational joint this implies
a change in the relative orientation of these successive frames and a change in
the relative position of the successive frame origins for a prismatic joint.

2.2.1 Revolute joints

In Figure 2.2 two linkages are drawn connected by a revolute joint. In this case
the angle of rotation � is the joint variable. The direction of the joint axis (+Z,
see Figure 2.2) is the direction along which the links rotate relatively. This
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Figure 2.2: Two links connected by a revolute joint. Angle � is the joint variable
a�ecting the proceeding frame orientations.

rotation can be described by considering the relative orientation of frame n+1
with respect to frame n at the respective joint. Therefore the following rotation
matrix is introduced:

� Matrix Rn;n+1 (�) describes the orientation of coordinate frame n + 1
relative to coordinate frame n.
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This matrix describes the change in orientation of the successive frames from
link n to link n + 1. For the opposite direction, the inverse rotation matrix
has to be used which equals its transpose matrix: Rn+1;n (�) = R�1

n;n+1 (�) =

RT
n;n+1 (�) by de�nition [Mar 93][Str 88].

2.2.2 Prismatic joints

Links connected by a prismatic joint can translate along the direction of the axis.
This implies that the distance between the origins of the link frames changes
with the joint variable while the orientation of the connected link frames remains
the same. In Figure 2.3 a prismatic joint is depicted. In this case one of the
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Figure 2.3: Links connected by a prismatic joint. Vector pn�1;n describes the
origin position of frame n with respect to frame n � 1 and its length changes
with the joint variable x.

frame origins n�1 is �xed to the link (at the left hand-side, see Figure 2.3) and
the other one to the prismatic joint, coinciding with the following coordinate
frame origin n. The movement of the prismatic joint x can then be described
by considering the relative position of successive frame origins. For this reason
a vector pn�1;n (x) is introduced:

� Vector pn�1;n (x) describes the position of the origin of coordinate frame
n relative to coordinate frame n� 1.

The length of vector pn�1;n (x) changes with the prismatic joint variable x.
This way any prismatic joint movement can be described.
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2.3 Machine con�gurations

Any multi-axis machine with a serial kinematic structure can be considered
to consist of a number of links and joints. For the con�guration or assembly
of these links and joints, many possibilities exist. In Figure 2.4 some typical
con�gurations of existing multi-axis machines are depicted. The con�guration

y
x

z
z

x

y

Figure 2.4: A moving bridge type CMM and a C-type milling machine.

of the machine's axis determines to a large extent the properties of a multi-axis
machine. These properties therefore can di�er signi�cantly between several
machine types due to a di�erent sensitivity of the structural loop to various
error sources. As a result, the machine's positioning accuracy depends among
others on the machine type.

Besides the positioning accuracy also the accessibility of workpieces in the
machine's workspace depends on the machine's con�guration. A C-type (see
right hand-side Figure 2.4) multi-axis machine for example o�ers good accessi-
bility of workpieces (important for automation) although the positioning accu-
racy of a moving bridge type machine is generally better. Therefore the choice
for a certain machine con�guration depends on several factors (i.e. costs, ac-
cessibility, 
exibility) not only on its positioning accuracy.

Due to the relative nature of tasks executed by multi-axis machines only the
relative position of the end-e�ector with respect to the workpiece is relevant,
not its absolute position in space. Therefore the machine's structural loop can
be considered to be independent of the �xation of the machine to its environ-
ment. One end of the structural loop supports the end-e�ector (i.e. a probe,
gripper, tool etc.) and the other end supports the workpiece. In between all
the machine's joints and relevant links are present1. When constructing the

1Links between the machine's structural loop and its base for instance are not relevant.
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machine's structural loop the following is required:

� Consider the relative location of the �rst machine axis as seen from the
workpiece following successive machine parts;

� From this axis, consider the location of next axis etc.;

� Consider the end-e�ector location from the last machine's axis.

In this way any serial combination of revolute and prismatic axes can be de-
scribed. In the next section this will be explained in more detail by means of
an example.

For some machine con�gurations several chains seem to be present from
workpiece to end-e�ector (see left-hand side Figure 2.4). Most of these chains
however do not determine the end-e�ector position relative to the workpiece
but support another axis. In the joints of such a chain, some degrees of freedom
are released intentionally to avoid an over constrained machine construction. A
typical example is a vertical support beam which is supported by an air-foot: it
can only prescribe a certain height. Therefore the unique chain that determines
the end-e�ector position relative to the workpiece must be considered when
constructing a nominal machine model. This chain is also used by the machine
itself when computing its end-e�ector position relative to the workpiece.

A special kind of machine con�guration is a so-called Stewart platform or
hexapod, receiving considerable attention recently [Tlu 99][Soo 97]. For such a
machine the six linear axes are not connected serial but parallel. This results
among others in complex geometric relationships between the six axis lengths
and the end-e�ector position and orientation due to its design. The construction
of a structural loop for this class of machines is beyond the scope of this thesis.

2.4 Nominal machine model

In this section a nominal machine model will be derived. This model describes
the nominal position and orientation of the end-e�ector with respect to the
workpiece (table)2. Since a (imaginary) workpiece is always �xed to the work-
piece table (enforcing a �xed relationship between the local coordinate frames),
the position of the end-e�ector with respect to the workpiece table will be con-
sidered here.

In order to demonstrate the kinematic modelling procedure presented, a
�ve-axis milling machine will be modelled in this section. This machine is
schematically depicted in Figure 2.5 and contains three translational axes and
two rotary axes. The B-axis enables the workpiece table to rotate 360Æ in the
horizontal XZ-plane and the C-axis has a range of �60Æ enabling the tool to
rotate in the vertical XY-plane. The range of the X-,Y- and Z-axis is 700 mm,
500 mm and 600 mm respectively resulting in a rather cubic shaped workspace
of the multi-axis machine. Furthermore the machine's spindle can also be con-
sidered as a rotary axis but its angle of rotation is of no importance (unlike

2Another equivalent possibility is to use the tool point as point of view.
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Figure 2.5: Schematic drawing of a Maho 700S �ve-axis milling machine
and its main components with accompanying reference frame.

its rotatory speed) here and therefore the spindle unit itself is considered to be
part of the vertical milling head.

In Figure 2.5 a coordinate frame is drawn on the left-hand side according
to [ISO 841]. The orientation of this frame indicates how the workpiece table
experiences movements of the tool on this machine.

The kinematic chain of the machine needs to be constructed by follow-
ing the listed items of the previous section. This means that the relevant
components between the workpiece and the end-e�ector have to be consid-
ered. For the Maho 700S milling machine this results in the following list:

1: Workpiece table; 6: Ram;
2: B-axis support; 7: Swivelhead;
3: X-axis guideway; 8: C-axis support;
4: X-axis support; 9: Vertical milling head;
5: Column; 10: Tool.
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Due to the presence of the machine's axes, relative motions can be realised
between these machine components. Some components however are connected
rigidly. Regarding Figure 2.5 the (�rst) B-axis determines the orientation of
the workpiece table relative to the B-axis support, the (second) X-axis changes
the position of the B-axis support with respect to the X-axis guideway and
the (third) Y-axis moves the X-axis support relative to the machine's column.
Then the (fourth) Z-axis determines the position of the ram with respect to the
column and �nally the (�fth) C-axis rotates the vertical milling head relative
to the C-axis support. In this way, several groups of machine components are
identi�ed and such a group will be modelled as one link according to Section
2.1. In general the number of links is equal to the number of machine's axes
plus one.

In Figure 2.6 these links are drawn (as lines) with their local coordinate
frames in a somehow exploded view where the joints have been omitted for
clarity. The workpiece table is drawn with a dashed line. Since the local coor-
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Figure 2.6: The links of a Maho 700S milling machine with
local coordinate frames at each end of the link. The joints
are omitted for clarity.
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dinate frames all have the same orientation (by choice) due to convenient link
twist angles (straight or inline), no rotation matrices are required for describing
the link twist angle. Only the relative origin positions have to be considered
in this case with vectors pn;n0 as explained in Section 2.1. These vectors are
obtained by using the dimensions of the speci�c machine components.

Regarding Figure 2.6 a part of a link is obviously present in the machine's
kinematic chain but some part not and is therefore irrelevant. Examples of such
redundant link parts are the backside of the ram and the part of the Y-axis below
the B-axis support. Therefore only that part of a link has to be considered that
is present in the machine's kinematic chain from workpiece table to tool.

In order to describe this chain, the machine's prismatic and revolute joints
have to be considered next, see Section 2.2. The rotation angle � of the C-
axis for instance can be described by considering the orientation of frame 1
with respect to frame 2, see Figure 2.5, 2.6. For the B-axis on the other hand
this implies consideration of the orientation of frame 5 relative to frame 6 as a
function of angle �. This results in the following rotation matrices:

R2;1 (�) =

0
@ cos (�) sin (�) 0

� sin (�) cos (�) 0
0 0 1

1
A ; (2.1)

R6;5 (�) =

0
@ cos (�) 0 � sin (�)

0 1 0
sin (�) 0 cos (�)

1
A (2.2)

where matrix R2;1(�) describes a rotation along the local Z2-axis and the rota-
tion along the local Y6-axis is described by matrix R6;5(�). Since the remaining
axes are connected by prismatic joints, the orientation of the other successive
frames is identical:

R3;2 = R4;3 = R5;4 = I: (2.3)

For describing the position of the machine's prismatic axes, the vectors de-
scribing the successive frame origins depend on the joint variable x, y or z. In
Figure 2.7 the machine's kinematic chain is drawn with vectors. This means
in this case that vector p3;2 depends on the Z-axis position, vector p4;3 on the
Y-axis position and vector p5;40 is a function of the X-axis position, see Section
2.2. The length of the other vectors is constant. Since the tool vector is located
at the end of the kinematic chain, the subscript is omitted. This tool vector is
added directly to the proceeding vector representing the vertical milling head,
denoted together as p1. Vector p1 is de�ned relative to frame 1. Regarding
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Figure 2.7: The kinematic chain of the Maho 700S described with vectors.

Figure 2.7 the following yields:

p1 =

0
@ 0

�a
0

1
A+ t, p40;4 =

0
@ 0

0
+d

1
A ; (2.4)

p2;1 =

0
@ 0

0
0

1
A ; p5;40 =

0
@ f + x+ ox

�g
+e

1
A ; (2.5)

p3;2 =

0
@ 0

+c
z + oz

1
A ; p6;5 =

0
@ 0

0
0

1
A ; (2.6)

p4;3 =

0
@ 0

y + oy
0

1
A ; (2.7)

where ox, oy and oz are o�set values of the prismatic axes measurement systems.
With these vectors the nominal tool position pnom relative to the workpiece
table can be described stepwise. This means that the end point of the tool has
to be described relative to frame 6 in this case.

Vector p1 is de�ned with respect to frame 1. The following step is to describe
this vector with respect to frame 2. This means that this vector has to be re-
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oriented by multiplying this vector with matrix R1;2(�):0
@ x2

y2
z2

1
A = R1;2 (�) � p1: (2.8)

The next step is to locate the origin position of frame 1 relative to frame 2.
This is described by vector p2;1 by de�nition3. By adding this vector to the
re-oriented one, the end point of the tool relative to frame 2 becomes:0

@ x2
y2
z2

1
A = R1;2 (�) � p1 + p2;1: (2.9)

This procedure has to be repeated until the (last) coordinate frame (no. 6) of
the workpiece table has been reached:

1. Re-orient the tool vector for the next local coordinate frame by multiplying
it with matrix Rn;n+1;

2. Add vector pn+1;n which describes the origin position of frame n with
respect to frame n+ 1.

Applying this on the chosen machine results in the following equations:0
@ x3

y3
z3

1
A = R2;3 �

0
@ x2

y2
z2

1
A+ p3;2 (z) ; (2.10)

0
@ x3

y3
z3

1
A = R2;3 (z) � (R1;2 (�) � p1 + p2;1) + p3;2 (z) ; (2.11)

+ (2.12)0
@ x6

y6
z6

1
A = R5;6 (�) �

0
@ x5

y5
z5

1
A+ p6;5: (2.13)

This last relation describes the position of the end of the tool with respect to
the workpiece table. Since most rotation matrices equal the identity matrix and
some vectors pn+1;n are constant, this last expression can be written as:

pnom = R5;6 (�) � (R1;2 (�) � p1 + p2;1 + p3;2 (z) + p4;3 (y) + : : :
: : :+ p40;4 + p5;40 (x)) + p6;5

(2.14)

which is the equation sought.
The orientation of the tool (coordinate frame 1) with respect to the work-

piece table (coordinate frame 6) is just the multiplication of all the successive
rotation matrices:

3Since vector p2;1 (and p6;5) belongs to a rotary axis, it has no length.



26 Kinematic modelling of multi-axis machines

R6;1 (�; �) = R2;1 (�) �R3;2 �R4;3 �R40;4 �R5;40 �R6;5 (�) : (2.15)

At this point relations have been obtained for describing the nominal position
and orientation of the tool with respect to the workpiece table. The method
presented can be applied for modelling any multi-axis machine regardless of the
number and serial sequence of translational and rotary axes.

Summarizing, rigid body kinematics in combination with a (sign) conven-
tion for the local coordinate frames is required for constructing such a nominal
machine model. This however can be realized in many equivalent ways: the
method presented is one of them and will be used later on this thesis.



Chapter 3

Modelling and

measurement of geometrical

errors

Geometrical errors of multi-axis machines are errors due to deviations between
the actual and nominal dimensions and geometry of elements supporting the
mechanical chain from workpiece to end-e�ector. This chapter deals with the
modelling and measurement, based on length measurements, of this kind of
errors of multi-axis machines with a serial kinematic structure.

3.1 Geometric error modelling

This chapter is divided into two interrelated sections. The �rst section deals
with the modelling procedure of geometrical errors of multi-axis machines. This
means that a geometrical error model is developed describing the relative po-
sitioning behaviour of the end-e�ector with respect to the workpiece. In this
model the error components are described by parametric functions. The pa-
rameters present in these functions are later determined by �tting length mea-
surement data, as will be discussed in Chapter 4.

In the second section, the measurement of geometrical errors is discussed
using 3D length measurements performed throughout the machine's workspace.
After dealing with the relevant measurement conditions for determining ge-
ometrical errors, a DBB length measurement model is derived. This model
relates the measured length deviation to the positioning error of the machine.
Furthermore a measurement setup is presented prescribing the spatial distribu-
tion of the length measurements to be performed. These measurements can be
executed within three hours.

The geometrical error model proposed can be used for acceptance tests, qual-
ity control and (software) error compensation techniques of multi-axis machines

27
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[Flo 98] [Flo 01]. Also possibilities for diagnostic purposes (i.e. error tracing)
are available with this model [Flo 00] [Flo 01].

In order to obtain a geometrical error model, �rst the errors of a machine
axis have to be considered, which is subject of the next section.

3.1.1 Axis errors

When a slide moves along its guideway, only one degree of freedom is supposed
to be free while the other directions of translation and rotation are constrained
by the construction. Often a closed loop feedback system is employed to control
this motion numerically (i.e. CNC controlled machines). Besides the intended
motion, also erroneous slide displacements and rotations do occur. Generally
these deviations are small compared to the (controlled) motion or rotation of
the axis. However, the positioning accuracy of the guideway system and/or
multi-axis machine containing these axes can be a�ected signi�cantly. These
deviations are due to imperfections of the slide guideway system. Also the
accuracy of the measuring systems used is of major importance. Besides the
error motions of an axis itself, also the mutual alignment error between these
axes (a squareness error) has to be taken into account when considering the
positioning accuracy of a multi-axis machine. All these errors, the so-called
parametric errors, are responsible for di�erences between the actual and nominal
position and orientation of an end-e�ector relative to a certain reference.

The deviations of a slide guideway system can be divided in three trans-
lational and three rotational errors. In Figure 3.1 these error components are
depicted according to the VDI 2617 guideline for a prismatic and a rotary axis
(see also [DIN 66217] [ISO 841] for rotary axes). According to this de�nition
the rotary axis around the X, Y or Z-axis is denoted respectively as A, B or
C-axis. The �rst character denotes the axis of translation respectively rotation,
the second one the type of error (t for translational, r for rotational) and the
third one the direction along/around which the error is acting. These error com-
ponents will be discussed brie
y here including their conventional measurement
technique, ending with squareness errors (not drawn in Figure 3.1). Extensive
information about de�nitions, measurement procedures and conditions, suitable
measuring instruments etc. can be found in [ISO 230-1].

Translational axis errors

The error motions of a translational machine axis (a Y-axis in this case) can be
categorised as (see Figure 3.1):

1. Displacement, linearity errors (i.e. yty);

2. Straightness errors (i.e. ytx; ytz);

3. Roll errors (i.e. yry);

4. Pitch and yaw errors (i.e. yrx; yrz).
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Figure 3.1: Errors of a prismatic (Y) and rotary (C) axis denoted according to
VDI 2617 guideline.

The three translational errors of a prismatic axis can be divided into displace-
ment and straightness errors. The displacement error is the error acting in the
line of motion of the axis (i.e. yty) and equals the di�erence between the actual
and nominal axis position. If the measurement system axis coincides with the
axis of movement (and assuming an in�nite positioning resolution), this dis-
placement error just equals the measurement system error or scale error. Due
to the (hardware) construction of an axis however, often an o�set distance is
present between the axis of movement and the axis of measurement, determined
in a plane perpendicular to the axis of motion. This distance is usually referred
to as `Abbe o�set'. Ernst Abbe realized that the displacement error is a�ected
by unwanted angular motions of the axis moving elements (to the �rst order).
If such an Abbe o�set exists, the machine's displacement error can be approx-
imated by the product of the angular error with its Abbe o�set, added to the
scale error [Abb 1890]. For the measurement of this displacement error, a wide
range of position measuring instruments are available e.g. laser interferometers
[Sch 93], linear encoders.

Straightness errors are de�ned as lateral displacement errors of a slide guide-
way system perpendicular to the line of displacement with respect to a (arbi-
trary) straight line. Straightness errors of an axis are generally described with
two error components perpendicular to each other and both perpendicular to
the line of axis motion (ytx; ytz in Figure 3.1). Besides a laser interferometer
with straightness optics, a straight edge (used as a straight reference) in com-
bination with a displacement transducer can be used to measure a straightness
error during axis motion. For the �xation of the straight edge and displacement
transducer to the various elements of the axis, see [Soo 93]. Reversal techniques
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can be applied to remove errors in the straight edge itself in order to increase
the accuracy of the straightness measurement [Eva 96].

Besides translational errors, a slide guideway system possesses also small
rotational error motions. A roll error is de�ned as a rotation error of an axis
acting around the line of motion (yry in Figure 3.1). In case of a horizontal
axis this kind of error motion can be measured with two (electronic) levels
each positioned at the two bodies, which are in relative movement (i.e the slide
and the guideway). The measurement of a roll error of a vertical axis is more
troublesome but can be extracted from two vertical straightness measurements
with a known and suÆcient o�set distance between these two measurements
[Sch 93]. Roll errors cannot be measured with a laser interferometer.

Besides roll error motion, a slide guideway system possesses also pitch and
yaw errors. These rotational errors occur perpendicular to the line of motion
(yrx; yrz in Figure 3.1). Like straightness errors, these rotational errors can
be described with two error components perpendicular to each other. This
kind of error can be measured with a laser interferometer using rotation optics,
electronic levels or with an autocollimator in combination with a plane mirror
[Sch 93] [Sch 00].

Squareness errors

A special kind of rotation error, a squareness error, will be discussed here. A
squareness error represents the alignment error between two nominal orthogo-
nal machine's axes and is expressed as a constant rotation angle by de�nition.
According to the VDI 2617 guideline, such an error is denoted by a `w' in be-
tween the characters denoting the machine's axes considered: the squareness
error between the X- and Y-axis for example is denoted by xwy. The result of a
squareness error is a lateral displacement linear with axis position, transforming
a perfect square into a parallelogram1. In order to describe the squareness er-
rors between the X-, Y- and Z-axis, denoted by xwy, xwz and ywz respectively,
rotational error components are used. This implies that a squareness error is
described as the constant part of a speci�c rotational error component. The
squareness error between a Y- and a Z-axis for example (ywz) can be described
as the constant part of error component zrx(z):

zrx(z) = zrx0(z) + ywz (3.1)

with zrx0(z) describing the Z-axis' pitch angle around the X-axis varying with
axis position.

A squareness error can be measured using a laser interferometer (with a pen-
tagon prism used as an optical square) but this is somehow troublesome due to
the complex alignment procedure. The application of a calibrated square block
in combination with displacement transducers is therefore preferable, resulting
in two lateral displacement measurements with a known angle in between. The
squareness error is then calculated as the angle between the least squares re-
gression lines of the two measurements performed on the straight edge, since

1In the three-dimensional case, a cubic is transformed into a parallelepiped.
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the axes are assumed as perfectly straight [ISO 230-1]. Reversal techniques can
be applied to eliminate errors of the square block [Eva 96].

Rotary axis errors

In Figure 3.1 a C-axis is depicted, which rotates along the Z-axis. Like for a
translational axis, error motions of a rotary axis can be identi�ed, see [ISO 230-1].
Typical examples of such error motions are, assuming the presence of a mea-
surement system:

1. Scale errors (i.e. crz);

2. Tilt errors (i.e. crx; cry);

3. Axial errors (i.e. ctz);

4. Radial errors (i.e. ctx; cty).

Periodic functions can for instance be used for describing the periodic (or syn-
chronous) error motions of a rotary axis.

The scale error of a rotary axis is de�ned as the di�erence between the
actual and nominal (actuated) rotation angle of the axis. Such a di�erence can
be described with error component crz for the example shown in Figure 3.1. A
scale error can be measured accurately with a autocollimator in combination
with a calibrated polygon mirror [ISO 230-1] or with a laser interferometer.

Tilt errors are due to a change in the orientation of the axis of rotation
(represented by its centreline) while rotating. Such an error can be described
with error components crx and cry. Tilt errors can be determined by performing
radial displacement measurements on di�erent positions on the axis' centreline
while rotating the axis. Another possibility is to perform axial displacement
measurements on a 
at surface (mounted on the rotation axis) with a certain
distance from the axis' centreline while rotating the axis [ISO 230-1].

Axial errors result in a displacement of the rotated surface along the axis'
centreline. Generally such an error consists of a constant part (axis displace-
ment) and a periodic part, responsible for axial slip during rotation. Such an
axial error can be determined by measuring the axial displacement of the rotary
axis with a displacement transducer, performed on the axis' centreline.

Besides translational errors in axial direction, a rotary axis also possesses
errors in a plane perpendicular to its centreline. Such a radial error can be
described with error components crx and cry. This kind of errors can be de-
termined by performing displacement measurements in radial direction while
rotating the axis.

Finally a squareness error can be considered as describing the constant ori-
entation error of the axis' centreline with respect to another machine's axis. In
[ISO 230-1] such errors are formally referred to as coaxiality and/or errors in
parallelism dependent on the con�guration of the axes and the speci�c measure-
ment procedure. Such an error can be regarded as a constant tilting error. To
describe such a squareness, coaxiality or parallelism error (for instance cwx),
error components crx and cry can be used, both modelled as a constant.



32 Modelling and measurement of geometrical errors

3.1.2 Error component functions

In principle the error components discussed in the previous section are not
known. These error components are not necessarily constant but can vary
with axis position. Therefore parametric functions will be derived here for
describing this dependency. In this thesis only the error component functions
of translational axes are presented; the formulation of the rotary axis error
component functions is beyond the scope of this thesis.

These error component functions contain unknown parameters (i.e. �) that
will be determined from measurement data later on, as will be discussed in
Chapter 4. The following parametric functions have been considered for de-
scribing the unknown error components of a multi-axis machine, see Appendix
C. The choice of these functions is based on the ability of the functions to
describe the behaviour of the error components with axis position:

1. Ordinary polynomials;

2. Piecewise polynomials (splines);

3. Orthogonal polynomials;

4. Fourier functions.

In Appendix C the application of piecewise polynomials, orthogonal (Legendre)
polynomials and Fourier functions for describing error components is discussed.
Summarizing, several parametric functions can be applied for describing the
error components of a multi-axis machine with each their own characteristics.
Here ordinary polynomials have been used for modelling the error components
of a milling machine. When using alternative error component functions for this
machine no advantages over applying ordinary polynomials have been observed:
therefore ordinary polynomials are preferred and used due to their simplicity.

Squareness errors represent the alignment error angle between two machine's
prismatic axes. The number of squareness errors of a multi-axis machine con-
taining n axes equals:

n(n� 1)

2

as obtained by considering the number of relevant combinations between the
machine's n axes. By de�nition a squareness error is modelled as a constant
angular error, to be described by a parameter. Considering a machine with
three axes, say X, Y and Z, the following yields for its squareness errors:

iwj (�) = �iwj

�
i; j 2 fX;Y; Zg
i 6= j

(3.2)

where parameter �iwj represents the squareness error angle between axis i and
j. These error components are added to the corresponding rotational error
component, varying with axis position according to Equation 3.1.
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For describing the errors of the measurement system of a translational axis,
ordinary polynomials can be used for example. This means that the scale error
of for instance an X-axis (denoted by xtx) can be modelled this way as:

xtx (x;�) =

mX
j=1

�xtxj (x� x0)
j

(3.3)

where x represents the nominal axis position, x0 the centre position of the
X-axis and �xtxj unknown parameters, necessary for describing this error com-
ponent. The regressor variables of the polynomials are centred to the middle
of the machine's workspace in order to alleviate ill-conditioning of the design
matrix when estimating the machine error model parameters � [Mon 92]. Due
to the relative nature of tasks executed by multi-axis machines a constant term
is omitted in the polynomial. If such a term would be added, it would represent
a constant shift of the measurement system and this does not a�ect the posi-
tioning accuracy of a multi-axis machine: the entire workpiece will be milled or
measured on a slightly di�erent location in the machine's workspace equal to
this shift.

The rotational error components (irj with i; j 2 fX;Y; Zg) are modelled in
a similar way as the linearity error components.

Finally the application of ordinary polynomials for describing straightness
errors has to be discussed. Since a straightness error represents the lateral
displacement error of an axis with respect to a line, it cannot be described
by a function linear with axis position due to its de�nition. Therefore the
straightness errors are modelled as, with xty used as example2:

xty (x;�) =

mX
j=2

�xtyj (x� x0)
j
: (3.4)

Although a lateral displacement measurement of an axis in general reveals a
displacement linear with axis position, this is not accounted for by a straightness
error component. Since such a displacement is the result of a misalignment
error between the machine's axes, this e�ect is covered by the squareness error
components.

At this point all the error components have been modelled with ordinary
higher order polynomials with exception of the squareness errors, which are
modelled by a constant. The selection of the polynomial order will be dealt
with in Chapter 4 when optimising the machine error model.

3.1.3 Error propagation

In the previous section, the error components have been modelled with paramet-
ric functions. Here the in
uence of these error components on the positioning
behaviour of a multi-axis machine will be considered. This means that relations
are derived to compute the e�ect of an error component on the positioning and

2A constant term is omitted for the same reason as for the scale errors.
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orientation error of the end-e�ector �u with respect to the workpiece (table), see
Figure 1.1. In this chapter this error vector is approximated by a geometrical
error model, formulated in mathematical terms as:

�u � �̂u =

"
�̂
t

u

�̂
r

u

#
= f(xtx(x); xty(x); : : : ; ywz): (3.5)

In this section, this function will be derived stepwise. As stated in the In-
troduction, the error vector �u depends on the current state of the machine.
When considering geometrical errors, this state is completely de�ned by the
machine's nominal axis positions i.e. X,Y,Z,A,B,C and the vector describing
the dimensions of the current end-e�ector, as stored in vector t. Therefore the
(geometrical) nominal state of a multi-axis machine is completely described by
the following two vectors:

u = (X;Y; Z;A;B;C);

t =

0
@ tx

ty
tz

1
A

with u containing the nominal axis positions. In order to demonstrate the error
propagation in multi-axis machines with a serial kinematic structure, a �ve-axis
milling machine with axes X,Y,Z,B,C will be used as an example (see Chapter
2, Section 2.4).

The error components, as discussed in the previous section, are small com-
pared to the nominal dimensions of the multi-axis machine. The magnitude of
translational errors is typically 0:1�100 �m and of rotational errors 1�100 �rad
for existing multi-axis machines. To obtain the e�ect of an error component on
the machine's positioning error, rigid body kinematics are used, where only the
�rst order terms are taken into account here. So for an orientation error " of
an axis the following approximation is applied:

cos (") ' 1;

sin (") ' ":

The shortening �` of an axis due to an orientation error " equals `(1�cos(")) '
1
2
"2 � `. Due to small values of " this shortening is usually negligible. For

machining centres, the second order terms are generally much smaller then the
resolution of the measurement systems employed (typically 0:1 � 1:0 �m) and
therefore it is useless to take these higher order terms into account. Higher
order e�ects are taken into account only when these terms cannot be neglected.
When an extreme accuracy is required this might even be necessary, for instance
when modelling a wafer-stepper/scanner.

In order to compute the in
uence of an error component on the relative
end-e�ector positioning and orientation error, a distinction has to be made
between translational and rotational error components. A translational error
component on one hand is re
ected directly in the relative end-e�ector position.
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If a multi-axis machine contains at least one rotary axis, also the orientation of
the translational error component with respect to the workpiece (table) has to
be taken into account since the direction of the error can change relative to the
workpiece.

For obtaining the contribution of a rotational error component on the ma-
chine's positioning error on the other hand a certain o�set arm (an `Abbe o�set')
has to be taken into account. The resulting displacement is then calculated by
multiplying this rotation with its relevant o�set arm as visualised in Figure 3.2
for an axis i. In this �gure the resulting positioning error �ti is drawn (in ex-
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x y
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Figure 3.2: The e�ect of a rotational error component "i with
o�set arm pi on the positioning error �ti of an axis i.

treme) for an orientation error "i. The corresponding arm of rotation is denoted
by pi and is de�ned with respect to the local coordinate frame i: pi starts at
the joint of the axis and points towards the endpoint of the end-e�ector. Ex-
panding this into the three-dimensional case, the resulting positioning error �ti
due to an rotational error component "i can be computed as the cross product
between the arm of rotation and the rotational error components, both stored
in a vector:

�ti =

0
@ �x

�y
�z

1
A

i

=

0
@ "x

"y
"z

1
A

i

�
0
@ px

py
pz

1
A

i

= "i � pi: (3.6)

In order to take the contribution of the rotational error components on the
machine's positioning error into account, the o�set arms have to be determined
�rst. Besides these arms of rotation, also a rotation matrix de�nition is required
necessary to describe the e�ect of rotary axes present in the machine's structural
loop, since the relative orientation between local coordinate frames (see Figure
2.6 and 2.7) can change. Therefore the following de�nitions are stated:
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� Vector pi describes the position of the end-e�ector relative to coordinate
frame (joint) i;

� Matrix Ri describes the orientation of local coordinate frame i with re-
spect to that of the workpiece table.

In Figure 3.3 these pi vectors are drawn for a �ve axis milling machine (see also
Figure 2.6 and 2.7) including the local coordinate frames of the corresponding
machine's axes. The error components are de�ned with respect to these local
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Figure 3.3: Five-axis milling machine with corresponding kinematic model con-
taining vectors pi.

coordinate frames. The origin of such a local coordinate frame is located at the
point where two machine's axes meet (i.e. at the joint, see Figure 3.3). This
means that the error components of the C-axis are described relative to frame
2, the error components of the Z-axis with respect to frame 3 etc.

The vectors pi, shown in Figure 3.3 start at the origin of local coordinate
frame i pointing towards the end of the tool. In order to describe such a
vector pi with respect to the corresponding local coordinate frame (i.e. describe
vector pz relative to coordinate frame 3) the `preceding vectors' are re-oriented
for successive coordinate frames, as will be explained here stepwise (see also
Chapter 2, Section 2.4). For the mathematical description of these pi vectors,
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the vectors pi;j
3, as introduced in Chapter 2 Section 2.4, are used.

Vector p1 is de�ned relative to frame 1 by de�nition and contains the tool
vector t. The next step is to describe this vector relative to frame 2. This can
be computed by pre-multiplying vector p1 with rotation matrix R2;1. Then
vector p2;1 is added, which is described relative to frame 2 by de�nition (and
indicates the position of frame 1). This procedure is repeated until the respec-
tive local coordinate frame is reached. Due to the de�nitions of the rotation
matrices Ri;j

4, Ri and vectors pi;j , pi the derivation of the vectors pi becomes
straightforward. In order to generalize their formulation, all the rotation ma-
trices Ri;j and the vectors pi;j are considered as a function of the actual axis
positions as stored in u although this is not always necessarily true (i.e. most
rotation matrices equal I except R2;1 and R6;5 see Chapter 2, Section 2.4):

pc (u; t) = RT
2;1 (u) � p1 (u; t) + p2;1 (u) ;

pz (u; t) = RT
3;2 (u) � pc (u; t) + p3;2 (u) ;

py (u; t) = RT
4;3 (u) � pz (u; t) + p4;3 (u) ;

px (u; t) = RT
40;4 (u) � py (u; t) + p40;4 (u) ;

pb (u; t) = RT
5;40 (u) � px (u; t) + p5;40 (u) :

At this point the corresponding arms of rotation of the rotational error com-
ponents have been derived, necessary for computing the resulting relative dis-
placement error of the tool according to Equation 3.6.

Due to the possible presence of rotary axes in the machine's structural loop,
the orientation of the error components relative to the workpiece (table) frame
can change. In order to take the e�ect of these rotary axes into account, the
introduced matrices Ri wil be derived here. With these matrices, the error
components can be re-oriented with respect to the workpiece (table). Due
to the de�nitions of rotation matrices Ri;j , the matrices Ri can be obtained
directly by multiplying the relevant matrices Ri;j of the corresponding part of
the machine's structural loop (beginning at the workpiece table):

Rb (u) = R6;5 (u) ;
Rx (u) = R5;40 (u) �R6;5 (u) ;
Ry (u) = R40;4 (u) �R5;40 (u) �R6;5 (u) ;
Rz (u) = R4;3 (u) �R40;4 (u) �R5;40 (u) �R6;5 (u) ;
Rc (u) = R3;2 (u) �R4;3 (u) �R40;4 (u) �R5;40 (u) �R6;5 (u) :

These matrices describe the orientation of frame i with respect to the workpiece
table frame (as indicated by no. 6 in Figure 2.6 and 2.7).

At this point, relations describing the in
uence of an error component on
the machine's positioning behaviour can be derived stepwise. This means that
an equation is needed describing how the error components of an axis i a�ect
the position and orientation of the tool with respect to the workpiece table. In
Figure 1.1 the tool positioning and orientation error is depicted and this vector
is de�ned with respect to the workpiece table frame. The modelled positioning

3Vector pi;j describes the position of the origin of coordinate frame j relative to frame i.
4Matrix Ri;j describes the orientation of coordinate frame j relative to frame i
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error due to the error components of an axis i is then denoted by �̂
t

i. The error
components however are de�ned relative to the corresponding local coordinate
frame and therefore need to be re-oriented according to the workpiece table
frame (by means of Ri(u)).

In order to derive the error propagation equation, the machine's positioning

error �̂
t

i is considered �rst. Consider the translational error components to be
stored in an introduced vector ei (u;�) and the rotation error components in a
vector "i (u;�) belonging to axis i:

ei (u;�) =

0
@ itx(u;�)

ity(u;�)
itz(u;�)

1
A ; "i (u;�) =

0
@ irx(u;�)

iry(u;�)
irz(u;�)

1
A

with i 2 fX;Y; Z;A;B;Cg. The machine's positioning error then can be con-
sidered to consist of two summed parts; one part results from the translational
error components and the other part from the e�ect of the rotational error
components, see Figure 3.2 and Equation 3.6:

�̂
t

i (u; t;�) = ei (u;�) + "i (u;�)� pi (u; t) : (3.7)

This sum, describing the resulting positioning error, then has to be re-orientated
from frame i to the workpiece table frame. The latter is computed by pre-
multiplying this sum with the inverse of matrix Ri (which equals RT

i ) as can
be derived from its de�nition:

�̂
t

i (u; t;�) = RT
i (u) � fei (u;�) + "i (u;�)� pi (u; t)g: (3.8)

This equation describes the e�ect of the error components on the machine's

relative positioning error �̂
t

i.

The relative end-e�ector's orientation error �̂
r

i due to axis i is equal to the
rotational error components, taking their orientation into account in a similar
way as for the machine's positioning error vector:

�̂
r

i (u;�) = RT
i (u) � ("i (u;�)) : (3.9)

Summarizing, the machine's relative positioning and orientation error due
to the error components of an axis i are denoted as:

�̂i (u; t;�) = RT
i (u) �

�
ei (u;�) + "i (u;�)� pi (u; t)

"i (u;�)

�
: (3.10)

For obtaining the overall error vector �̂, the contributions of all the machine's
axes n are added by superposition since the magnitude of the error components
is small compared to the nominal dimensions of the machine:

�̂ (u; t;�) =

nX
i=1

�̂i (u; t;�) (3.11)
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resulting in a mathematical description of the tool positioning and orientation
error with respect to the workpiece table.

Since the geometrical error model derived is linear in the unknown model
parameters, this equation can be denoted in matrix notation, see Appendix D:

�̂ (u; t;�) = F (u; t) �Q (u) � � = H (u; t) � � (3.12)

where matrix H (u; t) is obtained by multiplying two matrices. Matrix F (u; t)
computes the e�ect of an error component (i.e. ei; "i) on the machine's posi-

tioning and orientation error �̂. For translational error components, the corre-
sponding matrix element equals 1 and for rotational error components, the arm
of rotation pi is used. These arms depend among others on the machine's axis
positions (i.e. stored in u) and the geometry of the end-e�ector (as stored in t).
The second matrix Q (u) contains the error component functions, see Equations
3.2-3.4 used for describing the error components (i.e. ei; "i). In this matrix the
machine's axis positions (u) are present as variables.

3.2 Measurement of geometric errors

In this section, the measurement of geometrical errors will be discussed. First,
the measuring conditions for assessing the machine's geometrical errors are con-
sidered. This means that the e�ect of other error sources on the machine's
positioning behaviour (i.e thermally induced errors, error due to �nite sti�ness
of machine's structural loop) has to be minimized or cancelled if possible while
performing measurements on the machine. Secondly, the application of length
measurements for assessing the machine's positioning behaviour is considered.
A measurement model is presented describing the relation between the ma-
chine's positioning error and the resulting length deviation, as measured by a
length measuring instrument. Furthermore a measurement setup is proposed,
prescribing the spatial distribution of length measurements to be performed in
the machine's working volume in this section.

3.2.1 Measurement conditions

In order to measure the geometrical errors of a multi-axis machine only, it is
important to cancel the e�ect of other error sources as much as possible.

Complete elimination of thermally induced errors is impossible but their
e�ect on the machine's positioning behaviour can be minimised. The heat
sources present should hereby be cancelled as much as possible in order to
approximate the ideal situation (i.e. realize a `cold' reference state) of a machine
with a homogeneous thermal distribution of 20 ÆC. For a machining centre for
instance, this mainly means that the main spindle should not rotate during the
measurement of geometrical errors since this is a major heat source (friction
in bearings and gear boxes, heating up of motor etc.). The heat generated by
the servo motors on the other hand cannot be cancelled, because the machine
must be able to move to certain measuring positions although the resulting
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thermal distortion is limited compared to other heat sources. Another e�ective
possibility to minimise thermal disturbances is to control the temperature of the
environment, as often practised in metrology laboratories. In order to obtain a
stationary temperature distribution in a machine (probably not homogeneous)
the machine can also be left switched on for a period of time before performing
measurements. Resulting positioning errors due to temperature di�erences with
respect to the reference temperature of 20 ÆC can subsequently be compensated
for by using formulas describing thermo-mechanical behaviour. Other ways of
minimising thermally induced errors is using thermal invariant materials (i.e.
invar, zerodur) and/or executing measurements in a short period of time in order
to avoid changes in the temperature distribution of the multi-axis machine.

Besides thermo-mechanical e�ects, the machine's positioning behaviour is
also a�ected by the �nite sti�ness of the machine's structural loop. Due to
internal and external forces, the tool position and orientation is changed with
respect to the workpiece table statically as well as dynamically. Machine de-
formations resulting from gravity forces on one hand are always present and
cannot be eliminated. From a scienti�c point of view it might be interesting to
separate positioning errors due to gravity e�ects from `real' geometrical errors:
errors resulting from geometrical imperfections of the machine axes including
assembly errors (squareness errors). This however is not done for practical rea-
sons: when for instance compensation for the measured positioning errors is
performed, these separated e�ects have to be added �rst. For this reason, no
e�ort is made to separate these errors: positioning and orientation errors due to
dead weight forces (of the machine itself) are therefore considered as an implicit
part of the geometrical errors. Besides the machine itself, also the workpiece is
subjected to gravity forces, resulting also in deformation of the machine. Since
machining centres can generally be loaded with heavy workpieces5, the resulting
de
ection of relevant machine components can be signi�cant. With the term
`�nite sti�ness error', this type of error is meant in this thesis. This error can
be examined by loading the machine with di�erent masses on di�erent positions
while performing measurements. This kind of error however is beyond the scope
of this research project. For these aspects see [Soo 93] [Spa 95]. Summarizing,
static �nite sti�ness errors during geometrical measurements are eliminated by
placing no additional loads on the machine. The mass of the measurement
equipment itself is usually negligible.

Since the sti�ness of the structural loop of a multi-axis machine is �nite, also
dynamic forces cause positioning and orientation errors. This kind of errors can
be minimized by performing measurements of geometrical errors in a static way:
read the instrument after machine vibrations have attenuated suÆciently. This
means in practice that a certain waiting time has to be taken into account,
typically (fractions of) a second.

When the slides of a multi-axis machine are at a certain (virtually �xed) po-
sition, vibrations caused by the servo-systems used for controlling the machine's
axis positions, do occur. The amplitude of these vibrations however are gen-
erally small and can be neglected (or reduced to an acceptable level by proper

5A Maho 700S for example can be loaded with workpieces up to 500 kg.
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tuning). Measurements with a dynamic laser interferometer on a milling ma-
chine (Maho 700S) for instance revealed vibrations with an amplitude of several
tenths of a �m only.

By taking these remarks into account, geometrical errors of multi-axis ma-
chines can be assessed, since the e�ects of the other error sources on the ma-
chine's positioning behaviour have been minimised. In the following subsection,
the measurement of geometrical errors itself will be discussed.

3.2.2 Length measurements with a Double Ball Bar

In this thesis length measurements are used for assessing the machine's posi-
tioning behaviour. For measuring lengths, a telescopic ball bar equipped with
a measuring system is employed: a Double Ball Bar (DBB). In the Figure 3.4
a schematic drawing of a DBB length measurement of a �ve-axis milling ma-
chine is depicted. This measuring device contains two precision balls attached

Telescoping 

mechanism

Extension 

rod

Scale

Magnetic 

socket

Reading 

unit

DBB 

ball(top-view) 

Flat 

surfaces

Telescoping 

rod

Figure 3.4: A DBB measurement on a �ve-axis milling machine.

at each end of the bar, see Figure 1.3 and its nominal length can be adjusted
with extension rods to �t the machine's workspace. The length of a DBB is
de�ned as the distance between the centre points of the DBB balls. One DBB
ball is �xed to the DBB and the other ball is connected to a telescopic rod with
a limited stroke of 10 mm. The integrated measuring system (a linear encoder,
see [Dou 90]) can detect relative movements of the telescopic rod position with
a resolution of 0:1 �m. This measuring system contains an absolute reference
mark (near the middle of the encoder) that has to be passed when initialising
the length measuring instrument. Due to this reference mark the DBB can be
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used as an absolute length measuring instrument after calibrating the DBB6.
The calibration procedure of a DBB is presented in Appendix B. The length
measurement uncertainty of this instrument is typically 1 �m.

The DBB precision balls are mounted on the machine with two magnetic
sockets: one ball is �xed to the tool and the other ball is mounted on the
workpiece table by means of a stand. The magnet ensures contact between a
DBB ball and three 
at hardened surfaces present in the socket. This way,
the position of a DBB ball in a socket is determined kinematically (not over-
constrained) allowing relative rotations only.

Since the measuring stroke of the DBB used is limited to 10 mm, the mea-
suring points have to be distributed on a semi-sphere with respect to the stand
(or tool) in order to prevent serious damage of the instrument. Therefore the
machine is commanded to move successively along circular paths which together
generate a semi-spherical grid of measuring points. This implies that the length
measurements can be considered as radius measurements of such a semi-sphere.
With one DBB measurement, a collection of measuring points distributed on
discrete points on such a semi-sphere is meant. Such a DBB measurement can
be executed in �ve minutes typically.

Besides a DBB with a short measuring stroke (like the Heidenhain IK110 and
the Renishaw QC10) also measuring ball bar systems with a longer measuring
stroke (i.e. 100 mm) have been developed [Zie 94]. The distance between the
attached balls is then measured using a laser interferometer. An advantage of
this measuring instrument, referred to as Laser Ball Bar (LBB), over a DBB
is that the measuring points do not necessarily have to be distributed on a
sphere due to its extended measuring range. A LBB however is expensive and
is therefore not used in this thesis.

If the machine's positioning error is zero, a perfect smooth semi-sphere is
measured with a radius as commanded. Since the DBB is an absolute length
measuring device, not only errors with respect to a spherical shape can be
analysed, but also the radius itself can be evaluated. The following step now
is to derive a relation between the positioning errors of the multi-axis machine
and the output of the DBB measuring instrument. This relation will be derived
here.

In the Figure 3.5 a semi-spherical DBB measurement is depicted schemat-
ically. The centre point c of such a measurement is determined by the stand
position, bolded on the workpiece table. This position however is not known ac-
curately. Therefore this position c is approximated by �tting a sphere through
the measuring points and this approximation is denoted by w: the distance
vector between both points is represented by 
.

� c: centre point of semi-spherical DBB measurement;

� w: approximation of centre point c;

� 
: estimation error of centre point position;

6In principle this calibration procedure has to be performed once. If the DBB length is
modi�ed with an extension rod however a new calibration is required.
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Figure 3.5: Schematic drawing of a DBB measurement.

� �tu: positioning error in measuring point u;

� ru: measured radius in measuring point u;

� ~nu: approximation of normal vector in measuring point u;

� �ru: measured radius deviation in point u.

In this way, the position of the DBB measurement centre point can be denoted
as:

c = w + 
: (3.13)

This approximation error 
 is constant during a DBB measurement and can be
regarded as a DBB measurement alignment error.

The following step is to analyse the position of the other DBB ball, attached
at the tool of the machine. This position equals the nominal tool position added
with the machine's positioning error �tu for point u:

xu = xunom + �tux
yu = yunom + �tuy
zu = zunom + �tuz

: (3.14)

Now the spatial positions of both DBB balls have been denoted. The shortest
distance between these two points then equals:

ru =
q

(xu � cx)
2
+ (yu � cy)

2
+ (zu � cz)

2 : (3.15)
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However, not every variable in this expression is known: only the nominal
tool position and the approximation of the centre point w are available. By
substituting 3.13 and 3.14 in the former formula, the following expression yields:

ru =
q

(xunom + �tux � wx � 
x)
2
+ : : :+ (zunom + �tuz � wz � 
z)

2 :

(3.16)
The unknown variables in this equation, these are 
 and �

t
u, are much smaller

than the known variables7. Because of this, the radius in measuring point u
can be approximated by linearisation to the unknown variables using �rst order
Taylor polynomials:

ru ' runom +
@ru
@�tux

� �tux +
@ru
@�tuy

� �tuy +
@ru
@�tuz

� �tuz + : : : (3.17)

: : :+
@ru
@
x

� 
x + @ru
@
y

� 
y + @ru
@
z

� 
z

with:

runom =
q

(xunom � wx)
2
+ (yunom � wy)

2
+ (zunom � wz)

2 : (3.18)

Evaluating the partial derivatives by di�erentiating Equation 3.16 results in:

@ru
@�tux

=
xunom � wx

runom
; (3.19)

... (3.20)

@ru
@
z

= �zunom � wz

runom
: (3.21)

At this point, a linear approximation is obtained for the measured radius in
measuring point u by substituting these partial derivatives in Equation 3.17:

ru ' runom +
xunom � wx

runom
� ��tux � 
x

�
(3.22)

+
yunom � wy

runom
� ��tuy � 
y

�
(3.23)

+
zunom � wz

runom
� ��tuz � 
z

�
: (3.24)

The next step is to derive an equation for the normal vector in measuring
point u since the measuring axis of the DBB coincides with this normal vector.
This normal vector with unit length 1 can be approximated by:

nu ' 1

runom
�
0
@ xunom � wx

yunom � wy

zunom � wz

1
A : (3.25)

7The order of magnitude of the nominal tool position and of the centre point coordinates
are 10�1 m while 
 and �tu are of order 10�5 m.
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By de�ning the deviation of the radius as:

�ru = ru � runom ; (3.26)

the following expression holds for the measured radius deviation as obtained by
combining Equations 3.22 - 3.26:

�ru ' nTu �
0
@ �tux � 
x

�tuy � 
y
�tuz � 
z

1
A (3.27)

or in vector notation denoted as:

�ru ' nTu � �tu � nTu � 
: (3.28)

which is the equation sought. Note that vector 
 does not have a subscript since
this centre point approximation error remains constant during a single semi-
spherical DBB measurement while the other variables depend on the machine's
axis positions.

Actually, this equation is quite straightforward. Since a DBB is a length
measuring instrument, only the projection of the machine's positioning error �tu
on the measurement axis nu is detected. Therefore an inner product between
the vectors �tu and nu is present in the expression describing the measured
radius deviation. The same yields for the approximation error of the DBB mea-
surement centre point: this error a�ects the measured radius by the projection
term nTu �
. The deviation in radius is then simply the di�erence between these
two terms.

Sensitivity DBB length measurements for error components

The positioning errors of a multi-axis machine distort the shape and size of the
semi-sphere to be measured with a DBB. This distortion depends on the type of
error component and will be discussed here, starting with linearity errors. In this
analysis a very large number of measuring points within a DBB measurement is
assumed for clarity, justifying terms like circles and spheres although the DBB
length is measured at a limited number of discrete points on a semi-sphere.

A linearity error is a translational error which acts along a machine axis.
Because of this, a circle of the measured semi-sphere can be transformed into an
ellipse with its principal axes parallel and/or perpendicular to the machine axis,
see Figure 3.6. In this �gure, the relation between the machine's positioning
error �tu as a result of linearity error xtx, and the measured radius deviation
is drawn. Since the positioning errors have been scaled up considerably for
reasons of clarity8, the projection of the positioning error �t3 on the actual
measurement axis n3 is not exactly equal to the drawn radius deviation �r3 of
measuring point 3 and has therefore been omitted (otherwise see Figure 3.5).
From this �gure it is obvious that the sensitivity of length measurements for a

8The order of magnitude of the nominal radius equals the DBB length and is 10�1 m while
the machine's positioning errors are of order 10�5 m.
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Figure 3.6: Sensitivity DBB measurement for linearity error xtx = �xtx1(x�x0).

single linearity error is 0 when the orientation of the resulting positioning error
is perpendicular to the measurement axis (points 5 and 13) and 1 when these
orientations coincide (points 1 and 9): the measured radius deviation equals the
positioning error.

The sensitivity of a DBB length measurement for positioning errors is ob-
tained by di�erentiating Equation 3.28 to the components of �tu:

@�ru
@�txu

= nx (3.29)

@�ru
@�tyu

= ny (3.30)

@�ru
@�tzu

= nz: (3.31)

In point 5 on one hand, see Figure 3.6, the normal vector equals
�
0 1

�T
while the positioning error �tu only has a nonzero component in X-direction
(�tx 6= 0; �ty = �tz = 0) so the sensitivity is zero since nx = 0. For point 1 on

the other hand, the normal vector is
�
1 0

�T
and therefore the machine's

positioning error due to a xtx error component is re
ected completely in the
measured radius deviation. In Figure 3.7 some combinations of xtx and yty are
drawn. By combining the linearity errors, this analysis can be extended into
the three-dimensional case.

Besides linearity errors also squareness errors can transform a circle into
an ellipse, but in this case with the principle axes 45o rotated relative to the
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Figure 3.7: E�ect of linearity errors xtx = �xtx1(x�x0) and yty = �yty1(y�
y0) on a circular DBB measurement in a XY plane.

machine's axes. The orientation of these principle axes is determined by the
sign of the squareness error. In Figure 3.8 such a squareness error is depicted.
The sensitivity of the radius deviation for the positioning error components in X
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Figure 3.8: E�ect of a squareness error xwy on a circular DBB
measurement with radius R0.

and Y direction due to a squareness error xwy in measuring point 3 for example

can be denoted as
�

1
2

p
2 1

2

p
2
�T
. This means that �r3 = 1

2

p
2 � �t3 in the

drawn example. More speci�cally, it can be proved that the resulting ellipse
radius R0 as a function of angle ' can be expressed as (see Figure 3.8) [Sch 01]:

R0 = R0 �
p
1 + " sin(2')

with " denoting the squareness error angle.
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Extending this analysis, the sensitivity of a measured radius deviation �ru to
a geometrical error model parameter �i used for describing an error component
ci (the error components are stored in a vector c(u), see Appendix D) can
be obtained by di�erentiating the radius deviation to the components of the
corresponding vectors. This can be expressed as:

@�ru (u; t)

@�i
=

2
6666664

@�ru (u; t)

@�txu (u; t)
� @�

t
xu (u; t)

@ci (u)
� @ci (u)

@�i
@�ru (u; t)

@�tyu (u; t)
� @�

t
yu (u; t)

@ci (u)
� @ci (u)

@�i
@�ru (u; t)

@�tzu (u; t)
� @�

t
zu (u; t)

@ci (u)
� @ci (u)

@�i

3
7777775
: (3.32)

The �rst row of this matrix represents the sensitivity of the measured radius
deviation �ru (u; t) to an error model parameter �i evaluated for the X direction
of the machine's positioning error �txu for error component ci. The other rows
correspond to the sensitivity of the radius deviation, evaluated for the Y and Z
direction respectively of the machine positioning error �tu. The distinction made
for the X,Y and Z direction is necessary in order to di�erentiate the scalar value
�ru (u; t) to the (scalar) components of the positioning error vector.

Regarding the �rst row of this matrix, a product of three terms is present.
The �rst term of this product, that is @�ru

@�txu
represents the projection of the

machine's positioning error in X direction on the DBB measurement axis. The
value of this partial derivative equals nx and its value is between -1 and +1, see

also Equation 3.31. The second part,
@�txu
@ci

describes the e�ect of an error com-

ponent ci on the machine's positioning error in X direction �txu, see also Section
3.1.3. For translational error components (i.e. the `itj' terms) on one hand this
partial derivative equals � 1 if the error component ci acts in the machine's
X direction, otherwise this term is zero. For rotational error components (i.e.

the `irj' terms) on the other hand, the term
@�txu
@ci

equals the component of the
arm of rotation corresponding to the rotational error component ci. The latter
depends on the machine's axis positions (i.e. u) as well as on the dimensions
and geometry of the end-e�ector (i.e. t). Finally the last term, that is @ci

@�i
,

depends on the derivative of the error component function to its parameters,
see Equations 3.2-3.4 describing the dependency of an error component on axis
position.

Summarizing: in order to be able to estimate an error component parameter
from DBBmeasurement data, the product of these three partial derivatives must
at least be non-zero for at least one row for some measuring points (i.e. large
product values are desired).

This analysis has been performed for each error component. From this
analysis the following is concluded:

� A DBB measurement is (or can be made) sensitive to each individual error
component [Kna 83];
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� The sensitivity of a DBB measurement to an error component in decreas-
ing order is:

1. Squareness errors;

2. Linearity errors;

3. Rotational error components;

4. Straightness errors.

This means that positioning errors due to a linearity error do a�ect the mea-
sured radius deviation the most while the radius deviation is a�ected the least
by a straightness error. This implies that in principle each individual error
component can be determined from a single DBB measurement since each error
component does a�ect the radius to be measured [Kna 83]. It also implies that
the determination of a straightness error from radius deviation measurement
data is a�ected more by measurement noise due its poor sensitivity then the
determination of a squareness error for example.

So far, only one or a few error components have been considered at a time,
responsible for the resulting positioning error of the multi-axis machine. In
reality however, all the error components act simultaneously with each their
characteristic in
uence on the machine's positioning behaviour. The determi-
nation of the error components in this case from the measured radius deviations
is still possible but much more complicated. This is caused by the fact that it
is impossible to distinguish certain error components from a single DBB mea-
surement, even if the number of measuring points within a semi-spherical DBB
measurement is in�nite. In order to be able to determine all the error com-
ponents from DBB measurements the measurement setup must satisfy certain
conditions since multiple DBB measurements are required. This measurement
setup is subject of the next subsection.

3.2.3 Design of measurement setup

Since length measurements only detect the projection of a positioning error on
the measurement axis, see Equation 3.28, the components of the positioning
error perpendicular on this measurement axis are lost for a single measuring
point. Because of this reason it is important to distribute the measuring points
throughout the machine's workspace in such a way, that the orientation of the
measurement axis is varied in all possible directions. In this subsection measures
are discussed in order to be able to determine/estimate all the error model pa-
rameters from DBB measurement data. The latter implies that multiple DBB
measurements have to be applied. The measurement setup obtained in this way,
prescribing the spatial distribution of the DBB measurements in the machine's
workspace, should be regarded as a minimum constraint that must be met, not
as a mathematical proof or as an optimal measurement strategy. The latter is
impossible since no a priori knowledge is available about the error components
of the machine considered. In [Que 98] it is shown that for a simple (virtual)
machine with two axes, containing only three error components (i.e. xtx; yty



50 Modelling and measurement of geometrical errors

and xwy) the optimal distribution of DBB measurements in its working plane
depends on the value of these error components. Only when this knowledge is
available, an optimal measurement strategy could possibly be derived. Never-
theless, a minimum required DBB measurement setup can be derived.

A DBBmeasurement is determined by several factors. When both DBB balls
are connected to the machine, the structural loop is closed. This structural loop
depends besides the machine tool itself on (see Figure 1.3 and 3.4):

� Tool geometry;

� DBB length;

� Stand position on the workpiece table.

Given these entities, the machine's structural loop is determined completely.
The tool dimensions for instance determines among others how rotational errors
of the ram are re
ected (i.e. `ampli�ed') in the machine's positioning error, see
also Equation 3.6. A roll error of the ram (zrz) will contribute more to the
positioning error for longer tools than for short tool lengths. The opposite is
true for the rotational errors of the X-axis. The e�ect of the stand position on
the workpiece table is comparable with that of the tool geometry: both (can)
a�ect o�set arms of rotational error components. This property will be used
intentionally for separating and determining all the error components.

In order to make this clear, the machine's positioning error in Z-direction
is written down using the error model derived. This error depends on several
error components like ztz and zrx; which are both modelled linear with axis
position (higher order terms are omitted for simplicity), see Equations 3.2-3.4:

�̂tz (u; t;�) = : : :+ �ztz1 (z � z0) + �zrx1 (z � z0) � (�a+ c+ t1y) + : : : (3.33)

In this equation, a and c are machine constants (see Figure 2.7) and t1y stands
for the length of the tool used. From this example it is clear that it is impossible
to separate the translational error (parameter �ztz1) and the rotational error
(parameter �zrx1) since the term (�a+ c+ t1y) remains constant during a DBB
measurement while the term (z � z0) varies for each measuring point in the same
way for both error components. Increasing the number of measuring points
within a semi-spherical DBB measurement does not solve this problem and it
is therefore useless. The only way to be able to separate the translational error
from the rotational error is to include also a DBB measurement performed with
another tool length, say t2y, to the measurement data.

More speci�cally, regarding Equation 3.32 the �rst and third partial deriva-
tives on the third row are the same for these two error components in this case:

the normal vector equals
�
0 0 1

�T
and the dependency of the error compo-

nents on axis position is similar, see Equation 3.3. Therefore the second partial

derivative, that is
@�tzu
@ci

, must be changed in another DBB measurement for sep-
arating both error components considered: modify error component zrx's arm
of rotation. This can be realized by extending the vertical tool length in this
case.
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The in
uence of the stand position on the workpiece table is similar to that
of the tool geometry and is re
ected as a rigid displacement of the machine's
coordinate z in the example shown, altering certain arms of rotation (see Equa-
tions 2.4-2.7). This means, regarding Equation 3.32 that the second term on

a row (i.e.
@�txu
@ci

) is altered when the stand is placed on another position on
the machine's workpiece table. This proofs the necessity of using multiple DBB
measurements, performed with di�erent tool geometries and stand positions,
for determining all the machine's error components from length measurement
data9.

Besides the tool geometry and stand position, a DBB measurement is also
a�ected by the length of the DBB used. This length determines the distance
between the measuring points with respect to the stand (i.e. the radius). This
implies that this length determines the variation in the machine's axis posi-
tions (the term (z � z0) in Equation 3.33) while executing a DBB measurement.
Or more speci�cally, regarding Equation 3.32 the third term in each row @ci

@�i
changes more for longer DBB lengths. So for separating the error components,
it is advantageous to choose this DBB length as long as possible, taking the
dimensions of the machine's workspace into account [Mon 97]. Since the ma-
chine's positioning error needs to be measured throughout the entire working
volume with a limited amount of length measurements, the use of a relatively
long DBB is also advantageous.

The items discussed can be summarised as follows for determining all error
components from DBB measurements:

� The length of the DBB should be chosen as large as possible, taking the
machine's working volume into account;

� Vary the position of the ball attached at the machine's end-e�ector as
much as possible in X-, Y- and Z-direction;

� Vary the stand position as much as possible in X-, Y- and Z-direction;

� Using a large number of measuring points within a DBB measurement is of
little use and time consuming. When increasing the number of measuring
points, it is better to perform more DBB measurements under di�erent
conditions (by varying the stand position and/or the tool geometry) than
increasing the number of measuring points within a semi-spherical DBB
measurement.

For simple situations, the e�ect of the above mentioned measures can be
quanti�ed. For instance by considering the change in (co-)variance of estimated
parameters this way: the parameter's (co-)variance decreases (as desired) when
increasing the change in end-e�ector geometry. The same happens when in-
creasing the DBB length. Another possibility is consideration of the change
in condition number of the matrix used for estimating the parameters when

9The opposite is also true: as long as the stand position and tool geometry has not been
varied in X-, Y- and Z-direction, the determination of all 21 error components is impossible.
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modifying the DBB length, end-e�ector geometry, kind of measuring point dis-
tribution, etc. [Mon 92] [Mon 97] [Str 88]. Such an analysis however is rather
speci�c: it is valid for a certain machine con�guration with certain error com-
ponents for a DBB measurement performed on a certain location with a certain
tool etc. Therefore the measures necessary for determining all the machine's
error components from DBB measurements are presented in a qualitative way.

In order to vary the position of the DBB ball attached at the tool, an o�set
adapter has been designed and realized. With this adapter, this position can
be varied in the horizontal XZ plane with �150 mm. In Figure 3.9 such a DBB
measurement is shown with an elevated stand. For modifying the tool length

Figure 3.9: DBB measurement with o�set
adapter and elevated stand.

a modular set of extension rods is used. With this set, the tool length can be
extended up to 242 mm while the length of the shortest tool equals 115 mm.
The magnitude of the extensions however is limited due to the lateral sti�ness
of the tool. The compliance measurement error introduced should be negligible
to the entity to be measured: the machine's positioning error. This means that
the measurement error as introduced by the tool extensions should be smaller
than 1 �m. This has been veri�ed with experiments as shown in Figure 3.10
which displays the measurement setup for the most critical sti�ness component
of the extended tool. With the measurement setup depicted, the displacement
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Figure 3.10: Measurement setup for determin-
ing the lateral sti�ness of an extended tool.

of the extended tool is measured with a (hysteresis free) displacement gauge
while loading (followed by unloading) the tool with a known lateral force using
weights. The measured (lateral) sti�ness of the tool is 5:8�106 N=m. Since the
measurement force of the telescoping DBB rod is below 0:4 N, the maximum
measurement error as introduced by the extended tool equals:

umax � 2 � 0:40
5:8 � 106 = 0:13 �m

which is negligible with respect to the positioning error to be measured. A
similar measurement setup has been used for verifying the sti�ness of the o�set
adapter, which proved to be suÆcient for an o�set bar of 150 mm.

At this point, the measurement setup can be formulated for measuring the
positioning errors of a multi-axis machine, where a �ve-axis milling machine
serves as an example. Since the working volume of this machine equals 500�
600 � 700 mm, a DBB length of 250 mm has been selected as most suitable.
In Figure 3.11 a top-view of the machine's workspace is depicted where the
numbered crosses indicate the positions of the stand. The measuring points are
distributed on discrete points on these circles. With this measurement setup, the
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Figure 3.11: Top-view of applied DBB measurement setup in XZ plane. In
this cross-section, the DBB orientation coincides with the machine's horizontal
plane.

stand position has been varied as much as possible in the horizontal plane. The
depicted setup consists of �ve DBB measurements. These �ve measurements
are then performed at three di�erent height levels by applying:

� a short tool (115 mm);

� extended tool with a length of 242 mm;

� an elevated stand to vary the stand position vertically with 100 mm (see
Figure 3.9).

This measurement setup consist of 15 DBB measurements so far. Finally the
o�set adapter has been applied 4 times, where the tool point has been given
an o�set in the horizontal plane with �150 mm; resulting in a total of 19 DBB
measurements.

In Figure 3.11 four DBB measurements (no. 1-4) have been positioned half
way the axis range. Another possibility is to position these measurements at the
corners of the machine's workspace since the stand position is then also varied as
much as possible. The former setup however consists of more measuring points
(compare a 1/4 sphere with a 1/8 sphere) while the time needed to perform
these measurements is only marginally longer. Most time is used for preparing
the DBB measurement setup. Also an approximation of the centre position of
such a DBB measurement, positioned at a corner (a 1/8 sphere), is still possible
but harder to obtain then when using a 1/4 sphere due to slower convergence
of the approximation towards the centre point. Because of these reasons, DBB
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measurements are not positioned at the corners of the machine's workspace but
half way the axis range as depicted in Figure 3.11.

Measuring point distribution within a DBB measurement

In the previous subsection, the design of the measurement setup has been dis-
cussed. So far the number and distribution of measuring points within a semi-
spherical DBB measurement has been left open (at least a large number was
assumed) and this will be discussed here. This means that a compromise has
to be made between the information obtained about the machine's positioning
behaviour for a certain number and distribution of measuring points and the
costs related to execute such a DBB measurement i.e. the measuring time.

The most straightforward distribution of the measuring points within a semi-
spherical DBB measurement is a homogeneous one. This means that a constant
step angle is applied between the measuring points in the horizontal as well as
in the vertical planes. Such a measuring point distribution is depicted in Figure
3.12. The number of measuring points of such a DBB measurement for a step
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Figure 3.12: DBB measurement with homogeneous measuring point
distribution.

angle �Æ is then equal to:

nmp =
90

�

�
360

�

�
+ 1;

=
32400

�2
+ 1
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where nmp represents the number of measuring points. Note that for obtain-
ing a homogeneous measuring distribution, the fraction 90

�
must be an integer

and that the number of measuring point increase rapidly (quadratically) when
decreasing the step angle �.

When analysing the measuring point distribution of a DBB measurement
three cases can be distinguished:

1. The DBB measuring axis coincides with one axis (X, Y or Z) of the ma-
chine (1D);

2. The DBB is oriented in a plane (XY, XZ or YZ) spanned by 2 machine's
axes (2D);

3. The measuring axis of the DBB contains an X, Y and Z component (3D).

In the �rst case on one hand, the radius deviation measured is equal to that com-
ponent of error vector �tu which coincides with the machine's axis. This implies
that the other components of this error vector �tu do not a�ect the radius to be
measured at all since these components are perpendicular to the measurement
axis of the DBB: the sensitivity is 0 for these components. Because of this,
the measured radius deviation is a function of a few error model parameters
only, see Equation 3.33. A semi-spherical DBB measurement contains �ve such
points, which can be regarded as most eÆcient for determining the machine's
error model parameters � from length measurement data.

For the second and third case on the other hand the measured radius devi-
ation is a combination of two or even three components of the positioning error
vector �tu which on their turn are each a function of several error components.
Therefore these measuring points are less eÆcient for the determination of the
machine error model parameters and their number should therefore be limited.
For these reasons the following measuring point distribution, a so-called `bird-
cage' distribution is applied as depicted in Figure 3.13 where most ineÆcient
measuring points have been omitted. Such a distribution can be performed in
less time and the amount of information obtained about the machine's position-
ing behaviour is comparable as for a homogeneous measuring point distribution,
see also [Flo 97] and Appendix F.

3.2.4 Reversal Double Ball Bar measurements

In this subsection some aspects of the execution of DBB length measurements on
a machining centre is discussed, see also Appendix E. These DBB measurements
are all executed including a reversal measurement in order to be able to detect
irregularities during measurement. This means that each measuring point is
measured twice.

The axes of machining centres normally require frequent lubrication. For
the milling machine (a Maho 700S) used for instance a lubrication pulse (last-
ing for several seconds) is executed every eight minutes when the machine moves
continuously and for a non-moving machine once every three hours. This lu-
brication pulse is necessary to guarantee a certain lifetime of the machine but
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Figure 3.13: Applied measuring point distribution of a DBB mea-
surement.

also a�ects the machine's positioning behaviour signi�cantly (typically 10 �m).
Such a pulse is generated by a separated hydraulic pump system distributing oil
to all the machine's axes by a 
exible tube network. Obviously such a lubrica-
tion pulse should not occur during DBB measurements although this is hard to
avoid completely. One way to eliminate this problem is to alter some machine
constants (MC's) controlling the lubrication rates but this is not recommended
since irreversible machine damage might result. Another way is to perform
each DBB measurement cycle several times: since the measuring time of a DBB
measurement cycle is a few minutes only the measuring points a�ected during
lubrication can be detected (and rejected) simply. Mainly for this reason, each
DBB measurement cycle is performed including a reversal measurement. In
Figure 3.14 an example of such a reversal DBB measurement is depicted in-
cluding the di�erence per measuring point. Obviously this measurement is free
of lubrication pulses and can therefore be used for analysis of the machine's
geometrical errors.

Including a reversal DBB measurement also has other advantages. First the
accuracy of the radius deviation measured in a certain point is increased (by fac-
tor

p
2 for Gaussian measurement noise) due to statistical averaging. Secondly,

the �rst DBB measurement cycle can be compared to the reversal one. Since
geometrical machine tool errors are highly systematic, this di�erence is usually
small for each measuring point. This di�erence, as shown in Figure 3.14 has
been computed for numerous DBB measurements and is rather constant: about
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Figure 3.14: Example of a reversal DBB measurement with good repeatability.
The �gure at the bottom displays the small di�erence between the forward and
backward DBB measurement.

�2 �m, independent of the deviations measured. This value is representative
for the repeatability limit of the machine subject to measurement (when taking
the previous remarks into account like cleaning etc.) and has been con�rmed
with other measurements i.e. laser interferometry. Apparently the machine
considered cannot reproduce its tool position better than 2 �m with respect
to the workpiece table. When estimating error model parameters, this value
should therefore be considered as a limit when reducing the radius deviations
measured: smaller values (i.e. residual radius deviations) simply cannot be
realised by the machine and must therefore be avoided.

3.3 Resume

In Section 3.1 a geometrical error model has been derived. In this model, the
machine's error components have been modelled with ordinary polynomials,
containing unknown parameters to be determined from DBBmeasurement data.
Furthermore rigid body kinematics are used, using �rst order terms only, for
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calculating the error propagation: the in
uence of the error components on the
relative position and orientation error of the machine's end-e�ector with respect
to the workpiece (table).

In Section 3.2 length measurements, performed with a DBB, have been dis-
cussed. First, the measurement conditions are presented for measuring the ge-
ometrical errors of a multi-axis machine. Secondly, a DBB measurement model
has been derived. This model describes the relationship between the machine's
positioning error and the resulting radius deviation. The unknown stand posi-
tion has to be taken into account in this relation.

Subsequently, the sensitivity of DBB length measurements to the geometri-
cal machine error model parameters has been discussed. Numerical simulations
indicate that all machine error model parameters can (mathematically) be de-
termined when applying the derived measurement setup, discussed in Section
3.2.3. It explains the importance to vary both DBB balls during a DBB mea-
surement as much as possible. Using a large number of measuring points within
a semi-spherical DBB measurement is just time consuming and therefore not
useful since the measurement e�ort has been minimised in this research project.
A so-called birdcage measuring distribution is proposed. Furthermore the nom-
inal DBB length should be chosen as large as possible, taking the dimensions of
the machine's workspace into account. Application of reversal DBB measure-
ment is recommended.

In the next chapter, the determination of the geometrical error model pa-
rameters from the collected measurement data is discussed, followed by the
validation of the geometrical error model proposed.
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Chapter 4

Parameter identi�cation

and validation geometrical

error model

In the previous chapter, a geometrical error model has been proposed together
with a DBB measurement setup, prescribing the spatial distribution of length
measurements in the machine's workspace. The next step is to determine the
parameters present in the error model from the measurement data collected.
For this purpose, least squares regression has been used and this is discussed
�rst in the following section. The estimated parameters will subsequently be
used to predict the machine's positioning error throughout its entire working
volume.

The validation of the error model proposed is discussed later on and consists
of two parts. First, the error model is cross-validated using DBB measurements.
This means that intermediate DBB length measurements are performed in the
machine's workspace (not used for estimating �), using the geometrical error
model with estimated parameters to predict the deviations in measured lengths
(radius). Applying the error model for (software) compensation techniques
implies that the residual (i.e. the measured minus predicted) radius deviations
should be small for all measuring points.

Second, the error components of the geometrical error model are validated
with direct measurements (i.e. laser interferometry). The latter means that the
error component described by its function including the estimated parameter(s)
is compared to laser interferometry measurements of the same error component.
If this di�erence is small, the geometrical error model can be used for error
tracing purposes as well. The latter means that statements can be made about
the origin of the measured positioning behaviour of the machine considered,
which implies quanti�cation of the error components.

61
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4.1 Estimating geometrical error parameters

In this section the estimation of the geometrical error model parameters (see
Section 3.1) from DBB measurement data (see Section 3.2) will be discussed.
Also the results obtained with the DBB method will be presented in this section.
Our goal is to predict the machine's positioning behaviour in its entire working
volume as good as possible by means of a geometrical error model. This means
that the absolute di�erence between the measured and modelled (i.e. predicted)
machine behaviour should be minimised throughout the entire workspace of the
machine:

min
�

j�u � �̂u(�)j 8u: (4.1)

Due to the projection of the machine's positioning error on the DBB mea-
surement axis, however, this entity cannot be minimised directly since no mea-
surement information is available about �u itself. Hence Equation 4.1 has to be
transformed �rst to an entity that can be minimised: the measured length (or
radius) deviations in this case. The latter implies that the DBB measurement
model derived has to be taken into account besides the geometrical error model
when determining the error model parameters from DBB length measurement
data.

Since the error model and DBB measurement model derived are linear in
the model parameters, linear least squares regression techniques can be used for
the estimation of the parameters [Mon 92]. This means in this case that the
model parameters (� and 
) are estimated in such a way that the sum of the
squared di�erences between deviations of the measured and modelled length (or
radius) is minimised for all lengths. It is assumed that if the measured length
deviations can be predicted, the machine's positioning and orientation error can
be predicted as well. This assumption will be validated in Section 4.2.

4.1.1 Least squares regression

In Section 3.1 a geometrical error model has been derived which describes the

tool positioning error �̂
t

u as a function of the machine's axis positions u, the
tool vector t and a set of parameters � (of size p� 1) to be identi�ed.

�̂
t

u (u; t;�) =H (u; t) � �: (4.2)

Since length measurements are used in this thesis for assessing the machine's
positioning behaviour, the error model equation is substituted in the derived
DBB measurement model, see Equation 3.28:

�ru ' nTu �Hu � � � nTu � 
 (4.3)

which applies for a measuring point1 u.
At this point the measurement alignment parameters 
 enter the equation

describing the measured radius deviation �ru as well as the projection of the

1The dependency of �̂
t

u and Hu on u,t has been omitted for the sake of simple notation.
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machine's positioning error �tu on the DBB measurement axis nu. The problem
is to �nd such a set of �;
 that the squared di�erence between the deviations
in the measured and modelled radius is minimised over all measuring points N :

J (�;
) =

NX
u=1

(�ru meas ��ru model)
2
:

In regression analysis, this sum is referred to as the `Sum of Squared errors'
(SSe) [Mon 92]. The minimisation of this sum to the model parameters will be
explained stepwise.

Consider a DBB measurement j containing m measuring points. For such
a measurement the relevant variables (see Equation 4.3) are stored in vectors
and matrices by introducing:

yj =
�
�r1 �r2 � � � �rm

�T
; (4.4)

Xj =

2
6664

nT1 �H1

nT2 �H2

...
nTm �Hm

3
7775 ; (4.5)

Zj =
� �nT1 �nT2 � � � �nTm

�T
; (4.6)

yj = Xj � � + Zj � 
j : (4.7)

In Equation 4.7 the deviations in the measured radius depend on two terms.
The term Xj � � on one hand represents that part of the m radius deviations
measured that can be explained by the positioning errors of the machine. The
remaining term Zj � 
j on the other hand represents the e�ect of the alignment
error of DBB measurement j on the radius deviations measured. The latter
means that this term describes that part of the radius deviations measured of
DBB measurement j, that can be explained by a rigid body (a sphere with a
�xed radius) displacement. This displacement is mainly due to the unknown
stand position on the workpiece table. This alignment error vector 
j is constant
during a DBB measurement and is therefore given a subscript j to indicate this.
For l DBB measurements the following holds:

2
6664
y1
y2
...
yl

3
7775 =

2
6664
X1 Z1 0 � � � 0
X2 0 Z2 � � � 0
...

...
...

. . . 0
Xl 0 0 � � � Zl

3
7775 �
2
666664

�


1

2
...

l

3
777775 : (4.8)

Note that the dimensions of Xl (m� p) and � (p� 1) are much larger than the
size of the variables Zl (m� 3) and 
l (3� 1).

Since the error model parameters � have to be determined rather than the
measurement alignment parameters 
j the latter are estimated �rst. This can
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be realized by using a projection matrix [Str 88] by introducing the following
variables:

y�j =
�
I� Zj

�
ZT
j Zj

��1 � ZT
j

�
� yj ; (4.9)

X�

j =
�
I� Zj

�
ZT
j Zj

��1 � ZT
j

�
�Xj (4.10)

In this way, Equation 4.8 is transformed into:2
6664
y�1
y�2
...
y�l

3
7775 =

2
6664
X�

1

X�

2

...
X�

l

3
7775 � �; (4.11)

which can be easily seen by premultiplying Equation 4.7 with the projection

matrix
�
I� Zj

�
ZT
j Zj

�
�1
ZT
j

�
. This implies that that part of the radius de-

viations measured has been removed from the measurement data, that can be
explained by a rigid sphere displacement [Str 88].

Finally the error model parameters � are estimated by least squares approx-
imation [Mon 92]:

y� = X� � �; (4.12)

� =
�
X�TX�

��1 �X�T � y�: (4.13)

This requires that
�
X�TX�

�
�1

must exist, or in other words: matrix
�
X�TX�

�
can be inverted only if X� has a full rank [Mon 92] [Str 88]. The latter depends
on the structure of the error model as well as on the measurement setup applied.
Since the dimensions of these matrices are quite large, Equation 4.13 has been
analysed by means of numerous numerical simulations, which is subject of the
next subsection.

Numerical simulations

In order to verify the possibility of reconstructing the machine's positioning
behaviour from length deviations measured, a numerical simulation module has
been developed, consisting of two separated parts [Flo 97].

Given the error model parameters (e.g. generated with a random number
generator), the resulting positioning error of the machine's end-e�ector can be
computed using the error model. Subsequently, these positioning errors can be
projected on the DBB measurement axis by specifying the stand position in the
machine's workspace as well as the semi-spherical measuring point distribution.
In this way, virtual DBB measurements can be generated (assuming that the
error model is correct: the parameters present are identi�able).

The next step is to o�er the virtual DBB measurements to the estimation
algorithm, as derived in the previous subsection. The solution of this algorithm
should resemble the entered error model parameters and obviously depends on
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the simulated conditions. A simulation is called successful if the entered and
solved error model parameters are identical.

The solution of the error model parameters � from length deviations (i.e.
y�) is determined to a large extend by the properties of matrix X�. The num-
ber of rows equals the number of measuring points and the number of columns
resembles the number of error model parameters to be solved. Using the simu-
lation module, the e�ect of the following items has been analysed:

� DBB measurement setup;

� Semi-spherical measuring point distribution;

� DBB length;

� In
uence of measuring noise.

Regarding Equation 4.13 it is obvious that the number of measuring points must
exceed the number of parameters to be solved: if not, the matrix X� cannot
have a full rank. Furthermore, the number and location of semi-spherical DBB
measurements determines mainly the number of parameters that can possibly
be (distinguished and) solved. By applying the DBB measurement setup as
discussed in Section 3.2.3, explaining the importance to vary the end-e�ector
lengths as well as the stand position (vary the position of both DBB balls as
much as possible in DBB measurements), all the error model parameters can
be solved successfully. The opposite is also true: as long as the end-e�ector
length and con�guration and stand position has not been varied in X,Y and
Z-direction, Equation 4.13 cannot be solved uniquely. By considering the three
partial derivatives, see Equation 3.32, describing the sensitivity of radius devi-
ations for the error model parameters, each simulation can be made successful.
This proofs that it is possible to retrieve the error model parameters � from de-
viations in length when the DBB measurement setup derived is applied, under
the assumption of identi�ability of the error model.

Besides the number of DBB measurements, also the distribution of the mea-
suring points within a DBB measurement can be analysed. In this analysis, the
two measuring points distributions shown in Figure 3.12 and Figure 3.13 have
been compared by considering the condition number of matrix X�. This condi-
tion number represents the ratio between the smallest and largest singular value
and should not be too small [Str 88], see Appendix F. Numerous simulations
revealed that for an equal amount of measuring points the condition number is
always larger (i.e. better) for a so-called birdcage distribution than for a ho-
mogeneous measuring point distribution, see Figure 4.1. In this �gure the ratio
between the smallest and largest singular value is depicted versus the num-
ber of measuring points, increased sequentially by reducing the step angle �Æ

in the respective measuring point (homogeneous versus birdcage) distribution.
This di�erence is due to the omittance of less eÆcient measuring points in the
proposed birdcage measuring point distribution, which therefore is preferable.

In addition, the in
uence of the nominal DBB length has been analysed
by considering this condition number. It has been observed that this length
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Figure 4.1: In
uence measuring point distribution on the ratio between
the smallest and largest singular value of the estimation matrix.

should be chosen as large as possible. This can be explained by the increase in
variation of the regressor variables for long DBB lengths [Mon 97], facilitating
the distinction between rotational and translational error components. Or more
speci�cally: the term @ci

@�i
changes more for longer DBB lengths (due to increased

changes of u).

Finally measurement noise is added to the virtual DBB measurements. For
the measurement setup derived, the resulting variations in parameter solutions
seem to be proportional to the measurement noise. Reasonably measurement
noise levels of several �m can be expected (i.e. DBB calibration error, in
uence
of magnetic sockets in combination with DBB ball spherity errors, etc.): the
resulting distortions on the parameter estimates is limited to a small percentage
of the simulated parameter value itself and is therefore not considered as prob-
lematic. This has been con�rmed using Kalman �ltering techniques [Mul 98].
This technique has been used since it enables quanti�cation of the adaptation
of the parameter solution (the Kalman gain) obtained by adding sequentially
virtual DBB measurements.

Summarizing, machine error model parameters can be determined from DBB
length measurements when taking the remarks made into account.
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4.1.2 Geometrical error model optimisation

When applying Equation 4.13 to real DBB measurements performed on a �ve-
axis milling machine (Maho 700S), problems with the variance of the param-
eter solution � have been observed: small variations in the error model (i.e.
by adding/excluding certain parameters) and in the DBB measurement setup
resulted in excessive variation of the parameter solution �. The parameters did
not converge and the parameter variances were too large due to poor condi-
tioning of matrix

�
X�TX�

�
. In this section the geometrical error model will be

optimised in order to cope with these problems. This means in this case that
the correlation between error model parameters has been investigated combined
with the selection of the appropriate polynomial order of the error components,
see Equations 3.2-3.4. The latter deals with the bias-variance dilemma.

Correlation

In linear regression the (co-)variance of estimated parameters is computed by
[Mon 92]:

cov(�) =
SSe

N � (p+ 3l)
� �X�TX�

��1
; (4.14)

cov(�) = MSe � �X�TX�
��1

(4.15)

with N indicating the total number of measuring points, p the number of error
model parameters, l the number of DBB measurements and MSe represents
the Mean Sum of squared errors. The value of MSe represents the average
squared residual (this is the measured minus modelled) length deviation. In
this thesis, the square root of this MSe value (

p
(MSe)) will be used as an

indication of the error model performance. This
p
(MSe) value represents the

deviations in the remaining radius when applying the geometrical error model
(e.g. for compensation purposes) and can be compared with the radius (length)
deviations measured.

In order to judge whether parameter covariances �p;q are signi�cant, each
covariance is scaled by using the corresponding variances �p; �q . This correlation
coeÆcient rp;q is de�ned as [Mon 92]:

rp;q ' �̂p;q =
�p;q
�p�q

(4.16)

and its value lies between -1 and +1. Strong parameter correlations indicate
that a mutual dependency between both parameters exists.

Computation of these correlation coeÆcients for the investigated machine
(Maho 700S) reveals that rotational error components parameters are highly
correlated with the straightness error components parameters (rp;q > 0:8). An
explanation for this could be a relationship between these error components,
assuming that the rotational error of an axis is proportional to the change of a
straightness error with axis position. This relation depends on the kind of bear-
ing of the machine axis. In Figure 4.2 the xrz error component is shown versus
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the derivative of the xty straightness error, as measured by laser interferometry,
showing a strong correlation. The rotational and straightness error component
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Figure 4.2: Correlation between error components.

parameters are strongly correlated. Although often observed in many machine
con�gurations, this correlation is not necessarily present and can therefore gen-
erally not be assumed [Soo 93]. Consequently, this has to be veri�ed when
estimating the relevant parameters by calculating the correlation coeÆcients.

Due to the presence of these strong parameter correlations a selection has
to be made between a rotational and a straightness error component to be
included in the error model: including both results in excessive parameter vari-
ations. When comparing these two models, one can observe the reduction of thep
(MSe) value due to a rotational and due to a straightness error component.

This comparison reveals that including rotational error components in the error
model reduces the

p
(MSe) value much more than including a straightness er-

ror component. Apparently the contribution of the rotational error components
on the machine's positioning behaviour is much larger than for straightness er-
rors. This is explained by the presence of relatively long arms of rotations,
`amplifying' rotational error in a machine considerably. Another explanation is
the relatively poor sensitivity of DBB measurements for straightness errors, see
Section 3.2.2 complicating the determination of a straightness error component
(although theoretically possible) from DBB measurement data. For this reasons
the straightness error components are omitted from the machine error model.

Furthermore strong parameter correlations were observed for the machine
considered between the linearity errors (i.e. iti's) and the rotational error com-
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ponents of the same machine's axis. This correlation is due to the linear de-
pendency of both error components on axis position as found in laser interfer-
ometry measurements performed on this machine. Comparison of models with
and without linearity errors show that the contribution of the linearity errors
is small compared to the contribution of the rotational error components: error
models including the linearity errors reduces

p
(MSe) with 0:2 �m only due to

small values of the scale errors for the machine considered. For this reason only,
error models without the linearity errors have been analysed as well. It should
be stressed that cancellation of the linearity errors implies that the machine's
scale errors are not included in the model anymore. This is justi�ed only when
the scale errors can be neglected with respect to the other error components.

Selection of the polynomial order

In Section 3.1 error components have been modelled with ordinary higher order
polynomial functions, see Equations 3.2-3.4. In order to �nd the appropriate
polynomial order of these error component functions the contribution of a term
in this function on the error model is considered. This means that the re-
duction of the

p
(MSe) value is compared for di�erent error models (i.e. by

including/excluding polynomial terms). This value is reduced as much as pos-
sible here without violating the repeatability limit of the machine (see Section
3.2.4) to avoid `over�tting'. For the machine considered, positioning errors be-
low 2 �m simply cannot be realised and smaller values are therefore useless and
must be avoided.

In Table 4.1 the
p
(MSe) value is computed for error components function

sequentially extended with higher order terms, indicated by i. This implies that
the Sum of Squared errors can only reduce when including higher order terms.
Also a error model without the linearity error components has been considered.
The error model reduces the radius deviations measured considerably for one

imax

p
(MSe)

p
(MSe) (without iti's)

0 11:05 �m 11:05 �m
1 2:24 �m 2:46 �m
2 1:34 �m 1:55 �m
3 1:26 �m 1:48 �m

Table 4.1: Model performance for extended error component polynomial func-
tions applied to the Maho 700S milling machine.

or two parameters per error component function. Adding more parameters
only marginally reduces the value of

p
(MSe) and is consequently of little use.

Therefore the optimal number of parameters per error component function is
between one or two, taking the repeatability limit of the machine into account
(2 �m). In addition, the contribution of including the iti's error components
in the error model is not signi�cant due to a limited reduction of the

p
(MSe)
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value of 0:2 �m only. Due to this small di�erence, the linearity errors are omitted
from this error model.

The application of a (complex) error model with many parameters will usu-
ally result in smaller residuals (i.e. a small bias) than using rather simple error
models. This however does not mean that complex models are better than
simple ones due to a bias-variance dilemma [Gem 92]. This dilemma states

Bias−Variance dilemma

number of parameters

underfitting overfitting

Bias
Variance

Figure 4.3: Bias-variance dilemma.

that for simple models on one hand the bias can be large, but the variance
of the estimated parameters is small. For complex models on the other hand
the bias can be small but the variance of the estimated parameters increases
considerably due to over�tting. The latter implies that the model has lost its
generalising properties: the model only works well for the measurement data
used and looses its predictive power as desired. This bias-variance dilemma
is visualised in Figure 4.3 where the abscissa represents the model complexity
(i.e. amount of model parameters) and vertically the bias and variance of the
parameters are depicted.

Since DBB measurement data are �nite and contain a certain amount of
noise, always a compromise has to be made concerning the bias error and the
variance of the estimated parameters. This means, referring to Figure 4.3, that
the left-hand side (`under�tting') as well as the right-hand side (`over�tting')
has to be avoided. This way, reliable parameter estimations have been obtained:
small modi�cations to the error model and/or to the measurement setup do not
severely a�ect the value of the estimated parameters and their variance.

Finally, after removing (less signi�cant) strongly correlated error model pa-
rameters the model is further tuned by modifying the polynomial order sub-
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sequently for each error component individually. By analysing the
p
(MSe)

reduction for each step, the appropriate polynomial order has been obtained:
search for a low

p
(MSe) value with as less parameters as possible, without vio-

lating the machine's repeatability limit. A measure for this repeatability limit is
assessed by considering the di�erence between successive (reversal) DBB mea-
surements, see also Figure 3.14.

Results

After estimation of the error model parameters, the geometrical error model can
be used to predict the machine's positioning behaviour. For the estimation of
these parameters 19 DBB measurement have been used (see Section 3.2.3) con-
taining 1388 measuring points in total, performed on a �ve-axis milling machine
(Maho 700S).

In Figure 4.4 the radius deviations measured, this is the measured radius
minus the nominal (commanded) radius, for all lengths are depicted on a nor-
mal probability scale as well as in a histogram. Apparently, the majority of
the radius deviations measured is too large and their distribution is far from
normal. The largest radius deviation measured is about +35 �m and the av-
erage measured radius deviation equals +11 �m. By applying the geometrical
error model, these radius deviations measured are transformed in the following
residual radius deviations. Comparison of these �gures (i.e. the abscissas of
the histograms) reveals the capabilities of the error model to reduce the radius
deviations measured.

Obviously, the machine's positioning errors can be reduced signi�cantly by
using the error model: the radius deviations measured approach the repeatabil-
ity limit of the machine. The average standard deviation of the residual radius
deviation equals ��rres = 2:0 �m. A large improvement in the machine's po-
sitioning behaviour can be realised on the machine used for these experiments
due to the small ratio between the random and systematic (i.e. repeatable) part
of the radius deviations measured. For increasing ratios, the degree of improve-
ment in the machine's positioning behaviour deteriorates. This ratio is machine
speci�c.

In addition, the deviations in the residual radius follow a normal distribu-
tion, indicating that no deterministic information is left that could possibly be
described by the error model. This is an important (residual) property when
using least squares regression techniques [Mon 92] [Mon 97]. The average resid-
ual radius deviation equals 0:3 �m and approaches the accuracy of the DBB
used: the length measurement error of this device when comparing it with a
(NKO) calibrated laser interferometer, see Appendix B.

Summarizing, in Section 4.1 the estimation of the model parameters (i.e. �
and 
) from DBB measurement data, using least squares regression techniques
has been discussed. When estimating these parameters, the deviations in the
measured radius are reduced as much as possible, taking the repeatability limit
of the machine into account (to avoid over�tting). Due to strong parameter
correlations, some error components (i.e. straightness error components) have
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Figure 4.4: Experimental results obtained with a milling machine (Maho 700S).
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been omitted from the error model. In this way stable parameter estimations
have been obtained: small modi�cations to the machine error model and DBB
measurements do not severely a�ect the value of the parameter solution ob-
tained. Also the polynomial order of the error component functions is tuned to
DBB measurements: search for a low

p
(MSe) value with as less parameters

as possible. The latter deals with a bias-variance dilemma.
Finally the results have been presented. A signi�cant improvement in the

machine's positioning performance has been achieved: 95% of the residual radius
deviations vary between�4 �m only. Furthermore the residual radius deviations
reveal a normal distribution.

4.2 Validation of the geometrical error model

The geometrical error model proposed is validated in two ways. First, the
performance of the error model is cross-validated using DBB measurements.
These measurements have been performed with another radius and on several
locations in the machine's workspace and the error model is subsequently used
to predict these measurements. Secondly, the estimated parameters, used for
describing the machine's error components have been compared with direct
measurements of the corresponding error component.

4.2.1 Validation based on DBB length measurements

In this section the cross-validation of the proposed geometrical error model is
discussed using DBB measurements, performed on a milling machine (Maho
700S). For the estimation of the model parameters, a nominal DBB length of
250 mm has been used (see Section 3.2) while for the cross-validation measure-
ments, a DBB length of 200 mm is chosen. In Figure 4.5 a top view of the
machine's workspace is drawn, spanned by the machine's X- and Z-axis. In this
�gure, the DBB measurements used for estimation of the model parameters are
drawn schematically (without discrete measuring points for clarity) with dashed
arcs. The corresponding stand position is marked with a cross and these posi-
tions are indicated with numbers 1-5. In Figure 4.5 the cross-validation DBB
measurements are represented schematically by solid circles. The correspond-
ing stand positions are indicated with letters A-D. For these measurements a
(short) tool with a length of 115 mm is used.

In Figure 4.6 the result of such a cross-validation DBB measurement is de-
picted. The deviation in measured radius is plotted versus the measuring point
number of a semi-spherical DBB measurement, containing 81 points. By apply-
ing the geometrical error model to this DBB measurement, the deviations in ra-
dius are reduced signi�cantly: the residual radius deviations are small compared
to the radius deviations measured. The results of the other cross-validation DBB
measurements are comparable to the displayed DBB measurement in Figure 4.6:
95% of all residual radius deviations are �4 �m only.

These cross-validation measurements reveal that the error model derived, in
combination with the DBB measurement setup proposed and parameter estima-
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Figure 4.5: Top view cross-validation measurement positions in ma-
chine's workspace.

tion algorithm, is suitable for compensation techniques to enhance the machine's
positioning performance. A signi�cant reduction of the deviations in radius has
been observed throughout the entire working volume of the machine. Further-
more the deviations in the residual radius approach the repeatability limit of the
machine what must be considered as the upper limit of the achievable accuracy.
Smaller values simply cannot be realised by this machine and have consequently
no meaning.

In general, the degree of improvement in the machine's positioning behaviour
depends on the ratio between the random (including unknown systematic errors)
and systematic part of the measured deviations. For the milling machine used
for these experiments this ratio is small (< 0.2) resulting in a large accuracy
enhancement. For CMMs in general this ratio is larger.

4.2.2 Validation of the error components

In Chapter 3, Section 3.1 parametric error component functions have been pre-
sented, see Equations 3.2-3.4. In this section the estimated error components
using DBB measurement data are compared to direct measurement of the same
error component. For this validation, measurements performed on a milling
machine (Maho 700S) are used.

For the direct measurement of error components a laser interferometer is
preferably used due to its low measurement uncertainty in combination with a
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Figure 4.6: Cross-validation DBB measurement.

long measuring range (see also Section 1.3). For doing so, �rst the laser beam
has to be aligned with the respective machine's axis whose error components
are to be measured. In Appendix B the iterative alignment procedure of a laser
beam with an axis is explained. After this alignment procedure, the relevant
optical elements have to be mounted on the machine like a beam splitter, retro
re
ectors, turning mirror, adjustment devices etc. dependent on the kind (rota-
tion, translation) and direction (horizontal, vertical) of the error component to
be measured. Then small adjustments are necessary by translating and/or ro-
tating certain optical elements in order to get an optimal beam strength before
starting a measurement.

In Figure 4.7 a photograph is depicted, showing the measurement setup of a
laser interferometry measurement on a milling machine, using rotation optics.
More speci�cally, the rotational error of the Z-axis around the horizontal X-
axis, zrx is measured this way. With this setup, the relative rotation of the
(double) retro re
ector (�xed to the milling head) with respect to the beam
splitter (�xed to the workpiece table) is measured while moving the machine's
axis successively to discrete measuring points distributed over its range. By
performing this measurement including a reversal cycle, the respective zrx error
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Figure 4.7: Direct measurement of error component zrx using
a laser interferometer.

component can be determined.

In Figures 4.8 and 4.9 the results of three error components are compared:
the line marked with `+' is obtained using DBB measurements and the mea-
surements obtained with direct measurements are indicated by `*'. Due to the
de�nition of the (centred) error component functions, the value of the error
component is zero in the middle of the axis range: the 2 � uncertainty in the
estimated parameter indicates the slope error as drawn in Figures 4.8 and 4.9,
not the value of the error component itself. These �gures show the best (xrz), a
typical (yrx) and the worst (zrx) results obtained in this comparison. In gen-
eral the error components revealed a good degree of resemblance: at least the
trend and the order of magnitude of the error components is described correctly.
The use of the estimated parameters to adjust the hardware of the machine (i.e.
by grinding an axis guideway more `straight') is, however, not recommended.
The comparison of error component zrx as obtained with DBB measurements
with the results of direct measurements (laser interferometry) for instance ap-
pears to be more troublesome, see Figure 4.9. This could be explained by the
small (vertical) arm of rotation of this error component, complicating the de-
termination of this error component with a DBB since it hardly results in a
detectable displacement. For the same reason, the error in the estimated error
component zrx does not a�ect the machine's positioning behaviour seriously
when using the geometrical error model. Due to the type of bearing of the
Z-axis, the location of the rotational error introduced in the slide guideway sys-
tem can shift forwards when the axis extends. Consequently, the actual arm of
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Figure 4.8: Validation measurement results of error component xrz of a Maho
700S milling machine, `*': measured, `+': calculated.

rotation is shorter than the one used (see Section 3.1.3), resulting in an under-
estimated rotational error component zrx. The DBB measurement setup used,
consisting of 19 DBB measurements, is especially suitable for purposes of error
compensation (avoiding extrapolation): it could be adapted in such a way that
certain error components can be determined better. The latter is not further
investigated.

Summarizing, the method presented for assessing the machine's positioning
behaviour using DBB length measurements is suitable for error compensation
techniques to enhance the machine's accuracy (see Figure 4.4 and Figure 4.6).
The possibilities of this method for determining error components (i.e. error
tracing) are also present. Although in general a good degree of resemblance
has been observed, the determination of an error component is most accurate
using direct measuring techniques. The results obtained with the DBB method
presented can therefore be used as a quick indication to search for signi�cant
error components. By performing DBB measurements frequently (for instance
weekly), trends in the machine's positioning performance and error components
can be monitored and compensated for with little e�ort.
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Figure 4.9: Validation measurement results of error components yrx and zrx
of a Maho 700S milling machine, `*': measured, `+': calculated.



Chapter 5

Thermally induced errors

The positioning behaviour of a multi-axis machine is a�ected to a large extend
by the thermo-mechanical behaviour of its structural loop. Due to internal
and external heat sources, the temperature distribution of a multi-axis machine
changes in time. As a result the relative position and orientation of the end-
e�ector with respect to the workpiece table changes. These thermally induced
errors can deteriorate the positioning accuracy of a machine signi�cantly, result-
ing in incorrect measurement results or geometry deviations of manufactured
workpieces.

In this chapter a semi-analytical thermo-mechanical error model will be pro-
posed used for describing the thermally induced positioning errors of a multi-axis
machine with a serial kinematic structure. As a �rst approach, the machine's
end-e�ector as well as the workpiece itself are disregarded and their thermo-
mechanical behaviour is not included in this model. Such a model can be used
for error compensation techniques to enhance the machine's accuracy and is
primarily meant for machine tools. This model must be valid for any duty cycle
of a machine, which may be located in a workshop.

This thermo-mechanical error model consists of 3 (sub-)models. First, the
(instationary) temperature distribution of the machine parts present in the ma-
chine's structural loop is described. Secondly, a deformation model is proposed
to calculate the resulting thermo-mechanical deformation of a machine part as
a function of its temperature distribution. Thirdly, the relative position and
orientation of the end-e�ector with respect to the workpiece table is obtained
by superposition of the machine part deformations present in the machine's
structural loop.

For validating the computed thermally induced relative drift of the end-
e�ector, a specially developed measurement setup is used, employing a DBB.
This means in this case that the radius deviations predicted (i.e. the predicted
positioning error projected on the actual DBB measurement axis) are compared
to measured radii. These validation measurements have been performed on a
milling machine (Maho 700S).

In Section 5.1 a problem description is presented, which deals with mod-
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elling thermally induced errors of multi-axis machines. After this introduc-
tion, a literature overview is presented in Section 5.2. Subsequently, in Section
5.3 a machine tool is divided into machine parts, using plates. The thermo-
mechanical deformation of these machine parts is then discussed in Section 5.4.
In order to compute these deformations, a temperature distribution is required.
The description of such a temperature distribution is discussed in Section 5.5,
explaining two methods. After combining the machine part deformations for
obtaining the relative positioning error of the end-e�ector with respect to the
workpiece table, subject of Section 5.6, the DBB measurement setup and pro-
cedure is presented subsequently in Section 5.7. Finally the validation of the
thermal error models proposed is discussed in Section 5.8, followed by a resume
in Section 5.9.

5.1 Problem description

Due to a changing temperature distribution of a multi-axis machine during op-
eration, the relative position and orientation of the end-e�ector with respect to
the workpiece (see � in Figure 1.1) changes in time. This is caused by thermally
induced deformations of machine parts present in the machine's structural loop
since the materials commonly used (i.e. steel, cast iron etc.) expand with
temperature rise.

Since the machine parts deform thermally, including bending, rotational
errors are introduced in the machine's structural loop. This structural loop
is determined by the machine's con�guration, the axis positions and the size
and con�guration of the end-e�ector. In order to compute the e�ect of these
rotational errors on the machine's positioning accuracy (see also Section 3.1.3)
the machine's axis positions (i.e. u) as well as the size and con�guration of
the end-e�ector (i.e. t) has to be taken into account. The thermally induced
relative drift of the end-e�ector can therefore be expressed as:

� = f(u; t; t)

where t represents time. Experimental observations con�rm these dependencies
[Soo 93] [Spa 95].

Although the thermally induced positioning and orientation errors of a multi-
axis machine change with time, there is no direct relationship between these two
entities. It is the changing temperature distribution of the machine that is re-
sponsible for the resulting relative thermo-mechanical drift of the end-e�ector.
These changes in temperature distribution are caused by changing heat 
ows
in the machine. These heat 
ows can be imagined as vector entities, charac-
terised by a magnitude and a direction. These changing heat 
ows are among
others the result of a change in magnitude of internal and external heat sources
present. Examples of internal heat sources are the spindle bearings, spindle mo-
tor, gearboxes, (hydraulic) pumps, axis actuators etc. The magnitude of these
internal heat sources clearly depend for instance on the tool spindle speed, which
can change frequently when using the machine in a workshop. In addition, the
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magnitude of internal heat sources depend also on lubricant viscosity (which
depends on temperature and lubricant type), on pre-load on bearings, oil level
in gearboxes, type of gearwheel etc. [Sme 98]. Summarizing, the magnitude of
the internal heat sources present in a multi-axis machine is varying in a com-
plex way and results in changing heat 
ows in the machine's structural loop.
Furthermore external heat sources can change in magnitude as well, like the ef-
fect of air temperature or cooling liquid for instance. Numerous measurements
of the surrounding air temperature revealed that this air temperature is not
constant in time nor place in workshop conditions [Wie 00].

Besides the magnitude of the internal heat sources, also the relative position
of these heat sources with respect to the machine's structural loop are subject
to changes when the machine moves its axes. Due to these movements the
heat transfer rates between various machine parts is changed as well. Not only
by another relative position of the heat sources with respect to the machine's
structural loop, but also due to another local surrounding air temperature and
altered heat 
ow resistances. The latter for instance depends among others on
the machine's axis positions.

Summarizing, the thermo-mechanical behaviour of multi-axis machines is
complex. When considering the modelling of thermo-mechanical behaviour of
multi-axis machines with a serial kinematic structure, the following steps/items
can be distinguished:

1. Dividing a machine tool into machine parts with a certain (simple) geo-
metrical shape;

2. Description of the (instationary) temperature distribution of machine parts;

3. Calculation of the accompanying thermal deformation of machine parts
based on its temperature distribution;

4. Calculation of the relative drift of the end-e�ector with respect to the
workpiece table from thermally induced machine part deformations present
in the machine's structural loop;

5. Validation thermo-mechanical error models by measuring the thermally
induced errors in the end-e�ector position and orientation relative to the
workpiece table.

These items will be discussed successively.

5.2 Literature overview

Thermally induced errors of multi-axis machines have been subject of exten-
sive research [Bry 68] [Bry 90] [Wec 95]. In order to describe the thermally
induced positioning behaviour of a multi-axis machine by means of a model,
three methods can be distinguished:
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1. Empirical models;

2. Analytical models;

3. Hybrid models.

Empirical models relate the measured drift of the end-e�ector with respect to
the workpiece table to measured temperatures performed on various locations
on the machine at certain time intervals. This relation can be expressed as:

��̂(t) = C � x(t) (5.1)

where x(t) represents a vector containing temperature sensor readings, vary-
ing in time and matrix C contains coeÆcients to be determined experimen-
tally. The coeÆcients in matrix C can then for instance be determined using
multi-variable regression analysis by �tting measurement data [The 91] [Spa 95]
[Lee 02]. Other possibilities are the use of neural networks [Che 94] [Che 95]
[Wec 98] [Deh 98], fuzzy modelling [Zho 99] or thermal modal analysis [Bue 96]
to retrieve the relationship between the thermal relative drift of the end-e�ector
and temperatures on the machine.

The thermally induced drift of the end-e�ector with respect to the workpiece
table can be measured as depicted in Figure 5.1 [The 91] [Soo 93] [Spa 95]. A
cilinder (or ball) is put in the machine's spindle and its relative displacement
(and orientation when using a cilinder) is measured with 4 respectively 6 dis-
placement transducers. In the picture displayed on the right-hand side six
displacement transducers can be seen, used for measuring relative tool displace-
ments. An additional displacement transducer is needed to compensate the
relative tool displacement for diameter changes of the cilinder.

For heating up a machine tool, various spindle speeds are usually applied
during such measurements. Besides a constant spindle speed (up to 6000 rpm
for a Maho 700S) for a certain time also a spindle speed spectrum can be used
where the spindle speed is varying in time (see also ISO 230-3). In Figure 5.2 an
example of such a spindle speed spectrum is depicted according to DIN 8602. In
this way, measurement data can be collected under di�erent thermal conditions.

Although satisfying results have been reported when using empirical error
models [The 91] [Spa 95] [Lee 02], this method possesses some drawbacks. First,
the dependency of the machine's thermal drift on the machine's axis positions
as well as the end-e�ector geometry is often omitted. Secondly, the optimal set
of model coeÆcients (the elements of matrix C in Equation 5.1) is hard to �nd,
mainly due to over�tting problems since a large number of temperature sensors
are generally available to be used in the thermal error model. Furthermore
no physical information is used when constructing the thermal error model,
deteriorating its reliability. In addition, such an empirical model is machine
speci�c and must be generated separately for each machine.

Another approach to model the thermally induced positioning behaviour
of multi-axis machines is by using physical relations describing the machine's
thermo-mechanical behaviour. An advantage of this method over the empirical
method is that such models are machine-type speci�c: machines belonging to
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(a) Overview measurement setup (b) Close up view of setup

Figure 5.1: Measurement setup for determining the thermally induced drift of
the end-e�ector with respect to the workpiece table [The 91] [Soo 93] [Spa 95].

a speci�c type behave in the same way. Depending on the chosen input, one,
two or three models are required for this purpose. First, a model is needed that
determines heat 
ows in a machine, using ambient temperatures and operating
conditions such as spindle speed, end-e�ector geometry and joint movements.
Secondly, a model is required that relates the temperature distribution of the
machine's structural loop to heat 
ows in the machine. Thirdly, the result-
ing thermo-mechanical deformation of machine parts present in the machine's
structural loop needs to be modelled in order to determine the relative drift of
the end-e�ector with respect to the workpiece table.

Generally a large amount of information about the machine is required for
constructing an analytical machine error model. Finite element and �nite dif-
ference techniques have been used by many researchers to model thermal errors,
see [Sat 73] [Wec 75] [Oku 75] [Cam 76] [Att 79] [Jed 90] . In general these tech-
niques are used to calculate both the temperature distribution and the resulting
deformations. The inputs for these models are analytically or empirically de-
termined heat 
ows. In some cases the measured temperature distribution is
used as input since this temperature distribution is hard to predict, mainly due
to uncertainties in the thermal boundary conditions [Bal 90] [Bry 90] [Soo 93]
[Spa 95] [Wec 95]. The results obtained using this method reveal that the ma-
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Figure 5.2: Duty cycle according to DIN 8602.

chine's thermo-mechanical behaviour can be described reliable in a rather qual-
itative way: the quantitative results are often disappointing [Bry 90].

Many thermal error models reported can not be considered as pure analytical
nor empirical since both methods are used combined. The thermal distribution
of a machine can for instance be modelled empirically (or measured) while the
resulting machine deformations are determined analytically. The term `hybrid'
refers to this kind of models.

5.2.1 Research objective

In this research project a hybrid error model is desired that describes and pre-
dicts the thermo-mechanical behaviour of multi-axis machines, suitable for error
compensation techniques. This model must be generated with relatively little
e�ort, aiming for application in industry. This model is machine type dependent
and must take the e�ect of internal heat sources present into account as well as
the e�ect of the ambient air temperature on the machine's thermally induced
positioning behaviour. Other external heat sources are not considered in this
thesis for reason of simplicity like the heat generated by the cutting process or
the use of cooling liquid for instance. For the measurement of the thermally
induced drift a DBB is introduced and employed. This measuring instrument
is also used for validation of the thermo-mechanical error model proposed.
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5.3 Thermo-mechanical modelling of a machine

tool

In this section, a kinematic model of a machine tool is constructed by dividing
the machine into machine parts. These machine parts are bodies in the ma-
chine, that are separated by a machine's axis, or bodies which are connected
(i.e. bolted) together. In this way, the complex geometry of a machine tool
is simpli�ed into simple geometrical shapes in order to facilitate the computa-
tion of thermally induced errors. By combining the machine part deformations
computed, the relative drift of the end-e�ector with respect to the workpiece
table can be computed. The construction of a machine tool can generally be
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Figure 5.3: Machine model of milling machine (Maho 700S) in the verti-
cal plane. The solid fat arrow line indicates the path used for computing
machine part deformations: these are the successive vectors t-b, b-y, y-c,
c-r, r-s, s-h, h-g and g-p.

modelled as a plate framework structure. This kind of structures are often used
when designing a machine tool or a measuring machine since it combines a high
sti�ness with a relatively low mass unlike solid structures for example. The
latter becomes relevant when considering the machine's dynamical behaviour
for instance, which is generally important for this kind of machines. As a re-
sult, plate structures are widely used for constructing a machine's frame. This
means that a machine part usually consists of two parallel plates, connected by
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intermediate plates. In a �rst instance, such a machine part is modelled by one
single plate, using symmetry in the vertical plane of the machine.

Subsequently, a machine tool is modelled by plates, which can move rela-
tively due to axis movements. The machine's kinematic chain is divided into
eight separated machine parts. Note that this 
at plate-model is parallel to the
YZ-plane.

The machine's scales are omitted in this model although their in
uence on
the machine's thermal behaviour can be signi�cant. The thermal expansion
of the scales is treated separately as if it is stretching/shrinking the machine's
working volume. Regarding Figure 5.3 this means that only the errors of the
scale corresponding to the X-axis can introduce positioning errors of the machine
in X-direction in the thermo-mechanical error model proposed.

In order to compute the thermally induced drift of the end-e�ector with
respect to the workpiece table, the thermo-mechanical deformation of the 8
machine parts, as shown in Figure 5.3, has to be modelled �rst.

5.4 Thermal deformation of machine parts

Since the temperature distribution of machine parts is usually not homoge-
neous at 20 ÆC, the geometry of these machine parts changes due to thermal
expansion. The machine parts are assumed to expand isotropic and freely: the
resulting thermal expansion is not constrained by mechanical stresses induced
by other machine parts. In this section, the calculation of the thermal defor-
mation of a machine part based on its temperature distribution is discussed.
The temperature distribution of a machine part is measured using a large num-
ber of temperature sensors (52) distributed over the machine's construction.
The temperature distribution of a machine part is subsequently obtained by
�tting (locally) linear gradients, using surrounding temperature sensor read-
ings attached on the machine part [Bus 01]. This means that the temperature
distribution considered can be expressed as:

T (y1; z1) = TN +Gy1 � y +Gz1 � z

with Gy1 and Gz1 denoting the �tted linear gradient constants and y1; z1 rep-
resent local coordinates of the machine part considered, see Figure 5.4. TN
represents the temperature at the middle of the line segment from i0 to i. The
machine part deformations are subsequently computed by considering this line
segment.

The basic equation used for calculating stress free thermal expansion of a
body is usually expressed as:

�` = � � `(T � 20 ÆC) (5.2)

where �` represents the thermal expansion [ m], � stands for the thermal ex-
pansion coeÆcient [ K�1], and ` is the nominal object length [ m] (de�ned at
20 ÆC). The body temperature is denoted by T [ ÆC].
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Due to the plate framework construction of multi-axis machines, the thermal
deformation of plates has to be described in this case. These plates are assumed
to deform in their plane only: no deformations perpendicular to the plate's plane
are considered. Due to the good heat conductive properties of the machine part
material (steel, cast iron), no thermal gradients over the plate thickness are to
be expected. As a result, a plate only deforms in its plane. This implies that
two translational errors, acting in the plate's plane, have to be considered as
well as one rotational error (thermally induced bending), acting perpendicular
to the plate's plane.

In order to describe the thermally induced translational errors (iTy1;i Tz1)
and rotational error (iRx1) between two points on a plate i, error components
are introduced, see Figure 5.4. These error components are used to describe

n 
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yz-plate

y1 
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Figure 5.4: Temperature �eld and three
error components of a plate i expressed
in local coordinates.

the three thermal deformation modes of a plate in its plane by considering the
elongation, the bending and transversal translation of the line segment between
the points i0 and i. This line segment is described by a vector and its length
is denoted by lzn, which depends on the actual axis positions of the machine.
By using local coordinates y1; z1, the following holds for the error components
introduced [Bus 01]:

zTz1 = �N

Z lz1

0

(T (y; z)� 20)dz1 = �N (TN � 20) � lz1 (5.3)

zRx1 = �N

Z lz1

0

Gy1dz1 = �N �Gy1 � lz1 (5.4)

zTy1 = ��N
Z lz1

0

Z lz1

0

Gy1dz1
2 = 1=2 � �N �Gy1 � l2z1: (5.5)

Due to the assumption of linear temperature distributions, the elongation zTz1
of the line segment is completely determined by the average temperature over
this line segment, which equals TN .

Summarizing, the denoted error components are a function of the temper-
ature TN determined at the centre of the line segment, the local gradient Gy1,
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the coeÆcient of expansion �N and the length of the line segment lz1. The
latter depends on the axis positions X,Y,Z of the machine in order to evaluate
the relevant line segment in a plate, used for calculations. This procedure is
performed for each machine part.

In addition to the linear approach described, also a method has been de-
rived for computing machine part deformations considering more complex tem-
perature distributions, other than homogeneous and/or linear [Bus 01]. The
description of the resulting thermal deformation of a machine part becomes dif-
�cult in such cases due to thermally induced stresses and strains present. These
stresses constrain the thermal deformation to a certain extend and application
of the Equations 5.3, 5.4 and 5.5 result generally in deformations of machine
parts, which are over-estimated. Furthermore, the description of deformations
of a machine part is not consistent anymore when using the linear approach
presented: the computed deformations depend on the path used between two
points of interest, used for computations. By introducing a so-called neutral
point, a point for which thermal deformations are zero or minimal, to be used
as a reference point for describing temperatures and deformations locally, the
consistency problem can be solved. However, the e�ect of the thermal strains
on the resulting thermo-mechanical deformation still needs to be taken into
account. When comparing this approach with the presented linear one, small
improvements have been observed in the capabilities of the thermo-mechanical
machine error model to describe the measured relative drift of the end-e�ector
with respect to the workpiece table [Bus 01].

5.5 Describing the temperature distribution of

machine parts

In this section, methods are discussed to describe the temperature distribution
of a multi-axis machine, while the machine is excited thermally by executing a
certain duty cycle. For this purpose, the following two methods can be distin-
guished, using temperature sensors:

� Measuring the temperature of various machine parts and assuming linear
temperature distributions between sensor positions;

� Applying models based on thermo dynamical theory in combination with
a reduced number of temperature sensors.

The most straightforward way to describe the temperature distribution of
a machine part is just to measure it, using temperature sensors attached to
various machine parts. The temperature in between temperature sensors is
subsequently obtained by linear interpolation, using surrounding temperature
sensors. This method has been used as a �rst approach in this research project
[Bus 01]. In Figure 5.5 the temperature sensor positions on the machine con-
sidered are displayed. The spatial density of the sensors in the upper half of the
machine is increased when compared to the lower half since the temperature
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Figure 5.5: Temperature sensor distribution on Maho 700S milling ma-
chine.

distribution is more complex in that area of the machine due to the presence
of internal heat sources. Despite the reliability and potential accuracy of this
method, a considerable amount of temperature sensors is usually required for
obtaining a reasonable description of the machine's temperature distribution.
This is mainly caused by the assumed linear temperature distribution between
sensor positions.

In order to limit the errors in the machine's temperature distribution, a large
number of sensors is primarily used during this research project. In actual appli-
cations on a workshop 
oor, however, a reduced number of temperature sensors
should be required by using previously obtained knowledge of the machine's
thermo-dynamical behaviour.

Besides using temperature sensors, a temperature distribution can be mea-
sured by applying infrared thermography. The latter however is diÆcult and
expensive and is preferably used in a qualitative sense rather than in a quan-
titative sense (due to complex instrument calibration and related temperature
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uncertainty) [Ber 01].
Another possibility to describe the temperature distribution of a machine

part is by using a model in combination with a limited number of temperature
sensors. Usually such a model is used in order to reduce the number of tem-
perature sensors required for obtaining a good approximation. This means that
heat 
ows in machine parts have to be considered, necessary for determining
certain temperature changes (i.e. temperature time derivatives: @T

@t
) in time.

For these heat 
ows, three physical mechanisms are responsible which all result
from temperature di�erences:

1. Conduction;

2. Convection (free and forced);

3. Radiation.

Conduction

Conduction is the transition of heat through a substance (a gas, liquid or solid)
without perceptible motion of the substance itself [Jan 88]. The amount of
heat transport per unit area is considered to be proportional with the temper-
ature di�erence per unit length and this heat 
ow qcond is usually expressed as
[Jan 88]:

qcond
A

=
k

L
(T1 � T2) (5.6)

with A representing the cross sectional surface between two elements with tem-
peratures T1 and T2 respectively. The distance between these elements is de-
noted by L. The constant of proportionality k represents the thermal conductiv-
ity of the substance, which depends on the material [Bir 60]. Applying Fourier's
conduction law in three dimensions then results in [Bir 60] [Jan 88]:

1

�

@T

@t
=

@2T

@x2
+
@2T

@y2
+
@2T

@z2
+
Q

k
(5.7)

with

� =
k

c � �
where T represents temperature [ ÆC], t time [ s] and � the thermal di�usivity
of the material [ m2=s]. The thermal conductivity coeÆcient is denoted by k
[ W=mK], c stands for the speci�c heat [ J=kgK] and � for the density [ kg=m3].
In Equation 5.7, Q represents a heat source [ W=m3].

Convection

Besides conduction, heat can be exchanged with the environment by means
of convection. Convection is associated with 
uid and/or gas motion [Jan 88].
This motion can be forced (for instance by a fan) and the resulting heat transfer
is called `forced convection'. When 
uid/gas motion is due predominantly to
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the presence of a thermally induced density gradient the heat transport is called
`free' or `natural convection' [Jan 88]. In both cases the heat transfer rate per
unit area is expressed as (Newton's law of cooling):

qconv
A

= hc � (Tb � T1) (5.8)

where qconv represents the heat 
ux [ W], A stands for the area [ m2] and hc
denotes the average convection heat transfer coeÆcient (or �lm conductance)
[ W=m2K]. Tb is the body temperature and T1 represents the bulk temperature
of the 
uid/gas (the free-stream temperature). The average heat transfer coeÆ-
cient hc, however, is usually not known and is often determined experimentally.

Radiation

The last heat transfer mechanism to be discussed is heat transport by means of
radiation. The heat 
ux per unit area is proportional to the absolute tempera-
ture to the fourth power [Jan 88]:

qrad
A

= � � "T 4 (5.9)

where A denotes the radiating area [ m2], � represents the Stefan-Boltzmann
constant [5:67 � 10�8 W=m2K4] and " stands for the emissivity coeÆcient [-]. T
represents the absolute temperature [ K] of the radiating body.

Heat sources

A serious problem for describing a temperature distribution analytically is the
magnitude of the heat sources present in the model equations (Q in Equation
5.7). The magnitude of these heat sources changes considerably and is gener-
ally hard to predict. In this research project, no e�ort is made to determine the
magnitude of these heat sources. A practical approach to circumvent this prob-
lem is to attach temperature sensors in close proximity to these heat sources. In
this way the e�ect of the heat sources on the resulting temperature distribution
can be taken into account indirectly. The position of these heat sources in a
machine are generally known or can be identi�ed experimentally.

5.5.1 Approximation methods

The partial di�erential Equation 5.7 can only be solved analytically for certain
geometries (i.e. an half-in�nite plate, a sphere) with certain boundary condi-
tions [Sme 98]. For geometries present in multi-axis machines such an analytical
solution can generally not be determined. For this reason, several approximation
methods have been developed like the Lumped Capacitance Method (LCM), Fi-
nite Di�erence Method (FDM), Finite Element Method (FEM), Boundary El-
ement Method (BEM), Thermal Network Method (TNM) etc. [Sme 98]. With
these methods, a machine or machine part is divided into elements, whose tem-
peratures are computed. By combining the calculated element temperatures
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using certain interpolation functions, a temperature distribution can be ap-
proximated. Such a model, which is machine type dependent, should be used in
combination with some temperature sensors in order to limit the errors in the
modelled temperatures.

Based on a preliminary study, a choice for the extended Lumped Capacitance
Methods has been made, mainly due to the limited modelling e�ort required
when compared to the other methods mentioned [Sme 98].

5.5.2 Extended Lumped Capacitance Method

One approximation method for describing temperature distributions is the ex-
tended lumped capacitance method [Jan 88] [Sme 98]. In this case, a machine or
machine part (i.e. a plate) is divided into elements or so-called lumps. The ac-
curacy of the method depends among others on the size of these lumps: smaller
elements usually result in smaller modelling errors but the modelling e�ort is
increased. Therefore a compromise has to be made concerning the element size.

A major assumption of the extended lumped capacitance method is that the
internal element heat 
ow resistance is negligible. This means that there are no
thermal gradients present in a single lump: the temperature distribution within
a lump is homogeneous. This assumption has to be veri�ed by computing the
Biot number for such a lump. The Biot number is a dimensionless ratio of
convection to conduction resistance to heat transfer [Jan 88]:

Bi =
hc � Lc

k
(5.10)

where Lc represents a characteristic length [ m], which is often obtained by
dividing the element volume by its surface area [Jan 88]. The average heat
convection coeÆcient is denoted by hc and k stands for the thermal conductiv-
ity coeÆcient. It can be shown that if this Biot number is smaller than 0.1,
the lumped capacitance method can be used with small approximation errors
[Jan 88].

This Biot number has been computed for several geometries. For a solid
square steel bar with dimensions 200 � 200 � 1000 mm for instance the Biot
number equals 0.0125 [Sme 98]. For hollow structures and plates, this number
is even smaller (i.e. an order of magnitude) since the characteristic length
decreases considerably for such geometries. This kind of structures are mainly
found in the (plate) frame construction of multi-axis machines. Due to the good
heat conductivity of the material commonly present in a machine's structural
loop (i.e. steel, cast iron: large k) the assumption of a negligible internal heat
resistance is met over the plate thickness.

As stated before, no heat sources are modelled since their magnitude is hard
to predict. The e�ect of a heat source can be accounted for indirectly by placing
a temperature sensor in close proximity to a heat source. This strategy has been
used in this research project.

The next step is to consider the 3 heat transfer mechanisms: conduction, con-
vection and radiation. Considering the relevant material properties, the ambient
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temperature range and realistic machine part temperature ranges (20�60 ÆC), it
can be concluded that conduction and convection are the dominating heat trans-
fer mechanisms [Sme 98]. Heat transfer by radiation is often neglected when
using the extended lumped capacitance method [Cha 87] [Inc 90]. Besides a
relatively small heat 
ow rate compared to convection (typically 15% [Sme 98])
and conduction, this is mainly due to large uncertainties in the emissivity co-
eÆcients and its non-linear behaviour with temperature. These coeÆcients
depends for instance on surface roughness, presence of grease and/or oxidation
layers, paint layers, temperature, and are diÆcult to predict in practise. By lin-
earising the radiation heat transfer equation over the stated temperature range,
an approximation can be obtained [Sme 98]. This linearised equation can be
incorporated into the equation describing convection heat transport, since both
equations have then the same structure. The latter means that by increasing
the average heat convection coeÆcient, radiation can be taken into account
approximately [Soo 93] [Sme 98]. In this research project, heat transport by ra-
diation is neglected: only heat transfer by conduction and convection has been
considered.

After dividing a machine part in a number of elements or lumps, for in-
stance according to a square grid, heat transfer relations have to be denoted for
(convection) and in between (conduction) these elements, see Figure 5.6. The
convective heat 
ow of a lump i with the ambient air is denoted by qi and qi;j
represents the conductive heat 
ow between the lumps i and j. The lump tem-
perature is denoted by Ti. This procedure can be considered as constructing a
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Figure 5.6: A plate divided into elements according to a square spatial
grid. Conductive heat 
ows between elements and convective heat 
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for each element have been denoted.
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thermal circuit. With regard to this concept, a temperature di�erence �T can
be considered as the driving force or potential that causes heat to 
ow against
a resistance [Jan 88]:

q =
�T

R
(5.11)

where q stands for the heat 
ow [ W] and R represents a thermal resistance
[ K=W]. Applying this for conduction heat transfer results in the following
thermal conduction resistance between `neighbouring' elements (i and j):

Ri;j =
li;j

k � Ai;j

(5.12)

where li;j stands for the distance between the respective elements (centre points)
[ m] and k stands for the material thermal conductivity coeÆcient [ W=mK].
The area between these elements is denoted by Ai;j [ m

2]. For convection heat
transfer on the other hand, the element-surrounding heat transfer resistance Ri

is de�ned as:

Ri =
1

hc � Ai

(5.13)

with hc denoting the average heat convection coeÆcient [ W=m2K] and Ai rep-
resents the contact area of the element with the ambient air [ m2].

In order to determine the temperature change of an element or lump for
entering and leaving heat 
ows, thermal element capacitances have to be deter-
mined. The thermal capacity Ci of element i can be computed as:

Ci = � � Vi � c (5.14)

where � represents the element density [ Kg=m3], Vi its volume [ m3] and c
stands for the speci�c heat [ J=kgK].

At this point �rst order di�erential equations can be determined, describing
the change in element temperature in time as a function of (convective and
conductive) heat 
ows. The structure of such a di�erential equation of element
i resembles:

Ci

dTi
dt

=
(Tj � Ti)

Ri;j

+ : : :+
(Ti � T1)

Ri

(5.15)

where the dots indicate conduction terms with other `neighbouring' elements,
omitted here for reasons of simplicity. The �rst term on the right-hand side of
Equation 5.15 expresses the conductive heat 
ow while the last term represents
heat transport by convection. Note that heat sources (i.e. Q) are absent on the
right-hand side of Equation 5.15. By dividing the right-hand side of Equation
5.15 by the elements' thermal capacity and integrating the resulting equation,
element temperature changes are obtained. The number of di�erential equations
equals the number of elements and these can be obtained with relatively little
e�ort when expressed systematically.

Most e�ort, when using the extended lumped capacitance method, is needed
for the determination of the coeÆcients present in Equation 5.15 like element
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capacitances, thermal resistances (element distances and relevant areas). Esti-
mation of these coeÆcients from measurement data is theoretically possible but
diÆcult since all relevant heat 
ows must be considered quite exactly. Further
research on this item is recommended for identifying and determining optimal
coeÆcient values. So far, the coeÆcients have been determined by using ma-
terial handbooks [Cha 87] [Inc 90] [Dub 93] and measurements/drawings of the
machine to a limited extend. Due to large uncertainties in these values, these
coeÆcients should not be considered as exact values but merely as an indication
of them.

Since no heat sources are incorporated in the model equations, special atten-
tion is required for the placement of temperature sensors. The readings of such
sensors are then used for computing or `updating' the right-hand side of Equa-
tion 5.15 each time the sensor is read (each minute in this research project). If a
measured temperature value is not available, a computed element temperature
is used in Equation 5.15. Obviously, at least a temperature sensor has to be
attached close to each heat source to account for its e�ect on the resulting tem-
perature distribution indirectly. In general, these temperature sensors should be
placed in such a way, that each relevant, occurring heat 
ow can be described.
This means that the direction of each heat 
ow has to be considered, which
always is initiated at a heat source. Therefore temperature sensors are placed
on a machine part where a conductive heat 
ow enters or exits a machine part
and at locations where heat sources are located.

The number of elements, used for dividing a machine part into a �nite num-
ber of lumps, is chosen in such a way that the temperature between `neigh-
bouring' elements can be obtained by linear interpolation without introducing
a signi�cant interpolation error. Otherwise the number of elements is increased
stepwise. All available temperature sensors are attached to the machine part
considered during this modelling process, resulting in a high spatial temperature
sensor density. The majority of these sensors are subsequently used as `checking
points' to verify the model performance at the respective location: only a few
(i.e. 4) sensors are used for updating the right-hand side of Equation 5.15. In
this tuning process, several duty cycles (i.e. spindle spectra) of the machine
have to be considered in order to get a realistic impression of the model per-
formance. This error in element temperature is simply obtained by comparing
a computed value with a measured one. Summarizing the following iterative
procedure has been used for dividing a machine part into elements/lumps using
a square spatial grid:

1. Attach temperature sensors to a machine part, preferably with a high
spatial density;

2. Measure air temperatures at some locations close to the machine part
considered;

3. Divide a machine part in some (for instance 4) large elements;

4. Construct di�erential equations for each element (see Equation 5.15);
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5. Determine the coeÆcients of the di�erential equations by evaluating ele-
ments areas, distances, etc.;

6. Compare the computed element temperatures with measured values for
various duty cycles (including a varying spindle spectrum);

7. If the error in temperature exceeds a certain tolerance level increase the
number of elements and repeat aforementioned procedure;

8. If the error in temperature can not be reduced by increasing the number of
elements, select another temperature sensor or add a temperature sensor
used for updating the right-hand side of Equation 5.15 when computing
element temperatures and restart with the procedure.

This procedure has been applied to model the temperature distribution of
some components of a milling machine (i.e. a Maho 700S). In this way, the
temperature distribution of the workpiece table, the X-axis guideway and the
machine's column has been modelled.

In Figure 5.7 some results are displayed for the modelled temperature distri-
bution of the upper right edge of the machine's column (viewpoint as displayed
in Figure 5.3). The machine's column has a signi�cant contribution to the
thermally induced positioning error of the machine since small bending angles
result in considerable errors in position of the end-e�ector with respect to the
workpiece table due to relatively long arms of rotation. The machine has been
running at 6000 rpm for 5 hours followed by a 5 hour cooling down period.

Two temperature sensors are attached to the this machine part to be used by
the lumped capacitance model: one is positioned in the upper left corner of the
column and the other sensor is positioned more or less in the middle of the upper
boundary. On these sensor positions, signi�cant heat 
ows enter the machine's
column from the ram. The heat 
ow that enters the upper left corner of the
column is mainly generated by the machine's spindle bearings and gearboxes
(located near the vertical milling head). The other heat 
ow mentioned is due
to a gear box, near the main spindle motor and the resulting heat 
ow enters
the column in the middle of the upper boundary. Furthermore, one sensor has
been used for measuring the local air temperature. These three sensor readings
are then used as input for the lumped capacitance model of the column. These
sensor readings are used to update the right hand-side of Equation 5.15 by
prescribing a measured temperature used as boundary conditions when solving
the partial di�erential equations of the lumps. The corresponding lumps can
subsequently be regarded as a heat source: the amount of energy entering the
system considered equals Ci � dT . For determining the value of the coeÆcients
of the lumps, the following values have been used, using handbooks [Cha 87]
[Inc 90] [Dub 93] and machine dimensions:

� Density cast iron (�): 7:3 � 103 kg=m3;

� Speci�c heat (c): 420 J=kgK;

� Thermal conductivity coeÆcient (k): 52 W=mK;
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� Average convection heat transfer coeÆcient (hc): 10 W=m2K;

� Plate thickness: 20 mm.

The dimensions of the side of the column are 700 mm (width) and 1400 mm
(heigth) and this column is divided into lumps according to a 7� 7 rectangular
grid.

The remaining sensors are positioned all over the machine's column and
these readings are then used to compare/check the computed temperatures with
measured values. In Figure 5.7, the temperature is plotted versus the time in
seconds of measurement for a temperature sensor attached at the upper right
edge of the machine's column. The dashed line represents the measured tem-
perature and the solid line indicates the computed values, using the extended
lumped capacitance method applied to the machine's column. The maximum
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Figure 5.7: Modelled and measured element temperature for the upper
right corner of the machine's column. The machine executed a duty
cycle of 6000 rpm for 5 hours followed by a cooling down period.

error in predicted temperature for this sensor position considered here is about
1 ÆC. Considering the machine's column entirely, the error in predicted temper-
ature at any location on this machine part does not exceed 3 ÆC for any duty
cycle, using 3 temperature sensors. The temperature time derivatives of the
modelled lump temperatures in the �rst hour of the experiment described is
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relatively high, see Figure 5.7. This is caused by a fast increase in local air tem-
perature, which has been measured for each experiment, see Figure 5.8. This
demonstrates the signi�cant e�ect of convective heat 
ows, which is relatively
large over conductive heat 
ows, mainly in the beginning of an experiment. The
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Figure 5.8: Measured temperatures during a 6000 rpm duty cycle. The
solid lines represent body temperatures of the upper boundary of the
machine's column (1: upper left corner, 7: upper right corner). The
local air temperatures are indicated by dashed lines (a: at top, b: near
the middle and c: at the bottom of the column).

temperature sensors (1-7) are attached equidistantly at the upper boundary of
the machine's column.

The ram, swivelling head and vertical milling head are still subject to mod-
elling and research.

A drawback of this method however is the need of skill and experience in
order to get a good approximation of the temperature distribution. In some
problematic cases, the error in temperature at a certain location can simply
be reduced by using an increased number of temperature sensors used in the
lumped capacitance model. This depends on the users demands and always
a compromise has to be made between the related costs (i.e. the number of
temperature sensors and related equipment) and the model accuracy required.
The number of temperature sensors derived this way is probably not minimal
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but at least the resulting temperature distribution can be described in a reliable
way since information about the most signi�cant heat 
ows has been considered
and is incorporated in the derived model.

In addition, the e�ect of ambient air temperature on the accuracy of the
results obtained was found to be large and diÆcult. This can be explained on
one hand by the signi�cant heat transfer rate by (free and forced) convection
in a machine tool. A small absolute change of the temperature of the ambient
temperature (for instance a 1 ÆC increase from 21 ÆC only) can consequently
have a signi�cant e�ect on the accuracy of the results obtained, since the relevant
temperature di�erence between the machine part considered and the ambient
temperature can be changed considerably (i.e. doubled for a machine part
temperature of 20 ÆC). Also, assuming a single `air temperature' might be
convenient but is not correct. This ambient air temperature T1 has a local
character and shows di�erent trends in time on di�erent locations with respect
to the machine's structural loop. In some cases, a considerable model accuracy
improvement was obtained by adding a local `air sensor' to the model instead
of increasing the number of temperature sensors (attached at the machine part
considered) to be used by the model. On the other hand, the large uncertainty in
the average convection heat transfer coeÆcient hc complicates the quanti�cation
of convectional heat transfer rates.

5.6 Thermal drift of the end-e�ector

After computing the thermal deformations of the machine parts present in the
machine's structural loop the thermal drift of the end-e�ector with respect to
the workpiece table has to be computed, based on these part deformations. This
is realised by superposition of the deformations of the machine parts over the
machine structural loop, assuming that each machine part can expand freely.
The latter is assumed because the induced stresses and resulting (elastic) strains
are diÆcult to quantify. As a �rst instance, the machine's scales are not consid-
ered in the machine's structural loop here for reasons of simplicity. The e�ect
of thermal scale expansions has been considered separately from the machine's
structural loop although this is a simpli�cation.

In Figure 5.3 a side view of a milling machine is drawn schematically. The
machine part deformations, expressed in error components iTy1;i Tz1 and iRx1

are calculated over the drawn line segments, referring to a speci�c position of the
machine's axes. The error propagation is calculated conform geometrical errors
(see Section 3.1.3). The thermally induced drift of the end-e�ector relative
to the workpiece table is then obtained by combining the three deformation
modes considered of each machine part over the machine structural loop by
superposition, disregarding the scales. This superposition procedure can be
used since the computed machine part deformations are much smaller than the
nominal dimensions of the machine (part).
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5.7 Measurement of thermally induced position-

ing errors by DBB

Conform geometrical errors, the thermally induced positioning errors are mea-
sured using a DBB. Since the spindle has to rotate relatively fast (up to 6000
rpm) the DBB ball can not be connected safely to the machine's spindle as
practised for geometrical errors. For this reason, an adapter has been designed
and realised. The thermal expansion of the adapter can be neglected due to its
design, which is discussed in Appendix G. In Figure 5.9 a photograph of a `ther-
mal DBB measurement setup' is shown for assessing the machine's thermally
induced positioning errors.

Figure 5.9: Photograph of a DBB measurement setup for deter-
mining thermally induced errors, using the developed adapter.

First a single semi-spherical DBB measurement is performed with an idle
spindle. This DBB measurement, referred to as `reference cage', lasts several
minutes and is used to check if the stand is positioned properly in the centre
of the programmed circular paths of the machine. Furthermore this measure-
ment is used as a reference to determine the change in DBB length for each
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single measuring point while the machine heats up and drifts. After the execu-
tion of this `reference cage', semi-spherical DBB measurements are repeatedly
performed at certain time intervals (for instance each 30 minutes) while the ma-
chine executes a duty cycle. The measured DBB length deviation �`k(j) for a
single measuring point k at a time j is then de�ned as:

�`k(j) = `k(j)� `k(1) (5.16)

with `k(1) denoting the measured DBB length in measuring point k in the
`reference cage'. Due to this de�nition, the DBB length instrument is used in
a relative sense since the absolute DBB length is not relevant here. Note that
geometrical errors, which do not change in time, present in the `reference cage`
are cancelled out this way.

In order to avoid thermally induced changes of the relative end-e�ector posi-
tion during a single semi-spherical DBB measurement, the measurements have
to be executed in a short period of time. Considering the large thermal time con-
stants of the various (bulky) machine components, the machine's thermal drift
can be neglected within a DBB measurement. For this reason only 17 points
are being measured, equally distributed with step angles of 45Æ with respect
to the stand, see Figure 5.10. The time of execution of such a measurement is
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Figure 5.10: Applied measuring point distribution of a `thermal'
DBB measurement. The tool's relative path is indicated by a
solid line.

typically two minutes.
Due to the rotating spindle, the milling head is vibrating relative to the

workpiece table. The vibrations, typically 100 Hz for 6000 rpm with an ampli-
tude over several �m as determined experimentally, deteriorate the accuracy
of the measured DBB length. By sampling the DBB readout n times for each
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measuring point k, the e�ect of these vibrations on the determined DBB length
can be alleviated by a factor

p
n (excluding systematic errors). During experi-

ments, the DBB was sampled 9 times, decreasing the standard deviation of the
average DBB length measurement by a factor 3 for each single measuring point.

Finally the measurement setup and strategy described has to be corrected
for two e�ects: the thermal expansion of the DBB measuring instrument and
of the stand, positioned on the workpiece table. The thermal DBB expansion
at time j is calculated using:

d`DBB(j) = �DBB � `DBB(TDBB(j)� TDBB(1)) (5.17)

with �DBB = 12�10�6 K�1 representing the experimentally determined [Bus 01]
thermal expansion coeÆcient of the DBB, `DBB stands for the nominal DBB
length (200 mm) and TDBB(j) represents the DBB temperature at time j. The
temperature of the DBB when executing the `reference cage' is denoted by
TDBB(1). The expansion of the stand is calculated in a similar way:

dlstand(j) = �stand � lstand(Tstand(j)� Tstand(1)): (5.18)

The thermal expansion of the stand is always pointing upward due to its rotation-
symmetrical shape, perpendicular to the workpiece table. In vector notation,

the expansion of the stand can be expressed as dlstand(j) =
�
0 dlstand(j) 0

�T
.

The measured DBB length has then to be corrected according to:

�`k;corrected(j) = �`k(j) + d`DBB(j) + nTk � dlstand(j) (5.19)

with nTk denoting the normal vector in measuring point k, coinciding with the
DBB measurement axis.

In this way, the change in DBB length measured can be used as a measure for
the thermally induced drift of the end-e�ector relative to the workpiece table.
For a duty cycle of 6000 rpm for 6 hours followed by 7 hours cooling down,
the following length deviations have been measured on a milling machine, see
Figure 5.11. For the spatial distribution of these 17 measuring points, see
Figure 5.10. In Figure 5.11 is it obvious that the deviations in the length
measured depend on the orientation of the DBB. This �gure is especially meant
to analyse the change in magnitude of the deviation in the measured length in
time. The spatial location of these measuring points is not that obvious but
can be retrieved from this �gure, also using Figure 5.10. The largest errors
measured act in Z (points 4 and 8) and Y-direction, and the smallest deviations
correspond generally to the machine's X-direction (mainly due to symmetry).

The amplitude of the measured thermal drift of the tool (about �100 �m)
is comparable to the thermal drift determined with a measurement setup, as
displayed in Figure 5.1 of the same machine [Soo 93] [Spa 95]. Therefore the
developed DBB measuring method can be considered as giving reliable mea-
surement results.

When comparing both measuring methods, two main di�erences can be
remarked. The conventional thermal drift measurement setup is performed on
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Figure 5.11: Measured thermal drift of the tool for the 17 measuring points
plotted in time. The milling machine was running for about 6 hours at 6000
rpm.

the same location in the machine's workspace during a measurement cycle while
for the DBB method developed, the machine is measured on multiple locations
in its workspace1. This means that the dependency of the thermally induced
relative drift of the end-e�ector on the machine's axis positions can be analysed
with one single DBB measurement setup unlike the other method mentioned.
On the other hand, only a component of the positioning error vector can be
assessed directly with the DBB method for a single measuring point, dependent
on the orientation of the DBB. However, in the previous chapters it has been
shown that it is not impossible to reconstruct this positioning error vector from
length deviations measured.

Besides measuring the thermal drift, the method developed can also be used
for verifying the performance of a certain thermal error model used for er-
ror compensation purposes. The thermal drift measured is subsequently to be
compared with the modelled drift for each measuring point at the corresponding
time interval of measurement. The modelled change in DBB length at a time
j of point k is calculated by projecting the modelled change in tool position on
the DBB measurement axis and this can be expressed as (see also Section 3.2):

�^̀
k;modelled = �^̀

k(j)��^̀
k(1) = nTk � (�̂

t

k(j)� �̂
t

k(1)) (5.20)

where nTk stands for the normal vector of measuring point k. The machine's
positioning error when measuring the initial `reference cage' �tk(1) is usually
non-zero since the machine's temperature distribution is not homogeneously at
20 ÆC. The measured DBB length on the other hand equals zero by de�nition for

1For a zero DBB length, both methods are similar when omitting the relative orientation
error of the end-e�ector.
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each measuring point in the `reference cage'. In the next section, the validation
of the proposed thermal machine error model is presented using the developed
DBB measuring method.

5.8 Validation of the thermo-mechanical error

model

In this section, the thermo-mechanical error model proposed will be validated,
using DBB measurements. This means that the measured length deviation is
compared to the predicted length deviation for a measuring point at a certain
time. For predicting the length deviation, the thermo-mechanical error model
presented is used. In order to realise this, the predicted positioning error of the
machine is projected on the measurement axis of the DBB for each measuring
point.

For expressing the performance of the proposed thermal error model, the
modelling eÆciency is computed [Spa 95]. This model eÆciency calculates to
what extend the thermally induced drift of the end-e�ector can be described
by the model proposed as assessed by a DBB measurement performed at time
interval j:

modelling eÆciency = (1� mean residual

average deformation
) � 100% (5.21)

where the mean residual is computed for `cage j' as the average absolute di�er-
ence between the measured and modelled change in DBB length:

mean residual =

Pm

k=1 j�`k;measured(j)��^̀
k;modelled(j)j

m
(5.22)

where m equals the number of measuring points in one cage, which equals 17.
The average deformation of a DBB measurement j is expressed as the absolute
value of the measured change in DBB length, averaged over the 17 measuring
points in a DBB measurement j:

average deformation =

Pm

k=1 j�`k;measured(j)j
m

: (5.23)

A modelling eÆciency of 100% indicates that the thermally induced DBB
length changes measured can be described perfectly for all 17 measuring points
present in the semi-spherical DBB measurement considered. If this eÆciency
is zero, this means that application of the thermo-mechanical error model does
not contribute anything to the positioning accuracy of the machine tool. Neg-
ative eÆciency values occur when the residual DBB length changes exceed the
measured values.

For the validation measurements to be presented in this section, the tem-
perature distribution of machine parts present in the machine's structural loop
is measured using 52 temperature sensors. The temperature distribution of a
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machine part is then obtained by �tting (locally) linear gradients, using sur-
rounding temperature sensor readings attached on the machine part [Bus 01].

Based on the temperature distributions measured on relevant machine parts,
the resulting thermally induced deformations are calculated using Equations 5.3,
5.4 and 5.5. The positioning error of the machine's end-e�ector with respect to
the workpiece table is subsequently obtained by superposition of the calculated
deformations of machine parts, as indicated in Figure 5.3. The latter results in
the positioning error of the machine's end-e�ector with respect to the workpiece
table.

In Figure 5.12 the changes in DBB length measured is plotted with dots
versus the measuring point number (1-17, see Figure 5.10) for a duty cycle of
6000 rpm. This �gure shows the change in DBB length measured, two hours
after the start of this experiment. In addition, it can be seen that the change in
length measured depend on the orientation of the DBB. The predicted changes
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Figure 5.12: Measured and residual length deviations measured for a 6000 rpm
duty cycle on a milling machine.

in DBB length are marked with crosses in Figure 5.12 for the 17 measuring
points. For about 80% of the deviations in radius measured can be explained
with the thermal error model for this speci�c DBB measurement at the time
interval considered. The measured tool point drift equals 44 �m and the mean
residual radius deviation is 9 �m. The stand was positioned at the back of
the workpiece table during this experiment, still enabling the DBB to perform
a semi-spherical DBB measurement. The largest residuals are found in the
machine's X-direction. This is due to applying a near 
at machine model in the
YZ-plane: only the thermal expansion of the X-scale can be used so far to model
the errors acting in the machine's X-direction. The performance of this model
to predict the changes in length acting in the machine's Y and Z-direction is
generally better.

Considering all DBB measurements performed successively during this ex-
periment, where the machine is running 6000 rpm for 6 hours (DBB measure-
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ments are executed each 30 minutes), including a 6 hour cooling period, reveal
an average modelling eÆciency of 64% [Bus 01].

In order to check whether the thermo-mechanical error model gives reliable
results, also validation measurements have been performed on di�erent locations
in the machine's workspace (front, middle or back side of workpiece table by
changing the stand position in Z-direction) and with other duty cycles (0, 3000
rpm, 6000 rpm and DIN 8602). The �rst measurement has been performed
with an idle spindle and this measurement is mainly used to verify the e�ect of
a changing ambient temperature on the results obtained in combination with
the e�ect of heat sources which are not related to the machine's spindle (like
axis actuators, hydraulic pumps etc.). In the other validation measurements,
the thermal excitation of the machine is considerably increased by activating
the machine's spindle, since this is the major heat source. The results of these
validation measurements are depicted in Table 5.1.

name measurement mean residual average model eÆciency

0rpm 3 �m 63%
3000rpmback 6 �m 65%
3000rpmfront 8 �m 53%
6000rpmback 14 �m 64%
6000rpmmid 15 �m 50%
6000rpmfront 18 �m 49%
DINback 8 �m 66%
DINmid 7 �m 57%
DINfront 6 �m 59%

Overall 9 �m 58%

Table 5.1: Mean residual values and average modelling eÆciencies for various
validation DBB measurements, performed on a Maho 700S milling machine.

Summarizing, about 60% of the thermally induced positioning errors of a
milling machine can be explained by using the simple linear error model pro-
posed. Therefore application of this model for error compensation purposes
is useful. The performance of this model however is constrained by the large
number of assumptions made.

Some additional studies have been performed [Bus 01], mainly to extend
the presented approach to assess thermally induced errors of machine tools
by considering more complex temperature distribution descriptions. In such
cases, the modelling eÆciency can be increased for about 10% [Bus 01] although
some serious diÆculties appear subsequently. One such problem for example
is a consistent description of deformations of a machine part, since thermally
induced stresses cannot be ignored then. Introduction of a so-called neutral
point, a point for which thermally induced deformations are zero or minimal, to
be used as reference point for de�ning machine part deformations, a consistent
description can be generated for complex temperature distributions [Bus 01].
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Despite its proven consistency, machine part deformations are generally still
modelled too large since the constraining e�ect resulting from thermally induced
strains is not included yet.

5.8.1 Validation of the lumped capacitance model

In Section 5.5.2 the extended lumped capacitance method has been applied for
modelling the temperature distribution of machine parts. A result has been
shown for the upper right edge of the machine's column, while the machine
executed a 6000 rpm duty cycle for 5 hours. Loading the machine with a DIN
8602 spindle spectrum gives the following results for the same sensor position.
The dashed line represents the measured temperature and the solid line indi-
cates the computed values, using the extended lumped capacitance method.
Considering the machine's column entirely, the error in predicted temperature
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Figure 5.13: Modelled and measured element temperature for the upper
right corner of the machine's column. The machine executed a duty
cycle according to DIN 8602 followed by a cooling down period.

at any location on this machine part does not exceed 3 ÆC for any duty cycle,
using 3 temperature sensors. Compared to the temperature measuring method,
the number of 8 temperature sensors can be reduced to 3 sensors when applying
the lumped capacitance model of the machine's column. Concluding, applica-
tion of a lumped capacitance model for reducing the number of temperature
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sensors required is useful. This reduction depends on the required accuracy of
the lumped capacitance model and therefore always a compromise has to be
made between these entities.

5.9 Resume

In this chapter, a hybrid thermo-mechanical error model has been proposed.
This model can be used for error compensation techniques to enhance the ma-
chine's positioning behaviour and is primarily meant for machine tools.

In Section 5.1 the complexity of thermally induced positioning errors of
multi-axis machines has been discussed, followed by a literature overview. In
general, three methods can be distinguished for modelling this kind of errors.
Such methods relate the measured relative drift of the end-e�ector with respect
to the workpiece table to temperature sensor readings and empirical, analytical
or hybrid models have been developed to describe this relationship.

Since the frame construction of a machine tool can generally be regarded
as a plate framework structure, plates are used to model machine parts of a
machine tool as discussed in Section 5.3. The e�ect of the thermally induced
deformation of the machine's scales are treated separately from the machine's
structural loop as if it is stretching/shrinking the machine's working volume.

After dividing a machine into simple geometries (plates), the thermal de-
formation of these plates is computed using equations describing stress free
isotropic thermal expansion. Due to the use of plates, three deformation modes
are distinguished for each machine part: elongation, bending and transversal
translation. As a �rst approach, only linear temperature gradients have been
considered. In this way, the e�ect of thermally induced stresses and strains has
been circumvented, which generally constrain the resulting deformation to a
certain extend. Additional studies have been performed to extend the approach
described concerning more complex temperature distributions. Although appli-
cation of such a model reveals a small improvement in the model performance to
describe the measured relative drift of the end-e�ector with respect to the work-
piece table, some problems related to thermally induced stresses and strains still
remain.

In order to compute the thermally induced plate deformations, the temper-
ature distribution of the machine part is required. Two methods have been dis-
cussed to obtain this temperature distribution in Section 5.5. The �rst method,
which has been applied in this thesis, uses a relative large number of temper-
ature sensors distributed over the machine's structure. These sensors readings
are subsequently used to determine local linear gradients at the machine part
considered.

Besides this approach, a thermo-dynamical model is presented, using the
extended lumped capacitance method in combination with temperature sensors.
Such a model is used to reduce the number of temperature sensors required
otherwise for obtaining a good approximation of the temperature distribution
of a machine part. This model, however, is not completed yet for some relevant
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machine parts and could therefore not be applied to the entire machine.
After computing the three deformation modes of each machine part as de-

�ned in Figure 5.4, these deformations are combined by superposition to obtain
the relative drift of the end-e�ector with respect to the workpiece table, as
discussed in Section 5.6.

For measuring the thermally induced relative drift of the end-e�ector, a DBB
has been applied in this thesis. In order to connect this length measuring device
reliably and safely to the machine's milling head while the spindle is rotating
fast, a near expansion free adapter has been designed and realised. By perform-
ing DBB measurements successively at certain time intervals while the machine
executes a certain duty cycle, the relative drift of the end-e�ector with respect
to the workpiece table can be determined. The major advantage of this new
measuring technique is that measurements can be performed at di�erent loca-
tions within the machine's workspace with a single measurement setup unlike
reported methods, using a cilinder or a ball mounted in the machine's spindle.
Measurements reveal that the thermally induced drift of the milling machine
considered exceeds 100 �m.

In Section 5.8 the validation of the thermo-mechanical error model proposed
has been presented. Numerous measurements performed at di�erent locations in
the machine's working volume in combination with di�erent duty cycles reveal
that about 60% of the measured DBB length deviations can be described by
the model proposed. The capabilities of this model to describe the measured
deviations is limited due to the large number of assumptions made.

In addition, some validation measurements have been presented in order to
validate the proposed lumped capacitance model to describe the temperature
distribution of the upper boundary of the machine's column. These measure-
ments reveal that the errors in the modelled temperature distribution, using
two attached sensors and one air sensor, are limited to 3 ÆC for any duty cycle
of the machine considering the entire column. Therefore, it may be concluded
that this lumped capacitance model can be used reliably to reduce the number
of temperature sensors required. When setting up such a LCM model, always a
compromise has to be made between the accuracy of the model and the number
of temperature sensors to be used.
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Chapter 6

Conclusions and

recommendations

6.1 Conclusions

In this thesis it has been analysed to what extend 3D length measurements
can be used for accuracy analysis of multi-axis machine with serial kinematic
structures. The scope of this project is focused on geometrical and thermally
induced errors of this kind of machines: the e�ect of other error sources (�nite
sti�ness and dynamical behaviour of the machine's structural loop, the cutting
process etc.) on the positioning accuracy of multi-axis machine's has not been
considered here.

The choice for applying 3D length measurements over other measuring meth-
ods is motivated by the related costs of measurement, which is dominated by
the time of measurement. Since length measurements can be performed in a
short period of time with little e�ort, a major reduction of the costs related to
perform measurements on a multi-axis machine has been realised as intended.
Furthermore the costs related to the measurement equipment and manpower
needed is reduced signi�cantly as well. Based on the presented research the
following conclusions are drawn, starting with geometrical errors and followed
by the conclusions concerning thermally induced errors of machine tools. In
addition the recommendations are presented in the next section.

6.1.1 Geometrical errors

Concerning geometrical errors of multi-axis machine's, �ve reasons are men-
tioned to measure a machine's positioning behaviour: acceptance testing, qual-
ity control, error compensation, diagnostic purposes (i.e. error tracing) and
calibration. The research presented hereby has been focused on the possibilities
to realise (software) error compensation and error tracing techniques, based on
telescopic DBB length measurements performed in the machine's workspace.
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The core of the approach presented is the kinematic machine (error) model.
This model is used for describing the nominal positioning behaviour of a multi-
axis machine. Furthermore it is used as a reference to model the propagation of
errors introduced at various machine parts, using rigid body kinematics. In this
kinematic error model the error components are modelled with constants or with
ordinary polynomials, containing some unknown parameters to be determined
from measurement data.

A DBB length measurement model is derived which relates the position-
ing error of the machine to the length deviation measured of the measuring
instrument. The unknown stand position has to be taken into account in this
model. Since the DBB length measuring instrument is used as an absolute
length reference, calibration of the instrument is required.

In order to be able to determine all the error model parameters, the spa-
tial position of both DBB balls during a semi-spherical measurement has to be
varied as much as possible. In this way, each parameter of the machine's error
model can be identi�ed from length measurement data. For this purpose, a
measurement strategy, prescribing the spatial distribution of the length mea-
surement in the machine's workspace has been presented. The length of the
DBB should hereby be chosen as large as possible, taking the dimensions of
the machine's working volume into account in order to realise a semi-spherical
DBB measurement (or at least a signi�cant part of it). Furthermore a reversal
measurement is recommended for several reasons. On one hand to enable the
user to detect possible irregularities during a measurement (lubricating pulses,
dirt) and on the other hand to obtain an indication of the repeatability limit of
the respective machine. The latter is used as an upper limit when performing
error compensation techniques. In addition, it has been shown that using a
large number of measuring points within a DBB measurement is of little use for
the determination of the geometrical error model parameters. For this reason, a
so-called birdcage measuring point distribution is proposed, where less eÆcient
measuring points have been omitted to reduce the time required for executing
a DBB measurement. The measurement setup proposed, containing 19 semi-
spherical DBB measurements, can be executed within three hours only, using
software modules developed in this research project. Conventional methods re-
quire a typical measurement time of two days in combination with advanced and
expensive equipment, so a signi�cant reduction of measuring time and related
costs has been realised.

The parameters of the geometrical error model are estimated from DBB
length measurements performed according to the measurement strategy pro-
posed, using least squares regression techniques. The estimation of these pa-
rameters is generally complicated due to strong parameter correlations, which
must be avoided in order to get a reliable solution. For this reason, straightness
error components are omitted from the machine error model since the contri-
bution of rotational error components is dominating over the contribution of
straightness errors to the machine's positioning errors due to relatively long
arms of rotation.

The error components are modelled with constants or higher order polyno-
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mials containing some parameters, which have to be estimated. The polynomial
order has been tuned by analysing the reduction of the sum of squared errors
by adding/removing the error model parameter considered: search for a lowp
MSe value with as less parameters as possible. The latter deals with the

bias-variance dilemma. The
p
MSe value should approach the repeatability

limit of the machine from above: smaller values must be avoided because of
over�tting problems otherwise.

The estimated geometrical error model parameters are subsequently substi-
tuted in the error model derived. Applying this model to predict the length
deviations measured in the machine's workspace reveal that the amplitude of
95% of the residual length deviations are only �4 �m throughout the entire
working volume of the machine considered (a Maho 700S milling machine).
These residuals are marginally larger than the repeatability limit of the ma-
chine considered. From this it can be concluded that the length measuring
method presented, using a DBB, is suitable for error compensation techniques
to enhance the positioning accuracy of a multi-axis machine signi�cantly con-
cerning geometrical errors with relatively little e�ort and related costs.

Due to the relatively low costs related to perform (automated) DBB mea-
surements in terms of time, e�ort and equipment, the presented DBB method
is also suitable for acceptance testing and periodic inspection of multi-axis ma-
chines.

Comparing the error components described with the estimated parameters,
with direct measurements reveal that the results obtained are generally in good
agreement. Therefore, the method presented, using a DBB, is also suitable for
error tracing purposes. The estimated parameters can be used as an indication
when searching for the origin of some errors of the machine like squareness or
scale errors for instance.

6.1.2 Thermally induced errors

In this thesis a new and fast measuring method is introduced and evaluated for
assessing thermally induced errors of a machine tool. With this new method, the
machine's positioning error projected on the DBB measurement axis is measured
on multiple locations in the machine's workspace, unlike conventional methods
for which the machine's axes are idle. An adapter is designed and realised to
connect a DBB safely to a milling head while the spindle rotates. Its thermal
expansion is experimentally determined for various duty cycles and does not
exceed �2 �m due to its design. Comparing this error to the thermally induced
positioning error of a machine tool (up to 100 �m or even more for a Maho
700S) to be assessed, it can be concluded that the adapter developed meets its
intended requirements well.

Considering the large thermal time constants of relevant machine parts, the
choice of using a DBB for assessing positioning errors which are changing in
time is advantageous, since a semi-spherical DBB measurement can be per-
formed in typically a few minutes only. Consequently the thermally induced
drift within a single semi-spherical DBB measurement can be neglected. The
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thermally induced drift of the end-e�ector with respect to the workpiece table is
subsequently determined by comparing DBB length measurements, performed
at successive time intervals.

In order to be able to compensate thermally induced positioning errors of a
machine tool, several interrelated models have been proposed for describing this
kind of errors. These models are used respectively for describing the tempera-
ture distribution of relevant machine parts, to describe the thermal deformation
of these parts and �nally the calculated deformations of machine parts are com-
bined in order to obtain the positioning error of the milling head with respect
to the workpiece table.

As a �rst approach, the temperature distribution is measured using a large
number (52) of temperature sensors, attached to various machine parts. The
temperature distribution is then obtained by �tting linear gradients locally,
using surrounding temperature sensor readings. Also a model, based on the
extended lumped capacitance method, has been proposed for describing tem-
perature distributions using a smaller amount of temperature sensors. This
model however is still under development.

Based on the temperature distribution of a machine part, its thermal de-
formation can be computed using temperature di�erences, lengths, and expan-
sion coeÆcients. For homogeneous and linear temperature distributions, the
resulting deformations can be described correctly. For more complex temper-
ature distributions, however, the resulting thermal deformation is a�ected by
thermally induced stresses. Due to these stresses, the thermal deformation
computed is generally over-estimated since these stresses constrain the machine
part deformation to a certain extend. As a �rst approach, these problems have
been circumvented by considering linear temperature gradients only. The latter
however is a simpli�cation in case of a machine tool.

The thermally induced drift of the machine's end-e�ector with respect to
the workpiece table is obtained by superposition of the thermo-mechanical de-
formations of machine parts, present in the machine's structural loop. As a �rst
approach, these machine parts are assumed to expand freely. Furthermore the
e�ect of thermally induced scale errors is not included in the machine's struc-
tural loop but their contribution is added separately to the thermo-mechanical
error model as if it is expanding/shrinking the machine's working volume.

Despite some assumptions (no consideration of complex temperature distri-
butions and ignoring thermally induced stresses in and between relevant ma-
chine parts), the thermal error model proposed is capable of describing about
60% of the measured length deviations. For the validation of this thermal er-
ror model various duty cycles have been considered as well as multiple stand
positions with respect to the workpiece table. Concluding, about 60% of the
thermally induced positioning errors can be described with a rather simple ther-
mal error model. The performance of this model is obviously constrained by
the assumptions made.
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6.2 Recommendations

Based on the presented research, the following topics are recommended, starting
with geometrical errors:

� Compensate a machine tool for its geometrical errors by applying the
geometrical error model derived. This can be realised either by imple-
menting the model in the machine's controller to adjust setpoint values
or by adjusting coordinates in the respective NC codes;

� Development of (user-friendly) software modules, necessary for applying
the DBBmethod proposed to compensate geometrical errors of other types
of multi-axis machines in industry. Since the code format of controllers of
multi-axis machines is not properly normalised, the codes depend on the
manufacturer. These di�erent codes have to be implemented in software
in order to apply the proposed method in industry;

� For improving the accuracy of the presented method (for instance for
CMM applications) the accuracy of the length measurement requires im-
provement.

Concerning thermally induced errors of machine tools, the following recommen-
dations are listed:

� Reduction of the number of temperature sensors used so far. This can be
realised by applying the extended lumped capacitance model proposed or
by using obtained knowledge more extensively when using a large number
of temperature sensors;

� Consideration of complex temperature distributions, other than homoge-
neous or linear when computing machine part deformations;

� Analyse and quantify the e�ect of thermally induced stresses on the thermo-
mechanical deformation of a machine part. The use of FEA techniques is
hereby recommended since these techniques enable incorporation of ther-
mally induced stresses and strains in computations concerning thermo-
mechanical machine part deformations;

� Extend the modelling procedure of machine parts by using multiple plates
instead of a single one, mainly to improve the performance of the thermal
error model in X-direction;

� Study of thermally induced e�ects for speci�c operation tasks in order to
reduce geometrical tolerance levels of workpieces;

� Investigate to what extend the thermally induced length deviations mea-
sured with a DBB can be used for tuning/optimising the thermal error
model. So far, the DBB is only used as a length reference to quantify
the di�erence between the measured and predicted positioning error in a
measuring point.
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Appendix A

Nomenclature, acronyms

and symbols

Abbreviations, acronyms

ASME American Society of Mechanical Engineers
BEM Boundary Element Method
BGM Bond Graph Method
CMM Coordinate Measuring Machine
DBB Double Ball Bar
DIN Deutsche Industrie Norm
DNC Direct Numerical Control
EDM Electrical Discharge Machining
FEA Finite Element Analysis
FEM Finite Element Method
FDM Finite Di�erence Method
ISO International Standard Organization
LBB Laser Ball Bar
LCM Lumped Capacitance Method
MC Machine Constants
MSe Mean Sum of Squared errors
NC Numerical Control
NKO Nederlandse Kalibratie Organisatie
PC Personal Computer
SMD Surface Mounting Devices
SSe Sum of Squared errors
TNM Thermal Network Method
VDI Verein Deutsche Ingenieure
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Symbols

roman description

an length of link n
A area
Bi Biot number
c material speci�c heat
ci thermal error model coeÆcient
c centre point DBB measurement
Ci thermal capacity of lump i
C matrix containing thermal error model coeÆcients
ei vector containing translational error components of axis i
F error propagation matrix
Gy1 local temperature gradient in y1 direction
Gz1 local temperature gradient in z1 direction
hc average convective heat transfer coeÆcient
H geometrical error model matrix
i end point plate vector
i0 start point plate vector
I identity matrix
k thermal conductivity coeÆcient
l number of DBB measurements
lz1 length of plate vector in local coordinates
` length
`DBB nominal DBB length
�` change in length
�`k(j) measured change in length at time j for point k

�^̀
k(j) modelled change in length at time j for point k

Lc characteristic length
m number of measuring points within a DBB measurement
n number of joints/axes
nmax maximum spindle speed
nmp number of measuring points
n normal vector
N total number of measuring points
p number of geometrical error model parameters
pi vector containing arm of rotation of axis i
pi;j position vector frame j relative to frame i
pu�act actual position vector of relative end-e�ector position
pu�nom nominal position vector of relative end-e�ector position
q heat 
ow
Q heat source
Q matrix containing error component functions
r radius
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ri;j correlation coeÆcient
�r radius deviation
rpm revolutions per minute
R thermal resistance

iRx1 rotational error component of plate i around x1 direction
Ri rotation matrix of axis i
Ri;j rotation matrix: orientation frame j relative to frame i
t time
t tool/end-e�ector vector
Ti temperature at point i
T1 air bulk temperature
TN temperature of machine part N
�T temperature di�erence

iTy1 translational error component of plate i in y1 direction

iTz1 translational error component of plate i in z1 direction
u state vector containing machine's axis positions
V volume
w estimated position of centre point DBB measurement
x position X-axis
x0 half X-axis length
x(t) vector containing temperature sensor readings
X geometrical error model matrix
y vector containing radius deviations measured
Z measurement model matrix

greek description

� thermal coeÆcient of expansion
� thermal di�usivity coeÆcient
�n twist angle of link n
� thermally induced bending angle
� vector contain geometrical error model parameters

 estimation error vector centre point DBB measurement
" emissivity coeÆcient
"i vector containing rotational error components of axis i
� rotation angle C-axis
�p;q covariance parameters p; q
� density
�̂ estimated correlation coeÆcient
� standard deviation
� Stefan-Boltzmann constant
� rotation angle B-axis
� machine's positioning and orientation error vector

�̂ modelled positioning and orientation error vector
�� measured change in positioning and orientation error vector

��̂ modelled change in positioning and orientation error vector
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�t machine's positioning error vector
�r machine's orientation error vector
�i machine's positioning and orientation error vector due axis i



Appendix B

Double Ball Bar calibration

In this Appendix the calibration procedure of a DBB length measuring device is
described. This means that the DDB length is compared to a length standard in
this case: a laser interferometer on an optical bench. This laser interferometer
is calibrated (with NKO certi�cate) and available at the Precision Engineering
Laboratory, TUE. In this way, the traceability of the DBB length measuring in-
strument is realized as indicated in Table B.1. At the right hand side the relative
uncertainty, that is �l=l, of the standard is listed. A metre is de�ned (in 1983)
as the distance travelled by light in vacuum during a period of 1/299792458
seconds.

De�nition of the Metre: 10�13 f

+
I2 stabilized He-Ne laser: 10�9 f

+
HP Laser interferometer: 10 nm + 2 � 10�7`

+
Optical bench: 5 � 10�7 m

+
Double Ball Bar: 10�6 m

Table B.1: Traceability scheme of DBB length measuring instrument to the
metre.

Downwards the standard uncertainty increases due to errors introduced dur-
ing calibration i.e. when comparing the standards.
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The calibration procedure of the DBB as performed at the Precision En-
gineering Laboratory, TUE will be described here. For this calibration the
following is required:

� A laser interferometer: laser head, beam splitter, turning mirror, 2 retro
re
ectors, air sensor, laser display;

� Optical bench: axis with travelling guide, measuring force controlling unit,
several adjustment devices;

� a DBB: this device contains a telescopic rod and a linear encoder (resolu-
tion 0.1 �m). Furthermore a PC with speci�c DBB software is required
to read the DBB length and a clamp for �xing the telescoping rod of the
DBB during calibration.

The description of the preparation of the measurement setup can be found at
the end of this Appendix.

In Figure B.1 a schematic drawing is depicted of the measurement setup for
calibrating a nominal DBB length. The length of the DBB is de�ned as the
distance between the centre points of the balls attached at each end of the DBB.
During applications of a DBB for instance, this value is obtained by adding the
scale readout to the nominal DBB length: LDBB = L0 + uDBB . By resetting
the laser interferometer while one DBB ball is positioned between the probing
plates, as shown in the upper-half of Figure B.1, the DBB length can be com-
pared directly with the reading of the laser interferometer when the DBB is
put between the probing plates, as shown in the lower-half of Figure B.1. In
this way, the diameter of the DBB ball is eliminated in the laser interferometer
reading. This implies the assumption that both DBB balls do have the same di-
ameter. After determining the DBB length this way, again one DBB ball should
be measured again in order to check for irregularities during the measurement
procedure: the laser reading must approach a zero reading closely (within a few
tenths of a �m). Considering this calibration procedure, the following relevant
error sources can be identi�ed:

1. Hertzian contact deformation of DBB balls;

2. Non-parallellity of probing plates;

3. Spherity errors of DBB balls;

4. Di�erent DBB ball diameters;

5. Misalignment DBB with laser beam;

6. DBB length measurement system errors;

7. `Abbe' errors;

8. Thermal expansion of DBB;
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Figure B.1: Measurement setup for DBB length calibration with laser interfer-
ometer on an optical bench.

9. Environmental e�ects a�ecting the refractive index of air (temperature,
humidity, CO2 concentration).

In Figure B.1 a certain measuring force controlling unit is drawn schemat-
ically. This is a device to realize a constant non-zero contact measuring force
when performing a measurement (i.e. by reading the laser interferometer dis-
play). This way the measurement force can be controlled, limiting the measure-
ment error introduced otherwise due to Hertzian contact deformation. Due to
this device, only variations in the measuring force can introduce a calibration
error: the resulting DBB ball contact deformation is the same in both positions
drawn in Figure B.1 and is therefore eliminated in the measurement procedure.
The e�ect of measuring force variations of this unit is negligible to the e�ect of
other error sources present.

The near 
at probing plates used for sensing a DBB ball are not perfectly
parallel. The error introduced equals the angle between these plate planes times
the distance in ball position on these plates between the two calibration positions
as displayed in the upper respectively lower half of Figure B.1. By aligning these
plates the error can be limited to 0:1 �m. These plates can for instance be set
near parallel with adjustment screws by moving a ball in between the plates
while reading the laser display. The calibration error is limited furthermore by
measuring the DBB ball in both positions drawn in Figure B.1 on the same
position on the aligned parallel probing plates.

The spherity error of a DBB ball is typically 0:1 �m or less. This error can
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be estimated by rotating a DBB ball while sensing its diameter between the
probing plates, using the laser interferometer. Since both DBB balls are sensed
over the same ball diameter (along the measurement axis), DBB ball spherity
errors are not present in this calibration procedure. After carefully contacting
the probing plates, the diameter of a DBB ball can be determined as well by
comparing the instruments' value with the former one (referring to the upper-
half of Figure B.1). DBB ball spherity errors exceeding 0:1 �m have not been
observed.

Before reading the laser interferometer display during calibration (see lower-
half Figure B.1) the DBB measurement axis has to be aligned with the mea-
surement axis of the laser interferometer: the laser beam. This means that
the orientation of the DBB must be varied somehow (with adjustment screw
available on the travelling guide) until the maximum laser display reading is
obtained: then the DBB is in line with the laser beam. Errors in this alignment
procedure e�ect the measured length to the second order only. An alignment
error of � rad results in a shortening of a ball bar with length ` equal to 1

2
��2 �`.

The telescoping rod of the DBB must be �xed while determining the DBB's
length (e.g. with a clamp) to avoid DBB contraction due to a measurement
force. This clamp must be �xed at di�erent positions on the telescoping DBB
rod in order to determine the instruments' scale errors. Signi�cant errors of
the DBB's 10 mm linear encoder could not be observed with this measurement
setup and are therefore neglected.

Since the laser beam is very close in line with the DBB measurement axis
during calibration, angular motions of the travelling guide do not distort the
DBB length measured. Due to this measurement setup the so-called `Abbe'
errors can be neglected.

The temperature of the DBB does not equal 20 ÆC exactly and its temper-
ature distribution is not homogeneous. Therefore an error due to the resulting
thermal DBB expansion is present in a DBB calibration procedure. This is
a major source of error and uncertainty while calibrating a length measuring
device accurately. Besides DBB part temperature di�erences with respect to
20 ÆC, the thermal coeÆcient of expansion is not accurately known when ap-
plied to a DBB. The thermal expansion of a DBB can be approximated by
using:

�`DBB ' �DBB � L0 (TDBB � 20 ÆC) :

The largest source of uncertainty in this approximation is the thermal expansion
coeÆcient used for the DBB, consisting of the balls, a telescoping rod, a linear
glass encoder, an extension rod and a �xed ball housing. In theory this coef-
�cient equals the weighted sum of the relevant material expansion coeÆcients
present in the DBB's measurement loop (11 � 10�6 K�1 resp; 8 � 10�6 K�1)
according to its length of steel (240 mm) and glass (10 mm). Therefore the
thermal expansion coeÆcient used for the DBB is mainly determined by the
steel DBB frame and marginally by the glass encoder due to its small length in
the DBB's measurement path.

Besides leaving the DBB (`switched on') for several hours in a tempera-
ture controlled metrology laboratory before calibration, gloves must be used
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while performing calibrations. Body heat can signi�cantly disrupt the calibra-
tion procedure described. Examples are heating up of the DBB and changing
the temperature of the air present in the laser interferometers' optical path.
Temperature (as well as humidity and CO2 concentration) a�ects the refractive
index of air and its distortions can be compensated for by using the Edlen for-
mula to correct the actual laser wavelength. This formula quanti�es the e�ect
of temperature, humidity and CO2 concentration on the refractive index of air
[Bir 94]. These entities are determined by an air-sensor, which is part of the
laser interferometer measuring instrument.

The error in nominal DBB length L0 marginally a�ects the calculated ex-
pansion of the DBB due to the small values of the product �DBB and �TDBB .

The listed errors are dominated by the uncertainties introduced by the
DBB's thermal behaviour. Besides above-mentioned error sources, fast exe-
cution of the described calibration procedure furthermore limits the calibration
error introduced otherwise, constraining the change of disturbances a�ecting
length measurement.

The nominal DBB length, as obtained with this calibration procedure can
be expressed as:

L0 = Llaser � uDBB +�D + Æ`probing � Æ`align � L0 � �(T � 20 ÆC) + Æuscale:

In words this means that the nominal DBB length equals the length measured
with the laser interferometer minus the DBB readout plus a contribution for
di�erent DBB ball diameters added with a contribution of non-parallel probing
plates minus the alignment error minus the thermal DBB expansion added
with errors of the integrated DBB scale. The nominal DBB length and its
uncertainty according to document [EA-4] is listed in Table B.2: Summarizing,

quantity estimate standard sensitivity uncertainty
uncertainty coeÆcient contribution

Llaser 252:7686 mm 0:5 �m 1 0:5 �m
uDBB 2:1132 mm 0:1 �m -1 �0:1 �m
�D 0 �m 0:1 �m 1 0:1 �m

Æ`probing 0 �m 0:1 �m 1 0:1 �m
Æ`align 0 �m 0:1 �m -1 �0:1 �m
� 11 � 10�6 K�1 1 � 10�6 K�1 0 0 �m
T 20 ÆC 0:2 K �2:75 � 10�6 mK�1 �0:55 �m

� ��T 0 2:2 � 10�6 �250 � 10�3 m �0:05 �m
Æuscale 0 mm 0:1 �m 1 0:1 �m
L0 250:6554 mm 0:8 �m

Table B.2: Uncertainty budget calibration nominal DBB length.

the uncertainty in DBB length is estimated by summing the e�ect of various
error sources independently and is approximated to 0.8 �m, see calibration
table B.2. When performing DBB measurements on a multi-axis machine, the
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length measurement uncertainty is increased due to spherity errors of the DBB
balls (not present in this calibration), but this contribution is limited to 0:1 �m
only and can be neglected.

Preparation measurement setup

Here the description of the preparation of the presented measurement setup is
presented.

1. Alignment laser beam with optical bench.
First the laser beam has to be aligned with the travelling guide of the opti-
cal bench by an iteration procedure. This means that the laser head position
and orientation is adjusted while the laser beam is aimed at a target (e.g. an
improvised cross), attached on the travelling guide. The laser head should be
rotated when the target is at the end of the optical bench and translated for a
proximate target. This procedure is repeated until the target stays in line with
the laser beam, typically within 0:1 mm.

2. Setup laser beams.
Secondly, the laser beam is split into two beams by placing a beam-splitter (the
interferometer) in the aligned laser beam path: one beam goes straight (i.e.
the vertical component of the incident circular polarized electro-magnetic wave
as emitted by the laser head) and the other one leaves the beam splitter (i.e.
the horizontal component) on one side perpendicular to the other beam. This
de
ected beam is oriented parallel to the straight beam by means of a turning
mirror. The interferometer and turning mirror should be placed in such a way,
that both laser beams can be re
ected by the retro-re
ectors present at one end
of the optical bench, opposing to the laser head. The advantageous property
of the retro-re
ectors, also called corner cubes, above plane mirrors is their
insensitivity for small rotational alignment errors: the re
ected beam remains
parallel to the incident one. Both retro-re
ectors are clamped in an adjustable
mount, changing its position perpendicular to the laser beam. One mount is
�xed to the optical bench and the other one is connected to a probing plate
present on the travelling guide. This probing plate can be accurately translated
relative to the travelling guide by means of an adjustment screw.

3. Obtain maximum signal strength by adjustments.
Thirdly these retro-re
ectors in combination with the beam-splitter and turning
mirror have to be adjusted in such a way until the maximum laser beam strength
signal possible is obtained. This laser beam strength is displayed and must be
rather constant while moving the travelling guide, con�rming alignment of the
parallel beams. One of these beams is the `measurement beam' and the other one
is the `optical dead path'. Based on interferometry, the di�erence in the optical
beam length paths can be measured very accurately by counting interference
fringes electronically (1 fringe represents a relative guide travel of 1

2
wavelength)

enhanced with sophisticated interpolation techniques. After this procedure, the
length measurement mode of the laser interferometer can be selected and reset.
The air sensor is located near the laser beams for correcting the wave length
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a�ected by environmental in
uences (temperature, air pressure and humidity
as described by the Edl�en equation).

4. Prepare DBB mounting on optical bench.
The DBB has to be mounted on the optical bench in two ways. First the DBB is
clamped (more or less) perpendicular to the laser beams (see upper-half Figure
B.1). Then one DBB ball is put between two parallel probing plates: one plate
is connected to the optical bench, the other one is �xed on the travelling guide.
Check if the probing plates are parallel by moving the DBB ball in plane with
the plates while watching the laser display. If the laser readout varies more
than, say 1 �m use the adjustment screws available. If found satisfactory, the
roundness errors of both DBB precision balls can be veri�ed easily by rotating
a ball while watching the laser display. Checking the ball diameters reduces the
measurement error introduced otherwise. Typical DBB ball roundness errors
measured are 0.1 �m.

Secondly, the DBB has to be put inline with the (straight) laser beam (see
lower-half Figure B.1). Hereby the DBB is clamped on the travelling guide,
equipped with a multiple degree of freedom table necessary for alignment. The
e�ect of non-parallellity of the probing plates can be alleviated by adjusting the
travelling guide adjustment table is such a way, that the DBB ball is always
measured on the same location on the probing plate. Also a temperature sensor
must be attached to the DBB to correct for thermal expansion during calibra-
tion measurements. The use of gloves is preferable when handling the DBB to
minimize thermal disturbances.
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Appendix C

Alternative error

component functions

In this research project the following parametric functions have been considered
for describing the unknown error components of a multi-axis machine:

1. Ordinary polynomials;

2. Piecewise polynomials (splines);

3. Orthogonal polynomials;

4. Fourier functions.

The choice between these functions depends mainly on the way an error compo-
nent changes with axis position and on the accuracy required. In many cases,
this change can be described satisfactorily with ordinary polynomials. In some
cases however, the application of ordinary polynomials might not be suitable to
describe an error component with suÆcient accuracy.

When a machine contains one or more axes with a very long range for ex-
ample (i.e. showing less simple error component behaviour with axis position),
the use of piecewise polynomials can be preferable above using ordinary poly-
nomials. These piecewise polynomials have in principle the same properties as
ordinary polynomials; only the axis range is divided into several (m + 1) seg-
ments by placing (m) knots and an ordinary polynomial (of degree n) is applied
for each interval [Soo 93] [Spa 95]. This can be denoted, using error component
xtx as an example as:

xtx (x; �) =

nX
l=0

�xtx;0;l � xl +
mX
k=1

nX
l=0

�xtx;k;l (x� tk)
l

+

where:

(x� tk)+ =

�
(x� tk) if x� tk > 0

0 if x� tk � 0:
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The presence of a term �k;l (x� tk)
l
+ allows a discontinuity at knot tk in the

lth derivative of xtx (x;�). Usually it is suÆcient to ensure that each model
is continuous with respect to the function value and its �rst derivative. A
disadvantage of the use of piecewise polynomials is that the estimation problem
for determining the parameters � easily becomes ill-conditioned due to its high

exibility, especially when many knots are used. When �xed knot positions are
used, the parameters � of the polynomials can be estimated by linear regression.
If the knot positions and/or the degree of the polynomials used for the segments
are considered variable, they enter the regression problem in a non-linear fashion
and all the problems arising in non-linear regression are present [Soo 93].

Another kind of functions suitable for describing error components are or-
thogonal polynomials. Although the capabilities of these functions to describe
measurement data is exactly similar to that of ordinary polynomials, these func-
tions possess some advantageous properties. A set of (real-valued) functions,
say gm(x) and gn(x), is orthogonal if it satis�es the following condition [Kre 88]:

(gm; gn) =

Z b

a

p(x)gm(x)gn(x)dx = 0

on the interval a � x � b with respect to the weighting function p(x). As-
sume that the two functions gm(x) and gn(x) are used for describing an error
component of the X-axis (i.e. a linear and a quadratic term for instance), then
the estimated coeÆcients of these two functions are independent and therefore
uncorrelated. However this property is only valid if the data to be �tted is
continuous; for �nite data this property of orthogonality is violated and can
even be lost as found when applying orthogonal Legendre polynomials for de-
scribing error component functions [Hol 98]. For this reason the application of
orthogonal functions has been rejected.

Fourier functions can also be used for approximating an error component
[Gol 76] [Mas 89]. This implies that any function can be approximated by a
limited sum of harmonic functions:

f(x) ' a0 +

mX
j=1

(aj cos(jx) + bj sin(jx)):

These kind of functions are especially suitable for describing data containing
periodic components. In theory, any function can be approximated just by
increasing the number of harmonics considered, taking certain conditions and
constrains into account (continuity, derivatives, signal power, signal leak, etc.).
However the error components of a translational axis are generally not periodic
with axis position. This means that relatively many (higher order) harmonic
components have to be used for obtaining a reasonable description of an error
component. Since the error component variations are of low frequency with
respect to the axis range, Fourier functions are not used in this thesis.

An exception should be made for the error components describing the posi-
tioning errors of a measurement system, containing a linear encoder: these errors
often show periodic components with relatively short wavelength [Soo 93]. The
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amplitude of this periodic error however is usually negligible to the change of
magnitude of the error component itself and is therefore of minor importance.
In addition, the errors of a rotary axis are by their nature periodic. For this class
of errors, Fourier functions might be of great value but this is not investigated
in this thesis.

Summarizing, several parametric functions can be applied for describing the
error components of a multi-axis machine with each their own characteristics.
In this thesis ordinary polynomials have been used for describing the error
components of a milling machine.
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Appendix D

Geometrical error model in

matrix notation

The error model derived in Chapter 3, Section 3.1 is linear in the parameters �
of the error components (see Equation 3.10):

�̂i (u; t;�) = RT
i (u) �

�
ei (u;�) + "i (u;�)� pi (u; t)

"i (u;�)

�
:

Since these parameters � will be determined later on from measurement data
(using linear regression, see Section 4.1) this equation will be rewritten in matrix
notation, resulting in an explicit formulation of the machine's error vector as a
function of the unknown parameters �. To do so, �rst the vector cross product
present in Equation D has to be converted.

A cross-product of two vectors results in a vector perpendicular to the
spanned plane (according to the right hand rule) and its length equals the
spanned area. Reversing the cross-product therefore results in a minus sign:

"i (u;�)� pi (u; t) = �pi (u; t)� "i (u;�) :

Since a vector cross product results in an equal dimensional vector, such a
cross-product can also be computed by an inner product between a matrix and
a vector. By introducing a matrix Pi (u; t) de�ned as:

Pi (u; t) =

0
@ 0 �piz (u; t) piy (u; t)

piz (u; t) 0 �pix (u; t)
�piy (u; t) pix (u; t) 0

1
A

and a matrix Si (u; t):

Si (u; t) = RT
i (u) �Pi (u; t)
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the machine's positioning error �̂
T

i can be rewritten as:

�̂
T

i (u; t;�) = RT
i (u) � fei (u;�) + "i (u;�)� pi (u; t)g;

�̂
T

i (u; t;�) = RT
i (u) � fei (u;�)� pi (u; t)� "i (u;�)g;

�̂
T

i (u; t;�) = RT
i (u) � ei (u;�) +RT

i (u) �Pi (u; t) � "i (u;�) ;
�̂
T

i (u; t;�) = RT
i (u) � ei (u;�) + Si (u; t) � "i (u;�)

for axis i. Adding the contribution of all n axes subsequently results in:

�̂ (u; t;�) =
nP
i=1

�̂i (u; t;�) ;

�̂ (u; t;�) =
nP
i=1

�
RT

i (u) � ei (u;�) + Si (u; t) � "i (u;�)
RT

i (u) � "i (u;�)
�
;

�̂ (u; t;�) =

�
RT

1 (u) S1 (u; t) : : : RT
n (u) Sn (u; t)

0 RT
1 (u) : : : 0 RT

n (u)

�
2
666664

e1 (u;�)
"1 (u;�)

...
en (u;�)
"n (u;�)

3
777775

:

By storing the matrices RT
i (u) and Si (u; t) in a matrix F (u; t) and the error

components in a vector c (u;�), the geometrical error model can be denoted as:

�̂ (u; t;�) = F (u; t) � c (u;�) :

In Subsection 3.1.2, the error components c (u) have been modelled with
higher order polynomials (with exception of the squareness errors) containing
parameters �, see Equations 3.2-3.4. By storing the error component functions
in a matrix Q (u), the following yields1:

c (u;�) =

2
6664

xtx (u;�)
xty (u;�)

...
zrz (u;�)

3
7775 ;

c (u;�) =

2
6664

x� x0 (x� x0)
2

0 0 0

0 0 (x� x0)
2

0 0

0 0 0
. . .

...
0 0 0 � � � z � z0

3
7775

2
666664

�xtx1
�xtx2
�xty2
...

�zrz1

3
777775 ;

c (u;�) = Q (u) � �:

In this way, the geometrical error model can brie
y be denoted in matrix nota-

1For a squareness error, imagine a 1 on the corresponding position in matrix Q (u)
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tion, by introducing a matrix H (u; t), as:

�̂ (u; t;�) = F (u; t) �Q (u) � �
H (u; t) = F (u; t) �Q (u)

�̂ (u; t;�) = H (u; t) � �:

For determining the model parameters �, length measurement data will be
used.
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Appendix E

Executing Double Ball Bar

measurements

In this Appendix, the execution of DBB length measurements on a machining
centre is discussed. In order to make the developed method applicable for a
large number of existing machines, including less modern ones, several software
modules have been developed in corporation with IBS Precision Engineering
b.v. With these software modules DBB measurements can be performed on NC
(Numerical Control) machining centres with and without DNC (Direct Numer-
ical Control) mode.

In order to analyse the obtained DBB measurement data, it is essential
that the relevant state of the machine corresponds with the correct readout of
the DBB. Since the machine's positioning error is a function of the machine's
coordinates (u) and the tool vector (t), these variables must be stored and syn-
chronised with the corresponding radius (i.e. length) deviation �ru as measured
by the DBB in that measuring position u. A PC is used to monitor the mea-
suring process: the DBB length measuring device can be read by an inserted
(Heidenhain IK110) card and the state of the machine (i.e. the axis positions)
is monitored by a RS232 connection if DNC is available.

For machines with DNC mode communication of a PC with the machine's
controller is possible during measurement. In this case the machine is �rst
commanded to move to a certain position and the controller sends a signal to
the PC after arriving there. While the machine is waiting in that point the
PC reads the length of the DBB after a certain waiting time to let machine
vibrations attenuate suÆciently (typically fractions of a second). Subsequently
the machine's coordinates and the corresponding DBB readout are read and
stored in a �le and the PC sends a signal to the machine's controller to execute
the next program line, containing the next measuring point in NC code. This
sequence is repeated until all measuring points have been measured.

In Figure E.1 a screen print is displayed of the developed Labview program,
used for executing DBB measurements.

For many less modern NC machining centres, however, DNC mode commu-
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Figure E.1: Screen print of developed DBB measuring program.

nication is not available. In this case communication of a PC with the machine's
controller cannot be realised during a measurement sequence. In practise this
implies that once a selected NC program �le has been activated for execution,
it cannot be intervened without stopping the program. In this case, the syn-
chronised storage of the machine's coordinates and the DBB readout is less
straightforward.

Firstly, a modi�ed NC program is selected and activated for execution on
the machine. Secondly, a developed software program on the PC is started
which monitors the entire measuring process. Since the arrival of the machine
in a certain measuring point cannot be indicated to the PC anymore (to read
the DBB), the problem of synchronisation is circumvented by adding so-called
trigger motions in the NC program to be executed. This means that the machine
is programmed in such a way that the DBB extends and retracts quickly several
mm for each measuring point. When such a trigger movement occurs, this is
detected by the PC monitoring the DBB continuously since the DBB passes
a reference mark resulting in a detectable signal. By inserting waiting times
(2 s) between measuring points in the NC program of the machine (i.e. dwell
time) the DBB is read some time after passing the DBB's reference mark but
before the machine moves to the next measuring position. In this way, the
synchronised storage of the machine's coordinates (as read from the NC program
to be executed) and the readout of the DBB can be guaranteed.
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NC-code generator

In order to execute a DBB measurement on a NC machining centre a software
module has been developed to generate the appropriate NC code programs auto-
matically suitable for any axis con�guration. Given the radius (or DBB length)
and the DBB measurement centre point position in machine's coordinates, the
spatial coordinates of the measuring points can be calculated, depending on the
step angles between these measuring points. By inserting the orientation of the
machine's axes in relation to the orientation of the desired DBB measurement
in this software module, the appropriate NC code can be generated.

In order to prevent DBB wire wind-up, the direction of motion of all suc-
cessive circles (forming together a semi-spherical grid of measuring points) per-
formed at di�erent height levels is reversed each time i.e. clockwise versus
counter clockwise. Also, if a reversal measurement cycle is desired, the same
measuring point will always be approached in the opposite direction: if a point
was approached in clockwise direction for the �rst time, the same point will
subsequently be approached in counter-clockwise direction in the reversal mea-
surement cycle. This strategy is also applied for machine's without DNC mode:
for the �rst DBB measurement cycle the DBB is triggered outwards (in positive
direction of normal vector nu see Figure 3.5) and for the reversal measurement
cycle this length instrument is triggered inwards (negative direction of normal
vector nu). In this way, presence of (virtual-) play and backlash of the machine
or other irregularities (like dirt, hydraulic pump pulses etc.) during measure-
ment can be detected. This reversal measurement is implemented as an option
in the developed software module.

In some situations, however, for instance a stand positioned near the bound-
ary of the machine's workspace, the DBB cannot move along an entire circle
but only along a part (or parts, not necessarily connected) of it. By implement-
ing the machine's axes ranges in the software module these problems can be
predicted and taken into account. In such a situation, an algorithm searches for
alternative paths (perpendicular on the actual plane of movement) to move to
a measuring point with a `problematic' accessibility. In this way, the amount of
measuring points that can possibly be reached, is also measured.

Practical considerations

In this research project the systematic part of the relative positioning and ori-
entation error of a multi-axis machine is studied mainly. This implies that DBB
measurements results must be reproducible or at least repeatable to a large ex-
tend. In this subsection measures are discussed to obtain highly reproducible
DBB measurement results.

Before starting with a DBB measurement, the precision balls of the mea-
suring device and the two magnetic sockets must be cleaned properly. For this
reason the use of gloves is preferable but also to minimise warming up of the
DBB by body heat while handling the instrument.
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Besides cleaning also the initialisation procedure before measuring lengths at
certain discrete positions in the machine's workspace requires special attention.
First of all, the stand position on the workpiece table will not likely coincide with
the programmed centre point of the DBB measurement to be executed since the
stand is positioned by eye only according procedure. A stand positioning error
of a mm is common. The measuring range of the telescoping DBB ball is limited
to 10 mm so a check of this stand position is needed to prevent serious damage of
the DBB. Therefore three arc shaped movements in the three orthogonal XY, XZ
and YZ planes are executed �rst. If the stand position error (or DBB readout
value) exceeds a value near the DBB measuring range, the software module
interrupts the measurement procedure: the stand position must be improved
or the centre position when generating the NC codes must be adapted. During
experiments it has also been observed that the three initial movements seem to
have an improving e�ect regarding the repeatability of a DBB measurement,
probably due to setting of the contact surfaces present.

Before a DBB can be used as an absolute length measuring instrument, it
must be initialised �rst. This means that the telescopic DBB ball must be re-
tracted and/or extended in order to pass a reference mark incorporated in the
DBB's encoder. This reference mark is located near the centre of the DBB's
measuring range and is usually passed by (a gloved) hand. However, when
mounting the initialised DBB on the machine by clicking the DBB balls into
the two magnetic sockets, some problems might occur. Due to extreme accel-
eration values (resulting from increasing non-negligible magnetic forces while
surfaces are approaching) the DBB readout value can be shifted entirely and is
no longer correct. Although this problem is not understood completely it can be
circumvented simply by performing the initialising movement of the telescoping
DBB ball by the machine.

The axes of machining centres normally require frequent lubrication. For the
milling machine (a Maho 700S) used for instance a lubrication pulse (typically
several s) is executed every eight minutes when the machine moves continuously,
and for a non-moving machine once in the three hours. This lubrication pulse
is necessary to guarantee a certain lifetime of the machine but also a�ects the
machine's positioning behaviour signi�cantly (typically 10 �m). Such a pulse
is generated by a separated hydraulic pump system distributing (viscous) oil
to the machine's axes by a 
exible tube network. Obviously such a lubrication
pulse should not occur during DBB measurements although this is hard to
avoid completely. One way to eliminate this problem is to alter some machine
constants (MC's) controlling the lubrication rates but this way is not preferable
since irreversible machine damage might result. Another way is to perform
each DBB measurement cycle several times: since the measuring time of a DBB
measurement cycle is a few minutes only the a�ected measuring points during
lubrication can be detected (and rejected) simply. Mainly for this reason, each
DBB measurement cycle is performed including a reversal measurement.



Appendix F

The singular value

decomposition

In this Appendix a brief survey of the singular value decomposition is presented,
extracted from G. Strang's \Linear Algebra and its Applications" [Str 88].

The singular value decomposition (SVD) is one of the well known matrix
factorisations, which is strongly associated with the eigenvalue-eigenvector fac-
torisation1 of a symmetric matrix:

A = Q�QT :

The eigenvalues are present in the diagonal matrix � and the eigenvectors are
present in matrix Q. This matrix Q is orthogonal:

QTQ = I

because the eigenvectors of a symmetric matrix can be chosen orthonormal.
This eigenvalue-eigenvector matrix factorisation however, can only be done

for symmetric matrices, but it is impossible for rectangular matrices. This
problem however is therefore circumvented by considering AAT and ATA,
which are always symmetric and square. By allowing the Q on the left and the
QT on the right to be any two orthogonal matrices, not necessarily transposes
of each other, this matrix factorisation becomes possible again. Any m by n
matrix2 A can be factorised as:

A = Q1�Q
T
2 :

The columns of Q1 (m by m) are the eigenvectors of matrix AAT and the
columns of Q2 (n by n) are the eigenvectors of matrix ATA. The r (rank of

1An eigenvector x of a matrix A is a vector for which yields: Ax = �x. So for an
eigenvector multiplication with its matrix is similar to multiplication with its eigenvalue, which
is a scalar. The eigenvalues and the eigenvectors are computed by solving: det(A � �I) = 0.

2For the DBB measurements, m equals the number of measuring points and n stands for
the number of parameters � that have to be estimated.
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matrix A) singular values on the diagonal of � (m by n) are the square roots
of the nonzero eigenvalues of both AAT and ATA.

In order to make this clear, the connection between AAT and ATA must
hold if the formula Q1�Q

T
2 is correct:

AAT = (Q1�Q
T
2 )(Q2�

TQT
1 );

= Q1��
TQT

1 ;

and similarly
ATA = Q2�

T�QT
2 :

From the �rst, Q1 must contain the eigenvectors of AAT . The eigenvalue
matrix in the middle is ��T , which is m by m with �21 ; : : : ; �

2
r on the diagonal.

From the second, Q2 must be the eigenvector matrix for ATA. The diagonal
matrix �T� has the same �21 ; : : : ; �

2
r , but it is n by n.

For this matrix factorisation, a large singular value � indicates that the
information, present in the corresponding eigenvectors of Q1 and Q2, is appar-
ently of major importance. The contribution of the eigenvectors, belonging to
a small singular value on the other hand is much less. This can be made clear
by simply denoting the SVD matrices as a sum of multiplications of columns
and rows:

A = Q1�Q
T
2

= u1�1v
T
1 + u2�2v

T
2 + : : :+ ur�rv

T
r :

Here, the u's stand for the columns of Q1 and the v's are the columns of Q2
3.

For the DBB measurements, the matrix from which all the machine's pa-
rameters � have to be estimated is denoted as:

y� = X� � �;
� = (X�TX�)�1X�Ty�:

Since all the machine's parameters � have to be estimated, matrix X� must
have a full rank. Whether this is the case, is determined by the measurement
setup. If this setup is weak, this matrix does not have a full rank and (X�TX�)�1

does not exist. Therefore, matrix X� must have a full rank, which should be
regarded as a minimum constraint.

But even if this matrix has a full rank, there might still be a discrepancy
between the singular values. In order to estimate all the parameters � in a
more or less reliable way, the ratio between the smallest and largest singular
value should be chosen as big as possible. This ratio, which can be regarded
as a measure for the quality of matrix X�, is dependent on the distribution of
the measuring points in a semi-sphere as discussed in Section 3.2. Numerous
numerical simulations revealed that the condition number is always larger when
applying the so-called birdcage measuring point distribution compared to the
use of a homogeneous measuring point distribution [Flo 97].

3vT
1
is the �rst row of matrix QT

2
.



Appendix G

Design Double Ball Bar

adapter

In order to perform DBB measurements on a machine with a rotating spindle,
an adapter is required for connecting a DBB ball to the milling head in a safe
and reliable way. The purpose of this adapter is to maintain the DBB ball
position with respect to the spindle while the machine performs a duty cycle
and heats up. During such measurements, the thermal expansion of the adapter
introduces a measurement error that has to be minimized. This error has been
minimized by optimising the design of the adapter for any duty cycle [Bus 01].
This adapter is discussed in this Appendix.

In Figure G.1 a photograph of the developed adapter is depicted. It consists
of the following parts:

� Clamping ring;

� six tubes;

� Lower ring;

� Flange;

� Magnetic socket.

These adapter parts are made of steel with exception of the aluminium 
ange.
A magnetic socket is screwed into the 
ange of the adapter, necessary to attach
a DBB ball to the adapter.

Due to the rotation-symmetrical design of the adapter, thermal deformations
of various adapter parts do not a�ect the DBB ball position in the horizontal
plane as depicted in Figure G.1. The vertical DBB ball position with respect to
the upper clamping ring is a�ected by the thermal expansion of various adapter
parts. Most of these expansions result in an increase in distance between the
clamping ring and the magnetic socket, to be screwed into the 
ange. This
distance, however, is decreased as well by two e�ects. On one hand the thermal
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Figure G.1: DBB adapter.

expansion of the aluminium 
ange results in a lift of the DBB ball socket.
On the other hand the upper clamping ring, connected to the milling head,
expands more in diameter than the lower adapter ring since the latter increases
less in temperature during measurements. Due to this di�erential expansion,
the orientation of the six tubes changes, resulting in a lifting DBB ball socket.
By choosing an aluminium 
ange (�al > �steel), the various thermal expansions
of adapter parts only have a minimal e�ect (�`adapter < 2 �m) on the distance
between the clamping ring and the DBB ball socket for any duty cycle [Bus 01].

In order to verify the capabilities of the designed adapter to maintain the
DBB ball socket position relative to the milling head, validation measurements
have been performed. The measurement setup is depicted in Figure G.2. With
this measurement setup, the vertical position of the lower adapter ring with
respect to the upper clamping ring is measured with a laser interferometer.
Since rotations of the milling head with respect to the workpiece table do a�ect
this displacement measurement, this rotation has to be measured as well. The
relative rotations of the milling head have been measured with an autocollimator
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and is used to correct the measured relative displacement.

g
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Figure G.2: Validation measurement setup of DBB adapter with laser interfer-
ometer and autocollimator.

The measurement results obtained are displayed in Figure G.3. The lines in-
dicated with stars represent the uncorrected adapter displacement measured by
the laser interferometer during a DIN8602 duty cycle. Correcting this displace-
ment for relative rotations of the milling head results in the line marked with `*'.
This measurement shows that the thermal expansion of the adapter is less than
�2 �m. Measurements with other duty cycles reveal similar results [Bus 01].
Furthermore, the measured adapter expansion is in good agreement with cal-
culated values, using temperature data of various adapter parts as indicated
by the black line, marked with `+'. Summarizing, the introduced measurement

Figure G.3: Measured adapter expansion during a Din8602 duty cycle.
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error by the thermal expansion of the adapter is negligible to the error to be
measured. Consequently, the developed adapter is suitable for determining the
thermally induced drift of a milling machine. Besides the adapter's thermal
behaviour, also its �nite sti�ness and dynamical behaviour has been considered
during its design [Bus 01].
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